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Continuous stochastic gradient and spherical radial
decomposition

Daniela Bernhard, Holger Heitsch, René Henrion, Frauke Liers, Michael Stingl,
Andrian Uihlein, Viktor Zipf

Abstract

In this paper, a new method is presented for solving chance-constrained optimization problems.
The method combines the well-established Spherical-Radial Decomposition approach with the
Continuous Stochastic Gradient method. While the Continuous Stochastic Gradient method has
been successfully applied to chance-constrained problems in the past, only the combination with
the Spherical-Radial Decomposition allows to avoid smoothing of the integrand. In this chapter,
we prove this fact for a relevant class of chance-constrained problems and apply the resulting
method to the capacity maximization problem for gas networks.

1 Introduction

We consider optimization problems with a probabilistic constraint or chance constraint of the following

form:
min go(r),
X

st p(x) :=Pc(g(z,() <0) = p.

Here, the decision x belongs to some finite- or infinite dimensional space, gg is an objective function
to be minimized, g is a random constraint function, ( is a random vector defined on some probability
space (€2, A,P) and p € (0, 1] is a probability level. The interpretation of the chance constraint is
as follows: the decision z is defined to be feasible, whenever the random inequality g(xz, () < 0 is
satisfied with probability at least p. Formally, a chance constraint is a deterministic inequality constraint
of the form ¢(x) > p, where ¢ denotes the probability function assigning to each x the probability
of satisfying the random inequality. The challenge posed by chance constraints relies on the fact that
usually no explicit formula for ¢ is given. This is even more prevalent for gradients V ¢, if they exist at
all. For a comprehensive classical introduction to chance constraints, we refer to the monograph [21]
and to the more recent presentation in [27].

(P)

The concept of chance constraints to model stochastic uncertainties in the data was first introduced by
[8]. As already mentioned, ¢ is often not given explicitly in the case of continuous distributions. There-
fore, much research focuses on approximating the chance constraint with easier functions. One pos-
sibility is to replace the continuous distribution by a finite sample. Here, scenario approximations (e.qg.,
[7], [17]) or sample approximation techniques (e.g., [1], [16], [19]) are often the methods of choice. The
approximations result in classical mixed-integer nonlinear programming problems (MINLPs) that can
be solved by available approaches from this field. Nevertheless, good discrete approximations of the
original distribution often need too many samples to solve the resulting MINLPs efficiently in practice.
So, there also exist various different approximations of the function ¢ dealing directly with the con-
tinuous distributions. Common methods are for example the Bernstein approximation [18], conditional
Value-at-Risk approximations [24] or robust approximations (e.g., [2], [3], [29]).
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Concentrating on special kinds of distributions, there also exist results to directly deal with the chance-
constrained function . For example, in the case of elliptically symmetric (e.g., Gaussian) random vec-
tors, a successful workhorse for the numerical solution of optimization problems (P) is the so-called
Spherical-Radial Decomposition (SRD), which provides strong regularity guarantees for ¢. Never-
theless, evaluating the probability function with respect to a multivariate Gaussian distribution is still
necessary. So far, quasi Monte-Carlo methods are often used for this task. In this work, we propose a
different approach, combining the Continuous Stochastic Gradient (CSG) method [20] with SRD.

To avoid a numerically expensive (quasi) Monte Carlo integration for the probability function in each
iteration, CSG follows ideas from traditional stochastic sample-based optimization like the Stochastic
Gradient (SG) method [23] or similar related approaches [6]. Thus, in each iteration, rather than being
fully evaluated, the probability function is sampled for a small number of realizations of the random
variable (mini-batch). In contrast to most other stochastic sample-based optimization schemes, these
gradient samples are not discarded after the iteration but instead stored to accumulate information
during the optimization process. By adaptively recombining old and new gradient information, CSG
constructs a gradient approximation with vanishing approximation error [11} 20], resulting in an overall
reduction in the required number of gradient evaluations.

To apply the CSG method to the chance-constrained problem, we penalize constraint violations in
the objective function. We note that the article [4] already uses the CSG method to solve chance-
constrained problems. However, convergence results for CSG are restricted to probability functions
with strong regularity assumptions [11]. To be precise, in [11], ¢ is assumed to be of the form

QO(Z’) = EQ [¢(xv C)L

with globally Lipschitz V,¢. Thus, an additional smoothing approximation to obtain the necessary
regularity of the underlying functions is carried out in [4]. By combining SRD and CSG, we circumvent
this smoothing operation in a nontrivial fashion. Nonetheless, the SRD reformulation of (P) is still not
sufficiently regular to apply known convergence results of CSG. Therefore, we present an extension of
CSG convergence theory that covers our numerical examples and more general classes of objectives.

The efficiency of the proposed method is numerically demonstrated for small analytical problems as
well as for the capacity maximization problem in gas networks.

2 Basic components

2.1 Spherical-radial decomposition

The concept of Spherical-Radial Decomposition (SRD) relates to random vectors having an elliptically-
symmetric distribution (e.g., Gaussian, Student, Laplace, etc.). Such distributions can be decomposed
into a uniform distribution over the unit sphere and some one-dimensional radial distribution (e.g., Chi-
distribution for the Gaussian case). For a basic monograph on this topic, we refer to [9]. Exploiting
this property for elliptically-symmetric distributions leads to several benefits like variance reduction in
the estimation of probabilities or representation formulae for gradients or subdifferentials of probability
functions. SRD has been successfully applied to the numerical solution of many problems of opera-
tions research and optimal control involving probabilistic or chance constraints (e.g., [10, 12, [14]). For
an introduction to SRD, we refer to [13].
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Continuous stochastic gradient and spherical radial decomposition 3

2.2 Continuous stochastic gradient method

The Continuous Stochastic Gradient (CSG) method [20] is an optimization scheme designed for prob-
lems containing expected values. Consider a set of admissible designs € X C R% a set of uncer-
tain parameters ( € 2% C R% as well as a Borel probability measure ;; on 23 with ¢ ~ p. Then,
we consider CSG’s application to the problem
min - go(),
(1)
st p(z) = Ec[¢(z,()] = O Oulde) = p.

Note that this includes problem (P) from the introduction, by reformulating the probability P as the
expected value of an appropriate indicator function. In such cases, gradient-based methods require
the calculation of

Vi(x) = E¢[Vao(z, )]
in each iteration, which may be numerically intractable. Thus, following the concepts of the Sfochastic

Qradient (SG) method in [23], the current true gradient V() is replaced by a stochastic direction
(., which is obtained by sampling V. ¢(z,,, -) at a small number N (batch size) of independent and

identically distributed random samples {Q@}i:l ..... Ng- In SG, this direction is constructed by simply
setting

1 &
GELG = V:E¢ xrmé—?(ll) )
Ny 2 Vool )
which yields an unbiased gradient estimator, i.e.,

E [@ie] = Vo(x,).

(¢}
Unfortunately, this approach has two major drawbacks we want to avoid in this contribution:

1 If evaluating V,¢(z, -) is time consuming, e.g., because it requires the simulation of a highly
complex system, discarding gradient samples from previous iterations is wasting precious infor-
mation.

2 The constraint appearing in will later on be handled by a penalty approach. However, the
resulting penalty term

P(r) = 5 max {0.p — p(2)}’ @

depends on ¢ in a nonlinear fashion. Thus, by the chain rule, we cannot construct an unbi-
ased estimator to V P, (x,,), as this would require knowledge of ©(z,,). Therefore, the resulting
optimization problem is out of scope for SG.

To deal with both of these drawbacks simultaneously, CSG stores old gradient information. Then, in
each iteration, old and new gradient samples are used to build a biased gradient approximation

GSSC = Z akvivxgb(xk, C,iz)), 1=1,...,Ng, k=1,...,n.
ik
The parameters «y,; > 0 are called integration weights and correspond to an efficient on-the-fly
integration of the nearest neighbor surrogate model

Vx(b(x, C) ~ Vz¢($k>Ckl))v (k’,Z) € argmin H(xa C) - (xua ngv))|| :

(u,v)
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Several numerical schemes for the calculation of integration weights have been proposed in [11].
Therein, a key result for CSG convergence theory, the approximation property ([11, Lemma 4.6]), was
shown as well. It states that, assuming some regularity of ¢ and V¢, we have

H@gSG — ch(:(:n)H + |jSSG — w(xn)‘ 2250 (n — 00),
where JSS¢ corresponds to the stochastic CSG approximation of ¢(x,,), i.e.,
Jose = Zak,z (k. ¢).
ik
This result now implies the following properties of CSG:

1 As the gradient (and function value) approximation error vanishes over the course of iterations,
the method asymptotically behaves like an exact full gradient scheme.

2 Using the function value approximations .JSS¢, the CSG method is capable of handling the
penalty term P, see (2), allowing us to solve the chance-constrained optimization problem (P).

Nonetheless, there are some drawbacks we need to address before combining CSG with SRD. First
off, the integration weight calculation requires additional effort, but can be seen as fixed costs for the
optimization, added on top of the gradient and function evaluations. Especially in settings where eval-
uating V,¢(z, -) is numerically expensive, the amount of time spent calculating integration weights is
negligible in contrast to the time gained by performing fewer evaluations overall. However, if evalua-
tions come basically for free, it is likely that CSG will be outperformed by other approaches.

Moreover, one of the prerequisites for the approximation property is global Lipschitz continuity of ¢
and V¢ in all arguments. As we will see, this assumption is violated when reformulating ¢ via SRD.
Thus, we will extend the approximation property to cases with less regularity in Section

2.3 Combination of CSG and SRD

Since a general chance constraint is typically not continuous, the authors in [4] smoothen the indicator
function with a continuously differentiable one, which is a common technique in chance-constrained
optimization (see, e.g., [15], [22], [25] and [26]). Reformulating the chance constraint via SRD, this
challenge no longer occurs, as the probability function is continuous in this case. Therefore, we get
rid of the necessity to smooth the expressions. Similarly to [4], we penalize a violation of the chance
constraint in the objective function, since the CSG method is only able to handle constraints directly
by projecting onto the feasible set, which is typically impossible for the chance constraint. We apply a
quadratic penalty term to keep the differentiability properties of the probability function . Concretely,
the approximation to the chance-constrained problem reads for a fixed penalty parameter A > 0

) 1
min go(e) + gAmax{0,p — ()}
x
We note that we only consider finite values for A instead of A\ — oo in our numerical tests since
appropriately chosen values already produce nearly feasible solutions. With the extended convergence

analysis for the CSG method in Section [4] this approximation problem can be directly solved with the
CSG method for a large number of applications.
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Continuous stochastic gradient and spherical radial decomposition 5

3 Application to analytic model problems

After presenting the general framework for combining the CSG method with SRD, we discuss its
performance on small analytic examples with two different chance constraints. The first one contains
a norm constraint that defines a ball, and the second one is a joint chance constraint whose inner
constraints define a box. Before presenting the numerical results in Section [3.2, we briefly introduce
the two problem classes.

3.1 Problem formulations

Our first analytic example contains a single chance constraint and is formally given by

m
min > x;

=1
st gea(w) :=P(I¢ —z]|* < R?) > p,

where R > 0 is a given radius, p € (0, 1) is the desired probability level, || - || denotes the Euclidean
norm and ( follows a standard multivariate Gaussian distribution in R™. Owing to SRD, we know that

©pal() > pis equivalent to
[zl < v/Gpm

where g, .., is the solution of the equation F’Z’q(RQ) = pin q. We note that the existence of g, ., is
p, b% D,

guaranteed only for sufficiently large R > 0 and sufficiently small p € (0, 1), which is the case in

our following numerical examples. Here, F;;"q denotes the distribution function of the non-central -

distribution with m degrees of freedom and non-centrality parameter ¢2. Evidently, the unique globally
optimal solution to the chance-constrained problem is given by the analytic formula

T
oo (B )
m m

due to the symmetry of the objective function.

The second example extends the first setting to a joint chance constraint, where multiple conditions
have to hold simultaneously with probability p. Concretely, the conditions in the chance constraint are
given by a box. Considering again a linear objective function, we obtain the optimization problem

min Yy x;
4=l
st. px(r) =P(—R<(—x; < Rforalli =1,...,m) > p,

where R > 0 is the given size of the box, p € (0, 1) is again the desired probability level, and ¢
follows a standard multivariate Gaussian distribution. Compared to the first setting, a globally optimal
solution can no longer be computed analytically. Since the components of ( are independent, the
chance constraint is equivalent to

P < Gu(2) = [[[ (s + B) — B(z, — R))

=1

where ® is the distribution function of the one-dimensional standard Gaussian distribution. Since the
objective function is again symmetric, finding a globally optimal solution can be reduced to computing
a scalar t with

O(t+ R)—P(t— R) = 1/p.
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Although there is no analytical solution to this equation, high-quality solutions can be computed nu-
merically. Therefore, it is possible to compare the results of our method to this solution.

Coming back to the example with a ball constraint, choosing appropriate combinations of the radius R
and the probability level p, the gradient of the respective penalized objective function is globally Lips-
chitz continuous, which implies that the convergence theory for the CSG method holds. Nevertheless,
there also exist parameter combinations, where this property is violated. For the box constraints global
Lipschitz continuity is always violated.

3.2 Numerical results

Although the convergence criteria for the CSG method are only fulfilled in special settings with the
ball constraint, we numerically test our combination of SRD and CSG on both problem formulations.
Concretely, we choose instances with dimension m = 3 for both chance constraints. The radius of
the ball and the size of the box are chosen as R = 5 and the penalty parameter for our formulation
is given by A = 10*. As mentioned above, choosing p € (0, 1) large enough guarantees Lipschitz
continuity of Vpp,. Loosely speaking, in this case, the SRD rays are viewed from a point within the
ball and the length of these rays depends smoothly on the direction. In our numerical experiments, we
found p = 0.8 to be sufficiently large. Note that similar regularity cannot be expected for V., due
to edges and corners (see also Section [4).

To obtain examples, where SRD rays are constructed from points outside the ball or box, we use the
probability levels p = 0.4 (ball) and p = 0.1 (box). In these cases, the Lipschitz condition is violated.
We note that we choose these values to obtain different settings, where the convergence criteria for
the CSG method are sometimes satisfied and sometimes not, to compare the method’s performance
for these cases, but the concrete values do not matter for these small analytical examples. We stop
the CSG method after 4000 iterations and evaluate the feasibility for the original chance constraint
with a Quasi-Monte-Carlo (QMC) approximation with 50000 sample points. To overcome the issue of
randomness we perform 500 random runs of the CSG method with the zero-vector as starting point.
Furthermore, we choose the decreasing step size 7,, = O.2/n0'7. We note that these parameters
have been chosen with some preliminary computational experiments, but do not represent optimal
choices.

The algorithm is implemented in Matlab R2024b and all computations are executed on a machine with
an Intel Xeon E3-1240 v6 CPU (3.7 gigahertz base frequency), 2 cores and 32 gigabyte RAM.

We start by numerically evaluating the convergence of the CSG method for the four tested problems.
To this end, we study the original and penalized objective functions over the iterations. We note that
there is no significant difference between the penalized and the original version, and therefore, we
only show the medians and some quantile values of the original one in

On the left-hand side we see the development over all iterations, whereas on the right-hand side the
y-axis is shrunk to have a better view on the quantiles. We observe that the CSG method converges
for all four instances within the allowed number of iterations. Studying the quantiles we observe larger
quantiles for boxes with p = 0.1 than for the other instances. Considering the maximal deviation, given
by the fraction of the maximal difference between the objective function values over all runs and the
median of the objective function values, we obtain for the final iteration deviations between 0.02 and
0.04 for all four instances and there is no significant difference between boxes and balls. Therefore,
the larger quantiles result from the larger objective function values for p = 0.1 and the CSG method
behaves similarly in all four tests.

DOI 10.20347/WIAS.PREPRINT.3245 Berlin 2025
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Figure 1: Objective function values over iterations for the median (black line), shaded areas for quan-

tiles F.25,0.75 (dark) and [.1,0.9 (light)
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To analyze the feasibility of the returned solutions with respect to the original problem, we study the
QMC approximation of the chance constraint as well as the returned violation by the CSG method for
the quality of the penalty approximation. Since the maximal returned violation is 0.004 for all instances,
we conclude that the penalty parameter is chosen large enough. With respect to the QMC approxi-
mations we see that the median probability always meets exactly the desired probability level and the
minimal and maximal values deviate up to 2% in each direction from the desired level p. Furthermore,
we do not notice a significant difference between the tested examples.

Since we have access to the globally optimal solution for the ball problems and to a high-quality
approximation for the boxes, we furthermore compare our solutions to the exact ones in the left part

of Figure 2

||z — 2|
||z, — 2*]|

H e

—Ball, p=0.4 —Ball, p=04
---Ball, p=0.8 ---Bal,p=0.8
10-4 Box, p = 0.1 10-4 Box, p=0.1
----Box,p=08, 1 | Box, p=0.8
10° 102 10* 10° 10? 10
Iterations Iterations

Figure 2: Median distance of the CSG iterates (left) and the SCGD iterates (right) to the optimal
solution z* in every iteration

We see that the CSG method reaches for all four instances an accuracy of about 10~! to 1072
Nevertheless, the CSG method seems to be more accurate for p = 0.8 than for the smaller probability
levels. Furthermore, we notice in all four cases one sudden improvement before the difference to the
optimal solution becomes larger again. At this point, the CSG iteration is closest to the analytical
solution over all iterations. We note that we start for all four instances with a feasible point and the
CSG method reduces the objective function values until the penalty term for the chance constraint
becomes active. Since we deal with an inexact penalty term, the solution returned by the CSG method
is always slightly infeasible and the peak occurs exactly where the CSG iterations cross the analytical
solutions, but due to the inexact penalty term, the CSG method reduces the objective function even
more before reaching the optimum of the penalty problem. Therefore, the distance to the analytical
solution becomes larger again after the peak. Nevertheless, we conclude that our combined approach
produces high-quality solutions for all four instances although the theoretical convergence criteria of
the CSG method are sometimes violated. For this reason, the next section deals with an extension of
the convergence theory to these cases.

Before stating these theoretical results, we briefly compare the CSG method with another stochastic
gradient method from the literature, namely the Stochastic compositional gradient descent algorithm
(SCGD) introduced by Wang et al. [28]. Although this method is not as flexible as the CSG method, it
is designed to handle two nested expectations, and is therefore applicable to our penalty formulation
of the chance-constrained problem. SCGD needs the same number of evaluations per iteration than
the CSG method, but instead of reusing information from the last iterations SCGD decomposes the
approximation of the two nested functions by separately calculating efficient step sizes. Therefore, the
additional effort for calculating the integration weights in CSG no longer occurs, but SCGD typically
needs much more iterations to converge. To compare the two approaches, we allow a running time of
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1.5 1.5
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Figure 3: lllustration of the setup in the academic example using @, Utilizing the SRD reformulation,
the probability of a region with center + € X’ (blue dot) is obtained by integrating the (weighted)
intersection length 7 (red) over all possible directions v € S!. The value of 7 might change non-
smoothly when varying the direction v (left) or moving Z (right).

70 seconds for SCGD since all performed runs of the CSG method need between 60 and 70 seconds.
The respective distance with respect to the exact solution over the iterations is shown in the right part
of We note that the maximal difference to the optimal solution for the vectors created with
SCGD is typically one decimal better than for CSG. But if we compare the results for both methods
with the same number of iterations, namely 4000, CSG outperforms SCGD in the minimal, maximal
and median values.

In general, we conclude that for these small analytic examples, both methods work quite well, but
SCGD needs way more iterations to approximate the optimal solution well. Therefore, CSG should be
preferred if the function or gradient evaluations are time-consuming or complicated to avoid a huge
number of iterations, and for easy evaluation as in this example, SCGD is an alternative to the CSG
approach. Nevertheless, we will not focus on SCGD in the following, but concentrate on an extension
of the convergence theory for CSG.

4 Extension of the CSG convergence theory beyond problems
that are globally Lipschitz

As stated in Section convergence results for CSG require the inner gradient function V¢ to
be Lipschitz in both arguments. However, the numerical results presented above indicate that this
assumption can be weakened to cover a more general setting. In fact, both academic examples violate
this assumption, as can be seen in Figure [3|and Figure (4]

In this section, we will extend the convergence theory of CSG to cover more general classes of prob-
lems and show that, due to the SRD reformulation of ¢, the examples presented above fall within
this category. An important observation is that for fixed z € R%, discontinuities of V. ¢ appear pre-
cisely in directions ¢ € R% for which the ray {\{ : A > 0} is tangent to the boundary of the
box or passes through a corner. In other words, the discontinuity set of V¢ is directly correlated to
geometric properties of the set Z39. With this in mind, we construct our general set of assumptions.

Assumption 1. (Regularity of X, Z% and 11) The set X C R% s compact and convex. The set
Z# C R% js bounded with supp () C Z%.

DOI 10.20347/WIAS.PREPRINT.3245 Berlin 2025
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Figure 4: Left: Intersection length r (see Figure for fixed midpoint = and different directions,
parametrized by the angle .

Right: Value of r for fixed direction v and varying Z = (1, z2), see Figure[3]

In both cases, we observe that kinks in the graph of r correspond to cases in which the considered
ray {\v : A > 0} passes through one of the four corners of the square.

Assumption 2. (Regularity of ¢ and ¢)

1 The function V¢ : X — R is Lipschitz continuous.

2 Foralle > 0 andforallx € X exists a closed subset M (e, z) C Z2 andad(e,x) > 0 such
that

p(Me,z)) <e and ¢(-,¢) € C" (Bsen(z)) forevery ¢ € (M(e,x))".
In particular, the set
V(z) :— {¢ € Z%: ¢(-,() is not continuously differentiable in x }

has zero measure forallxz € X.

3 The gradient V ¢ is uniformly piecewise Lipschitz continuous, i.e., there exists N € N such
that for each e > 0 and all z € X there exists a partition of M (e, x)° consisting of open sets
{Oj(e,2)},_, .y with the property that V¢ is uniformly Lipschitz continuous on the sets
Bs(ez)(x) x Oj(e, x).

Hence, there exists a constant L € R, independent of¢ > 0 and x € X, such that

[Vap(21,C1) = Vad(22, )| < L (|71 — 2|2 + (|G — Caf| z20)

for all (xlu Cl)u (1'2, CZ) € 85(571)(1') X Oj(g,x),j = 17 ce N.

Assumption [2] allows us to decompose the product space X’ x Z into smaller regions on which V¢
is well-behaved. An illustration is provided in Figure Bl The key idea to show that the approximation
property [11, Lemma 4.6] remains valid under these milder assumptions is to “cut outBmall regions
around the discontinuities of V. ¢. By Assumption |2, these regions can be chosen small enough such
that their contribution to the value of V¢ is arbitrary small. On the remaining regions, we can proceed
as in the proof of [11, Lemma 4.6].

DOI 10.20347/WIAS.PREPRINT.3245 Berlin 2025



Continuous stochastic gradient and spherical radial decomposition 11

Zad

Figure 5: Product space X x Z2 with possible discontinuity set (blue). Given z € X and ¢ > 0, we
can construct a set Bs. z) (Z) x M(e, T) (red) that locally contains these discontinuities.

To simplify notation in the upcoming convergence result, we only consider a batch size of Ng = 1
and define the nearest neighbor index of ( € Z% in iteration n as

k"(¢) := min {Z €{l,...,n} : i€ argmin||(z,,¢) — (xk,(k)H} :

k=1,...,n

Thus, k() denotes the index of the sample point with minimal distance to (,,, ). If the minimum
is attained at multiple indices, k™ () is chosen as the smallest one. With £"((), the CSG gradient
approximation can can be expressed as

Zad

Gn = Zakvx¢($k, Ck) = Vx(b(xk”(@a Ck"(C))M(dC)-
k=1

Proposition 4.1. (Approximation Result for V ) Under Assumptions andg the approximation error
for Vo almost surely vanishes in the course of iterations, i.e., ||V (x,) — G|l <= 0 forn — oo.

Proof. Lete, &€ > 0and 0 < & < =, with C' > 0 to be defined later. Utilizing the compactness of X,

we find a finite cover <B(5;(:7:i)> of X consisting of K € N balls with radius &7 := § (&, ;)
i i=1,...,K

centered at points 7; € X. In addition, we choose compact subsets K (¢,7;) € O; (€, ;) and a
radius r(¢) > 0 such that

> n(0;(E,x)\K;(5,7;) <& and K;(5,3;) + By (0) € O; (6,;)

j=1

fori =1,..., K and j = 1,..., N. Now, by applying [11, Lemma 4.5], we find N (¢) € N such that
foralln > N(e) and all ¢ € Z2 we have

. ~ AE) €
20(6) = llen = il + 16 = Gl < min {r(@), 20, 2.
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with probability 1. Here, A(£) > 0 denotes the corresponding Lebesgue number of the finite cover. In
particular, for each n. > N (¢) this implies the existence of an index i,, € {1, ..., K’} with the property
Ty Thn(e) € Byz (%4,) and Gen(ey € O; (€, ;) for all ¢ € K (£,7;). Now, we decompose Z*’ as
illustrated in Figurrle We obtain for all n. > N(¢)

HVQO(@"H) - én

Veolen Qa0 - )ymn,c)u(dc)H

Zad

+

[, T 0utdd) = [ Vot Gogntac)

Zad

<20(Zs, )1t (M (£, 74,))

S5 [ Va0 — Valan o) ()
j=1 i (€,Ziy,)
N
<20(2;,)E +2C(21,) Y 1 (05 (£,7:,) \ K; (£, 24,))
j=1

+ Z/ ”V O(Tn, Q) = Vad(Tpn(c), Crn (o)) || 1(dC)

guxﬁgg+§j¢; LZ,(Q)p(d).

Note that, by the assumed regularity of V and compactness of X, the constants C'(z;, ) with

H / V. 6(zn, ) pu(dC)
M(€,z4,)

can be chosen independent of x,, and Z;, . Thus, setting € < % yields

<20(Z, )0 (M (8, 74))

~

HV(p(xn) — G|l < e,

finishing the proof. O

4.1 Convergence for numerical examples

By Proposition[4.7] we know that the CSG method converges for our numerical examples, as long as
the regularity assumptions (Assumption |2) are satisfied. To show that this is indeed the case, we note
that both settings can be captured by the following general framework:

Assumption 3. Givenz € R%, we denote
z.={CeR% : g(z,() <0}.

We assume that there exists a set 220 C R% with the following properties:

1 Z% js compact and convex.
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2 There exists j € C*(R%;R™) such that 2% = {( € R% : §(¢) < 0}. Moreover, linear in-
dependence constraint qualification LICQ is satisfied for all ( € Z,

3 There exist functions R € C*' (R%;SO(d¢)) and T € C*'(R%;R%) such that
Z¥ = R(z)2* + T(x) forallz € R%,

i.e., 22 is obtained by rotations and translations of Z%. Here, SO(d,) denotes the special
orthogonal group.

4 There exists a vector ( € Z% satisfying the Slater condition §({) < 0.

Note that, by construction, both examples from Section [3| satisfy these assumptions. The remainder of
this section is dedicated to prove that Assumption [1]and Assumption [3|imply Assumption |2} i.e., that
the generalized convergence result (Proposition is applicable for our numerical examples.

First off, we show that these assumptions imply the Lipschitz continuity of Vi on the set X. Since
this latter set is compact by Assumption [1} it is sufficient to verify the local Lipschitz continuity of the
globally defined probability function V¢ in (P). The following lemma provides a verifiable condition on
the density of the random vecor { which is in particular satisfied for the Gaussian distribution.

Lemma 4.1. Let A C R be a compact set. LetT : R® — R? and R : R"* — R%*? be mappings
with locally Lipschitz continuous derivatives such that R(x) is a regular d X d— matrix for all z € R™.
Finally, let £ be a d— dimensional random vector having a density f¢ with locally Lipschitz continuous
derivative (e.g., multivariate Gaussian distribution). Then, the probability function

o(x) =P eT(x)+ R(x)A) (x €R")

is continuously differentiable and its derivative is locally Lipschitz.

Proof. By assumption, we have that, thanks to regularity of R(x),

-~

h(z,y)

o= [ ko= [ f(T@) + R det Ry dy (o € ).

T(z)+R(x)A

Fix an arbitrary £ € R"™. Our assumptions ensure that / is continuously differentiable. In particular,

thanks to the compactness of A, there exists a constant M such that for all = close to z, forall y € A

andall j = 1,...,n, the estimate g—h(x, y)‘ < M holds true. Next, fix an arbitrary j € {1,...,n}

Zj

and denote by e; the corresponding standard unit vector in R™. For an arbitrary sequence t;, — 0,

we obtain that - . B B
bk 12

dy
A
By the Mean Value Theorem, for each y € A, there exists some 75 (y) with |7 ()| < |tx| such that
h<i.+tk€j7y) _h(j7y) Oh oh

t = oz, (T 4+ m(y)ej,y) — a—x](%y)

Moreover, |2 (z + 74,(y)e;, y)| < M for all k sufficiently large and all y € A. Now, since A has
J
finite Lebesgue measure as a compact set, the Bounded Convergence Theorem yields that
o(T + trej) — ¢(T) oh ,_ dp
- | —(z,y)dy = —(T
7 axj( y)dy axj( )
A
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because ¢, — 0 was arbitrary. Since £ € R" and j € {1,...,n} were arbitrary, we have that all
partial derivatives of  exist and are given by
Op oh
= x,y)d =1,...,n; v €R").
axj( ) = o, —— (@ y)dy (j )

Now, let again ¥ € R" and j € {1, ...,n} be arbitrary and consider an arbitrary converging se-
quence z®) — z. Then, repeating the argument of the Bounded Convergence Theorem already
employed above, we check that

Oh | oh ,_ Oh

— — : ®) ) < M VEk >k
(?xj(x 7y>_> (l‘,y), 895]( 7y>‘— Vk— 05

whence

oh ,_ Op

(oK) -

o) = [ Sy = 5E@),
A

Therefore, ¢ is continuously differentiable. It remains to show that the partial derivatives are locally
Lipschitz. To this aim, let once more © € R™ and j € {1,...,n} be arbitrary. Observe that our
assumptions imply that ‘% is locally Lipschitz. As a consequence of A being compact, there exists

an open neighborhood Z/l( ) of z and a modulus L > 0 such that
oh (2%, y) — oh
— x y
ox; Y T B,
This then entails, with ¢ denoting the Lebesgue measure of A, that
o dp
@) = 22 @)
L Zj

Hence, the derivative of ¢ is locally Lipschitz. O

— (2, y)‘ < L||z* — 2| Va*, 2" € U(Z) Yy € A.

< Le||z® — 2°| Va*, 2" e U(7).

For the other properties listed in Assumption [2 we have to distinguish two cases: tangent directions
and directions passing through an edge of Z3¢. We begin with the latter.

Edges

Let Pgac-1(C) = HCII for ¢ € R% \ {0} denote the projection of ¢ € R% on the unit sphere S% .
Moreover, for Z C {1,...,m}, we define Z¢ := {1,...,m} \ Z and

E(T) == {¢ € 2 : gz(¢) <0, gz(¢) = 0}.
By Assumption[3] it holds
0z =] ez
IZ|>1

Furthermore, the edges of the set Z2 correspond to points of Z3 at which at least two inequalities
are active, i.e., they are given by
U @

|Z|>2

We show that the corresponding set of directions v € S%~! passing through an edge is of Hausdorff
measure zero, as our regularity assumptions imply that Z2 has a finite amount of edges and each
individual edge is of low dimension.
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Lemma 4.2. Under AssumptionH, it holds that’;‘-[gfl:_l1 <7DSd<—l (Umzz & (I))) =0.

Proof. Let k := |Z|. Utilizing LICQ and the preimage theorem, we conclude that £(Z) is a (d; — k)-
dimensional submanifold. Hence, for every p € E(Z) there exists a C''-diffeomorphism ®,, on an
open neighborhood V}, of p such that

D, (E(T)NV,) = @, (V) N (R x {0}*) .
Then, ¢, 1= @;1(-, 0) defines a C'-mapping on the open set

Uy = {C €R%[((,0) € B, (V;)} SR
Now, let W, := {¢ € U, | (4,—; =0 forall j < k} and note that ¢,(W,) = E(Z) NV, as well
as Ag,—1(W,) = 0. We consider ¢, to be a local parametrization of the sphere S%~1 such that

Pgic-1 (E(T) NV,) C im(py). Since

QO;I o PSdCA o1y, € ct (Up;RdC_l) ,

we deduce
Aic—1 (" (Pgac1 (E@) N V) = Aa—1 ((2, " 0 Pyac-1 0 1) (W) =0
and the claim follows from the compactness of Z%. O

Tangent directions

By the assumed convexity of Z%, if 0 € int(Z3), there can be no directions v € S%~! that are
tangent to Z2° and therefore nothing has to be shown in this case. Thus, we always assume (0 &
int(Z2%) in the following, without mentioning it explicitly every time.

Definition 4.1. (Tangential Points). We say ( € Z% is a tangential point of the set Z%, if there exists
an outer normal vectorn, € R%\{0} and a corresponding half space H := {x € R% | (n¢,z) < (n¢, ()}
such that 22 C H, and 0 € (int(H)). We denote the set of tangential points of Z%° by T .

Definition 4.2. (Tangential Directions). Let Ty := {¢ € T | (n¢, () = 0} \ {0}. We define the set of
tangential directions of Z*® as V' := Pga.-1(To).

In the following, we denote the closed and convex conical hull of the set Z2¢ as
K* := cone(2*) = {X( | ¢ € 2 X >0} .
Note that if 0 € 923, K* is identical to the usual tangential cone of Z2 at 0.

Lemma 4.3. Under Assumption@, it holds that V = Oga.—1 (S N K*) = S%~1 noK*.

Proof. Let v € V. Then, there exists A > 0 such thatv € A\™'7; C A\"192Z3 C K*. Hence, we
find an outer normal vector ny, € R% \ {0} such that (ny,,v) = 0 and Z% C H,,. This implies
K* C H,y, and for every 0 > 0, there exists a5 > 0 such that

Paic—1 (Av + agny,) € SN (K*)° N Bs(v).
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Thus, v ¢ intga.—1 (S%~ N K*), which implies v € Jga.—1 (S%1 N K*).

Now, let v € Ogic—1 (S NK*). Then, v € OK* C K* and we find 1 > 0 such that yv € Z.
The convexity of K* implies the existence of n,,, € R% \ {0} such that (n,,, k — pv) < 0 for all
k € K*. Choosing A > 1, we obtain

0= (o, Auv — po) = (A = 1){nuw, po) = 0.

Hence, (n,,, pv) = 0 and the claim follows. O

Next, we show that V' is of Hausdorff measure zero and has open neighborhoods of arbitrary small
Hausdorff measure. For £ > 0, let (V)_ := {v € S%~! | dist (v, V) < ¢}.

Lemma 4.4. Under AssumptionB, it holds that Hggg‘_ﬂ (V) = 0. Furthermore, for every 6 > 0 there

, de—1
exists €5 > 0 such that H g, (V),,) <é.

Proof. First, assume that 0 ¢ Z3°. From the convexity of Z2, it follows that K* is a convex and
pointed cone. Thus, the set S% ~'N/C* is spherically convex and we can choose w € intga, 1 (Sd<‘1 N lC*)
such that

SN C S = {veS | (w,v) >0}.

Now, let Rf,f = {C € R% | (w, () = O} and denote the corresponding gnomonic projection as g, :
S+ — RE. v+ (w,v)"'v—w. The function g,, is a bijection with inverse ¢! := Pgic—1(-+w) and
it maps closed and spherically convex subsets in S to convex sets in ]Ri‘, see [5]. In the following,
we proceed in a similar way to Lemma By choosing a parametrization ¢ of the sphere Sde=1 with
the property S« 1 N K* C im(y), rotating the hyperplane R by a linear mapping R € SO(d,)
such that R(R%) C R%~! x {0}, then applying the canonical embedding F from R% ! to R% and
denoting ¢ := E~! o R o g, we obtain

Aac—1 (¢7 V) S Xama (9770 077) (9 (0 (8%7TNKT)))) =0
Here, we utilized that the set 9 (¢ (S%~' N K*)) has zero measure as the boundary of the convex

set ¢ (SdC—l N IC*) C Ré%—1,

If 0 € 023, KC* is either a convex pointed cone, or a half-space, Ctljuelto the convexity of Z29. In the
first case, we can proceed as above, while in the second case, Hsfi;l (V) = 0 follows directly from

HE L (s%2) =0,

SdC71
We now prove the second assertion. Since V is compact, we have V = (2, (V). for any monoton-
ically decreasing null sequence {5i}z‘eN and this implies

=1

0=Hi5 (V) =Hos (ﬂ (V)EZ) = lim Hs ' (V).,) -
O

To show that part 2 of Assumption [2]is indeed satisfied, we need to make sure that the set V does not
change too rapidly for varying designs = € X.
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Lemma 4.5. Foralle > 0 and all z € R%, there exists §(¢,z) > 0 and a set M(e,z) 2 V(x)
such that’dei( 4 (M(e,z)) < e and

V(y) C M(e,x) forally € By ().

Proof. Lete > 0and z € R%. First, assume that 0 ¢ 9Z2. Due to the Slater condition, there exists
a (* € int (22¢). Define the functions f, : R” — R™ and f; : R" — R" as

foizm (=1 =0)+¢" and f] iz (2= C)(1+0) + ("

Moreover, let Z~ (¢, x) := f; (23%),Z2%(¢,x) := f (22°) and let IC (¢, x) and KT (¢, x) be
the conical hulls of the sets Z~ (¢, x) and Z7 (¢, x). Set K£(¢, z) := KH (¢, z) \ K~ (¢, x). There
exists a ¢(¢) > 0 such that

SN KE(¢(e), ) C V.(x).

There exists a d(¢, ) > 0 such that the inclusion 0Z3* C Z¥(¢,z) \ Z7 (¢, z) holds true for all
Y € Bs(e (). This implies IK*(y) € K=(¢(), ) for all y € Bz 1) (). In total, we obtain

V(y) =S%"TNoK* (y) € ST NKH(g(e), x) € Ve(2)

forall y € Bs(.)(2), i.e., we can simply choose M (e, z) = V.(x).

In the case that 0 € 9229, we choose
M(e, x) = {C eR% : Ce Vepax)or —( € Vg/g(x)}
and consider 5(%, x) instead. Then, the same steps as above yield the claim. O

Remark 4.1. In the proof of Lemma the distinction whether or not 0 € GZ;’" has a simple
geometric reason: If O is a corner of 23, the set of tangential directions rapidly changes, even for
minor perturbations of x. To see this, assume that x = 1 and

ZX={CeR" : ¢~ (1,2) ]|l < 1}.

Then, the associated tangent directions are given by V(1) = {(1, 07T, (0, 1)T}. However, for any
e >0, wehave V(1 —¢) = {(0,1)7,(0,—1)"}. In general, if 0 is a corner of Z2¥ and v € V()
a tangent direction, translating Z2° in direction —v will immediately result in —v € V(&), even if

—v & V(z).

Note that the same steps as in the proof of Lemma4.5]yield an analogous result for directions passing
through an edge of Zﬁd. Thus, we see that, under Assumptionsand we indeed satisfy Assump-
tion[2)and are able to apply Proposition 4.1]to our numerical examples.

5 Applications to capacity maximization

In this section we want to solve the problem of capacity maximization in the setting of stationary gas
flow for a small example instance, where the random demand is given by a (multivariate) Gaussian
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distribution. The pick up the problem formulation that has been given in [12]. We recall that the capacity
problem in the stationary case can be reformulated as a classical probabilistic program

min{(c,u> ‘]P’(gu(u,g) <0 /{:,620,...,]\7) Zp}

with a system of random inequalities defined by

Ire(u,§) = (pglinf + Z P, ( Z (&n + un))
()

e€TI(k)\IT n>7(e)
2
- (p?lax)2 - Z q)e ( Z 571) S 0.
e€II(O)\I1(k) n=r(e)

The inequalities turn out to be quadratic in both the control and the random variable. This structure
allows for an easy computation of the partial derivatives and the radius function needed when applying
the SRD method. For more details we refer to [12], where in addition to the algorithmic aspects also a
theoretical justification for the existence of involved gradients of the constraint function is given.

For our numerical study, we consider the capacity problem example of medium size represented in
[12, Section 6]. Although it is not clear whether the requirements for the convergence of the CSG
method hold for the capacity maximization problem, we apply the CSG method to it. Concretely, we
consider the case of equal pressure bounds, where the number of inequalities to calculate the con-
straint function can be significantly decreased, and the case of general pressure bounds. We choose
the probability level p = 0.9 and the penalty parameter A = 107. Furthermore, we choose the all-
ones vector for the linear costs and start the CSG method with the zero-vector. In total, we perform
8000 iterations with the CSG method, but since the weight calculations become very time-consuming
for this number of iterations, we restrict the maximal number of old sample points used for the gradient
approximation to 4000 and discard the samples that are farthest away from the actual point based
on the nearest neighbor computation for the weights. Furthermore, we use an adaptive step size rule,
where we start each iteration with a constant step size 7o = 5 and increase or decrease it if the
gradient steps get very small or very large. Furthermore, after the first 5000 iterations, we additionally
decrease this adaptively chosen step size by the factor 1/(n — 5000)% in iteration n. To evaluate
the probabilities with respect to the original problem we perform a QMC-approximation with 100000
sample points. Furthermore, we perform 500 random runs for both test cases to overcome the issue
of randomness in the CSG method.

First, we study again the convergence of the CSG method by looking at the objective function values
over the iterations. Comparing the original objective function and the penalized version, the behavior
is very similar, but due to the huge penalty parameter there is more variation for the penalized version
and the values are typically larger, but the differences are small, and so, we only show the median
and some quantile values for the original objective function in Since the behavior is also very
similar for the case of equal and general pressure bounds we restrict to a visualization of the general
case.

We see that the medians and quantiles converge. The maximal deviations are given by 0.16 for both
problem formulations. Therefore, the CSG method indeed converges, providing numerical evidence
that our theoretical requirements are satisfied. Furthermore, the penalty formulation works well since
the maximal returned violation by the CSG method is for both settings given by 0.01.

For the feasibility with respect to the original chance constraint we consider the QMC-approximations.
We note that in the median the estimated probability always equals the desired value 0.9, but sin-
gle runs can be slightly infeasible and the probabilities range from 0.88 to 0.91. Nevertheless, we
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Figure 6: Objective function values over iterations for the median (black line), shaded areas for quan-
tiles .25, 0.75 (dark) and Fp 1 0.9 (light) for general pressure bounds

can conclude that the combination of CSG and SRD is able to solve this difficult class of problems.
Furthermore, the running times for both settings lie in the range of 240 to 270 seconds. We see no es-
sential difference between the two settings since the number of total function evaluations is quite small,
namely 8000, whereas Monte-Carlo based methods that require multiple function evaluations in every
gradient iteration need significantly more time for the setting with general pressure bounds. Therefore,
the CSG method should be preferred if the function or gradient evaluations are time-consuming and
the stochastic dimension is small enough. Solving the example problem with SRD and by the built-in
SQP solver of Matlab for the computation times in both settings we obtain approximately 40 and 120
seconds, respectively. Even if the SQP method in combination with SRD works faster in this example,
we notice an increase of computation time of factor 3 in the general setting that involves substan-
tial more random constraints. The CSG method turns out to be more self-contained if the effort of
computing the probability function increases, which emphasizes the potential of this method.

6 Conclusion and outlook

In this paper, a new method for the solution of chance-constrained problems based on a combination of
the SRD technique with the CSG method was presented. The convergence behavior of the CSG-SRD
method was investigated using a class of academic test problems. Although standard assumptions
required for the CSG convergence theory to hold were violated, our numerical studies demonstrated
the correct behavior of the CSG method applied to the SRD formulation of the chance-constrained
problem. This motivated us to establish a generalized convergence theory of the CSG method under
weaker assumptions. It was also demonstrated that these weaker assumptions hold for a relevant class
of problems covering the analytic test problems used in our numerical experiments. Beyond this, the
CSG method using SRD has been applied to capacity maximization problems for gas networks. While
for this problem it is open, if our new convergence framework applies, again convincing numerical
results could be obtained. A comparison to classical Monte-Carlo based approaches shows that our
method needs far fewer function evaluations, and is therefore especially useful if function evaluations
are time-consuming. As an extension of the presented capacity maximization problems with chance
constraints relying on the algebraic gas model, our proposed method should be very efficient when
moving to models including ODEs or PDEs in the case of considering transient gas flow models.
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