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Quasi-optimal complexity Ap-FEM for the Poisson equation on a
rectangle

Kars Knook, Sheehan Olver, loannis P. A. Papadopoulos

Abstract

We show, in one dimension, that an hp-Finite Element Method (hp-FEM) discretisation can
be solved in optimal complexity because the discretisation has a special sparsity structure that
ensures that the reverse Cholesky factorisation—Cholesky starting from the bottom right instead
of the top left—remains sparse. Moreover, computing and inverting the factorisation may par-
allelise across different elements. By incorporating this approach into an Alternating Direction
Implicit (ADI) method a la Fortunato and Townsend (2020) we can solve, within a prescribed tol-
erance, an hp-FEM discretisation of the (screened) Poisson equation on a rectangle with quasi-
optimal complexity: O(IN2 log N) operations where N is the maximal total degrees of freedom
in each dimension. When combined with fast Legendre transforms we can also solve nonlinear
time-evolution partial differential equations in a quasi-optimal complexity of O(N2 log2 N) op-
erations, which we demonstrate on the (viscid) Burgers’ equation. We also demonstrate how the
solver can be used as an effective preconditioner for PDEs with variable coefficients, including
coefficients that support a singularity.

1 Introduction

Consider the classic problem of solving the (screened) Poisson equation in a rectangle:
—Au(z,y) +wiulz,y) = f(z,y) for a<z<b c<y<d (1.1)

where Au = ug, + uy, is the Laplacian and we assume vanishing Dirichlet or Neumann boundary
conditions. An effective and fast approach to solving this equation is the Fast Poisson Solver: using
finite-differences to discretise the partial differential equation (PDE), we can diagonalise the discreti-
sation using the Discrete Cosine Transform in a way that leads to quasi-optimal complexity, that is,
O(N?log N) operations where N is the maximal degrees of freedom along each dimension.

In this paper we introduce an alternative approach that also achieves quasi-optimal complexity but
for a high order (hp) framework. We utilise the work of Babuska and Suri [7], which introduced a ba-
sis for the Finite Element Method (FEM) built from tensor products of piecewise integrated Legendre
polynomials that achieved sparse discretisations for constant coefficient PDEs on rectangles. A fact
that, perhaps, has been inadequately emphasised is that this approach enables quasi-optimaﬂ appli-
cation of the discretisation when combined with fast Legendre transforms [2, 33} 52|: the complexity is
O(an2 log2 p) for a discretisation of a tensor product of p-degree polynomials where the rectangle
is subdivided into n? rectangles (that is h = 1/n on the unit rectangle). Applying the discretisation
quasi-optimally in an iterative framework is, therefore, a solved problem.

"There are false misconceptions in the literature originating in [42] that optimal complexity is O(p‘”l) operations
as p — o0. We contend that optimal is O(pd) operations, and indeed our quasi-optimal complexity outperforms the
misreported “optimal” complexity.
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K. Knook, S. Olver, I. P. A. Papadopoulos 2

Inverting the discretisation is another story. While Fortunato and Townsend [24] introduced the first
spectraﬂ Fast Poisson Solver, which achieves quasi-optimal complexity for solving the 2D Poisson
equation with the aforementioned basis using the Alternating Direction Implicit (ADI) method, it was
only applicable when there was a single element. The aim of this work is to extend their approach to
an arbitrary number of elements in a manner that is robust to h- and p-refinement.

The ingredients that made [24] successful were:

1 A fast solve for one-dimensional discretisations.

2 Control on the separation of the spectrum from the origin.

For (1) we introduce an optimal complexity ~Ap-FEM solver in 1D in Section for Symmetric Positive
Definite (SPD) problems: the complexity is O(pn) where p is the polynomial degree and n is the
number of elements. For (2) we observe that the smallest eigenvalue can be computed in optimal
complexity and we prove bounds built on known hp-FEM results that guarantee that it has the needed
behaviour to achieve quasi-optimal complexity.

Sparse p- and hp-FEM have a rich history. They can be traced to the work of Szabé [szabo1979],
see also [51, Ch. 2.5.2] and [48, Ch. 3.1]. Extensions to two dimensions were further developed by
Babuska and Suri [7] and Beuchler and Schéberl [10], where they construct a p-FEM on quadrilaterals
and simplices, respectively. Other works of a similar theme include [5 44} 9,(11,(31} 8l 22, [32, 48] and
[50, App. A]. The focus of hp-FEM literature is often deriving the necessary frameworks, proving
optimal mesh adaptivity strategies, and obtaining exponential convergence rates [48] [29].

The literature on fast solvers for the Poisson equation is extensive. To name but a few techniques:
Fast Fourier Transforms (FFT), cyclic reductions [16], fast direct solvers for boundary element and
multipole methods [40, 39], pseudospectral Fourier with polynomial subtraction [3}12], the fast diago-
nalization method [37], multigrid methods [14], 26, |30} 36} |4 7], and domain decomposition |27, 28, [38].
Almost always there is a tradeoff between asymptotic complexity, speed, and flexibility of the methods,
e.g. the structure required in the mesh. To our knowledge, except for the solver described in this work,
there exists no fast Poisson solver in 2D that simultaneously (1) converges spectrally when the solu-
tion is smooth, (2) can mesh the domain into rectangular elements and, therefore, efficiently capture
discontinuities in the data and (3) asymptotically requires only O(N?log N) = O((pn)?log(pn))
operations for the solve and O(N?log® N) = O((pn)?log?(pn)) operations for the setup.

Remark 1.1. There are many other high-performance techniques to solve partial differential equations
on similar meshes as we consider. For moderate choices of p these may outperform the method we
propose, and so for many applications our contribution may be mostly theoretical. However, to our
knowledge none of the existing work achieves optimal complexity for both h and p refinement, hence
for very large p our approach will outperform existing techniques. In particular, multigrid techniques
that report O(p?*1) flops for the solve [14] (we achieve O(p?log p) in 2D) or h and p-independent
Krylov iteration counts [4/] do not discuss the complexity of the setup (such as the quadrature for
assembling the load vectors). Eventually the setup will become a bottleneck in such solvers unlike in
our method where the setup remains quasi-optimal. A thorough investigation of the choice of p where
our approach becomes competitive would require a distributed memory implementation in order to
effectively parallelise the algorithm, which is beyond the scope of this current paper.

2 “First” and “spectral” are up to debate: it is only spectral if the solution itself is smooth. But certainly “Fast” is an
undisputed adjective.
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Quasi-optimal Complexity hp-FEM 3

The structure of the paper is as follows:

Section 2t We review the integrated Legendre functions of [7] (see also [48, Ch. 3.1.4]) and see how
they lead to discretisations of differential operators with a special sparsity structure which we call
Banded-Block-Banded Arrowhead (B®-Arrowhead) Matrices.

Section [3; We explain how the Poisson equation can be recast as a simple linear system involving a
B3-Arrowhead matrix in 1D and a Sylvester equation involving B3-Arrowhead matrices in 2D.

Section : We show that a reverse Cholesky factorisation—a factorisation of a matrix as A = L' L
where L is lower triangular— for B3-Arrowhead matrices can be computed and the inverse applied in
optimal complexity. Moreover, the factorisation potentially parallelises between different elements.

Section B} We discuss the ADI method and how it can be used to solve the (screened) Poisson equa-
tion in quasi-optimal complexity. This requires spectral analysis of the underlying discretisations to
control the number of iterations needed in ADI.

Section[6} We discuss how to transform between coefficients and values efficiently, using visicid Burg-
ers’ equation in 2D with a discontinuous initial condition as an example.

Section [7]: Our solver can be used effectively as a preconditioner for PDEs with variable coefficients,
where each iteration achieves quasi-optimal complexity. We demonstrate this on a time-independent
Schrédinger equation with a variable coefficient with a singularity, where the number of iterations is
roughly independent of & and p.

Code availability: The numerical experiments found in this manuscript where conducted in Julia and
and can be found at ADIPoisson.jl [34, [35].

2 Integrated Legendre functions

In this section we introduce the one-dimensional basis of integrated Legendre functions that underlies
our discretisation of the Poisson equation.

2.1 A basis for a single interval
Define the weighted ultraspherical/Jacobi polynomialdﬂ as

W) = LG @) _ (1 =a)R )

(k+1)(k+2) 2(k+1)

where C\™ are orthogonal with respect to (1 — 22)*1/2 on [—1,1] for A > —1/2, A # 0 with

normalisation constant
2 <>\)k L 1

where (A)y = A(A+1)--- (A +k — 1) is the Pochammer symbol. P;“’b) (x) are Jacobi polynomials
orthogonal with respect to (1 — 2)%(1 + x)® on [—1, 1] with normalisation constant given in [41)
p. 18.3].

oM (x) =

3This definition is also equal to the ultraspherical polynomial C,(C:r;/Q) (z), but to avoid discussion of orthogonal poly-
nomials with non-integrable weights we do not use this relationship.

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025



K. Knook, S. Olver, I. P. A. Papadopoulos 4

The choice of normalisation is chosen because it leads to the simple formula
Wi(z) = —Pia () (2.1)

for the Legendre polynomials Py (z) = C}g/z) (x) [41, p. 18.9.16]. In other words, they are the integral
of Legendre polynomials: up to a constant they are precisely the integrated Legendre functions used
by Babuska. They are also equivalent to the basis defined by Schwab [48, Ch. 3.1] and utilised by
Fortunato and Townsend [24].

It is convenient to express this relationship in terms of quasi-matrices, which can be viewed as matrices
that are continuous in the first dimension, or equivalently as a row-vector whose columns are functions:

4
dz ~

Wo,Wl,W27-"]/:\[PU>P17P27"']/ -1 1

\\% P

~~
P
DW

If we have a single element in 1D we can use this basis as the test and trial basis in the weak formu-
lation of a a differential equation. Let (-, -) denote the L?(—1, 1)-inner product. Then the Gram/mass
matrix associated with Legendre polynomials is

(Fo, Po)  (Fo, 1)
(PT.P) = | (P Py (P ) = 0 2/5

whilst the discretisation of the weak 1D Laplacian is diagonal:
~Aw = (W), W') = ((PD})",PD,)

2/3

2/5

which is another way to write the formula:

2

(Wi, W) = (Preyr, Pya) = m%’-

The mass matrix can be deduced by using the lowering relationship:

X
0 x
[Wo,Wl,WQ, . } — [Po,Pl,PQ, . } X O X (22)
~~ 7 ~~ g x 0 x
W P
E;V J/
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Quasi-optimal Complexity hp-FEM 5

where the exact formulae for the entries is in Appendix |Al For now we focus on sparsity structure.
Subsequently the mass matrix can be expressed as a truncation of an infinite pentadiagonal matrix:

My = (W', W) = Ly(P",P) Ly = LyyMpLw

x 0 x
0 x 0 x
x 0 x 0 x
— | x 0 x
x 0 X

The entries have simple explicit rational expressions, or alternatively one can view this as a product of
banded matrices. The latter approach is slightly less efficient but we will use it for clarity in exposition.
We can similarly find the matrix of the inner products that arise in testing with this basis:

(W', P)=Ly, (P",P)=Lj,Mp.

2.2 Multiple intervals

Partitioning an interval [a, b] into n subintervals a = ¢ < 27 < - -+ < x,, = b we can use an affine

map
Or — Ti 1 — T
() = =T

Tj— Tj-1

to the reference interval [—1, 1] to construct mapped bubble functions as

xin o ) Wila;(x)) 2 € [zj_1, 2]
Wk](m) o {O otherwise

on each interval. We combine these with the standard piecewise linear hat basis

L k! T—Tp—
hi(z) = siom L€ [$.0,$1]7 B () 2l g€ [Tnoq, T,
0 otherwise, 0 otherwise,

T—Tj_1 ] ]
oo TE (21, %],
X . Tj41—T .
h](fﬂ) = x]JH——z’] S [l’j,fﬂj+1], for 7=1...,n—1.
0 otherwise,

The hat and bubble functions are sometimes known as the internal and external shape functions,
respectively [48, Def. 3.4]. We form a block quasi-matrix by grouping together the hat and bubble
functions of the same degree:

O = B, W WS WS [TV S [,
TV TV TV

H* Wi W

We relate this to the piecewise Legendre basis

P = P3P | PR PR L]

(. J J

v~ v~

Px Px
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K. Knook, S. Olver, I. P. A. Papadopoulos 6

where

PX(2) = Pi(aj(z)) € [j-1,24]
ki 0 otherwise '

In what follows we often omit the dependence on x.

2.2.1 The mass matrix

Restricting to each panel, our basis is equivalent to a mapped version of the one panel basis defined
above, hence we can re-expand C* in terms of P*. First note that the mass matrix is diagonal, which
we write in block form as:

Mll

(P, P¥) = M :

Vv
X
M3

where (-, -) denotes the L?(a, b)-inner product. Since piecewise Legendre polynomials completely
decouple we can view this matrix as a direct sum:

- Ty — Ty
M;:(xl OMP)@...@(—lMP)

2 2

where the direct sum corresponds to interlacing the entries of the matrix, i.e.,

Ty — Typ_
T T l /—1
ee Mkjeg - ek <TMP) ej.

Note that given a piecewise polynomial f, its coefficients in the basis P* can be expressed as:
(ME)TH((P), f).

We use this to determine the (block) connection matrix

Roo | Ro
RlO 0 R12
C=P Ror| 0 | Ra
R,
where the blocks are
X X
Ry = M, (P, H) = e Rt (2.3)
X X
X
Rkj = Mk_kl <Pg,Wj,1> = € Rnxn’ for 7 >0, (2.4)

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025
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with the explicit formulze for the entries given in Appendix[Al We thus have the mass matrix

Mg :=(C",C) = R,MpRc

[ X X X X
X X . X . X
X X X
X X X X
X X X X
X X X X
| x X X
X X X
X X
X X

where again the entries have simple rational expressions that can be deduced from the components.
The structure is important here: every block is banded, and every block not in the first row or column

is diagonal.

2.2.2 The weak Laplacian

Similarly, we can express differentiation as a block-diagonal matrix:

d C=P = Dy
de |
Dx
where the blocks are
X X
Dy = Mp, (PJ,H') = e R+,
X X
X
Dyj = Mp! (P, W_,) = e R™"™  for j >0,
X

DOI 10.20347/WIAS.PREPRINT.3229

Berlin 2025



K. Knook, S. Olver, I. P. A. Papadopoulos 8

with the explicit entries given in Appendix [Al We thus deduce that the weak Laplacian is also block
diagonal with structure

—A¥ = {((C)",C") = (D)"MpD

Again the structure is important: we have a block diagonal matrix whose blocks are all diagonal, apart
from the first which is tridiagonal.

2.3 Homogeneous Dirichlet boundary condition

To enforce homogeneous Dirichlet boundary conditions we need to drop the basis functions that do
not vanish at the boundary, that is, the first and last hat function. Thus we use the following basis:

0 _
1
1
0
Qx — Cx 1
1
P
- [ﬁh Jhn—ll‘W017"'7Wnlj|W027 7Wn%| ]
T W, W,

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025



Quasi-optimal Complexity hp-FEM 9

The discretised operators are the same as above but with the first and last row of the first row/column
blocks removed which modifies the band structure, i.e. we have

Mg = <(Q)T7Q> = PEMCPD

[ X X X X ]
X X . X . X
X X X
X X X X
X X X X
X X X X
| x X X
X X X
X X
X X

As before every block is banded, and every block not in the first row or column is diagonal. The primary
difference with the C* case above is the bandwidths of some of the blocks.

3 Discretisations of the screened Poisson equation

In order to discuss the FEM discretisation ofwe first recast it in variational form. Let Q2 = [a, b] X
[c,d] and H*(Q2) :== W*2(Q) where W*%(Q)), s > 0, ¢ > 1, denote the standard Sobolev spaces
[1]. We use L9(£2), ¢ > 1, to denote the Lebesgue spaces and the notation H_(€2) for the space
{v € HY(Q) : v|sq = 0} where |gq : H'(Q2) — H'/2(0€) denotes the usual trace operator [25].
Let H-1(Q) = HJ(2)* denote the dual space of H_(£2). Moreover, given a Banach space X and
Hilbert space H, then (-, ->X*7X denotes the duality pairing between a function in X and a functional
in the dual space X*, and (-, -) g denotes the inner product in H. As in the previous section, we drop
the subscript when utilising the L?(€2)-inner product. Given an f € H~'(Q), we may rewrite the
Poisson equation in variational (weak) form as: find u € H{} () that satisfies

(Vu, Vu) + w*(v,u) = (v, flay),u-1@) foral ve H (), (3.1)

where Vu = (u,,u,)" is the gradient operator. To construct a discretisation in the FEM framework
one chooses subspaces of H 1(Q) as trial space (discretisation of u) and test space (discretisation of
v), specified by their bases, which are termed trial and test bases, respectively.

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025
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3.1 Screened Poisson in 1D

For zero Dirichlet problems we use as both the test and trial basis QQ up to degree p:

v -

Qo:p = Q I, | — [H[Wo| -+ [W,_],

IQ;pGROCXN

where N = pn— 1 is the total degrees of freedom in our basis up to degree p. That is, we approximate
the solution, for u, € RY: u(z) ~ u,(z) = Q. (z)u, and represent our test functions as v, =
Qo.pVv,. The discretisation of our weak formulation then becomes:

(o) + @ (vp 1) = v, (((Qoy)) ' (Qop>’>up+wv; ((Qua) " (Qup)')
= v, (= Ig,AqIoy +w 10, Mgl ),

-~

TV
Aqgp Mgq,p

If we further assume that we have made a piecewise polynomial approximation of our right-hand side
as f ~ f, = Pg,u,, computed via a fast Legendre transform ([52] or otherwise), the right-hand side
becomes:

<Up7f> _VT] p<QT P> ]Op TIT RQ <PT P> IOp
=V, IopRoloy 1o, Mploy £,

Rg,p MP,p
Enforcing this equation for all v,, € R leads us to an N x N system of equations:

(_AQ,p + WQMQJ))“;D = RQTQ,pMP,pfp’

3.2 Screened Poisson in 2D

For 2D problems we consider partitions a = 1 < --- < x,, = bandc =y, < --- < y, = d with
truncation up to degrees p and g, respectively. Then our basis for zero Dirichlet problems is given by
the tensor product of Q* and QY, more specifically we have

U(l’, y) ~ upq(x> y) = E)(:p(x)quQ(})’:q(y)T

where we represent the unknown coefficients as a matrix U,, € R**¥ for M = (p + 1)m — 1 and
N = (q + 1)n — 1. Similarly we may express the right-hand side as

f(@,y) = fog(m,y) = Py (2) FePl,(y)

Consider an arbitrary test function vy, (,y) = Q,(2)V,Q¥,(y) - By substituting in the expres-
sions for u, v and f into|(3.1), then akin to the 1D case, we arrive at

(=A%) Upg MY A M3 Upg(—AY ) + W’ MG Upg MY
:( X )TMX F My Rég

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025



Quasi-optimal Complexity hp-FEM 11

We can modify this into a Sylvester’s equation:

X w2 X X wz
(_ Q.,p + TMQ,QUPqu,q + MQ,pUP(I(_A‘Z?,q + EMg,q)
= ( gﬁp)TM;prqu’ng’q. (3.2)

In we will discuss how to solve|(3.2)|for U, in quasi-optimal complexity.

3.3 General boundary conditions

Akin to more traditional finite element methods, our method supports inhomogeneous Robin boundary
conditions, au + (Vu) - n = g on 92, for which zero Neumann conditions (Vu) - n = 0 is a special
case. This is achieved by utilizing the full basis C* (or its tensor product in higher dimensions), rather
than Q¥, in the discretisation of the variational form

(Vv, Vu) + (v, u) r200) = (v, f) + (v, 9) 1250)- (3.3)

Mixed boundary conditions may be handled similarly. For instance setting & = g = 0 and including
h in the discretisation basis, but not /%, imposes a zero Neumann boundary condition on the left and
a zero Dirichlet boundary condition on the right.

4 Optimal complexity Cholesky factorisation

As noted, the mass matrices M¢/M and weak Laplacians Ax/A( have a special sparsity structure:

Definition 4.1. A Banded-Block-Banded-Arrowhead (B3-Arrowhead) Matrix A € R™TPrxmErn yith
block-bandwidths (¢, ) and sub-block-bandwidth \ + 1 has the following properties:

1 Itis a block-banded matrix with block-bandwidths (¢, ).

2 The top-left block Ag € R™*™ is banded with bandwidths (\ + i, A + ).

3 The remaining blocks in the first row By, € R™*™ have bandwidths (A, ).

4 The remaining blocks in the first column Cy, € R™ ™ have bandwidths (1, \).

5 All other blocks Dy, ; € R"*™ are diagonal.

We represent the matrix in block form

Al B |-+ B,
Cl Dl,l e Dl,u D1,1+u
A, B B S I B . .
[co D} = |Gy Da | ] - - | Doup (4.1)
Df—i—l,l Dp—u+l,p
L Dp,pff Dp,pféJrl Dp,p i

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025
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where Ay, By, ..., By, C4,...,Cy are all banded matrices with bandwidths (X, i) whilst Dy, ; are
diagonal matrices. To store the diagonal blocks in D we write

D=D®---®D,

where D, are banded matrices with bandwidths (¢, ), where as above the direct sum corresponds
to interlacing the entries of the matrix.

If we apply a Cholesky factorisation A = LLT directly we will have fill-in coming from the banded
initial rows/columns. The key observation is that if we use a reverse Cholesky factorisation, that is a
factorisation of the form A = LT L which begins in the bottom right, we avoid fill-in.

Theorem 4.1. If A is a Symmetric Positive Definite (SPD) B?-Arrowhead Matrix which has block-

bandwidth (¢, ) and sub-block-bandwidth X + (. then it has a reverse Cholesky factorisation
A=L"L

where L is a B3-Arrowhead Matrix with block-bandwidth (¢, 0) and sub-block-bandwidth \ + .

Proof. We begin by writing A as a block matrix:

_[A, B
[ 3]

where
D=D®---¢D,,.

The reverse Cholesky factorisation D = LT L can be deduced from the reverse Cholesky factorisa-
tions of D; = L; L;. In particular we have that

L=Li® --®L, ad L'=L7'® ---®L;.

n

Now write
A4 B _[1 BL"][A~BL'L BT S
~|BT LTL| LT I||L-TBT L|-
Write L~ in block form R
Ly,
7! = :
Lp,l Lp,p

noting each block is diagonal. We see that
BL™ = [BiLiy+ -+ + BeLy1|BoLag + -+ BeLya| -+ | BeLeg|0] -+ - 0]
where each block has bandwidth (A, i2). Thus
BL'L™"BT = (BiLiy+ -+ BeLgy)(L1yB] + -+ Loy B) )+ -+ BLi B/

has bandwidths (A + i, A + p), as multiplying banded matrices adds the bandwidths. Thus Ay —
BL7'L=TBT = L] Ly also has bandwidths (A + z, A + 1) and its reverse Cholesky factor has
bandwidth (A + y, 0). Thus

Ly
L= [i—TBT L}

is a lower triangular B3-Arrowhead matrix with the prescribed sparsity.

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025



Quasi-optimal Complexity hp-FEM 13

Algorithm 1 Reverse Cholesky for B3-Arrowhead Matrices

Input: Symmetric positive definite B3-Arrowhead Matrix A with block-bandwidths (¢, ¢) and sub-
block-bandwidths A + A.

Output: Lower triangular B3-Arrowhead Matrix with block-bandwidths (¢,0) and sub-block-
bandwidths \ + )\ satisfying A = L' L.

1:fork=1,...,ndo
2:  Compute the banded reverse Cholesky factorisations D = L;Lk.
3: end for
4:fork=1,...,0do
5.  Construct banded matrices
M, = ByLyy + - + BeLoy.
6: end for

7: Form the banded matrix B
Ag= MM + -+ MM, .

8: Compute the banded reverse Cholesky factorisation flo = LOTLO.
9: Return the lower triangular B3-Arrowhead matrix

Ly
C Li® L,

where C'T = [My|- - |M,|0]---]0].

Encoded in this proof is a simple algorithm for computing the reverse Cholesky factorisation, see
Algorithm (]

Corollary 4.1. If A € RV*¥ s an SPD B*-Arrowhead Matrix then the reverse Cholesky factorisation
can be computed and its inverse applied in optimal complexity (O(N') operations).

Proof. The reverse Cholesky factorisations of banded matrices can be computed in optimal complexity
so lines (1-3) take O(np) operations. Multiplying banded matrices by diagonal matrices and adding
them is also optimal complexity hence lines (4-7) take O(max(n,m)) operations. Finally line (8) is
another banded reverse Cholesky which is O (1) operations. Hence the total complexity of the reverse
Cholesky factorisation is O(np + max(n, m)) = O(N) operations.

Once the factorisation is computed it is straightforward to solve linear systems in optimal complexity:
write
Ly?

— Lo -1 _
L—{ ~] sothat L™ = Pt B

L, L
Since L is banded and L= L1 ®---® L, where L, are banded, their inverses can be applied in

optimal complexity. O

In Figure [1] we demonstrate the timing”| for this algorithm for solving the one-dimensional screened
Poisson equation
(—A+wP)u=f

*All computations performed on an M2 MacBook Air with 4 threads unless otherwise stated.
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with a zero Dirichlet boundary condition which is discretised via
(—Ag +w?Mg)u = R Mpf

where f are given Legendre coefficients. We choose w = 1 and f is random samples as these do
not impact the speed of the simulation. The first plot shows the precomputation cost: building the
discretisation and computing its Cholesky factorisation, achieving optimal complexity. The second plot
shows the solve time, which is also optimal complexity. The timings of both are roughly independent
of n, the number of elements, demonstrating uniform computational cost.

build+factorise solve
10° 10°
10t 8 10t
] 8
16° a & 1° . o [}
—_ a —
B 10t 8 a 8 11 s ]
= a c e
] [} ] 8
9 1072 éAﬁﬁﬁA @ 1072 ﬁﬁ
P e e 8 ON P 8 O(N
£ 1073 af (N) € 103 f a8 o)
=] . o g (L e ag®
_ _ 8
10're ®g0o°gBagh ° wtr ° eq0®
Dn:§2 e ©®oeogBuyu Eln:gz
00 & n=512 107° & n=512
A n=8192 A n=8192
10*6 L L L L L L L 10*6 L L L L L 1 L L
10* 10° 10° 10* 10° 10° 10’ 10° 10* 10° 10° 10* 10° 10° 10’ 10°
N (Total Degrees of Freedom) N (Total Degrees of Freedom)

Figure 1: Time taken to build/factorise and solve a discretisation of a 1D (screened) Poisson equation
up to degree p, where n is the number of elements. The z-axis is N = np — 1, the total number of
degrees of freedom and demonstrates that the complexity is optimal as either n (= 2/h) or p become
large, and largely only depends on the total number of degrees of freedom.

Remark 4.1. An O(N') solve for the matrix induced by the FEM discretisation of the one-dimensional
screened Poisson equation is also admissible via static condensation [48, Ch. 3.2].

In Figure [2l we demonstrate the speed-up observed in computing factorisations and solves when par-
allelised over multiple cores, showing evidence of strong scaling for the factorisation problem. Note in
2D the communication costs mitigate any improvement from parallelisation in the current implemen-
tation, and so to effectively take advantage of the potential to parallelise would likely require a more
robust distributed memory implementation.

5 A generalised Alternating Direction Implicit (ADI) method

Recall from[Section 3.2} the generalised Sylvester equation for the two-dimensional screened Poisson
equation (dropping the superscripts * and ) is

(A}Q OJ2
<—Ay7p + 7My’p> UppMy’p -+ My,pUpp (—Ay,p + ?Mym)

= Ry, Mp,FypyMp,yRy, = Gpp.

(5.1)

Here Y.,(z) = Cy.,() if we consider the screened Poisson equation with a zero Neumann bound-
ary condition and w? > 0. Otherwise Yo.,(z) = Qq.,(2) if we impose a zero Dirichlet boundary
condition and w? > 0.
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factorize solve
10t 0t -
o8 ]
10° o 39 1° 8
o X g ﬂ
o m
—~ 10! F oI:IgX —~ 107! g
3 o83 3 gt
c e m ¢ 2
S 2 e 3 g 4 9 2 #
Q 10°r e m & o 10 8 ﬂ
< Y @ 8
v °g g g 8
£ 10 °g4 £ 10 8
=1 ° g + 4]
4 A 8 2 - A ﬁ e
e be, ,eg bl It I M 4 g s
Qggggﬁ £ cores = 4 [ P 3 g ] a £3 cores =4
w0k A cores =8 105k EDD A cores=8
10t 10° 10° 10* 10° 10° 10 10 10t 10° 10° 10* 10° 10° 10 10°
N(Total Degrees of Freedom) N(Total Degrees of Freedom)

Figure 2: Time taken to factorise and solve a 1D (screened) Poisson equation up to degree p, where
n = 8 is the number of elements, where we parallelise over multiple cores, on an M2 MacBook Air with
4 high performance and 4 high efficiency cores, using shared memory. We see substantial speedup for
factorisation when utilising the 4 high performance cores whilst a marginal speedup when also using
the high efficiency cores.

We will solve using a variant of the Alternating Direction Implicit (ADI) method cf. [46, 24, 21,
19, 20, |15]. The first use of ADI to solve PDEs is attributed to [46] and has seen many extensions
e.g. to hyperbolic and nonlinear problems as well as non-Cartesian domains [15]. ADI is an iterative
approach to approximate X that solves the Sylvester equation AX — X B = F', but in a manner that
permits precise error control: given two assumptions on real-valued matrices A and B, one is able
to explicitly find the number of iterations required for the algorithm to compute X up to a maximum
tolerance €. The two assumptions are [24]:

P1. A and B are symmetric matrices;

P2. There exist real disjoint nonempty intervals [a,b] and [c,d] such that 0(A) C [a,b] and
o(B) C [c,d], where o denotes the spectrum of a matrix.

The algorithm proceeds iteratively. First one fixes the initial matrix X, = 0. Then, iteratively for j =
1,...,J, we compute

for Xj71/2 solve Xj,l/Q(B — p][) =F— (A — pj[)Xjfl, (52)
for Xj solve (A—qJI)X] = F—Xj_l/z(B—q]‘]).

5.1 Generalised ADI

In the case of the 2D (Screened) Poisson equation (3.1) we have a generalised Sylvester equation
which we write in general form as:

AUC — DUB = F.

We first extend the ADI method to generalised problems in Algorithm

Lemma 5.1. Write C' = L'L and D = V'V where L and V are lower triangular. Algorithm@
computes U ; satisfying
VU -U,)LT|| <e||VULT|.
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Algorithm 2 Generalised Alternating Direction Implicit (ADI)

Input: Symmetric matrices A € RM*M B ¢ RV*N € RV*N and D € RM*M matrix
F € RM*N ‘tolerance e.

Output: Matrix U € RM*¥ satistying AUC — DUB =~ F.

Precomputation:

1: Use the banded symmetric generalised eigenvalue algorithms [18] to compute generalised eigen-
values o(A, D) and (B, C'), where 0(A, B) := {\ : ||(A — AB)~!|| = oco}. The largest and
smallest eigenvalues give us a, b, ¢, d such that o(A) C [a,b] and o(B) C [c, d).

2: Let the number of iterations equal J = [log(167) log(4/¢)/m*] where v = |c —al||d — b|/(|c —
bl|d — al).

3: Compute the ADI shifts p; and ¢; which have explicit formulee depending on vy [24, Eq. (2.4)].
Notably, we have that p; > O and ¢; < Oforall j € {1,...,J}.

4:forj=1,...,Jdo

5. Compute the reverse Cholesky factorisations of A — ¢; D and B — p;C.

6: end for

Solve:
1: Let WO =0
22forj=1,...,Jdo
3:  Use the precomputed Cholesky factorisations to compute
ijl/Z = (F - (A —ij)VVj—l)(B —ij)_la
W = (A —q;D)"(F = Wj_15(B — ¢;C)).
4: end for

5: return W;C~ 1.

Proof. We reduce a generalised Sylvester equation to a standard Sylvester equation as follows: define
X = VULT so that our equation becomes

VTAV ' X - XL "BL '=V"FL'.
— ~— >
A B

A and B are symmetric matrices whose eigenvalues satisfy o(A) = (A, D)and o(B) = o(B, C).
The ADI iterations satisfy, for Xy = 0,

Xj71/2(é —pil) =G — (A —pil) X1,

(A= ¢D)X; =G = X;-1/2(B — ¢;1),
where by convergence of the ADI algorithm [24, Th. 2.1]:
X = X[l < el Xl (5.4)

Writing W; == V' XL and Wj1/2 := V' X;,12L™ " this iteration becomes equivalent to that of
Algorithm [2| We thus have, for U; = W;C~' = V-1 X ;L7 that

VU = UNLT|| = |X = Xs| < el X]| =€ |[VULT]].
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In Figure [3| we show the solution for a discontinuous-right hand side using ADI with a fixed A and
high p to compute the solution. Figure 4] we show the computational cost of Algorithm [2]for different A
and p. This shows that in practice we achieve quasi-optimal complexity, both for the precomputation
and the solve. Finally in Figure [5)we show the solve time remains quasi-optimal for a zero Neumann
boundary condition, and that the computational cost improves as w increases.

1.0 0.008
0.007
0.006
0.005
0.004
0.003
0.002

0.001

Figure 3: Example PDE with a discontinuous right-hand side f (left) and solution (right) of the screened
Poisson equation —Awu + 10%u = f with a zero Dirichlet boundary condition. By using a 9 x 9
elements we can resolve the right-hand side exactly, and then use high p to achieve convergence.

ADI build+factorise ADI solve
10* 10°
10° 10° )
10* 107 «1
B 0t O(N'log®N) & € wt ®
c c )
s > S ]
g -4 g SRS
e e AL T O(NlogN)
@ 7 @ B -
£ 10! ° 6 € 10! [
=1 - £ ° o
1072 8 & - 1077 - .
= A 8 - @ n=2 @ n=2
3 § @ B n=4 e B n=4
107 e ° ® n=8 07 & n=8
A n=16 A n=16
1074 L L v L L L 1074 L L L L L L
10° 10° 10* 10° 10° 10’ 10 10° 10° 10* 10° 10° 10’ 10°
N? (Total Degrees of Freedom) N? (Total Degrees of Freedom)

Figure 4: Time taken to build/factorise and solve a discretisation of the Poisson equation in 2D using
ADI up to degree p, where n is the number of elements. The z-axis in the second row of timings is the
total number of Degrees of Freedom (DOF) and demonstrates that the complexity is optimal as either
n(= 2/h) or p become large, and largely only depends on the total number of DOF.

5.2 Complexity analysis

In the previous experiments we observed that Algorithm [2 appears to achieve quasi-optimal complex-
ity. In this section we prove this is guaranteed to be the case. In order to control the complexity, it
is necessary to control the number of iterations J which depends on the spectral information of the
operators. For simplicity, throughout this section we set p = ¢, i.e we consider an equal discretisation
degree in x and y. However, we note that all the results generalise.

A key result to derive the complexity of applying the ADI algorithm solely in terms of /N and p are
bounds on the spectrum for L~ My, L ™! where L L = —Ay,, + (w?/2) My,,. This allows us to
derive the asymptotic behaviour for J.
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0.008 ADI Neumann solve
10°
0.007
10° + a
0.006 5 B
10 F ’
0.008 2
G -
0.005 G L 8
0.006 g g
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0003 E 107 F g o to-
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~N? (Total Degrees of Freedom)
Figure 5: Left: Solution of —Au + 10w = f with a zero Neumann boundary condition, using the

same right-hand side as in Figure [3] Right: Solve timings for n = 2 (two elements) and increasing p
with varying choices of w.

Lemma 5.2 (Spectrum). Consider the interval domain (a, b) and a family of quasi-uniform subdivisions
{Tn}n of the interval, where h denotes the mesh size (the minimum diameter of all the cells in the
mesh) [13, Def. 4.4.13]. For the (screened) Poisson equation with Neumann boundary conditions
consider the quasimatrix Y.,(x) = Cy.,(x) and with a zero Dirichlet boundary condition consider
Yo.,(z) = Qo., () where p is the truncation degree on each element. Suppose that L' L = Ay, :=
(—A)y, + (w?/2) My, where w # 0 in the case of Neumann boundary conditions. Then

2h? }

_—— 5.5
24p* + w2h?’ ¢ (5:3)

o(L™"My,L™") C {

where C' = min((b — a)? /7%, max(1,2/w?)) in the case of a zero Dirichlet boundary condition and
C = max(1,2/w?) in the case of a zero Neumann boundary condition.

Proof. The eigenvalue problem to consider is
L™ "My ,L v, = \v,, (5.6)

where A and v, denote an eigenvalue and corresponding eigenvector, respectively. First note that
L= My, L~ is congruent to a symmetric positive-definite matrix and, therefore, A must be real and
positive. Left multiplying|(5.6)|by L, and considering w, = L'v,, we deduce that

Aw?
My’pr = —)\Ay’pwp + TMY#’WP‘ (5.7)

Forw € H'(a,b), let |w|giap = |w'|| £2(ap)- Left multiplying by w, implies that

Aw?
“YOiPWPH%Q(a,b) = MYinwPﬁ{l(a,b) + T”YO:PWP“%Q(a,b)' (58)

(Upper bound). The upper bound can be split into three cases: (I) a zero Dirichlet boundary condition,

(0 < w? < 2,and (Ill) w? > 2. In case () then Yo, (a)w, = Yo, (0)w, = Qopla)w, =

Qo.p(b)w, = 0. Hence the Poincaré inequality (with the optimal Poincaré constant) implies that [45]
2

T _
Y 0wl 720ty < [YouWpl g < A7 Yo WpllZo(a): (5.9)

(b—a)
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Thus A < (b — a)?/72. In cases (1l) and (Ill) we see that

2

_ w
¢ 1HYO:pr||2L2(a,b) < |Y01pwp|%{1(a,b) + 7||Y01PWP||%2(a,b) (5.10)

= )‘_IHYOSPWPH%Q(a,b)?

where C~! = w?/2in case (Il) and C~! = 1in case (lll). Thus A < max(1,2/w?). Combining the
results from cases (I)—(lll), we conclude the upper bound on the spectrum.

(Lower bound). Consider a degree p polynomial 7, defined on the interval (0, ). Then the following
inverse inequality holds [48| Th. 3.91]:

Tl o < 2V3RT 2|7 L2 om)- (5.11)

Consequently, [(5.11)|implies that

2
_ w
A 1||Y02PWP||%2(a,b) = ‘YO:prthl(a,b) + 7||Y01PWPH%2(a,b)

) (5.12)

_ w
< 12h 2p4HY02PWpH%2(a,b) + 7||Y02PWPH%2(a,b)‘

2h2
Hence \ Z m. O

From the formula of ./ we arrive at the following:

Lemma 5.3. Under the conditions of the previous proposition, J = O(log N loge™!).

This allows us to establish complexity results:

Theorem 5.1. Precomputation in A/gorithm@ can be accomplished in O(nN? + JN) operations,
where we assume we can compute special functions (hyperbolic trigonometric functions, log, and
the elliptic integral dn) in O(1) operations, where N is the maximal degrees of freedom of either
coordinate direction. Solve in Algorithm @ can be accomplished in O(JN 2) operations. Using the
bound on J in the previous result shows quasi-optimal complexity for the precomputation as p — .

Proof. (Precomputation): The B3-Arrowhead matrices involved can be viewed as square banded
matrices with bandwidth O(n) and dimensions that scale like O(/N'), hence line (1) can be computed
in O(nNz) operations following [18]. By the complexity of computing reverse Cholesky factorisations
of B3-Arrowhead matrices we know lines (4-6) take O(.JN) operations.

(Solve): Multiplying and inverting B3-Arrowhead matrices can be done on each column of W; in
O(N) operations which immediately gives the result. O

Remark 5.1. Using inverse iteration it is likely that the precomputation cost can be reduced to O(N)
operations but this would require more information on the gap between the eigenvalues. Note also that
eigenvalue algorithms have errors which can alter the number of iterations .J but we have neglected
taking this into consideration as it is unlikely to have a material impact.
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6 Transforms and time-evolution

To utilise ADI solvers in an iterative framework for nonlinear elliptic PDEs or in time-evolution prob-
lems it is essential to be able to efficiently transform between values on a grid and coefficients. To
accomplish this we need the following transforms in 1D and 2D:

1 Given a grid, find the expansion coefficients of the right-hand side into piecewise Legendre
polynomials.

2 Given coefficients of the solution in the basis Q, find the values on a grid.

The first stage can be tackled by transforming from values at piecewise Chebyshev grids to Cheby-
shev coefficients using the DCT, and thence to Legendre coefficients via a fast Chebyshev—Legendre
transform [2, 133, [52]. Denote the p Chebyshev points of the first kind as

o (=20
k=1

We denote the transform from Chebyshev points to Legendre coefficients (which combines the DCT
with the Chebyshev-Legendre transform) as ., and its inverse as ]-"p‘l. Thatis: if f(z) = Po.pc then
c = F,f(x,). Now for multiple elements we affine transform the grid to get a matrix of values. That
is, for a matrix of grid points X' = [x,| - - - |x}] we transform each column: F,, f (X"). Reinterpreting
this matrix as a block-vector, whose rows correspond to blocks, gives the coefficients in the basis P*.
That is, we use

vec((]-"pf(Xg))T)

where vec : RP*" — RP" is the operator from matrices to (block) vectors that concatenates the
columns.

To extend this to two dimensions, we use the grids x = vec(X') and y = vec(X[") and hence we
want to transform from a matrix of values on the tensor product grid i.e.,

k=pn,j=gm
F = [f(xk»yj)}k:}f,jilq :

The 2D transform is then F F'(F.") .

The second stage can be accomplished by first computing the coefficients in a piecewise Legendre ba-
sis via applying the matrix 2%, transforming to Chebyshev coefficients via a fast Legendre—Chebyshev
transform, then applying the inverse DCT to recover the values on a Chebyshev grid. That is, if we have

u(z,y) = QO:p(x)UQO:q(y)T
then we can transform back to a grid via
ux,y') = (F)'RUR) F, .
As an example of the utility of fast transforms, Figure [6] considers the classic Burgers’ equation:

(ut + qu>(£C, Y, t) = 6A'LL<.I’, Y, t)
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Burger's solution (t = 0.5) Burger's Timestep
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Figure 6: Left: Solution of Burgers’ equation u, +uu, = eAwu with a zero Dirichlet boundary condition,
where the initial condition is the discontinuous right-hand side as in Figure[3] with e = 0.1. Right: time
taken for a single time-step, using an implicit-explicit splitting method where the linear part is solved
using implicit Euler and the nonlinear part with explicit Euler, after transforming back to a grid.

with a zero Dirichlet boundary condition and a discontinuous initial condition. We discretise in time
using a simple implicit-explicit splitting method, taking a linear step via implicit Euler followed by a
nonlinear step via explicit Euler:

Upr1/2(7,y) = (I — (&)EA)AW(%?/%
Uk+1($, y) = (Uk+1/2 + (5t)uk+1/2,xuk+l/2)($7y)'

We represent uy(x, y) as a matrix Uy, containing coefficients in an expansion of tensor products of
piecewise Legendre polynomials, i.e., using the basis P*. The half time-steps ukH/Q(x, y) are then
represented as a matrix Uy1/2 giving coefficients in tensor products of Q*, where the coefficients
are computed using ADI as described above. To determine uk+1/2(x, y) on a grid we simply convert
down to Legendre and then apply the inverse fast Legendre transform, that is values are approximated
by:

Vitijo = F "RUpt1pRTF 7.

For u<k+1/2)7$(x, y) we compute its Legendre coefficients using the derivative matrix alongside the
conversion matrix:
Vit1/on = F '"DUpy1 R F .

We can then determine the Legendre coefficients U1 as
Ups1 = F [Vip12 + (06)Vigr/20 © Vi) -

The right-hand side plot in roughly demonstrates the predicted O (N2 log2 N') complexity.

7 ADI as a preconditioner

In this section, we explore how our ADI-based solver may be used as a preconditioner for an iterative
Krylov method to tackle problems with variable coefficients, including an example with a singularity.
In particular one may use a graded mesh to isolate the singularity so that the variable coefficient is
well-approximated by piecewise polynomials. Experimentally we see that the ADI preconditioner is
hp-robust and we, therefore, retain the quasi-optimal complexity of the solver as h — 0 and p — oc.
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Remark 7.1 (Non-Cartesian cells and curved boundaries). The preconditioning strategy outlined in
this section may also be used for discretisations of elliptic problems with non-Cartesian cells or posed
on domains with curved boundaries. The underlying idea utilizes equivalent operator preconditioning
[4]. We omit a description or implementation in this work but refer the interested reader to an excel-
lent introduction by Brubeck and Farrell in [14, Sec. 2.7] who prove the preconditioner is spectrally
equivalent to the original problem. See also [17,|23,|53].

Consider the domain Q2 = (—1, 1)2 and the following singular variable coefficient PDE problem:

(—A —10log /22 + y*)u(z,y) = 1 with u|spg = 0. (7.1)

Note that the variable coefficient —10log /22 + y?> — oo as |(x,y)|z — 0, i.e. at the origin in
the centre of the domain. After an FEM discretisation, the residual may be evaluated in a matrix-
free manner via a quasi-optimal complexity transform as outlined in Section @ In particular, let G :=

[—101log /23 + y?]’,jj@jp" Then given the FEM coefficient matrix U of a 2D FEM function u,, we
may approximately evaluate F' == (v,, (— log \/2? + y?)u,), for all basis functions v,, via

F =vec(R'MpF[G o (F'RURTF OF MpR™), (7.2)

where © denotes the Hadamard product (element-wise multiplication between two matrices). We
emphasize [(7.2)]is computed in quasi-optimal complexity. This motivates the use of an iterative Krylov
method to solve the Ap-FEM discretisation of We opt for the conjugate gradient method (CG)
preconditioned with the inverse discretised weak Laplacian matrix applied via the quasi-optimal ADI
strategy of Section with the tolerance 10~*.

We use a tensor-product mesh graded towards the origin with the cells endpoints
T = (—=1,—-1071,...,107™,0,10™™,...,107 %, 1) (7.3)

for a given m > 1. We plot the solution in and provide the number of preconditioned CG
iterations for various p and number of cells in We observe hp-robustness—the number of
preconditioned CG iterations is independent of the degree and number of cells of the mesh-leading
to a quasi-optimal complexity solver for [(7.1)]

Figure 7: Left: Graded tensor-product mesh with m = 3. Right: Solution of singular variable
coefficient problem [(7.1)| with partial (pre-tensor) degree p = 128 and graded mesh|[(7.3)|with m = 3.

DOI 10.20347/WIAS.PREPRINT.3229 Berlin 2025



Quasi-optimal Complexity hp-FEM

23

p
m (#cells) | 23 24 25 26 97
1 (16) 8 7 7 7 7
2 (36) 7 7 7 7 7
3 (64) 7 7 7 7 7

Table 1: The number of preconditioned CG iterations to solve the hp-FEM discretisation of [(7.1) to
a relative tolerance of 10~% with increasing partial degree p and number of cells (in brackets) in the
graded mesh|(7.3)|as controlled by the parameter m. The preconditioner is the inverse weak Laplacian
matrix applied via the quasi-optimal ADI strategy of Section with tolerance 1074

8 Future work

We have constructed the first provably quasi-optimal complexity hp-FEM method for the (screened)
Poisson equation on a rectangle, built on taking advantage of the sparsity structure. There are some
clear extensions to this work:

1 For non-positive definite but symmetric operators, it is possible to do LT DL factorisations of
the B3-Arrowhead matrices in optimal complexity. However, this may lead to ill-conditioning.
Unfortunately, stable factorisations such as () L only achieve O(pn + n3) complexity as there
is fill-in in the top blocks.

2 Extensions to quasi-optimal solves on cylinders and box domains is possible. Cylinders have
already been considered in [43] and a box domain could be tackled via a nested ADI approach
as discussed in [24], Sec. 5]. However, Fortunato and Townsend note that the convergence
of the nested approach is highly sensitive to the termination tolerances of the inner solves.
Subsequently a more robust approach via tensor-trains was introduced in [49]. Our techniques
directly translate to the tensor-train context, however, the implementation is nontrivial and left
for future work.

3 A fully parallelised implementation with distributed memory in 2D and 3D. To minimise commu-
nication between workers this would involve distributing on elements, but in principle the ADI
steps can be largely parallelised with only minimal communication corresponding to data on the
interface needed to be shared.

4 Extensions to higher-order time-steppers. For linear problems, Backward Differentiation For-
mulee (BDF) are a natural choice for taking advantage of the efficient solves of our spacial
discretisation whilst achieving higher order accuracy. For nonlinear time-evolution problems, a
straightforward extension would be to use Strang splitting, which would achieve the same com-
putational complexity as the simple implicit-explicit time-stepper considered with higher order
accuracy.
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A Recurrences

In this appendix we provide the formulee for the entries in the matrices|(2.2)} [(2.3)H(2.4) and[(2.5)H(2.6)l
From [41} p. 18.9.8], we have that

1
Thus we deduce that the entries in are
_ 13 -
0 1/5
[Wg,Wl,WQ,...]:[Po,Pl,PQ,...] _1/3 0 1/7
~ ~ - ~ o -1/5 0 1/9
w P
NG ITVrV >

Next we derive the entries in Consider the reference cell (—1, 1). Then there exists two
hat functions with nonzero support, ho(z) = (1 — x)/2 and hy(xz) = (x + 1)/2. Since these are
degree one polynomials then, for k > 2, (P, h;) = 0, and hence Ry, = 0. Moreover, we have that
Moo = 2, M1y =2/3,(Py, hj) = 1,and (P, hj) = (—=1)7*!/3for j € {0, 1}. A scaling argument
reveals that these entries are independent of the size of the element. Hence Ry € R™*(n+1) and the
entries in are

1/2 1/2 “1/2 1/2
Rop = , Rip= .. .. ; (A.2)
1/2 1/2 “1/2 1/2
Moreover, for j > 0, Ry,; € R™*™ and from [(A.1)|we deduce the entries in[(2.4)]are
1
1+2j
—R(py2); = Rij = if k=7+1, (A.3)

_1
1+25

and otherwise I;; = 0.

To compute the entries in |(2.5)H(2.6), consider the reference cell (—1,1) and note that hj(x) =
—1/2, hi(z) = 1/2 and W/(z) = — Py (), cf.[2.1)] Let §; = x; — ;1 for i € {1 : n}. Then,
by a scaling argument, we deduce that

—1/07 1/

—1/6y 1/05 € RPX(+1) (A.4)

Dyy = .
—1/6, 1/6,
and, for k > 0,

—2/6;
_2/52 nxn : : .
Dy = . eR with Dy; = 0if k # 7. (A.5)

~2/5,
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