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Modeling and analysis of finite-strain visco-elastic materials with
electrostatic interaction

Willem J.M. van Oosterhout, Matthias Liero

Abstract

We develop a thermodynamically consistent model for the viscoelastic deformation of elec-
trically charged bodies in the Lagrangian frame, incorporating a Jeffreys-type rheology and flow
of free charge-carriers within the framework of the General Equations for Non-Equilibrium Re-
versible—Irreversible Coupling (GENERIC). The formulation couples mechanical, electrostatic,
and dissipative effects in a structure that ensures compatibility with the principles of nonequilib-
rium thermodynamics. Furthermore, in the isothermal and mechanically quasistatic regime, i.e.,
where inertial effects are neglected, we establish the existence of weak solutions to a reduced
version of the governing system. The proof relies on a Galerkin approximation combined with
suitable regularizations of the degenerate mobilities of the free charge carriers and of the free
energy. A typical application is the description of conductive hydrogels used in biomedicine.

1 Introduction

Many applications in engineering, biomechanics, and physics are concerned with dissipative mate-
rials featuring a complex interplay between mechanical deformations and other physical processes.
Hydrogels, for example, are soft, water-swollen polymer networks that exhibit complex mechanical and
transport behavior, making them prototypical examples of materials where multiphysics processes are
strongly coupled. In applications such as soft robotics and bioelectronics, these materials undergo
large deformations, requiring a finite-strain description to accurately capture their nonlinear elastic
response [Avi+21; Zol+22; Arm+23]. Beyond purely mechanical effects, hydrogels often exhibit dif-
fusive transport of solvents, ions, or other charge carriers, leading to coupled chemo-mechanical or
electro-mechanical phenomena [Rou17]. In particular, conductive hydrogels present rich multiphysics
challenges: the motion of charge carriers interacts with the polymer network and the solvent, induc-
ing stresses, swelling, and nontrivial feedback on the material’s electrical and mechanical properties
[ATM20; NSA21]. Hence, developing sound mathematical models based on partial differential equa-
tions that integrate finite-strain mechanics with solvent and charge-carrier transport is therefore crucial
for both predicting material behavior and designing e.g. efficient hydrogel-based devices.

In this paper, we investigate a model for charged visco-elastic materials at finite strains, which de-
scribes the evolution of several coupled variables in the Lagrangian frame. First, we assume that the
mechanical response of the medium is given by the deformation x from the reference configuration,
and that its gradient admits the multiplicative decomposition Vy = F}; F}, into an elastic and inelastic
part. In particular, we take as the mechanical variables the deformation x and the inelastic strain Fj,,
so that the equations can be formulated in the fixed reference domain €2, and not in a time-dependent
intermediate domain as in the finite-strain Poynting—Thomson model studied in [CKS25]. Therein the
inelastic (or viscous) strain is assumed to be compatible, i.e., Fi, = Vi, for a viscous deformation
Xin that maps the reference configuration €2 to the intermediate configuration i, (%) := xin(Z, €2).
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W.J.M. van Oosterhout, M. Liero 2

Furthermore, we consider a (scalar) charge-carrier concentration n, and the electric potential ¢ that
arises due to the movement of the mobile and fixed charges. We focus on a general description of
the viscous material behavior, which results from an interplay of a Kelvin-Voigt-type rheology for the
strain Vx and the inelastic evolution of Maxwell-type for F;,, which is often called Jeffreys rheology
(see [KR19, Sect. 6.6]). Nonlinear viscoelastic materials with Maxwell rheology and without additional
physical effects have been discussed in [KR19, Sect. 9.4.2] and in [RS19] coupled to temperature.
Therein, quadratic growth of the (nonsmooth) dissipation potential was assumed.

We consider the evolution in the Lagrangian frame, meaning that the equation for the concentration
n is pulled-back to the reference configuration such that its conductivity or mobility tensor depends
nonlinearly on the deformation gradient, see also [RS19; MR20]. In addition, we take the physically
relevant case of degenerate conductivities into account.

As a first result, we follow [MR25] and derive in Section 2 the evolution equations in a thermodynami-
cally consistent way using the GENERIC framework (General Equation for Non-Equilibrium Reversible-
Irreversible Coupling) introduced in [GO97; OG97]. In particular, we also consider temperature effects
leading to an additional evolution equation for a thermal variable (e.g. temperature, entropy or internal
energy) with heat sources due to the dissipative processes. We emphasize that in contrast to [MR25],
we consider the Lagrangian setting, which is more natural for the description of solids. Moreover, we
also provide first analytical results for a simplified model, see below. GENERIC offers a unified formal-
ism for multi-scale and multi-physics systems, splitting dynamics into a reversible part driven by energy
(via a Hamiltonian structure) and an irreversible part driven by entropy (via a convex dissipation po-
tential). It enables consistent coupling across scales while ensuring compliance with thermodynamic
laws, such as energy conservation and entropy production. GENERIC also guides computational mod-
els [SB21], gives rise to stable and efficient time-incremental schemes [JST22], and has recently been
used in Physics-Informed-Neural-Networks (PINNs) to enforce thermodynamic constraints [Her+21].

Next, we consider in Section 3 a simplification of the model derived via GENERIC, where temperature
and inertia effects are neglected, i.e., we restrict to the isothermal and mechanically quasistatic case.
However, we note that the resulting system is still a gradient system for the free energy. We introduce
a notion of weak solution, and show that under suitable assumptions (e.g. second-order nonsimple
materials) the existence of weak solutions is guaranteed. The proof relies on a Faedo—Galerkin ap-
proximation in combination with certain regularizations that are necessary to deal with the degenerate
behavior of the mobilities, see also [EG96]. Having shown the existence of approximate solutions,
we derive an energy-dissipation balance, from which uniform a priori estimates follow. Finally, we use
compactness arguments to pass to the limit and obtain the existence of a weak solution.

We remark that for the poro-visco-elastic model without charge transport studied in [OL24; Oo0s25],
the thermo-mechanical model in [MR20; BFK23], and the finite-strain Poynting—Thomson viscoelas-
tic model in [CKS25], (staggered) time-discrete schemes were used to show existence of solutions.
However, in the present setting with additional electrostatic interaction it is not clear how to establish
a suitable time-discretization scheme. The main difficulty lies in the structure of the system’s underly-
ing free energy functional: Without electrostatic interaction, this energy is (semi-)convex with respect
to all variables, while with additional charged species, the energy becomes concave in the electric
potential, see also [Rou17; RT20]. Consequently, time-discrete solutions would be obtained either as
a saddle-point of an incremental functional, rather than minimizers, or via a staggered scheme. In
the first case, to the best of the authors’ knowledge, no general existence result for saddle points
in the semi-convex setting is available. In the second case, it is not clear how to design a suitable
time-discrete scheme that allows for an easy derivation of an energy-dissipation inequality. We there-
fore follow [RT20] and take the better suited method of Faedo—Galerkin approximations. In particular,
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[RT20] studies finite-strain electro-elasticity in a mixed Lagrangian—Eulerian setting. However, inelas-
tic strains are not included in the model and the mobility law for the diffusing charged species is not
degenerate. Moreover, the mixed Lagrangian — Eulerian setting necessitates a regularization of the
Poisson equation for the electrostatic potential, which is not required in our setting.

The structure of this paper is as follows. In Section 2, we present the thermodynamically consistent
modeling of our system within the GENERIC framework. We first introduce the abstract GENERIC
framework in Section 2.1 and then illustrate how charged visco-elastic materials can be described
within it in Section 2.2. In Section 2.3, we specialize the model to the isothermal case. Section 3 is
devoted to the mathematical analysis of the reduced model introduced in Section 2. We begin by
stating the assumptions required for the analysis in Section 3.1, followed by the introduction of our
notion of weak solution and the main result in Section 3.2. Finally, Section 4 is dedicated to the proof
of the main result, namely the existence of weak solutions. In Section 4.1, we introduce the Galerkin
scheme. Section 4.2 establishes the necessary a priori estimates, and Section 4.3 concludes with the
passage to the limit.

2 GENERIC formulation of visco-elastic materials with free
charges at finite-strains in the Lagrangian description

In this section, we systematically derive the equations for charged poro-visco-elastic materials, such as
hydrogels, in the Lagrangian frame using the framework of GENERIC. The acronym stands for General
Equation for Non-Equilibrium Reversible-Irreversible Coupling and was introduced in [GO97; OG97].
However, we emphasize that its origins in the metriplectic theory developed by Morrison in [Mor84;
Mor86], see also the survey [Mor09]. The GENERIC framework offers a unified formalism for multiscale
systems, splitting dynamics into a reversible part driven by energy (via a Poisson bracket) and an
irreversible part driven by entropy (via a symmetric dissipative bracket). It enables consistent coupling
across scales while ensuring compliance with thermodynamic laws, such as energy conservation and
entropy production.

The GENERIC framework in continuum mechanics is a powerful and flexible modeling tool that uni-
fies reversible and irreversible dynamics, making it particularly useful for describing complex materials
such as viscoelastic fluids, active gels, and poroelastic tissues, while naturally incorporating thermody-
namic consistency and dissipation mechanisms. We refer to [Mie11b; VPE21; Las21; Pel+22; ZPT23;
MR25] for a non-exhaustive list of applications. Moreover, let us mention that it was shown recently in
[MPZ25] how GENERIC structures can be rigorously derived from coarse-graining Hamiltonian sys-
tems coupled to heat baths, revealing the emergence of energy conservation, entropy production, and
Onsager dissipation operators.

Notation: In the following, we denote by “a - b”, “A : B”,and “G * H” the scalar products between
vectors a, b € R, matrices A, B € R%*?, and third-order tensors G, H € R¥*?*4 respectively.

Given a matrix A € R4, we write dev(A) and sph(A) for the deviatoric and spherical part of A,

ie., dev(A) := A—2tr(A)I and sph(A) := Ztr(A)I. The subset of deviatoric matrices is denoted

by R4, ie., A € R4 %if and only if sph(A) = 0.

dev ?
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2.1 Abstract setting of GENERIC

We consider states ¢ in a state space (Q, which is either a flat space or a smooth manifold with
tangent and cotangent bundle TQ and T*Q), respectively. In the GENERIC formalism, the model is
determined by energy and entropy functionals £ : Q — R, and S : Q — R, as well as geometric
operators J and K describing the Hamiltonian and the dissipative parts of the evolution of the system
in the state ¢(f) € Q, namely,

q=J(q)DE(t,q) + K(¢)DS(q),  q(0) = qo. (1)

Here, the Poisson operator J is defined by being skew-symmetric J(q)* = —J(¢) and satisfying the
Jacobi identity, i.e., {11, DJ(q)[J(q)n2]ns) + cycl.perm. = 0 for all 1, 72,73 € T;Q. The Onsager
operator K is defined as being symmetric and positive semi-definite, namely K(¢)* = K(g) > 0.

In a more general setting, the operator K(¢) is replaced by the subdifferential of a dissipation potential
R*(q,&). The latter means that £ — R*(q, £) is a lower semicontinuous, convex functional such that
0="R*(q;0) < R*(¢;€). In this case, the evolution equation takes the form

q=J(q)DE(t,q) + 0:R*(¢,DS(q)),  4(0) = qo.

Here, the * indicates that R* has to be understood as dual functional to a primal functional R (g, V')
via the (partial) Legendre transformation, i.e.,

R*(q,€) =sup {(&,V) = R(¢; V)|V e T,Q}

The original setting is recovered in the case that R*(¢,&) = 3(&, K(g)&). In addition to the above
conditions on J and K (or R), we assume that the following non-interaction conditions are satisfied

J(@)DS(q) =0 and K(q)D,E(q) =0,

2
or R*(q,E+ADE) = R*(q, &) forall A e Rand § € T, Q. @)

By convexity, the latter condition is equivalent to R*(q, ADE(t, ¢)) = 0 for all A € R. Crucially, the
latter condition gives that (DE (¢, q), V) = 0forall V' € 9:R*(q,§).

With the non-interaction conditions in (2), the solutions to (1) automatically satisfy the conservation of
the total energy and the positivity of the entropy production, namely

%g(ta Q) = <Dq5<t7 Q), E]) + atg<t7 q) = <Dq5(t, Q)7 J(q)DQS(ta Q)> + 8t5(t7 q) = atg<t7 Q),

d

5@ = (DS(a), 4) = (DS(q), K(q)DS(q)) = 0.

2.2 GENERIC for poro-visco-elasticity

We consider the specific case where the state is given by ¢ = (m, x, Fi,,n, 7), where m is the
momentum, Y is the deformation, F;, is the inelastic strain, n is a concentration, and 7 is the thermal
variable, i.e., either temperature, entropy density, internal energy density, or thermal part of the internal
energy. In particular, we will distinguish between the thermal variable and the other variables by writing
g = (w, 7). The total energy and the entropy read

£(q) / B(m, Vx, Fono7) dr,  S(q) = / S(Vx, Fn, ) da.
Q Q
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We emphasize that it is possible to include additional time-dependent mechanical loadings (¢(%), x)
in the total energy, see [Mie11b, Sect. 4.3], and surface contributions in £ and S, see [GM13]. The
total energy density is the sum of the kinetic energy and the internal energy U, i.e.,
[m/*
E(m7 VX) Ena n, 7_) = 2_p + U(VX7 Ena n, T)-
As in [Mie11b; MR25], the variable 7 is a general scalar thermodynamic variable. We only assume
that the absolute temperature is given by

> 0.

o, UV, Fi,n, T
b =0V, Fonm) =5 S((VX Foon T))

For general choices of the thermal variable 7, the free energy is always given by ®(Vy, Fi,,n,7) =
U(Vx, Fa,n,7) —O(Vx, Fo,n,7)S(Vx, F,n, 7). Let us also note that the following crucial re-
lation holds between the derivatives of the free energy density ®(Vx, Fi,, n, 0) at fixed temperature:

aZCI)(VX, Em n, 0) }QZG(V)(,Fm,an)

= 0,U(VX, Fin,n,7) — O(VX, Fn,1n,7)0,S(VX, Fin,n, 7),  (3)

where z represents any of the arguments F' = V', F, or n. To shorten notation, we denote by
0 = OpU — O0pS the elastic stress, by 0;, = Op, U — ©0p S the inelastic stress, and by
wn, = 0,U — ©0,S the chemical potential associated with n, respectively. We stress that the above
relation in (3) for the forces only holds if the free energy is written as a function of the temperature
T=40.

Remark 2.1. We can also consider settings where E and S depend on (higher) derivatives of V x, F,, n
without any substantial changes to the theory. In fact, in the mathematical analysis of the isothermal
model in Section 3, we assume that ® depends also on D?y, VF,,, and Vn to exploit the higher
regularity for additional compactness properties of solutions. However, for a simpler representation,
we omit these additional dependencies in this section.

2.2.1 The reversible part of the evolution

We first focus on the Hamiltonian (or reversible) part of the evolution given in terms of the total energy
£ and the symplectic structure J. We define

3(q) = Ms(q)JsmpeMs(q)*, where (0, Jgmpen®) = nV - 5@ — @ .90 ()

for n@ = ( ff{), ng),ngz,ng), ng)) being the (energy-)conjugated forces. The operator Ms(q) is

given as

I 0 0 0 0
0 I 0 0 0
Ms(q) = |0 0 I 0 0 |,
0 0 0 1 0
0 — xS0 _9mS  _9uS 1
9.5 9-5 9.5  8;5

where we have defined A, S[v] = 95 : Vv forv : Q — RY. Note that in the case that S depends
on (higher) derivatives of V', Fi,, n (see Remark 2.1), we have to replace A, S[v] by A, S[v] =

OpS : Vv + 0gS : D?v, 0r, S[V]by A S[V] = 0r_ S :V + 0g,S:VV,and so on.
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We getforn = (nm, x> MFis Mns 777)

N
Ms(q)'n=| 1r — 3559R.5

T — 3OS

nr
orS

We easily check that M:DS = (0,...,0,1)", and the first non-interaction condition in (2) is satis-
fied. Moreover, we compute for the reversible part in the evolution that

J(q)DE(g) = (div (0w), 1m. 0,0, — 555 (9pS : VX)) (5)

with 0 = Op E—O0r.S being the elastic stress tensor, as defined above. If ¥ and S depended also
on D2, additional hyperstress contributions would appear in the first and last components, see (11a).

Remark 2.2. Clearly, the operator J defined in (4) is skew-symmetric. It also satisfies the Jacobi
identity, since Jsimpe Satisfies it, and the Jacobi identity is invariant under coordinate transformations
(see e.g. [Mie06, Lemma 4.5]).

2.2.2 The irreversible part of the evolution

Following [MR25], the dual dissipation potential R* is given in the form

R*<Q7 g) = R:imple(q> NE(Q)*g), forf S TZQ (6)

where the operator N is constructed such that N¢(q)*DE(q) = (0,0,0,0,1) . The second nonin-
teraction condition in (2) then follows from assuming that R, (¢, (0,0,0,0,\) ") = Oforall A € R.

simple

We assume that R, has the additive decomposition into a viscous, a plastic, a diffusion, and a

heat conduction contribution, viz.

7—")’:imple((]? N) = R\Tisc(Q7 lJ’m) + R;Iast(Q’ MEn) + R:iff(Q7 lun) + R;eat(qv /LT),

where we highlight that the placeholder p,, is matrix-valued. The operator N¢(q) now has the follow-
ing form

~div() 0 0 0 0
0 I 0 0 0
Ng(Q) = 0 0 En 0 0 )
0 0 0 1 0
AXE1 9 inEF'i—rl: n
_vaaTT%E:(') ~o.E FaTE () _ng 83E

so that we compute

Vém — 55 VO0mE

&+ div (3508 E)
Ne(q)*¢ = | énFd — 3%0mEF] | = Ne(q)DE(g) = (0,...,0,1)".  (7)

o — 3500 E

&r
orE
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Modeling and analysis of finite-strain visco-elastic materials with electrostatic interaction 7

In particular, we immediately see that the second non-interaction condition in (2) is satisfied if

Riea(q, A) = 0 forall A € R. Indeed, we make the following choices for R, and R :
R i <i() ,
Rieo @ m) = 5 D@k g dr,  Ri (¢ i) Cm (¢)dev(pr,))dz, (8)
Q

where dev(A) = A — 1tr(A)I denotes the deviatoric (trace-free) part of the matrix A € R, and

]IND(q) is a symmetric, posmve definite fourth order tensor. The remaining dissipation potentials have
the form

. 1 . 1
Ria(tnst) = 5 [ A1t Tityids and Riyla.i) =5 [ K@)V Vierdo, @

for some symmetric, positive definite second order tensors A(q) and K(g). With these choices, we
arrive at the following irreversible part of the evolution

afR*(q; DQS(Q)) ( )a Rmmple(q’ ( ) DS( ))
div (o)
0
= —Odev(0¢, (dev(oinFy))) Fi
div j,

. . 00 E . .
Y e+ 5l — S devi (dev(o,,) — B,

where o, = D(q) Vy is the viscous stress, 0y, = Op, F — ©0g, S is the inelastic stress, the velocity
is given via x = 0p,, Y, and the flux via j,, = AV

2.2.3 The full system of equations

We can now write down the full set of equations for the GENERIC system by combining Section 2.2.1
and Section 2.2.2. Indeed, the abstract evolution equation

q = J(q)DE(t,q) + 0:R*(¢; D,S(q)),

leads to the following system of equations:

di(px) = div (oa + D(q)VX), (10a)
Finﬂgl = —0Odev (8(;(dev(ainFi:))), (10b)
A = div (A@)V%), (100)

. . 1 . .

0.ET = —0(0pS : Vx) — div (/cvé) +D(q)Vyx : VX
— Qg E : devo(; (dev(0p, ®F))) — 0, Ediv j,. (10d)

Remark 2.3 (Boundary conditions). Let us highlight that the GENERIC structure can be easily ex-
tended to also take chemical reactions of several interacting species with concentrations
n = (ny,...,ny) or bulk-interface coupling into account. We refer the reader to [GM13; Mie11a]
and [TH22] for more details.

Remark 2.4 (Local balance laws for energy and entropy). Local balance laws for the (internal) energy
and entropy can be derived similarly as in [MR25, Sec. 4.6]. To derive them, one makes for the thermal
variable the choice T = e = FE(-) orT = s = S(+), respectively.
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Remark 2.5 (Eulerian formulation). In [MR25, Sec. 4] a similar system to (10) is considered, but in the
Eulerian framework. Instead of the variable F,,, therein the variable F, = VxF,." is considered. To
reformulate our system, we note that by differentiating the relation F' = F,F;,, we obtain

F.=FF'F, — F.FF;' = LF, + F,0dev (8¢, (dev(0wF)])),

where we have abbreviated the distortion L = FE-1. This corresponds to their equation (4.21b), the
different minus sign coming from a different convention used.

2.2.4 Adding charges

In conductive hydrogels, the transport of charged species and their electrostatic interaction has to be
taken into account [ATM20]. We can additionally include the latter following [Mie11a], where consistent
models for the transport of electrons and holes in semiconductor materials were considered. We let n
denote the concentration of (for simplicity) one charged species and consider the electrostatic potential
() = W[V, den] () that solves for given deformation gradient V'y and given charge concentration
den () the Poisson equation
—div (e(Vx)VY) = 6 in €,

where (V) € R%*4 is the symmetric and positive definite electric permittivity tensor. We assume
Robin boundary condition

—e(VX)VY - i = K(2)(Yext (1) —1))  0on 09,

where x(x) > 0 is some given transmission function and . () is an applied external voltage. The
total internal energy density is given via U,y = U + Uy ec Where the (nonlocal) electrostatic contribution
Usgec reads

(Vx,n) = Udgec| VX, 1] := g(ZX>V1p -V, 1 =VY[Vx,n]

with dsy = eon + N and N(z) € R a fixed charge concentration. The entropy density S remains
unchanged since we do not take a dependence of € on the thermal variable into account. For the
functional Egec(X; 1) = [, Usieo|V X, n](2) dz, we formally obtain the derivatives
(Sgelec 5gelec
on dx

where the Maxwell stress opaxwell [Vx, n] is given as

(x,n) =¥ (Vx, egn+N),

(Xa TL) = —div (O-Maxwell[v)ﬁ TL]),

P VX 1] = ~ 2 0p=(VX) VS - V)
In particular, if the permittivity has the form e(z, F') = Cof F'"e,(x)Cof F'/ det F, for a constant
(Eulerian) permittivity tensor ¢, (x) € R%*?, a calculation shows that
Omacwet VX, 1] = (VX' VY ® e, Vy Vi — %VXTVLD e, VX~ Vi) Cof Vx.
Under suitable regularity assumptions, one can show (see e.g. [RT20, Remark 1]) that
—div (Opawer) = (eon + N)F~ TV,
which is also known as the Lorentz force.

The Maxwell stress opawen €nters as an additional stress contribution in equation (10a), while the
gradient of the electrostatic potential appears additionally as a drift term in the continuity for n in (10c).
The quantity 1, = 9,U — ©0,,S + eV is usually referred to as the electrochemical potential.
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Modeling and analysis of finite-strain visco-elastic materials with electrostatic interaction 9

2.3 Reduction to isothermal case

In many applications, it is sufficient to consider the isothermal case, where 7 = 6 = 6, can be
assumed to be a constant. Indeed, we argue as in [Mie11b] and take a coupling to a heat bath fixed to
the given temperature 6, > 0 into account. In the limit of large coupling to the heat bath, the driving
functional is given by (see also (3))

Fi(w) = E(w, 0,) — 0.5(w, b,).

In this setting, the reduced evolutionary system reads

1

U-) = Jsimple(w>DF* (w) + a£u,,]zsimple <Q7 0

D]-}(w)) ,

where we used the non-interaction condition and the special structure of the skew-symmetric operator
J and the dissipation potential R* in (4) and (6), respectively. In particular, the system of partial
differential equations reduces to (10a) — (10c) with fixed © = 6,.

3 Mathematical analysis of reduced model

We now turn to the analysis of the isothermal version of the model in (10) including electric charges.
We consider a body occupying the reference configuration 2 C RY, which is assumed to be an
open, bounded domain with C'"*! boundary. The latter satisfies 92 = I'p, U I'y (disjoint) such that
the Dirichlet part I'p has positive surface measure fFD 1dS > 0. We denote by LP(Q2), H*(Q),

and W*P(Q)) the usual Lebesgue and Sobolev spaces with the standard norms. For all p > 1, we
consider the dual exponent p’ = p/(p—1) (with p" = oo if p = 1). We will consider deformations x
on € that are fixed on the Dirichlet part I' p, namely, we introduce the space

WP (G RY) = {x € W*(%RY) | x|r, = id}.

1
Similarly, the closed subspace W, ?(£2) denotes the functions in TW*? () with zero trace on I'py.
We make the following simplifications and amendments compared to Section 2:
(i) We assume that we are in the isothermal setting, i.e., # = 6., see Section 2.3.

(i) We restrict ourselves to the mechanically quasistatic case, i.e., there are no inertial forces such
that the term py in (10a) can be neglected.

(il We include time-dependent mechanical loadings /() in (10a).

(iv) For arigorous analysis, we add higher-order regularization terms depending on D2x, V F;, and
Vn to the free energy. See also Remark 2.1.

(v) We do not take additional constraints on the inelastic strain such as det F}, = 1 into account.

Our model consists of a deformation ©y, which admits the multiplicative decomposition of the deforma-
tion gradient F' = Vx = F, F}, into an elastic and inelastic part. Furthermore, we consider a charge
carrier concentration n, and an electrostatic potential ).
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Let & = ®(Vy, Fiu,n, Vn, 1, V1)) be a free energy density which gives rise to the elastic stress
0a = Op®, the inelastic stress 03, := Jp,_ P, and electro-chemical potential (1, := 0,,$. Denote by
H = H (sz, V F,) a hyperstress potential, which gives rise to the hyperstresses B = O

and by, = Jg,, 7. Finally, we consider a dissipation potential { = ((Vx, VX, Fiy, Fm) which gives
rise to the viscous stress o,; = 8FC. We denote by A the conductivity tensor, by ¢ the permittivity
tensor, by e, the elementary charge, and by [V a fixed doping. The model is now given in the reference

domain € by the evolutionary equations:

—div (Uel(vX in ,TL, Vna VQXJ) + UKV(VX7 vi() —div bel(DQX)) - f7 (11a)
0 (VXF s Fin) = divhin(VEL) + G (FinF ) E, T =0, (11b)
n—div (A(Vx,n)Vu,) =0, (11c)

—div (e(Vx)VY) = egn + N, (11d)
where f is some external bulk force density.

We complement this system with the boundary conditions

=id and i, =1 onI'p, (12a)

(0l + 0yi)Ti — divg(hanl) = g and by =0 onTy, (12b)
ha(D?x) : (7@ 7) =0 on 9%, (12¢)

A(Vx,n)V, -7=0 and Vn-ii=0 on 01, (12d)
—e(VX)VY - 1l = K(ext — 1) on 09, (12€)

where we follow [KR19, Sect. 9.4.1] for the boundary conditions for F},. Here, g is a boundary traction;
ext IS @ given external potential; £ > 0 is a boundary permeability; 7 is the unit normal on 0€2; and
div is the surface divergence, defined by divg(:) = tr(Vs(+)), i.e., the trace of the surface gradient
Vo = (I —n®1)Vu = Vv — g&ii. For more details on the surface divergence, we refer to
[MR20, Sect. 2]. We remark that mstead of the homogeneous Neumann condition for the flux AV 1,
n (12d), it is also possible to use a general Robin boundary condition allowing for interaction with the
environment, see e.g. [RT20].

Finally, we have the initial conditions
X(O) = Xo, En(()) - En,(b TL(O) = Ny, w(o) = 1/}0' (13)

We note that from a physical perspective it is crucial to impose frame- and plastic-indifference of the
free energy, the hyperstress potential and the dissipation potential (see e.g. [RS18]). Concretely, this
means that for all rotations Ry, Ry € SO(d )the free energy satisfies the invariance ®( R, F, Ry F},) =
®(F, F,), and for all R € GL*(d): ®(FR, FuR) = ®(F, Fyy). Similarly, for the hyperstress po-
tential we have for all Ry, Ry € SO(d) that 7 (R,G, RyGy) = (G, Gm) Finally, the dissipation

potentlal satisfies dynamic frame-indifference with respect to F, i.e., ((RF, RF + RF F,, Fm) =
((F,F, Fin, Fm) for all smooth ¢ +— R(t ) € SO(d), and plastic indifference with respect to Fi,,
ie., ((F,F,FoR, FinR) = ((F, F, Fy, Fyy) forall R € GL*(d). However, for the mathematical
analysis these additional properties are neither necessary nor restrictive.

3.1 Assumptions

We state the main assumptions on the constitutive functions and the data of the problem, which are
the basis for the subsequent analysis of above system.
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Modeling and analysis of finite-strain visco-elastic materials with electrostatic interaction 11

For any R > 0, denote by Fr the set given by

Fr={F eGL"(d)||F| <R, [F"'| <R, and det F > 1/R}.

(A1) (i) The conductivity tensor A : GL¥(d) x (0,1) — R%*%is C'', and can be decomposed
as A(F,n) = B(n)A"(F) with B : [0,1] — Ry and A" : GL*(d) — R%*?. For all
R > 0 there exist constants C 4 ; > 0 (0 < ¢ < 5) such that

AP ()€ > Cuple?, JAT(F)| < Cuy, [0 AT(F)| < Cap foralll € R F € Fg,
and
Casn(l—n) < B(n) < Caun(l—n), |B'(n)] < Cas(1—2n) foralln € [0,1].

We extend B to a function defined for all n € R by setting B(n) = 0 forn < 0 and
n > 1.

(i) The electric permittivity ¢ : GL™(d) — RZ*?is C". For all R > 0 there exist constants
C.0, C:1 > 0 such that

E-e(F)E>Cplé]?, |e(F)| < C.y forallé € R F € Fp.
(A2) The free energy density

Y GL*(d) x GL*(d) x [0,1]] x R x R x RY — R
' (VX, Fin,n, Vi, 4, Vi) = @(VX, Fin,n, Vn, i, V)

is the sum of a mechanical energy ®,,.cn, an inelastic energy ®;,, a Biot-type energy Pgiot,
and an electric energy Pejec:

q)(vXa Rnu n, vn7 ¢7 v¢) = q)meCh(vX-Fjigl) + q)in(En> + q)eleC(VX7 n, Vnu ¢7 V¢>
(14)

(i) The mechanical energy ® e (VX F, ") is bounded from below, C'! on GL™ (d), frame-
indifferent, and satisfies for some ¢ > ;’Tdd and constants Cg o, Cp1 > 0

Cap

(I)mec Fe ZC Fe 71 L N,
w(Fu) 2 Cuol Fal + fqe s

Cs, forall F,y € GLY(d)

(i) The inelastic energy ®;,(F},) is bounded from below, C'* on GL ™ (d), frame-indifferent,
and satisfies for some ¢, > Z‘T”Z and constants Cg g, Cp1 > 0

- Coo -
q)in Rn Z O En ——— — O .

(Fin) = Co 0| Fin| + (et Fyyoe 0
(i) The electric energy Peiec(Vx, 7, Vi, 10, V1)) is given by

e(Vx)
2

CI)elec<VX> n, Vn, wa Vw> = (eOn + N)T/J - V¢ : V¢ + (bn<vX7 TL)

+ %AF(VX)W, -Vn, (15)
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where ¢ is the elementary charge, v > 0 is a capillarity coefficient, and AF is defined
in Assumption (A1)(i). Moreover, ®,, can be decomposed as ®,(F,n) = ®!(F,n) +
2 (n), with ®L € C*(GL*(d)xR;R), ®2 € C?((0,1);R) such that for all R > 0
there exist constants CN”Z = 5¢7R7i > 0 (0 <17 < 2)such that:

|(92 (I)l )‘Sé@ forFEFR,nGR.

Fn n
C ) C, (16)
=) < (P (n))" < () forn € (0,1).

(A3) The hyperstress potential 77 : R4*4xd x RIxdxd _ R s the sum of an elastic part % =
1 (D?x) and an inelastic part 5%, = 54,(VEy,):

(i) The elastic part 7 (D?y) is convex, C'! on R%*4*4 and frame-indifferent. Moreover, for
some p € (d,00) N [3,00) and constants Cz; > 0 (0 < i < 2) we have

CuolGIP < HY(G) < Cra(l+|GPP)

and

(067(G) — 9c7(G)) (G — G) > Crs|lG — G

Pin . (1 7)

(i) The inelastic part 7%, (V I}, ) is convex, C'! on R%*4*4 and frame-indifferent. Moreover,
for some pi, € (d, 00) N [2,00) and constants Cr; > 0 (0 < i < 2) we have

Cor0lGinl” < H,(Gin) < Copp (14 |Gin

pin)

and

(aGin%n(Gin) - aGin%n(éin)) (Gin - éin) Z Cf.}f,2|Gin - éin Pin, (18)
(A4) The dissipation potential ( : R x R¥x4 x R4 x R4 5 R is the sum of a part

Ckv(Vyx, V) related to the Kelvin-Voigt rheology, and a part Cm(Fm, Fm) related to the
Maxwell rheology:

(i) Forthe Kelvin—Voigt part (xv (Vx, Vx), note that dynamic frame-indifference implies the
existence of (i such that Cxv(F, H) = (xv(FTF,HTF + F" H). For simplicity, we
assume that

~ . 1 - .
CK\/(C, C) = §C : ]D)(F)C,
where DD is uniformly positive definite and bounded.

(ii) For the inelastic part an(Fm, Fin), we note that frame-indifference implies that there ex-
ists (i : R¥? — [0, 00) such that G (Fin, Fin) = Gu(FinFi, ") (see e.g. [KR19, Egn.
(9.4.5)]). We assume that (i, is C'!, convex, satisfies (;,(0) = 0, and that there exist
r > 2 and constants C;; > 0 (0 < ¢ < 2) such that

LI" < ¢n(L) = Cea(1+|L|") VL € R (19)

and
(¢a(L1)—Ca(L2)) : (Li—Lo) > Ceo|Li—Ls|" V Ly, Ly € R (20)

m

DOI 10.20347/WIAS.PREPRINT.3237 Berlin 2025
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(A5) (i) The externalforces satisfy f € W1>(0,T; L?(2;R%)), g € W1>°(0, T’; L2(0€; RY)).
We set

(£(t), x) = / F(t) - xde + / g(t) - x dS

such that £ € W1°°(0, T; WP (Q; RY)*).

(i) The boundary permeability x € L°°(£2) is nonnegative and strictly positive on a part of
the boundary OS2 with positive surface measure, i.e., fm kdS > a, > 0.

The external potential 1.y satisfies 1o € H'(0,T; L?(99)).
(i) The doping IV satisfies N € L>°((2).

(A6) The initial conditions satisfy xo € Wifi’p(Q;]Rd) with det Vxo > po > 0 for a.e. z € €);
Fino € WrP(Q; R ) with det Fl, o = 1 for a.e. = € €; for some § > 0, we have ng €
H(Q) with no(z) € [0, 18] fora.e. z € Q; ¢y € H(Q).

Furthermore, we have that [, ®(Vx0, Fin,0, 70, Vg, 10, Vo) dz < c0.

Remark 3.1 (More general dissipation potentials). As pointed out in [RS18, Remark 2.6], the isochoric
constraint det F},, = 1 is of special interest. In this case, an additional force term A, Cof F}, in the
inelastic flow rule would appear with a Lagrange multiplier \s,. Moreover, the dissipation potential (;,,
would be nonsmooth and of the form

(D) = (n(L)  for L € REXY,
" B +00 otherwise.

However, the mathematical treatment of this additional constraint is unclear. Let us point out that (;,,
is nonsmooth in 0 in [RS18], which is related to plasticity being an activated effect. Here, we restrict
ourselves to the “simpler” case in Assumption (A4)(ii) since the focus is on the electromechanical
coupling.

Remark 3.2. (i) Similar to [Oos25, Lemma 2.1], we can obtain a lower bound for the energy con-
tribution 2. Indeed, by integrating (16) twice and setting ®?(3) = 0, (92)'(5) = 0, we find a
constant C' > 0 such that:

®2(n) > C(nlogn + (1—-n)log(1—n)) + log(2).

Indeed, a standard example for the singular part @i of the electric energy in (A2)(iv) is
®2(n) = k(nlogn + (1-n)log(1—n))

for some constant k > (. Note that the finiteness of ®2 (n) implies thatn € [0, 1]. In particular,
this choice gives rise to the so-called Blakemore statistical relation between the charge-carrier
concentration nand the potentials (., and v in semiconducting devices (see e.g. [AGL25,

Sect. 2.2]), viz.
1

xp((jin—eot)) J}) + 1

(i) We included a gradient contribution \V/n to the free energy such that the diffusion equation is
of fourth order. This is necessary to obtain sufficiently strong a priori estimates to carry out the
Galerkin scheme below and to deal with the degenerate conductivity, see also [KR19, Sect.
7.6.2] and Remark 9.6.3 therein. In particular, we could also allow for a free energy, which is
only semi-convex with respect to n.

n =
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(iii) A prototypical example for the hyperstress potential 7 in Assumption (A3) is 7 (G, Gy,) =
%|G\p + ,% |G |Pin. This potential satisfies (17) and (18), as can be seen from the fact that for

any P, Q € R™*d and p > 2 the following estimate holds

(|P[P==2P = QPP *Q) 1 (P~Q)
L|P[Pn=2 +|Q[Pn—2 1 - N B |
T2 |P_Qppe [P=QIP+5 (IPP=IQP) (| PP = Q" 2) = 22770 [ P=Q)™.

(iv) Since the momentum balance equation is quasistatic, we can consider a non-quadratic hyper-
stress regularization with sufficient growth to guarantee the compact embedding
W2P(Q; RY) C Whe°(Q; R?). This is in contrast to the setting in [RS18] with inertia, where
the deformation is only in H 2(Q; Rd). Consequentially, the pulled-back conductivity tensor is
only allowed to depend on the inelastic strain F},,. Here, we do not have this restriction.

The structure of the free energy in Assumption (A2) leads to the following decomposition of the elastic
stress tensor o, the inelastic stress tensor oy, and the electro-chemical potential 1.,

1
oa(F, Fin,n,Vn, V) =& (FF_Y)F. " — §8F5(F)Vw -V + Op®, (F,n)

mech
+ %aFAF(F)Vn . Vn, 21)
ow(F, Fin) = —=F TFT 0L (FEDE, T + ) (Fi) (22)
pa(F,n, Vin, ) = egth + 0,8, (F,n) — div (AT (F)Vn). (23)

In particular, o, decomposes into a purely elastic contribution, a Maxwell-type stress, and stresses
due to the coupling to the concentration n.

3.2 Main result

To state our main result, namely the existence of weak solutions to the system (11), we first need to
introduce a suitable notion of weak solution.

Definition 3.3 (Weak solution). A tuple (x, Fin, 7, 9) is called a weak solution of the initial-boundary-
value problem (11)—(13) in [0, 7] x € if

(i) x € L=(0, T; W2P(Q;RY)) N HY(0,T; HY(Q; R%)), and det Vy > Oforall z € Q,

(iiy Fip € L0, T; WP (Q; R&=N)AWL (0, T; L7 (; R¥*?)), and det F},, > Oforallz € Q,
(i) n e L>(0,T; HY(Q2)) N HY(0,T; H'(2)*),and 0 < n < 1 forae. z € (),

(iv) div (A" (Vx)Vn) € L*((0,T)xQ),

(v) ¥ € L>=(0,T; H(Q)).

This tuple satisfies the following integral equations (abbreviating X = (Vx, D%y, Fi,, VFu, n, Vn, ¢, Vb))
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(A) The weak formulation of the (quasistatic) momentum balance for the deformation y
T T
/ /{(3FCI>(X) +0:Ckv(VX, VX)) : Vo + ba(D?x) : D*0} dzdt — / (0(t),v)ydt =0,
0 JO 0
(24a)

holds for all test functions v € L2(0, T'; W2 (Q; R%)).

(B) The weak form of the inelastic flow rule for the inelastic strain F},
T -
/ /{(6Fm<1>(X) + G (FnFEL ) rw + bin(VE,) : Vw} dedt = 0, (24b)
0 Ja

holds for all test functions w € L2(0, T'; Wy (€; R¥*4)) N L7 ((0, T') x ; R¥*4),

(C) The weak formulation of the diffusion equation for the concentration n

T T
/ (n, @) dt +/ /jn -Vodxdt =0, (24c)
0 0 Q
holds for all ¢ € L?(0,T; H*(2)), where 5, € L*((0,T) x€; R?) is the flux
jn = A(Vx,n)V (=ydiv (A" (VX)Vn) + 0,2, (Vx, n) + egt)), (24d)

which is satisfied in the following weak sense:

T . T .
| [avasar= [ [ A@xn) {3 @u(TnDis 8, 2,(Vn) Tnteove}d
0 Q 0 Q
+ ydiv(AF (Vx)Vn)div (A(Vy,n)¢) de dt  (24e)
forall ¢ € L2(0,T; H(Q; R%)) N L=((0, T) xQ; RY).

(D) The weak formulation of the Poisson equation for the electrostatic potential 1/

T T
/ / {e(vx)vw -Vw — (epn + N)w} dx dt + / / K(1) — Yext)wdSdt =0,  (24f)
0o Jo o Joa
holds for all test functions w € L?(0,T; H'(Q2)).

Note that sufficiently regular weak solutions indeed satisfy the classical formulation (11) with boundary
conditions (12). Furthermore, we note that all the integrals in (24), and in particular (24e), are well-
defined. Indeed, for (24e) it follows that the first three integrals are finite using Assumptions (A1)(i) and
(A2)(iii). To show that the last integral is finite, we note that div (A" (Vyx)Vn) € L?((0,T)x) by

I , , _ F 2. _ \d DAL 9
deﬂ;ntlon of weak solution. For the contraction product V' = Dp A" (VX)D*x = >} ;. i, O Garoer El
we have

div (A(Vx,n)¢) = A(Vx,n) : Vo + B(n)V - ¢ + B'(n)Vn - AF(Vx)o € L*((0,T)x€).

Thus, for bounded test functions 5 € L>=((0,T)x; R%) and by Assumption (A7)(i), the last integral
in (24e) is also finite.

We can now state the main result.

Theorem 3.4 (Existence of weak solutions). Let the Assumptions (A1)—A6) hold. Then, the system
(11)—13) possesses at least one weak solution in the sense of Definition 3.3.
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4 Existence of weak solutions

4.1 Faedo-Galerkin scheme

We prove the existence of weak solutions (i.e. Theorem 3.4) using a Faedo—Galerkin scheme, see
[KR19, Sect. C.2.4]. In particular, we follow [EG96; RT20] and perform a separate Galerkin approxi-
mation for n and p,,, see below. This is in contrast e.g. to [JL19], where only u,, is approximated and
n is written as a function in ft,,.

We follow [EG96] and regularize the diffusion equation (24c) by modifying the n-dependent part B of
the conductivity tensor .A (see (A1)(i)), and the convex part of the free energy ®2 (see (A2)(iii)) so
that they are defined for any n € RR. We define B, : R — R, via

B(n) forn <n,
B,(n) = ¢ B(n) forn <mn < 1-n, (25)
B(l—n)  forn > 1-n.

In particular, note that this implies that A, (F,n) := B, (n).A" (F) is uniformly positive definite (and
thus non-degenerate) if I € GL™ (d). We define the regularization ®2 , € C*(R; R) by setting

(@3)"(n) forn <,
(@7,)"(n) = ¢ (92)"(n) forn <mn < 1-n, (26)
(@2)"(1-n)  forn > 1-n.

2 _ 32 2 — (B2 - 2
We assume that ®; , (1/2) = ®7(1/2) and (@7 ,)(1/2) = (®;)'(1/2). In particular, ®;  has
quadratic growth and @7, < ®2 holds.

Let us comment on these regularizations. The Galerkin scheme only exhibits local-in-time solutions. In
the unregularized case, we cannot guarantee that the Galerkin solutions 1 are bounded away from
the singularities of ®2 in {0, 1} (comp. Assumption (A2)(iii)) for all times ¢ € [0, T]. In particular,
the local-in-time solutions cannot be extended via successive prolongation. Moreover, the separate
Galerkin approximations ny and i, , of n and p,, respectively, prevents us from directly using the
relation ji,, = 9,® — ydiv (A" (Vx)Vn), as was done e.g. in [OL24] in the time-discrete setting.
Instead, we only obtain that i, x = Bz, (0nP(V Xk, 1k, i) — ydiv (AT (Vxi)Vng)), where Bz,
denotes the projection onto the finite-dimensional subspace 7}, see below. Consequently, substitu-
tions such as

Vit = 03, ®D*x + 02,9Vn + 05, VY — V(ydiv (A" (Vx)Vn)) 27)

are not valid on the Galerkin level. Thus, we cannot argue as in [OL24] to pass to the limit. For this
reason, we have to add the additional gradient contribution 7. A" (Vx)Vn - Vn to the free energy.
We highlight that it is necessary to have here the same tensor AF(Vx) as in the definition of the
conductivity tensor A = B.AF to derive suitable bounds. We first pass to the limit with respect to the
Galerkin parameter k, after which the relation in (27) becomes valid, see Section 4.3. Section 4.4 then
deals with the limit passage n — 0.

We now introduce the Faedo—Galerkin scheme. We highlight that the treatment of the resulting system
of ordinary differential-algebraic equations is not straightforward due to the singular behavior of the
(regularized) free energy ®, as det Vx — 0 and det F3, — 0, respectively. However, suitable a
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priori estimates in connection with the Healey—Krdmer lemma (see [MR20, Thm. 3.1]) guarantee that
solutions do not approach these singularities, comp. [KR19, Section 9.2].

For notational brevity, we drop the regularization parameter 1) for the solutions of the finite-dimensional
problem for the rest of section, i.e., X should be read as x,, etc. First, we list the relevant finite-
dimensional spaces:

Vi1 C Vi :=span{vy, ..., v}, U = Wo’p(Q Rd)
k
Wy_1 C Wy :=spanf{wy, ..., w}, U AR = WP (Q; R¥*9),
k
Zy_1 C Zy :=span{zy, ..., 21}, U ' ”Hl HY(Q),
Uk—1 C Uy :=span{uy,...,u U (o ”Hl H'(Q).
k

Moreover, we assume that the bases {z;}3° and {u;,}%° are orthonormal with respect to the L>-
scalarproduct.

The Galerkin approximation of the weak solutions to (11) takes the form

k
Xk (t .CC + ZX}{; Ul En,k(tvx) 1n0 Z
=1
k
n(t, ) = no(x an Va (@), pink(t, ) = pino(a Z (28)

Ui(t, ) = o(x) + Z Yy (D)

where X0, Fin0, 7o, and 1 are the fixed initial values in Assumption (A6). It is important that both
ny and fi,, 1 use the same finite-dimensional subspaces of Hl(Q), which allows us to cross-test the
equations for n, by 14, 1, and vice versa.

We solve the following ODE systems for the coefficient functions
t s (X (8), B (1, T (0), 7L 1 (1), 4 (8)), where T = 1, k:

/ {(96D(Xp) + 0 Gev (Vs Vi) = Vo + ha(D*xe) i D%} do — (£,0) =0, (29)
/Q (O, ®(Xe) + ¢ (Fingc P k) Fin k) = w0+ 0in(VFug) i Vaydz = 0, (29b)

/Q(ﬁkzl + Ay (VXps ) Vit - V) dz = 0, (29¢)

/Q (ke — O (V Xy 1 i) 21 — VAT (VX)) Vg - Vzde = 0, (29d)

/ (S(ka)vwk : le — (607”% + N)wl) dr + / /ﬁ(wk—iﬁext)wl dsS =0. (296)
Q

a0
Lemma 4.1 (Existence of Galerkin solutions). Let the Assumptions (A1)—A6) hold. Then, the Galerkin
scheme (29) has a solution (X, Fin iy, Mkn, Hin,kns Ykn) 0N @ maximal time interval (0, t..), which is
absolutely continuous with respect to t.
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Proof. Again, we drop the regularization parameter 1) throughout the proof for notational convenience.
Denote X(t) = (XL(t),..., (1) € RE, Flu(t) = (]:;l}lk(t), L FE (1) € RE etc,, and let
X = (X, f’in, n). Then, the Galerkin scheme can be reformulated as a system of ordinary differential-
algebraic equations %f( — Z,(t, X) and (Jin, 1) = Zs(t, X) for some functions Z; : [0, 7] x U —
(R*¥)3 and =, : [0,7] x U — (R*)? defined on a subset U C (R¥)3. Both functions Z; (i = 1, 2)
are continuous in the variable )?, and measurable in t.

We stress that the functions =; have to be restricted to the subset U to ensure that the equations are
well-defined. For example, we need to restrict the coefficients X € B,.(0) C R¥ to some sufficiently
small ball to ensure that det Vi > p, > 0. Similarly, the coefficients for ﬁin,k need to be restricted
to sufficiently small balls to ensure that det Fi, . > p, > 0.

We now illustrate how to obtain the functions =; and =. The function =, is obtained by considering
the equations (29d), (29e). Indeed, the first equation provides a relation i, = E%(V)“{k, Tk, Uk,
while the second equation provides a relation ¢, = Z2(V X, k).

To illustrate how to obtain the function =, we consider the first equation (29a). Define A’f(%) €
Lin(R*, R*) as the linear map given by

AERO) = [ O3bee(Tx i) s Ve

By the coercivity of (kv in Assumption (A4)(i), A is invertible. Let A’; be the mapping defined by

(AIQCOA(/’ Env ﬁa QZ))Z = / (aF(I)(vXka F’in,ka N, anm ¢k7 Vwk’) : vvi + bel(DQXk) Dzvi dx.
Q

In particular, note that A’; is continuous, e.g., with respect to \ as long as the coefficients x are in
a sufficiently small ball x(t) € B,(0) so that det Vx, > 7 > 0. Furthermore, using the relation
U = Z2(VXk, i), we can rewrite A% so that A¥ = A%5(X). Finally, let A%(¢) € R* be the vector
given by (A%(t)); = (£(t),v;). Combining everything, we then arrive at an equation of the form

4X =El(t, X).

Doing this for the equations (29b) and (29c), we then end up with a system of ordinary differential

equations of the form Q) = Z(t, X).

Using Carathéodory’s theorem (cf. [Rou05, Thm. 1.44]), we can now solve this system of ordinary
differential equations to obtain solutions (Xk, Fin iy Mo o e Q/Jk) (absolutely continuous with respect
to t) to the Galerkin scheme on some maximal time interval (0, t,.).

O

The existence of solutions to the ODE system for all times ¢ € [0, T'] follows from successive prolon-
gation based on the below estimates. Thus, we will consider ¢, = T" from now on.

4.2 A priori estimates

We first show that the Galerkin solutions obtained in Lemma 4.1 satisfy an energy-dissipation balance.
To this end, we abbreviate X := (x, Fin, 1, %) and introduce the total (regularized) free energy, the
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Modeling and analysis of finite-strain visco-elastic materials with electrostatic interaction 19

total dissipation functional, and the power of the external forces via

E,(t,X) = /ﬂ {@,(Vx, Fn,n, Vn, ¢, Vb)) + (D>, VF,)} dz
— [ 50— ()45 - (1)),
o0

DW(X7 s 5(7 Fin) = /S;{aFCKV(vXJ V).(> : VS( + C{n(ﬁjlnFl;1> : Fin}?igl
Pt 0) = (0.0 + [ w(0—tea(®) ()5

K
oQ

Proposition 4.2 (Energy-dissipation balance). Let X}, be a solution of the Galerkin scheme (29)

established in Lemma 4.1 on the interval [0, T']. Then, we have for every0 < t < T

¢ i ¢
gn(ta an(t)) + / Dn(ana Mo kn s Q.Ckm Fin,kn) ds = 877(07 an(o)) + / P(tv Xkns wkn) ds.
0 0
(30)

Proof. For notational convenience, we again drop the regularization parameter 7 throughout the proof.

We test the Galerkin scheme (29) with Yy, Fin,k, o ks ny, and wk respectively. More precisely, we

test (29a) with y1, (29b) with Fin,k, (29c) with 1, , and (29e) with 1)y, Then, testing (29d) with N
gives together with the chain rule after integrating over time

£(0X4l0) = £,0.5,0) = [ 6,5 0) s

t
N / / {{an)”(vXk’ Finies ey Vg, Uy Vi) = Ve + et (D*xi) : DX
0o Ja
+ aFin(I)n(vXka F’inJc) : Fin,k + hin(vﬂn,k) Vpin
+ fp g1k + (€on + NW% —e(Vxe) Vg - v¢k} da — (0, %) — <€’ )
- / (Vr — ¢ext)(1.ﬁk - 121ext) dS} ds

K
o

t . .
— —/ /Q {{8FCKV(VXI<:7 VXk) : Vi + CGo(FinkFing) - FingeFipk
0
. t .
+ Ay (Vxe, 1) Vi g - Vi + (€, Xk)} ds + / / (k= Vext)Vext dS ds
0 Joo

t
= / { = Dy( Xk, ttn e, Xie» Fine) + Pt Xneo o) } ds,
0
which proves the proposition. O

Having established the energy-dissipation balance for the Galerkin approximation, we now aim to
derive a priori estimates from it. To this end, we first need to verify that the energy &, is coercive.
However, due to the form of the electrostatic contribution of the energy from (15) this is not immediately
clear. For solutions of the Galerkin approximation, we can exploit the following result, which follows
from testing the finite-dimensional Poisson equation in (29e) by ;..
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Lemma 4.3. Let X}, denote a Galerkin solution obtained in Lemma 4.1. Then, the electrostatic part
of the energy (cf. Assumption (A2)(iii))

gelec(ta X5 1, 77/}) = / (Delec(VX7 n, an ¢> dr — /
Q

o0

S — (1)) dS

can be rewritten as

e(V
geleC(t7Xk7nk,1/)k):/ ( Xk)

5 Vi, - Vo + @, (Vxg, ni, V) de + /
Q

o

g(,lvbk’ - wext)Q ds.
(31)

Proof. By testing (29¢e) with 1), we have

/Qes(VXk)Vw;C -V, do + /

0

/ﬂbz dsS = /(eonk+N)wk dx + / Kext Yy dS.
0 Q L)

Substituting this into the formula for ... in (15), we then get the identity in (31). O

Corollary 4.4. Let X}, be a solution of the Galerkin scheme (29). Then, there exists a constant
C > 0 (independent of k, 1) such that

t -
gﬂ(t7 X’W]) S C and / Dn(ka H’n,kna >.<k’777 Fin,kr]) ds S C.
0

Proof. We note that D is bounded from below, and that all boundary contributions from P can be
absorbed in D using Young’s inequality with some sufficiently small p. The energy-dissipation balance
(30) and Assumption (A5)(i) thus imply that

&t Xiy) < C(1+ /0 i) + Yl ven) 45 ds)

t
<1+ [ Tmlvasos + o = vl ds).
Using the Dirichlet boundary condition in (12a) and Poincaré’s inequality, we now find
Ixenllw2o@rsy < C(L+ [D* Xyl o (@raxaxay).-
The lower bounds in Assumption (A2), (A3)(i), and Lemma 4.3 then imply that

”annevzp(Q;Rd) + ||¢kn - T/Jext”?ﬁ(aﬂ) < C(l + 577<t7 an))

with a constant C' independent of k, and 7. Combining everything, we thus obtain

t
&,(t, Xiy) §C<1+/ Enlt, Xy dis )
0

so that Assumption (A6) and an application of Gronwall’s lemma give the bound &, (t, Xy, (t)) < C
fora.a. t € (0,77 (note that @, ,(n) < ®,(n) for all n € R). Again using the energy-dissipation

balance, we then also find that f(fD(an, Lo gens Xy Finkn) ds < C. O

Lemma 4.5 (A priori estimates |). Let X, denote a Galerkin solutions obtained in Lemma 4.1 on the
time interval [0, T']. There exist constants C' > 0, C, > 0 (independent of k. and ) such that:
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() N\ Xkn |l oo 0,720 rY) + Xk || 22007551 (25RY) < C

(i) det Vi, > C, forall (t,z) € [0,T] x Q,

(iii) ||En7kﬂHLOO(O,T;Wl’pin(Q;RdXd)) + ||Fin,k17||LT((O,T)XQ) < C’

(iv) det Fy, 1, > C, forall (t,x) € [0,T] x Q.

Proof. Step 1. Since || Xy (t )||W2p Qrdy < C(1 + &,(t, Xyy)) (using again Lemma 4.3), Corol-
lary 4.4 immediately gives the bound ka,,HLoo(O,T;Wz,p(Q;Rd)) < C,i.e., the first term of (i) is bounded.
Similarly, the lower bound in Assumption (A3)(i) and Poincaré’s inequality give
”Enak‘n||L°°(07T;W1,pin(Q;]Rd><d)) < (), i.e., the boundedness of the first term of (iv).

Step 2. Using Assumption (A2)(ii), the uniform boundedness of &, also implies fQ m dr <
in,kn

C'forall't € [0, T]. Thus, an application of the Healey—Krémer lemma as in [MR20, Thm. 3.1] gives a
constant C,, > 0 such that det Fi, i, > C, > 0, which is (iv).

Using this lower bound, we can now show the bound in (ii). Indeed, we note that the lower bound for
®.; in Assumption (A2)(i) and the fact that F, = FFi;1 imply that

C det Fip gy |? cCt?
/(I)mech(Fel)de/—dl’:C Md$>/—md
Q o | det Fep gyl o |det Fiyl | det Fep|?

As before, we can use the uniform bound for &, from Corollary 4.4, and we obtain fQ m dz <
n

C. Thus, the Healey—Krémer lemma can be applied again to obtain a further constant C, > 0such
that det Vi, > C, > 0forall (¢,2) € (0,7") x €2, which proves (ii).

Step 3. We now prove the second bound of () A calculation shows that for our choice of (kv in

Assumption (A4)(i), we have 0, (kv (F, F) = 2(kv(F, F) The boundedness of fo D ds from
Corollary 4.4, and the generalized Korn’s inequality as in [MR20, Cor. 3.4] now give the uniform bound
Xk || 200,711 (02)) < C', proving the second bound of (i).

Step 4. Finally, we prove the second bound of (iii). By Corollary 4.4, it holds that

/ /Cln Fln k"r] in kn) Fln knﬁln kn dZL’ dt S O

Using the convexity of (;,,, and the bounds from Assumption (A4)(ii), it then follows that

<C.

—1
”kan in,kn |l Lr((0,T) x )

In particular, this implies that

| Fim k2 (0.7)%0) < 11 Fimtn F o 127 (0.7 %) | Fim | 22 (0,73 200 (umaxayy < €

proving the boundedness of the second term of (iii).

We now turn to the a priori estimates for the variables n; and .
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Lemma 4.6 (A priori estimates Il). Let X}, denote a Galerkin solution obtained in Lemma 4.1 on the
time interval [0, T'). There exists a constant C' = C,, > 0 (independent of k, but dependent on 1),
such that:

() |1yl oo 0. 121 2)) + 1|l L2 0,111 00)) < C
(i) N[ b in| 20,7501 02)) < €,
(ii) |[voknl| oo 0.3 () + [VEwn |l 2201y %00) < C-

Proof. Step 1. The bound |7y || Lo (0.7;m1(0)) < C'in (i) follows from Assumption (A2)(iii) and the
uniform boundedness of &, from Corollary 4.4. Similarly, the boundary estimate for 1, in (iii) follows
from Lemma 4.3 and the uniform boundedness of &,,.

Step 2. The bound for ||t ky || L2(0,7; 11 (02)) in (ii) follows directly from the uniform boundedness of

fOT D,, ds in Corollary 4.4. In particular, note that this uses that the regularized conductivity tensor A77
is uniformly positive definite (see (25)), so that this bound depends on the regularization parameter 1.

Step 3. To obtain the bound for 7u4, in (i), we denote by P : L?(Q2) — Z, C L?*(£2) the projection
onto the finite-dimensional Galerkin space Z;. In particular, using the spectral theorem, the projection
can be chosen in such a way that P,(H') = H', that P, is orthogonal with respect to the H'-inner
product, and has norm || P;|| = 1 forall k > 1.

Then, it follows that for 2 € L?(0,T; H*(2)):
/ (T2, 2) dS:/ (Pyrig, 2) dsz/ (Mg Prez) ds

T
—/ /(.An(kan,nkn)VunM-V(sz)) drds
0o Jo

< AL (V Xk 1) | oo (0.0 x ) |V e | 220,17y ) | V (Pe2) || 20,7y x )
< C\|\Pill e | 2l 220,00 0) < Cll2| 20,0501 92))

which proves the uniform bound |7y || 20,711 (0)+) < C.

Step 4. Finally, we show the bound for 1), in (iii). Using Lemma 4.3 and Assumption (A1)(iii), it follows
that || Vebey | Lo o.r22()) < C. In fact, by defining an equivalent norm on H'(Q)) by [|(-)||« =
IV Ol 20y + IVEC) | 200, we see that [[vhe || L= o.z:a1(0)) < C-.

O

4.3 Limit passage £ — oo for fixed 7

We now pass to the limit & — oo while keeping the regularization parameter 7 fixed.

Using the a priori estimates from Lemma 4.5 and 4.6, together with the Aubin—Lions lemma, we can
extract (non-relabeled) converging subsequences and some (X,,, Fin gy Ny, fon s @/)7,) such that the
following convergences hold:

(i) Xk v Xn in L0, T; W2P(Q; RY)) N H'Y(0, T; H'(Q; RY)), and x4k, — X, strongly in
C(0,T; C™A(Q:R)) for all A € (0,1-2),
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(i) gy = Finy in (0,73 WP (Q; R>4)) 0 W (0,73 L7 (2 RS )), and Fup,
Fiyy in C(0,T; COMQ; R for all A € (0, 1—%). In particular, also Fy 3, = Fj, . in
~ T
C(0,T; CON(Q; R)) since F, ' = Sotin,
(i) Ty >y in L2°(0, T3 HY(Q)) N HY(0,T; HY()*), and 1z, > n,y in C(0, T; L2(2)),
(V) fhn oy = finyin L2(0,T; H'(Q)),
(V) Yry > 4y in L0, T; HY()) N L2((0,T) x 09).

Lemma 4.7 (Properties of limits of solutions). (i) The electro-chemical potential
finy € L*(0,T; H'(Y)) satisfies

L = €oth + 0, P (Vxy, 1) — ydiv (AT (V) V) (32)
for almost every (t, z) € [0,T] x Q. Moreover, div (A" (Vx,,)Vn,) € L*(0,T; H'(Q2)).

(ii) The electric potential 1, satisfies the Poisson equation, i.e.,

/OT/Qe(VXn)V%.Vw dxdt+/0T /aQ K(Vy—ext)w dS dt = /OT/Q(eonnJrN)w de di

(33)
forw € L*(0,T; H'(Q)).

Proof. (i) The formula (32) for 14, ,, follows by passing to the limit in (29d), using the strong conver-
gences of Vi, — Vx, in C(0,T; CO(Q; R™)), ng, = n,, in L2((0,T)xQ), and the
weak CONVergences of fi, i, — iy in L2(0,T; HY(Q)), ey ~ tb, in L0, T; HY(R)),
and Vny,, - Vn, in L0, T; L2(2)).

The regularity for ydiv (A" (Vx,,)Vn,) follows from the fact that ydiv (A" (Vx,,)Vn,) =
o) +0n, P (V Xy, M) — i, @nd all the terms on the right-hand side are in L*(0, T'; H'(12)).

(ii) This follows directly from passing to the limit in (29¢e), and using the given strong and weak con-
vergences. In particular, we use the strong convergence V xy, — V', in C(0, T; C%*(€; R¥x4)),
and the weak convergences ty,, — ¥, in L2(0,T; H'()) and ny,, — n, in L2((0,T)x ).

O

Lemma 4.8 (Improved convergence). We have the additional improved convergences:
(i) V Fgy — YV FEny in LPn((0,T)x Q; R*dxd),
(i) div (hin(V Figy)) — div (h(V En,,)) in L7 ((0, T)xQ),
(i) FinonFop oy~ Fing Fn in L7((0, T) x2),

(iv) Vg, — Vn, in L2([0,T] x ), and

(V) Yy = ¥y in L2(0,T; H(Q)).
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Proof. Part (i). Using the strong monotonicity (18) from Assumption (A3)(ii) it follows that

lim |VF e — VEay, Pin dg ds
k—o0

o ((0.7) xQuRdxdxdy = hm/ /|Vkan VFiny

T
S C lim / /(bin(v-Fin,kn) - bin(vﬂn,n>)s(vﬂn,kn - V-Fin,n) dzds
0 Q

k—o0

T
—Clin [ [ 00T Fuaso) (¥ Foty = TPy dids.
k—o0 0 Q

where the last line follows from the weak* convergence V F}, 1, v V By in L°(0, T’y LPin (Q; RP*dxdY)),
It is now important to note that Fin,;m is a valid test function, but Fim77 is not a valid test function for
(29b) since it does not lie in the finite-dimensional Galerkin subspace. So, let f’in’k be a function in

this finite-dimensional Galerkin subspace such that Fl, , — Fi,, in L(0, T; Win (Q; R4)) 1
HY(0,T; L*(Q; R*4)). Then, since hi,(V Fiy 1y) is bounded in L°(0, T; LPin (Q; R*4*4)) it fol-

lows that

Pin
LPin ((O,T) XQ;Rdxdxd)

khi?oHVEn,kn - vEn,n

T
< C lim / / Bin(V Finen):{(V Fin iy — Vi i) dz ds.
0o Jo

k—o0

Since Fip by — ﬁin,k is a valid test function for (29b), we thus obtain

]}i)ffolo||vﬂn,kn = Vil II)jEin((O,T)XQ;RdXdXd)
S ¢ kh_)rgo/ / VX]W] in kn’ Fin,k’n) + Gn(Finvk??En kn)F‘m—lgn) (Fin,k’n_Fimk) dz ds

S O hm ||F1m kn —

(Q.Rdxd))
/ /}aFm vxkn in kn’ 1n le) + Cln(Fln kﬁ in kn 1n kn| drds = O

where we have used that Fin s, =+ Finy in C(0, T; C®NQ; R™4)) for all A € (0, 1—%)- Thus, we
have that ¥ Fip gy > V Fy, in LPin (0, T) x Q; RExdxd)

Part (ii). We follow [RS19, Prop. 4.1&4.2]. Define a seminorm |-|;, on L™ ((0, T') x2) by setting
T
|£|k = {/ /g cwdxds ‘ ||w||Lr((O7T)XQ;Rd><d) S 1, w(t) € Wk; fora.a.t € [O,T]}
o Ja

Since div (hin (V Fin ky)) satisfies the equation

/ /le hln vEn k:’r]) cwdxds _/ / Oin vXk’r]a in kn) +C1H(F1n kn in ]‘“7)) cwdzds

for any test function w € L"(0,T; W) taking values in the Galerkin space Wi, it follows that
|div (hin(VEnJgn))h < (C'forall k > [ and a constant C' independent of k, [. By considering the
Hahn—Banach extension of this linear bounded functional, we can extend the seminorm to the whole
space L ((0,7)x$). In particular, this full norm is still bounded by the same constant C.. Taking
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subsequences, and using the strong convergence V F, 1, — V Fp, in LPn((0, T)x Q; R¥*dxd)
from (i), it then follows that div (hin(V Fin k) — div (h(V En,,)) in L7 ((0, T)x Q).

Part (iij). Using the strong monotonicity of (!, (see (20) in Assumption (A4)(ii)), we obtain

kli_{g)”FiH,kﬂF;;kn Fln,ﬁEn%y”LT (0,T)xQ) — hm / /‘Fln kn in kn Fln UEnn| dz ds

S C lim / / 1n Fln k77 in kn) g (Flan;n 77)) : (Fin7k77F11;kn Finﬂ?En 77) dz ds

k—o00

= C lim / /Cm Flﬂ k77 in kn) (Fln /W?‘Fm%m Finv”]En n) dzds := I

k—o00

where the last equality follows from the weak convergence Fin,knFl; ko LNy aF) 2 L7((0,T)xQ).

As before, we note that Fi, , is not a valid test function for (29b) since it does not lie in the finite-
dimensional Galerkin subspace. So, let ﬁin’k be a function in this finite-dimensional Galerkin sub-
space such that Fl, = Fy,, in L(0, T; Whoin (Q; R>D)) 0 WL (0, T; L7 (€ RY*4)). We split
the integral [ into three parts:

k—o00

I=C lim / / 1n FIH k?77 in kn) : (Fin,k’n Flﬂ k)F’l;kn

+ Cm(Fln kﬂF’m kn) : (Flnk Fll’l 77) in kn + CIH(FIH kﬂF;n kn) : FIH W(Fl;kn En 7])} dz ds
= Il —|— [2 + [3

Using the strong convergence Fi, ; — an in L"((0, ) xQ; R¥?), we obtain I, = 0. Similarly,

using the strong convergence Fy, ;= F. . in C(0,T; COA(Q; R?*9)) it follows that I3 = 0. To

show that I; = 0, we use that Fin’kn—Fin,k is a valid test function for (29b), so that

= — lim / /Oln vana in kn) . (Fin,kn_ﬁin,k) + hin(vEn,kn)EV(Fin,kn_fin,k> dl’ dS

k—o00

In particular, note that the term VFm kn is well-defined on the Galerkin level (but not for the limit

S

k — 00). Since Vxx, — V', converges strongly in C'(0, T'; C%*(; R™9)) and Fi, 1y — Fluy

in C'(0,T;C% ’\(Q R%*4)), the weak convergence Fme = me implies that the first term with the
inelastic stress is zero. For the second term with the hyperstress, we use the chain rule and integration
by parts to write

T . i
_/ / hin(v-Fin,kn)Ev(Fin,kn_Fin,k) dx ds
0 Q

T i3
- / Ao (¥ Foy(0)) — Hon(V (7)) i — / / 48 (530 (V F o)) P s
Q 0 Q

Using the weak convergence div (i, (V Fin k) — div (§(V Fiy)) in L7 ((0,T)xQ) from (i), it
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then follows that
- /O ' /Q bin (V Fin o)V (En o — Fin ) i s
= [ AT Fu )~ ST (T) 22~ [ [ 00V Fig) i s
_ /Q Hs(V Fi(0)) = Ha(V Fiy o (T)) i — /Q AT For(T)) — (i (0) 5,

where the last equality follows from a chain rule as in [Ste08, Prop. 2.2]. Passing to the lim inf it then
follows that

T .
— lim / /f]in(VFin,kn)fV(Fimkn—Fin’k)dx ds =0,
Q

k—o00 0

and thus /; = 0. In conclusion, we have shown that Fm,knFm }m > Fin nFiy i L7((0,T)x€).

Part (iv). Due to Lemma 4.5(ii) and the resulting uniform ellipticity of A" (see Assumption (A7)(ii)),
there exists a constant C' > 0 (independent of k) such that we can estimate

T
CIV =)o < [ [ AT (V0 V0 =ny) - V=)

/ / kan V(n,—2ng,) - Vn,

(:un kn — €o¢kn 0 q)n n(vka nkn))nkn} dx dt

where we used equation (29d). Due to the strong convergences of V x , RS Vs in

C(0,T; COAQ; R*)), ny,, = n,, in L2((0,T) %), and the weak convergences of fi, ky — [y
in L2(0, T3 HY(Q)), they = by in L=(0,T; HY(Q)), and Vg, = Vn, in L0, T; L)),
we can pass to the limit & — oo on the right-hand side. In particular, using (32), it follows that the
right-hand side converges to zero as k — oo, which proves the result.

Part (v). Recall the equivalent norm [|(-)|| . = ||V (- HL2 +||\/E(-)HL2(39) from the proof of Lemma
4.6. Using the uniform ellipticity of the permittivity tensor 5(Vx,m), it follows that

i 4,
T T
< C lim / /Qg(Van)(V@Dkn—an) (V) =V, ) de ds + /0 . (Vg — y)? dS ds

k—o0 0

T T
— O lim / /Q &(V X o) Vo Vioiy —£(V Xy ) Vi Vi, da dis-+ /O /a ) R(y3,—2) dS ds,

k—o00 0

where we have used the strong convergence Vi, — Vy, in C(0,T;C%*(Q;R¥?)) and the

weak* convergence 'k, R Yy, in L=(0,T; HY(Q)) N L*((0,T) x 99). Since 1y, satisfies the
Poisson equation (29e), it then follows that

T
Jim [y =l = C Jim [ [ ot Ny dads = (T V0, - T dads

T
+ / K (Yot —2) dS ds.
0 15)9)
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Using the strong convergence of 7y, RN nyin L*((0, T') x ©2) and the weak* convergence of ¢y, wr
¥y, in L°(0, T L*(2)) N L*((0,T) x 99), and that ¢, satisfies the Poisson equation by Lemma
4.7(ii), we then obtain

T
lim [|¢g, — ¥y |2 = C lim / / eo(ny+N )b, dzds — e(Vx,) Vb, - Vb, dzds
k—oo k—oo 0 Q
T
s [ [ etpei)dsds =0,
o Joo

proving the statement. O

Using these convergences, we now pass to the limit & — oo, while keeping 7 fixed, in the equations
(29). We prove that we converge to the system:

/ ' | (009 By T V) + 05 (V3 V) Vi
+be1(D2Xn)zD%d:cdt—/OT(é(t),m dt =0, (34a)
/OT/Q(ain(Vxn,Fin,n)+Cm(Fm,nEnn)Flnn) w + hin(VFyy,)  Vwdrdt =0, (34b)
/T<n77, dt+/ /A (VX 1)V iy - Vrdaz dt = 0, (34c)
/ / fng — 0@y (V X0, iy, Uy)) @ — VAT (VX)) Vi, - Vodz dt = 0, (34d)

/ / e(Vxn) Vb, - Vw — (egny,+N)w dz dt + / / — Yext)wdSdt =0, (34e)
o0

where v € L=(0, T; WP (Q; RY)), w € L>(0,T; Wy P (Q;R¥*)), ¢ € L*(0,T; H'(Q)) and
w e L2(0,T: H'(Q)).

Lemma 4.9 (Limit passage k — oo for fixed 7). There exist subsequences (not relabeled) such
that the Galerkin solution (an, Fin ks Teny wkn) obtained in Lemma 4.1 converges to a solution
(Xn> Finps T, Uyy), which satisfies the equations (34).

Proof. We pass to the limit k — oo, while keeping the regularization parameter 7 fixed in the Galerkin
scheme (29).

Step 1. Limit in mechanical equation (29a): The limit passage in the first term follows easily using the
given strong convergences and the decomposition (21). Indeed, we have

T
/ /an)n(vana En,k?ﬁ Nkn, vnkﬂ) wkm Vwkn) : Vodz dt
0
/ / mech VX’W? in kn) in kn 8F€<kan)v¢kn Vwkn
+ OpDL (Vs 1y) + §8FA (Vo) Vg - vn,m} : Vodadt,

and Vxu, = Vxy converges strongly in C(0, T'; COMQ; R&)), F 5 = Fiy i

C(0,T: COM (€ RE*)), Vb = Vb, in L2((0,T)xQ), and 1y, — n,, in L2(0,T; H(Q)).
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For the viscous stresses, we note that GiCKV(F, F) is linear with respect to F so that the weak

convergence of Vi(;m suffices here. Finally, the limit passage in the hyperstress term follows using
Minty’s trick applied to the functional &7 : W2P(Q2; R?) — [0, co] defined by

x)dxdt ify € L0, T; W2P(Q; RY)),
+00 otherwise.

For more details, we refer to e.g. the proof of [MR20, Prop. 5.1].

Step 2. Limit of inelastic flow rate equation (29b): The limit passage in the first term with o;, follows
easily using the decomposition (22) and the convergences of V1, — Vx, in C(0, T; COA(Q; R¥*4)),

and Fi, iy 2 By, n Fm}m F, n inC'(0,7;C% A(Q; R?*4)). The limit passage in the second term

with ¢/ follows directly from the strong convergence of Fin’knFm 1k77 — Fln nFm i L™((0,T)xQ)
from Lemma 4.8(iii). Finally, the limit passage in the last term with the hyperstress b;, follows from the

strong convergence of V F}, 1, — V Fip,, in LPn((0,T) x €; R™4%?) from Lemma 4.8().

Step 3. Limit in diffusion equation (34c): The limit passage follows directly from the given weak and
strong convergences. Indeed, we use the fact that | A, (F, n)| < C for all F' € Fx with some R > 0
and n € R, the strong convergences of Vi, — Vx, in C(0, T; CO*(Q; R¥*?)) and ny,, = n,, in
L?(0,T; H*(2)), and the weak convergence fi, k; — fin, in L2(0,T; H()).

Step 4. Limit of (34d): This has been done in Lemma 4.7(ii). In particular, note that the limit 1, ,,
satisfies (32).

Step 5. Limit in Poisson equation (34e): This has been done in Lemma 4.7(iii). O

4.4 Limit passagen — 0

It remains to pass to the limit n — 0, where 7) is the regularization parameter appearing in the
definition of B,, and ®,, ,, in (25) and (26), respectively. First, we show an energy-dissipation inequality
similar to (30). Recall the definitions of £,, D,, and P from Proposition 4.2.

Lemma 4.10 (Energy-dissipation inequality). The limit solution (Xm Fin sy, wn) satisfies the energy-
dissipation inequality

g(tX /D naﬂnnaXman) 5<£ OX /,Ptmen (35)

Consequently,

t -
£t X,)<C and / Dy(Xop fin s Finn) ds < C.
0

Proof. The energy-dissipation inequality (35) follows by passing taking the lim inf of the the energy-
dissipation balance (30) and letting & — o00. Using the given weak and strong convergences, and
standard lower semicontinuity arguments as in [FLO7, Thm. 7.5], we then arrive at (35).

The bounds for &, and fot D,, dss now follow similarly to Corollary 4.4. O
The estimates for y, Fi, and v follow analogously to Lemma’s 4.5 and 4.6. However, the estimates

for n are different. In particular, we are now in the position to exploit the relation for 1, ,, as in Lemma
4.7(ii). Using a similar strategy as in [EG96, Lemma 2], we now obtain the following estimates.
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Lemma 4.11 (A priori estimates). There exists a constant C' > 0 (independent of 1)), such that:

. . 2
(i) |1l Lo 0,700 ) + || div (AT (VX)) Vi) || <,

. T _
(@) [ Jo(n,)?+ ((n, —1)7)* < Cn,
(i) |Gl 20170 < C. where g = Ay(V Xy, 1)V

((0,7)xQ)

() 17yl 220,711 () < C.

Proof. Step 1. The bound ||| £oo (0,7, 11(0)) < C'in (i) follows directly from Assumption (A2)(iii) and
the uniform boundedness of &,,.

Step 2. To obtain the second bound of (i), we define the function &, : R — R by setting §,’{(n)
(By(n))~tand & (3) = 0, &,(3) = 0. In particular, we note that £/ is bounded, so that &/ (12,))
L*(0,T; H(52)) is a valid test function for (34c). In particular, we have V&) (n,) = &'(n,)Vn,
B, (n,)"'Vn,. Then, using a chain rule for convex functionals as in [EG96, Proof of Lemma 2] we
obtain

/ £,(1s(T)) — £(ny(0)) dt = / (€ (), o) ds
Q 0

m

T
= —/ /QAU(VXn,nn)Vunm-Vg’(nn) drds. (36)
0

We now use Lemma 4.7(ii) to write
/T/ An(Vann)VMn,n . Vf’(nn) dx ds
/ / (Vs 1) (92,95 (Vs 1) D, + (92,01 (Tysmy) + (92, (1)) Viny + €V,
~§7’7’(nn)Vn,7}dxds— /0 ' /Q Ay (Vs n)VV (div (AT (Vx)ny,) - € (ny) Vi, de ds
= [ [ {4 (0080 mDP + (@2, 0T + (02, ) T,

T
+ e Viy) -Vnn}dxds+7/ /\div (AT (V) Vi) [* dz ds.
0 Q

Next, we recall that by Assumption (A7)(ii) and the respective estimates for VY, the estimate
| A (Vx,)| < C holds. Moreover, Assumption (A2)(iii) leads to the estimates |07, ®(Vx,, n,)| <
Cand |02,®L(Vx,,n,)| < C. Using the bounds for x,, in L>°(0, T; W2?(; R), n,, in

nn-—n

L>(0,T; H'(Q2)) and v, in L>=(0,T; H'(2)) it then follows that
T
/ /An(VXn, )V iy - VE () dz ds
0

2
/ / ) () [V |* dazds + [ div (A" (Vxn) V)| 1y <y = €

Combining this with (36) we obtain

t:té[;]/fn ny(t dx+/ / )" ()| Vi |* dz ds+||div (A" (Vx,) Vi) ||i2((07T)XQ) <C,
(37)
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showing the second bound of (i).

Step 3. Next, using the definition ,,, we get for 2 < 0 (and sufficiently small 7):

1

Q

1 1
— / )2 —elt )2 > = _2>_2'
&n(2) = &) + &) (z=n)" + 5§ () (z=n)" = 2 =) (z=n)* > e
In particular, using (37), we see that fQ dx < C’n for almost all t € [0, T]. Similarly, we can

now do an expansion around n = 1 — 7 to obtam Jo((ny — 1)7)? dz < Cn. This shows (ii).

Step 4. We note that

AL (VX )V g 20,7y 9)
< || (A (Vxg, 1) I/ZHLOO (0,7 xQ)H VXW’”W))I/QVNMHH omxe) = C

where we have used that the conductivity .4, is uniformly bounded, and that

H 7 (VX )YV 1, HL2 T IS uniformly bounded by the energy-dissipation inequality (35).
This shows the bound in (iii). Fmally, the bound in (iv) easily follows by testing (34c) with a function
¢ € L2(0,T; H'()). O

Using the a priori estimates, together with the Aubin—-Lions lemma, we can extract (non-relabeled)
converging subsequences and some (', Fin, n, ¥, ;) such that:

() Xy Y yvin L0, T; W2P(Q; RY)) N HY(0, T; H*(;R?)), and x,, - X strongly in
C(0,T; C*A(; RY)) for all A € (0, 1—%),

(i) Finy - Fyin L0, T; Whwin (Q; R24)) A WL (0, T; L7 (Q: R%*?)), and an 2 Fm in
C(0,T; COANQ; R)) for all A € (0, 1——) In particular, it also holds that F; ! = F*

in,n
) X(O). dxd . -1 CofF
0(07 T7 CO (QJ R )) since En T det Fin’

(i) 7y > min L2°(0,T; HY(Q)) N HY(0, T; H(Q)*), and n,, = nin C(0, T; LX(2)),
(V) ¥y 2> in L0, T3 HY(Q)) N L2((0,T) x 99).
Lemma 4.12 (Improved convergence). We have the additional improved convergences:
(i) D2x,, = D?x in LP((0,T) x ; R?xdxd),
(ii) 1y, = 1 in L*(0,T; H(Q)),
(i) div (AF(Vx,)Vn,) = div (AT (Vx)Vn) in L2((0,T) x ),
(iv) Vn, = Vnin L*((0, T)xQ).

Proof. The proof of (i) is similar to the proof of Lemma 4.8(i), now using the strong monotonicity in
(17), and is therefore omitted. In particular, note that it is now not necessary to approximate the limit
solution in a finite-dimensional subspace, since we are no longer in the Galerkin setting. The other
statements are also similar to Lemma 4.8, therefore the proofs are omitted.

O
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Lemma 4.13 (Limit passage  — 0). There exist subsequences (not relabeled) such that the solution
(Xs Fin, iy, Uyy) obtained in Lemma 4.9 converges to a solution (x, Fin, 1, 1) of the system (11)—
(13) in the sense of Definition 3.3.

Proof. We note that the limit passage  — 0 in the equations for ,, Fi, and v, is unchanged from
the proof of Lemma 4.9, and therefore omitted.

It remains to pass to the limit in the diffusion equation for n,, i.e., in (34c). First, by letting  — 0 in
Lemma 4.11(ii), we obtain 0 < n < 1fora.e. (¢,x) € [0,T] x €. The limit passage in the first term of
(34c) follows directly from the weak convergence of 7, in L*(0, T'; H'(2)*). Using Lemma 4.11jii),
we see that the second integral with the flux also converges. However, it remains to identify this limit.
To this end, we use integration by parts to rewrite the integral as

Ay (Fy,n,) V{0, @elecn(Fn,nn,wn) — div (A" (Vx,)Vn,) } - Vodads
/ / -A aFn (vXna nn)DQXn Vo + (afmq)}z(va nn) + ((I)im)”(nn))Vnn Vo

+ eV, - w} + Ay (Fymy) div (A (Vx,) Vi, ) D%
+ 7B, (ny)Vn, A" (F,) div (A" (VX)Vn,) Ve
+ 7B, (n,) (DpA” (F,)) Dy, div (A" (Vx,)Vn,) Ve dz ds

The limit passage now follows using the given strong and weak convergences, together with the fact
that A, (F,,n,) — A(F,n) and DpA,(F,,n,) — DrA(F,n) for ae. (t,z) € [0,T] x Q.
In particular, we use the strong convergences of F/, % FinC(0,T; CO7X(Q; R&>)), n,, 2 nin
L0, T; HY()), v, = v in L2(0.T; H'(Q)), and the weak convergence of div (A" (Vx,)Vn,) =
div (A (Vx)Vn) in L*((0,T)x2).

Only the limit passage in the fifth term (i.e., the term with B’(n,))) is not immediate since B, is not
continuous in n = 0 and n = 1. However, by decomposing the domain {2 as

Q={n<0ju{n=0u{0<n<1}u{n=1}U{n>1},

the limit passage follows by noting that on {n=0} or {n=1} we have Vn = 0 almost everywhere.
Indeed, B, (n,)Vn, 2 B(n)in L2((0,T) %) since on {n = 0} or {n = 1} it follows that

/ / | B, (ny)Vny, — B'(n)Vn|* dz ds = / / | B (1) Vi |* daz ds
{n(z)e{0,1}} z)€{0,1}}

SC’/ / \Vn,,|2dxds—>0/ / |Vn|? dzds = 0.
0 J{n(z)e{0,1}} 0 J{n(z)e{0,1}}

This concludes the proof of existence of solutions, i.e., Theorem 3.4.
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