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On the formation of microstructure and the occurrence of
vortices in a singularly perturbed energy related to
helimagnetism: A scaling law resulit

Janusz Ginster

Abstract

In this work, singularly perturbed energies arising from discrete J;-J3-models are studied.
The energies under consideration consist of a non-convex bulk term and a higher-order regu-
larizing term and are subject to incompatible boundary conditions. In contrast to existing results
in the literature, in this work, admissible fields are not necessarily gradient fields, instead their
curl is linked to topological singularities, so-called vortices, in the discrete J1-J3-model. The
main result of this work is a scaling law for the minimal energy with respect to three parameters:
one measuring the incompatibility of the boundary conditions, the second measuring the strength
of the regularizing term, and the third being related to the interatomic distance in the discrete
model. The shown result implies in particular that in certain parameter regimes, minimizers nec-
essarily develop vortices. A key tool in the analysis is a careful modification of the celebrated
ball-construction technique that, due to a lack of rigidity, considers simultaneously both the bulk
energy and the regularizing term.

1 Introduction
We study several variants of variational energies of the form

E,(B) = W(B3)dL? + o DB((0,1)?), (1.1)

(0,1)

where 0 > 0, 8 : (0,1)> — R? and WV is a multi-well potential given by W (3) = (1 — 87)% +
(1 — B33)2. Such models arise from a statistical-mechanical description of helimagnetic compounds
and help explain pattern formation and the occurrence of certain topological defects of the magnetic
spin field, so-called vortices, under incompatible boundary conditions, see Section|1.1

Our main result will be a scaling law result for the infimal energies, which allows to determine pa-
rameter regimes for these energies in which uniform structures, finely oscillating patterns, or vortices
appear to be energetically favorable.

Establishing scaling laws has proven useful in a broad range of variational problems in which de-
termining exact minimizers analytically or numerically is very challenging due to expected fine-scale
structures of the minimizer, cf. [41]. In such problems, the formation of patterns is often the result of
the competition of a non-(quasi)convex part of the energy that allows for fine-scale oscillations and
a term that penalizes non-uniform structures. A non-exhaustive list of results that successfully adopt
this strategy includes [2,7-9,(17,/18,20,[23}/35,/39,|43\/47] for martensitic microstructure, [42,44] for
compliance minimization, [11,(12,]24}27,[28.40,45,/46./49] for micromagnetism, [10,/13}/22] for type-I-
superconductors, [3-54/19.[34] for compressed thin elastic films, and [211|23] for dislocation patterns.
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J. Ginster 2

The work most closely related to this manuscript is the scaling law result in [36] for an energy similar
to (T-1) in the case that admissible fields /3 are gradients. It is shown for § € (0,1/2] and ¢ > 0 that

1
inf E,(Vu) Nmin{HQ,a (’ o8 7| +1>} : (1.2)
w(0,y)=(1—20)y | log 0|
We note that for € (0, 1/2] the boundary condition «(0,y) = (1 — 260)y is incompatible with a
constant gradient in the wells of T given by W ~1(0) = { (1 : _11) , (_11> , :1) } Hence,

at least for small values of ¢ > 0 it can be expected that the boundary values are attained by fine
oscillations of J,u close to {0} x (0, 1). Regarding upper bounds, the above result confirms this, as
the term 62 corresponds to the uniform structure u(z, y) = (1 — 260)y + 1, whereas the logarithmic
term can be proven by a self-similarly refining branching construction, see Figure [2| Similar results in
the gradient case are shown on different domains in [31] and for more general functionals in [37].

In this work we consider the more general situation in which admissible fields 5 are not necessarily
curl-free. Instead, we assume for ¢ > 0 that curl f = o) . 7;0,, * p-, where 7, € {£1}, z; €
(0,1)? and p. is a standard mollifier on scale ¢. For an interpretation of this condition in the context of
helimagnetic compounds, we refer to Section

We show that for ¢ 2 ¢ > 0 and 6 € (0, 1/2] it holds, cf. Theorem [2.1]

log | o3
inf E ~min< 0% o | +1).,0— +0c|logf| ¢ . 1.3
B2(0,y)=1-20 +(5) { ’ <|log 0] g2 | log 6] (1.8)
In addition to the two terms already present in (1.2), an additional third term appears, corresponding to
a configuration with vortices that act analogously to dislocations in solids at interfaces, see e.g., [34].
Indeed, consider equidistant positive vortices (y; = 1 for all 7) spaced at distance 5 near the left

20
boundary {0} x (0, 1). In this case fo (0.1)x (y1.gp) CUEL B ~ (y2 — y1)26. This allows to interpolate

in a curl-free way from 3 = (1,1)” towards the boundary conditions at {0} x (0, 1), see Figure
l In order to estimate the energy of such a configuration note that a field 3 : R? — R? satisfying
curl 5 = ody * pe typically behaves like |3| ~ min{<, -% }. Hence, we estimate the energy induced
by the above configuration

6 2
W (B)dL> ~ = / z o / Z_ar’
(0,1)2 o \Jp.0) € B, /6(0\B=(0) 7]

Iz 3
~— (% + o?log (;—6>) S HZ—Q + 0o|log 0],

e Jal

g

where we used that log(o/(fe)) < log 5 + Z—j Similarly, we expect for a field with a single vortex at
the origin [DS| ~ min{ % —|} and therefore for the configuration above

0
O"DB’NO'— / %dﬁQ—i—/ _dEQ N09+0910g( )<09‘10g9’
o \/B.(0) € B, ;6 (0)\B(0) |Z|? O

We will also consider a quadratic regularizing term (cf. Section [2) for which a similar computation for
the discussed configuration shows

3
02/ DBPdL? ~ o?2 / —4d£2 / —4d£2 ~ 0%
(0,1)2 0 \JB.(0) € B, 9(0)\B<(0) ’35\ €
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Formation of microstructure and vortices for an energy related to helimagnetism 3

A matching lower bound has to be proven ansatz-free. The key difficulties in establishing the lower
bound are twofold. First, it needs to be carefully shown that the techniques from the curl-free setting
(see [31,[36,/137]) can be modified to prove the same lower bounds as in the curl-free setting for
fields with not too many vortices. Second, in order to establish lower bounds for fields with a relevant
number of vortices we distinguish the induced energy close and far from the vortices similar to the
heuristic computation above for the upper bound. For the technically more demanding estimate far
from the vortices, we adapt the celebrated ball-construction to obtain a logarithmic lower bound. To
the author’s knowledge, the main difference to applications of this technique in the literature (in the
case of Ginzburg-Landau [38}48] and dislocations [26,/30}/34]) is that in our setting the term of the
energy f W(p) dL? does not allow for any rigidity in the sense that there may exist admissible fields
[ that lie far from the vortices completely in the wells of VW but instead induce surface energy. For
a heuristic explanation of the scales of the construction, we refer to |36, Section 3.1]. Hence, the
proof of the lower bound in our case has to compensate for this non-rigidity through the regularizing
higher-order term, see Proposition [5.6]

1.1 Heuristic connection to a frustrated spin system and interpretation of the
result

Let us briefly explain the heuristic connection of the continuum energy discussed above, (1.1), to a
discrete .JJ; — J3 model on the square lattice £Z.2. The arguments presented below can essentially be
found in [14.|16}33].

Fore,a > O assigntou : eZ* N [0,1)? — S! the (renormalized) interaction energy

Foc(u) = —a > u(k) - u(j) + > u(k) - u(j),

k,j€[0,1)2MeZ2:|k—j|=¢ k,j€[0,1)2MeZ2:|k—j|=2¢

i.e., ferromagnetic interactions between nearest neighbors and anti-ferromagnetic interactions be-
tween second neighbors in rows and columns (not next-to-nearest, i.e. diagonal, interactions, under
whose influence the behavior of the energy changes drastically, see [15]). The two competing interac-
tions of the energy cannot be minimized simultaneously, leading to frustration in the discrete system.
However, up to boundary effects, the energy can be rewritten as
2
2 o o’ )
4

2 o?
—-2——.
o)

In particular, it can be seen that for & > 4 the right-hand side is minimized by constant spin fields,
whereas for 0 < « < 4 optimal configurations rotate with an optimal angle + arccos(«/4) in rows
and columns, see Figure [1]] We are interested in the case 0 < « < 4. Let us now define the vertical
and horizontal angular change as

I, c(u) ~

Z (‘UU) - %U(j +ceq) +u(j + 2¢ceq)

Jj€[0,1)2NeZ?

+% Z (‘u(j)—%u(j—l—eeﬂ—l—u(j—l—%ez)

j€[0,1)2Mez2

N | —

0" (7) = sign(u(j) x u(j + zer)) arecos (u(j) - u(j + ze1)
and 0" (5) = sign(u(j) x u(j + €eq)) arccos (u(j) - u(j + €es)),

where arccos : [—1, 1] — [0, 7] denotes the usual inverse to cos. With this definition it follows that

; ’UET‘(

u(j + eer) = " Ou(j) and u(j + ees) = € Du(j). (1.4)
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Figure 1: Left: Sketch of neighboring spins such that u(j) — Su(j + e1) 4+ u(j + e2) = 0. The
angle between these neighboring spins is given by arccos(«/4). Right: Sketch of a ground state of
the discrete energy in which the spin field (the sketched spin field is scaled to length of order ¢ in order
to fit the picture) rotates counter-clockwise in rows and columns.

Moreover, note that the field (6"°", §v°") satisfies the discrete curl-condition
0" () + 0" (j + e1) — 0" (j + e2) — 6°7(j) € {—2m,0,2n}. (1.5)

In case the above expression lies in {27} we call this a vortex of the spin field, i.e. the spin field
rotates clockwise or counter-clockwise around an e-cell. In the following we will identify the fields w,
" and #°" with functions defined on (0, 1)2 by interpolation. Let us now write for § = 4_7‘1, ie.,
a=4(1-9),
2 - 2
€ u(g) — zu(g +eer) +u(y + 2¢ce
Z (7) 9 (J 1) (J 1)

F€[0,1)2MeZ2

= > |ulj) = 2u(j + zer) + u(j + 2ze) +26u(j + ey)

J/

J€[0,1)2NeZ ~e28,01u

%/ £*0101u|? + 462%u - (0,0,u) + 46% dL?.

From (T.4) we obtain (we identify C ~ R?)

ehor Qhor ehor 2
818116 ~ 81 (Z U> 1 <81 ) u — ( ) Uu.
£ 9 £

In particular, it follows

Then we find from the above

/ €4|8101U|2 + 45€2U : (0181U) + 452 d£2
(0,1)2
hor \ 2 hor \ 4 hor \ 2
z/ gt (816 > +54(9 ) — 45¢? (9 ) +46%dL?
(0,1)2 € g g
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Formation of microstructure and vortices for an energy related to helimagnetism 5

_ / 2 (@07 + ((07) — 26) " ac?
(0,1)
2

2 1 2 1 2
— 46 / £ (a —9’“”“) + (—e’wf) 1) ac2
(0,1)2 20 ' V20 )

Therefore we find for ¢ = ==, 6, = \/%—59}“"” and 3, = \/%0“” that

82 (Ia7€(u) — min [a,g) ~ 252/ 0'2<8161)2 + 0'2(82ﬂ2)2 + (5% — 1)2 + (ﬁ22 - 1)2 d£2
(0,1)

This is a version of the energy (1.1). Eventually, we note that the discrete condition (1.5) translates for
[ to a circulation condition of the form

/ B-rdH' € 0 {—2m,0,27},
8(($17$1+6)X(I2,x2+8))

where = € (0, 1)2 and 7 € S is the positively oriented unit tangent. We will interpret this condition
in the following as curl 8 = 270 Y, 0z, * pe, where 2, € (0,1)? and p. is a mollifier on scale e.

Next, we comment on the considered boundary conditions for /3, i.e., 52(0,y) = 1 — 26, where
6 € (0,1/2]. Following the heuristic argument above, the boundary conditions translate into spin fields
u that rotate along the column {0} x ([0, 1) N £Z) with the angular velocity 7" = (1 — 20)v/20 ~

(1 — 26) arccos(1 — §), where we used that 1 — § = cos(arccos(l — ¢§)) ~ 1 — MCCOSQM

implies that arccos(1 — 0) ~ V/26. In particular, the prescribed angular velocity on the boundary is
suboptimal, and we study in this work how this leads to the formation of patterns of the four different
ground states (rotations with optimal angular velocity either clockwise or counter-clockwise in rows
and columns) or the occurrence of vortices.

We close this section by interpreting the scaling law (1.3) in the context of the discrete energy F, .
As discussed below (1.3), the third term of the scaling law corresponds to a regime in which vortices
are present in optimal configurations. Moreover, for = 1/2 this term reads as

3 3

g g
98—2+90|10g9| ~ §+0~ ST
This is exactly the energy that was conjectured in [33] to be the energy scaling in the regime with
vortices for the discrete energy. However, only an upper bound construction could be provided. It is to
be expected that the proof technique developed in this work can be modified to prove the full scaling
law also in the discrete setting, at least for 6 = 1/2.

1.2 Outline

In the next section, we will introduce the mathematical setting and fix the notation of this paper. More-
over, we will present the main scaling law result, Theorem[2.1] In Section[3]we collect some preliminary
results. Section |4is devoted to proving the upper bound of Theorem whereas the lower bound of
Theorem [2.1] will be proven in Section

DOI 10.20347/WIAS.PREPRINT.3227 Berlin 2025



J. Ginster 6

2 The mathematical setting and main result

Lete, 0,0 > 0and 2 = (0, 1)%. We start with defining the set of admissible vorticity measures

M, = {u EM(Q) = UZ% Oz, * pe,m € Ny y; € {1}, Bo(z;) C Q,

i=1

and B.(z;) N B:(x;) = @},

where p € C°(B1(0); [0, 00)) with me(o) pdL? = 1isfixed and p.(z) = e 2p(x/¢). Next, we
define the sets of admissible functions

AN =B e LM R?) - DB € M(Q;R¥?), 55(0,-) =1 —20and curl § € M,.},

0,0,
AU’H,E = {B € L*(QR?) : DB € L*(Q;R¥?), B(0,-) =1 —20and curl B € M,.},
Ages = {B € LY R?) : 0, € L*((GR*?), B2(0,-) =1 —20and curl f € M, }.

Note that the boundary value for 3, in the sets AU(,E and A) _ can be understood in the sense

of traces for the spaces BV ((0,1); R?) and W'2((0,1)%; R?), respectively. In the set Aaes the
boundary values can be understood in the sense of traces for L?-functions whose curl is also in L2,
see [25, Chapter IX., Part A, Theorem 2] or [6, Chapter 4].

Next we define the energies E((Tge : AS,%(),,E — [0, o0, E((fgs
Al

0,0,

: A% 5 10,00] and EY)

0,0, 0,0, *

0,0, [0700] as

g

EY) (8) = / W (8) dL? + 0| DB|(9),

)

EY) (B / W(B) + 02| DBJ* dL?,

sy

B (8) = / W(B) + 0?(0151)? + 0%(0afo)? dL2,

where W(8) = (1 — 57)* + (1 — 53)*.

The main theorem is the following scaling law for the infimal energies.

Theorem 2.1. There exist constants C > ¢ > 0 such that it holds for all o > /2me > 0,0 €
(0,1/2) ande € {1,2,a} that

c-$(o,e,0) < inf EY)

6A> 09€<OS(U€9)
€

0,0,

where s(o,€,6) = min {92, o <||112§‘;“ ) 0" + o log (%)}

Proof. The upper bound follows from Proposition [4.1] whereas the lower bound follows from Proposi-

tion[5.12/and Proposition[5.15] O

DOI 10.20347/WIAS.PREPRINT.3227 Berlin 2025



Formation of microstructure and vortices for an energy related to helimagnetism 7

2.1 Notation

Throughout the text, we denote by ¢ and C' generic constants that may change from expression to
expression and do not depend on the problem parameters. Moreover, we will identify C with R? and
denote by e; and e, the two canonical basis vectors for R2. In the absence of ambiguities, we will not
distinguish between row and column vectors.

For a measurable set B C R"™ with n = 1,2, we use the notation |B| or L™(B) to denote its
n-dimensional Lebesgue measure.

The set of preferred values for 3, K C R?, is defined as

= {0 () (- ()}

Throughout this manuscript, we will occasionally write for £ € R the expression |{ + 1] instead of

min{|¢ — 1], [€ +1[}.

For B C R? open and 3 € L*(B;R?) N BV (B;R?), we use the notation E((;e)ﬁ(ﬁ; B) for the
energy on B, i.e.,

EY _(8:B) = / W(8)dL? + o|DB|(B).
B

In addition for z € (0,1) and I C (0, 1) Lebesgue-measurable, we write for 5 € A

0,0,

EY) (8} x I) = / W (B(x,y)dy + 105 (x, )|(1).

Note that since 3 € BV ((0,1)?) this formula makes sense for almost every = € (0, 1) in the sense
of slicing of BV -functions, see [1]. Similarly, we write for y € (0,1) and 5 € AW

Erou(B:1 x {y}) = / W (B, ) dz + 9u5(- ) |(D).

We use the analogous notation also for the energies E(Qg . and EY

o 0,0,e"

Eventually, we will denote with ® : R — IR the function which is uniquely determined by

d'(t)=|1—t*]  and ®(0) = 0. (2.1)

3 Preliminaries

We start by proving that TV essentially behaves like the function max{dist(3, K)*, dist(3, K)*}.

Lemma 3.1. /t holds for W : R? — [0, 00), W(B) = (1 — 82)*> + (1 — 35)?, and for all 3 € R? that
1
maX{E dist(5, K)*, dist(8, K)*} < W(B) < 18 max{dist(3, K)*, dist(3, K)*}.

Proof. First, let s > 0. Then

(1-s*)?=(1-5)>1+s)?>max{(1—s)" (1-1s)}.

DOI 10.20347/WIAS.PREPRINT.3227 Berlin 2025



J. Ginster 8

Therefore, it holds for 3 € R? that

W(B) =1 —p7)° + (1 - 53)?
max {min |3 £ 1|* + min |f, £ 1, min |B; & 1|* + min |8, + 1|*}

Vv

Vv

max{min |81 £ 1|? + min |8, & 1[2,

(min |8 £ 1* + 2 (min |82 £ 1[*) (min |B> £ 1|*) + min |B; £ 1|*) }

DN | —

= max {dist(ﬁ, K)?, % dist (B, K)4} :

This shows the claimed lower bound.

Next, note that it holds for s > 2that (1+5)? = (s—142)? = (s —1)*+4(s—1)+4 < 9(s—1)2
Consequently, we find for s > 0

(1-5%)? = (1—5)*(1435)* < 9(1—5)*Lipcsca +9(1—5) Lm0y < Imax{(s—1)% (s—1)*}.
Hence, it follows by symmetry for 3 € R?

W(B) = (1—p7)° + (1 - 53)?
< 18max {min |8 + 1|* + min |8, + 1|*, min [8; £ 1|* + min [B, £+ 1|*}
< 18max {dist(3, K)?, dist(3, K)*} .

Similarly, we show some growth estimates for the function @, cf. (2.1).

Lemma 3.2. /t holds for all x,y € R that

1

§|:v —y]? < |®(y) — ®(2)] and | () — ®(a)| < 4 (|z —a| + |z — af®) fora € {£1}.
Proof. Letx,y € R with x < y. We distinguish the following cases:

1 Assume 0 < x < y < 1. Then we estimate

|<1><y>—<1><x>|:/yl—t%ztz/yl—tdtzw—x)—%(y?—ﬁ)
=027y
Zé(y—w)Q,

sincey < 1.

2 Assume 1 < z < y. Then we estimate

B) - 0@) > [ 1—1di=Sly-)y+o-2) >

T

since z > 1.

DOI 10.20347/WIAS.PREPRINT.3227 Berlin 2025



Formation of microstructure and vortices for an energy related to helimagnetism 9

3 Assume 0 < z < 1 < y. Then we estimate using the monotonicity of ®, (1), (2) and the
convexity of quadratic functions

(y) — ©(2)] = [2(y) — (1) +[@(1) — ®(2)] > S(y —1)* + %(1 —)*

4 Eventually, assume x < 0 < y. Then we estimate using (1),(2), (3), the symmetry of these
estimates and the convexity of quadratic functions

[2(y) — ()] = [2(y) — 2(0)] = [2(0) — () = 7y" + ; (=)

By symmetry, this concludes the proof of the first inequality.

For the second inequality, we estimate for z € Randa € {£1}

/ |1—t2|dt‘
/ 1+t2dt‘

1 1
:|a—x|+§‘a3—x3| §|a—x|+§|a—x| (a* + |z||a| + z%) .

[B(x) — D(a)| =

<

Now we distinguish two cases. If |z| > 2 then it holds |a| < |z| < |z — a| + |a|] < 2|z — a| and
therefore

1
|®(z) — ®(a)| < |a— x|+ §|a — x| (a® + |z]|a| + 2%) < |a — 2| + 4|a — z|*.
On the other hand, if || < 2 then it holds

1
|®(z) — ®(a)| < |a— x|+ §|a—x| (a®+ |zlla] + 2°) < (14 7/3)]a — x| < 4]a — =|.

We finish this section with a simple lemma to rewrite certain integrals over (3.

Lemma3.3. Letf € .,4((:},75 fore € {+1}. Thenitholds fora.e.x € (0,1) anda.e.0 <y <y <1
that

Y2
[ sy (- 20)(5 - )
Y1
:/ Bi(s,y2) — Bi(s,y1) ds +/ curl BdL%
0 (0,2) % (y1,y2)

Proof. By a convolution argument, we may assume that S is smooth. Then we compute

/wﬁﬂﬁﬂdﬁ—ﬂ—wam—m)

DOI 10.20347/WIAS.PREPRINT.3227 Berlin 2025



J. Ginster 10

z Y2
:/ 01Pa(s,t) dsdt
0

Y1

x Y2 z Y2
:/ Oa1(8, 1) dsdt+/ / curl B(s,t) dsdt
0 0 Ju

Y1

:/w B1(8,y2) — Bi(s,y1) ds +/ curl BdL2.
0 ©

) X (Y1,Y2)

4 Upper Bound

In this section we prove the upper bound of Theorem 2.1

Proposition 4.1. There exists C' > 0 such that it holds for all o > ¢ > 0,0 € (0,1/2) and
e € {1,2,a} that

| log o
| log 0]

3
inf BY) . < C'min {92,0( +1> ,0%+60|10g0|}.

Proof. The upper bound

: . log o
f EYPp) < 00 (] 1
/82(0,1.?:1—29 7=(P) < len{ 7 <|log 0] *

is shown in [36, Theorem 1 and Remark 2]. Indeed, the first term is realized by the competitor
B(x,y) = e + (1 — 20)eq, whereas the second term is realized by a self-similar branching con-
struction using the four preferred values in K in a simplified convex integration setting, see Figure
for an illustration.

Hence, it remains to construct 3 € A((;)eﬁ such that E((;g’e(ﬁ) <C (9‘;—; + 0o log (%)) . Note that

when 6 < o it holds since ¢ < o that 6% < fo < HZ_; . Therefore, it suffices to consider the case
0 >0 >0.

We start by defining a function u : R x (0, %) — R as follows (see Figure

' 20
1-20)y+= ify > x,
Y Y
u(z,y) = (1—26’)y+20%1yyy+x ify << g,
y+x if v > 5.
Thenu € Wh'((—1,2) x (0, %)) and
() .-
"y =z,
1—260
1+29Ly_y
5 ()
1 H g
1 ifex > 5.
\

DOI 10.20347/WIAS.PREPRINT.3227 Berlin 2025
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~ 0% 1 (—1)
—i —i

~(1-0)0 (i)

~ 02

~(1—-0)0

~ 02

~(1-0)0

~(1-0)0

Figure 2: Sketch of the branching construction from . The different colors code the regions in which
the values of the constructed gradient field Vu are constant and in the set K. In the striped region
the constructed function is interpolated towards the boundary so that u satisfies (0, y) = (1 —26)y.
Left: sketch of the building block; one oscillation of J,u is refined into ~ 6~! oscillations of Jyu. Right:
branching construction using the isotropically rescaled building blocks so that 9, u oscillates more and
more towards the boundary. Close to the boundary it holds in a weak sense J,u ~ 1 — 26.

g
260

N
—_
(-
[\
>
. Nl
N
VR
— =
N—
gla
SN U“I |||| ||||ﬂ l l ﬂ“h“h ||||

Figure 3: Sketch of the construction in the upper bound. Left: Sketch of Vu which acts as a building
block for 5. The striped area is where Vu is nonconstant and behaves roughly as T

- - Z,y)—(%,%) )
Right: Sketch of the function /3. In the green and blue region /3 is constantly (1, 1) and (1,1 — 26)7,
respectively. The blue dots indicate the support of the measure curl 5 =0 Z,&fﬂ (5(%7k%)T.
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g
260

Figure 4: Sketch of v(29, -) which only uses slope 1 and approximates a function with slope (1 — 26)
through jumps of distance "9 with jump height o. In the absolutely continuous part of Dv, denoted by
/3 in the proof of the upper bound, this induces the condition curl 3 =, ., o 0(& ko)

726

Next, note that for 0 < y < z < Jyitholdsthat 5 —z < 2z —y, v —y < 55 —yand 20 <

l_y'
Consequently, it follows for 0 < y < z < 5 that ?
3 —
’Vu(x,y) - (1)' < 29+20$+ LA/ 5y
2 (5% —v)
g g g
< 6— <12~ _ <12 (4.2)
w Y G-+ E-9 7 (55 - @y
Similarly, one shows that Vu € BV (Q\ B,((35, &)); R?) forall 7 > 0 and
Co Co
DVu| < — o< o L2+ ———H! EASTES (4.3)
PV = [T — (g, P X8 e T g o gt
Let us now define v : R2 — Rand 3 : R2 — R? as (cf. Figure
20 260 260
o(o,y) = uley — 222+ (1= 20)| 2| 7 and B y) = Vule,y — |22 7).
Then v € SBVjoe(R?) and § € L}, (R?) with
T, = | J(Z,00) x {ks}, (Dv)yy, = —oesHl, and (D)o, = 5 L%
20’ 207 v o v
kez
In particular, it holds
By=1—20in (—00,0) X R, and curl 8 = 205 (& k)
keZ
Moreover, it follows from the form of Vu, (4.), and
pen- ()| (wowommmmr )
xr,Yy)— r<Z
! dist((, 9), Uper{ (5. b)) =)
<C 7 (4.4)
X x< .
dist((z,y), Upeaf (55, kgp)} 7=
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Formation of microstructure and vortices for an energy related to helimagnetism 13

Then we define 3 : R2 — R2 as (x, y) = (3 * p.) (z — Z,y). It follows directly that

Ba(0,-) =1—20and curl B =Y 00z kz) * pe. (4.5)

keZ

In addition, one can show using the bound (4.4) and the properties of convolutions that

0 30,00 K) < Cmin L e ey e

Then we estimate using Lemma [3.1]

0 4 4 2
/W(ﬁ)dﬁgo— / "—4+—dc2 / “—4dz+/ 7
Q 0 \JB.(0) € By (0)\B:(0 ] Bg (5)\Bo (0) ||

0 (o >0 %
< (C- +a —i—a/ 7"_3d7‘+02/ r~ldr
o 1> o
9—+00 1+1lo i
599
<C (8—2 + 60| 10g«9|) , (4.6)
€

where we used for the last estimate that 0 < 6§ < 1/2.

It remains to estimate |Df[(£2) and [, |DS|* dL?. First, we obtain from [@-3) that B € BV, (R?\
Uiez{ (5. kZ)}; R?) with

Co Co
IDB| <

S TH(@ ) U (B ko) 25 T Gt 0) U (& R 2)))

+20Hy, L 0.5)x (kg

= (g *B)uU (kg #0212 0,551

keZ
It follows for (z,y) € R* \ Uyey Bo-((F, k) that

’H|L

where we set

| DB(z,y)|
=|DB * po(z — %,y”
Co Co
=35, 9). Urea (G R 12 =8 T @it (i, 9). U (5. k) (452
co

T XUpen(0,5)x (g —e b gy te)

Hence, we may estimate

/ DB da
NUgez B2 ((55.k55))

0 o
SC_ / d£2 / - — — d£2
o ( Byg (0)\B:(0) ‘(I ?J)\Q Be(L)\Ba: (5.5 %)) edist((z,y), Upez{(5.k5)})
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J. Ginster 14

2
<C (9| log(6)] + 9%) , (4.7)

where we used that log (32) = |log(6)| + log (32) < |log(6)| + 9% . Similarly, we estimate

/ DI ac?
Q\UkEZ 325(( k ))

g .9
20°7 20

2 2
<c? / dL? + / ? dc?
o ( By (0)\B=(0) |(z, y)[* Bo(L)\ Ba. (( y e2dist((z,y), Upez{(5: k55)})?

35:%35)
o/l re 2
—i—/o /_;dydm)

0 (o®> ob

=C— <—2 + ) < 06’— (4.8)
o\ € €

where we used that 0 < & < o implies that 92 < 6 %. Next, we estimate the contributions on

Urez Ba:((§, k35)). Using Young’s inequality for convolutions we find using (4-4)

DBl ac? <? | ol

/QmUkEZ Ba:((§:k35)) Bae((5,5)

0 -
SO NIBllzr (o (g5, g 1D pell 1 3. o)

0 ([ [ 1
<c” ( / rZ dr) - <00 (4.9)
o\Jo T 5
Similarly, we obtain
0
/ |Dj3* dL? gC—/ |DB|* dL?
QNUpez B2:((F:k35)) B2:((F.35)

<C ||5||L1 (Bse(( WIDpel1Z25. 0y

35:35)))

1

SC’Qas— — 2. (4.10)
o &2 g2

In particular, it follows together with (4.5) that 5 € ./4.0_98 fore € {1,2,a}.

Combining (4.6), (4.7) and (4.9) yields
EL).0) = [ W(s)dc+olps@) < € (e"— b0 1026)).
whereas (4.6), and (4.10) imply
EY) (8) < EY) (8 W )+ 02| DB?dL2 < C (9—3 + 00| log 9|>
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Formation of microstructure and vortices for an energy related to helimagnetism 15

5 Lower bound

In this section we prove the lower bound of Theorem 2.1

5.1 Energy estimates for vortices and the ball construction

We start with a lemma that will provide a lower bound on the energy concentrated within the e-ball
around vortices.

Lemma 5.1. There exists ¢, > 0 such that for all o > /2we > 0 and 8 : B.(0) — R? such that

curl B = g * p- it holds
4
W(B)dL? > ¢, =

B.(0) €2’

Proof. First, note using Young’s inequality that
1
W(B) = (1—87)+ (1 —B3)" = By + By — 2(B7 + 3) +2 > §|ﬁ|4 —2|B[* +2
1
> |5t — 2.
> 218

Now, estimate

4/ W(B)dL? + 8re? > / AW (B) dL? + 8me?
B:(0) B:(0)

> / B dL?
B:(0)

z/ / 18- 7|* dH dr
0 JoB.(0)
|

4
> — B-TdH'| dr
/5/2 (2mr)? /am(o)
1 /f *
-3 2
=— op-(x)dL*| dr
87 Jo /4 /B,.(O)
150 9 93 9
= — > — .
6 2 15me” > 2(87r€ )
Consequently, it holds
1504 50
4 W(B)dL? > —— — R -
/5(0) (/8) — 16m3e2 e = 16m3e2

O

Next, we prove a one-dimensional lemma that will guarantee lower bounds for the energy on slices
either from W (3) or from Dp.

Lemma 5.2. Forall [ C R open the following holds:

1 Forallv € BV (I) one of the following is true
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1.1 |Do|(I) > 3;
1.2 there exists ¢ € {%1} such that it holds |v(y) — &| < 3ming_4q |v(y) — &'| for all
yel.

2 Let® : R — R be the function from [2.1). For allc > 0 andv € W'2(I) one of the following
is true

21 [{(1=v()*)?* + o' (y)[dy = 20 [;|(® o v)(y)]
2.2 there exists £ € {£1} such that it holds |v(y) — &|
yel.

> 2.
pu— 167
< 3ming_yq |v(y) — &| for all

Proof. First, let v € BV (I). We assume that |Dv|(I) < 1/2. Next,letz € I and { € {£1}
such that |v(z) — &| = ming—1q [v(z) — £'|. Since |Dv|(I) < 1/2, we have for all y € I that
lv(z) —v(y)| < 1/2. This implies that [v(y) — &] < 3ming_4; [v(y) — &

Next we prove (2). The first inequality in (a) follows directly by Young’s inequality. Let v € W12(1)
and assume that [, [(® o v)/|dL < 5. Next, let z € T and £ € {£1} such that [v(z) — &| =
ming—1q [v(z) —&'|. Then it follows by Lemmafor ally € I'that £|v(z) —v(y)|* < |P(v(z)) —

P(v(y))| < 55.1e. [v(z) — v(y)| < 3. The conclusion follows as in (1). O

Remark 5.3. Note that it holds for 3 € R? that
Igéilr{l|ﬁ1 =&+ B =& < ﬂdist(ﬁ,[().

Hence, for v : I — R? it is straightforward to obtain the analogous statement to Lemma [5.2| where
one has to replace (b) by the statement: there exists £ € K such that it holds for almost all y € [ that

[o(y) — €] < 3v2dist(v(y), K) < 3v2y/W (v(y)).

Next, we present an estimate on annuli that will be the fundamental ingredient in a ball construction
(see Proposition below) to prove a logarithmic lower bound for the energy which is distributed in
balls of radius ;i@ around vortices. The main difference to similar estimates in the context of dislocation
models (see [26,129,34]) is that there is no rigidity for the term involving TV (3). In principle, the four
different values in K could be exploited by /3 to create a circulation of the form faB,.(O) B-TdH! =0
(at least for large enough values of ). However, this would come at the expense of creating energy in
the term involving D /3. Hence, the bound below involves both terms of the energy.

Proposition 5.4. There exists ¢ > 0 such that the following is true. Let 0 < r < R. Then it holds
for all 3 : Br(0) — R? with curl 3 € M(Br(0)), (curl 3)(B,(0)) € ¢Z and curl 3 = 0 in
A := Bgr(0) \ B.(0) that

/A W(B) d + 0| DB|(A) > co| curl B(B, (0))| log(R/r) 5.1)
and

/AW(B) +20|D(® o B1)| + 20| D(® o 33)| dx > co|curl 5(B,(0))|log(R/r). (5.2)

Proof. We first prove estimate (5.7). Let ¢ € (7, R). First, assume that w > 512. Then we
estimate using | 3|2 < 2dist (3, K)*+4 < 2W () +4, Jensen’s inequality and (curl 3) (B,(0)) €
ol

W@ an = [ (a2 an

dB(0) 8B4(0)
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Formation of microstructure and vortices for an energy related to helimagnetism 17

1 / 1)2
> — G-1TdH — 16t
16t ( 9B,(0)

- 16t|6“f15< (0))] - 16t

1
> 32ﬁ|curlﬁ( L(0))]? > ﬁa\curlﬁ(Br(O))]. (5.3)

Next, assume that W—?“W < 512 which implies that w < 25. Next, note that by
Remark 5.3/ one of the following is true on 9B;(0):

1 10-B|(0B(0))] > % where 0, denotes the tangential derivative of 5 on 9 B;(0);

2 there exists £ € K such that | 3(y) — £]? < 18W(B(y)) forally € 9B;(0).

Let us now assume that (2) holds. Then we estimate again using Jensen’s inequality analogously to
above

18 W(B)dH! > /aB( | 1B — €| dH"
(0

9B.(0)
1 2
> — —&)- 1
8t </83t(0) (=€) H )

1 1
= 5 lenl BB 0D > o |eurl B(B,(0))].

|eurl B(B.(0)] 25
144t S 144 S

DO =

Then, we estimate using (1) or (2) and

W(8) dH' + 0| DBI(OB,(0)) > min{ W(B) dH a|aTﬁ|<aBt<o>>}

0B:(0) 8B¢(0)
1
> i { o et 55, 0)] /2
——olcurl 3(B,(0))]. (5.4)

T 144t
Combining (5.3) and then yields

/ o V(@)L +01D3I()
- [ ( [ Wi +a|Dﬂ|<aBt<o>>)

> [ gl cwnl (B O)] dt = Sl curl A(B () og(R/r).

Estimate (5.2) follows analogously using the second statement of Lemma and Remark re-
spectively.

O
Next, we will briefly recall the celebrated ball construction that was developed in the seminal papers

[38.|48] in the context of vortices in the Ginzburg-Landau model (see also [26,[29,(34] for applications
in the context of dislocation model and [32] to surgically remove the jump set of an S BVP-funtion).
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Lemma 5.5 (Ball-construction, [34]). Let (B,,(p;)):cr be a finite family of open balls in R?. Then for
everyt > ( there exists a finite family of open balls ( B, (pi(t)))ic1(x) with pairwise disjoint closures
such that the following properties hold:

1 Zie[(t) ri(t) < e i i
2 Uier Bri(pi) € Usery Bri (pi(1)),

3 foralls € [0,t] andi € I(s) there exists a unique j € I(t) such that Bet-sy,(s)(pi(s)) C
By (05 (1)),

4 there exists 0 < t; < --- < ty with N < #I such that for every t,, < t < t,.1 it holds
I(t) = I(t,) and for every i € 1(t) it holds p;(t) = p;(t,) andr;(t) = e'~rr(t,).

Combining this construction with the lower bound on annuli, Proposition yields the following loga-
rithmic lower bound on the energy.

Proposition 5.6. There exists c;,. > 0 such that the following holds: Let o > 0, A’ C A C R?
with dist(A’,0A) =: dand B : A — R? such that curl B = oY1 | Vi0s, * pe, i € {£1} and
x; € R2. Let (B, 1) (pi(t)))ic1(r) be the output of the ball construction from Lemma starting with
the balls B.(x;). Then it holds for all T > 0 such that ene” < d/2 and J(T) = {i € I(T) :

By (pi(T)) N A" # 0}

/AW(B) dL? + o|DB|(A) > cpeoT curlﬁ(‘ U B.o(mi(1)))

1€J(T)
and
/AW(ﬁ)+2a|D(<I>oﬁl)|+20|D(<I>oﬁ2)|d/32 > 0T |eurl B( ) Bryry(pi(T)))] -
ieJ(T)

Proof. We only prove the first inequality. The second inequality can be shown completely analogously.
Let0 < t1 < --- <ty < T, N < n,be the merging time of the ball construction up to time 7, see
property (4) in Lemma We settyy1 = T and tg = 0. Now, fixi € I(t,,), 0 < m < N.Then it
follows by Propositionfor C" = Btmir-tm (1) (Pi(tm)) \ Bri(on) (i(tm)) that

/ W(8)dLC® + 0| DB|(CT)
B 1=t oy (Pilm)\Bry ) (i)

>co|(curl B)(By 1) (Pi(tm)))| (tmsr = tm)-

Eventually, we notice that by property (1) of Lemma [5.5]it holds for all B,,r)(p;(T)) N A" # 0 that
ri(T) < nee” < d/2 and therefore B, (p;(T)) C A. Fori € I(T) let us additionally define

Ji(tm) ={J € I(tm) : Br,(t,)(Pj(tm)) € Bryery(pi(T)) }-

Summing over all i € J(T), all j € J;(t,,) and m it follows using (3) of Lemma5.5]

[ Wi act +olnsia)
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Formation of microstructure and vortices for an energy related to helimagnetism 19

>0 3030 ST el BBmitong, 1y (Plta) \ Brstto (b)) (s — )

i€J(T) m=0j€J;(tm)

>cTo |curl B( U By (pi(T)))] -
By, oy (pi(T)NA 0

Here, we used that the balls B, (¢,,)(p(t,,)) are pairwise disjoint. O

5.2 The lower bound for the energies E{% . and Efg -

)

In this section we will prove the lower bound from Theoremfor the energies ES&a and E((fg .- Letus

[log 6
Then we will use Propositionto obtain the additional logarithmic term 6o | log 6| in the last term of
the energy estimate. For technical reasons, the proof of the above estimate will be obtained separately

in different parameter regimes: if # > 0 and ¢ > 0 then || iogg‘ |log o] and it is enough to show

that E((Tg > min{6? o (|logo| + 1), —} see Proposition , 75 if ¢ > 0™ for some ko > 0,

~Y

then || ll?é;' ko and it essentially suffices to prove Eé(),g > min{0?, o, 6‘;—;} see Proposition ;

eventually we prove the full estimate only if ¢ < %0 and # < 1/2, see Proposition

briefly comment on the strategy. First, we will show only that E((%e > min{6?, o (M + 1) ,9‘;—2}.

We start with the estimate for large values of 6.

Proposition 5.7. For all 6, > 0 there exists c(Ll}; > (0 (depending on 6) such that it holds for all

o >2me>0,0, <0< 1/2ande € {1,2} that

3
, 1An(f) E((:gg(ﬁ) > c(L% min {92,0(| logo| + 1),0;—2} .
€

0,0,

Proof. Let 3 € A\, . First,let o > 1/4.1f | curl 8]((0,1)?) # 0 it follows from Lemma/5.1|that

3
Et(:ge(ﬁ) > CUU— > > © nin {92,0(| log o| + 1),9%}.

On the other hand, if curl 5 = 0 then it follows from [36, Lemma 4] that

EY) () > emin {6%,0(]logo| + 1)} .
Hence, we will now assume that 0 < o < 1/4 Define ¢; := min {¢, %, %} and ¢; := 2, where

¢, > 0 is the constant from Lemma In addition, we may assume that it holds E;g’e(ﬁ) <
¢ min {02, o(|logo|+ 1), 02—2} By Lemmathis implies that

4 o3
#vortices in (0,1)* - ch—Q < Et(:za(ﬁ) < 61‘95_2’

which implies

/ |cur16|dm§02.
(0,1)2 Cy
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Now, consider
T e (0201/2, 02) .

Then find an interval I = (y1,y2) C (0,1) with |I| = éx such that
1B (B {x} x 1) < 16|1|ES (8 {2} x (0,1)),
2 ES) (8;(0,1) x {y}) < 16EY) (8),i = 1,2,
3 f(O,l)xl | curl B do < 16|1]<.

Next, note that since 0 < ¢; < Cv%— it follows that

0 0
/ |Curlﬁ|d£2§/ |curlﬂ|d£2§16][|ﬁ§—o|l|§—]I|.
(0,2)x I (0,1)xT Cy 2 2
Moreover, we estimate for i = 1, 2 using Lemma[3.1]and (2)

| 1ot <o+ [ 1oiGsi £ 11ds

0 0
< eo|I] + 22E) (8;(0,1) x {y:})'?
< eIl + 41:1/2E§g75(6)1/2
< eo|l] + 4 (ciza(|log o] + 1))7?

o 0
<5Heo|l| < —|I1 < =|1
< saall] < 21| < {111,

where we used that c;0(|log | 4+ 1) < c30'/2 < zsince 0 < ¢; < ¢z and ¢y = g—g. Using Lemma
[3.3]we then find

/5z($7t) dt‘ < (1 —20)|{] +/x B(s, y2)| + |8(s, y1)| ds +/ | curl | dL? (5.5)
I 0 0

(0,z)xTI

<(1-0)

From now on we only consider e = 1. The case € = 2 is completely analogous. By Lemma5.2]applied
to B2(x, -) one of the following holds on I:

(4) |0:5(z,-)|(1) = 3,

(5) there exists £ € {1} such that it holds |fa(z,y) — &| < 3ming_1 |B(z,y) — | for all
aeyel.

If (4) is true we have
16|11 .(8; {o} x (0,1)) = By (8 {z} x I) = 0/2,
which implies

C:
B (B; {x} x (0,1)) > Uﬁ. (5.6)
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On the other hand, if (5) is true then it follows using Lemma 3.1]from (5.5)
1 ) 28
[y =g 1660 -4 R Al
I I
Using (1), we obtain
B (35 (o} x (0,1)) = ——E() (8 {s} x 1) > & 7
xr — x —. .
Fose 16|1] 0= 144
Combining and yields using 22 < /2 < 1forallz > cy0!/
Y o
EY (5) > 0 i { - 1} d
0,9,8(5) —_— 144 020-1/2 min CQxJ X
el (2 o 0292 o
— —dx = lo lo +1).
2901 ) 7 0 ggg0lloslo)l 2 56 o[ 10g(o)] + 1)
Note that we used in the last inequality that | log o| > log4 > 1. O

Next, we prove a lower bound that is useful as long as o > 6% for some ky > 0.

Proposition 5.8. There exists c( ) > 0 such that it holds for allo,e,0,0 > 0withe > /2me > 0

ande € {£1} that

inf E() (B) > c(LBmm{G2 o, 9—}
BGA(G) ’

0,0,e

Proof. By Proposition |5.7| we may assume that 0 < 6 < =. Let § € A
64

0,0,e"

Define ¢; =

min {5;6, T y» Where ¢, is the universal constant from Lemma Then we may assume that

€ . 0-3
E((jés(ﬁ) < ¢; min {0{0,9;} )

Arguing as in the proof of Proposition [5.7|we find using Lemma/5.1] that

’U

6

/ |cur15|dx<0—<—

CRIL 8

Then find z € (3/4,1) and y; € (0,1/4) such that it holds for y» = y; + 1/2 that
1 B8, (0,1) x {yi}) S4B (9) fori = 1,2;

2 BY) (8, {z} x (0,1)) <4E%) (8).

By (1) we note that it holds forz = 1, 2

01651, 1((0,1) < "L B (9) < dey

1
and / (1= Bi(s,y:)3)? + 0210181 (s, yi) > ds < 4Efg75(6) <4 o.
0
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Since 0 < ¢; < 135, it follows from Lemmathat there exists & € {%1} such that |3;(s,v;) —
&l < 3ming_yq |Bi(s,y;) — | forall s € (0,1) and i = 1,2. Using Lemma|3.3|we write

/0 (Buls,2) — &2) — (Buls) — €) ds + (€2 — &)z + (1 — 20) (3 — w0

Y2
- Ba(x,t) dt + / curl (s, t) dsdt.

Y (0,2) x (y1,y2)

We estimate using Lemmaﬂfori =1,2,¢1 < o and (1)

1/2
— (/ ’Bl S yz §1’2 dS)

< 3BY) (B:(0,1) x {gi})? < 6EL, (8)/? < 6¢,/%0 <

A (61(57%) fz dS

%I%

which then implies together with (5.8)

30
<= (5.9)

" ety it — (& — &) — (1= 20) (0 — )| <

Now, by Lemma one of the following holds:

3) 0]028:2(x,)|((y1,y2)) > § fore = Lor fyyf(l — Bo(z, 1)) + 02|0ofa(x, t)[* dt > Z for
€=2;

(4) there exists £ € {%1} such that |Bx(z,t) — | < 3ming—sy |Ba(z,t) — €| holds for all
t € (y1,92).

If (3) holds, we find using (2)

g

1. ¢
i {00 % | < 2 < B (55fa) x (onm) < 4B.(6).
If (4) holds, we have using and Lemma[3.1]
6E50.(9)""
>3E095( {SL’} (y17y2))1/2

Y2 B 1/2
> ([ 1o - e2ar)

> 7 oty —Edt‘

Y1

- 0 _ 0
2/(1- £-2)(u — ) — (2~ &)al - T 2

where the last estimate follows from the fact that £, &, &1 € {+1}, yo —y1 = Jandz > 2. 1n
particular, we derive that

2 3
(e) 0 1 o
EO’,G,E(/B) > — 042 = _242 mln{92,0,9€—2}.

This finishes the proof. O
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Rt?rr;ark 5.9. Note that the same proof also shows the same statement for the anisotropic energy
E a

o,0,e"

logo|
|log 0]
be done only for small values of o (relative to 6). In the curl-free case, this gives a more streamlined
version of the proof of [36, Lemma 6].

Next, we prove a lower bound that includes the term o < + 1) For technical reasons, this will

Proposition 5.10. Let ky = 32. Then there exists c 5 > 0and 6y € (0,1/2] such that it holds for
all0 <0 <0y, keN,k>kyoe (08 0% with \/_7r0 >¢e>0ande € {+1} that

1(I1)f E( S-J m1n{92 ko, 9—}
A

0,0,e

Proof. Step 1: Preparation and selection of vertical slices. Let ¢; := m1n{128, T 42} and ¢y = 8§,
where ¢, is the universal constant from Lemma Addltlonally, fix 0 < 0y < 16 such that it holds

for all k > 32 and § < 6, that kO*/* < 6% Let 6 € Aagg We may assume that E((fgg(ﬁ) <
€1 min {9 ko, 6" } Next, find fori = 1, ..., k points x; € (%, 6%) such that

E) (B; {x:} x (0,1)) < 407°EY) (5; (50" % (0, 1)) . (5.10)
We claim the following.
Claim: Let K = |£| Fori = 1,..., K — 1 it holds one of the following for a universal constant

c3 > 0 (not depending on 3, 0, o, €)

E(S‘Eé,s(ﬂ; {2;} x (0,1)) > c30~0;
3 B8 (w01 x (0.1)) > cxo

Step 2: Conclusion using the claim. We first show how to conclude the proof using the claim above.
Assume that the claim is true. If (1) is true for some ¢ = 1, ..., K then the assertion follows immedi-
ately. Hence, we will assume now that for eachz = 1,..., K — 1 assertion (2) or (3) from the claim
is true. Then we estimate

B) > Z (E 3—QZ 01 x (0,1)) + E(és(ﬁ; (Tit1, i) X (071)))

=1

K-1
0 € €
> (ZE;;E@; (o) * 0,10) 4 B (5 (s ) x (0.1))
=1
K
> K—-1)o>c¢c3—0o>—
> c3( Yo > c3 50 32ka

This proves the assertion.
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Step 3: Proof of the claim. Exactly as in (5.8), we note that using Lemma [5.1]it holds for a universal
constant ¢, > 0

(%

/( | | curl B dLC2 < 2—19. (5.11)
0,1)2

From now on, we will fix: =1, ..., K.

Step 3a: choice of representative intervals. Next, we find an interval I = (y1, y2) with |I| = yo—1y1 =
20" such that the following holds

1 Jioayuy el B1dL? < 32/1| [, | cwrl B dL%;

2 BY) (8 {x:} x I) < 32T|EL) (B: {z:} x (0,1));

3 B (B (w1, 30) x 1) < 3211 ES)(B; (w141, 2:) x (0,1));

4 BS) (5:(0,1) x {m}) < 32E% (8).for | = 1,2;

5 B (85 (zis1,2:) x {m}) < 2B (B; (wivr,x:) x (0,1)),for I = 1,2;

Step 3b: Reduction to one well on vertical and horizontal slices. We define the one-dimensional func-
tion o : (0,2(x; — zi41) + |I]) — R? as

ﬁ(l‘i—l—l +t, yl) ift € (O,ZEZ - :L‘i—i—l)
at) = § B(xi,yn +t — i + i) ift € (2, — g1, & — Tip1 + |1])
Blwi =t + (zi — zipr + [1]),92) it € (zi — zigr + 1|, 2(zi — zip1) + [1]).

By Remark 5.3} one of the following is true

@ [a'[((0,2(zi — zir) + 1])) = gife=1or [on o oy Wia)+o*dPdLt > f if

(b) there exists { € K such that it holds for almost all ¢ € (0, 2(x; — z;41) +I]) that |a(t) —¢| <
3/ 2W (a(t)).

If (a) is true, then it follows using (2) and (4) that

g € € €
16 < BoeBs (@i mi) x (i) + By (B ik X ) + By (5 (i, 2:) X {2))
< GAEL (B (wigr, i) x (0, 1)) + 32 T|EL (B; {:} x (0,1)).

o,0,e

Since |I| = c20° this implies that (2) or (3) from the claim are true for 0 < ¢35 < m. Conse-
quently, we will from now on assume that (b) is true, i.e., there exists £ € K such that it holds almost
everywhere on (41, 2;) X {y1, 92} U {x;} x I that

13— €| < 32W(B). (5.12)

Step 3c: Conclusion if (b) holds. By Lemma[3.3] it holds

" — ds = o 1 dsd ” i —(1—-20)d
/051<s,y2> Bu(s, 1) ds / / curl (s, ) S”/yl Ba(rant) — (1— 26)dt,
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which then implies that

T

Bi(s,y2) — Bi(s,y1) ds (5.13)

Ti41

x; Ti+1
/ / curl B(s, t) dsdt —i—/ Bolzi, t) — (1 —20) dt —/ B1(s,y2) — Bi(s,y1) ds.
0

Next, we will estimate the three terms on the right-hand side. First, note that by (1), (6.71) and ¢; < {3

2 0
curl (s, t) dsdt’ < 32|1] | curl B| dL? < 322][|0 < —|1].
(0,1)2 Co 4

Next, we find invoking (5.12), Lemma[3.1] (2) and
Y2
[Ce-a-ma|- [" e el
Y1

/ 52 (L’z, 1—29 dt’

1/2

> 20|1| — 3v/2|I|'/? </ W(B(x,t)) dt)
1/2

> 2011] — 2411 (B9, (8: {i} x (0,1)))

> 20|1| — 24|1| (4c1ka)"? > 0]1|,

where we used in the last inequality that ko < k05~ = 92k0F 12 < 92k0F/* < 92 and 0 < ¢; <
Eventually, we estimate for [ = 1, 2 invoking (4) and Lemma

Tit1
/ 51(3791) ds
0

4. 242

Ti41
< Ty +/ dist(B(s,y), K) ds
0

. 1/2
< o+ alfy (BS(8:0,1) x {u)))

1/2
<0 V32 (0 ES (9))

1/2

‘ 0
<29t = 2|1
< 4| l,

S 9i+1 + 8 (Clk9i+10_)
where we used that |I| = 6, co = 8,0 < ¢; < é and that kf0tlo < @2F2EgF—i—1 <
62 +2:9k/* < §%+2 Gombining the three estimates, we obtain from (5.13) that

T

ﬁ1<57y2) - 51(37y1> ds

Tit+1

0
> —|I|. 5.14
> 21 .14

We then estimate using (5.12), Lemma[3.1]and (5)

Ty

Bi(s,y2) — Br(s,y1) ds

Ti+1

i Bi(s,y2) — &1ds| +

T

Bi(s,y1) — & ds

Tit+1

<

Ti+1

§3\/§($z’ - $i+1)1/2 ((E(%,a(ﬁ; (Tiy1, Ti) ¥ {?Jl}))l/z + (E§f§7a(ﬁ; (Tiy1, i) ¥ {yz})> 1/2)
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1/2
<3V128(x; — xi+1)1/2 (E((;;,g(ﬁ; (ziy1,25) x (0, 1))) )

from which it follows using x; — x;,; < 6 = ém and that
B (5 ) > (0,1)) 2 Bl = gt 2
70 ~16-9-128 16-9-128° ~ 16-9-128
O

Eventually, we show how to prove the logarithmic lower bound for ES(),’E

of vortices using Proposition

that stems from the existence

Proposition 5 11. There exists 0o > 0 and c(LA‘])g > 0 such that it holds for alle, o > 0 with0 < 6 <

0y and 0 < TE <g<?t 1 it holds

Ec(rfz)’e(ﬁ) > c(LA% min{#?, 06| logd|}.

Proof. Step 1: Preparation. Let 6, € (0, 1/2] be such that | log 6| > max{128 2}, where ¢ > 0
is the universal constant from Proposition (5.6, and such that 6| log 6| < ;= Let 8 € .AU@ .and

assume that E( ©)

0,0,

(B) < ¢y min{h?, o log 0|}, where we define the constant

. CU Cv 1 CbC Cgc
C1 = Imin 3 ) ) ’
V2 7m-256-64 4322727 32-320" 5123274322 -4 - 722 . 322

and ¢, ¢, > 0 are the universal constants from Lemma5.1]and Proposition

By Lemma it follows that CUE—Q# vortices in (0,1)? < c¢,00|logf| and since ¢ < /270 we
obtain

(%

6
# vortices in (0,1)* < 27?22—| log 6| and / | curl B dL* < 27r2ﬁ9| log 0.
Cv O (0.1) v

Let us define ¢ = min {Z|log ], 1}. Next, find 2 € (¢/2, £) such that it holds

~| 00

B (B {x} x (0,1)) < —EY) (8) and / |curl B dL? < 167219, (5.15)

(@,2+ [raegy) X (0,1)

Then find an interval I = (y1,42) C (0, 1) with |I| = £ such that [ = <y1 — @, Y + @) C

0,1),ie. 1] = ¢ (1 + “Lgeo < 20, it holds that

ES)(B; {z} x 1) < 32EY) (B; {x} x (0,1)),
2 B (B {x} x I) < 64EL) (B {x} x (0,1)),
3 ES).(8;(0,1) x I) < 320E[) (8),
4 EY) (8:(0,1) x I) < 640ES) (B),

s0,€

5 BS)_(8:(0,1) x {i}) < 32E%) (),
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6 # vortices in (0,1) x I < 323272 2log ),

/ f(01 x(I\I) |Cuﬂﬂ|dﬁ2 < 32327 - (20,

8 Jipwr t oy lcurlBldL? < 32 167202510 < 32 - Am?(EH0.
|1

By (1), (5) and (5.15) we observe for € = 1 that

2
> " al0uBC,y)((0,2]) + a0:8(x, )|(I) < 320ES (B) < 320¢100]log ] < 320c10

i=1

and for € = 2 similarly that
2 T
) / W(B(s.5:)) + 0?1008 (s,y)| ds + / W(B(x,1)) + 0%nB(x, D) dt < 320610
. 0 I

Since c; <
andt € ]

3535 It follows from Remark.that there exists £ € K suchthatit holds for all s € (0, x)

1B(s,y:) — €] < 3vV2dist(B(s,y;), K) and |B(z, 1) — €] < 3v/2dist(B(z,t), K).  (5.16)
Using Lemma 3.3 we write
[ (atat) — (1 20))
I
_/yz curl 5(s, t) dsdt —|—/ (B1(s,y2) — &) — (Bi(s,y1) — &) ds. (5.17)

Y1 0

Then note that by (5.76), Lemma|[3.1]and (5) it holds for i = 1,2

< 3\/5/96 dist(B(s,yi), K) ds

< @ 2B (8;(0,1) x {y:})/?

< 2"/2 (32¢; min{6?, 06| log 0]}

; (Br(s,yi) — &) ds

g
PP < 200= (g — ). (5.18)

where we used that © < £ = (yo — y1), min{6?, 00| log 0]} < 46*( and ¢; < 71+
Next, we distinguish two cases depending on the size of fyyf curl B(s, t) dsdt.
Step 2: The case of a small curl. Assume that

Y2
/ curl (s, t) dsdt‘ < O(y2 —11)-

v
Then it follows from (1) , (6.16), (5.17), (5.18) and Lemma[3.1]that
20(y2 —y1) < [(1 — & —20)(y2 — 1)

< /152@,@ 3 dt‘ + /Iﬁz(x,t) —(1-20) dt‘

1/2
< 3\/§(y2 — yl)l/2 (/Idist(ﬁ(x,t), K)? dt) + gﬁ(yz — Y1)
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e 3
<32y — y1>1/2E§,2,5(/3; {e} x )2 + 56002 — 1)

< 20(g2 — y0) B (8 {} x (0,1))72 + 20002 — o),

which in turn implies by (5.75)

(9 b (. L. 1 .
EO’,G,&‘(/B) > gEo_707a(5, {I’} X (0, 1)) > mﬂg = mmln{@ 70'9| 10g9]}
Step 2: The case of a large curl. Now, we assume that
‘/ curl 8dL?| > (ys — ).
(0,z)xTI

For technical reasons we will provide different proofs fore = 1 and € = 2.

Step 2a: The case ¢ = 1. Define A’ = (0,2)xI C A= (=5, 2+F)x(y1— “Og9| +e, y2+“0g6|
g)andd := dist(A’,0A) = |1og9\ —e. Note that it holdsﬁ—e > G—c> 26+\/_7ra £> 5
since we assume 0 < 6y < 2\[ and ¢ < v/270.

Next, extend 3 by (£1,1 — 26) to (—%,0) x Tandletzy,...,2, € (0,1) x I such that it holds
curl § = Y70 Y00y, * pe with v, € {£1} in A. Using () it holds that n < 32272 2{log §| <
32224 L|log 0|%. Eventually, set T := log (<) and note that it holds since ¢ < /270 and ¢; <

V2. 256 64 that

d Cy | log 6|2 1
1 — | >1 > |logf| —1 —— ) > —|log6
o8 (en) °8 (9 £322 - 01\10g9|2) 2 [logt) og( 16 - 2| og 9

where we used that log (“Oge‘ ) = 2log <“°g9|) < £|log 6|. Then it follows in the notation from
Proposition [5.6] that

/W B)dL* + o|DB|(A) > —a\logﬂ curl 5( U B,y (p;(T)))] - (5.19)

JEJ(T)

On the other hand, we estimate using (4) and | log 0] > |log 6| > 28
/AW(ﬁ) ac? g/ | iW(ﬁ) L +492%yf| < 64£E§,}g,€(5) + 800¢
X
(1) Che
< 64lE,, (B) + 1—609] log0|¢  (5.20)
and using (2 5.19), Lemmal31] ¢ < min{fs, o)
o1D3I(A) < o|DAI((0.1) x 1)+ o [ 18:(0.0) ~ &l i
I
<uE).(5) + 0 [16:0.0) = si(e O]t + 0 [ 16:(w1) - o]
I I

1/2
< 64(E) (8) + o|DBI((0,1) x I) + 3V 20|I|'/2 (/dist(ﬁ(m,t), K)?dt)
I
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. _\1/2
< 1280E() () + 3v20|11"2 (B (8; {a} x 1))

1/2
< 1280c; min{62, o0] log 0]} + 6v/5120(/2 (E(%AB))
< 512¢,0°0* 4 64/512¢,00¢

Cbc 2,2 Cbc Cvc 42 2
—0°0" + —ol < =070~ 5.21
- 32 32 16 (5.21)
In the last inequality, we used that 0/ = min{6/4, o|log #|} > o. Moreover, by (7) and (8) we obtain

. Co
since ¢y < 13022

curl B( U B,y (p:(T)))| = / curl B dL?| — / | curl 8] d.L?
By, (ry (pi(T))NA'£0 ’ AN
0
> 0(yy —y1) — 2 - 32272 %y > £ (5.22)
Cy
Combining (5.19), (5.20), (5.21), and yields
Sotllogoll < Follogdl |ewl B0 ) Buw(®id1)
B, (1) (p:(T))NA'#0
< [ w(g)act + oips|(4)
A
< 640EY _(8) + 00| log )¢ + g2, (5.23)
e 16 16
It £ = Z|log 6], we find 06| log 0|¢ = 6*(*> = 5*|log §]* and therefore
Che (1
1 <FE
On the other hand, if £ = I then §|logf| > = { which implies that of|log §|¢ > 6*(* and

consequently we obtain agam

< E().(B).

51
This finishes the proof in the case € = 1.
Step 3b: The case ¢ = 2. We define A and A’ asin the case ¢ = 1. Again, we extend 3 as (£, 1—20)
to (—o0,0) x I. Next, we estimate

2/ ~W(ﬁ)+021D5]2d£22/ W(B) +20|D(® o0 )] + 20|D(P o Bo)| dL>.
(0,1)x1 (0,1)xT

Then we can estimate S|m|larly to (5.21) using (2), (4), Lemma[3.2] (5.15), (6.16), Lemma [3.1] and

C
¢; < min{ 51255 T7 4 b e (we assume wlog that 0 < ¢, < 1)

20| D(@ 0 6)|(A)
<20 D(® o )| dL* + 20 [ |®(51(0,t) — (&1)| d
< /m,l)xf'( B dL? + /f| (61(0,1)) — D(&,)] dt

< E®) (8:(0,1) x I) + 20 / D(51(0, 1)) — ®(By (2, )| + @By (w, 1)) — B(&y)] dt
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< B (5:(0.1) < 1)+ 20 |

(0,1)xT

<2E%) (8;(0,1) x I) + 80 / 1B1(,) — &] + B (x,1) — & dt

|D(<I>oﬁl)|d£2+20/f|<b(61(x,t)) _a(e)] dt

) 1/2
< 1280c; min{6?, 06| log O]} + 8o|I|*/> ([ |Bi(x,t) — &2 dt)
i

) 3/4
T 8o|]1 ( JILCRE 51\4dt)
I

242 12 (@) =\ 12 1/4 ( (2) =\ 3/4
< 512,26 + 480012 (EQ) (B o} x D)) + 43200 (ES) (8 {} x 1))
%9%2 + 480"/ (512¢; min{62, 56| log §]})"/*

+ 4320014 (51201 min{6?, o0 log 0|})3/4

—3’2 020% + 72+/2048¢, 000 + 432(c,2048)150%/2¢
Coc n2 2 Cbe Che 19 2

= S0l < —0°(°.

< 329 0+ 32096_ 169

<

IA

Then we can estimate similarly to the case ¢ = 1

/ W(8) + 20| D(® o B1)| + 20|D(® o )| dL* < 64¢E"})
A

0,0,

(B) + 1600|1og9|€+ 166’6.

Using Proposition [5.6|it follows that

/ W (B) 4 20| D(® o B1)| + 20| D(P o Bo)| dL>
A
& C
2%a| log @] |curl B( U B,y (pi(T)))] -
By (r)(pi(T))NA'#D

Then we argue exactly as in the case ¢ = 1 in (56.22) and (5.23) to conclude.

Eventually, we are able to provide the lower bound from Theorem[2.1|in the case ¢ = 1, 2.

Proposition 5.12. There exists ¢ > 0 such that it holds for all § € (0,1/2], 0 > \/2me > 0 and
e € {1,2} that

1 3
inf E)_>cmin{ 6 o | log | +1),0Z + 0o |logb] ;.
40 : | log 0| g2

6,0,

Proof. Let 6, € (0, 1/2] be such that Proposition and Proposition hold for all 0 < 6 < 6.
Now we distinguish the following cases: First assume that 6y < 6. Note that for % > 6 > 6 it holds

3
Oo|logf| < Oo|logby| < \logGO\HZ—Q.
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Hence, by Propositionwe estimate for all ¢ > \/27e

3
i(n)f E((:ga >c{!) min {02, o(|logo| +1), Z_Q}
0,0,
>C$:11)9 log(2) min { % o |Log | +1 ,90—3
- |log 6| e2

(1) 3
c;plog(2) . |log o| o
>_LB oL 6? 1),0— +6c|logd| ;.
—2|1og<eo>|“““{ "’(uogm* e +olloed)

Next, we assume that 0 < 6 < 6,. We distinguish the following cases:

B If o > 1 then it follows from Proposition [5.8| that

3 3
2) . o 2 9) . |log o] o
,i(nf E L > 2 m1n{6’2,0,0€—2 = 02;92 > c(L])3 min {92,0 (|10g9| + 1) ,05—2} :

0,0,

|log 6]

3 () 3
@) . 9 o i 5 |log o o
Al(n)fE - ZCLBmm{H,J,H—gQ}Z o1 mm{970<|10g0\+1 ,0—62 .

0,0,e

B If1 > o > 0% then it holds that 127l < 32. Consequently, using Proposition we estimate

B Ifo € (0" 6] for some k > 32 then we have that H"g”' < k41 < 2k which implies using
Proposition[5.11

3 (3) 3
(¢) ® 2 g ‘LB ., 2 | log o] o
Alnf E o> crp mm{@ ,l{:a,Q—gQ} > i {6’ (|10g9| +1 ,0—82 )

0,0,

&2 @)
Summarizing the above cases, we find for ¢ := mm{ gf, y } that it holds for 0 < # < 6, and
o > /2me > 0 that
. log o o3
inf EC(T%E > cminy 6%, 0 | log o +1),0—¢. (5.24)
A % | log 0] 3

Now, note that if o > 9 it holds that 6"—2 > % and therefore

1 3
inf E . > cmin{@Q,a (| 08| —|—1) ,90—2}
Al |log ¢ €
& . 2 |].Og0-| 0'3
Zzlmln ale |10g9\+1 ,0§+90|10g9| :

On the other hand, if ¢ < ¢ 7 it follows from (5.24) and Proposmon

o

\)

1 3 (4)
Ai(nﬁ)f E((;g,s >~ min {92,0 (’l 12?2{ + 1) ,9%} + CLTB min{6?, o6|log 4|}

0,0,e

1 3
> min{c/2, c(LA‘])g/Q} min {92, o (’“Z—i;’ + 1) ,QZ—Q + 00| log0|} :
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5.3 The lower bound for the anisotropic quadratic perturbation

We start with an estimate that controls the full gradient by the derivatives 0; 3; and 0»35. In the case
of curl-free fields, this essentially resembles a classical estimate for the Laplacian.

Lemma 5.13. There exists C' > 0 such that it holds forall 0 < A < L,H and 8 € L*((—A, L +
A) X (—A,H + A),RQ) with 8151,82ﬁ2,cur15 € L2((—A,L + A) X (—A,H + A) that

/ DA L
(U,L) x(0,H)

gc(/ wmn%u@mf+AQWP+wmwﬁw)
(A, L+A)x(—A,H+A)

Proof. By a density argument, we may assume that 3 is smooth. Let n € C°((—A,L + A) x
(—A, H+ A);[0,1]) be such thatp = 1 on (0, L) x (0, H) and |Vn| < CA~!. Then we find using
integration by parts

/ (0282 - 201 By + Oo32 - B12n01n) dL?
(—AL4+A)x (= A, H+A)

0232 - Oy (77251) dc?

/( AL+ A)x (—A,H+A)

/ 0159 - 82(77251) dc?
(—A,L+A)x (—A,H+A)

/ (772|3251|2 + (curl B) - n*(8281) + 9251 (2ndan) By
ALt A) (A H 4 A)

)

+ (curl 5) - 512778277) dc?.
Using Young’s inequality, we obtain
/ 772|3251 |2 dL?
(—A,L+A)x(—A,H+A)
<

1
/ 2| curl B2 + 7|82 Vn|* + |02Ba|* + 0181 * + 5772|3251’2 dL?.
(—A,L+A)x(—A,H+A)

and therefore by absorbing the last term on the left-hand side

/ 0o L
(0,L)x(0,H)

< 772|8251 |2 L’

/(A,L+A)><(A,H+A)
SC/ (i curl B* + A7%|BJ* + (025" + |8161|2) dc?.
(—A,L+A)x (—A,H+A)

The estimate for f(o L)x(0.H) |0182|* dL? is shown analogously. O

The above estimate will allow us to control 1}?((7‘1(3E

domain.

(2)

on a small domain from below by £ _ on a larger
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Lemma 5.14. There exists ¢ > 0 such that for all) < ¢ < \/§7m < \/§7r it holds for all 3 € Af,‘f;E

¢ / W(B) + I DARA < [ W(B)+ 02O + 0*|Bufal dL* + o>
(0,1/2)%x(1/4,3/4) (O,l)2

Proof. Let 5 € A%ye with curl 5 = 0 Y, _ | Y0z, * pe. We define the sets Sy, = {x+te; : t > 0}
and set .
p=0Y et * p-.
k=1

Then it holds that curl u = curl . In particular, there exists u € W2((0,1)?) such that Vu =
B — . As p is smooth, 9,01u, Dydyu € L2((0,1)?) exist. Next, we will extend u to a function
@€ Wh2((=1,1) x (0,1)) such that 9,011, 20s1 € L*((—1,1) x (0,1)) exist, cf. [33, Lemma
3.2]. For this let ¢q, ¢o, c3 € R be the unique solutions to the linear system

3 . 3 N 2
ZCZ' = 1, ZCZ% = and Zci (é) = 1. (525)
i=1 i=1 1=1

Then we define

iz, y) = 4 B Y) if 2 > 0,
’ S cu(—tr,y) ifx <0

It follows from thata € WH((—1,1) x (0,1)) with 9,014, D20,u € L*((—1,1) x (0,1)).

Next, we define
5 Blz,y if 2 >0,
Bz, y) = (,9) .
—ZZ 10166(— ir,y) ifzx <0
and

T,Y) = , .
&Y — Z?:l cigi(—gz,y) ifx<O.

Then it follows Vi = 3 — fi. Since 01011, D20>t and fi is smooth, it follows that 8151, 8232 €
L*((—1,1) x (0,1)) exist and for = < 0 has the form 0,51 (7, y) = S (%)28161(—%@,3/)
and 0o, (z,y) = — S0, it fa(—%x,y). Next, we compute for z < 0

4 i
(Hllsk * p‘f) (_63773/) = / Pa(—6$ — s,1) dH!
Sk
_ / pil—z— sty a' = (Hls, + pt) (—,9),

where pi(s,t) = Sp.(is,t), Si = {&} +tey : t > 0} and &}, is the point whose 2-coordinate is
scaled by é compared to x; while its y-coordinate is the same as the one of xy. It follows that

n 3
curlf =0 Z (W(Sxk * e + Vi Z 55:; * pé) . (5.26)
k=1 i=1

Then we estimate using Lemma[5.13]

/ DAL < C ( / (0:61)7 + (8uBa)? + 16/ + | curl B2 w)
(0,1/2)x(1/4,3/4) (—1/4,3/4)x(0,1) (5.27)
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Firstly, we note that by the form of 9;3; it holds

/ (OnF)? + (Do) dL? < C / (On5)? + (Buf)? dL2.
(—1,1)x(0,1)

(0,1)?

Secondly, we observe by (528), | p.|, [pt| < Ce?xp. (o) and Lemmalp.1|that

Eventually, note that

3 .
/ prac<cy | Bl-grP e+ [ P
(=1,)x(0,1) — J—1.0x0,1) 6 (0,1)?

<c[ jprac<c [ wE)+tac
(0,1)2 (0,1)2

where we used that by Lemma[3.1] | 3| < 2dist(8, K)? + 4 < 2W(B) + 4. Hence, with the last
three estimates, we conclude from (5.27) for 0 < ¢ < 1 that

/ W(8) + o*| DB L
(0,1/2)%x(1/4,3/4)

<C ( W (B) + 0(0151)* 4+ 0°(022)% dL* + 02> .
(0,1)2
O

Armed with the above estimates, we will now prove the lower bound for the anisotropic energy E((Tae) o

Proposition 5.15. There exists ¢ > 0 such that it holds for all § € (0,1/2] and o > /2re > 0 that

: . log o o3
f EY (B)> 20 1),0= + o] logd| p.
Beiéln(a) 0',9,1-:(6) Z c1min { O < | 10g0| + 2 +to | 0g |

0,0,

Proof. Let 5 € .A(a) First, assume that 0 < o < ;0 < 1, where 0 < ¢; < 2 will be specified

0,0,e*

below. By Lemma[5.14]we have
C/ W(ﬁ)‘FUQlDﬁlQ d£2 < / W(ﬁ)+02|8151|2+02|82ﬁ2|2d£2+02. (5.28)
(0,1/2)x(1/4,3/4) (0,1)2

Next, define 3 : (0,1)2 — R2 as (x,y) = B(z/2,y/2 + 1/4). By a simple change of variables, it
follows that

(B) + o*|DB|? dL? = / 4W (B) + o*|DB|* dL. (5.29)

(0,1)2 (0,1/2)%(1/4,3/4)
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Moreover, curl@(:p,y) = %curlﬁ(m/Q,y/Z +1/4) € Mys./2 and 52(0,y) = [2(0,y/2 +
1/4) =1 — 20. Hence, 5 € Ay 5/2,/2 and we obtain from Proposition that

- o <|loga/2|

o\? 2 19 . 9 o3 o
— > — R —
W(ﬁ)—i—(Q) |DB|*dL _cmm{@,2 oz ] +1),92€2+92\10g9]

3
> < min 0 o | log o] +1 ,(90— + fo|logb| ¢ . (5.30)
2 | log 0] g2

Combining (©.28)), (5.29) and (5.30) it follows that

(0,1)

W(ﬁ)+O’2‘8151’2+U2’6252‘2d£2+02 (531)
> mind 02 0 (1870 1Y 0% 4 pol1og0)
- — + 0o :
2 7 |log 6| e s

NG

Now fix c; = min {7, g, 1} where ¢ > ( is the universal constant in the estimate above. Then it

follows for 0 < o < ¢10 < 1that o? < 0% 0% < 0 < S0 ('l°g"' + 1) and 0° < £ <

4 4 |log 6|
g (9‘;—; + 0o|logd ) ie.,

1 3
o2 < gmin{m,a (% + 1) ,HZ—2+90|log9|}.

Then the assertion follows from (5.31).

Next, we will assume o > ¢;6. By Remark[5.9]it holds

3 2
E((Tagg(ﬁ) > 0(112])3 min {92,0702—2} > c(LQ])g min {92,010,01922—2} > c(LZ])30192.

"Wy

This proves the assertion in the case o > ¢6.

Appendix

Eventually, we provide an estimate that shows that in case of the energy Ef:g’s the estimate for the
ball construction, Proposition[5.4] could be replaced by the simpler estimate below which only involves
the regularizing term. The same is not possible for the energy E((jg,“E since the typical behavior near a
vortex at the origin is [ D3|” ~ % and therefore o [\ () [DBI* ~ 7 < o?|log 8| for 6 > 0

small enough.

Lemma 5.16. Forall0 < Ry < Ry and 3 : Bg,(0) — R? with curl 8 = 0 in Bg,(0) \ Bg, (0) it
holds

IDBI(Bra(0)\ B (0)) > |eurl 5B, (0)] log 72

Proof. By approximation, we may assume that (3 is smooth. Since, curl 8 = 0in Bg,(0) \ Bg, (0) it

holds for R < r < Ry that
d

< B.rdH' =0.
dr JaB, (o)
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On the other hand, we compute using the notation 7+ = (—x, 7;)7

d

dr 9B,(0)
d

=—7
dr 8B (0)
_/ B(ra) - a-dH' + 7“/ (0.8)(rz) - x-dH"
8B (0) 9B1(0)
1
:—/ 6-7d’H,1+/ (@6)-76[%1
T JoB.(0) 9B,(0)

= (curl §)(B, 0)) + / (0,5) - 7 M.

8B,(0)

0 B-rdH!

Blra) -z dH'

In particular, it follows

Rs
|DB|(By(0) \ Br, (0)) > / / R

Rz q R,
> | curl B(Bg, (0))] —dr = |curl B(Bg, (0))| log =
R T 1
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