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Drift-diffusion models with nonlinear boundary conditions

modeling Schottky contacts at metal-semiconductor interfaces
Annegret Glitzky, Matthias Liero

Abstract

The paper deals with drift-diffusion models for semiconductor heterostructures with Schottky
contacts at all metal-semiconductor interfaces. Our analytical investigations allow for Boltzmann
as well as Fermi—Dirac statistics for the charge-carrier densities. We verify the existence and
boundedness of weak solutions of the instationary van Roosbroeck system in this context. More-
over, under additional assumptions the uniqueness and the higher regularity of the solution are
demonstrated. Here, higher regularity results for scalar quasilinear parabolic PDEs are used.

1 Introduction

In this paper, we study drift-diffusion problems for the charge transport in semiconductors, where the
passage of the charge carriers through the metal-semiconductor interfaces is realized via Schottky
contacts, see [23, 24, 26]. Such boundary conditions are of particular relevance because Schottky
barriers strongly influence injection, extraction, and recombination processes at the interfaces. Ac-
curate models for these contacts are therefore essential in applications such as memristive devices,
where interface effects have a strong influence on charge separation and overall device efficiency, see
[25]. Hence, understanding and correctly capturing the physics of Schottky contacts plays a central
role in predicting device performance and optimizing semiconductor design.
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Figure 1: Energy band diagram of a metal-semiconductor contact for the conduction band where
electrons are assumed to be the majority carriers, compare [24, p. 274].

Fig. 1 shows a schematic energy band diagram (conduction band edge E,,) of a metal-semiconductor
contact. In equilibrium, depletion region arises in the semiconductor close to the interface. Thus, for
the case of electron conduction there is an energy band bending upwards. This band bending intro-
duces a barrier for the electron flow with barrier height ¢y and Ejy corresponds to the top energy of the
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A. Glitzky, M. Liero 2

barrier. We indicate the Fermi level of the metal ¢, as well as the Fermi level of the semiconductor ¢,,
by dashed lines. At the interface the Fermi level makes a jump which is related to the voltage drop V.
at this contact. The two relevant current transport mechanisms at a metal-semiconductor contact are
the thermionic emission over the top of the barrier and the tunneling of electrons through the barrier.
The doping of the semiconductor determines which of the both processes is dominant near to the
equilibrium situation. For high doping the space charge and the corresponding band curvature is high.
Thus, the barrier becomes thin which forces a higher tunneling probability and induces a low contact
resistance. In this case results an Ohmic contact. In the case of low doping the barrier becomes thick,
tunneling very unlikely, and thermionic emission is the dominant transport mechanism. This character-
izes a Schottky contact. For intermediate doping densities both current transport mechanisms have to
be taken into account. In [24, Sec. 4], a model for such a non-ideal contact is established that assumes
that tunneling through the barrier takes place for energies in the range of E; below the top value Ej
and with a maximal tunnel length x; from the junction, see Fig. 1. This model reduces to the model with
Schottky contact in the limit of low doping density. A Schottky barrier refers to a metal-semiconductor
contact having a large barrier height (i.e. ¢ > kpT') and low doping concentration that is less than
the density of states in the conduction band or valence band.

For the charge transport in semiconductor devices, the underlying PDE system is the known van
Roosbroeck system. It couples a Poisson equation for the electrostatic potential self-consistently to
the continuity equations for the charge-carrier densities. But in the present paper, the usually con-
sidered Dirichlet boundary conditions at the electrical contacts at semiconductor-metal interfaces are
substituted by so called Schottky boundary conditions. These prescribe Dirichlet values for the elec-
trostatic potential and some kind of boundary conditions of third kind for the continuity equations,
see Subsection 1.2 below for details. As usual, at semiconductor-isolator interfaces no-flux boundary
conditions are formulated.

Whereas for the van Roosbroeck system with mixed Dirichlet/no flux boundary conditions comprehen-
sive analytical investigations are available (see e.g. [6, 9, 18, 20] and references therein), the case of
only Schottky contacts and isolating boundary conditions, relevant e.g. for memristor devices [23], is
not treated from a mathematical analysis point of view. In the present paper, we discuss drift-diffusion
problems for semiconductor heterostructures under assumptions allowing for Boltzmann as well as
Fermi-Dirac statistics for the charge-carrier densities. We start with the underlying model equations
and the formulation of the relevant mixed boundary conditions including Schottky contacts.

1.1 The underlying PDEs

The van Roosbroeck system describing the charge transport in semiconductor heterostructures con-
sists of a Poisson equation for the electrostatic potential 1) that is self-consistently coupled to continuity
equations for charge-carrier densities u,, and u,, of electrons and holes

-V - (e0e, V) = qC + Z qu; in(0,00) x €, (1.1)
i=n,p
G0 +V - ji = —qiR,  ji = —qu;u;V;, in(0,00) xQ, i=n,p, (1.2)
with the vacuum dielectric permittivity €, the relative dielectric permittivity €., the fixed doping density
C, the elementary charge ¢, and z,, = —1, 2, = 1, ¢; := %;q. The reaction rate
9¥Yn —4¥p

R =r(un,up)(1—e #57) with 7(tn, ) = 70 (tn, up) Uty
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Drift-diffusion models with Schottky contacts 3

(see e.g. [8, Sect. 3]) incorporates the generation/recombination rates of electrons and holes. More-
over, j; denotes the current densities, 1i; are the carrier mobilities, and ¢; are the quasi-Fermi po-
tentials. The latter are connected to the charge-carrier densities and the electrostatic potential via the
statistical relations

gi(pi —¥) + B
kgT ’

where 1" is the temperature, kg is Boltzmann’s constant, /V,, and N, are the effective densities of
state of conduction and valence band, and E; denote the (intrinsic) band edge energies.

For classical (inorganic) semiconductors the statistics functions for electrons and holes are usually
given by the Fermi—Dirac integral of order 1/2 (see e.g., [26])
§1/2
—————d¢, forzeR

\/_ exp(§—=z) +1

i.e., F, = JF, = Fi. Inthe case of small to moderate carrier densities [26], the Fermi-Dirac
integral of order 1/2 can be approximated by Boltzmann statistics, i.e., F1/2(2) = €*. The proof of
the existence of solutions is not restricted to these specific choices, but can be established under the
following general properties of F;, 1 = n, p,

(i) F; € CYR), lim Fi(z) =0, lim F(z) = +oo,
Z—>—00

z—>+00
(i) 2 < (14 Fi(z)) forzeRy, (1.4)
(i) 0 < F(2) < Fi(z) <€* forz e R.

Fijo(z

These properties (1.4) are fulfilled for Boltzmann as well as Fermi—Dirac statistics.

1.2 Boundary conditions

We decompose the semiconductor boundary 0f2 into the metal-semiconductor contacts I's C 0f2
and the semiconductor-insulator interface 02\ I's, and we fix the following mixed boundary conditions.
At I's we formulate so called Schottky boundary conditions. This is related to a metal-semiconductor
contact having a large barrier height (i.e. 9 > kgT') and low doping concentration C' that is less
than the densities of states /V,, or N, in the conduction band or valence band, respectively. The
potential barrier between the metal and the semiconductor can be identified on an energy band dia-
gram. According to [5, 23, 25], [26, Chap. 3.3.3], we formulate at the metal-semiconductor contacts
I's thermionic emission conditions with the thermionic recombination velocities @,, and ay, i.e., for the
normal fluxes of electrons and holes we impose

Jn V= @uln(Up — Unp), Jp-V = @ap(up, —upo) on(0,00) x Lg. (1.5)

In inorganic semiconductors, explicit formulas for @,, and @, in terms of the effective masses m;, and
m,, of electrons and holes hold

drmi(kgT)?  _ 4mms(kpT)?

an = y Ay = —— 3 (1.6)
h3N,, P 3N,

where h is Planck’s constant. The quasi-equilibrium carrier densities are given via

0= N () = MR-
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A. Glitzky, M. Liero 4

Here, the intrinsic Schottky barrier ¢g = ¢o(x) is a fixed material and device dependent quantity
and B¢ = E, — I, denotes the intrinsic band gap, such that also w,, o and u, ¢ can be considered
as material and device dependent given quantity. Note that for n-type semiconductors (C' > 0) the
barrier height is obtained from ¢y, = ¢,, — X, where ¢,,, is the work function of the metal and Y is
the electron affinity. For p-type material (C' < 0), the barrier height is given by the difference between
the valence band edge and the Fermi energy in the metal, ¢, = % + X — Om-

For the electrostatic potential 1), at I's, Dirichlet boundary conditions

w = ¢0 + wappb wO = (¢O - En)/qn on (07 OO) X FS

are formulated, where 1),,,, is the applied electrostatic potential at the contact.

At the isolated parts (isolator-semiconductor interface) of the boundary OS2 \ I's zero-flux boundary
conditions for the Poisson equation as well as the continuity equations are prescribed

05,V -v =0, j,-v=7,-v=0 on(0,00)x (0Q2\g).

The analysis of the model equation differs significantly from the usual treatment of the van Roosbroeck
system with mixed Dirichlet/Neumann boundary conditions if no Dirichlet contact is present and only
Schottky contacts appear. Note that the simultaneous treatment of Dirichlet and Schottky contacts
would be possible by adapting the technique e.g. in [9] and treating the additional boundary terms
on I'g given by (1.5). For the present paper, we now assume that all metal-semiconductor contacts
are of Schottky type. Especially concerning the regularizations and the treatment of the regularized
problems novel ideas in the existence proof are necessary. We point out the new aspects in the proofs
and combine them with known proof techniques for the Dirichlet case which can be applied in both
situations. Moreover, for boundedness and uniqueness results, additional boundary terms have to be
handled.

The paper is organized as follows: In Section 2, we formulate our assumptions and give a weak formu-
lation of the scaled model equations. While Section 3 is devoted to energy estimates, the existence of
weak solutions and their boundedness are demonstrated in Section 4. Under the additional assump-
tion (A3), in Section 5 the uniqueness of the weak solution is demonstrated using a higher regularity
result that is proven in Section 6. The paper ends with concluding remarks in Section 7.

2 Weak formulation

2.1 Scaling of the model equations for the analysis

For a simpler notation in the analysis, we work with the following scaled quantities: The potentials
1, appy and quasi-Fermi potentials ;, @ = n, p, are scaled by the thermal voltage Ur := kgT'/q.
The chemical potentials, the Schottky barrier ¢y, and the (intrinsic) band edges F; are divided by
kgT, and we denote (; := szg—T We define p; = 1;Ur and € := e4e,Ur/q. After dividing the
Poisson equation (1.1) by g, the continuity equations (1.2) by ¢z;, and denoting the scaled potentials
by the same symbol as the original ones, we obtain

—V - (eVY) = C + zpup, + 2pu,,  in(0,00) X €,

‘ (2.1)
881? — V- (zipiuw; V) = —R, i=mn,p, in(0,00) x )
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Drift-diffusion models with Schottky contacts 5

with u; = N;JF; (zz(gpZ — ) + Q), v = zi(pi — V), i =n,p, R = r(un,up)(l — e“”"*“"l’). The
initial and boundary conditions remain of the form

u,(0) = ud,  u,(0) = ug in (2.2)

V=", Nz‘uivS@i'V:ai(%_%?)y i=n,p, on(0,00)xTg, 23)
eV v =puVp;-v=0, i=n,p, on(0,00)x 'y

with P 1= &g + C, + app and a; := qN;a;, i = n, p.

2.2 Notation and assumptions on the data
We use the Lebesgue spaces LP(£2) and the Sobolev spaces W'?(Q), p € [1,00], and H'(Q2) =
W12(Q). For p € [1, 0c], we introduce W47 (Q) as the closure of the set

{ylo -y € C°(RY), suppy N g = 0}

in the Sobolev space 1W'?(Q), and we set W5 '7(Q) := Wé’p,(Q)*, where 1/p+1/p" = 1. In our
estimates, positive constants that may depend at most on the data of our problem are denoted by c.
In particular, they can change from line to line.

We study the van Roosbroeck system with Schottky boundary conditions under the following assump-
tions:

(A1) € C RZ%is a bounded Lipschitz domain, 2 U 'y is regular in the sense of
Groger [15], I's, I'y C I' := 0fQ are disjoint subsets such that 's UT'yy, =T

and mes(I's) > 0.

(A2) ;i =n,p, fulfill (1.4), N;, p; € L°(Q), ¢; = const,
0<N<N;, <N, 0<E§,uigﬁa.e.inQ,i:n,p,andC,EELOO(Q),
0<e<caein, z, =—1,2,=1,a; € LT(I'g) with st a;dl" > 0,7 =n,p,

vy =P, v = —(do +Ga), vy ==y = do + Gy € WHR(Q),

R =r(z,up, up)(l — e%_%), such that r(z, up, up) = 70(x, Uy, Up) Uy, Uy, Where
o : 2 x [0, +00)? — R is a Carathéodory function with

0 < ro(x, Uy, u,) < Tforaa z € Qandforall (u,,u,) € [0, +00)?

uw) € L®(Q), 0 <u<u) <7 aeinQ,i=n,p.

We will suppress the spatial position « in the writing of the reaction coefficients r and ry.

2.3 Weak formulation

We introduce the statistical functions ¢; : R — (0, 00) by e;(z) := F;(z +(;), i = n, p. Assumption
(A2) and u; = N,ez(vl) = NZ./—"Z(UZ + CZ) ensure

vi=e () =F (%) =G Vi = Fivi+ )V = ej(v:) Vo, (2.4)
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A. Glitzky, M. Liero 6

1

Have in mind that the inverses e; -, i = n, p, are well-defined on (0, co). Because of

Fu(=do) = Fu(—(do + Cu) + i) = en(—(do + Ca)),
Jr( EG+¢O) (E E +¢0 Cp+Cp) :Fp(¢0+Cn+€p) :ep(¢0+Cn)a

our definitions in (A2) ensure that u; o = N;e;(v7), i = n, p.

We work with a weak formulation of (2.1) in the form v’ + A(v,v) = 0, u = E(v), u(0) = u° with

the vectors v = (vg, Un, V) = (U, V—pn, pp—1) (potentials), u := (ug, un, u,) (densities, where

ug represents the total charge density, i.e., the right-hand side of (1.1)). The vector of initial densities
0,0

is denoted u” := (ug, u;), uy), where the initial total charge density v is defined as (ug, w)v; =

fQ(Zi:njp zudw dz + Cw) dz for all w € Vs, where we define the function spaces
Vo i={y € H'(Q) :ylr, =0}, V:=Vex HY(Q)? Z:=H'(Q) x L=(Q)?

H:=Vsx L*(Q)? U:={ueVixL®N):Inu € L®Q),i=n,p}.
For the boundary data, we set v = (UO ,US S) and use the operators Fj, : U(’)D + Vs = Vg,
E:(0+V)NZ =V A (0VW+V)NZ)?2—= V¥,

(Eo(vo), o)y := /96Vv0 -Vugdz,  E(v) = (Eo(vo), Npen(vn), Npey(vp)),

(A(w,v),0)y = / Niei(w;) 1V (v; + ziv0) - V(U; + 2:00) dx

1= =n,p

+/ r(Npen(wy,), N, ep(wp))(l —e*wnpr)(ﬂn +v,) da

+ Z / a;(e;(w;) e~(vf))@-dF Vo eV.

i=n,p

Note that the test functions are such that 7o = 0 on I'g, thus, in the boundary contribution to A, we
can write v; instead of v; + 2;0g.

0 0

For the initial state u"~, we denote by 08 the unique solution to Ey vg) = 1w, (note that Ej is
strongly monotone and Lipschitz continuous). Moreover, let v{ := e *(u?/N;), i = n,p, and
v = (vg,vy,v)) for the initial values. The weak formulation of the scaled drift-diffusion system
with Schottky boundary conditions (2.1), (2.2), and (2.3) is problem

u 4+ A(v,v) =0, u= E(v) ae.onR, u(0)=1u’
we HL (R, VY, v—v¥ec Ll R,V)NLE(R,,Z).

loc loc loc

(P)

3 Energy estimates for weak solutions

Entropy methods [9, 10, 17] are an efficient tool in the analytical treatment of drift-diffusion problems.
Our free energy functional W in (3.1) consists of an electrostatic part and a chemical part that is
derived from the underlying statistical relations. The above defined operator E is strictly monotone
and has the potential ® : v° +V — R U {400},

9 9
<I>v::/ —|Vuo|* — = |VoP |2 + /«eZ dy
()= | {51Vl -3l >N

1= =n,p

DOI 10.20347/WIAS.PREPRINT.3242 Berlin 2025



Drift-diffusion models with Schottky contacts 7

The functional ® and its conjugate functional (see [7]) ¥ : V* — R, defined via

U(u) := @ (u) = sup {(u, whyy — ®(w +v%)},

weV

are convex. Since ®(v°) = 0, we have U(u) > 0 for all u € V*. Because ® is continuous,
strictly convex, and Gateaux differentiable, it is also subdifferentiable on vS 4+ V and it holds that
0®(v) = {Ev}ifv € (v°+ V)N Z. For states u = Ev € V*, u € U we obtain

U(u) = (B(v),v —v)y — @(v)

/{ IV (vo—vE |2+Z/ —N;ei(y dy}dx (3.1)

i=n,p
By separately discussing the different cases vf < v, vf > v;, as well as |v — vl > 1a
[u¥ — v;] < 1 and using that e; is monotonically increasing, we find [ (u; — Nie;(y)) dy > [u;
Nie;(v¥ + 1)]. Therefore, it results from (3.1) that
iz + gl + llvo — v’ 7 < e(1+ ¥ (w)). (3.2)

Theorem 3.1 We assume (A1) and (A2). There exists a constant ¢ > 0 such that for any solution
(u, v) to Problem (P) the free energy along the solution can be estimated by

U(u(t)) < (T(u(0) +c)e* Vi>0.

Moreover, if vl and v;; = —v5 are constants then WU (u(t)) is monotonically decreasing.

Proof. 1. For arbitrarily given t € R, we test u’ + A(v,v) = 0by v — v¥ € L?(0,t; V). Because
of u(s) = E(v(s)) f.a.a. s € [0,], we obtain v(s) — v° € d¥(u(s)) fa.a. s € [0,] and the Brézis
formula (cf. [4, Lemma 3.3]) guarantees the chain rule

W (u(t))— T (u(0)) = / (t(s), 0(5)—v")y ds = — / (A(u(s), v(s)), v(s)—")y ds

/ / Z /LZUZV(PZ 21'?]?) + 7A(etpnﬂoz7 - 1)(9071 - 9010) dz ds
o (3.3)
/ / i(es(v;) — es(v)) (v — v) dlMds
Is = =n,p
/ > / Yl Vil? + VPP + VoS dads.
i=n,p

Here we used ¢; = vy + ’UZ, the monotonicity of e; and the exponential function. Moreover, we
applied Young’s inequality. In particular, the estimate (3.3) ensures for constant UO and Un = —Ug
that the free energy W(u(t)) is monotonically decreasing.

2. Because of v}’, v? € W1H(Q), we derive from (3.3) that

T (u(t)) - (u(0)) < c/ / S w(| VPP + VoS P?) dads < c/ S s .

i=n,p 1=n,p

Since (3.2) guarantees an estimate of ||u;(s)||L1(q), @ = n,p, in terms of W(u(s)) + ¢, Gronwall’'s
lemma ensures W (u(t)) < (U(u(0)) + c)e“forallt > 0. O
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A. Glitzky, M. Liero 8

4 Existence result

For any arbitrary finite time horizon 7" > 0, let I := [0, T']. We consider the problem

u' 4+ A(v,v) =0, uw=FE{)aeonl, u(0)=1u’ )
we H'(I, V"), v—vSeLXI,V)nL>(,Z). !

To show the existence of a weak solution to (P,), we first consider a regularized problem (Py), where
the state equations u; = Niei(vi), reaction and boundary terms are regularized, and gradient con-
tributions are suitably completed to obtain coercivity in H' (with parameter M, see the definition of
the operators F'y; and A, below). We verify the solvability of (Py) by time discretization, derivation of
suitable a priori estimates, and passing to the limit in Lemma 4.3. Here, the estimates can depend on
the regularization level M. Next, we derive a priori estimates for solutions to (Py) that are independent
of M (see Lemma 4.5 below for upper bounds and Lemma 4.6 below for positive lower bounds for the
carrier densities). Therefore any solution to (Py) is also a solution to (P)), if we take the parameter M
sufficiently large.

4.1 The regularized problem (Py)

In this subsection, all estimates are allowed to depend on the regularization level M. For

M > M* := max { anlg); Hei_l(u,?/Ni)”Loo7 HUEHLOC}, (4.1)

we introduce the cut-off function dy; : R — [—M, M], dp(z) := min{max{z, —M}, M} and
the regularized statistical relations u; = N;e;(das(v;)) =: Nienri(vi), i@ = n, p. We regularize the
reaction and boundary terms by means of a continuous function

0, if max{|v,|, |v,|} > M,

CR® =5 [0,1]  with v) =
PM [ ] PM( ) {1, if maX{|'Un|7 |Up|} < M/2

We write o; = v + 2v;, ©; = Vo + 2;0;, © = n,p, and work with the regularized operators
EMIUS+V—>V*,AMZ(US+V>2—>V*,
EM(“) = (E0U07 NneMn(Un)7 NPGMP(UP>>7
(Ap(w,v), )y = / Z{NieMi<wi)Miv90i -V, + (SOi—dM(wo)—ZidM(wi))@}dl“
Q 1=n,p

(4.2)

+ /Q par(W)r(Npen(wy,), Npep(w,)) (1—e_w"_wp) (U +7,) dz,

forall o € V. Note that pys(v) = pa(dar(v)) and par(v)e;i(v;) = par(v)eni(v;) and B, = T; on
I's as vy = 0 thereon. We study the problem

u' + Ay(v,0) =0, u=Ey), uw0)=u’, ue H(I,V*), v—2v° € L*(I,V). (Pw)

DOI 10.20347/WIAS.PREPRINT.3242 Berlin 2025



Drift-diffusion models with Schottky contacts 9

Remark 4.1 Any solution (u,v) to (Pw) with ||vo|| oo 1,00y < M and ||vs]| pee(r,000) < &0 = n, p,
is also a solution to (P)).
We consider a time-discrete version of (Py). For £ € N, let h := % For any Banach space X,

we define C (I, X) as the space of all functions u : I — X being constant on each interval
((I=1)hg,lhg], I = 1,... k. Let u! denote the value of u € Cj (I, X) on ((I—1)hy,lht] and
introduce the map Ay, from Cy (1, X) into itself by (Agu)' = 5-(u' —u'™"), 1 = 1,... &, with
the initial value u°. Moreover, we use for u € Cy(I, X) the continuous, piecewise linear function
(Kpu)(t) == u° + fJ(Aku)(s) ds. The corresponding time-discrete version of (Py) is to look for

(ug, vx) such that

Akuk + AM(Uk,Uk) = 0, U = EM(Uk), Vg — US € Ck(],V) (4.3)

Lemma 4.2 We suppose (A1) and (A2). Then, for all k € N, the problem (4.3) has a unique solution
(uk, vi). Moreover, it satisfies the estimates

iug {||vk — US||L2([’V) =+ ”Akuk”LQ(I,V*) —+ |‘Kkuk’|c(]7H*)} < 0.
€

Proof. 1. Using the argument splitting in the definition of the operator A,,, the (regularized) operator
v iEM@J) + Ay (v, v) is an operator of variational type (see [19, p. 182]). We recall that the main
part (in the argument v in (4.2)) is monotone, continuous and bounded and the regularized reaction
and boundary terms (in the argument w) are bounded and Lipschitz continuous. Since additionally
v = =En(v) + Ay(v,v) is coercive, we obtain for any given vy ' with i~ = Ey (v ') a

solution vi: to single time steps in (4.3). Therefore, we successively compose from the solution for
each time step a solution to (4.3).

2. We work with the regularized functionals @y, : v +V — R, Uy, : V* — (—o0, 00l

:/ g{|VUO|2—‘VU }dl’—i— Z/ / eMz dydx
Q

i=n,p
Wy (u) == sup{{u, w)y — ®pr(w +0%)}, we V™
weV

The functional @, is Fréchet differentiable with ), = FE);, and the conjugate functional W, for
arguments u = E;(v) is given by

U (u) = (u,0 — %)y — @ar(v) = ((Eovo, Nnenrn(vn), Npearp(vp)), v — US>V — Dy (v).
Additionally, we have v — v¥ € OV, (u) provided that u = Ej(v) for v € v¥ + V. Because of

fvvsi(ui — Niepri(y)) dy = fdM(vl)(ui — Niei(y)) dy > u; — Niej(v? + 1) we obtain

Warlu) 2 oo = of s + 3 [ (= N + 1)) do.

1=n,p

Similar to (3.2), it follows that

lunllzr + llupllze + [lvo — 09’7 < e(1+ Var(w)). (4.4)
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By (4.3), the subdifferential property, and the strong monotonicity of the operator A, in the second
argument, we derive for [ = 1, ...k,

! !
oy (uk) — Z W ( uk Z —uk U ‘—US>V
7j=1

J=1
!

=~y Z {<AM Uk:? Uk) AM<Uk7 S)? Ui - US>V + <AM(vi7 US)? Ué - US>V }

j=1
: j D Sv112 j D 12 (4.9)
< —hg Z { Z (Hﬂei(_M)Hv(‘Pki — vy = zv})||72 + llr; — v’ — 207 [172)
7j=1 i=n,p
+ <AM(vi, v%), vl — US>V}
Ihy,
<= [ % cullon = = s e+ e,
i=n,p
where c); > 0 does not depend on k. Since ¥, (u”) < oo, the estimates (4.4), (4.5) ensure
rzug {Hvko — vé)HLoo(LVS) + ||lvg — USHLQ(L\/)} < 0. (4.6)
S

Due to the regularizations in Ay, we derive from (4.6) that supy.cy || Aar(Vk, vk) || L2(r,v+) < o0 and
therefore also sup,.cy HAkukHLz(LV*) < oo by comparison. Furthermore, from upy = Fouio and
(4.6) it results SUDkeN ||uk0||Loo(I7V§) < 00. Using that Nz€z(—M) < up < N,eZ(M), 1= n,p, and
(Kpug)(t) = (ht_k — I+ 1)ul + (1- ht—k)uﬁf_l fort € ((I—1)hg, lhy] we obtain Kyuy € C(I, H*)
with sup,ey || Krurl|o@,m) < oo O

Lemma 4.3 Under the Assumptions (A1) and (A2) there exists a solution (u, v) to (Py).

Proof. 1. Let us start with a sequence {(uy, vx) }ren Of solutions to (4.3). According to Lemma 4.2,
there are functions v and u and a non-relabelled subsequence such that

ve —v° = v =03 in L3I, V), Kuu, — uin L*(I,H)and H'(I,V*). (4.7)

For the limits, we denote ; := vy + z;v;, © = n,p. Since forany w € V andt € [ the map
y — (y(t),w), y € H'(I,V*), defines a continuous linear functional on H'(I,V*), we get from
(4.7) that (Kpug)(t) — wu(t)in V*forallt € I. Additionally, the boundedness of (Kjuy)(t) in H
then ensures (Kjux)(t) — u(t) in H fort € I. By (Kyui)(0) = u°, k € N, we conclude
u(0) = u®.

2. Arguing as in Step 3 of the proof of [1, Lemma 5.2] (for I, = () it results

g —up — 0 in LAV, wy — wi, ”ﬁ’“ = “ﬁ in L2(1,L%(Q)), i=n,p. (48)

Moreover, by HwH%Q(S?LQ(FS)) < c||wlz2s L2 |wl| L2(s,m1), the boundedness of {u;/N;} in
L*(I, H(Q)), and since {us;} is a Cauchy sequence in L?(I, L*(f2)), we find that {u;} is a
Cauchy sequence in L?(I, L*(T's)), too, and by the uniqueness of the limit

Ui/ N; — w;/N; in LQ([, LQ(FS)), i=n,p. (4.9)
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With Kyup—ug — 0in L2(1, V*) we conclude that (Kyuy); — u; in L2(1, HY(Q2)*), i = n, p.

3. Because of (A (vk, vk), (Y, v, —y)>v = 0 forall y € Vg, we obtain from (4.3) and partial
integration that for any fixed indices k1 and k5 of our subsequence

t
/ <Ak1uk1 - Akzukzv (y7 Y, _y)>v ds = <(Kk1uk1 - Kkzulm)(t)a (3/7% _y)>v =0
0

forally € Vsandallt € I.Let Jg : Vg — V< denote the duality map of Vs. We take y = y(t) =
J5 [(Kpyur, — Kiyu, )o(t)] and obtain

(K, — Kyt )o ()17 = ((Ky ey, — Kyt )o(t), I3 (K iy — Kiyuny )o(t)])
S

= Z <(Kk1uk1 - Kk2uk2)i(t)7 ng[(Kkluk1 - Kkzukz)o(t)]>H1

1=n,p

and therefore ||( Ky, ur, — Kiyur,)ollzegve) < €D i, Bk ur, — Kiyur, )ill L2 1)) The
convergences (4.8) and the weak convergence in (4.7) ensure the strong convergences (Kyuy)o —
ug in L*(I,V¢) and Kyuy, — win L2(1, V™). Also using (4.8) we obtain u;, — uin L?(I, H), and
uk(t) — u(t) in V*fa.a. t € I for a non-relabelled subsequence.

4. As in Step 5 in the proof of [1, Lemma 5.2] we obtain u(t) € 0@ (v(t)) = En(v(t)) faa t € 1
and the Brézis formula [4, Lemma 3.3] guarantees

Uoar(u(t)) — Wy (u’) = /Ot<u'(s),v(s) — %)y ds Vtel (4.10)

5. Exploiting the strong monotonicity of Ey and ug(t) = Eguo(t), uko(t) = Eovko(t) a.e. in I we find
with the test function v,g — vy € Vg and integration over [

c||lvko — U0||%2(1,v5) < /I<Eovk0 — Eovo, vko — v0)vsdt < [Jugo — uol|z27,v)l|vko — vollr2(r,vs)-

Step 3 then ensures c|lvio — vol|2(1,ve) < ||Uro — U0”L2(I,V§) — 0. Moreover, from (4.8), (4.9),
and the Lipschitz continuity of e; * on the interval [e;(— M), e;(M)] we derive

dar (ki) = e;  (uri/N;) — e, (uy/N;) in L2(1, L*(2)), L*(I,L*(Ts)), i=n,p. (4.11)

Let T := (vo, € (1n/Nn), €, ' (u,/N,,)) and define A € L2(1,V*) by

(E, T)y 3:/ Z {uipiVp; - Vo, + (pi — du(vo) — 20;); } da
Q i=n,p

4 / ot ()1 (s ) (L=~ ™) (B, 13,) da + /F par(0) Y ai(%—ei(vf))ﬁidF.

@ S i=n,p

From pas(vi) = par(dar(vr)) we obtain pas(vi)ei(vii) = par(dar(vr))ei(das(vri)) and
Pt (V)T (N (Vin ), Npep(vip)) (1 — €7 70%)
= par(das () (N (), Ny (das (1) (1 — e o=

Together with (4.8), (4.9), (4.11), and Lebesgue’s dominated convergence theorem we gain for a non-
relabelled subsequence the convergence

Anr(vp,v) = A in LA, V7). (4.12)
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6. Since (uyg, vy) are solutions to (4.3), our convergence results for the subsequence obtained so far
(compare also Step 2 in the proof of Lemma 4.2) give

0 = lim <Akuk -+ AM(Uk, Uk), Vi — U>V dt

k—oo I

= lim {(Akuk, v — 07y — (W, v — 0%y
k—oco I

+<AM(Uk,Uk) — Ay (g, v), v — v>v + <AM(vk,v), U — U>V} dt

> lim sup [\IfM(ui) — Uy (u®) + / {(u',vs —v)y +¢ Z || ori — %H?ql} dt]

k—00 I i=n,p

The limit of the last term in the third line is zero because of (4.12) and vy, — v — v —v%in L2(1, V).
The last term in the last line results from the strong monotonicity of A, in the last argument. From the
weak lower semi-continuity of W, we obtain lim supy,_,., War(uf) = limsupy_,., Was(up(T)) >
W (u(T)). Thus, with (4.10) and the estimates of Step 6, we conclude

Ori — @i in L*(1,HY(Q)), i=n,p. (4.13)
In Step 5, it was demonstrated that ||vy — vo|z2(1,v5) — 0. Therefore, we also derive the conver-

gence ||vg; — villL2(r,m1) — 0, = n, p, and finally ||vy, — v||z2(1,v) = 0.

7. By vy — v; in L2(1, L*(2)) we find das(vg) — dar(vi) in L2(1, L*(£2)). With (4.11) we
have dyr(vri) — €; *(u;/N;) in L2(1, L*(2)), L*(I, L*(T's)). The uniqueness of the limit ensures
dar(v;) = e (ui/N;) = By, i = n,p. Using again py(v) = pas(dar(v)) we obtain that A =
Apr(v,v)in L2(I,V*). For arbitrary w € L*(I, V') we estimate

(Ap (v, vi) — Apr(v,0), why = (Ap (g, vi) — A, w)y

= (Aw (v, o) = Anr(vg0), )y + (Au (g, 0) = A w)y
<c Z lori — @il 2, myllwl L2 vy + [ An (vr, v) — All L2104

1=n,p

’U)HLQ(L\/).

This leads to

| Ans (Vg v) — AM(Uav)||L2(I,V*) <c Z llr: — %‘HL?(S,Hl) + | Ans (vg, v) — A||L2(I,V*)-

1=n,p

By (4.12) and (4.13), it follows for this subsequence that Ay (vi, vx) — An(v,v) in L2(1, V™).
Because Step 1 ensured Ay (vg, vx) = —Agup — —u' in L2(1,V*), we obtain the identity u’ +
Ap(v,v) = 0. The equation u = E)yy(v) was already verified in Step 4. Thus, the limit (u, v) is a
solution to (Py). U

4.2 A priori estimates for Problem (Py)

Now we look for estimates that do not depend on the cut-off threshold M. First, the choice of M in
(4.1) and the definition of W, ensure that for the initial value W (u®) = W (u°).
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Lemma 4.4 We assume (Al), (A2), and (4.1). Then, there exist c, c* > 0 and an exponent T > 2
not depending on M and u° such that for any solution (u,v) to (Py)

Joot) = o s + Sy (Ol < e (14 B(u) = e,
[oo (@)l + llvo ()l zoe < (1 + 225, , Nui(@)L2),
lvo(t)||wie < c(l +D icnp ||ui(t)||Lg/>, where o := 25, o = 21 Vtel.

Proof. 1. The test function v — v® for u’ + Ay (v, v) = 0 yields for all t € I

0= Wa(u(t)) — (")

t
+/ / NeMz Uz)ﬂzv(vz + ZZUO) V(Uz - Uzs + Zi<1}0 - UOD» dx
0 i=n,p
+ ) / vi + 20 — dar(v;) — dar(z00)) (Vi — v + 2i(vo — v))) da
i=n,p

* /QpM(U)r(Nnen(Un)a Npep(vp)) (1 - e_vn_vp) (vn + vp) d

4 / > pu(©)ai((ei(vs) = ei(vf)) (v = vf) o } ds

S j=n,p
> Wy (u(t)) — / Z / Ne”“ Naeariliditi |57 (1, — 0% + z(vg — vP))|? da
i=n,p
/ S (wlIVeFP + 190 P) + P o+ o) e} s,
i=n,p

Here we applied the inequality (f + g — dar(f) — dar(9))(f +9) > (f + 9 —du(f) — da(g))? to
estimate (v;+2;v0—dar (Vi) —dar(200) ) (Vi—v2 +zi(vo—0vE)) > — (|0 [P+ |vP \ ). Additionally, we
took into account the monotonicity of e; and the exponential function. Noting that v, v € W1°°(Q),
we arrive at

War(u(t)) < V(' / (1 S Juils) ) d

1= n,p

Using (4.4) and applying Gronwall’s lemma implies the first estimate of the lemma.

2. Because of (A (v(s),v(s)), (y,y, —y))y = Oforally € Vs, we obtain

0= /0 (W'(s), (¥, y, —y))v ds = (uo(t) — ug, y)vs + (un(t) — up(t) — uy + ) VEE L

and the test of Equg(t) = ug(t) by vo(t) — vf gives |lvg(t)|ve < C(Zi:n,p l|w; (¢)]| 2 + 1) for
all t € I. Exactly as in Step 3 of the proof of [1, Lemma 5.3] (setting there I, = ()) we obtain
Jvo()llzee < (1 + >, [lui(t)][z2) forallt € I.

3. The regularity result of Groger [15, Theorem 1] for elliptic equations with non-smooth data and mixed
boundary conditions in two spatial dimensions for the Poisson equation together with the boundedness
of C, justifies the last estimate of the lemma. [

The techniques in the proofs of the following two lemmas are in such a way that they can be applied
for Problem (Py,) as well as for Problem (P)).
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Lemma 4.5 We assume (Al) and (A2). Let M > M™* with M* as in (4.1). Then, there exists a
co > 0 depending only on the data (but not on M) such that u;(t) < c3(T) a.e.inQ forallt € I,
i = mn, p, for any solution (u,v) to (Py).

Proof 1. Let K := max;_,, { max {||e;(v)|| 1, ||[uf /N;|| L, €;(0) } } and let (u, v) be a solution
to (Pum). We introduce w; := (}\‘,— — K)*,i=mn,panduse for v’ + Ay (v,v) = 0 the test functions
q(0,wi ', wi™t) € L*(1,V) with ¢ > 2 to obtain forall ¢ € 1

S it nm+q§j/ /mm (vi+2500) - Ve~ dz ds

i=n,p i=n,p

+a) / / i — dar(03) + 2i(vy — dag (v))Jw! ' dz ds

= n,p

Sy —

1= n,p

+qZ// par(V)ai(ei(vi) — ex(v9))w! ™" dl ds = 0.
I's

1=n,p

(4.14)

Note that our choice of K ensures that w;(0) = 0, [e;(v7) — e;(v;)]Jw; <0, (v; — dar(v;))w; > 0,
and —[v; — dar(v;) + zi(ve — dpr(vo))]w; < 2|vo|wZ With this knowledge and the methods in the

proof of [1, Lemma 5.6], we find with 77, o and ¢’ from Lemma 4.4 that

G (/}j [~ 2?2

1=n,p 1=n,p
4.15
+ eq([[w??)| o + 1)(| Vool + DIIVuw??||2 (4.19)

+eqlleollulleod o + e (3 + 1)} as.

2. First, for ¢ = 2 we obtain from (4.15) due to Lemma 4.4 and ||vo|| 1= ||w;|| 1 < ||vol| Lo [|wi]| 2 <
CZ]‘:mp |w;i||72 + cthat

D i)l < /Z —2pN||willF + e(flwil[ 72 + 1)

1=n,p 1=n,p

+c([lwill o + DIV ool x + Dl|will } ds

/‘23 2N w2+ (w2 + 1)

i=n,p

+e(llwillze + DY Nugllper + 1)||wi||H1}dS

Jj=n,p

Recall that u; < N;(w; + K'). The Gagliardo—Nirenberg inequality yields

1/o0 1/0’ 1/0 1/o0
Iyl12: < ellyllslyllm,  Nyllze < cllyl Mol Nyl < eyl Il vy € HY(Q),

such that after applying Young’s inequality and the first estimate in Lemma 4.4 we find

S es(t) 22 < c(K)/O (S w2, + 1) ds < c(K)/O (2 +1)ds = &(T).

1=n,p 1=n,p
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3. Because of 0’ < 2and u; < N;(w;+K), the last two estimates in Lemma 4.4 ensure 7" dependent
bounds k1 and ¢y, such that

(lvollorwim oy + 1)* < kr,  Novollew,L=) < croo- (4.16)

For ¢ > 2 it results from (4.15), an application of Gagliardo—Nirenberg’s and Young’s inequality, and
(4.16) that
Z lJwi (4)]]2, < > kT Z (StU? Hwi”qu/z +1) vtel.
S

1=n,p 1=n,p

Now, we follow the Moser iteration type arguments in the proof of [1, Lemma 5.6] to finalize our proof.
[

Lemma 4.6 We assume (A1), (A2), and M > max{M*, cr.} with M* from (4.1) and cro. from
(4.16). Then, there exists c; > 0 depending only on the data (but not on M) such that ¢, (T') < u;(t)
a.e.in{Q forallt € 1,i = n,p, for any solution (u,v) to (Py).

Proof. We define K := max;_,, { max {|[Ine;(v])||r=, |(In(ul/N;)) |1, Ine;(0)}}. We
validate the assertion for i = n (analogously this can be done for i = p). Let (u, v) be any solution to
(Pw). Then, it holds that ( In (u,,/N,) + K) (0) = 0. We use the test functions

q—1
—q(O,h,O)E[ﬂ(I,V), w = (lnun/Nn—l—K)_, q>2.

We have to estimate on the right-hand side the expression

—1 -1
Zpw? Zpw?

/Qq«pn_dM(UO)_anM(Un))m dr = /Qq(vg—i-znvn—dM(vo)—zndM(vn))—un/Nn dz.

Our choice of M guarantees that dy;(vg) = vg a.e. in 2 for all t € I. Therefore, the last integral

wi !

reduces to fQ q(v, — dM(U”))un/Nn dx, which is non-positive and can be neglected in the estimate.
Note that our choice of K ensures that v,, < 0 and v,, < vf in case that w # 0. Together with the
monotonuous increase of e; this guarantees that (e, (v,) — en(vf))ufj;n < 0 and the boundary
term can be neglected on the right-hand side, too.

With these additional informations, we follow the arguments in the proof of [1, Lemma 5.7] to establish
with suitable § > 0 and ¢(7") > 1 the estimate

lw®ze < E(T)CJQ"%T(SE? lw2(s)|72 + 1)

with o from Lemma 4.4 and ~p from (4.16). Now, as in the proof of [1, Lemma 5.7] the desired lower
bound is obtained by Moser iteration. [

4.3 Solvability of Problem (P)

Theorem 4.7 We suppose (A1) and (A2). Then, forallT > 0, I = [0, T, there exists a solution to
Problem (P)).
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Proof. For arbitrarily chosen 7" > 0, I = [0, '] Problem (Py) can be solved, see Lemma 4.3. The a
priori estimates for solutions to (Py) in Lemma 4.4, Lemma 4.5, and Lemma 4.6 ensure that for
* —1(c(T) —1(c2(T)
M > max { M*, ¢rso, 222?; le; (_1N )!,223}; le; (_Qﬁ )|}
(with M* as in (4.1), ¢ from (4.16)) every solution (u,v) to (Py) satisfies dy/(v;) = v; fori =
0, n, p. Because of pp(v) = 1, the reaction and boundary terms in Ay (v, v) and A(v, v) coincide.

Furthermore, the regularizing terms ¢; — dys(vo) — z;d s (v;) disappear, and we have Ay (v, v) =
A(v,v) and Ey(v) = E(v). Thus, (u, v) solves (P)), too. O

4.4 Bounds for solutions to (P))

Theorem 4.8 We suppose (A1) and (A2). Then, for all T > 0, I = [0,T] there exist constants
c1(T'), c2(T') > 0 such that for any solution (u,v) to Problem (P))

1(T) <u(t) <eo(T) aeinQ forallt€l, i=n,p.

Proof. Let (u, v) be any solution to (P;). By Theorem 3.1 and (3.2) we have ||u;(t)|| 1, ||vo(t)—vd |3
< ¢(T)forallt € I,i = n,p. The estimates in the second and last line of Lemma 4.4 hold true also
for solutions (u, v) to (Py). To get the upper bounds of u; we proceed as in the proof of Lemma 4.5.
Recall that the estimate of the reaction term and the boundary integrals therein work also in the non-
regularized setting for (P,) without the factor p;. Moreover, the parts resulting from the regularization
terms z;0; —d (z;v0) —d (vi), i = n, p, are only neglected and not explicitly used in the estimates.
We again use k7 defined in (4.16) and apply the Moser iteration.

For the positive lower bounds of u; we argue as in Lemma 4.6. In the proof of Lemma 4.6, the parts
stemming from the regularization terms z;; — das(2;v0) — dar(v;), @ = n, p, are only neglected and
not explicitly used in the estimates, thus, we can proceed for (P,) exactly as in the proof of Lemma 4.6
to obtain the lower bounds of ;. [

Remark 4.9 Note that the bounds above in connection to the third estimate in Lemma 4.4 imply that
lvo(t)[[wie < cforalll < q<mandt € I.

5 Uniqueness result and regularity properties

Under the additional (restrictive) Assumption (A3), we establish uniqueness (Theorem 5.1) and regu-
larity results (Theorem 5.2) for weak solutions to (P)).

(A3) () is a domain with Lipschitz boundary (strong Lipschitz domain in the sense
of Grisvard [14, Chap. 1.2]); ro(z, -) is locally Lipschitz continuous for a.e. x € €2;

N; = const, F; € C?*(R), u) € W'A(Q) for some A > 2,i = n, p.
Theorem 5.1 Under the Assumptions (A1) — (A3), the solution to (P)) is unique.

The proof of Theorem 5.1 uses ideas from [13, Sec. 4 and 5] and the following regularity result for
solutions to (P,), whose proof is postponed to Section 6.
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Theorem 5.2 We assume (A1) — (A3), then, there exists an exponent q > 2 such that
w € L(L,WeN(Q), u; € L*(1, WH(Q)) nWH(ILWH (Q)), i=n.p,

for all s > 1 and for any solution (u,v) to Problem (P)).

Proof of Theorem 5.1. 1. Since N; are constant by (A3), we obtain for solutions (u, v) to (P)) by (2.4)
that Vu,; = N;e,(v;) Vv; and the diffusive part in the flux term of the continuity equations in (2.1) can
be rewritten by
Ui o —1yrg Wi Ui o —1yrg Wi
i Vv = pi—(e; ) (—)Vul = b;i(u;)Vu;, where b;j(u;) = p;—(e; ") (—), (5.1)

1 = n, p. According to the uniform positive lower and upper bounds of the carrier densities u; guar-
anteed by Theorem 4.8, we find constants b and b such that 0 < b < b;(u;(t)) < b ae. in Q
forallt € I,7 = n,pandu; € L*(I, H(2)) for all solutions (u,v) to (P,). Since ¢; € C*(R)
and ¢/(z) > 0 we obtain the local Lipschitz continuity of (e; ")’ and thus the Lipschitz continuity for
bounded intervals of densities. Similarly, by (A3) we get the Lipschitz continuity of R,

R(un, up) = T(un, up) (]_ — e—eﬁl(un/Nn)—egl(up/Np)) (5.2)
for bounded intervals of densities.

2. Let (u,v) and (u, V) be two solutions to (P;) and @ := u — w and ¥ := v — . Then
Ey(vo(t)) — Eo(To(t)) =To(t) and [[To(t)]lvs <c Y [m(t)|> taatel — (53)
1=n,p
3. Wetestu' + A(v,v) =0andu’ + A(v,v) = 0 by
(0,,,78,) = (0, No(ew(va) — ea(B), Nyley(vy) — €(3,)) € L*(1,V)
and find forall t € I

%Z () |72 = Z /0 {/Q{—bi(ui)‘vm‘? + (R(ﬁn,ﬁp) — R(un,up))ﬂi

i=n,p i=n,p

— Niai(ei(vi) - 62(61))2 dF} dt/
s

t
< Z / / {—0IVa,® + dw| | Va (| Vas| + [Vo|)
ip 0 /0
+ ;| V| [VT| + cfu;|*} da dt'.
We use ¢ > 2 from Theorem 5.2 and define s by 1/s = 1/2 — 1/q. Note in particular, that ¢ < ,

where 7 is given in Lemma 4.4, thus, we get that ||vg(t) ||y« < cforallt € I (see Remark 4.9).

2/s 1-2/s
e < eyl Nyl fory € HY(Q), 1o

We apply (5.3) and the Gagliardo—Nirenberg inequality ||y|
estimate the term under the time integral by

= bl[il 3 + ellill e 1@l (1V 8 2o + [1Vv0llza) + el Vol 2 [l i + el 22

LS
< — i[5 + el oo 1 (1V Gl 2o + 1) + ¢ Y 111z 1] e + ellm]| 7
Jj=n,p
< — blfall3 + el[@ 201 5 IVl e+ 1)+ ¢S 18] ze @l + e[l
Jj=n,p
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Finally, we apply Young’s inequality and establish the inequality

t
> w0l < X [ clm) (19l + et veer

i=n,p i=n,p

Since by Theorem 5.2, u; € L*(I, W14(Q)), i = n,p, Gronwall's lemma yields u; = 0, v; = ;,
i = n,p. Inequality (5.3) guarantees vy = ¥y, therefore also uy = Uy, and (u,v) = (U, ) which
proves Theorem 5.1. [

Corollary 5.3 Under the Assumptions (A1) —(A3), the solution to Problem (P) is unique.

Proof. If we had two different solutions (u!, v') and (u?, v?) to Problem (P) then there would be some
Ty > 0and Iy = [0, Ty| such that (u'|,, v'|;,) and (u?|,, v?|1,) are two different solutions to (P, ).
This, however, would contradict to Theorem 5.1. [

6 Proof of higher regularity

We shortly outline the proof of Theorem 5.2, which adapts ideas from [13, Sec. 5]. Using the form (5.1)
of the diffusive flux density, we apply for each continuity equation separately the regularity theory for
single quasilinear parabolic equations [16, 22]. We will show the existence of some ¢ > 2 such that
for all solutions (u,v) to (P) and all s > 1 it holds true that u,,, u, € L*(I, W9(Q)).

We base our proof on a variant of the higher regularity result for scalar quasilinear parabolic equa-
tions of [22, Theorem 5.3] shortly summarized in Subsection 6.1. We apply it in Subsection 6.2 to our
suitably regularized continuity equations where the electrostatic potential in the drift term, the carrier
densities in the generation-recombination term as well as the chemical potentials in terms resulting
from the Schottky boundary condition are fixed by a solution (u, v) to (P)). The cut-offs in the regular-
izations are realized in such a way that they do not effect solutions to (P,) according to Theorem 4.8.

Theorem 6.2 below ensures a unique solution y; € L*(I,W4(Q)) to the regularized continuity
equation (comp. Problem (P;,) later on). On the one hand, this solution solves also the auxiliary prob-
lem (P;2), see Subsection 6.2. On the other hand, for any solution (u, v) to (Py), u; is a solution to the
auxiliary problem (P;2), too. In Lemma 6.4 we verify that u; = y;. Thus, we gain the higher integrability
of Vu;, ¢ = n, p. The better regularity of v, results from the regularity result by Gréger [15].

6.1 A higher regularity result for scalar quasilinear parabolic equations

For a bounded, measurable function p : 2 — R with 0 < p < p(x) < pae.in (), we define the
operator denoted by —V - pV 4 1 : W?(Q) — W4 *(Q) by

(=V oV + Dw, W) 12 = /Q(pr VT + wd) dr, w, @ € Wg(Q),

and adhere to this notation of the operator when the range space is restricted to the spaces WS_I’Q(Q)

(g > 2). A similar notation is also used for the spaces without boundary conditions, i.e., we denote
—V - pV+1: WH(Q) — W2(Q)* for

(=V - pV + Dw, W)wr2q) = /(pr VW + ww) dz, w,w € WH(Q).
Q
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We briefly report on a special case of the regularity result [22, Theorem 5.3] for scalar quasilinear
parabolic equations that we will apply to improve the integrability properties of the gradient of the
charge-carrier densities for solutions to (P,). We formulate it only for the case that no Dirichlet boundary
conditions in the equation are assumed - which is permitted in [22, Theorem 5.3]. According to [22,
Remark 2.5 iv)] and our additional Assumption (A3), {2 admits bi-Lipschitzian boundary charts which
are volume preserving, and the Assumptions 2.2, 2.4 for [22, Theorem 5.3] are fulfilled in our case.
The assumptions for the right-hand side of the parabolic problem for [22, Theorem 5.3] are:

Assumption (B) (Assumption 5.1 in [22]) The function R : 1 xC(Q) — W4 (Q)* is a Carathéodory
function, i.e., R(-,y) : I — W' (Q)* is measurable for each y € C(Q) and R(t,-) : C(Q) —
Wl’q/(Q)* is continuous for all ¢ € I. Moreover, for s € (1, 00), we assume that the superposition op-
eratory > [t — R(t,y(t))] is continuous from every bounded set of C'(T x Q) to L*(I, W' (Q)*)
such that for some constant cx > 0

sup [|[R(-,y)l
yeC(Q)

LW (@)) S CR-

Remark 6.1 ([22, Remark 5.2]) Note that Assumption (B) is satisfied for a Carathéodory function R
if the boundedness property is fulfilled and for every 1) > 0 there exists a function L,, € L*(I) such

that |R (¢, y1) — R(E, v2) lwra - < Lol — v2llc@y faat € I, forally, yo € C(2) with
lville@) lv2llo@ < n-

Theorem 6.2 (Special case of Theorem 5.3 in [22]) Let 2 C R? be a strong Lipschitz domain in the
sense of Grisvard [14] with d < 3. Let ;1 be a measurable coefficient function on (2 with i < 1 < [
a.e. in§). We suppose that : R — [0, 5], where( < 0 < 0, is Lipschitz continuous on bounded sets.
Assume further that for some q > d the map —V - uV + 1 : WH4(Q) — W9 (Q)* is a topological
isomorphism. Let s > 2(1 — %)‘1 and y° in the real interpolation space (W19(2), W14 (Q)*), s,
andletR : I x C(Q) — W' (Q)* satisfy the Assumption (B) for this s. Then there exists a global
solutiony € Whs(I, Wh' (Q)*) N L*(1, W9(Q)) of the quasilinear equation

y'(t) — V- (0y()uVyt)) +y(t) = R(t, y(t), y(0) =y".

If R additionally satisfies the assumptions in Remark 6.1, then this solution is unique.

Remark 6.3 i) Theorem 5.3 in [22] is originally formulated for d = 3. A consultation of the authors, J.
Rehberg and H. Meinlschmidt, confirmed the validity of the result of Theorem 5.3 in [22] for d < 3,
see also [1]. A statement for quasilinear equations clearer formulated for space dimension d = 2 and
d = 3 can be found in [21, Theorem 2.2.12)].

i) In [16, Theorem 3.1], the result of [22, Theorem 5.3] was extended, and the existence and unique-
ness of global-in-time solutions in the W, ba . Wllj’q-setting was demonstrated (for d = 2, 3) for
abstract quasilinear parabolic PDEs with non-smooth data and mixed boundary conditions, including
a nonlinear source term with at most linear growth.

6.2 Application of the regularity result in Theorem 6.2 to regularized continu-
ity equations
The Assumptions (A1), (A2) allow us to apply [15, Theorem 1], which in turn guarantees the existence

of 7 > 2suchthat =V - eV + 1 : Wg%(Q) — W4 "9(Q) is a topological isomorphism for all
q € [2,7].
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For any given solution (u,v) to (P)) it results from v; € L*(I, H'(Q)) N L>(I, L*>°()) that v; €
L*(1, L=(Tg)) with [[vs]| ooz oory)y < Vil Lo (1,000 (52))- Moreover, for constant N;, we obtain
u; = Nye;(v;) € L2(1, H(Q)) N L>(I, L>=(£2)). Note that under Assumption (A3), for solutions to
(P) we have u; € C(I, L*(2)), i = n, p. (This follows from the fact that {u; € L*(I, H'(Q)) : v, €
L3(I, H'(Q)*)} is continuously embedded in C(I, L*(f2)), see [11, p. 147]). Using the Lipschitz
continuous dependence of (—V - eV + 1)~ : W5 (Q) — Wg™(Q) on a given right-hand
side (see [15, Theorem 1]) and the continuous embedding L?(Q) — W " (Q), it follows that
vy € C(1, W™ (Q)).

We use the bounds from Theorem 4.8 to introduce the functions

di(y) := max{e,(T), min{y, e2(T)}},  6ily) = di(vi.’)(e;l)’(d?(vf)

)7 Z':TI/Jp’

Since the functions (e;l)’ are bounded from below and above for arguments in [CES,T), CQJ(VT)

are constants 0 < § < f < oo such that § < ;(y) < 0 for all y € R. Additionally, by e; € C?(R),
the truncating functions 6; are Lipschitz continuous, ¢ = n, p.

], there

We fix an arbitrary solution (u, v) to (P;) and use the corresponding functions vy (t), v;(t), and u;(t),
i = n, p, to define right-hand sides R; : I x C(Q) — H(Q)* by

(Ri(t,y), Ty = — /Q {(,uizidi(y)Vvo(t)) VT + R(un(t), uy(t))T — ui(t)w} dz
—/F ai(ei(vi(t)) — e;(vP))wWdl Vo € HY(Q), i=n,p,

with R from (5.2).

We apply the result for scalar quasilinear parabolic equations formulated in Theorem 6.2 separately
for the continuity equations for electrons and holes. For this purpose, we fix the exponent ¢ > 2 as
follows: By (A1), (A2), [15, Theorem 1] ensures some ¢* > 2 such that —V - 1,V + 1 : Wh(Q) —
W4 (Q)*, i = n, p, are topological isomorphisms for all ¢ € [2, ¢*]. With A from (A3) we now define

q :=min{\, 7, ¢} > 2. (6.1)

Separately, for i = n and ¢ = p we apply Theorem 6.2 for the quantities R := R;, 0 := 0;, pu := p;,
y? := u?. Note that ¢ = u?, i = n, p, are admissible initial values for Theorem 6.2. By the definition
of the R; and the estimates for the solution (u, v) to (P;) from Theorem 4.8 (the bounds of the carrier
densities, the arguments at the beginning of this subsection like the fact that vy € C' (I, W™ (Q))),
we establish that R; : I x C'(Q) — W19 (Q)* is a Carathéodory function. The measurability in ¢ for

each y € C'(12) follows immediately, and the continuity in ¥ is due to

IRi(t,91) = Ri(t, y2) | wrary- < el Vuollos,eollyr — v2llcmy (6.2)

for all y1, yo € C(€2) with a constant ¢ > 0 (not depending on t) for all t € I, ¢ = n, p. Furthermore,
for s € (1, 00), we can estimate for the superposition operator

IR 91() = Ral- 92())]

for all y1, y2 € C(I x ). By the definition of R; and the a priori estimates for the solution (u, v) to
(P,), we verify the boundedness result

sup [|Ri(+,y)|
yeC ()

Ls(I,(W1d')*) < HVUOHC(I,LQ)HZJI - ?/2||C(m)

oy < €8, T) ([voll Lo wray + llea(vi) — €i(v) ] Lo (1,0 (rs))

+ l[ill oo 1,000y + (1R (tny wp) [ (r,n0) < €(s, T).
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Thus, Assumption (B) is fulfilled for all s, especially for s > 5. Therefore, in summary, Theorem 6.2,
Remark 6.1 and (6.2) guarantee unique solutions y; of the Problems

y; € Wh(I,Wh(Q)*) N L*(I, WH(Q))  such that
yi(t) = V- 0i(yi(8) i Vi (t) + yi(t) = Ri(t, ui(1)),  :(0) = v,
i = n,p. Since I is finite and the initial values satisfy y{ € TW(Q) (see (A3) and (6.1)), we obtain

the integrability y; € Whs(1, Wh (Q)*) N L*(1, W4(Q)) for all s > 1. Additionally, we consider
the Problem (P;2) with the weak formulation: Find

(Pig)

w; € HY (I, WY(Q)*) N L*(I, WH2(Q)) such that

wi(t) + Bi(t,w;(t)) =0ae.inI, w;(0) =1, (Pi2)

where
(Bt 0, ) a0 = [ {0i) D - Vs -+ (= )
+ /Q {R(un(t), up(t))W; + pizidi(w;) Vo (t) - Vw, } da,
+ /Fs a;(e;(vi(t)) — ei(vf))wi dI’

with R from (5.2) for the fixed solution (u, v) to (P;). Then the solution y; to (Piq) is also a solution
to Problem (P;3). Additionally, by Assumption (A3) and Theorem 4.8 the function wu; is a solution to
Problem (P;2), too.

Lemma 6.4 We assume (A1) —(A3). Lety; be the unique solution to

yi(t) =V - (ei(yi(t)),uivyi(t)) +yi(t) = Ri(t,ui(t)), vi(0) =y

and let u; solve the continuity equation in (P,). Then y; = wu; holds true, © = n, p.

Proof. For i = n, p, we test (P;5) for the solutions u; and y; by u;—y; € L*(I, W12(Q)), respectively,
substract them and obtain (note that the boundary and reaction terms disappear)

) = w0 = [ [ { =m0V = )l = (a5 =)’
— paBi) — 0. ViV s~ 1)
< [ = min{1 83 s =l

2/B8 2—2/p3
+ellus — w2 ws — il (1V9ill o + | Vo[ o) } ot

t
< [ (o= (19wl + IVuol) o vee .
0

where 1/8 + 1/q = 1/2. Here, we used Gagliardo—Nirenberg’s inequality, namely, ||w|/;s <
c|]w||2/’8||w|]1 2/P _and applied Young’s inequality. According to Theorem 6.2 and Assumption (A3),
Y, € Lﬁ(I Wlﬁq(Q)). Moreover, Theorem 4.8 and the definition of ¢ in (6.1) ensure that vy €
LP(I,Wt4(Q)). Thus, an application of Gronwall’s lemma leads to u; = ;. [
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This result yields the higher regularity u; € L*(I, W14(Q)) forall s > 1,1 = n, p, for the solution
(u,v) we started with. Note that due to our choice in (6.1), the exponent ¢ is uniform for all possible
solutions (u, v) to Problem (P)).

With respect to the electrostatic potential, remember that [15, Theorem 1] guarantees some ™ > 2
such that —V - eV + 1 : Wg?(Q) — (Wg())* is a topological isomorphism for all ¢ € [2, 7).
Our choice of ¢ in (6.1) ensures that vy € L*(1, Wéq(Q)) for all s > 1 for any solution (u, v) to (P)).
This completes the proof of Theorem 5.2.

7 Concluding remarks

We examined the drift-diffusion model for charge transport with Schottky boundary conditions at the
metal-semiconductor interfaces instead of assuming Ohmic contacts and imposing Dirichlet boundary
conditions. We established the existence of weak solutions and derived positive lower and upper
bounds for the densities. Under the additional assumption (A3) we verified higher regularity properties
of the solutions (see Theorem 5.2) that are used to establish the uniqueness of the weak solution (see
Theorem 5.1).

7.1 Vacancy-assisted charge transport

For the description of different novel applications it is of importance to consider vacancy-assisted
charge transport models since also the (much slower) motion of ions respectively the migration of va-
cancies plays an important part (e.g. in perovskite solar cells [1, 3] or memristor devices [2, 25]). Here,
besides continuity equations for electrons and holes also balance equations for the ionic vacancies
from an index set I have to be taken into account, and the source term in the Poisson equation addi-
tionally contains parts stemming from the charged vacancy densities. Schottky contacts for electrons
and holes (as treated in the present paper) together with no-flux boundary conditions for the ionic
vacancies are especially relevant for the modeling of memristor devices as in [25]. Combining the
methods of the present paper with the treatment of the ionic vacancies in [1] such vacancy-assisted
charge transport models with Schottky boundary conditions can be handled, too.

7.2 Mixed Dirichlet, Schottky and no-flux boundary conditions

In the case that both types of boundary conditions, Dirichlet and Schottky contacts, are simultaneously
present, ['p, I's C 9Q withmes'p > 0, 'y = 90Q \ (I'p UT's), we can apply the techniques
in [1] by setting Iy = () therein. Namely, supposing dist(I'p,'s) > 0, 75 € WH*(Q) such that
0 |rpurs = 0P, vP € Wh(Q) such that vP|r,, = vP, vP|r, = v7, i = n,p, and looking for
v € vP + (Vpg x V), where v = (7,75, 72), and Vg, resp. Vp denote the closure of {y|q :
y € C°(R?), suppy N (TpUTs) =0} resp. {yla : y € C°(R?), suppy NTp = 0} in H(Q)
the methods there are applicable. Note that in the analytical treatment in [1], the additionally occurring
boundary terms on I'g resulting from the thermionic emission description of Schottky contacts can
be handled analogously to the methods developed in the present paper. Therefore, a corresponding

existence and boundedness result can be obtained.
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7.3 Organic semiconductors

For organic semiconductor materials, so-called Gauss—Fermi integrals have to be used in the statistical
relation for electrons and holes in (1.3). Here, assumption (1.4) is not fulfilled, but the methodologies
for establishing positive lower and upper bounds for charge-carrier densities in organic semiconductor
materials are elucidated in [12, proofs of Lemma 4.3, Thm. 5.2]. Thus, for organic semiconductor
devices with Schottky contacts, existence and boundedness of weak solutions and a uniqueness result
(supposing (A3)) are to be expected, too.
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