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Non-local homogenization limits of
discrete elastic spring network models

with random coefficients
Patrick Dondl, Martin Heida, Simone Hermann

Abstract

This work examines a discrete elastic energy system with local interactions described by a
discrete second-order functional in the symmetric gradient and additional non-local random long-
range interactions. We analyze the asymptotic behavior of this model as the grid size tends to
zero. Assuming that the occurrence of long-range interactions is Bernoulli distributed and de-
pends only on the distance between the considered grid points, we derive – in an appropriate
scaling regime – a fractional p-Laplace-type term as the long-range interactions’ homogenized
limit. A specific feature of the presented homogenization process is that the random weights of
the p-Laplace-type term are non-stationary, thus making the use of standard ergodic theorems
impossible. For the entire discrete energy system, we derive a non-local fractional p-Laplace-type
term and a local second-order functional in the symmetric gradient. Our model can be used to de-
scribe the elastic energy of standard, homogeneous, materials that are reinforced with long-range
stiff fibers.
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M. Heida 2

1 Introduction

In the field of materials science and mechanics, understanding the elastic properties of a considered
material and its energy distribution is essential. In the case of homogeneous or heterogeneous materi-
als with purely local interactions there already exists a wide range of models for the elastic energy. For
inhomogeneous materials with non-local components, these models are generally no longer valid. We
focus on a specific model where a homogeneous material is interspersed with randomly distributed
long-range elastic rods. Our model is inspired by the complex material system comprising the peel of
pomelo fruit, which consists of a soft, elastic foam material interspersed with stiff fibers. As opposed to
a typical short-fiber reinforced material, the fibers in the pomelo peel are of a length-scale comparable
to that of the entire system. Due to the excellent shock absorption properties of this citrus peel, it
makes for an interesting subject for bioinspired technological applications [?, 10, 11]. To gain a better
understanding of the resulting elastic properties of such random long-fiber reinforced materials we
seek to obtain a suitable homogenization scaling limit.

In comparison to standard elastic energy models the mathematical investigation of such materials is
much more complex. We use discrete spring network models which provide a useful framework for the
description of many complex elastic phenomena. To capture the local behavior of the homogeneous
material as well as the non-local behavior of the long-range interactions, we introduce a discrete elastic
energy functional which consists of a quadratic functional in the discrete symmetric gradient and add
an appropriately scaled energy modeling the interaction between the displacement at a given point
and some, randomly selected, counterparts further across the material, reflecting the influence of dis-
tant interactions on the energy distribution. Our model thus captures both local and non-local effects,
providing a comprehensive framework for analyzing the elastic energy distribution in heterogeneous
materials subject to random long-range interactions.

Since local continuum limits of discrete systems have been studied extensively by many authors (see
for example [1, 3, 4, 7]), the focus of this work is on the non-local part modeling random interactions
between distant points in the material. A first approach of a discrete random conductance model with
long-range interactions is given in [7]. It showed that if the weights on the far reaching interactions is too
low, the limit equation localizes. However, putting more weight on the far reaching interaction moments
and assuming that the random field is stationary ergodic, the authors of [6] show that the homogenized
limit is given by a fractional Laplace-type term. However, these assumptions force the weights of
individual differences to decay polynomially with distance. Below we will derive a discrete model for
elasticity that shares many features of the discrete model [6] but with some important differences:
while in [6] the non-local coefficient field was stationary in both variables and positively bounded from
below, our new coefficient field is stationary only in the first variable and it is either 0 or 1 with the
possibility for 1 decreasing polynomially in the far distance. This change is necessary to model the
long-range interactions inspired by the fiber reinforced material of the pomelo peel, as of course only
a comparatively small number of points are connected via such fibers.

From a mathematical perspective, the lower bound on the far field coefficient field made it possible
to derive and apply discrete Sobolev-Poincaré inequalities for discrete fractional Sobolev spaces and
thus no local term was needed in [6] to achieve a uniform Lp-bound on the sequence of minimizers.
In the present paper, the non-local coefficients dominantly being 0, we need the local elasticity from a
mathematical perspective to achieve enough uniform integrability of solutions to pass to the limit. From
another point of view, the stationarity in [6] allowed a relatively straight forward passage to the limit in
the coefficient field. However, the break down of stationarity in our case makes it necessary to look
for alternatives, which we find in a reordering and regrouping of terms and application of Hoeffdings
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Homogenization of discrete network models 3

inequality.

We show that minimizers of the discrete energy converge to minimizers of a limit energy functional
which are simultaneously solutions of

−∇ · ∇su(x) +

∫
Q

∂3V (x, y, u(x)− u(y))

|x− y|d+ps
dy = f(x) .

The presented model can be used, for example, as a simplified model for a homogeneous material
interspersed with randomly distributed fibers whose material properties are constant and, in particular,
do not depend on their length.

2 Mathematical model and the main result

We define our discrete model on the re-scaled lattice Zdε := εZd, where 0 < ε < 1. For a bounded
domain Q ⊂ Rd we define the rescaled grid Qε := Q ∩ Zdε . Furthermore, we assume that there is a
non-negative conductance $(x, y) between any two points x, y ∈ Qε, which defines the interactions
between x and y through which energy or information can flow. To introduce difference-type operators
on the discrete grid Qε, we use discrete functions uε : Qε → Rd and extend them by zero to Zdε . In
the following uε describes the elastic deformation of each point in Qε and fε denotes the force acting
on the material.

2.1 Elastic spring and rod network model

When a spring or an elastic rod is subjected to external forces, it experiences changes in its length
and shape, leading to internal stress described by the Cauchy stress formula

Elong(δu, b) =

∣∣b+ |b| δu
∣∣− |b|

|b|
, (1)

where b is the vector representing the initial distance between two points of the spring, and δu is the
displacement gradient, given by δu = u(x+b)−u(x)

|b| . This formulation of strain measures the relative
extension of the spring, considering both the original and deformed states.

This approach aligns with Hooke’s Law in linear elasticity, which states that the stress is directly pro-
portional to the strain within the elastic limit of the material:

Σ = cΣE, (2)

where Σ is the stress, cΣ is the Young’s modulus of the material, and E is the strain.

For small displacements, the Cauchy stress can be linearized, assuming that the displacements are
much smaller than the characteristic dimensions of the object. The linearized stress is given by:

Elocal(δu, b) ≈
b

|b|
· δu (3)

This linear approximation simplifies the analysis but is valid only for small displacements. In the case
of larger displacements or far distances, the linearization looses accuracy, as it fails to capture the
non-linear behavior and the possible geometric changes in the material.

For this reason, in the below model we assume that the interaction between neighboring nodes of
the spring network is given by linearized elasticity, while the long-range interaction is discribed by an
abstract potential V that may represent both Elong or Elocal.
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2.1.1 Discrete elastic energy

Spring network models have been used before, e.g. in [9] for upscaling elasticity, and we refer to [9]
for their applications in numerical models and analysis. We follow their approach and propose the
following model based on eq. (3) for the local elastic energy of the spring-rod-network:

Eεeluε := εd
∑
x∈Zdε

∑
b∈B

∣∣∣∣uε(x+ εb)− uε(x)

ε|b|
· b
|b|

∣∣∣∣2 , (4)

where
B :=

{
b ∈ Rd

∣∣ b = λ1e1 + λ2e2 + . . .+ λded : λ1, . . . , λd ∈ {0, 1}
}
.

Eεel is a discrete version of the elastic energy
∫
Q
∇su : A : ∇su. This can be seen by replacing

uε(x+εb)−uε(x)
ε|b| by the directional derivative ∂buε = ∇uε b

|b| :

For d = 2 and assuming uε is continuously differentiable, definition eq. (4) turns into

Eεeluε ≈ εd
∑
x∈Zdε

∑
b∈B

∣∣∣∣ b|b| ∇uε b|b|
∣∣∣∣2 (5)

= εd
∑
x∈Zdε

5

4
(|∂1uε,1|2 + |∂2uε,2|2) +

1

2
(∂1uε,1 + ∂2uε,2)(∂1uε,2 + ∂2uε,1) (6)

+
1

2
∂1uε,1∂2uε,2 +

1

4
|∂2uε,1 + ∂1uε,2|2,

which is a coercive second order functional in ∇suε. We will indeed recall in a rigorous manner that
Eεeluε converges to a classical energy of linear elasticity.

2.1.2 Long-range interaction and super-elasticity

In our model, we assume that the medium is interwoven with multiple long fibers or rods. The abun-
dance of rods of length l decreases polynomially with l meaning that long rods are significantly less
common than short rods.

Overall, we assume that all fibers have the same stiffness c. Considering equations (1) and (3), we
obtain the following functional for the elastic energy stored in the fibers:

EV2ε (uε) = εd
∑
x,y∈Qε

V2(x, y, uε(x)− uε(y))

|x− y|2

Here, V2(x, y, u(x)− u(y)) represents either∣∣∣(u(x)− u(y)
)
· (x− y)

∣∣∣2
or ∣∣∣∣∣∣∣x− y + |x− y|

(
u(x)− u(y)

)∣∣∣− |x− y|∣∣∣∣2 .
However, we will allow for more general forms V below. The essential insight from our analysis is
that, for certain distributions of the abundance of long fibers, this part of the energy converges in the
Γ-sense to a functional of the form:

EV2(u) =

∫
Q

∫
Q

V2(x, y, uε(x)− uε(y))

|x− y|d+2s

DOI 10.20347/WIAS.PREPRINT.3238 Berlin 2025
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In the scalar context, functionals of this form are well-known and associated with the concept of super-
diffusion. Analogously, we henceforth associate this functional with super-elasticity.

Super-diffusion describes a significantly faster spreading of particles compared to diffusion, in a sense
that diffusion is driven by Bronwian motion while super-diffusion is driven by Levi flights. In result,
super-diffusion even has its own time scale compared to diffusion. Similarly, we expect that our limit
functional describes the propagation of displacements on a shorter time scale and with a longer range
than classical linear elasticity does. This faster propagation of displacements would lead to a decrease
in the local gradient of the displacements. It thus stands to reason that the aforementioned exceptional
shock absorption properties of the pomelo peel are – in part – resulting from a non-locality of its
macroscopic elastic properties introduced by the long fibers.

We highlight at this point that our convergence analysis also holds for scalar quantities, i.e. we could
equally study a scalar uε with correspondingly modified V and obtain coupled diffusion and super-
diffusion models.

2.2 The analytical model

We now formulate a more abstract version of the above model, that allows us to study the limit behavior
of a larger family of rod and fiber models.

The functional we consider is given by

Eεuε :=ε2d
∑
x∈Qε

∑
y∈Qε

cε−d−ps−α+`$
(
x
ε
, x
ε
− y

ε

)V (x, y, u(x)− u(y))

|x− y|`

+ εd−2
∑
x∈Zdε

∑
b∈B

∣∣∣∣uε(x+ εb)− uε(x)

|b|
· b
|b|

∣∣∣∣2 − εd ∑
x∈Qε

fε(x)uε(x), (7)

where V : Q×Q×Rd → R is convex and continuous in the third argument and satisfies the upper
p-growth condition:

∀x, y ∈ Q ∃cxy ∈ R : 0 ≤ V (x, y, u(x)− u(y)) ≤ cxy
∣∣uε(x)− uε(y)

∣∣p . (8)

Obviously, the random variables $ only depend on the location x and its distance to y. Therefore we
will sometimes just write $(x, ξ) instead of $(x, x− y), where ξ = x− y and we define the set of
all possible differences in Zd as

Ξ :=

{
ξ ∈ Rd

∣∣∣ ξ = x− y : x, y ∈ Zd
}
.

In order to get a representation of a weighted discrete fractional-Laplace-type term in the first expres-
sion of (7) we reformulate it as

Eεuε =ε2d
∑
x∈Qε

∑
y∈Qε

σε,x,ξ
V (x, y, uε(x)− uε(y))

|x− y|d+ps

+ εd−2
∑
x∈Zdε

∑
b∈B

∣∣∣∣uε(x+ εb)− uε(x)

|b|
· b
|b|

∣∣∣∣2 − εd ∑
x∈Qε

fε(x)uε(x), (9)

DOI 10.20347/WIAS.PREPRINT.3238 Berlin 2025



M. Heida 6

where σε,x,ξ := cε−α$
(
x
ε
, ξ
ε

)(
|ξ|
ε

)d+ps−`
and we abbreviate it as

Eεuε = EVε uε + E locε uε −Fεuε,

where

EVε uε = ε2d
∑
x∈Qε

∑
y∈Qε

σε,x,ξ
V (x, y, uε(x)− uε(y))

|x− y|d+ps
,

E locε uε = εd−2
∑
x∈Zdε

∑
b∈B

∣∣∣∣uε(x+ εb)− uε(x)

|b|
· b
|b|

∣∣∣∣2 ,
Fεuε = εd

∑
x∈Qε

fε(x)uε(x).

The corresponding limit functional is given by

Eu :=c̄

∫
Q

∫
Q

V (x, y, u(x)− u(y))

|x− y|d+ps
+

∫
Q

∑
b∈B

(
b

|b|
· ∇u b
|b|

)2

−
∫
Q

u(x)f(x) (10)

=EV u+ E locu−Fu.

At first sight, this energy, in particular the representation in (9), looks like the one in [6]. However, we
are in a completely different setting, since we impose different assumptions on our random variables
$ and thus on the random weights σε,x,ξ.

Assumption 1. We assume, that $(x, ξ) : Zd × Ξ → {0, 1} are random variables that are i.i.d. in
x and Bernoulli random variables in ξ such that for any fixed x∗ ∈ Zd:

pα,`ξ := P
(
$(x∗, ξ) = 1

)
=

C̃εα
⌊
|ξ|
⌋−d−ps+`

if b|ξ|c > 0

0 else,
(11)

where C̃ ∈ (0, 1). Furthermore we assume that 0 < c ∈ R, d ∈ N, s ∈ (0, 1), 0 ≤ α < d
2
,

0 ≤ ` < d+ ps, p ∈ [1, 2d
d−2

) if d > 2 and p ∈ [1,∞) if d = 2.

Under these assumptions it holds for all ξ with b|ξ|c > 0 that

E
[
$ (x, ξ)

]
= C̃εαb|ξ|c−d−ps+` <∞. (12)

Remark 2. As usual in such discrete conductance models, the event

$ (x, x− y) = 1

can be seen as a connection or a conductance between the points x and y. In our model we weight
connected points with the factor cε−d−ps−α+` |x− y|−`, which can be interpreted as the strength of
the corresponding connection. With the parameters α and ` we can control the strength of connected
points and simultaneously the probability with which two points are connected. By increasing α, we
get less connections with higher weights and by increasing `, we get more connections with lower
weights. This can be seen in the following extreme cases:

(i) (high probability, low weights) For α = 0 and ` = d + ps − δ, where 0 < δ � 1, we get the
probability pα,`ξ = C̃b|ξ|c−δ and the weights cε−δ |x− y|−d−ps+`.

(ii) (low probability, high weights) For α = 2
2
− δ and ` = 0, where 0 < δ � 1, we get the

probability pα,`ξ = C̃ε
d
2
−δb|ξ|c−d−pd and the weights cε−d−ps−

d
2

+δ.
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Homogenization of discrete network models 7

Figure 1: The discrete function uε(x) = sinπx (black) on Qε = εZ ∩ [0, 2] and the corresponding
operatorR∗εuε (grey) on Q = [0, 2] for ε ∈ {0.15, 0.1, 0.05}.

2.3 Main Theorem

To be able to talk about convergence of a discrete function uε : Qε → Rd to a function u : Q→ Rd

in a proper sense, we define the operatorR∗ε mapping discrete functions uε : Qε → Rd to piece-wise
constant functionsR∗εuε : Q→ Rd by

R∗εuε(x) := uε(z) if z ∈ Zdε and x ∈ z +
(
ε
2
, ε

2

]d ∩Q.
This means that the operatorR∗εuε assigns each point in the ε-cube z+

(
ε
2
, ε

2

]d
the value of uε at the

centerpoint z ∈ Zdε (see fig. 1). The operatorR∗ε is the adjoint operator of the discretization operator
Rε mapping functions u : Q→ Rd to discrete functionsRεu : Qε → Rd by

Rεu(x) := −
∫
x+
(
ε
2
,
ε
2

]d
∩Q
u(y) dy.

Theorem 3. Let Q ⊂ Rd be a bounded domain with Lipschitz boundary, let $, c, d, s, p, ` satisfy
assumption 1, let fε : Qε → Rd be such thatR∗εfε ⇀ f in L2(Q)d. Then Eε Mosco-converges to E
in L2(Q)d in the following sense:

(i) For every sequence uε : Zdε → Rd with uε = 0 on Zdε \ Qε such that R∗εuε ⇀ u weakly in
L2(Q)d, we have

Eu ≤ lim inf
ε→0

Eεuε a.s.

(ii) For every u ∈ L2(Q)d with u = 0 on Rd \Q, there is a sequence uε with uε = 0 on Zdε \Qε

such thatR∗εuε → u strongly in L2(Q)d and

Eu ≥ lim sup
ε→0

Eεuε a.s.

The difficulty in the proof of theorem 3 is to show that one can pass to the limit in the non-local term
EVε uε. In contrast to [6] we cannot use ergodic theorems: The field (x, y) → $(x, y) is not jointly
stationary in (x, y) but only in x. This can be seen from the spatial distribution: while $(x, y) has a
high density of the value 1 close to the axis x = y, the density of the values 1 decreases polynomially
with increasing |x− y|. This on the other hand contradicts stationarity, a property that basically states
that the distribution of the value 1 is invariant with respect to shifts in the (x, y)-plane.

In order to compensate for this lack of stationarity, we will resort to Hoeffding’s theorem instead. This
result is well known in probability theory and widely used in the large-deviation community. We will use
it to average over all $(x, y) with a given distance |x − y|, observing that this average converges
exponentially fast to the expectation of $(x, x− y).

DOI 10.20347/WIAS.PREPRINT.3238 Berlin 2025
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3 Preliminaries

3.1 Inequalities

We will need the following inequalities

Theorem 4 (Discrete Korn’s inequality). There exists a constant C < ∞ such that for every uε :
Zdε → Rd with uε = 0 on Zdε \Qε it holds

εd
∑
x∈Qε

d∑
i=1

ε−2
∣∣uε(x+ εei)− uε(x)

∣∣2 ≤ CE locε uε. (13)

Proof. Even though the inequality is well known, let us repeat the main argument following the concept
of (5): As (u(x+ εei)− u(x)) · ei = ui(x+ εei)− ui(x), an estimate

εd
∑
x∈Qε

d∑
i=1

ε−2
∣∣uε,i(x+ εei)− uε,i(x)

∣∣2 ≤ CE locε uε

is evident. Next, we recall that 2(x+ y)2 + 2y2 ≥ x2 and hence we infer from

(u(x+εei + εej)− u(x)) · (ei + ej)

= (ui(x+ εej)− ui(x)) + (ui(x+ εei + εej)− ui(x+ εej))

+ (uj(x+ εei)− uj(x)) + (uj(x+ εej + εei)− uj(x+ εei))

with the choices

x = (ui(x+ εej)− ui(x)) + (uj(x+ εei)− uj(x))

y = (ui(x+ εei + εej)− ui(x+ εej)) + (uj(x+ εej + εei)− uj(x+ εei))

x+ y = (u(x+ εei + εej)− u(x)) · (ei + ej)

a bound on

εd
∑
x∈Qε

d∑
i,j=1

ε−2A(x) : A>(x) = εd
∑
x∈Qε

d∑
i,j=1

ε−2
∣∣aij(x)

∣∣2 ≤ CE locε uε ,

where B(x) = (bij(x))ij = (ui(x+ εej)− ui(x)) we define A = (aij)ij = 1
2
(B +B>).

We drop the ε and make use of vij(x) := uj(x+ ei)− uj(x) and write∑
x∈Zdε

A(x) : A>(x) =
∑
x∈Zdε

A(x) : B(x)

=
1

2

∑
x∈Zdε

d∑
i,j=1

(
(ui(x+ ej)− ui(x))2 + vij(x)(ui(x+ ej)− ui(x))

)

=
1

2

∑
x∈Zdε

d∑
i,j=1

(vji )
2 +

1

2

∑
x∈Zdε

d∑
i=1

ui(x)
d∑
j=1

vij(x− ej)− vij(x)

DOI 10.20347/WIAS.PREPRINT.3238 Berlin 2025
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=
1

2

∑
x∈Zdε

d∑
i,j=1

(vji )
2 +

1

2

∑
x∈Zdε

d∑
i=1

(ui(x− ei)− ui(x))
d∑
j=1

(uj(x− ej)− uj(x))

≥ 1

2

∑
x∈Zdε

d∑
i,j=1

(ui(x+ ej)− ui(x))2 .

Combining the above estimates results in (13).

Theorem 5 (Discrete Poincaré’s inequality and compactness). There exists a constant C <∞ such
that for every ε > 0, every p ∈ [1, 2d

d−2
) if d > 2 or p ∈ [1,∞) if d = 2 and for every uε : Zdε → Rd

with uε(x) = 0 for x 6∈ Q it holdsεd ∑
x∈Qε

|uε(x)|p
 1

p

≤ C

εd ∑
x∈Zdε

d∑
i=1

ε−2
∣∣uε(x+ εei)− uε(x)

∣∣2 1
2

. (14)

Furthermore, for every sequence uε where ε→ 0 and where

sup
ε

εd ∑
x∈Zdε

d∑
i=1

ε−2
∣∣uε(x+ εei)− uε(x)

∣∣2 1
2

<∞

there exists a subsequence uε′ and u ∈ Lp(Q)d such that R∗ε′uε′ → u strongly in Lp(Q)d as
ε′ → 0.

Proof. For the Poincaré-inequality refer to [2] Theorem 6 Section 4.2, while for the compactness refer
to [5], Lemma B.19.

The following Theorem by W. Hoeffding is taylored to our coefficient field and replaces the ergodicity
assumption in [6].

Theorem 6 (Hoeffding, see [8], Theorem 1). Let X1, X2, . . . , Xn be independent random variables
such that 0 ≤ Xi ≤ 1 for i = 1, . . . , n. Then for any 0 < t < 1− µ the following inequality holds:

P


∣∣∣∣∣∣
n∑
i=1

Xi − E

 n∑
i=1

Xi

∣∣∣∣∣∣ ≥ nt

 ≤ 2

(
µ

µ+ t

)(µ+t)n(
1− µ

1− µ− t

)(1−µ−t)n

≤ 2 exp(−2nt2), (15)

where µ = E
[

1
n

∑n
i=1 Xi

]
.

Lemma 7 (An auxiliary δ-inequality). Let 0 < A,B < ∞. There exist 0 < c1, c2 < ∞ depending
only onA andB such that for every δ ∈ (0, AB) and every a ∈ (0, A), b ∈ (0, B) withAB−ab < δ
it holds

A− a < c1δ , B − b < c2δ .

Proof. Without loss of generality let A = B = 1 and a{ = 1− a, b{ = 1− b. It holds:

δ > AB − ab = 1− ab = a{b{ + a{(1− b{) + (1− a{)b{

= a{ + b{ − a{b{

From here we conclude that a{, b{ < δ.

DOI 10.20347/WIAS.PREPRINT.3238 Berlin 2025



M. Heida 10

3.2 Convergence results

Theorem 8. LetQ ⊂ Rd be a bounded domain. Then E locε Γ-converges to E loc in the following sense:

(i) For every sequence ε → 0 and every sequence uε : Zdε → Rd with uε = 0 on Zdε \Qε such
that supε E locε (uε) <∞ there exists a subsequence ε′ and u ∈ L2(Q)d such thatR∗ε′uε′ → u
strongly in L2(Q)d and

lim inf
ε′→0

E locε′ (uε′) ≥ E loc(u) .

(ii) For every u ∈ H1
0 (Q)d there exists a sequence uε with uε = 0 onZdε\Qε such thatR∗εuε → u

strongly in L2(Q)d and

lim sup
ε→0

E locε (uε) ≤ E loc(u) .

Proof. Since our given deterministic setting is a particular case of the ergodic setting in [9] we can
apply Theorem 4.4 therein to infer for the sequence E locε the existence of some quadratic functional
E loc such that the claim holds. It remains to determine the exact structure of E loc. However, this can
be achieved by choosing u ∈ C2

c (Q)d and extending it by zero. We then set uε(x) := u(x) for every
x ∈ Qε and make use of b

|b| ·
u(x+εb)−u(x)

ε|b| = ε b
|b| · (∇u(x) b

|b|) + O(ε2) to infer in the limit ε → 0

that E loc indeed has the form we provide above.

Lemma 9. For a bounded domain Q ⊂ Rd there exists C > 0 such that for every u ∈ H1
0 (Q)d and

every ε > 0 it holds

‖R∗εRεu− u‖L2(Rd)d ≤ Cε‖∇u‖L2(Q)d . (16)

Proof. This follows from rescaling the following Poincaré inequality to the cube [0, ε]d∥∥∥∥∥u−−
∫

[0,1]d
u

∥∥∥∥∥
L2([0,1]d)d

≤ C‖∇u‖L2([0,1]d)d . (17)

An important tool for the proof of theorem 11 will be the following Lemma.

Lemma 10. Let Q ⊂ R be a bounded domain, wε : Q × Q → R+ non-negative and suppose that
for any open sets U, J ⊂ Q we have

−
∫
U

−
∫
J

wε
ε→0−−→ c̃, (18)

where c̃ ∈ R+. Furthermore let vε : Q×Q→ R be such that supQ×Q |vε| ≤ C1 <∞ and vε → v
pointwise a.e. Then ∫

V

∫
W

wεvε
ε→0−−→ c̃

∫
V

∫
W

v

for any open or compact sets V,W ⊂ Q.
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Proof of lemma 10. First we observe that for a compact set K ⊂ Q it holds∫
K

∫
Q

wε =

∫
Q

∫
Q

wε −
∫
Q\K

∫
Q

wε
ε→0−−→ c̃ |Q|

(
|Q| −

∣∣Q \K∣∣) = c̃ |Q| |K|

and analogously we can argue that for any compact sets K1, K2 ⊂ Q we have the convergence∫
K1

∫
K2

wε
ε→0−−→ c̃ |K1| |K2| .

The idea of the main proof is that we split the integral into∫
V

∫
W

wεvε =

∫
V

∫
W

wε(vε − v) +

∫
V

∫
W

wεv =: Lε1 + Lε2

and show that Lε1
ε→0−−→ 0 and Lε2

ε→0−−→ c̃
∫
V

∫
W
v.

First we treat L1: For any δ > 0 there exist, due to Egorov’s theorem, compact sets Kδ ⊂ V ,
Aδ ⊂ W with

∣∣(V ×W ) \ (Kδ × Aδ)
∣∣ < δ and such that vε → v uniformly on Kδ×Aδ. Moreover

due to Lemma 7 there exist constants b1, b2 ∈ R such that
∣∣V \Kδ

∣∣ < b1δ and
∣∣W \ Aδ∣∣ < b2δ.

We split Lε1 into

|Lε1| ≤
∫
V

∫
W

wε|vε − v|

≤
∫
V

∫
W\Aδ

wε|vε − v|+
∫
V \Kδ

∫
Aδ

wε|vε − v|+
∫
Kδ

∫
Aδ

wε|vε − v|.

For the first term we get from (18) the convergence as follows∫
V

∫
W\Aδ

wε|vε − v| ≤ sup
V,W\Aδ

|vε − v|
∫
V

∫
W\Aδ

wε ≤ 2 sup
Q
|vε|
∫
V

∫
W\Aδ

wε

≤ 2C1

∫
V

∫
W\Aδ

wε
ε→0−−→ 2C1c̃ |V |

∣∣W \ Aδ∣∣ < 2C1c̃ |V | b1δ
δ→0−−→ 0.

Analogously we get for the second term∫
V \Kδ

∫
Aδ

wε|vε − v| ≤ 2C1

∫
V \Kδ

∫
Aδ

wε
ε→0−−→2C1c̃

∣∣V \Kδ

∣∣ |Aδ|
< 2C1c̃b2δ |W |

δ→0−−→ 0.

The third term vanishes due to the uniform convergence of vε on Kδ × Aδ:∫
Kδ

∫
Aδ

wε|vε − v| ≤ sup
Kδ,Aδ

|vε − v|
∫
Kδ

∫
Aδ

wε
ε→0−−→ 0.

Since δ was arbitrary, we conclude Lε1 → 0 as ε→ 0.

Now we treat the remaining term Lε2: Using Lusin’s Theorem there exist for any δ > 0 compact sets
Kδ ⊂ V , Aδ ⊂ W such that v is continuous on Kδ ×Aδ and

∣∣(V ×W ) \ (Kδ × Aδ)
∣∣ < δ. Using

again Lemma 7 there exist constants b1, b2 ∈ R such that
∣∣V \Kδ

∣∣ < b1δ and
∣∣W \ Aδ∣∣ < b2δ. Let

vm =
∑

i v
i
mχKi

δ,m×A
i
δ,m

be a sequence of step functions such that vm → v uniformly on Kδ × Aδ
and ‖vm − v‖∞ < 1

m
. It holds∫

Kδ

∫
Aδ

wεvm =
∑
i

vim

∫
Ki
δ,m

∫
Aiδ,m

wε
ε→0−−→ c̃

∑
i

vim

∣∣∣Ki
δ,m

∣∣∣ ∣∣∣Aiδ,m∣∣∣ = c̃

∫
Kδ

∫
Aδ

vm
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and ∣∣∣∣∣
∫
Kδ

∫
Aδ

wε(vm − v)

∣∣∣∣∣ ≤ 1
m

∫
Kδ

∫
Aδ

wε
ε→0−−→ 1

m
c̃ |Kδ| |Aδ| .

Since

Lε2 =

∫
V

∫
W\Aδ

wεv +

∫
V \Kδ

∫
Aδ

wεv +

∫
Kδ

∫
Aδ

wεvm +

∫
Kδ

∫
Aδ

wε(v − vm)

The above can be combined to∣∣∣∣∣limε→0
Lε2 −

∫
Kδ

∫
Aδ

c̃v

∣∣∣∣∣
≤ sup

Q×Q
|v| c̃

(
|V |
∣∣W \ Aδ∣∣+

∣∣V \Kδ

∣∣ |Aδ|)+ c̃

∫
Kδ

∫
Aδ

|vm − v|+ 1
m
c̃ |Kδ| |Aδ|

After the limit m→∞ we infer for any δ > 0 small enough∣∣∣∣∣limε→0
Lε2 −

∫
Kδ

∫
Aδ

c̃v

∣∣∣∣∣ ≤ Cδ ,

with C independent from δ. From here we conclude limε→0 L
ε
2 =

∫
V

∫
W
c̃v.

4 Convergence properties of the non-local energy

While Theorem 8 will be used to prove the liminf-property as well as the existence of recovery se-
quences with respect to E loc the next theorem will enable us to obtain the same properties for the
non-local energy EVε uε in a proper sense:

Theorem 11. Let Q ⊂ Rd be a bounded domain, let $, c, d, s, p, ` satisfy assumption 1 and let
uε : Qε → Rd be such thatR∗εuε → u strongly in Lp, then

lim inf
ε→0

EVε uε = lim inf
ε→0

∫
Q

∫
Q

R∗εσε,x,ξ
V (R∗εx,R∗εy,R∗εuε(x)−R∗εuε(y))

|R∗εx−R∗εy|
d+ps

dx dy

≥ c̄

∫
Q

∫
Q

V (x, y, u(x)− u(y))

|x− y|d+ps
.

If additionally supε supx,y∈Qε
V (x,y,u(x)−u(y))

|x−y|d+ps <∞, then

EVε uε =

∫
Q

∫
Q

R∗εσε,x,ξ
V (R∗εx,R∗εy,R∗εuε(x)−R∗εuε(y))

|R∗εx−R∗εy|
d+ps

dx dy

ε→0−−→
a.s.

c̄

∫
Q

∫
Q

V (x, y, u(x)− u(y))

|x− y|d+ps
,

where c̄ = cC̃ , with C̃ defined in (11) and

R∗εσε,x,ξ := cεα$
(
R∗εx
ε
, R
∗
εx
ε
− R

∗
εy
ε

)( |R∗εx−R∗εy|
ε

)d+ps−`

.
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While the second factor in the integral involving V will converge strongly in L1, the major work to be
done relates to the first term. We will prove weak convergence of R∗εσε,x,ξ to a constant in order to
apply Lemma 10 in the proof of theorem 11. Hence we will postpone the proof of theorem 11 and first
state and proof the weak convergence ofR∗εσε,x,ξ in theorem 13.

Since we want to show convergence of some kind of average integrals, we first give the definition of
average integrals of functions that are defined on a subset of Zdε :

Notation 12. For any wε : Aε ⊂ Zdε → R and any Uε = (U ∩ Zdε) ⊂ Aε we define

−
∫
U

R∗εwε(x) dx :=
1

εd |Uε|

∫
U

R∗εwε(x) dx =
1

εd |Uε|
εd
∑
x∈Uε

wε(x) =
1

|Uε|
∑
x∈Uε

wε(x),

where |Uε| = ]{U ∩ Zdε}.

Theorem 13. Let Q ⊂ Rd be a bounded domain and let $, c, d, s, p, ` satisfy assumption 1. Then
we have for any open sets U, J ⊂ Q

−
∫
x∈U
−
∫
y∈J
R∗εσε,x,ξ dy dx

=−
∫
x∈U
−
∫
y∈J

cεα$
(
R∗εx
ε
, R
∗
εx
ε
− R

∗
εy
ε

)( |R∗εx−R∗εy|
ε

)d+ps−`

dy dx
ε→0−−→
a.s.

cC̃,

with C̃ defined in (11).

Proof. We define the sets Uε := U ∩ Zdε , Jε := J ∩ Zdε ,

Rε :=

{
r ∈ N>0

∣∣ r =
⌊
|x−y|
ε

⌋
, x ∈ Uε, y ∈ Jε

}
=
{
r ∈ N>0

∣∣ |x−y|
ε
∈ [r, r + 1), x ∈ Uε, y ∈ Jε

}
,

and for any r ∈ Rε, we define

Sε(r) :=

{
(x, y) ∈ Uε × Jε

∣∣ ⌊ |x−y|
ε

⌋
= r

}
=
{

(x, y) ∈ Uε × Jε
∣∣ |x−y|

ε
∈ [r, r + 1)

}
.

Furthermore we define the operator

R̂εr := s if s ∈ Rε and r ∈ [s, s+ 1). (19)

Then the integral can be rewritten in the following way

−
∫
x∈U
−
∫
y∈J

cεα$
(
R∗εx
ε
, R
∗
εx
ε
− R

∗
εy
ε

)( |R∗εx−R∗εy|
ε

)d+ps−`

dy dx

=cε−α
1

|Uε| |Jε|
∑
x∈Uε

∑
y∈Jε

$
(
x
ε
, x
ε
− y

ε

) ( |x−y|
ε

)d+ps−`

=cε−α
1

|Uε| |Jε|
∑
x∈Uε

∑
y∈Jε

E
[
$
(
x
ε
, x−y

ε

)] ( |x−y|
ε

)d+ps−`
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+ cε−α
1

|Uε| |Jε|
∑
x∈Uε

∑
y∈Jε

(
$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)])( |x−y|
ε

)d+ps−`

=Iε1 + Iε2 ,

where

Iε1 := cε−α
1

|Uε| |Jε|
∑
x∈Uε

∑
y∈Jε

E
[
$
(
x
ε
, x−y

ε

)] ( |x−y|
ε

)d+ps−`

and

Iε2 :=cε−α
1

|Uε| |Jε|
∑
x∈Uε

∑
y∈Jε

(
$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)])( |x−y|
ε

)d+ps−`

= cε−α∑
r∈Rε|Sε(r)|

∑
r∈Rε

∑
(x,y)∈Sε(r)

(
$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)])( |x−y|
ε

)d+ps−`
.

Using E
[
$
(
x
ε
, x−y

ε

)]
= C̃εα

⌊
|x−y|
ε

⌋−d−ps+`
, Iε1 turns into

Iε1 =cC̃
1

|Uε| |Jε|
∑
x∈Uε

∑
y∈Jε

⌊
|x−y|
ε

⌋−d−ps+` ( |x−y|
ε

)d+ps−`
.

The sequence of functions

{⌊
|R∗εx−R∗εy|

ε

⌋−d−ps+`( |R∗εx−R∗εy|
ε

)d+ps−`
}
ε

converges pointwise to 1

as ε→ 0 and its absolute value is bounded on U × J . Consequently

Iε1 = cC̃−
∫
u

−
∫
J

⌊
|R∗εx−R∗εy|

ε

⌋−d−ps+`( |R∗εx−R∗εy|
ε

)d+ps−`
ε→0−−→ cC̃.

The second step of the proof is to show that Iε2
ε→0−−→
a.s.

0. Let 0 < δ < 1− C̃ , then we assume that for

any r ∈ Rε the following estimate is valid:∣∣∣∣∣∣
∑

(x,y)∈Sε(r)

$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)]∣∣∣∣∣∣ < ∣∣Sε(r)∣∣ r−d−ps+`δεα (20)

For any (x, y) ∈ Sε(r) it holds that |x−y|
ε

= r + ρ for a ρ ∈ [0, 1) and we get

|Iε2 | ≤ cε−α∑
r∈Rε|Sε(r)|

∣∣∣∣∣∣
∑
r∈Rε

∑
(x,y)∈Sε(r)

$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)] ( |x−y|
ε

)d+ps−`

∣∣∣∣∣∣
≤ cε−α∑

r∈Rε|Sε(r)|
∑
r∈Rε

(r + 1)d+ps−`

∣∣∣∣∣∣
∑

(x,y)∈Sε(r)

$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)]∣∣∣∣∣∣
≤ cε−α 1∑

r∈Rε |Sε(r)|
∑
r∈Rε

(r + 1)d+ps−` ∣∣Sε(r)∣∣ r−d−ps+`δεα
= cδ 1∑

r∈Rε|Sε(r)|
∑
r∈Rε

(
1 + 1

r

)d+ps−` ∣∣Sε(r)∣∣
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≤ c2d+ps−`δ 1∑
r∈Rε|Sε(r)|

∑
r∈Rε

∣∣Sε(r)∣∣
= c2d+ps−`δ

We will now justify the assumption made in (20) by estimating the probability pcε of the case where (20)
does not hold, using Hoeffding’s Theorem. Before we apply this Theorem we need to know the order
of magnitude of

∣∣Sε(r)∣∣ in ε and r. The exact value is not necessary since we are interested in the
limit as ε→ 0. For this purpose we rewrite the set Sε(r) as

Sε(r) :=
{

(x, y) ∈ Uε × Jε
∣∣ |x−y|

ε
∈ [r, r + 1)

}
=
⋃
x∈Uε

{x} ∪
{
y ∈ Jε | |x− y| ∈

[
εr, ε(r + 1)

)}
.

With this representation we can easily see, that Sε(r) consists of the union of all elements x ∈ Uε
and the corresponding annuli

(
B̄ε(r+1)(x) \ B̄εr(x)

)
∩ Jε. Furthermore∣∣∣∣{y ∈ Jε | |x− y| ∈ [εr, ε(r + 1)
)}∣∣∣∣

=

∣∣∣∣{y ∈ J ∩ Zd | |x̃− y| ∈
[
r, (r + 1)

)}∣∣∣∣ ≈ c(d)rd−1,

where x ∈ Uε, x̃ ∈ U ∩ Zd and c(d) is a constant that depends on the dimension d. Therefore we
can estimate

∣∣Sε(r)∣∣ roughly by

c− |U | ε−drd−1 ≤
∣∣Sε(r)∣∣ ≤ c+ |U | ε−drd−1

where c− and c+ do not depend on ε, r, U or J . For any 0 < δ < 1− C̃ theorem 6 (Hoeffding) yields

P


∣∣∣∣∣∣
∑

(x,y)∈Sε(r)

(
$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)])∣∣∣∣∣∣ ≥ ∣∣Sε(r)∣∣ r−d−ps+`δεα


≤ 2 exp

[
−2
∣∣Sε(r)∣∣ (r−d−ps+`δεα)2

]
≤ 2 exp

[
−2c− |U | ε−drd−1

(
r−d−ps+`δεα

)2
]

= 2 exp
[
−2c− |U | r−d−1−2ps+2`δ2ε−d+2α

]
.

With this we can estimate

pcε ≤
∑
r∈Rε

P


∣∣∣∣∣∣
∑

(x,y)∈Sε(r)

$
(
x
ε
, x−y

ε

)
− E

[
$
(
x
ε
, x−y

ε

)]∣∣∣∣∣∣ ≥ ∣∣Sε(r)∣∣ r−d−ps+`δεα


≤ 2ε
∑
r∈Rε

1

ε
exp

[
−2c(d) |U | r−d−1−2ps+2`δ2ε−d+2α

]
≤ 2

∫ r̂

0

1

ε
exp

[
−2c(d) |U | δ2

(
R̂εr

)−d−1−2ps+2`

ε−d+2α

]
dr

=

∫ r̂

0

2

ε exp

[
ĉδ

(
R̂εr

)−d−1−2ps+2`

ε−d+2α

] dr
ε→0−−→ 0,
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where ĉδ = 2c(d) |U | δ2, r̂ = 1+maxRε and R̂εr defined in (19). Consequently, we findP(limε→0 |Iε2 | <
c2d+ps−lδ) = 1 for every δ > 0, which implies that Iε2 → 0 almost surely.

Proof of theorem 11. Let δ > 0 and k ∈ N. We define

gγ(x, y) :=

{
|x− y|d+ps , if |x− y| > γ

γd+ps, if |x− y| ≤ γ

and with the superscript k we denote the component-wise restriction of a function u to the interval
[−k, k], defined as

uk :=

 max{−k,min{u1, k}}
...

max{−k,min{ud, k}}

 .

Then, as we will argue in detail below,

lim inf
ε→0

EVε uε ≥ lim inf
ε→0

∫
Q

∫
Q

R∗εσε,x,ξ
V (R∗εx,R∗εy,R∗εukε(x)−R∗εukε(y))

gγ(R∗εx,R∗εy)
dx dy

= c̄

∫
Q

∫
Q

V (x, y, uk(x)− uk(y))

gγ(x, y)
dx dy

γ→0−−−→
k→∞

c̄

∫
Q

∫
Q

V (x, y, u(x)− u(y))

|x− y|d+ps
dx dy.

The convergence in the above equation for ε→ 0 follows by lemma 10 with

wε = R∗εσε,x,ξ,

vε =
V (R∗εx,R∗εy,R∗εukε(x)−R∗εukε(y))

gγ(R∗εx,R∗εy)
,

v =
V (x, y, uk(x)− uk(y))

gγ(x, y)
.

By assumption, we have R∗εuε → u strongly in Lp and thus R∗εukε → uk strongly in Lp. Therefore
there exists a subsequence εj such thatR∗εukεj → uk pointwise a.e. It follows that vε → v pointwise
a.e. Condition (18) is ensured by theorem 13 and we have

sup
Q×Q
|vε|

(8)
≤ cxy2

pkp

gγ(R∗εx,R∗εy)
≤ cxy2

pkp

γd+ps
<∞.

If additionally supε supx,y∈Qε
V (x,y,u(x)−u(y))

|x−y|d+ps <∞, we can apply lemma 10 directly analogous to the
previous case.

5 Proof of theorem 3

Using Theorem 8 and the results from Section 4, proving the main-theorem (theorem 3) is reduced to
combining the convergences of the individual terms.
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Proof of theorem 3. (i) If lim infε→0 Eεuε = ∞ the statement is clear. Otherwise let uε′ be a
minimizing subsequence of uε, i.e.

lim inf
ε→0

Eεuε = lim
ε′→0
Eε′uε′ =: E0 <∞.

Without loss of generality, we may assume that uε = uε′ , because any other subsequence uε′′
of uε will have the property

lim inf
ε′′→0

Eε′′uε′′ ≥ lim
ε′→0
Eε′uε′ ,

and therefore will not harm the inequalities below.

theorem 8 yields εj that R∗εjuεj → u in L2(Q)d and E locu ≤ lim infεj→0 E locεj uεj along a
subsequence. theorem 5 gives us a further (sub)subsequence εjk such that R∗εjkuεjk → u in

Lp(Q)d and applying theorem 11 yields

Eu ≤ lim inf
εjk→0

EVεjkuεjk + lim inf
εjk→0

E locεjkuεjk + lim
εjk→0

Fεjkuεjk a.s.

= lim inf
εjk→0

(
EVεjkuεjk + E locεjkuεjk + Fεjkuεjk

)
a.s.

= lim inf
εjk→0

Eεjkuεjk = E0 a.s.

(ii) First we observe that for u ∈ C2
c (Q)d and uε := Rεu we have Eεuε

ε→0−−→
a.s.
Eu.

In general, if Eu < ∞ for any function u ∈ L2(Q)d, then Korn’s inequality implies that u ∈
H1

0 (Q)d. In particular, there exists for any K ∈ N a function uK ∈ C2
c (Q)d such that

‖u− uK‖H1(Q)d <
1

2K
(21)

and

|Eu− EuK | <
1

2K
. (22)

For a given K ∈ N we choose such a uK ∈ C2
c (Q)d that satisfies properties (21) and (22)

and we choose an εK such that |EεRεuK − EuK | < 1
2K

for any ε < εK < εK−1. Therefore,
we have

|Eu− EεRεuK | <
1

K

for any ε < εK . Setting uε := RεuK for ε ∈ [εK+1, εK) the claim follows.
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