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An asymptotic model of the Poisson—Nernst-Planck-Stokes
system for ion transport in narrow channels

Christine Keller, Barbara Wagner, Andreas Miinch

Abstract

lon transport through narrow channels is determined by the interaction between electrochemi-
cal and hydrodynamic effects, which are influenced by the channel geometry, ion concentrations,
pressure and potential gradients, and surface charges. Understanding the mechanisms that con-
trol electrokinetic phenomena such as ion selectivity and flow transitions is crucial for elucidating
biological functions and for further developing the design of artificial nanofluidic systems. On the
continuum scale, these processes are described by the coupled Poisson-Nernst-Planck-Stokes
equations (PNPS). However, direct numerical simulations in two or three dimensions are compu-
tationally intensive and provide only limited insights into the underlying physical and mathemat-
ical structure. Taking advantage of the small aspect ratio characteristic of nanopores, we derive
a systematic asymptotic reduction of the PNPS boundary value problem. In contrast to existing
one-dimensional reductions, which assume a Debye length much smaller than the channel radius,
our analysis identifies a distinct asymptotic regime in which the Debye length is comparable to the
channel width. This framework extends the applicability of reduced PNPS models and recovers
previous approximations as limiting cases. The resulting model provides clarity and predictability
for a wide range of settings. We demonstrate the influence of geometry and flow on ion transport
in trumpet-shaped nanopores, flow transitions that occur due to electrostatic and hydrodynamic
forces, and the conductivity properties of a protein-based channel.

1 Introduction

Nanopores are nanoscale channels that play an important role in both biology and technical applica-
tions. Biological nanopores, also referred to as ion channels, are pore-forming proteins in cell mem-
branes and are involved in many physiological functions. They regulate the exchange of ions across the
otherwise impermeable lipid bilayer and are able to discriminate between different molecules based
on size, charge and structure. Synthetic nanopores on the other hand are made of solid-state mate-
rials such as silicon, nitride, graphene, glass or polymeres and highly customizable. They are used
in a variety of applications such as protein and DNA sensing [3,/23,(30,36.(37], water filtration and
desalination [4}[18}/29]/35] and many more.

The transport in ion channels is controlled by a highly complex interplay of forces, including the specific
geometry of the channels, ion concentrations, concentration gradients, the pressure exerted on the
channel, and surface conditions such as charge patterns on the channel surface. A crucial aspect in
this context is the interaction between ion transport and fluid flow, especially in the presence of an
external electric field and charged pore walls. The interplay of these factors leads to electroosmotic
flow (EOF), a phenomenon in which the movement of ions in an applied field triggers fluid flow within
the nanopore. EOF helps to control the translocation of molecules (such as DNA or small proteins)
through the pore, improving sequencing and sensor applications [3}/30].
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C. Keller, B. Wagner, A. Milnch 2

It is therefore of great importance to understand how the dominant driving force can be shifted from
EOF to a hydrodynamic flow and vice versa by adjusting the salt concentrations or the properties
of the pores [4},30]. For example, geometric asymmetries can lead to ion current rectification, i.e.,
asymmetries in the measured current-voltage curves [8,/15,133]. Surface charge patterns in channels
can also qualitatively alter electroosmotic flows due to the coupling between hydrodynamic flow and
electrostatic interactions [2,(14,/16,34]. Many of these phenomena occur naturally in biological ion
channels [11[5,(12,19}/39], and a deeper understanding of the underlying electrohydrodynamic system
not only clarifies their modes of operation but also provides fundamental insights for the development
of new artificial micro- or nanofluidic devices.

Current-voltage (1V) relations provide important information about ion transport in nanopores. They can
provide information about conductivity or the effects of EOF under varying conditions such as different
ion concentrations, surface charges and geometries. The interpretation of IV curves is therefore crucial
for many applications and can help in the development and optimization of devices.

Mathematical modeling can be used to quantify how ion concentration gradients, applied voltage and
surface charge influence the flow of ions through the pore. To model ion electro-diffusion the Poisson-
Nernst-Planck (PNP) equations are commonly used. This set of equations combines the Poisson
equation which describes the electrostatic potential with the Nernst-Planck equations, describing the
movement of ions due to diffusion and drift due to electrostatic forces. Coupling PNP with Stokes
equations allows to capture the movement of the solvent (e.g. water) due to the electric field [7,10},/13,
14/[16].

Solutions of the corresponding boundary value problems of the Poisson-Nernst-Planck-Stokes (PNPS)
system are typically pursued numerically in two or three dimensions and often in a axially symmetric
setting. However, as shown in Li and Muthukumar [19] the shape of a protein channel for example can
be quite irregular and at the same time the specific geometry has a significant impact on the signaling
in sequencing. Thus, even on the continuum level, parameter studies can be computationally time
consuming.

Asymptotic analysis is a valuable tool for identifying the predominant physical mechanisms governing
the system in specific regimes, such as high or low ion concentration, strong electric fields, confined
geometries, etc.. The simplification of the full PNPS model can facilitate more profound analysis of
the system’s behavior as a function of specific parameters (e.g. ion concentration, electric potential,
nanopore size, etc.). Consequently, significant insights into the limiting behavior of ion transport and
electrostatics in nanopores under various conditions can be obtained. Thereby facilitating the deriva-
tion of scaling laws, the prediction of current-voltage characteristics, and the optimization of nanopore
designs.

A variety of approaches exist for the reduction of model complexity. lon channels typically have a small
aspect ratio and this fact has been used to reduce the PNPS system by introducing area-averaged 1D
models for axially symmetric cases, see for example [|11,[27]. Similar ideas had also been pursued for
the simpler PNP system by Singer et al. [32]. The underlying assumptions are that the variations of
the concentrations and the electrostatic potential in the transverse and radial directions are negligible.
Consequently, the averaged concentrations and potentials are calculated over the cross-sectional area
of the channel. However, already for the PNP system strong radial variations of ion concentrations
due to surface charges, for example, can not be captured with that approach as could be shown in
Matejczyk et al. [22]. In fact, for the PNP model they showed that the assumption that the influence of
the surface charge on the ion concentration and the voltage can be averaged over the cross section of
the pore is only valid if the Debye length of the electrolyte is much larger than the pore width. In their
analysis they present an asymptotic solution to the model for ion channels with radius comparable to
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An asymptotic model for ion transport in narrow channels 3

the Debye length of the electrolyte. This asymptotic solution allows the characterization of the behavior
of the ion channel in terms of the solution to a 1D model. By comparison to numerical solutions in
their cas studies they demonstrate that the 1D area averaged PNP equations do not provide a good
approximation to the full two-dimensional equations except for extremely dilute electrolytes or very
narrow pores so that the Debye length of the electrolyte is much larger than the radius of the channel.
Inspired by this study and the success of the long-wave approximation in thin liquid films [6] or in
shallow water waves [38], we derive an asymptotic model for the axially symmetric boundary value
problem for the PNPS system in the distinguished limit where the Debye length is comparable to the
pore radius. It is in particular the limit where the charge selectivity is most pronounced [31].

In our analysis we first show convergence of the full two-dimensional axially symmetric problem to
the quasi-1D asymptotic model. We then use our model to revisit a number of application problems in
order to demonstrate the predictive potential of our model and discuss in the outlook several further
extensions of the asymptotic model.

2 The Poisson-Nernst-Planck-Stokes system

We consider a system with two ion species, one anion ¢_ and one cation ¢, and a viscous incom-
pressible fluid. Furthermore, we consider an axially symmetric domain

Q:{(i:,g,z):0§2§E,0§\/932+g2§}?(2)},

such as givenin Fi~gure The radius ]:2(2) is a function of z. At 2 = 0 we prescribe an outlet boundary
S and at Z = L an inlet boundary S™. We denote the surface of the ion channel by S*3" and the

symmetry axis at 7 = /22 + 32 = 0 by SY.

r pore wall 5@ symmetry axis S°

outlet S°u l inlet S

M .

Figure 1: Sketch of an axially symmetric profile of an ion channel ). The pore wall at r = R(z) is
denoted with S*@', the symmetry axis of the domain at 7 = 0 is marked as S°. At z = 0 the pore has
an outlet and at z = L an inlet boundary.

The Nernst-Planck equations describe the evolution of the molar densities ¢ (x,¢) and ¢_(x, t) with
valences 7y = land z_ = —1 by

_ . . [ F .
0icy ==V -Jo=—-V . |viy — Dy | Vig = c+Vo |, (1)
R&T

with diffusion coefficients [)i, the molar gas constant R, the temperature 1" and the Faraday con-
stant /. The electrostatic potential ¢(x, t) is given by the Poisson equation

=V (el +X)V@) = F (¢4 —¢-), )
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C. Keller, B. Wagner, A. Milnch 4

with vacuum permittivity £y and a constant dielectric susceptibility x. Note that (1 4+ x) = &, is
also often referred to as the relative permittivity. The above system is further coupled with the Stokes
equations to calculate the velocity v (x, t) and the pressure p(x, t). Which are given by the continuity
equation
V-v=0 (3)
and the momentum balance
—VvAV +Vp=—F(é, — )V, (4)

with viscosity . We apply Dirichlet boundary conditions for concentrations and potential on the outlet
and inlet

Gy =" o =¢™onS™and e =2}, ¢ =¢@"on S, (5a)
and normal stress boundary conditions for the velocity and the pressure
VVV - @i — pn = p™n on S, vVV - i — pn = p"n on S™. (5b)
On the channel wall we apply a constant surface charge
—eo(1+ x)V@-n = G(Z) on 5™, (5¢)
a slip condition v for the velocity and no-flux boundary condition for the ion species
bVV -fi=v,, Jy-n=0onS"" (5d)
Furthermore, we define the following symmetry conditions at 7 = 0
J. - 01=0, eo(1+x)V@-n=0, vVv-0—pn =0 on S°. (5€)

A crucial property of this system is the ionic current that flows through the pore. The current passing
through surface S in z-direction can be calculated as follows

fi:iF/ji-ﬁdS, (6)
S

with the total current

Scaled axially symmetric problem in the large-aspect-ratio limit. Since we consider a rotational
symmetric problem we rewrite the system in cylindrical coordinates. The velocity field is given by v =
(1, ) where w is the radial component and @ the axial component. Similar for the slip condition v, =
(ws, ). For the large aspect ratio scaling we introduce a typical pore length Ly = 1078 —10%m
and a typical pore radius Ry = 10~ m. In addition, we define a typical time scale 7 = 107"s, a
reference concentration ¢ = 1mol L' and a reference charge 0¥ = 0.16 C. We introduce the
following dimensionless variables 3 = Loz, & = Ror, { = 7t, Dy = DRky, ¢y = cBey, ¢ =

ofo, 0= uflu, w = dufw, p=pfip & = ocfo b= bRb. This gives us the ability to introduce the
following dimensionless parameters
L2 F A RT R? FR2DRCR
DFf =20 ot = —— pf=cPRT, uf = ——2 =" — =1L, (8a
7% TR ! vLo Lo 0 (8a)
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An asymptotic model for ion transport in narrow channels 5
and
go(l R A2 Ryt RL R
ol X Reor p ule s R (8b)
FchR3 R? go(1 + x)pf DE Lo
The scaled Nernst-Planck equations in cylindrical coordinates are given by
1
(528tci = —(SQP6 (w@rci + u@zci) + (528Zfi + —8r (rgi) y (98.)
r
with the functions
J+ = ki (0.4 £ c10.9), (9b)
and
g+ = ki (Orci + Ciar@) (90)
for ease of notation. For the Poisson equation we find
1 1
—0%0,,0 — =0, (r0,0) = — (co. —c_). 9d
¢ =0, (r0¢) = 15 (cr — ) (9
The dimensionless continuity equation in cylindrical coordinates yields
1
=0, (rw) + d,u =0, (9e)
r
and for the momentum balance we have
1 1
540w + 6% | =0, (ro,w) — —w| = 0p+ (cy —c_)0rp, (9f)
r r
and
1
620..u+ =0, (royu) = d.p + (cy — c_) O.. (99)
T
The scaled boundary conditions on the in- and outlet are
ce =" p=p"onS™ andcy =, p =" onS", (10a)
§20,u—p=p™onS™ §°0,u—p=p"onS" (10b)
On the channel wall we have
Orp — 6 R(2)0.0 = —a(2)y (1 4+ 6°(R'(2))?)"* on 5™, (10¢)
bo,w = dws, bO.u = u,, 8°R'(2)f+ — g+ = 0on S™ (10d)
with the normal vector
n= (e, —6R (2)e.) (1+ 62(R'(2))?) ",
where e, is the normal vector in r—direction and e, in z—direction,
O =0, 8?°0,w—p=0, d,u=0, onS° (10e)

and
—P. (5211)@E + 5uci) +0fr +gr=00nS"

The current flowing through S at z-direction is given by the integral over the disk

R(z)
I = j:27r/ (Pecxu — fo)rdr.
0
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C. Keller, B. Wagner, A. Milnch 6

3 Large aspect ratio asymptotics of the system

We use the following ansatz in order to find an asymptotic solution for the system in the limit of a very
small aspect ratio & — 0:

(cx, @, u,w,p) = (cgE + 520; gpo + 6% u® + 0%t w® + 5wt goo + 52p1) + 0(54) (12)

In this study, the focus is on the case of the Debye length being equivalent or smaller to the radius
of the pore, i.e., A < O(1) and A < O(Ry). Additionally, we assume a substantial surface charge,
characterized by the condition v = O(1) and a large aspect ratio, denoted by 6 < 1.

Note that we calculate the asymptotic model for a system with no-slip boundary condition on S*2" for
the velocity, such that u|,—g(») = W|r=r() = 0.

Poisson equation. To leading order O(1), becomes

1 1
—;& (rargoo) =1 (Ci — CO_) ) (13a)

Since cﬂ and ¥ are functions of goo this equation has to be solved later together with the leading

order boundary conditions (from (10c) and (10€), respectively)
0, lr=r(z) = —70(2), and 8,¢"|,— = 0. (13b)

The solution for <,00 of this boundary value problem is not unique, since the homogeneous problem for
¢V is satisfied by an arbitrary ¢%(z). Therefore, if there is a particular solution of the inhomogeneous
problem, say go,?(r, z), then any other solution can be achieved via

@O(r, z) = p(r, 2) + ©2(2), (14)

with an arbitrary ?(z). Moreover, existence requires a solvability condition to be satisfied, which is
obtained by simply integrating (13a) and using (13b). The result is the electroneutrality condition

R(z)
/ (% = )rdr — A’yoR(2) = 0. (15)
0

Notice that this condition includes the surface charges, so the net charge in the fluid itself must be
negative inside the pipe. For the second order O(4?) we find from equation

1
;&(rargol) + 0,(0.¢°) = 0. (16)

Integrating the equation with respect to r and using the boundary condition (from (10c) and (10e),
respectively)

argpl|r:R(Z) — R/(2)02<,00|TZR(Z) =0 and 8T<,01|r:0 =0. (17)

gives

R(z) R(z) R(z)
0= / 0, (10" dr + / 0.(0.¢")rdr = GZ/ 0. dr. (18)
0 0 0

DOI 10.20347/WIAS.PREPRINT.3243 Berlin 2025



An asymptotic model for ion transport in narrow channels 7

For a detailed computation see equation in the appendix. This can now be used to fix expression
for ¢ in (T4). Plugging that decomposition into the preceding identity yields

=1
0 _
©, 01/0 R2(z)dz+02' (19)

Applying the boundary conditions
Pzt =" Plo=r =0 and @ll.mo = ¢™, ¥)].=0 =0, (20)
allows us to determine the constants C'; and C'5. We obtain

0 i I (Z) — Lﬂz (0) out

wr = (" — ™) ]::( =10 (21a)
with
I,.(2) = /Z Rz;dz. (21b)
0 (2)

Nernst-Planck equations In the leading order O(1) for the concentrations we have from and

(9¢)
1
~0, (rg3) = 0. (22)

We integrate with respect to r gives together with the leading order of the third boundary condition in

(71)
g% = 0,cL £ Lo, = 0. (23)
Using (T4) for ©° we obtain
) = Qy(z, )T (24)

with arbitrary ()1 (z,t). Notice the leading order of imposes the condition g0 = 0, but this is
automatically the case since ¢ and hence ¢? satisfies (T3b). For the second order O(4?%) we obtain

from equation
1
Ocr = =P, (w00,cL +u0.cL) + 0.1 + =0, (rgl) . (25)
r

In order to solve this equation we will introduce the stream function
T
s = / ulr dr, (26)
0

such that u® = r~'0,s and w = —r~10.s. Integrating above equation gives together with the
boundary condition R'(2) f2 |r—r(z) — 9|r=r(z) = 0 the following result

R(z) R(2) R(z)
Oicy = —Pe/ (—6238rci + arsazc(i) dr —i—/ 0. flrdr —i—/ O, (rgli) dr (27)
0 0

0
R(z)
=P.0, A

0

R(z)
iuor dr + k40, / (8203[ + ci@zgpo) rdr.
0
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C. Keller, B. Wagner, A. Milnch 8

For a detailed calculation see equation in the appendix. Using solution and the ansatz
further gives

R(z2)
&Qiewg =0, PeQi/ e uOr dr (28)
0

R(z) 0 R(z) o
+hkiQy / (62902)5% rdr+ k+0,Q+ / etPrrdr|.
0 0

This equation needs to be solved for (). together with the boundary conditions
Q+l.er =] and Q.- = A" (29)
Momentum balance for no-slip. We can obtain a solution for the pressure from the leading order
O(1) from equation
0.p” = (. — )’ (30)
With a similar argumentation as for the potential we use the following ansatz for the pressure
pO(r, 2) = p2(2) + p2(r, 2). (31)

Using solution (24), integrating with respect to r yields together with the symmetry condition (10e)
0
pr‘r:O = 0

p? - Q. (e—eo‘ﬁ _ e—w?-\r:0> +Q_ <e‘P9 — e“”%:o) ) (32)
From equation we can derive a solution for the axial component of the velocity .
%&(T&uo) = 0.p° + (c; — c-)0.¢". (33)
We rewrite the derivatives of the pressure and the potential as follows
0:p" = 0:p + 0.py = IL(2) + I,(r, 2) (34a)
and
0:¢°(r, 2) = 0.9 + 0.0} = Eo(2) + Eo(r, 2). (34b)

Using equation (13a) we find

%@(TGTUO) =1L, +1II, — A*(E. + ET)%aT(raTgog). (35)
Integrating with respect to r gives
royu’ = HZ%rQ + Ki(r, 2) — E.A*10,¢° + hy, (36a)
with
Ki(r,z) = / T(HTr — A%E,0,(r0,¢Y)) dr. (36b)
0
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An asymptotic model for ion transport in narrow channels 9

We can further rewrite /| by using equation to get
Ki(r,z) = /T(Hrr — A*E,0,(rd,¢%)) dr (37)

0

~ [0+ 0:8Que — Qe rar
0

= /T <8ZQ+(97¢2 _ e #Plr=0 )+ (9ZQ,(e‘09 _ g#rlr=0 )
0

+8Z(902]r:0)(62+e*“"9|’“:0 — Q_e#rir=0 )) rdr.

With the symmetry condition (T0e) at 7 = 0 we find 9,u’|,—o = r~'(hy + Ki(r = 0,2)) = 0
and hence hy = —Ki(r = 0, 2). Note that the integrand of K is the equilibrium between the axial
gradient of the electric double layer (EDL) pressure and the axial electrostatic force. density. Integrating

again with respect to r gives

1
u = HZZ—LTQ + Ky(r, z) — E2A%Q" + hy, (38a)
with
"1
K, 2) = / LKy, 2) — Ka(r = 0,2)) dr. (38b)
0 T

Note that K5 is an EDL-driven axial flow contribution. Together with the no-slip condition u? ’r:R(z) =
0, we get

1
u’ = szl (r* = R*(2)) + Ka(r,z) — Ks(r = R(2), z) — E.A*((r, 2), (39a)
with the ( —potential

¢ =02 — =R, (39b)

Continuity equation for no-slip. We need to ensure that the continuity equation is fulfilled.
Therefore, we integrate the leading order O(1) with respect to r from 0 to R(z) which gives

R(z2)
0= / (0, (rw®) + (0.u")r) dr (40)
0

R(z)
= R(z) (0’],—r() — R (2)u’],=rex)) +52/ u'r dr.
0

N

-

=0

Together with no-slip w°|,—p(,) = u’|,—r(») = 0 and the solution (39a) for u’ we have

1 [EG) R(z)
0. Hz—/ (7"2 — R2<Z)) rdr+ Ks3(z) — EZAQ/ Crdr| =0, (41a)
0 0

4

with

R(z)
Ky(z) = / (Ko, 2) — Ko(r = 0, 2))rdr. (41b)
0

DOI 10.20347/WIAS.PREPRINT.3243 Berlin 2025



C. Keller, B. Wagner, A. Milnch 10

Solving this equation gives

* (16A%E, (B 216K
P =Cy + C11,(2) — / (6—/ Crdr | dz + / ﬁ dz, (42a)
0 0 0

R(2) RY(2)
with
R(2) 1
I,(z)= dz 42b
with the boundary conditions
Plam0 = —p™, P)l:zo =0 and pll.—p = —p", p)l.—L =0, (43)

the following solution

0 in . out I(2) = I,(2 = 0) out

p.=—"—p )IP(Z:L)_IP<Z:0) =™ = U(2) + Ku(2), (44a)
with
Ve) = o)~ fe (o = 0) - ST EES R ) e =) e
z 2 R(2)
Ie.(2) = /0 (12?(25; /0 [so?—so?hmz)]rdr) dz, (44c)

(1p(2) = I,(2 = 0)) (44d)
and

16
[K3(2>:/0 R4—(Z)K3(Z)d2. (446)

Current. The leading order O(1) currents are calculated as follows

R(2) R(z)
I = +ky (0.Q+ £ QLE,) / e rdr & P.Q+ / u0e T 1 dr. (45)
0 0

4 The asymptotic model

In order to get the solutions for ©?2(r, z) and Q. (z) we have to solve the following three coupled
1D ordinary differential equations (ODEs) numerically. The pseudocode is given in the appendix by
Algorithm ] In the r-direction we have to solve

1 1 0 0
_;ar(rargpg) = F<Q+eﬂpr - Qfecpr )7 (463.)

DOI 10.20347/WIAS.PREPRINT.3243 Berlin 2025
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11

with the boundary conditions

ar‘:pmr:R(Z) = _70(75% and arﬁo(r)’rzo =0

for every point in z. In z—direction we have to calculate

0,Qse™ =0, [k£(0.Q1)Hi () + ks QuHa(p), 7)) — P.QxHs(p), u)]

for every timestep in ¢, with

R(z) 0 R(z) o R(2) 0
H, = / etrrdr, Hy = / (0.p0)eT¢r rdr, Hs = / uleTer rdr
0 0 0
and the boundary conditions
Qil.mo =", and Qil|.—r = 1.
From that we can calculate the concentrations with
0 0
Ci<7", Z) = Q:teq:% )
and the total electrostatic potential

on(n Z) = 909*(707 Z) + QDS(Z),

with
©2(2) = (¢" — ™AL, + ™,
and
I.(2) — I,.(0) =1
AL, = P2 L d I :/ a7 9z
T (e=0) —I.(z=0) 0T ) R

Note that for R(z) = R =const. we get Al, = z/L. The total pressure is given by

po(ra Z) = pg(ra Z) + pg(z)a

with
Pr,2) = Q. (e—<p9 _ e—s&?lmo) 1Q. (esoﬂ _ ee@?lr=o>
and
pa(z) = =" = P AL (2) — p™ — U(2) + Ku(2),
with

o [p(2> - [p(z =0) - -
Al, = T =L)—L(z =0) and I,(z) —/0 R4—(z)dz’

such that for R(2) = R =const. we get Al, = z/L,

U(z) = Ie.(2) = Ie.(2 = 0) = ([e.(2 = L) = [e.(2 = 0)) AL (2),

(46b)

(47a)

(47b)

(47c)

(49a)

(49b)

(49c)

(50a)

(50b)

(50c)

(50d)

(50e)
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C. Keller, B. Wagner, A. Milnch 12
Ky(2) = Ig,(2) — Ixy(2 =0) — (Ig, (2 = L) — Ix, (2 = 0))AL,(2) (50f)
and
z 16A2(8Z800> /'R(Z) /Z 16
I = —_— 2 rdr | dz and Ig.(z) = ——K3(2)dz 50
Ez(z) /0 < R4(Z) 0 C KS( ) 0 R4(Z) 3( ) (509)
where
¢ = ¢ = Dlr=ree); (50h)
R(z)
K3(z) = / (Ks(r,z) — Ko(r =0, 2))rdr, (50i)
0
r 1 .
Ky(r, 2) :/ ;(Kl(r,z)—Kl(r:O,z))dr (50j)
0
and
Ki(r,z) = / (0:Q4(e7# — &) 4+ 0.Q_(e7 — =) (50K)
0
0. (00 (Qre =0 — Qe =) ) rar.
The velocity is then calculated as
1
u’(r,z) = (@pg)z1 (r* = R*(2)) — (0.9 N*C(r, 2) + Ka(r,z) — Ka(r = R(2),2), (51a)
with
0.p0 = — (p" — p"M)0.(AL(2)) — 0¥ (2) + 0, K4(2) (51b)
and
0.07 = (¢" — 9™ 0:(AL,. (2)). (510)
For the currents we have
R(2) . R(z) o
I = ki (0.Q+ £ Q4E,) / e rrdr F P.Q+ / uleTer rdr, (52a)
0 0
with the total current given by
I=1, +1. (52b)

5 Predictions of the asymptotic model

In this section we illustrate the wide spectrum of applications of our model for typical scenarios in

nanotechnological and biological applications.
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5.1 Electro-osmotic flow transitions arising in cylindrical nanopores

In order to better understand ion transport through nanopores, whether for improving existing technolo-
gies or developing new therapies, it is crucial to identify the driving forces behind EOF and understand
how these change when, for example, an additional hydrodynamic pressure gradient is applied. In this
example we will study a cylindrical pore with constant radius R(z) = R. When studying a straight
pipe, we can ensure that no additional effects due to geometry play a role. As we saw in the previous
example, adding a constriction leads to an additional pressure drop. This means that in a straight pipe,
the influence of an applied pressure difference can be considered in isolation, whereas in a trumpet-
shaped pore, for example, it is not clear what additional effects may occur. In addition, some of the
equations in the asymptotic model for a cylindrical pore can be simplified. Therefore, we study a cylin-
drical pore with constant radius R(z) = R = 5 and a length of L = 25 with § = 0.1. As surface
charge we define with ¢ = 0.15, L1 = 0.2L, Ly, = L — Ly and € = 5. All other parameter
values are given in Table [f]and Table [3

5.1.1 Transitions in the flow regime

We calculated the volumetric flow (u") = fOL OR u"r dr dz in the pore for different salt concentrations
A= ch“f = ™ (Figure , applied pressure differences Ap = p™ — p°! and potential differences
Ap = " — ¢ between in- and outlet (Figure . If we integrate equation (39a) we get

1 A
() = (W) + (u) + (™) = Ap—R' = 2 ZE(C) + (u™). (53)
As illustrated by Figure the flow can be distinguished between two known regimes: a pressure-
controlled regime characterized by a Poiseuille-like profile (PF)

1
PF 4
u')=Ap—R 54
(™) = Apre (54)
and a potential-driven (EOF) regime. The later is characterized by a Helmholtz-Smoluchowski-like
profile (HS) [25], also referred to as electroosmotic velocity
Ap

(u®) = =A==, (55)

where ¢ = ©? — ©Y|,—g is the zeta-potential. Additionally, a third term (u"-) with

L R
(uPt) = /0 /0 (Ko(r,z) — Ko(r = R, z))rdrdz (56)

plays a role as shown in Figure[2al The function K is give by equation (50]) and is a flow contribution
arising from the EDL axial force density. Thus, the (uF°") gives us a correction for the flow due to large
Debye length, i.e. for low concentrations with weak screening of the surface charge. For a detailed
computation see Appendix [Bl However, we find that for a salt concentration high enough the EDL-
term does not contribute significantly as illustrated in Figure For this example we did not apply
a pressure difference, i.e. Ap = 0, such that (uPF> = (. We then calculated the volumetric flow
for different salt concentrations c® and applied potential differences. It can be observed that for
all A, the flow initially increases with increasing concentration until a maximum is reached, and
then decreases again. The maximum varies for the different potentials. In addition, we see that after
the peak the flow follows the Helmholtz-Smoluchowski-like profile (dashed lines). Note that the zeta-
potential () also depends on the concentrations. For small concentrations we find that (u"°) is almost

DOI 10.20347/WIAS.PREPRINT.3243 Berlin 2025



C. Keller, B. Wagner, A. Milnch 14

constant and that the volumetric flow is driven by the sum of the HS—term and the EDL—term. If we
scale flow with Ay it can be observed that for all potentials the maxima become equal. However, we
still notice a rightward (or leftward) shift of the curves for small concentrations (Figure [2b).

=
ad
~
/\ .
OQ
vV
1072 107" 10°
Cbulk Cbulk

(@) (b)

Figure 2: (a) Volumetric flow (u°) plotted as a function of the bulk concentration ¢®* for Ap = 0
and different potentials A = —1 (crosses), Ay = —5 (plus signs) and Ay = —8 (stars). The
dashed line corresponds to the (u"S) (Helmholtz-Smoluchowski) flow regime. The dotted line gives
(uS) + (uFP). (b) Volumetric flow scaled with Ap.

out

For the following study we chose the concentrations ¢4 = ¢ = ™ = 0.6 such that (") <
(u"S) (see Figure [2b) and the flow is given by (u°) = (uF) + (u"S). We then calculated the vol-
umetric flow for different applied pressure and potential differences to study the transition between
the pressure-controlled and the potential-controlled regimes. We find that if we apply no potential
difference (Ay = 0) that the volumetric flow depends linearly on the pressure difference Ap (Fig-
ure dotted line). On the other hand, if we apply zero pressure, we find that the velocity profile
is constant which is illustrated in Figure [3al (dashed lines). Furthermore, we find for (u") = 0 that
Ap — C, () Ap = 0, with C,, = A?16/(R*L), such that

<0 if Ap < Cu(Q)Ap for (()Ap >0
(u’) § >0 it Ap > Cu(Q)Ap for (()Ap >0 (57)
>0 VAp for (()Ap < 0.

Depending on the sign of the applied potential and pressure difference as well as on the sign of the
zeta-potential the volumetric flow changes its sign. For our example we calculated (() = —88 and
C, = 1.8e — 4 for all applied potential differences. As illustrated in Figurewe find that for negative
potentials the absolute value of the flow first decreases with increasing pressure until a minimum is
reached and then starts to increase again for increasing pressure. The minimum indicates the change
in sign as shown in Figure[3bl For A = —0.2 the change in sign is at Ap = 0.0032 (stars) and for
Ay = —8 the change in sign is at Ap = 0.13 (circles). For Ay = 0.2 (crosses) and Ap = 8 (plus
signs), on the other hand, the flow rate increases steadily as the pressure increases.

Figure [3b| shows the volumetric flow scaled by a factor of C,(¢) Ap. While the unscaled data show
clear quantitative differences between the applied potentials, rescaling the velocities by a factor of
C.{C) Ay results in a clear, uniform behavior. When plotted as normalized flow, all curves for negative
potentials converge to a single master curve still reflecting the change in sign in the flow. Similarly, all
curves for positive potentials merge into a single curve. This convergence suggests that the influence
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of the potential difference can be incorporated into this scaling relationship, indicating universal trans-
port behavior once the appropriate dimensionless scale is applied. This rescaling therefore provides
a robust way to compare results across different potential landscapes and highlights the underlying
physical mechanism that controls the flow. Furthermore, as illustrated in Figure [3b| the flow is domi-
nated by the HS regime for low pressure values until it continuously transitions into the PF regime for
increasing pressure.

102 107 10° 10" 102
|Ap/(Cu{C)Ap)|
(a) (b)

Figure 3: (a) Volumetric flow (u0> for ™% = (.6 plotted as a function of pressure Ap for different po-

tentials Ay = 0.2 (crosses), Ap = 8 (plus signs), Ay = —0.2 (stars) and Ay = —8 (circles). The
dotted and dashed lines correspond to the (u"") (Poiseuille) and (u"®) (Helmholtz-Smoluchowski)
flow regimes, respectively. (b) Volumetric flow and pressure scaled with C, A.

We were able to show that, even though we use a general derivation for the asymptotic model without
further simplifications such as small Debye length or a constant electric field (as in [25]), we can
reconstruct two known solutions for the volumetric flow: Poiseuille and Helmholtz-Smoluchowski. While
most studies only consider one of these two regimes, we show that the volumetric flow changes
between them depending on the applied voltage and pressure differences. Moreover, our model shows
that for small salt concentrations there is an additional contribution to the volumetric flow. Note that
although the dependence of the flow on Ap and Ay is evident from equation (53), the zeta-potential
still has to be calculated numerically. Since we observe in our numerical simulations that it does not
change dramatically for different potentials and pressures, it only needs to be calculated once for a
specific salt concentration and surface charge.

5.1.2 Transitions in the ion current

We also calculated the concentration and pressure dependency of the ionic currents flowing through
a circular area at z = (. Taking a closer look on equation we find that the currents can be
approximated as follows

Ap (ki () Ap 1
_ bulk 2 2 4
I =2mck [_L (—2 R*+ P.A T F Pe—L —16R (58)

1 5 bulk <UEDL>
+ 27T/<7¢§R 0.Q+|=0 F 2mc PeT

=I5+ 10 + IS,
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out

with ¢4 = ¢ = 3%, A detailed computation can be found in the Appendix |60} Overall, the cur-
rent can be written as the sum of a potential-driven (EOF) current IE, a pressure-driven current I°
and a third concentration-dependent term I€ giving us a large Debye layer-correction for the current.
Similar as for the volumetric flow we now find that /°~term only plays a role for small concentrations
when the Debye layer is large (see Figure . For all three applied voltages Ay = —1 (crosses),
Ay = —5 (plus signs) and A = —8 (stars), the measured current rise continuously with increasing
concentrations (Figure [4a).

Scaling the current with Ay as given in Figure[4b|shows that in all three cases the current continuously
transitions into the IF—curve (dashed line) indicating that the potential-driven regime dominates there.
Note that I /A is often also reffered to as conductance. For small concentrations it can be observed
that the /°-term is negligible. Furthermore, we find that with that scaling all three curves collapse
into one curve for high salt concentrations while there is still a slight rightward (or leftward) shift for
small concentrations. At sufficiently high concentrations, we therefore find that the current consists of
a pressure-driven and a potential-driven regime.

~ 10°

1./ Ap

Figure 4: (a) Cation current I, plotted as a function of the bulk concentration c®* for Ap = 0 and
different potentials Ay = —1 (crosses), Ay = —5 (plus signs) and Ay = —8 (stars). The dashed
line corresponds to the IF (potential-driven) regime. The dotted line gives I& + I°. (b) Cation current
scaled with (™A,

For concentrations where IS < I£ (see Figure i it can additionally be observed that there is a
switch in the sign of the cation current depending on the applied potential and pressure. For [ = 0
we have Ap F CLAp = 0, with Oy = £, 8/(P.R?) + A*(¢)16/(LR*), such that

<0 ifAp < CLAp forCLAp >0
I, >0 itAp>CL Ap forCLAp >0 (59)
>0 VAp for C;. Ap <0
and

<0 fAp < C_Ap forC_Ap <0
I_¢>0 ifAp>C_Ap forC_Ap <0 (60)
0 VAp for C_Ap > 0.

We calculated the absolute cation current for ¢®* = 0.6 as a function of Ap for different potential
differences Ay = 1, Ap = 2 and Ap = —1 (Figure [5d). For this example we calculate (¢) =
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—88 and C'y = 0.14. For positive potentials it can be observed, as illustrated in Figure [5b| that for
increasing pressure, the cation current first decreases, reaches a minimum, and then increases. The
respective change in sign here is at approximately Ap = 0.14 (for Ap = 1) and Ap = 0.28 (for
Ay = 2) (Figure [Ba). For Ay = —1, however, we do not observe any reversal of the current. In this
case, the current increases continuously with increasing pressure.

10°

- E
P

01
107 7€
= -2 .
-1

1072 107" 10°
|Ap/(CLAp)|
(a) (b)

Figure 5: (a) Cation current I for ¢®* = (.6 plotted as a function of pressure Ap for different

potentials Ay = 1 (crosses), Ap = 2 (plus signs), Ay = —1 (stars). The dotted and dashed
lines correspond to the I (pressure-driven) and I (potential-driven) current regimes, respectively.
(b) Current and pressure scaled with C'; Agp.

Similar to the flow, we find that when the current is rescaled by a factor of C'L A, all curves for
positive potentials converge to a single curve that continues to capture the sign change for the current.
By applying a suitable dimensionless scaling, a universal behavior could thus also be derived for the
current. For all three cases we find that at low pressure values, the current is almost constant and
that the potential-driven current /€ (dashed line) is dominant. As the pressure increases, the current
transits into the pressure-driven I” (dotted line) regime. Our results show that, in theory, it would
be possible to push positively charged ions against their electrostatic gradient. Equation shows
that the ion current through the pore can also be differentiated into two regimes. We see that the
current can not only be amplified by a hydrodynamic pressure difference, but can also overcome the
electrostatic forces.

In [7], further regimes and transitions have been discovered, due to the effects of hydrodynamic bound-
ary slip. In this work we did not take into account transitions triggered by hydrodynamic interfacial slip.
Since these are important for a systematic understanding, they will be the subject of our future studies.

5.2 Impact of geometry and fluid flow on the ion flux

In this case study we consider the impact of geometry of the ion channel, where we restrict ourselves
to axially symmetric cases. This has been investigated for many decades and the typical test cases
are cylindrical, conical and trumpet shapes. Within this subsection we thus consider a trumpet shaped
pore as illustrated in Figure [6| with length L = 10, 6 = 0.01 and radius

:4@

R(Z) JE

(2> —2L) + Ry. (61)
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We chose R; = 10 and Ry = 1.5. For the ion concentration we apply the following Dirichlet boundary
conditions 3" = ¢! = 0.1. We consider a surface charge on the channel wall of the form

o(z) = g(tanh((z — Ly)/e) — tanh((z — Lq)/¢)), (62)

withg =1, L1 = 0.1L, Ly = L — L, and € = 8. In addition, we apply a potential difference with
©" =8, st. Ap = " — ™ = 8. All other parameter values are given in Table[1]and Table[2]

r
outlet SOUt inlet Sin
ettt = 0.1mol L1 e = 0.1mol L7t
QORSOOUt =00V nggDin =02V
R .
pRpout =0.0 Pa (Z) pRp'n = 0.0 Pa
> 2
—OrPr = 0

Figure 6: lllustration of a 2D axially symmetric trumpet shaped pore 2. We apply a surface charge at
r = R(z) and a symmetry condition at » = 0 for the potential. At the inlet at z = L and the outlet at
z = 0 we apply Dirichlet boundary conditions for the concentrations, the potential and the pressure.

We calculated the solution for two different scenarios. In the first case, we have solved the classical
PNP system given by the following equations (9a)-(9d) with P. = 0. Note that such a system was also
studied by Matejczyk et al. [22] for trumpet shaped pores. In the second case, we have solved the full
problem including the coupling with Stokes equations. In both cases we calculated the steady state
solution and find that, due to the positive surface charge on the channel wall, the anion concentration
becomes high close to the pore wall and decreases towards the center of the pore (figures[7b} [7d and
[7f). The cation concentration on the other hand has a maximum on the pore center and decreases
towards the wall (figures and [7€). Comparing the solutions for the concentrations from the
classical PNP (dotted lines) with the PNPS system (solid lines and stars) we find that the fluid flow has
an impact, especially on the cation concentration (Figure[7). For the cation concentration, we observe
the greatest changes in the center of the pore at r = 0. At z = 0.2 L (Figure we find that the
cation concentration decreases by 0.018. The decrease becomes more significant at the narrowest
point where the concentration drops by 0.046 (Figure [7c). Close to the inlet on the other hand the
additional advection term (due to the Stokes coupling) leads to an increase by 0.023 (Figure [7€).
For the anions, however, the influence of hydrodynamic coupling is minimal. The average deviation
between the PNP and PNPS solutions is only 0.18, which is negligible compared with the maximum
concentration (=~ 10). Consequently, no substantial change in the anion distribution is observed across
the pore cross-sections. Comparing the asymptotic model (solid lines) with the 2D FEM solution (stars)
shows that the asymptotic approximation also captures the overall dynamics of the ion concentrations
in a trumpet shaped pore with surface charge and applied potential difference.

The pressure is high at the pore walls and decreases towards the center of the pore (figures
and[8f). In the center of the pore at = 0 (Figure[9b) the pressure is approximately zero close to outlet
(Figure [8b) and the inlet (Figure [8f) while it reaches a maximum at around z = 0.5 L, the narrowest
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point. Furthermore, we find that the velocity profile deviates along the pore: near the outlet (Figure [8a)
and inlet (Figure [8e), the axial velocity decreases in the center of the pore (Figure [8c), even reversing
its sign. At the narrowest point for z = (0.5, however, it approaches a parabolic profile, becoming larger
in the center of the pore and decreasing toward the wall. Figure [9al shows that the velocity reaches
a maximum at z = 0.5 L and changes sign at approximately z = 0.1 L and z = 0.8 L, which
corresponds exactly to the transitions from zero surface charge to a positive surface charge.

cy at z=0.2L c_atz=0.2L
0.04 | 10 —
0.03 “, | % PNPS *
o " =—ASymp.
s, |—asymp.

4 0.02 J
0.01
0 0
-4.56 0 4.56 -4.56 0 4.56
r r
(a) (b)
01 cy at z=0.5L c_atz=0.5L
) R ----PN}" ....2D PNP
* PNPS * 2D PNPS
— asyImp. =——asymp.
40.05 o

0
7 r
() (d)
c, at z=0.8L c_atz=0.8L
0.2 ‘ ‘ 10—
= 2D PNP
0.15 * 2D PNPS
—asymp.
J 041 S
- 2D PNP
0.05 % 2D PNPS
—asymp.
0 0
-4.56 0 4.56 -4.56 0 4.56
r r

(e) (f)

Figure 7: lon concentrations for a trumpet shaped pore for two different scenarios: PNP equations
(dotted line) and PNPS equations where we compare the 2D FEM solution from FEnICS (stars) to the
asymptotic solution (solid line). The left column depicts the cation concentration, the right column the
anion concentration.
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Figure 8: Comparison of 2D FEM FENICS solutions (stars) for velocity and pressure with the asymp-
totic solution (solid line) for a trumpet shaped pore. The left column depicts the velocity, the right
column the pressure.
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uatr=20

% 2D
—asymp.

Figure 9: Comparison of 2D FEM FEnICS solution (stars) for velocity and pressure with the asymptotic
solution (solid line) for a trumpet shaped pore in axial direction. (a) Velocity and (b) pressure at r = 0
plotted along the z-direction.

A closer look at the asymptotic model (equation for velocity) reveals that we have additional
contributions in the axial pressure gradient resulting from the concentrations and the electrostatic
potential. In addition, there is also a contribution from a radial pressure gradient, which is hidden in
equation and also results from concentrations and the electrostatic potential. Furthermore, we
could demonstrate that the bottle neck at z = 0.5 L of the trumpet shape leads to higher velocities
and concentrations in this area, illustrating the impact of the geometry on the flux through the channel.
In summary our asymptotic model accurately captures the impact of the fluid flow and the trumpet
shape on the ion flux through the pore.

5.3 Conductivity in protein-based channels

Cytolysin A (ClyA) is a pore forming toxin that is released by some strains of Escherichia coli bacteria
to damage host cells by creating pores in their membrane. Since ClyA forms stable nanopores, it is
also often used in experimental ion channel studies and is therefore an important application example
for the study of mathematical models [39]. The hydrophilic pore is around 15nm long with a radius
of around 1.65nm at its narrowest point. More and more computational studies use geometry and
charge density obtained by MD simulations to calculate IV-relations using a continuum description
of the ion flux through the pore [21}/39,40]. The geometry is often reconstructed using the contour
lines of the charge density map of the proteins. However, solving the continuum model for the entire
3D domain is computationally intensive, and meshing the geometry is not trivial. To save computing
costs, the MD geometry is therefore often reduced to an axially symmetric 2D domain. Since we have
derived the asymptotic model for arbitrarily shaped pores with radius R(z), we can use it to solve the
model for more complex geometries derived from MD simulations without the need to define a mesh
for it. To demonstrate this, we used the data of [39] in the supplementary information and reconstructed
the axially symmetric 2D shape of the ClyA pore. Our simulation domain is given in Figure The
pore is placed between two reservoirs of length 2 each with 6 = 0.1, i.e. the entry of the pore is at
z = 2 and the outlet at z = 3.5. The length of the overall domain is L = 5.5. The two bath have a
maximum radius of R(z = 0) = R(z = 5.5) = 5 and narrow linearly toward the pore. We consider
a mixture of Ky, = ¢, and Cl_ = ¢_, with ¢ = ] = ®™* at 2 = 0 and z = 5.5. In addition, we
apply a potential difference of Ap = " — ' with o*"' at z = 0 and " at 2 = 5.5. If not explicitly
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mentioned otherwise in the text the parameter values were chosen as given in Table [1]and Table
We apply a constant surface charge of ¢ = —0.25 given by equation with L; = 2, L, = 3.5 and
e =0.5.

1.65 f====-------1

= = = = = ===

> Z
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[a]
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Figure 10: lllustration of a 2D axially symmetric trumpet shaped pore ). We apply a homogeneous
surface charge at S*@, i.e. r = R(z) for the potential. At the inlet S™ at Z = 55nm and the outlet
S° at 2 = Onm we apply Dirichlet boundary conditions for the concentrations, the potential and the
pressure. The shape of the pore 2 < z < 3.5 was taken from the supplementary data from [39]

We calculated the transport coefficients for varying concentrations through the pore given by {1 =
I. /(14 + I_). For our simplified model we find that it is capable to capture the overall behavior
of ion flux through the pore. Figure shows the cation transport coefficient ¢, as a function of
concentration for two different potentials Ay = +6 (solid line and crosses, respectively).
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Figure 11: (a) Transport coefficients for the cations (solid line and crosses) and anions for (dotted line
and plus signs) for Ay = 46 for varying salt concentrations. (b) Cation conductance for Ap = —6
(plus signs), Ay = —4 (stars) and Ay = 6 (crosses).

While for small concentrations the ion conductance of the pore is mainly driven by the cation current,
. decreases with increasing concentration. Therefore, we find that the anion transport ¢_ increases
with increasing concentration (dotted line and plus signs) until the overall conductance is driven by
the anion current. A switch in the selectivity of the pore can be observed at around ¢®* = (.5. Note
that for the ePNP-NS model including steric effects in Willems et al. [39] this switch was reported
at ™ = 2. In addition to steric effects, our current model also does not yet take into account the
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charge density of the protein. We assume a homogeneous negative surface charge throughout the
pore, as Willems et al. reported a preferred cation selectivity in their work. However, we plan to take
the coupling with charge density into account in future work. As in section [5.1] we also calculated
the cation conductance which is the current scaled with the applied potential difference 1. /Ay and
plotted it for varying salt concentrations (Figure [T1b). Again we observe that for all applied potentials
the curves fall into one master curve for high enough concentrations. For small concentrations we still
observe a rightward (or leftward) shift of the curves.

We also evaluated the velocity at z = 2.08 for App = —4 and four different concentrations (Figure
[12a). Similar as reported by Willems et al. [39] we find that the velocity in the center of the pore at
r = 0 at first increases by increasing the concentrations form ¢®* = 0.005 (solid) up to ¢®* = 0.15.
However, if we further increase the concentration to ¢ = (.75 and ¢®* = 5 we find that the velocity
has decreased each time.

(a) (b)

Figure 12: (a) Velocity calculated for different concentrations c®*. (b) Flow rate plotted as a function
of ™ for Ay = 6 (crosses), Ap = —4 (stars) and Ay = —6 (plus signs).

Plotting the flow rate 0., = fs v -ndS = OR(Z) u’rdr at z = 2.08 as a function of concentra-
tion (Figure better illustrates this phenomenon. As noted in section scaling the flow with
Ay causes the different maxima for different potentials of the same sign. Up to a concentration
of ™ = (.3, the flow increases, reaches its maximum of Q.,/Ap = 12e — 9 for Ap = —4
(stars) and Ay = +6 (crosses and plus signs) there, and then decreases again for increasing con-
centrations. Values reported by Willems et al. [39] are again different, they report a maximum of
Qeo/Ap = 11.5nm*ns V! at @ = 0.5mol L~" while we find a maximum of Q.,/Ap =
4 7nm?ns™ ' V-!at ™ =0.3mol L1,

In summary it is possible to use pore-shapes obtained from MD simulations to capture the general
dynamics in such channels with our asymptotic model. The observed deviations are due to the 2D
model used. Since we only need to know the coordinates for the boundary in order to solve the
equations for the asymptotic model, it is not necessary to define a mesh on such an irregular domain,
thus saving an often very time-consuming step.

Furthermore, we could show that scaling laws derived from simpler models, such as those for straight
pores, can also be applied to more complex problems.
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6 Conclusion and Outlook

The asymptotic model developed in this work provides a mathematically systematic and physically
transparent framework for describing ion transport in narrow channels. Our approach complements
and clarifies earlier one-dimensional reductions, such as those introduced by Fair and Osterle [11] and
later extended by Rankin et al. [27]. These classical models are based on lubrication theory, but lack
a rigorous derivation from the complete PNPS system and typically require a numerical evaluation of
the first-order axial pressure gradient. In contrast, the present analysis identifies a distinct asymptotic
region in which the Debye length is comparable to the channel width, leading to a closed-form ana-
lytical description for pressure and velocity that recovers previous reductions as limiting cases while
significantly extending their range of validity. We have shown that the volumetric flow in a cylindrical
pore with homogeneous surface charge smoothly transitions between an potential-dominated and a
pressure-driven regime. For small Debye layers the volumetric flow can be expressed as a combina-
tion of two classical limits: in the potential-dominated case, it reduces to the Helmholtz-Smoluchowski
approximation, while in the limit of strong hydrodynamic pressure gradient, it approaches the Poiseuille
profile. A similar transition occurs in ion currents. Depending on the applied voltage and the pressure
gradient, the total current shifts between an potential-controlled and a pressure-controlled regime, re-
flecting the coupled electrohydrodynamic response of the system. Furthermore, our calculations show
that a correction is necessary for large Debye layers. The EDL axial force density therefore provides
an additional flow contribution and is necessary, for example, for low salt concentrations when the
surface charge cannot be sufficiently screened.

The flexibility of the asymptotic framework opens up several possibilities for further development. A
natural extension concerns the inclusion of hydrodynamic slip at the channel walls. The slip can be
included in the reduced Stokes problem as a first approximation, where its effects on the flow field can
be profound. Even without electrostatic forces, different slip length scales can fundamentally alter flow
resistance, induce transitions between plug-like and shear-dominated profiles, and modify pressure-
flow relationships [241/26]. Previous studies [9,25] have highlighted the complexity of such slip-induced
transitions, and a systematic investigation of their interaction with electroviscous and electroosmotic
effects represents an important direction for future work.

In addition to electrostatic and hydrodynamic forces, there are other properties of nanopores that in-
fluence ion transport through the pore. In particular, geometric constraints and deviations from ideal
cylindrical symmetry can have a strong influence on ion flow and IV properties. Fluctuations in pore
radius can lead to spatially heterogeneous electric fields and uneven local conductivities. These geo-
metric features can influence ion selectivity and surface charge regulation and promote rectification,
thereby affecting overall transport behavior. Such effects are particularly evident when the character-
istic pore dimensions approach the Debye length or when multivalent ions or finite size effects are
present.

Incorporating these geometric complexities into the asymptotic framework allows for a more compre-
hensive understanding of how shape, surface chemistry, and flow collectively control ion transport in
realistic nanofluidic systems. Our asymptotic framework accounts for such axial variations in pore ra-
dius and, as illustrated by trumpet-shaped and protein-based pores obtained from MD simulations,
accurately captures their associated geometric effects. In our investigation of a trumpet-shaped pore,
we observe that ion concentrations vary systematically from the wider areas toward the bottleneck,
and this axial variation is further amplified by the coupling between ion transport and local fluid veloc-
ity. The asymptotic model shows that the varying geometry induces an additional pressure gradient
that depends on the ion concentrations. This becomes particularly clear when examining the fluid ve-
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locity and ion conductivity as a function of ion concentration in a ClyA-based channel obtained from
MD simulations. Both variables increase with rising salt concentration, but begin to decrease once a
certain threshold value is reached. Taken together, these observations illustrate how geometry and
flow jointly influence the nonlinear transport response of the system.

Although the PNPS model provides a successful continuum-level description of electrokinetic trans-
port, it neglects ion—ion correlations, finite-volume constraints, hydration effects, and non-ideal ther-
modynamics. These limitations become particularly pronounced in nanoscale confinement or under
strong electric fields, where classical assumptions, such as point-like ions and linearized electrostat-
ics, break down. Extensions of this system include ion-ion interactions and size-exclusion effects, as
well as hydration effects of the ions, which play an important role in the selective passage of ion chan-
nels [12,/17,120,[28]. Including such refined thermodynamic descriptions into the current asymptotic
reduction would enable a unified multiscale framework capable of capturing both continuum transport
and molecular-level influences such as charges distributions.

Taken together, these future extensions illustrate the versatility and potential of the derived reduced
model. By providing analytical insights and computational efficiency across a wide range of parame-
ters, the framework presented here provides a solid foundation for investigating electrohydrodynamic
phenomena in biological ion channels, synthetic nanopores, and new nanofluidic technologies.
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Appendix

A Auxiliary calculations for the large aspect ratio asymptotics

Poisson equation. In order to solve equation

R(2) R(2)
0= / 0, (10, ") dr + / 0.(0.¢")rdr, (63)
0 0

we went through the following steps. Switching integration and differentiation in the second integral
gives

R(z) R(z)
/ 0.(0.¢")rdr = —R’(z)azwo\T:R(z) + 82/ 0, r dr. (64)
0 0

Since the (9((52)-order term of the surface charge boundary condition (10c) yields
ar(pl‘r:R(z) - R/(Z)azSOO’r:R(z) = 07 (65)

we obtain

R(z2) R(z)
0= / 0r(r0p ") dr + / 0,(0,0%)r dr
0 0

R(z)
= R(2) (@wllr:R(z) _ R/(z)azgp0|r:R(z))J—|—az/o 8. dr

=0
R(2)
=0, / 8zgogr dr.
0

Nernst-Planck equation. In order to solve equation we introduced the stream function
T
s = / uOr dr, (66)
0

with u® = r719,s and w = —r~'9,s, such that
R(2) R(2) R(2)
Ocy = —Pe/ (w@rci + uoazci) dr + / 0. firdr + / O, ('rgli) dr (67)
0 0 0

R(2) R(z) R(z)
= —Pe/ (—@s&ci + 8,.33201) dr + / 0. flrdr + / O, (rgi) dr.
0 0 0

We rewrite the first integral such that
R(z)
/ (—@sarci + Grsazci) dr (68)
0
R(z)
= / [—0.(c20,5) + .0.(05) + 0,(c10.5) — ¢1L0.(0,s)] dr
0

R(z) R(2)
= —/ 0.(c0,s) dr—l—/ 0,(%.0.5) dr.
0 0
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Changing integration and differentiation in the first integral and solving the second integral further
yields

R(2) R(2)
— / 0.(cLO,s) dr + / 0,(c%0,s) dr (69)
0 0
R(z2)
= —82/ A0psdr + 1.0, 8|r—po) R (2) + ci@zs|T:R(z) — 8.0.5] =0

0
R(2)
= —8Z/ coi&s dr.
0

Due to the no-slip condition u°|,—g(.) = w°|,—gr(:) = 0 also 0,5|,—g() = 0 and 0.s|,—g() = 0
and with the symmetry condition 8,23]7:0 = (. Using this result we have

R(z) R(z) R(z)
Ocy = —Pe/ (—@sﬁrci + &sﬁzci) dr +/ @fir dr +/ O, (rgi) dr (70)
0 0 0

N J/
-~

R(z) R(z)
= P.0. / ci.0psdr + 0. / fordr — R(z) (R'(2) f2lr=re) — 9hlrer(z) 0
0 0

R(z) R(z)
= P.0, / coiuor dr + kiﬁz/ (6?ZcojE + ci@zgpo) rdr,
0 0
with the boundary condition

R/(Z)f:?:|T:R(z) — g:1t|r:R(z) =0. (71)

B Velocity in a cylindrical pore

Since we want to reconstruct the Hagen-Plc?iseuiIIe and Helmholtz-Smoluchowski approximation we
will calculate the volumetric flow (u°) = [ fOR u®r dr dz. At first we will integrate u°(r, 2) given by
equation in z-direction from 0 to L. Starting with the first term 0,p? yields

1 L 1
Z(TQ — R2)/ 0.p0dz = —Z(r2 — RHAp. (72)
0
For the K>—terms we have

(uFP), = / (Ks(r,z) — Ks(r =R, 2))dz (73)

:/OT

. / E / T /Z;«azp%r  AP(0,00)0,(r 0y 22) dz( )

L r r
B _A2/ / 1/ (9:02)0 (rOr ) (r)* dz
z=0J0 T Jo
L I 1 r
+A2/ / _/ (azgpg)ar<7’ar902)(dT>2|T:RdZ’
z=0Jo T Jo

%/OT /Z:0<(azp2>7’ — A2(3Zg02)37«(7“3r<ﬂ2))dz(dr)z
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since sz:o 0.p°dz = 0 due to p°|.—¢ = p°|.—1 = 0. For the last term in (39a) we simply have

Z& L
20 [ = ] 2 74)
z=0
such that the flow in z-direction is
0 L, 2 Ap g 0 0 EDL
(W), (r) = =Bp7 (" = B+ Z20° [ [l = @llon] dz 4 (@), (75)
z=0
Next, we integrate in r-direction from 0 to 1
R 1 A
W) = [ theror = Apr - LR + (), 76
0
with
/ / — Y|,=p] rdrdz (77)
z=0 Jr=0
and
L R rl r
Wy = [ [ o [ [ e - ranes 78)
=0Jr=0 Jo T Jo
R g "1 0\/ .0 0 2
R / / 1 / (0" — ¢ )r(dr)lomndz,
=0Jo T Jo
with equation (46a).
0 I Ap 2 EDL
(u’) = APER — TA (€) + (u). (79)

C Current for a cylindrical pore

We find that in a cylindrical pore, i.e. a straight pipe, the current given by equation (52a)) can further
be simplified. We therefore calculate the current at the outlet z = 0, such that

R
A
Li|mo = 27 / {kieW? (0.Q1 + Qi%p) — PO T | rdr (80)
0 z=0

At the outlet we assume that go? is small, such that e¥#r==0 ~ 1 F ¢2|z:0 ~ 1. We further have
Qie™" |,_g = = 3" and for the velocity we write

R 0
O|.— ar = {20 81
/OUI ordr = — (81)

All together we can approximate the current flowing through the outlet by

R A
[i‘z:o = :|:27T/ |:kie$¢9 (azQi + QiT@) — PeQine%”g} rdr (82)
0

R
A
:27r/ k. (:I:(?zQi| o+ " LSD)’/‘dT:F27TPCOUt< )
0

_ 1 2 outASO out Ap 1 4 Agp <C> <UEDL>
Ap 1 (u
L6t ThT

EDL>

1 Agp
= :|:27Tk’i2R 0 Q:I:lz 0—}—271'0%t |:T (kiRQ —I—PA2<<>) :FP
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D Numerical scheme for the asymptotic model

In order to calculate the asymptotic model we need to solve equation for go?(r, z) for every
z € [0, L] with the respective boundary condition (46b). Once we have the solution for the potential
we can solve equation for Q1 (z) with the boundary condition to obtain Y. (r, z). Note that
in order to solve we also have to calculate the integrals which also depend on u°(r, z) and
©%(z). Once we have the solution for the concentrations and the potential we solve equation (57a)
for the velocity u"(r, z) and equation for the pressure p°(r, z). This procedure is repeated until
the maximum number of iteration max_iter is reached or the solutions have converged, such that
err < €. We solve the three coupled ordinary differential equations (ODEs) in FEniCS using FEM.

Algorithm 1 Numerical scheme to calculate gog and Q)+

init

Set QY. = MeT# forz € [0, L];
Set ¥ = " p¥ = p" and u® = u™ for r € [0, R(z)] and z € [0, L];
Calculate ¢, (z) with equation (49Db);
while err > eand ¢ > max_iter do
Calculate ©*T!(r, 2) by solving equation with equation Vz €0, L];
Calculate integrals with ¢, u’, p and %!
Calculate Q'; (2) by solving equation (@#7a) with (@7b) and (@7¢);
Calculate ¢ (r, 2) = Q! (2)eTer (12)
Calculate ™ (r, 2) = ¢.(2) + ¢ (r, 2);
Calculate u***(r, 2) with equations ~-(B19);
Calculate p'™ (7, z) with equations - (B50K);
err = maz(|Q" — QY lmaa, 1Q7 — QL llma);
1 =1+ 1;
end while
Calculate 1+ using (52a).

The postprocessing and calculation of integrals is done using Python.

E Parameter values

The general physical constants, reference quantities and dimensionless parameters used for all sim-
ulations in this work are given in Table [1| Values for length, radius and boundary values that where
changed for the different examples are given in separate tables. Specific parameters for the trumpet
shaped pores in Section[5.2 are given in Table [2| The parameters for Section[5.1]are given in Table 3]
and the ones for Section [5.3|are given in Table [4]
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Table 1: Parameter values used for all simulations.

Symbol Meaning Value Unit

T temperature 298.15 K

€o elementary charge 1.602e-19 C

kg Boltzmann constant 1.380e-23 JK!

Ny Avogadro constant 6.022e23 mol !

F =eyNy Faraday constant 9.648e4 Cmol™*

Rg = kgNy Gas constant 8.314 Jmol 'K !

€0 vacuum permittivity 8.854e-12 Fm™!

er=14+% relative permittivity 78.49 -

v viscosity 0.8904e-3 Pas

ctt ref. concentration 1 mol !

q® ref. charge 0.16 Cm™2

DE ref. diffusion coeff. 1e-9 m?s!

Ry ref. radius 1e-9 m

ot ref. potential 0.25 Vv

pft ref. pressure 24.8 bar

Y - 9.23 -

A Debye length 0.4 -
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Table 2: Parameter values used for the simulations of a trumpet shaped pore.

Symbol Meaning Value Unit
Ly ref. length 1e-7 m
) ratio radius and length 0.01 -
vf ref. velocity 0.0278 ms™!
P, Péclet number 2.78 -
It ref. current 9.65e-13 A
R ref. flow rate 2.78e-20 m? s~
L length 10 -
Lq, Lo length for surface charge 0.1L, L — Lo -
Ry maximum radius 10 -
Rs minimum radius 1.5 -
ki, k_ diffusion coefficients 1.33,0.79 -
ot bulk concentrations 0.1, 0.1 -
q surface charge 1.0 -
out (pin bulk potential 8.0, 0.0 -
POt pin bulk pressure 0.0, 0.0 -

Table 3: Parameter values used for the simulations of EOF transitions in a cylindrical pore.

Symbol Meaning Value Unit
Ly ref. length 1e-8 m
0 ratio radius and length 0.1 -
vF ref. velocity 0.278 ms!
P, Péclet number 2.78 -
IR ref. current 9.65e-12 A
r ref. flow rate 2.78e-19 m? s~
L length 25 -
L1, Ly length for surface charge 0.2L,L — Lo -
R radius 5 -
ki, k_ diffusion coefficients 1.33,0.79 -
ot cn bulk concentrations 0.6, 0.6 -
q surface charge 0.15 -
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Table 4: Parameter values used for the simulations of a ClyA pore.
Symbol Meaning Value Unit
Ly ref. length 1e-8 m
0 ratio radius and length 0.1 -
vf ref. velocity 0.278 ms!
P, Péclet number 2.78 -
IR ref. current 9.65e-12 A
n ref. flow rate 2.78e-19 m? s~
L length 5.5 -
L1, Ly length for surface charge 2.0,35 -
Ry maximum radius 5 -
R minimum radius 1.65 -
ky, k_ diffusion coefficients 1.334, 2.032 -
q surface charge -0.25 -
pout pin bulk pressure 0.0, 0.0 -
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