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A multilevel proximal trust-region method for nonsmooth
optimization with applications
Robert Baraldi, Michael Hintermüller, Qi Wang

ABSTRACT. Many large-scale optimization problems arising in science and engineering are naturally
defined at multiple levels of discretization or model fidelity. Multilevel methods exploit this hierarchy to
accelerate convergence by combining coarse- and fine-level information, a strategy that has proven
highly effective in the numerical solution of partial differential equations and related optimization prob-
lems. It turns out that many applications in PDE-constrained optimization and data science require
minimizing the sum of smooth and nonsmooth functions. For example, training neural networks may
require minimizing a mean squared error plus an L1-regularization to induce sparsity in the weights.
Correspondingly, we introduce a multilevel proximal trust-region method to minimize the sum of a non-
convex, smooth and a convex, nonsmooth function. Exploiting ideas from the multilevel literature allows
us to reduce the cost of the step computation, which is a major bottleneck in single level procedures.
Our work unifies theory behind the proximal trust-region methods and multilevel recursive strategies.
We prove global convergence of our method in finite dimensional space and provide an efficient non-
smooth subproblem solver. We show the efficiency and robustness of our algorithm by means of nu-
merical examples in PDE constrained optimization and machine-learning.

1. INTRODUCTION

We develop a multilevel trust-region method for the nonsmooth optimization problem

(1) minimize F (x) := f(x) + �(x) over x 2 Rn;

where f : Rn ! R is continuously differentiable and possibly nonconvex, and � : Rn ! R[f+1g
is proper, lower semi-continuous, convex, and not necessarily (classically) differentiable. Such non-
smooth optimization problems arise ubiquitously in scientific machine learning and computational
optimization, where, for instance, smooth dynamics modeled by f interact with nonsmooth regular-
ization or constraints represented by �. Typical examples include inverse problems with sparsity-
promoting regularizers (or priors) [39], partial differential equation (PDE) constrained optimization with
control constraints [26, 27], and modern learning paradigms such as physics-informed neural networks
(PINNs) [35, 28, 40] and operator learning [31, 29]. While gradient-based and quasi-Newton methods
dominate smooth optimization, nonsmooth objectives – such as those involving ‘1-penalties, indicator
functions, or composite loss functions – require specialized algorithms capable of handling nondif-
ferentiability and nonsmooth geometry. First-order proximal algorithms [34, 7, 37] and trust-region
methods [14] are two leading frameworks for such problems.

The proximal viewpoint enables a natural decomposition of smooth and nonsmooth components, while
the trust-region framework leverages gradient and Hessian information for the smooth part and proxi-
mal operations for the nonsmooth part, ensuring global convergence and adaptive step control.

Baraldi and Kouri [3] recently introduced an inexact trust-region algorithm for minimizing (1). Their
algorithm demonstrated global convergence without sacrificing worst-case complexity bounds, out-
performed its contemporaries in various classes of data science and PDE-constrained optimization
problems. In particular, we adapt their spectral Cauchy point solver [4, Algorithm 5] and leave other
subproblem solver extensions for future work. Related research has also explored proximal quasi-
Newton methods [1] and nonsmooth trust-region approaches for composite problems [12], providing
theoretical foundations and practical insights into solving large-scale nonsmooth problems efficiently.

Large-scale finite-dimensional optimization problems frequently result from the discretization of infinite-
dimensional formulations, such as optimal control problems governed by ordinary or partial differential
equations [16, 26]. While standard methods (see, e.g., [22] for classes of PDE-constrained problems)
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can solve these at a single discretization level (even in a mesh independent fashion [24, 21]), they don’t
leverage the availability of multiple resolution levels, where finer discretizations capture more detailed
features of the solution and improve accuracy, at the expense of substantially higher computational
cost due to larger system sizes and denser numerical operations.

Multigrid and multilevel methods (see, e.g., [38, 10, 20]), in general, address this challenge by ef-
ficiently coupling coarse and fine discretizations: coarse levels accelerate convergence by damping
low-frequency errors, while fine levels refine the solution, leading to algorithms that achieve high ac-
curacy at a fraction of the computational effort when compared to a single-level method operating only
on the finest scale.

In a smooth setting, i.e., when � is also (Fréchet) differentiable, but yet perhaps allowing for bound
constraints, e.g., on controls, [32, 30, 8] have developed multilevel minimization algorithms in PDE-
constrained optimization; see also [23] for a multigrid method for a class of mathematical programs with
equilibrium constraints (MPECs) involving partial differential operators. These methods were mostly
inspired by Achi Brandt’s seminal nonlinear multigrid scheme for boundary value problems [9]. Con-
cerning nonsmooth objectives, in connection with total variation regularization in image processing,
[13] is one of the few nonlinear multigrid approaches available in the literature. While these methods
prove effective in practice, a global convergence analysis as conducted here has remained elusive,
even in the smooth setting.

Motivated by these developments and targeting a broad class of model hierarchies, Gratton et al. [17]
introduced recursive multilevel trust-region methods for smooth problems, where they solve the un-
constrained optimization problem with a twice-continuously differentiable objective function which is
bounded below, and they exploit the hierarchical approximations to accelerate convergence. As stated
above, using different levels of discretization for an infinite-dimensional problem has be exploited ear-
lier, as this hierarchy can be instrumental for accelerating computations and improve efficiency by
transferring information between coarse and fine levels. In this context, the perhaps simplest approach
is to use coarser models to compute approximate solutions which can then be extended to starting
points for optimization problem on a fine model (see, for instance, [18] for a partitioned quasi-Newton
technique). In the language of multigrid methods for numerically solving PDEs, this approach is re-
ferred to as full approximation scheme. A versatile approach admitting a more general model hierarchy
is given by the space mapping technique; see [25] for an application in PDE-constrained optimization.

Gross and Krause [19] extended the results of [17] by relaxing assumptions on the objective and the
trust-region corrections, proving convergence under more general conditions. They consider a finite-
dimensional and nonconvex minimization problem, where the (at least)C1 objective function is neither
assumed to be quadratic nor convex.

These works demonstrate that coarse-grained models could efficiently reduce computational costs by
providing informative approximations that accelerate fine-level optimization. Furthermore, these ideas
have since inspired numerous applications, for instance, multilevel Levenberg–Marquardt algorithms
for training a neural network with one-hidden layer to find a discretization-free approximate solution
of a PDE [11]. However, extending multilevel strategies to nonsmooth settings still remains a very
complex task requiring dedicated research efforts. The main challenges stem from the lack of gra-
dient coherence across levels, the need for proximal regularization to handle nondifferentiability, and
ensuring consistent model reduction across the hierarchy.

Building on these foundational works, this paper proposes a multilevel proximal trust-region method
for nonsmooth optimization. In fact, we extend the framework of Gratton et al. [17, 19] to the non-
smooth composite setting (1), integrating proximal updates and model reduction principles to achieve
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robustness and scalability. In [4], Baraldi and Kouri expound on various proximal trust-region sub-
problem solvers that generalize traditional trust-region methods for smooth unconstrained and convex-
constrained problems. They introduced many ef�cient proximal subsolvers, including a simpli�ed spec-
tral proximal gradient solver. We adapt their spectral proximal gradient subsolver (SPG) [4, Algorithm
5] in particular for this paper. Our method leverages proximal subsolvers within a multilevel recursive
structure, enabling ef�cient coarse-to-�ne corrections even when the objective includes nonsmooth
components.

The main contributions of this work are threefold:

1 We formulate a recursive multilevel proximal trust-region algorithm for composite optimization
problems, combining hierarchical modeling with proximal regularization.

2 We provide a global convergence analysis under mild assumptions, extending existing multilevel
and nonsmooth trust-region results.

3 We demonstrate the effectiveness of our method for applications to physics-informed neural
networks (PINNs) and PDE-constrained optimal control problems, where nonsmooth control
costs and high-dimensional structures pose major computational challenges.

This paper is structured as follows. In Section 2, we collect some mathematical preliminaries and recall
the framework for nonsmooth trust-region methods. The recursive multilevel trust-region algorithm for
our prototypical nonsmooth optimization problem is described in Section 3. In Section 4 we provide an
ef�cient subproblem solver, and we show in Section 5 that our overall algorithm is globally convergent.
Finally, in Section 6 we provide the numerical results for applications in PDE-constrained optimization
and PINNs.

We make some conventions on notation. By k � k we denote the Euclidean norm in Rn , and h�; �i
represents the inner product in Rn . Let L(R n ) be the space of continuous linear operators that map
Rn into itself, a Banach space endowed with the usual operator norm kBk = supfkBxk j kxk �
1g; 8B 2 L(R n ): Furthermore, for a positive de�nite matrix M let kxk M :=

p
hx; Mxi; with the

related inner product hx; yiM := hx; Myi; and kBk M = supfkBxk j kxk M � 1g the associated
operator norm.

2. PRELIMINARIES

We brie�y collect essentials from convex analysis and trust-region methods.

2.1. Convex analysis. Following standard convex analysis [36], we denote the subdifferential of a
proper and convex function � : R n ! (�1; 1] by

@�(x) := f� 2 R n : �(y) � �(x) + h�; y � xi; 8y 2 R ng;

and the effective domain of � and @� by

dom � := fx 2 R n : �(x) < 1g and dom @� := fx 2 R n : @�(x) 6= ;g;

respectively. Furthermore, for t > 0 the Moreau envelope and proximal mapping of �, respectively,
are

� t (y) := min
x2R n

�
�(x) +

1
2t

kx � yk 2

�
and Proxt� (y) := argmin

x2R n

�
�(x) +

1
2t

kx � yk 2

�
:

For more details on the Moreau envelope and the proximal mapping, we refer the reader, e.g., to [5, 6].
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2.2. Model de�nition and step acceptance. As stated in the introduction, our algorithmic framework
for solving (1) builds on [3] and, hence, our analysis utilizes the correspnding assumptions, which we
collect here for the sake of self-containedness.

Assumption 2.1. (Conditions on Problem (1))

1. The function � : R n ! (�1; +1] is proper, closed and convex.
2. The function f : R n ! R is L-smooth on dom �, i.e., there exists an open set U � R n , con-

taining dom �, on which f is Fréchet differentiable and its gradient rf is Lipschitz continuous
with modulus L > 0.

3. The objective function F := f + � is bounded below on dom � by � lb 2 R.
4. The Hessian of f at x 2 R n , i.e., r 2f (x), and its approximation B(x) are uniformly bounded

from above by the constant � H � 1:

(2) 1 + maxfkr 2f (x)k; kB(x)kg � � H ;

for all x 2 R n .

The requirement (2) is commonly invoked. Indeed, compare, for instance, Gratton et. al. [14], where it
is employed for recursive multiscale trust-region methods for minimizing a smooth objective, or [3, 12]
for complexity analysis for other nonsmooth methods.

Within a standard trust-region algorithm, one computes a trial iterate xk+1 that approximately solves
the trust-region subproblem

minimize mk(x) := f k(x) + �(x) over x 2 R n

subject to kx � x kk � � k ;
(3)

where xk 2 dom � is the current iterate, f k is a smooth local model of f around x k , and � k > 0 is
the trust-region radius. A typical choice of f k in (3) is the quadratic

(4) f k(x) :=
1
2

hBk(x � x k); x � x k i + hrf (x k); x � x k i + f (x k);

where Bk := B(x k) 2 L(R n ) is self adjoint (i.e., a symmetric matrix) approximating the curvature
of f at x k . Typical choices for Bk include the Hessian r 2f (x k) or a secant approximation thereof. In
general, we require that the trial iterate xk+1 satis�es the trust-region constraint

(5a) kxk+1 � x kk � � rad � k ;

and the fraction of Cauchy decrease (FCD) condition

(5b) mk(x k) � m k(x k+1 ) � � fcdhk min
�

hk

1 + kB kk
; � k

�
;

where � rad ; � fcd > 0 are independent of k, and, for t 0 > 0, the stationarity measure is

(6) hk :=
1
t0

kxk � Prox t0 � (x k � t 0rf k(x k))k :

In practice, one selects � rad = 1. Note that (5b) ensures that x k+1 2 dom � as otherwise the
left-hand side would be �1. Given a trial iterate x k+1 that satis�es (5), the traditional trust-region
algorithm decides whether or not to accept xk+1 based on a ratio of actual and predicted reduction

(7) � k :=
aredk

predk
=

F(x k) � F (x k+1 )
mk(x k) � m k(x k+1 )

:

If the model is a suf�ciently accurate approximation to the objective function, � k will be close to one.
Then the step is accepted if � k is larger than a chosen threshold � 1 2 (0; 1) and is rejected otherwise.
In the �rst case, the step is called successful, and otherwise, the step is unsuccessful. Upon step
acceptance, the trust region radius is updated for the next iteration, still based on (7). Indeed, if � k �
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� 2 (this step is called very successful), the trust-region radius is increased, and otherwise reduced
if � k < � 1. The algorithmic parameters 0 < � 1 < � 2 < 1 are user-speci�ed with common values
� 1 = 10�4 and � 2 = 0:75 [3]. Algorithm 1 summarizes this update scheme.

Algorithm 1 Nonsmooth Trust-Region Algorithm [3]

Require: Initial guess x 0 2 dom �, initial radius � 0 > 0, 0 < � 1 < � 2 < 1, and 0 < 
 1 � 
 2 <
1 � 
 3.
for k = 0; 1; 2; : : : do

Model Selection: Choose model m k as in (3) and (4)
Step Computation: Compute x k+1 2 Rn that satis�es (5)
Step Acceptance and Radius Update: Compute � k as in (7)
if � k < � 1 then

xx+1  x k

� k+1 2 [
 1� k ; 
 2� k ]
else if � k 2 [� 1; � 2) then

� k+1 2 [
 2� k ; � k ]
else

� k+1 2 [� k ; 
 3� k ]
end if

end for

3. RECURSIVE MULTILEVEL TRUST-REGION ALGORITHMS

A recursive trust-region algorithm extends the classical trust-region framework by constructing and
solving a hierarchy of related subproblems at multiple levels of resolution [17]. Each level de�nes
an approximate model of the objective, allowing coarse levels to provide computationally inexpensive
guidance for �ne-level optimization. Conceptually, the recursive trust-region framework can be inter-
preted as dynamically selecting which subproblem model to solve at each iteration, thereby balancing
model �delity and computational cost while preserving global convergence guarantees. Let r 2 N and
ni 2 N for i 2 f0; : : : ; rg, and assume that there is a collection of functions fF i := f i + � i gr

i=0
such that each Fi satis�es Assumption 2.1 from R n i to R with ni � n i�1 . The top-level objective cor-
responds to the original problem (1), with nr = n, F r (x) = F (x), f r (x) = f(x) and � r (x) = �(x)
for all x 2 R n . The underlying presumption is that Fi is “more costly” to minimize than Fi�1 ; in our
examples, Fi has more variables than Fi�1 .

We aim to construct a level-dependent objective function L i�1 , based on Fi�1 , such that its minimiza-
tion provides a good search direction on level i. In a two-level strategy, we use F r�1 to construct an
alternative model L r�1 for Fr = F in the neighborhood of the current iterate that is cheaper than (3)
at level r, and to use this alternative model, whenever suitable, to de�ne the step in the trust-region
algorithm. For more than two levels (r > 1), this can be done recursively with the approximation
process stopping at level 0, where the trust-region subproblem model (3) is always used.

For Fi�1 to be useful at all in minimizing Fi , there should be some relation between the variables of
these two functions. We henceforth assume the following.

Assumption 3.1. For each level i = 1; : : : ; r, there exist two full-rank linear operators R i�1
i :

Rn i ! R n i�1 (the restriction) and P i
i�1 : Rn i�1 ! R n i (the prolongation) such that P i

i�1 =
� i (R i�1

i )> , for some �xed constant � i > 0. Moreover, we assume that R i�1
i is row-orthonormal, that

is, Ri�1
i (R i�1

i )> = I n i�1 , where I n i�1 is the identity matrix of size ni�1 � n i�1 .

We assume � i = 1 without loss of generality, as this can be directly obtained from the original form
by scaling Pi .
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Throughout the remainder of the paper, our quantities of interest may carry a double subscript i; k,
where the �rst index, fi j i 2 N; 0 � i � rg, is the level index, and the second one, k, refers to
the current iteration within level i. It is assumed to be reset to 0 each time level i is entered. Consider
now some iteration k at level i with current iterate x i;k . Then, we �rst restrict x i;k to de�ne the initial
iterate x i�1;0 at level i � 1, that is, x i�1;0 := R i�1

i x i;k . Next, suppose that, based on Fi�1 , one
decides to use a low-level model L i�1 to compute an update step si�1 2 Rn i�1 . In order to prove
convergence of our subsequent multilevel scheme, the �rst-order behavior of the models L i and L i�1

must be coherent in a neighborhood of x i;k and x i�1;0 , respectively. This leads to the requirement

(8) @Li�1 (x i�1;0 ) = R i�1
i r ~L i (x i;k ) + R i�1

i @�i (x i;k ) = R i�1
i @Li (x i;k );

where ~L i denotes the smooth part of L i . Here, we use [6, Theorem 3.36], and Assumption 2.1,
Assumption 3.1, as well as [6, Theorem 3.43]. Note that this is a generalization of the smooth setting
of [17]. Clearly, this criterion induces a choice in both the smooth (in which we follow the setting of
[17]) and nonsmooth terms of L i�1 . With this in mind and given the respective entities on level i, we
de�ne the low-level model as

(9) L i�1 (x i�1;0 + s i�1 ) := F i�1 (x i�1;0 + s i�1 ) + hR i�1
i r ~L i (x i;k ) � rf i�1 (x i�1;0 ); si�1 i;

where
Fi�1 (x i�1;0 + s i�1 ) := f i�1 (x i�1;0 + s i�1 ) + � i�1 (x i�1;0 + s i�1 ):

By convention we have for sr 2 Rn r that L r (x r;0 +s r ) := F r (x r;0 +s r ) = f r (x r;0 +s r )+ � r (x r;0 +
sr ). We still need to specify a choice of the nonsmooth part on lower levels. This is done next.

De�nition 3.2. At level i 2 f1; : : : ; rg, given a function � i : Rn i ! R its associated low-level
model, denoted by � i�1 , is de�ned by � i�1 (x i�1;k ) := � i (x i;k + (R i�1

i )> (x i�1;k � x i�1;0 )) with
x i�1;0 = R i�1

i x i;k and Ri�1
i as in Assumption 3.1.

With this de�nition, Assumption 3.1, and [6, Theorem 6.15], the following relation between the proximal
mappings of � i and � i�1 holds true.

Remark 3.3. For every level i 2 f1; : : : ; rg, x 2 R n i , and � i as in De�nition 3.2, we have for t > 0:

(10) Proxt� i�1 (R i�1
i x) = R i�1

i Proxt� i (x):

Concerning the smooth part on lower levels we proceed as follows.

De�nition 3.4. At level i 2 f1; : : : ; rg, given a function f i : Rn i ! R its associated low-
level model, denoted by f i�1 : Rn i�1 ! R, is de�ned by f i�1 (y) = f i (T i

i�1 (y)), where y :=
(y1; y2; : : : ; yn i�1 )> 2 Rn i�1 , and T i

i�1 : Rn i�1 ! R n i is the extension-by-zero operator, i.e.,

T i
i�1 (y) = (y 1; y2; : : : ; yn i�1 ; 0; � � � ; 0)> 2 Rn i .

First-order modi�cations like the one in (9) (i.e., the second term of the sum) are typical in multigrid
applications in the context of the full approximation scheme (FAS) (see, for instance, [15, 33]) and
smooth multilevel optimization strategies [17]. While other choices of � i�1 may satisfy (8) as well, our
experiments indicate that this projection up to the �ne level works very well.

We continue by describing our multilevel trust-region scheme. In fact, the main task when entering
level i = 0; : : : ; r is to minimize L i starting from x i;0 . At iteration k of this minimization process and
depending on progress towards stationarity, we select either the model L i�1 (x i�1;0 + s i�1 ) (given by
(9)) and enter a coarser trust-region level, or the “standard” (Taylor) model

(11) mi;k (x i;k + s i ) := L i (x i;k + s i ) + hr ~L i (x i;k ); si i +
1
2

hBi;k si ; si i;

where B i;k = B i;k (x i;k ) is the approximation of r 2f i (x i;k ) and si 2 Rn i . Once the model is chosen,
we then compute a step si;k 2 Rn i that generates a decrease on this model within a trust region
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fs i j ksi ki � � i;k g for some trust region radius � i;k > 0: If the model (11) is chosen, then we use
the spectral proximal gradient subproblem solver (SPG), which we describe later as Algorithm 3 in
Section 4, to compute si;k .

The decrease of the model mi;k must satisfy the usual FCD (5b), i.e.

(12) mi;k (x i;k ) � m i;k (x i;k + s i;k ) � � fcdhi;k min
�

hi;k

1 + kB i;k ki
; � i;k

�
;

where B i;k is an approximation of r 2f i (x i;k ) and

hi;k :=
1
t






 x i;k � Prox t� i (x i;k � tr ~L i (x i;k ))








i
;

for �xed t > 0, as well as

(13) ksi;k ki � � i;k :

We note that the norm k � ki in the last expression is level-dependent and de�ned by

(14) ksi ki :=
p

hsi ; M i si i = : ksi kM i ;

where

(15) M i =

(
(P r

r�1 � � � P i+2
i+1 P i+1

i )> (P r
r�1 � � � P i+2

i+1 P i+1
i ); if i = 0; : : : ; r � 1;

I n ; if i = r:

Remark 3.5. Under Assumption 3.1 and for � i = 1, we have for any i 2 f1; : : : ; rg that ks i ki =
ksi k, where k � k is the Euclidean norm in Rn i . But, in general,

ksi ki =

(
� r � � � � i+1 ksi k; if i = 0; : : : ; r � 1;
ksi k; if i = r:

When the coarse model L i�1 is chosen for computing an update step, one (approximately) solves

minimize L i�1 (x i�1;0 + s i�1 ) over si�1 2 Rn i�1 ;

subject to ksi�1 ki�1 � � i;k :
(16)

Suppose that this produces a new point x i�1;� such that L i�1 (x i�1;� ) < L i�1 (x i�1;0 ) and a corre-
sponding step si�1 = x i�1;� � x i�1;0 which must then be brought back to level i by the prolongation
P i

i�1 satisfying both (14) and (15). Then, for the trust-region constraint at level i � 1 we observe that

(17) ksi ki = ks i kM i = kP i
i�1 si�1 kM i = ks i�1 k(P i

i�1 )> M i P i
i�1

= ks i�1 kM i�1 = ks i�1 ki�1 ;

which implies

(18) kx i�1;� � x i�1;0 ki�1 = ks i�1 ki�1 = ks i ki � � i;k :

Note that it is not always possible to use the lower level model. For example, it may happen that x i;k

is not a local minimizer of L i but Ri�1
i x i;k is a local minimizer of L i�1 . Consequently, as in [17], we

select L i�1 or mi;k based on initial lower-level stationarity criteria. In particular, the model L i�1 is
potentially useful only if

hi�1;0 = t �1 kx i�1;0 � Prox t� i�1 (x i�1;0 � tR i�1
i r ~L i (x i;k ))k i�1

= t �1 kRi�1
i (x i;k � Prox t� i (x i;k � tr ~L i (x i;k )))k i�1

is large enough compared to hi;k . Here, t > 0 is �xed as before. This relationship follows from the
proof of [3, Lemma 5], De�nition 3.2, De�nition 3.1, and [6, Theorem 6.15]. We therefore restrict the
use of the model L i�1 to iterations where

(19) hi�1;0 � � stophi;k and hi�1;0 � � i�1 ;
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i.e., 


 R i�1

i

�
x i;k � Prox t� i

�
x i;k � tr ~L i (x i;k )

� � 




i�1

� max
n

� stop




 x i;k � Prox t� i

�
x i;k � tr ~L i (x i;k )

� 




i
; t � i�1

o
;

for some constant � stop 2 (0; minf1; min i kRi�1
i kg) and where � i�1 2 (0; 1) is a user-given toler-

ance for the �rst-order criticality measure for L i�1 . Note that, given r ~L i (x i;k ) and R i�1
i , this condition

is easy to check before even attempting to compute a step at level i � 1.

Remark 3.6. We note that the criteria in (19) are motivated by [17], but here modi�ed via Assumption
3.1 with the constant � stop 2 (0; 1) and R i�1

i , a row-orthonormal matrix.

Algorithm 2 RMNTR(i, L i , x i;0 , � i , � i+1 , � h
i , � �

i , � s
i )

1: Step 0: Require. Initial guess x i;0 2 dom � i , initial radius � i;0 = minf� s
i ; � i+1 g, 0 < � 1 <

� 2 < 1, and 0 < 
 1 � 
 2 < 1 � 
 3 and k = 0
2: Step 1: Model choice. If i = 0 or if (19) fails, go to Step 3; otherwise continue with the (recursive)

Step 2.
3: Step 2: Recursive step computation. Set x i�1;0 = R i�1

i x i;k and let L i�1 as in (9). Choose
� i�1 and call Algorithm RMNTR(i � 1, L i�1 , x i�1;0 , � i�1 , � i;k , � h

i�1 , � �
i�1 , � s

i�1 ), yielding an
approximate solution x i�1;� of L i�1 . Then de�ne s i;k = P i

i�1 (x i�1;� � x i�1;0 ) and

mi;k (x i;k + s i ) = L i�1 (x i�1;0 + s i�1 )

for all si = P i
i�1 si�1 . Go to Step 4.

4: Step 3: Taylor step computation. Find a step s i;k such that (12) and (13) hold for mi;k (x i;k +s i )
de�ned in (11). Go to Step 4.

5: Step 4: Acceptance of the trial point. Compute

� i;k =
L i (x i;k ) � L i (x i;k + s i;k )

mi;k (x i;k ) � m i;k (x i;k + s i;k )
:

If � i;k � � 1, then set x i;k+1 = x i;k + s i;k ; otherwise let x i;k+1 = x i;k .
6: Step 5: Termination. Compute h i;k . If hi;k � � h

i or kx i;k+1 � x i;0 ki > (1 � � �
i )� i+1 , then return

with the approximate solution x i;� = x i;k+1 .
7: Step 6: Trust-region radius update. Set

� +
i;k 2

8
><

>:

[� i;k ; 
 3� i;k ] if � i;k � � 2;
[
 2� i;k ; � i;k ] if � i;k 2 [� 1; � 2);
[
 1� i;k ; 
 2� i;k ] if � i;k < � 1;

and

(20) � i;k+1 = min
�

� +
i;k ; � i+1 � kx i;k+1 � x i;0 ki

	
:

Set k := k + 1 and return to Step 1.

Algorithm 2 describes the recursive, multilevel, nonsmooth trust-region (RMNTR) algorithm. It is as-
sumed that the prolongations P i

i�1 and restrictions Ri�1
i are known and satisfy Assumption 3.1. An

initial trust-region radius for each level � s
i > 0 is also de�ned, as well as level-dependent proximal gra-

dient norm tolerances � h
i 2 (0; 1) and the trust-region tolerances � �

i 2 (0; 1) for i = 0; : : : ; r. The
initial data of this algorithm consist of the level index i (0 � i � r), a starting point x i;0 , the nonsmooth
part � i of the objective function in this level, the radius � i+1 of the level-(i+1) trust region, and the tol-
erances � h

i and � �
i . The original task of minimizing F(x) = F r (x) = f r (x) + � r (x) = f(x) + �(x)

is achieved by calling RMNTR(r; F r ; xr;0 ; � r ; � r+1 ; � h
i ; � �

i ; � s
r ) for some starting point x r;0 and

initial trust-region radius � s
r , and where we de�ne � r+1;0 = 1. We also point out that the de�nition
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of mi;k in Step 2 is only used for the calculation of � i;k , which means actually, we solve the subproblem
in the lower level models in Step 2. The motivation for (20) in Step 6 of the algorithm and the termina-
tion test kx i;k+1 � x i;0 k > (1 � � �

i )� i+1 in Step 5 are to guarantee that iterates at a lower level in a
recursion remain in the trust region de�ned at the calling level (see [17, Lemma 4.1] for details).

4. TRUST-REGION SUBPROBLEM SOLVERS

The methods we propose are recursive procedures, so it suf�ces to concentrate on the two-level case.
Thus, for the sake of simplicity, from now on we assume that we have just two approximations to
our objective function F at our disposal, i.e., r = 1. To unburden our notation, below we write R
for Ri�1

i and P for P i
i�1 , respectively. This slight abuse of notation is adopted solely for notational

convenience and does not affect the generality of the discussion. The complete formulation and proof
of the multilevel (i.e., r > 1) case are provided in Appendix A.

In iteration k, we (approximately) minimize either the Taylor model (11) or the lower level model (9);
compare steps 2 and 3 in Algorithm RNMTR above. If we deal with the Taylor model, then all pertinent
FCD and feasibility results can be found in [4, Section 5, Alg. 3]. Hence, here we only prove that the
lower-level model selection satis�es FCD (12) and trust-region feasibility.

Motivated by [4], we now show that it is possible to attain Cauchy decrease via a spectral proximal
method for minimizing L i�1 .

4.1. Spectral Cauchy Points. The “spectral” Cauchy point in iteration 0 on level i � 1 of Algorithm 2
is

(21) xc
i�1;0 := x i�1;0 + � i�1 (pi�1 (t i�1 ) � x i�1;0 );

for � i�1 2 [0; 1] and ti�1 2 [t min ; tmax ]. Here, pi�1 (t i�1 ) is taken from the proximal gradient path,
i.e.,

(22) pi�1 (t i�1 ) := Prox t i�1 � i�1 (x i�1;0 � t i�1 Rr ~L i (x i;k ));

and 0 < t min � t max < +1 are user-speci�ed parameters. By [4, Proposition 2], there exists
� i�1 2 [0; 1] which is the minimizer of the quadratic optimization problem

(23)

min
�2[0;� max

i�1 ]
qi�1;0 (�) :=

� 2

2
hBi�1;0 sc

i�1 (t); s c
i�1 (t)i

+ �
�

� i�1 (x i�1;0 + s c
i�1 (t)) � � i�1 (x i�1;0 )

+ hRr ~L i (x i;k ); sc
i�1 (t)i

�
;

where sc
i�1 (t) := p i�1 (t) � x i�1;0 for t 2 [t min ; tmax ] and, in a slight misuse of notation, sc

i�1 :=
sc

i�1 (t i�1 ). Note that for the sake of �exibility we make here the dependence on t explicit, while �xed
choices ft i gr

i=0 , with t i 2 [t min ; tmax ] for all i, are usually taken in the algorithm.

We are now targeting FCD in the two-level setting and start by establishing an auxiliary result concern-
ing a progress estimate for the nonsmooth component of the objective along the prolonged Cauchy
direction.

Lemma 4.1. Let es i (t) := Prox t� i (x i;k � tr ~L i (x i;k )) � x i;k for arbitrary t > 0, and s i (t) :=
R> (pi�1 (t) � x i�1;0 ) = R > sc

i�1 (t). Then

(24) � i (x i;k ) � � i (x i;k + s i (t)) � hr ~L i (x i;k ); esi (t)i +
1
t
kesi (t)k 2

i :
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Proof. De�nition 3.2, Assumption 3.1, and (10) yield for arbitrary t > 0 that

(25)

si (t) = R > (Proxt� i�1 (Rx i;k � tRr ~L i (x i;k )) � x i�1;0 )

= (R > R � I)(x i;k � tr ~L i (x i;k )) + Prox t� i (x i;k � tr ~L i (x i;k )) � R > Rx i;k

= es i (t) + t(I � R > R)r ~L i (x i;k ):

Note that Rsi (t) = Res i (t) from (25) and Assumption 3.1, and further

R> Resi (t) = R > Rsi (t) = R > sc
i�1 (t) = s i (t):

By this, De�nition 3.2, Assumption 3.1, (17), and [3, part 1 of Lemma 1] for the inequality, we have that

� i (x i;k ) � � i (x i;k + s i (t)) = � i�1 (x i�1;0 ) � � i�1 (x i�1;0 + s c
i�1 (t))

�
1
t

hsci�1 (t) + tRr ~L i (x i;k ); sc
i�1 (t)i

= hr ~L i (x i;k ); si (t)i +
1
t
ksc

i�1 (t)k 2
i�1

= hr ~L i (x i;k ); si (t)i +
1
t
kResi (t)k 2

i�1

= hr ~L i (x i;k ); si (t)i +
1
t
hR> Resi (t); es i (t)i

= hr ~L i (x i;k ); si (t)i +
1
t
hsi (t); es i (t)i

= hr ~L i (x i;k ); R> Resi (t)i +
1
t
kesi (t)k 2

i

+
D

(I � R > R) r ~L i (x i;k ); esi (t)
E

= hr ~L i (x i;k ); esi (t)i +
1
t
kesi (t)k 2

i ;

which completes the proof. �

Next, we establish the FCD for the prolonged Cauchy step.

Proposition 4.2. Let � i 2 [0; 1] be the minimizer of the quadratic optimization problem in (23), with
� max

i�1 := min
�

1; � i;k kesi (t)k �1
i

	
: If hi;k > 0; then s i (t) = Ps c

i�1 (t) = R > sc
i�1 (t) satis�es (12)

with � fcd = 1
2 minf1; t min � 2

stop ; � 4
stop=(� H � 1)g.

Proof. We �rst recall that h i;k = t �1 kx i;k � Prox t� i (x i;k � tr ~L i (x i;k ))k i for �xed t > 0. At each
iteration k at level i, we either minimize (decrease) the Taylor model (11) or the lower level model (9). If
we choose the Taylor model, then the results are covered by [4, Proposition 2]. Otherwise, we choose
the low level model, and it suf�ces to work with its quadratic approximation since the optimization step
is determined entirely by this local approximation. As we only discuss two levels in this section, we get
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from Step 2 in Algorithm 2 and by the convexity of � i that, for � 2 [0; 1],

(26)

mi;k (x i;k ) � m i;k (x i;k + �s i (t))

= f i�1;0 (x i�1;0 ) � f i�1;0 (x i�1;0 + �s c
i�1 (t)) + � i�1 (x i�1;0 ) � � i�1 (x i�1;0 + �s c

i�1 (t))

�
D

Rr ~L i (x i;k ) � rf i�1 (x i�1;0 ); �s c
i�1 (t)

E

= �
1
2

� 2hBi�1;0 sc
i�1 (t); s c

i�1 (t)i � �hRr ~L i (x i;k ); sc
i�1 (t)i + � i�1 (x i�1;0 )

� � i�1 (x i�1;0 + �s c
i�1 (t))

� �
1
2

� 2hBi�1;0 sc
i�1 (t); s c

i�1 (t)i � �
h
hRr ~L i (x i;k ); sc

i�1 (t)i �
�
� i�1 (x i�1;0 )

�� i�1 (x i�1;0 + s i�1 (t))
��

= �q i�1;0 (�):

For the ease of notation, we de�ne the following quantities:

� i (t) := hB i�1;0 sc
i�1 (t); s c

i�1 (t)i;

di (t) := hrR ~L i (x i;k ); sc
i�1 (t)i � (� i�1 (x i�1;0 ) � � i�1 (x i�1;0 + s c

i�1 (t)));

and note that if � i (t) > 0, then the unconstrained minimizer of q i�1 is given by �d i (t)=� i (t). By [3,
part 1 of Lemma 1], , the �rst inequality of (19), and the fact that t > 0, we have that

di (t) � �
1
t
ksc

i�1 (t)k 2 = �th 2
i�1;0 � �t� 2

stoph2
i;k ;

In this case, we have � i = minf�d i (t)=� i (t); � i;max g. When � i (t) = 0, then we have q i�1 (�) =
�d i (t) � ��t� 2

stoph2
i;k . Therefore, � i = � i;max > 0. Finally, if � i (t) < 0, then q i�1 is concave and

� i is either 0 or � i;max . Considering the two cases that de�ne � i;max , we obtain that qi (� i;max ) �
�h i;k minft� 2

stophi;k ; � i;k g < 0 = q i (0) and hence, � i = � i;max : This demonstrates that there are
three cases which we must discuss: � i = 1, � i = � i;k =kesi (t)k i , and � i = �d i (t)=� i (t).

For the �rst two cases � i = 1 and � i = � i;k =kesi ki , respectively, the proofs follow the same argu-
ments as in [4, Proposition 2]. By replacing t, hk , Bk , and sk with t� 2

stop , hi;k , B i;k , and esi , respec-
tively, and repeating the �rst two case analyses in [4, Proposition 2], we obtain (12).
Case 3. � i = �d i (t)=� i (t): In this case, 0 < �d i (t) � � i (t) � kB i�1;0 ki�1 � ksc

i�1 (t)k 2
i�1 . Note

that Resi (t) = Rs i (t) = RR > sc
i�1 (t) = s c

i�1 (t). Then we have that ks c
i�1 (t)k i�1 = kRes i (t)k i�1 �

kRk � kesi (t)k i = kes i (t)k i and

mi;k (x i;k ) � m i;k (x i;k + � i si (t)) �
di (t) 2

2� i (t)
�

t2� 4
stoph4

i;k

2kBi�1;0 ki�1 � kesi (t)k 2
i

=
� 4

stoph2
i;k

2kBi�1;0 ki�1
:

If kB i�1;0 ki�1 � 1 + kB i;k ki , then it is obvious that

mi;k (x i;k ) � m i;k (x i;k + � i si (t)) �
1
2

�
� 4

stoph2
i;k

1 + kB i;k ki
:

Otherwise, by (2), we have that
1+kB i;k ki

kB i�1;0 ki�1
� 1

� H �1 and hence,

mi;k (x i;k ) � m i;k (x i;k + � i si (t)) �
� 4

stop

2(� H � 1)
�

h2
i;k

1 + kB i;k ki
:

Combining the cases 1, 2, and 3 proves that (12) holds for � i si (t). �
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As a consequence, we may apply the spectral proximal gradient (SPG) subproblem solver to compute
the update step for the lower level model L i�1 as in [4] with a small modi�cation. For the convenience
of the reader, we present the SPG algorithm here in Algorithm 3. We recall that

hi�1;0 =
1
t






 x i�1;` � Prox t� i�1 (x i�1;` � tRr ~L i (x i;k ))








i�1
:

From (15), Assumption 3.1, and (18), we know that, for each iteration ` in level i � 1,

(27) kx i�1;` � x i�1;0 ki�1 � � i;k :

Algorithm 3 SPG Trust-Region Subproblem Solver [4]

1: Require: Initial guess x i�1;0 , f i�1;0 = f i�1;0 (x i�1;0 ), � i�1;0 = � i�1 (x i�1;0 ), m i�1;0 = f i�1;0 +
� i�1;0 , di�1;0 = Rr ~L i (x i;k ), and an integer maxit, and positive tolerances e� and � i�1 , the
positive safeguards tmin � t max , and t i�1;0 = t 2 [t min ; tmax ]

2: Set ` = 0
3: while ` <maxit and h i�1;` > minfe� ; � i�1 hi�1;0 g and kxi�1;` � x i�1;0 ki�1 � � i;k do
4: Set s  Prox t i�1;` � i�1 (x i�1;` � t i�1;` di�1;` ) � x i�1;`

5: Set � max  1
6: if kx i�1;` + s � x i�1;0 ki�1 > � i;k then
7: Set � max > 0 so that kx i�1;` + � maxs � x i�1;0 ki�1 = � i;k

8: end if
9: Compute b� i�1;`  � i�1 (x i�1;` + s), b  B i�1;0 s, and �  hb; si

10: if � � 0 then
11: Set �  � max

12: else
13: Set �  minf� max ; �(hd i�1;` ; si + b� i�1;` � � i�1;` )=�g
14: end if
15: Set x i�1;`+1  x i�1;` + �s, d i�1;`+1  d i�1;` + �b and � i�1;`+1  � i�1 (x i�1;`+1 )
16: if � � 0 then
17: Set �t  t=kd i�1;` k
18: else
19: Set �t  hs; si=�
20: end if
21: Set t i�1;`+1  maxft min ; minft max ; �tgg
22: Set `  ` + 1
23: end while
24: Return x i�1;�  x i�1;` as the approximate solution

5. GLOBAL CONVERGENCE

In this section, we also restrict the discussion to the two-level case, for the same reasons outlined in
Section 4. Although the proposed algorithm and analysis extend naturally to the full multilevel setting
by recursive settings, focusing on two levels simpli�es the exposition and suf�ces to establish the key
arguments underlying the global convergence proof. The extension to the full multilevel case follows
by recursion and is provided in the Appendix A.

Inspired by the convergence theory reported in [3], we prove the global convergence of the proposed
methods and we provide a worst-case complexity bound to reach such a point, generalizing the the-
ory proposed in [3]. To prove the global convergence of Algorithm 2, we �rst establish two technical
lemmas. In the �rst lemma, we show that a suf�ciently small radius � i;k guarantees in iteration k that
� k � � 2. As a consequence, the new trust-region radius satis�es � i;k+1 � � i;k .
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Lemma 5.1. Consider an iteration (i; k) for which h i;k > 0 and

(28) � i;k � � shi;k ;

then � k � � 2 and � i;k+1 � � i;k , where � s := � fcd(1 � � 2)=� H < 1 with � fcd as in Proposition 4.2
and � H as in (2).

Proof. In iteration k at level i we either minimize (decrease) the Taylor model (11), or the lower level
model (9). In both cases, it holds that

(29) mi;k (x i;k ) � m i;k (x i;k + �s i;k ) � � fcdhi;k min
�

hi;k

1 + kB i;k k
; � i;k

�
� � fcdhi;k � i;k ;

where � 2 [0; 1] is as in Section 4, and we used (28) to get the last inequality. Let us consider the
quantity

(30) j1 � � i;k j =

�
�
�
�1 �

L i (x i;k ) � L i (x i;k + �s i;k )
mi;k (x i;k ) � m i;k (x i;k + �s i;k )

�
�
�
� = :

�
�
�
�1 �

aredi;k

predi;k

�
�
�
�

If, in step k, the Taylor model is chosen, then we have by (11) and Taylor's theorem:

(31)

jaredi;k � pred i;k j =
�
�
� f i (x i;k ) � f i (x i;k + �s i;k )

+
D

r ~L i (x i;k ); �s i;k

E
+

� 2

2
hBi;k si;k ; si;k i

�
�
�

�
� 2

2

�
�
�

�

B i;k � r 2f i (� i;k )
�

si;k ; si;k
� �
�
�

� � H � 2
i;k ;

where � i;k is on the line segment [x i;k ; x i;k + �s i;k ] and, in the last step, (2) is used. If the lower level
model is chosen, then we have by si;k = Ps i�1 and (26) that

(32)

jaredi;k � pred i;k j =
�
�
� f i (x i;k ) � f i (x i;k + �s i;k )

+
D

r ~L i (x i;k ); �s i;k

E
+

� 2

2
hBi�1;0 si�1;0 ; si�1;0 i

�
�
�

�
� 2

2

�
jhBi�1;0 si�1 ; si�1 ij + jhr 2f i (� i;k )si;k ; si;k ij

�

� � H � 2
i;k :

where, in the last step, we used (27). Combining (31), (32), (29), and (28) gives us

(33) j1 � � i;k j �
� H � 2

i;k

� fcdhi;k � i;k
� 1 � � 2;

then � i;k � � 2. �

This result guarantees the �niteness of the recursion at iteration (i; k) whenever the trust-region radius
� i;k is suf�ciently small. It also implies the following useful consequence.

Corollary 5.2. Each minimization sequence contains at least one successful iteration.

Proof. Using Lemma 5.1 and repeating the proof of [17, Lemma 4.6], we then �nish the proof of
Corollary 5.2. �

In the following lemma, we establish a constant lower bound on � i;k under the assumption that hi;k >
� > 0.
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Lemma 5.3. Let � > 0 be �xed and suppose h i;k > � for all (i; k). Let k 1 be the index of the �rst
successful iteration at level i. Then

(34) � i;k � minf
 k1
1 � i;0 ; 
 1� s�; � �

i � i+1 g =: � min

for every iteration (i; k).

Proof. We discuss only the two-level case. The multilevel case follows then from the recursive property
of Algorithm 2.

If i = r, then by � r+1 = 1, we have � r;k+1 = � +
i;k+1 from (20). Hence, � i;k � 
 k1

1 � i;0 , for
any k � k 1, and (34) holds true. For k > k 1, we consider two cases: either � i;k 1 � 
 1� s� or
� i;k 1 < 
 1� s�. In the �rst case, if � i;k 1 � � 2, then (34) holds for k = k 1 + 1. If � i;k 1 < � 2, then
by Lemma 5.1, we have that � i;k 1 > � shi;k 1 . Combining this, Step 6 in Algorithm 2 and the fact that

 2 � 
 1 and hi;k > � gives us � i;k 1+1 > 
 2� i;k 1 > 
 1� s�; i.e. (34) holds for k = k 1 + 1: We
now consider the second case: we observe that if � i;k � � s�, then by Lemma 5.1 and the fact that

hi;k > �, we have that � k1 � � 2 and thus, � i;k 1+1 � � i;k 1 � 
 k1
1 � i;0 : These arguments could be

repeated for all k > k 1, which completes the proof for i = r.

If i = r � 1 (i.e. i = 0 since we only consider two levels), note that, for any k, kx i;k+1 � x i;0 k �
(1 � � �

i )� i+1 , which implies that � i;k+1 = minf� +
i;k+1 ; � �

i � i+1 g. Then proof is done by repeating

the above proof with � +
i;k+1 . �

We consider the sequence of successful iterations (� i;k � � 1). They are divided into two groups:
K s;f the successful iterations at which the �ne model (Taylor model) has been employed, and K s;l

the ones at which the lower level model has been employed. Let K s be all the successful iterations,
i.e. K s := K s;f [ K s;l , and let k1 be the index of the �rst successful iteration.

Theorem 5.4. The number of iterations at each level is �nite.

Proof. Let k1 be the �rst successful iteration in level i. Then by Proposition 4.2, the bound in (2), and
Lemma 5.3, we have that

(35)

L i (x i;k 1 ) � L i (x i;k 1+1 ) � � 1(m i (x i;k 1 ) � m i (x i;k 1+1 ))

� � 1� fcdhi;k 1 min
�

hi;k 1

1 + kB i;k 1 k
; � i;k 1

�

� � 1� fcd � h
min min

�
� h

min

� H
; � min

�
;

where � h
min = min i2f0; :::; rg � h

i . From Corollary 5.2, we know that there exists at least one successful
iteration for every minimization sequence. Summing the objective decrease at level i we obtain from
(35) that, for any iteration (i; ` + 1),

(36) L i (x i;0 ) � L i (x i;`+1 ) =
X

j2f0; :::; `g\K s

[L i (x i;j ) � L i (x i;j+1 )] � � i;` � 1� h;

where � i;` denotes the total number of successful iterations in level i until iteration `, and � h :=
� fcd � h

min min
�

� h
min � �1

H ; � min
	

2 (0; 1). From the construction of the lower-level objective function
(as in Section 3) and since f i , � i , and Fi = f i + � i satisfy Assumption 2.1 for each i, F i is bounded
below. Then, (36) implies that � i;` must be �nite. On the other hand, Lemma 5.3 implies that the
minimization sequence is �nite, as otherwise � i;k will converge to zero, which is impossible by Lemma
5.3. Thus, the total number of iterations at each level is �nite. �

The global convergence property is a direct consequence of Theorem 5.4.
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Corollary 5.5. Assume that Algorithm RMNTR is called at the uppermost level with � h
r = 0. Then

(37) lim inf
k!1

hr;k = 0:

Proof. The proof is identical to that of [17, Corollary 4.11], using Theorem 5.4 and replacing kgi;k k by
hi;k . �

6. NUMERICAL RESULTS

We now report on the practical performance of our method on two problem classes, PDE-constrained
optimization and scienti�c machine learning, respectively. All experiments were conducted on a Mac-
Book Pro equipped with an Apple M2 Pro processor and 16 GB of RAM. The implementation, together
with all scripts necessary to reproduce the numerical results, is openly available at the public GitHub
repository1.

We use the following algorithmic parameters for all the examples: � 0 = 50, � 1 = 0:05, � 2 = 0:95,

 1 = 
 2 = 0:25, 
 3 = 2, � stop = 0:6, and � i�1 = 0:1 when i > 1. We stop Algorithm 2 if
hr;k � 10 �7 .

6.1. Optimal control of Burger's equation. Our �rst example is the optimal control of Burger's equa-
tion similar to [4]:

(38) min
z2L 2 (
)

1
2

Z



([S(z)](x) � u d(x)) 2 dx +

�
2

Z



z(x)2 dx + �

Z



jz(x)j dx

where 
 = (0; 1) is the physical domain, � = 10 �4 and � = 10 �2 are �xed parameters (control
costs). We choose ud(x) = �x 2 as the target state. To emulate noisy measurement data, we perturb
the exact target state ud(x) = �x 2 by adding a structured noise �eld consisting of three compo-
nents: (i) a dominant piecewise-constant “step” noise with several randomly located jumps (maximum
amplitude 5 � 10 �2 ); (ii) an additional block noise generated from randomly placed constant intervals
of comparable magnitude; and (iii) a sparse salt–and–pepper component with density 0:5% and spike
amplitude 0:2. The noise is applied only at interior grid nodes so that the Dirichlet boundary values
remain unperturbed. Furthermore, we set S(z) = u 2 H 1(
), where u solves the weak form of
Burgers' equation

(39)
��u 00+ uu 0 = z + g in 
;

u(0) = 0; u(1) = �1;

with g(x) = 2(� + x 3) and � = 0:08. We discretize the state u using globally continuous piecewise
linear �nite elements and the control z using piecewise constants on a uniform mesh with n sub-
intervals. Here, we simply choose the 1D averaging restriction operator Ri�1

i as follows:

Ri�1
i =

1
p

2

2

4
1 1

1 1
. . .

3

5 2 Rn i�1 �n i ;

where nr = n:

Figure 1 shows the noisy target state ud, the optimal state u, and the optimal control z. The target data
is corrupted and nonsmooth, which creates local irregularities that the control must balance against
the PDE and L2- and L1-regularization. The central plot of Figure 1 depicts an optimal state that is
much smoother than the noisy target. The optimal control is relatively sparse, with localized spikes
and oscillations.

1https://github.com/qiwang7777/Multilevel_LM.git
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FIGURE 1. Optimal Control for Burgers with noise, target state with step (0.05), block
(0.005), and impulse (0.2) noise

FIGURE 2. Convergence comparison with n = 8192

The left plot of Figure 2 compares the convergence behavior of the 1-level and the 2-level methods.
It is obvious that the 2-level method converges signi�cantly faster, which implies that coarse levels
provide inexpensive but globally informative corrections that reduce the number of �ne-level iterations.
The right plot of Figure 2 compares the stationarity measure (i.e., a �rst-order optimality indicator,
hr;k ) for the 1-level and 2-level strategies. The 2-level run reduces the stationarity residual quickly,
reaching very small hk;r after only a few iterations. In contrast, the 1-level method reaches similar
values after double the number of iterations and with more oscillation. Thus, the 2-level method not
only reduces the objective faster but also drives the solution toward optimality conditions more rapidly
and with smoother progress.

6.2. Semilinear optimal control. Our second example is the optimal control of a semilinear elliptic
PDE, given by

(40)
min

z2L 2 (
)

1
2

Z



([S(z)](x) � w(x)) 2 dx +

�
2

Z



z(x)2 dx + �

Z



jz(x)j dx

subject to � 25 � z � 25 almost everywhere (a.e.),

where 
 = (0; 1) 2 is the physical domain, and for the L2-control cost we choose � = 10 �4 . Con-
cerning the L1-cost we test � = 0:05 as well as � = 0:01. We note that it is well known that the
larger � gets, the smaller becomes the support set for the optimal control. Further, w � �1 is the
target state, and u = S(z) 2 H 1(
) solves the weak form of the semilinear elliptic PDE

(41) ��u + u 3 = z in 
; u = 0 on @
:

We discretize the state u using piecewise linear �nite elements on a uniform triangular mesh with 2n 2

elements and the control variable z using piecewise constants on the same mesh, resulting in 2n2

degrees of freedom. Here, we apply the restriction operator Ri�1
i = R 2D = R 1D 
 R 1D , where R1D

performs local averaging over adjacent grid points in one dimension. Speci�cally, each coarse-grid
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point corresponds to the average of m consecutive �ne-grid points, i.e.,

R1D [i; j] =

(
1p
m ; if j 2 fi � m; i � m + 1; : : : ; (i + 1) � m � 1g;

0; otherwise;

for i = 0; : : : ; n i�1 � 1 and and m = n i�1

n i
being the coarsening ratio.

FIGURE 3. Optimal control for semilinear PDE with n = 128, � = 10 �4 and � =
0:01

FIGURE 4. Optimal control for semilinear PDE with n = 128, � = 10 �4 and � =
0:05

We also consider the target function w = w � + �, where w � � �1 and � is a (discrete) realization
of zero-mean Gaussian noise of standard deviation b�. We conducted experiments for various values
of b�. However, since the numerical results are qualitatively similar across all tested noise levels, we
report here only the case b� = 0:5.

Figures 3, 4, and 5 all illustrate optimal control for the semilinear elliptic PDE constraint under dif-
ferent parameter settings and noise levels. As of course expected, the PDE constraint smooths the
state, producing physically meaningful optimal states regardless of the noise level. Further, the L1-
regularization creates structured, sparse controls, which remain stable even with severe noise as in
Figure 5. Comparing Figure 3 and 4, we see that if we increase �, then it will sparsify the optimal
control.

Figure 6 presents the performance comparison between the 1-level method and the 2-level method for
solving the semilinear PDE-constrained optimal control problem with a �ne grid size n = 256. The left
subplot shows that the 2-level method accelerates convergence and reduces the computational effort
(since the iteration count is approximately the same, but the 2-level method involves lower dimensional
subproblems). The right subplot shows that the 2-level method reduces the stationarity residual much
faster when compared to the 1-level method.
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