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Neural and tensor networks for high-dimensional parametric

PDEs and sampling
Martin Eigel, Lars Grasedyck, Thong Le, Janina Schiitte

Abstract

In this chapter, we present various methods based on neural network architectures and tensor

decompositions for addressing parametric partial differential equations (PDEs) and sampling from
unnormalized densities in high-dimensional settings. Parametric PDEs arise in many areas of sci-
ence and engineering, where one seeks to solve a PDE efficiently for a wide range of parameter
values or where the data is inherently uncertain. Such problems have been analysed extensively
in Uncertainty Quantification in recent years. Directly related and also highly relevant for practical
applications is a class of statistical inverse problems. It can be approached in a Bayesian frame-
work through sampling techniques.
Two main strategies are central to this chapter: deconstructing complex problems into manage-
able, simpler subproblems in a sensible way and designing problem-specific model architectures
that suit the specific properties and requirements of the problem at hand. The developed meth-
ods are supported by theoretical convergence guarantees and demonstrate state-of-the-art per-
formance in numerical experiments.

1 Introduction

In this chapter, a variety of neural network and tensor-based architectures are carefully se-
lected and tailored to address multiple classes of problems, including high-dimensional paramet-
ric PDEs, high-dimensional parametric obstacle problems, and the sampling of high-dimensional
probability densities. The development of algorithms follows three guiding principles:

Narrowing the theory-to-practice gap: The proposed algorithms are designed to demon-
strate strong numerical performance and to admit rigorous convergence analysis, thereby
ensuring a solid theoretical foundation alongside empirical success.

Problem decomposition as a unifying strategy: A central methodological theme is the de-
composition of complex problems into simpler, more tractable subproblems. For parametric
PDEs and obstacle problems, this is realized through domain decomposition and multilevel
representations of the solution. In the context of sampling high-dimensional densities, the
approach involves approximating individual steps of a dynamical measure transport pro-
cess.

Problem specific architectures: The neural network and tensor decomposition architectures
employed in this work are specifically designed to suit the problems at hand. These archi-
tectures are often inspired by numerical solvers, which facilitates the mathematical analysis
of the resulting algorithms.

High-dimensional parametric problems Many natural phenomena can be described by
PDEs depending on various data determined by the considered environment. Here, the model
data, which in principle could be nearly anything (domain, boundary values, coefficient, forces)
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Figure 1.1: The operator mapping parameter fields ( ;Y) to solutions u( ;Yy) is visual-
ized for the solution on a locally refined finite element mesh depending on the parameter
field. The figure can be found in [Schitte, 2025, Figure 4.1 (a)].

appearing in the PDE model, is parametrized by a high-dimensional vector. As a benchmark prob-
lem, the parametric stationary diffusion PDE is considered here, which often serves as model
problem in Uncertainty Quantification (UQ). For a large or countably infinite-dimensional param-
eter space RN:N A and a physical domain D Rd:d 2 f1; 29, we aim to find
u:D ¥ R such that

r (GyruGy)=f inD; )
u(;y)=0 on@D '
holds for every y 2 , a parameter field : D ¥ R, and right-hand side f 2 H (D).
For example, (1.1) describes the temperature distribution of U in a metal plate in D with zero
degree temperature at the edge, depending on a heat source described by T and the thermal
conductivity  of the metal. Section 4 consists of architectures developed for this model to find an
efficient approximation of the operator

G: Yfv:DYRg, ya&u(;y), (1.2)

where U is the solution to a problem related to (1.1) as visualized in Figure 1.1. The presented
architectures are fitted to the problem at hand to achieve favorable practical performance. A core
concept of our algorithms is the decomposition of the problem into smaller subproblems, either
globally (in terms of frequencies) or locally (in terms of subdomains). A multilevel decomposition
of the solutions is applied in Section 4.2 for the stationary diffusion equation and in Section 4.1 for
a related parametric obstacle problem. In Section 4.3 a domain decomposition ansatz is applied.

Neural network optimization with low-rank tensors After a brief introduction to tensors
in Section 3, a novel training strategy for neural networks involving low-rank hierarchical tensors
is introduced in Section 5. The section opens by outlining the central idea, which, in contrast to
common strategies, does not rely on gradients of the corresponding loss function of the neural
network setting. Then essential techniques required for the implementation are presented, and
we conclude with numerical experiments to demonstrate our idea.

Sampling high-dimensional densities The probabilistic inverse problem related to (1.1)
aims at recovering parameters Y from noisy observations U of a solution U( ;y) in a Bayesian
setting. Here, we consider drawing samples from an unnormalized, high-dimensional density.
Parameters Y, which get mapped close to the observation by G, are more likely to have generated
the observation. The high-dimensional density of the measure to be sampled then has the form

. 1
p(yjuobs) / exp E kuobs G(y)sz& pprior(y); (1.3)
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where Pyrior denotes a prior distribution over Y independent of the observation. Motivated by this
problem, two sampling strategies are introduced in Section 6.

See Schiitte [2025] for an overview and introduction to the work done with convolutional neural
networks (CNNs) for high-dimensional parametric PDEs and high-dimensional parametric obsta-
cle problems, as well as the development of the sampling strategies.

2 Neural networks

Neural networks are an important tool in artificial intelligence and machine learning, designed to
find complex patterns within data, which translate to the design of artificial neurons, commonly
called nodes. Inspired by biological neurons, each node receives multiple inputs, which are trans-
formed and then passed along until it ends up in an output node. The network learns by iteratively
adjusting its parameters through training, which involves forward propagation of inputs, calculat-
ing current error via a loss function, and then backpropagation with gradients to update its weights
to minimize these errors.

There are many types of neural network, but here we recall fully connected neural networks
and convolutional neural networks. We also present a way to construct a neural network based
on the underlying problem, which we call induced neural network. A neural network is defined by
its parameters, and the use of its corresponding forward function to generate an output from an
input is defined as the realization.

2.1 Fully connected neural network (FCNN)

We first start by introducing the most known neural network architecture and refer to Petersen
and Voigtlaender [2018] for further details.

Definition 2.1. Let .

L
N — E [ (RW‘+1 W- RW‘_,_l)

L=0 (Wo;W1;::W4+1)2NE+2 =0

be the set of all fully connected neural networks (FCNNs). We call 2 C(R;R) the activa-
tion function and for every n 2 N let n 2 C(R";R™) be the function satisfying n(X) =

( x| foreveryx 2 R".LetP : N ¥ N:L: N ¥ N;R: N 1«
C(RWO; RW'—+1) be the number of nonzero parameters, number of layers and the realization
respectively, which satisfy for all L;Wo;:::;Wr+1 2 N; = ((Ao;bo);::i (AL b)) 2
Ir:O(RW‘*fl W+ RW:+1) and for all x 2 RWe
Xo = X,
Xex1 = Wey, (AcXe +De); ‘=0;::;L 1 2.1)

R (X) = ALX_+b.:
If not specified otherwise, we let : R ¥ R;Xx ® maxf0; Xg be the ReLU activation function.

We further introduce the following notation for the set of FCNNs with a fixed number of layers
and a fixed maximal number of parameters per layer.

Definition 2.2. Letnhg;n1; W;L 2 N and

n L
Nnginy (W; L)'= (Ag;bo);::i;(ALb) 2 (RW= W RWw)

Wo =no; W +1 =n;;We W8“2fl;:::;Lg
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Figure 2.1: A parametric PDE which has 8 parameters leads to a neural network with a
total of 4 layers with sizes (Wq; Wy; Wo; W3) = (8;4; 2; 1) with the special property
that each node is only connected to one node in the forward direction which leads to
8 + 4 + 2 = 14 weights plus bias weights.

be the set of fully connected neural networks with xed width and depth with N g inputs, N1 outputs

2.2 Neural networks induced by parametric PDEs

We propose an idea on how to construct a neural network that takes advantage of the structure
of the underlying parametric PDE which allows us to do two things:

Neural network construction (here) - Using the topological proximity of the parameters al-
lows us to drop certain weights to zero in order to reduce the overall number of parameters
used.

Dimension tree construction (Section 5.2) - The parameter eld of the PDE induces group-
ings of the parameters and therefore groupings of the weights of the induced neural net-
work, which should in turn lead to a better structure of the dimension tree.

If the parameter eld depends on the parameter vector y 2 of size N, and for simplicity,
let the solution u( ; y) of the parametric PDE be characterized by a quantity of interestq : (D !
R) ! R, then the induced neural network has the input dimension N and the output dimension
1. In addition, the number of hidden layers and the connection between the layers depend on
the local proximity of the parameters to each other. Figure 2.1 shows how such a neural network
could look like.

It is inspired by the Schwarz domain decomposition method, an iterative technique for solv-
ing PDEs on partitioned domains. For an overview of this method, we refer to Gander [2008].
Similarly to the Schwarz alternating method, we divide the physical domain D into (overlapping)
subdomains, each corresponding to a node in the constructed neural network. Each of these
nodes should represent the information of its previous subdomains and transmit it to subsequent
nodes, which also means that a corresponding domain decomposition must be constructed for
each layer of the neural network. We start with a full decomposition into subdomains with only
one PDE parameter for the input layer and merge the subdomains in each layer until we get to
the full domain for the output layer.

DOI 10.20347/WIAS.PREPRINT.3223 Berlin 2025
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Figure 2.2: Different types of commonly applied convolutional operations are visualized.
A standard convolution maps an image to an image of the same size by applying
zero padding depending on the size of the kernel. The strided convolution 2® (here of
stride 2) reduces the size of the image by skipping pixels, when applying the kernel.
The transpose strided convolution 2s (here also of stride 2) increases the size of the
image by applying an operation equivalent to applying a standard convolution to a bloated
images as depicted. Finally, the sparse convolution °P applies the kernel only to nonzero
entries of the input image. This gure can be found in [Schutte, 2025, Figure 2.3].

2.3 Convolutional neural networks (CNN)

The class of CNNs is a common choice of neural network architecture when dealing with image
related tasks. The architecture is build similarly to that of FCNNs with a special form of the af ne
linear transformations in (2.1). The linear transformation is de ned via a local kernel and the bias
is de ned as a constant applied to every pixel.

The common two-dimensional (half padded) convolution is visualized in Figure 2.2 in the top
left image. It is de ned as a mapping k. RC1HW 1 R C2HW 45, C; 2 N input
images of height H 2 N and width W 2 N and C » 2 N output images of the same size by

¥1 Re Wk
K;B (X) snm = B+ Xkind Hg=2e+iimd W =2e+j Kk;‘;i:j ;
k=1 i=1 j=1

RC1C 2H « W k has height and width Hk ; Wx 2 N and B 2 R ©2 is a bias vector.

In the work discussed in this chapter the speci ¢ CNN structure U-Net Ronneberger et al.
[2015] plays a signi cant role, which is based on upsampling and downsampling convolutions.
Furthermore, sparse convolutions are employed. All employed convolutions are visualized in Fig-
ure 2.2. For an introduction, overview and mathematical notation of the operations, we refer
to [Schitte, 2025, Chapter 2.2], [Goodfellow et al., 2016, Chapter 9], and [Prince, 2023, Chapter
10] and for the relationship of input and output dimensions we refer to Dumoulin and Visin [2016].
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3 Tensor decompositions

Conventional methods fail to store or operate on d-dimensional arrays ef ciently due to the curse
of dimensionality, because operations with this object and the storage complexity grow exponen-
tially in d. Tensor decompositions enable ef cient storage of large-scale objects by representing
them in a low-rank format. We present two tensor decompositions, which are the hierarchical
tensor format Hackbusch and Kuhn [2009], Grasedyck [2010] and the tensor train decomposition
Oseledets [2011]. We also refer to Grasedyck et al. [2013] for an overview of low-rank tensor ap-
plications, Oseledets and Dolgov [2012] for an application of the tensor train format and Bachmayr
[2023] for a recent publication.
We start by introducing a notation. Let n 2 N 5g be a positive integer. Then

is the set of all positive integers up to and including N. Further, let d 2 N, we use the following
notation for index sets

De nition 3.1 (Tensors). Letd 2 N, and for each 2 [d], let V be a vector space over R.

ThenV =V 1! ::: V 9denesatensor space and we call its elements tensors. In our case,
weuseV =R" for 2 N unless otherwise stated. For vectors v 2 V , 2 [d] the
elementary tensor A = 9':1 V has its entries de ned by
T 1 e — d ; A R .
A[ll,,ld] '_Ail;:::;id_ ‘:1Vi\ fOI’ (ll,,ld)zl 1 - I d

and every tensor T 2 R' can be constructed by a sum of elementary tensors.

We further introduce de nitions, which we need to de ne the HT format and the hierarchical
rank. We start with matricization, the concept of turning a higher-dimensional array into a matrix
by reorganizing its entries.

De nition 3.2 (Matricization). Let T 2 R ! be atensorandt [d]. We then de ne the comple-
ment t¢ := [d] n t, and the t-matricization of T by

TO 2R e = S M= gl

€ (t)S
T =Al igl
(o i )m e - 1 ol

Then we introduce the hierarchical rank and the dimension tree, which we both need for the
HT format.

and its entries as

De nition 3.3 (Hierarchical rank). Let T | be a dimension tree. The hierarchical rank (Kt)twT, of

atensor T 2 R' is de ned by
ke = rk(T ©)

with rk( ) denoting the matrix rank.

De nition 3.4 (Dimension tree). A dimensiontree T | foranindexsetl =1 1 ::: | 4 with

1 aleafanditis asingle indext="fg or

2 the union of two disjoint successorst =t 1 ['t 2.
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Tensors in hierarchical Tucker representation can be stored ef ciently, and basic operations
can be done directly within the format. We note that the HT format always includes a dimension
tree in its representation, and it has to be constructed. The dimension tree itself can be very
important to achieve a low-rank representation of a tensor.

Lemma 3.5 (Hierarchical Tucker (HT) format). Let T| be a dimensiontree and T 2 R' atensor.
Then T has a hierarchical Tucker representation which is de ned by transfer tensors (B t )1 ¢ (T, )
with L (T} ) being the inner nodes of the dimension tree T; , and the frames (Ut) o (1 , ) With
L(T ) being the leaves of the dimension tree T, . Further let (K¢)t2T, be the hierarchical rank of
the T. Then for inner nodes t = t 1 [t , the transfer tensors By are tensors of size ky K ¢, K ¢,
and for leaves t = the frames U areofsizen K

If we identify T as T@5d) = Usg.oo dg We can then recursively reconstruct the tensor with

o1 doo
(Uy); = (Bo)ijr (Uty)j (U )
=1 =1

We further introduce the tensor train (TT) format. They can be seen as a subclass of the
hierarchical Tucker format that employs a linear dimension tree. This structure simpli es the rep-
resentation and reduces storage complexity, making it particularly advantageous when dimension
tree selection is not critical to the application.

Lemma 3.6 (Tensor Train (TT) format). Let T be a dimension tree and T 2 R! atensor. If each
node t of the dimension tree is either

1 aleaft=fgor
2 the union of a leaf and another node,

then T has a TT-representation consisting of d 3-dimensional tensors which we also call TT
cores. For simplicity, let T, be the dimension tree with f1;:::; g; = 2;:::;d as its inner
nodes. Then the tensors K O have sizer 1 n r withrg =r 4 = 1. The entries of the
tensor can be constructed by

X
Tliv;:ioigl = KO osin; 1) K@C 152 2) K@ g1 5ig; q)

s f 1 O (2 (d).
Tensor trains can be further used to introduce functional tensor trains.

Lemma 3.7 (Functional tensor trains). Let the index setbe | = [n] ::: [n] and everything
else be the same as in Lemma 3.6. Furthermore, let a set of functions be dened by f' j : R'!
R : 12 [n]g. We then de ne the use of these functions with

X1 X Y XX
Tiie (X)) = Kio i (XK):

.....

i]_:l id=1 k=1 i]_:l id=1 k=1

We call the combination of TT and a set of basis functions a functional tensor train (FTT).

DOI 10.20347/WIAS.PREPRINT.3223 Berlin 2025
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G for obstacle
_
problem (4.2)

Figure 4.1: The parameter-to-solution-map (1.2) is visualized for the parametric obstacle
problem described in (4.2). For a parameter vectory 2 , the parameter eld (;y) as
well as the obstacle '(;y) = are mapped to the solution u( ; y) and the correspond-
ing contact set. The gure can be found in [Schitte, 2025, Figure 4.1 (b)].

4 Solving parametric PDEs

Multiple neural network architectures have been developed for parametric PDEs, e.g. Fourier
neural operators Li et al. [2021], DeepONets Lu et al. [2021], and NNs based on model reduc-
tion Bhattacharya et al. [2021], Kutyniok et al. [2021]. Also methods based on tensor decompo-
sitions have been derived, e.g. adaptive stochastic Galerkin FEM Eigel et al. [2020], variational
Monte Carlo method Eigel et al. [2019]. In this chapter a multilevel CNN architecture is employed
to approximate solution operators for pPDEs and parametric obstacle problems. The convergence
of these networks is analyzed with respect to the number of trainable parameters, and desired
numerical results are achieved.

The architectures are analyzed based on known PDE solvers. A common ansatz when ap-
proximating solutions to partial differential equations (PDES) is to discretize the equations in a
variational form in a nite element (FE) basisf j :D!R:i=1;:::;Ng;N 2 N consisting

Z Z
(Ay)ij = h;y)hr i(x);r j(X)idx and f ;= f(x) j(x)dx: (4.1)
D D

Then the PDE and obstacle problem can be rewritten to recover basis coef cients of approximate
solutions.

4.1 Multilevel CNNs for high-dimensional parametric obstacle prob-
lems

The solution of a classical obstacle problem describes the displacement of a membrane hanging
from a frame above some obstacle. For a membrane U inside a domain D, a vertical force f, a
variable obstacle ' : D ! R, and a variable parameter eld : D ! R the problem

can be formulated by

u(y) ‘(<) for all x 2 D

r (O y)rux;y)) =f(x) for all X such that u(x) > '(x)

r (xyruxy)) f(x) forallx 2 D (4.2)
u(;y)=0 on @D

A main dif culty of this problem, is that the contact set, where the membrane meets the obstacle,
i.e. fx 2 D : u(x;y) = '(X; ¥)g, is not known a priori. The problem is visualized in Figure 4.1.

DOI 10.20347/WIAS.PREPRINT.3223 Berlin 2025



NNs & TTs for pPDEs and sampling 9

Discretizing the problem with the ansatz described in (4.1) leads to the problem of nding the
FE coef cients of the solution u 2 R N such that

ui "y, fori=1;:000N;
(Ayu)i =f; foruj>"' ; (4.3)
(Ayu)i i fori=1;:::;N;

is ful lled, where y; are the coef cients of a FE discretized obstacle. To solve this problem it-
erative schemes can be applied Graser and Kornhuber [2009], Glowinski [1984], Zhang [2001],
e.g. alternatingly applying a correction step to the current iterate and a projection step enforcing
the obstacle condition. For numerical ef ciency geometric multigrid methods have been intro-
duced Graser and Kornhuber [2009], Kornhuber [2002]. As iterative methods on a xed grid, e.g.
the projected Richardson iteration [Zhang, 2001, Section 3], can quickly approximate high fre-
guencies of the solution, while low frequencies take longer to capture, geometric multigrid meth-
ods leverage a hierarchy of coarse (low frequency) and ne (high frequency) meshes and apply
iterative steps on these different grids to incorporate coarse grid corrections.

The CNN designed in HeiRet al. [2023] is inspired by such a multigrid algorithm and can
be shown to approximate multigrid methods for parametric PDEs. A condition on the activation
function is presupposed [HeiRet al., 2023, Assumption 5.1], which is for example ful lled for a
multiple soft ReLU variants.

Assumption 4.1 (Activation function). Let the activation function : R ! R satisfy the following
conditions:

1 There exists Xg 2 R and an open interval | R with X o 2 | such that is three times
differentiable on | and  %¢x ) 6= 0.

2 For any " > O there exist two af ne-linear mappings 1; 2 : R ! R such that for all
X2R

i( 2 1)(X) maxfx; Ogj

The network can then be shown to be able to approximate geometric multigrid solvers for
obstacle problems leading to the result below.

Theorem 4.2 (CNN for parametric obstacle problem Eigel et al. [2025]). Assume that is uni-
formly bounded from below and above. Let U( ; y) denote the solution of (4.3) for the parameter
vectory 2 . For every " > 0, there exists a CNN such that the number of parameters of the

network is in

O log "t ;

where a constant depending on the mesh is omitted in the notation and for ally 2 it holds that
K( y; yiP) uGyk 41 C" kfky: +K ykys
for some C > 0 depending on the uniform lower and upper bounds of .

Numerical experiments in Eigel et al. [2025] reveal relative H L errors for the neural network
ona xed grid of 4:3 10 # t0o2:1 10 2 for parameter vectors of length 10 to 220, which
is 3:75 to 15 times smaller than the error of the network to ne grid reference solutions. On the
one hand, this shows that the constructed neural network approximates the solution operator on
the prede ned meshes very well. On the other hand, the results suggest that ner grids should
be considered to further reduce the overall error.

DOI 10.20347/WIAS.PREPRINT.3223 Berlin 2025



M. Eigel, L. Grasedyck, T. Le, J. Schitte 10

4.2 Multilevel CNNs for high-dimensional parametric PDEs

To achieve low discretization errors when solving (1.1), adaptive nite element methods (AFEM)
can be applied, which iteratively adapt a starting mesh based on a solver on a xed mesh, an a
posteriori error estimator, a scheme to mark regions with large error contributions, and a re ne-
ment strategy for the meshes to arrive at a discretization of the solution with a small error despite
the use of only few FE coef cients.

AFEM : Solve ! Estimate ! Mark ! Re ne

All the ingredients can be chosen and constructed to be able to be approximated by CNNs as
derived in Schitte and Eigel [2024]. One of the key ingredients is a derived multigrid solver based
on a subspace decomposition. Another contribution is a derived re nement strategy enforcing
that each function on a locally re ned mesh can be exactly represented in a uniformly re ned

mesh after the same number of re nement steps. The proof of the following theorem for the
approximation of the solution of (1.1) is based on an approximation of the derived (AFEM).

Theorem 4.3 (CNNs can approximate adaptive nite element solvers Schiitte and Eigel [2024]).

Assume that is uniformly bounded from below and above. Let " > 0 and K;L 2 N be

the number of iterations of the AFEM and the maximal re nement of all triangles, respectively.

Consider a threshold marking strategy and the derived mesh re nement. Then there exists a CNN
such that the number of parameters of the network is in

O(LK log(" *)=log(q" ))
cL

with . = THol for some ¢ > 0 and foranyy 2 the network maps nite element coef cients
y of the parameter eld (;y) and a tested right-hand side f to approximate nite element
coef cients of the solution U( ; y) of the pPDE (1.1) such that

KUGY) C(C yifKyipy KuGy) CAFEM(V 1K)k i) +

where C maps the nite element coef cients to the corresponding function.

The CNN architecture, that this theorem is build on is described in Schitte and Eigel [2024].
In the theoretical results the activation function had to ful Il part 1. in Assumption 4.1.

Numerical results show that for 9004 FE coef cients, the masked model imitating the AFEM
achieves a relative H 1 error of 0:07, while uniform re nement yields an interpolated error of 0:09.
For the relative L2 error the network achieves an accuracy of 6:9 10 3 and the interpolated
uniform error is 7 10 3 . This shows that the derived adaptive architecture can improve the
overall error.

4.3 Training parametric PDE induced neural networks

We rst introduce a parametric PDE for demonstrating an induced neural network. Let the phys-
ical domain be D = [0; 1] 2, the parameter space be = [0;1] ®4, and the right-hand side be

f 1. Wethenaimto ndu: D ! R such that (1.1) holds for a parameter vector
y 2 . The parameter eld consists of 64 squares of length I = %, each of which depends
on a parameter [, i = 1;:::;64. To enforce smoothness of the parameter eld, we choose to

use the following function for 1 and add the following term for every parameter domain:

I
Ae i)y < Ae iy <°
(X 1 b 3) (x 1 b1)
=D + ; + ;
s0) Pi 1 1+exp 550 1 1+exp 550
- - |
Ae iy < Ae i)y <°
(X 2 b 2:1 (X 2 b 22
+ - 2 + _—
1 1+exp 50 1 1+exp 550
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