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Numerical analysis of the SIMP model for the topology
optimization problem of minimizing compliance in linear
elasticity

loannis P. A. Papadopoulos

Abstract

We study the finite element approximation of the solid isotropic material with penalization
method (SIMP) for the topology optimization problem of minimizing the compliance of a linearly
elastic structure. To ensure the existence of a local minimizer to the infinite-dimensional problem,
we consider two popular regularization methods: Wl’p-type penalty methods and density filtering.
Previous results prove weak(-*) convergence in the space of the material distribution to a local
minimizer of the infinite-dimensional problem. Notably, convergence was not guaranteed to all the
isolated local minimizers. In this work, we show that, for every isolated local or global minimizer,
there exists a sequence of finite element local minimizers that strongly converges to the minimizer
in the appropriate space. As a by-product, this ensures that there exists a sequence of unfiltered
discretized material distributions that does not exhibit checkerboarding.

1 Introduction

Topology optimization is an important mathematical technique extensively used in the initial stages
of engineering design. The goal is to find the optimal design of a structure or device that minimizes
an objective functional. In this work, we focus on the numerical analysis of the topology optimization
problem of minimizing the compliance of linearly elastic materials. This is perhaps the most studied
topology optimization problem, with roots that go back to the original works by Bendsge and Kikuchi
[9]. The topology optimization of elastic structures and its extensions have been used in numerous
applications, for instance airplane wing design [1], cantilevers, and beams [8].

We consider the density formulation via the solid isotropic material with penalization method (SIMP),
one of the most popular models for such problems. Here the optimal layout of elastic material is
encoded by a function, p, known as the material distribution. Regions where p = 1 a.e. indicate
the presence of elastic material, whereas where p = 0 a.e. are areas where material is absent, as
modelled by a material with negligible stiffness. The density approach results in an infinite-dimensional
and nonconvex optimization problem with PDE, box, and inequality constraints. In order to obtain a
well-posed problem, the infinite-dimensional model is often coupled with a regularization method [8].
Irrespective of the choice of the regularization method, even with fixed model parameters, there may
exist multiple (local) minimizers to the same density formulated problem, e.g. [35, Sec. 4.5 & 4.6].

Due to the nonlinear nature of the optimization problem, closed-form expressions for the local mini-
mizers are difficult to find. In practice, the full optimization problem is discretized along with the elastic
displacement u and the material distribution p. In a discretize-then-optimize approach, the objective
functional as well as the PDE, box, and inequality constraints are also discretized and one utilizes a
finite-dimensional optimization algorithm to discover discrete local minima. Otherwise, in an optimize-
then-discretize approach, one derives the first-order optimality conditions of the infinite-dimensional
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I. P. A. Papadopoulos 2

optimization problem and discretizes those, utilizing solvers to find discrete solutions. In either case,
the finite element (FE) method is the most common choice for discretizing the SIMP optimization
problem. Despite its abundant use, proofs that local FE minimizers (rigorously defined in[Definition 3.7)
converge to the local minimizers of the original infinite-dimensional problem, in a suitably strong sense,
is often missing in the literature. Different classes of regularization methods require different assump-
tions and techniques for their analysis. Another difficulty is caused by the nonconvexity of the problem
(in the general case). Literature that does prove convergence typically shows that a subsequence of
the local FE minimizers converge to a local infinite-dimensional minimizer of the original problem. How-
ever, since the nonconvexity provides multiple candidates for the limits of these sequences, there is
an inherent ambiguity in these statements. In particular, these arguments do not guarantee that every
isolated minimizer can be arbitrarily closely approximated by a sequence of local FE minimizers.

In the context of the topology optimization of Stokes flow [11], the issue of approximating multiple
minimizers with the FE method was recently resolved [35, 36, (33, |34]. It was shown that, for every
isolated local or global minimizer of the problem, there exists a sequence of FE solutions to the first-
order optimality conditions that strongly converges to the infinite-dimensional minimizer as the mesh
size tends to zero. We endeavour to prove a similar result here for any conforming FE spaces with an
approximation property. The different physics (Stokes vs. linear elasticity) and the additional analysis of
the regularization method are the two major obstacles that prevent the analysis in [36, [33] from directly
translating to the SIMP model. To reiterate, it is the discretization of the SIMP model for elasticity that
is analyzed in this paper.

We consider two different regularization methods in this work: 1 1P-type penalty methods and den-
sity filtering (both described in [Section 2). Recall that p and u denote the material distribution and
displacement of the elastic structure, respectively. Let h denote the mesh size. Our goal is to show
that for every isolated local or global infinite-dimensional minimizer of the SIMP model, there exists a
sequence of local FE minimizers that converges to the infinite-dimensional minimizer. In particular we
show that:

B With a W'P-type penalty one has that u, — w strongly in H'(Q)?, p, — p strongly in
Whr(Q), and p, — p strongly in L*(Q) for any s € [1, 00).

B Instead if one uses a (nonlinear) density filter, then we show that w;, — w strongly in Hl(Q)d
and p, — p strongly in L*(2) for any s € [1, o). Moreover, we prove that p;, — p strongly
in W14(Q), provided p, € W14(Q2), where p and py, denote the filtered material distribution
and the discretized filtered material distribution, respectively.

All the stated convergence results are novel, particularly for nonlinear density filters |47, 26].

The main results of this work are stated in Theorems The SIMP model, W P-type penalty
methods, and density filtering are introduced in [Section 2| [Section 2.1] and [Section 2.2] respectively.
We discuss reformulating the generalized linear elasticity PDE constraint in variational form in
detail existence theorems in and define isolated minimizers in We
provide a literature review of previous FE results in and discuss the implications of the
convergence results in We establish the FE discretization in where we dis-
cuss the assumptions of the discretization. In we give useful auxiliary results known in
the literature. Their proofs are provided in for completeness. In [Section 3.5, we focus on
WP-type penalty methods and prove We consider density filtering in [Section 3.6]and
prove Theorems 3.2 and Finally, in we give our conclusions and detail potential future
extensions.
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Numerical analysis of the SIMP model 3

2 The SIMP model

Consider a bounded and open Lipschitz domain 2 C R?, d € {2,3}. Let W*P(Q), s € (0, 00),
p € [1,00],and L1(12), ¢ € [1, oc], denote the standard Sobolev and Lebesgue spaces, respectively
[2]. Define H*(Q2) == W*2(Q). Let ' C 91 be a subset of the boundary with nonzero Hausdorff
measure H4~1(T") > 0. Then we define:

HL(Q) .= {v € HY(Q): v|p = 0}, (2.1)

where |1 is the standard boundary trace operator | : W!P(Q) — Wl_%’p(ﬁﬁ) [24].

The topology optimization problem is to find u :  — R%, u € H'(Q)?andp : Q@ — R, p €
L>°(2), that minimize

J(u, p) = l(uw) + R(p) (2.2)
where
l(u) = / fude +/ g'uy ds +/ g"u, ds, (2.3)
Q It 7
subject to the generalized linear elasticity PDE constraint, cf. [3, Sec. 2] and [7],
(—div(S) = f in Q,
S =k(F(p)) [2uD(w) + Adiv(u)l] in €,
u; =0 on I’%, 2.4)
u, =0 onI'p,
(Sn),=4¢' on T,
[ (S7), = g" on I'y,
as well as the following box and inequality constraints on p € L>(£2):
0<p<1 aein 2 and / F(p)dz <~|Q|. (2.5)
Q

The state u denotes the elastic displacement of the structure and S denotes the stress tensor. The
body force f € L*(Q)? and traction forces ¢' € L*(T'%) and g" € L?(I'y) are known. Here 7
denotes the unit outward normal, v,, = v|gq - 1, and v; = v|9q — v, 7, whenever v,, and v, are
well-defined. I, '}, C OS2 (respectively ', T, C 0€2) are known disjoint boundaries on 9€2 such
that I'%, U T = 09 (respectively Ty, U T, = 99). p and \ are the Lamé coefficients, tr(+) is the
matrix-trace operator, | is the d x d identity matrix, and

D(u) = %(VU + VUT), k(p) = esmp + (1 — esp) 7,

ps = 3 [42, Sec. 3]. The constant v € (0, 1) is the fraction of the total volume of the domain that the
material distribution can occupy. Here, |-| denotes the Lebesgue measure ofaset. R : W1P(Q2) — R
is a functional that models a W' ?-type penalty and F' : {n € L>*(Q) : 0 < n < 1 ae} —
Wh°(Q) is a function that encodes density filtering.

where 0 < egmp € 1 and p, > 1. A typical “magic"choice resulting in crisp material distributions is
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Remark 2.1. We have provided the linear elasticity PDE constraint in[(2.4)| with very general boundary
conditions. One could instead reduce the boundary conditions to two boundaries I'p and Iy, I'p U
I'ny = 092, such that

{u\pD =0 onl'p, 26)

(Sn)|ry =g only,

for some g € L*(T'x)<. All the subsequent results in this work still hold. However, we note that these
simpler boundary conditions are insufficient to describe the physics for the MBB beam problem in

and many other common SIMP models.

For a physical interpretation of the SIMP model we refer to Bendsge and Sigmund [8, Ch. 1]. When
p ~ 1, then k(p) =~ 1 indicating the presence of material, whereas where p = 0, then k(p) ~
esivp indicating void. The optimal material distribution that minimizes the compliance is p = 1 a.e. in
(2. However, due to the volume constraint restriction and the limitation p < 1 a.e., regions where
p < 1 a.e. become necessary. The SIMP model penalizes intermediate regions where 0 < p <
1 a.e. because intermediate regions have a stiffness proportional to k(F'(p)) for a volume that is
proportional to F'(p). This makes such regions inefficient at minimizing compliance under a volume
constraint. Thus, a local minimizer will favour larger regions where either p = 0 or p = 1 a.e., while
significantly diminishing regions where 0 < p < 1 a.e. as p; — 00. Hence, by raising p to the power
of ps, values of p between 0 and 1 are penalized.

The optimization problem |(2.2) is normally stated with R(p) = 0 and F'(p) = p. With these
choices is ill-posed in general, i.e. it does not have minimizers in the continuous setting
[10]. In particular any attempt at a proof of existence, via a direct method in the calculus of variations
[18], fails. Naive attempts at finding minimizers often yield checkerboard patterns of p (as discussed in
[Section 2.7.2). Checkerboarding can be avoided, without modifications to the discretized optimization
problem induced by by particular choices of FE spaces for u and p. However, the dis-
cretized material distribution will still be mesh dependent i.e. as the mesh is refined, the beams of the
discretized material distribution will become ever thinner, leading to the homogenized limit. There are
several schemes employed by the topology optimization community to obtain physically reasonable
local minimizers known as regularization methods [8]. An excellent review is given by Sigmund and
Petersson [43] as well as Borrvall [10]. We consider two regularization methods in this work: 17/ 1P-type
penalty methods and density filtering.

2.1 W'P-type penalty methods

We use the functional R to model W !-type penalties of p which forces one to seek a local minimizer
with the regularity p € L>(Q) N WP(Q).

Definition 2.1 (1! P-type penalty methods). Forp € (1,00), we say that the regularization method
is a WlP-type penalty method if R(p) = “IVoll7r ) + m(p), where m(p) is continuous in the
strong topology of LP()) and models lower order terms not involving ¥V p. For instance m(p) =
Jo p(1 = p)dz (ifp > 2). We refer to R as a W' P-type penalty functional.

We define the material distribution space H’; as

HY ={pe L®(Q)NW'(Q):0<p<1lae, /dea: < 7€} (2.7)
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Numerical analysis of the SIMP model 5

Examples of choices for R include, for e > 0, 5 > 0,
€
R(p) = —HVPHZ)(Q), p € (1,00), (W' P-penalty), (2.8)
p
. Be 2 5 .
R(p) = ?HV,OHLQ(Q) + % p(1 — p)dz (Ginzburg-Landau penalty). (2.9)
€Ja

If p = 1 or p = oo, one recovers total variation regularization [38] and a Lipschitz continuity penalty
method [40], respectively, which are beyond the scope of this work.

Often the TW'1P-type penalty is added as an additional constraint rather than at the level of the objective
functional. For instance, R(p) = 0 but one adds the constraint ||V p||»(o) < M < oo for a user-
chosen M > (. Although the implementation differs, the analysis is similar and we expect many of
the results discussed in this work to continue to hold.

Example 2.1 (MBB beam). To illustrate the SIMP model with a W '-type penalty, we provide an
example of an MBB beam. Consider the domain €2 = (0, 3) x (0, 1). Consider the boundaries:

I'p, ={x=0}, I'p, ={y=0,29<2 <3}, I'y, ={y=1,0<2<0.1}. (2.10)
The Dirichlet and Neumann boundaries are
Iy =T7% U}, Iy =0, I = 00\I'}, T = o9 (2.11)

The body and traction forces are f = 0, g' = 0, and

n =10 if(z,y) € Iy,
g (z,y) = { ( ) N (2.12)
0 otherwise.

These conditions describe a half-beam that is fixed horizontally on the y-axis and fixed vertically at its
bottom right corner on the x-axis. There is a boundary force pushing vertically downwards at the top
left corner, which represents the middle of the beam when the half-beam is mirrored. This is visualised
in[Figure 1}

Consider the volume fraction v = 0.535, the Lamé coefficients (1 = 75.38 and A\ = 64.62, the SIMP
parameters, egye = 107> and p;, = 3. If one uses a Ginzburg—Landau penalty, it is possible to find
two local minima as depicted in[Figure 2

n | si=(0,-10)7
Iy, ( )

Iy || un=0
u, =0

<>
n
Ip,

Figure 1: Setup of the MBB beam. The remaining unlabeled boundary conditions are (S72); = 0 on
B, UT}, andSA = (0,0)" on 9Q\(I'p, U, UTR).
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I. P. A. Papadopoulos 6

h'" BV"E

Figure 2: The material distribution of two (local) minima of the MBB beam problem [35| Sec. 4.6]. In
white regions p = 1 whereas in black regions p = 0. The Ginzburg—Landau parameters, as defined
in[(2.9)] are e = 1.90 x 1072, B = 9 x 1073. Moreover, ¥ = 0.535, egp = 107°, p, = 3, and the
Lamé coefficients are u = 75.38 and \ = 64.62.

2.2 Density filtering

The function F'(-) models a density filtering of the problem [13, 126, 47|. Filtering averages p in small
neighbourhoods at every point. The first application in the context of topology optimization of com-
pliance is attributed to Bruns and Tortorelli [16]; existence and FE convergence was first shown by
Bourdin [13]. We define the unfiltered material distribution space Hf as

HE = {pe I®(Q): 0< p< lae. / F(p)dr < Q) (2.13)
Q

and the filtered material distribution space 725
F . = 1,00 . F ~
Hy, ={ne W >(Q):IneH, stij=F(n)} (2.14)

In the context of density filtering, the material distribution, prior to filtering, p € HZ!', is known as the
unfiltered material distribution and p = F(p) € ’Hf is known as the filtered material distribution.

We make the following assumptions on the density filters:
(F1) Forany n € HE then || F'(n)|lwr.e) < C < oo with C' independent of 7;
(F2) Foranyn € HY' , wehave 0 < F(n) < 1a.e.in$;

(F3) Suppose there exists an L*-bounded sequence, s € [1, o], such that n; — nweakly in L*(Q)

(1 = i weakly-* in L>(Q) if s = 00). Then there exists a subsequence (up to relabelling)
such that £(n;) — F(n) strongly in L*(€2).

To prove convergence of the filtered material distribution in 1:%(2), for some s € (1, 00), we require
the following assumption:

(F4) The space of filtered material distributions, 7:LF is a norm-closed and convex subset of Wl’q(Q)
for some ¢ € (1, 00).

One class of density filters are known as linear density filters.

Definition 2.2. A density filter F' is alinear density filter if the material distribution p is convolved with
a function that is not dependent on p, i.e.

F(p)(z) = / f(x— y)py) d, @.15)

where f € Wh=(RY), f > 0 a.e. and | f|| 11 (ra) = 1.
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Numerical analysis of the SIMP model 7

The following proposition is a known result and we give a proof in[Section Alfor completeness.
Proposition 2.1. Suppose that F' is a linear density filter. Then, are satisfied.

We do not analyze sensitivity filtering in this work [41]. Sensitivity filtering is cheap and effective and,
under suitable conditions, may be understood as the identification of the Fréchet derivative of the
objective functional with a gradient in a suitably chosen Hilbert space [5, Sec. 5.2], see also [21}, 30|
for other studies. However, it does not fit under our framework and thus it is not studied here.

2.3 Variational form

For a FE discretization of the linear elasticity PDE constraint, we must recast[(2.4)|in variational form.
The most common choice, in the topology optimization literature, is the primal formulation and all
known FE convergence results for the SIMP model only deal with this case. The primal formulation
substitutes the explicit formula for the stress tensor S into the first equation of Thus the two
PDE constraints reduce to one PDE constraint in terms of w and p. This PDE constraint is then
multiplied by a test function v and an integration by parts is performed. The advantage of the primal
formulation lies in its simplicity and cost-effectiveness, attributed to the reduced computational load
from not discretizing the stress tensor, thus saving degrees of freedom.

By choosing not to eliminate the stress tensor, one may form a mixed formulation whereby one dis-
cretizes and solves for the stress tensor and elastic displacement independently. There are multiple
mixed formulations found in the literature and we refer the interested reader to |14, Ch. VI.3]. In this
work we solely consider a primal formulation and leave the analysis of different mixed formulations for
future work.

Let HH(Q)? = {v € H'(Q)? : vy|re = 0, v,
motions by RM? [7, Sec. 2.2]:

rn = ()} and denote the space of rigid body

RM?:={Rx + a:a €R% R € skewy}, (2.16)

where skew, denotes the vector space of constant skew-symmetric d X d matrices. For instance,
RM? = span{[1,0]",[0,1]T, [~y, 2] " }. Define the space of displacements by V', where

Vp={veHHN)": (Vu,R)2q) =0V R e V(RM? N Hp(2)}, (2.17)

ij=1
For instance, given the boundary conditions in we have that H},(Q2)? N RM* = {0} and the
definition of V' in reduces to V p = H}(Q)% The additional condition (Vv,R)7z2(q) = 0
plays a role if the boundary conditions of the elastic problem are not sufficient to uniquely determine
the solution.

Recall the definition of [(v) in|(2.3){and let #, denote

where, given two matrices of functions A, B € L?*(Q2)%*?,then (A, B)7, o) = S (A Bij)7:0):

HE if R(p) # 0and F'(p) = p,
H, = HE if R(p) =0and F(p) # p, (2.18)
HENHE it R(p) # 0and F(p) # p.

In the variational form, the primal formulation of the optimization problem reduces to,

min J(u, p) subjectto a(u,v;p) =I(v)forallv € Vp, (SIMP)
(u,p)eV pxH~
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where

a(u,v;p) = / k(F(p))Eu : Evdx, (2.19)
Q
Eu : Ev = 2uD(u) : D(v) + Adiv(u) div(v). (2.20)

Note that p only appears in the optimization problem in the box and volume constraints as
well as the W1P-type penalty term R. Moreover, by assumption |(F2), 0 < p < 1 a.e. implies that
0 < F(p) < 1.1fR(p) = 0 (no W'P-type penalty, but a density filter is applied) then |(SIMP)| may
be recast as

min _ J(u,p) subjectto a(u,wv;p) =I(v)forallv e Vp, (F-SIMP)
(u,ﬁ)EVDXHff

where J(u, p) = J(u, p) and a(u, v; p) = a(u, v; p).

2.4 Existence of local minimizers

In this subsection we provide existence theorems for [[SIMP)]

Proposition 2.2 (Existence & uniqueness with a fixed p). Suppose that p € H., is fixed, [(v) = O for
allv € H}(Q)? N RM?, and|(F2) holds. Then, there exists a unique w € V p, that satisfies the PDE

constraint in[[SIMP)]

Proof. The result is standard and follows as a direct consequence of Korn’s inequality with tangential
or normal boundary conditions [7, Th. 11] and the Lax—Milgram Theorem [20, Ch. 6.2, Th. 1]. See also
[15, Ch. 11]. O

An essential result utilized in this work is the existence of a local minimizer with either a W 1P-penalty
method or a density filter.

Theorem 2.1 (Existence of a local minimizer to [[SIMP)). Suppose that the conditions of [Proposi]
hold. Consider the two cases:

(Case 1). If a WP-type penalty method is used, then there exists a local minimizer (u,p) € Vp x
H? of [SIMP)

(Case 2). If a density filter is used and hold, then there exists a local minimizer (u, p) €
Vp x HE of (SIMP)

Proof. The proof of (Case 1) may be found in [8, Ch. 5.2.2 ] and the proof of (Case 2) is found in [[13|
Sec. 3]. O
2.5 Isolated local minimizers

A key assumption for the FE convergence results in this work is that the local and global minimizers in
the limit are isolated. Consider an element u € U where U is a Banach space. We denote the closed
ball of radius 7 by B, ;(u):

By(u) ={velU:|u—v|y <r} (2.21)
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Numerical analysis of the SIMP model 9

This is extended to tuples of functions as follows: consider u; € U;, fori = 1,...,n, where U; are
Banach spaces. We define B,.i/, x...xu, (U1, - - ., Uy,) @s
BT,U1><---><Un (uh s Jun)

. (2.22)
= {(v1, 0 00) €U X x Uy o Y o = il < 7.
=1

Definition 2.3 (Isolated local minimizer of (SIMP)). We say that a local minimizer (u, p) € V p X

H., of |(SIMP)| is isolated if there exists an r > 0 such that (u, p) is the unique local minimizer in

B, m@yxy (w, p) N (Vp x H,). Here

B Wl’p(Q) if a W'P-type penalty is used, (2.23)
L*(Q)  otherwise. '

We define the radius of the basin of attraction as the largest value r such that (u, p) is the unique
minimizer. We note that

(Vpn B, 2 110 (w)) x (Hy N Brjay(p))
C By yxy(u,p) N (Vp x Hy)

and hence (u, p) is also the unique minimizer in (V' p N B, 2 g1y (w)) X (Hy N By (p)).

Remark 2.2. We make the assumption that p € H., is isolated with respect to the Y -norm (as op-
posed to the L>°-norm). This is a stronger isolation assumption as discussed in [36, Rem. 7]. To
our knowledge, the validity of the Y -isolation in SIMP optimization problems, regularized by a W1»-
type penalty method or density filtering, is an open problem. However, qualitatively and numerically, it
appears to hold in many practical problems e.g. in[Example 2.1, We make this stronger isolation as-
sumption as continuous functions are not dense in L>°({2), but are dense in'Y . This has implications
in the assumptions for the FE spaces (in particular[(DZ2)).

Remark 2.3 (Violating the isolation assumption). The results in Theorems|[3.TH3.3 heavily rely on the
isolation assumption in order to deduce the limit of a FE minimizing sequence. If the isolation as-
sumption was lifted, the results, at least as derived in this work, would no longer be valid. Compliance
problems, in full generality, can support very interesting solution landscapes, e.g. an infinite number
of global minimizers, no classical minimizers or local minimizers that are not necessarily isolated [4,
Ch. 4.1.5]. A study of such local minimizers is beyond the scope of this work.

2.6 Literature review

The focus of this subsection is to conduct a literature review and contextualize our aims. We define a
local FE minimizer in|Definition 3.1| Our goal is to answer the following open problems in the numerical
analysis:

(P1) With the exception of cases where a unique global minimizer exists, prior results do not ex-
plicitly identify the specific local minimizer towards which the sequence of local FE minimizers
converges. This ambiguity arises due to the nonconvex nature of the problem, which results in
multiple potential candidates for the limits. We show that for every isolated local minimizer, there
exists a sequence of local FE minimizers that strongly converges to it;

DOI 10.20347/WIAS.PREPRINT.3219 Berlin 2025



I. P. A. Papadopoulos 10

(P2) (W'P-type penalty). The strongest results currently found in the literature show that Pn — P
strongly in L*(Q2), for any s € [1,00). We prove the stronger result: p, — p strongly in
WhP(Q);

(P3) (Density filter). Previous results showed that the unfiltered material distribution py, ha p weakly-*
in L>°(£2). We improve this result to p, — p strongly L*(2), for any s € [1, c0);

(P4) (Density filter). It is known that the discretized filtered material distribution F}(pn) — F(p)
uniformly on 2 (F" and F}, are defined in[Section 2|and [Section 3| respectively). We prove that
there exists a sequence such that F},(p,) — F(p) strongly in W14(Q2) for any g € [1, 00).

In both Theorems [3.1] and [3.2] we tackle the issue of multiple local minimizers In Theorems
and[3.3)we prove [P2)} [(P3)} and [(P4)} respectively.
Below we give a (perhaps non-exhaustive) list of the known FE convergence results. We emphasize

that in all of the following results convergence is not guaranteed to all isolated local minimizers (unless
there only exists one local minimizer).

SIMP coupled with a T !P-type penalty method.

B Petersson and Sigmund analyzed the primal formulation in the context of slope constraints [40],
which have a similar flavour to a W1 *-type penalty [10, Sec. 6.3]. Here the admissible set
of material distributions is reduced to Lipschitz continuous functions and a pointwise bound
is placed on 0,,p for i« = 1,2. They showed that a (CG)? (continuous piecewise linear)
discretization for u and a DG (piecewise constant) discretization for p converges to a local
minimum of the problem. In particular u;, — w strongly in Hl(Q)2, pr — p uniformly in €2
and, therefore, p;, — p strongly in L>(€2).

B Petersson [38] investigated a regularization in the flavour of a
Wh(€2)-penalty together with penalization terms such as €' [, p(1 — p) dz. He considered
a (CGy)? discretization for u and a DG, discretization for p. He showed that a sequence of
local FE minimizers of the discretized |(SIMP)} (wy, pr,), converges to a local minimizer (u, p)
such that (wy, pr) — (u, p) strongly in H*(Q)? x L*(Q), forany s € [1, 00).

B Talischi and Paulino studied a W12-penalty [45]. They used a (CGy)? and (CGy), k& > 1,
for the discretization of w and p, respectively. However, they allow for p to be projected onto
the space D@y in the PDE constraint. They showed that there exists a sequence of local FE

minimizers, (wy, pn) converging to a local minimizer (w, p) such that u, — w strongly in
H'(2)? and p;, — p weakly in H'((2).

SIMP with density filtering.

B In the context of linear density filtering, Bourdin showed that, for a (CG1)? discretization for u
and a DGy discretization for p, the sequence of minimizers (wy,, p) of the discretized [(SIMP)
converges to a local minimizer (w, p) such that u;, — w strongly in H(Q)?, Fy,(pn) — F(p)
uniformly on 2, and p;, — p weakly in L*(2) for any s € [1, 00) [13].

Other results.

B One of the first FE convergence results for the topology optimization of a linearly elastic ma-
terial was shown by Petersson and Haslinger [39]. They showed that a sequence of local FE
minimizers, (wy, py), of a problem similar to the discretization of [(SIMP)} converge to a local
minimizer (w, p). In particular u;, — w strongly in H'(2) and pj, = p weakly-* in L>°(2).
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B The problem reduces to the problem of the optimal variable thickness of sheets when p, = 1.
Petersson analyzed such problems [37] and showed that, under a regularity and biaxiality as-
sumption on the optimal stress field, the minimizer p is unique. Moreover, for any conforming
discretization of u and a DGy discretization for p, the minimizing sequence of unique FE min-
imizers converges to the unique minimizer (u, p) such that (un, pr) — (u, p) strongly in
H(Q)? x L*(Q) forany s € [1,00).

B Borrvall and Petersson [12] considered a problem with no filtering, F'(p) = p, but with a regular-
ization term R(p) reminiscent of a density filter. For example R(p) = go [, f(z —y)p(y) dy
where g(p) = [,(p — p)(1 — p)dz, p > 0, and o denotes the composition operator. They
showed that, for any conforming discretization of u and a DG, discretization for p, there exists
a sequence of local FE minimizers p;, such that p, — p weakly-* in L>(£2) where p is a local
minimizer of the problem. This is subsequently strengthened to p, — p strongly in L*(£2,,;),
forany s € [1,00), where 2, := {x € : p(x) = 0 or p(x) = 1}, if such a set {2, , exists
and is measurable.

B Greifenstein and Stingl [25] consider a material distribution that is partially density filtered and
partially regularized with slope constraints (as defined in [40]). They show that there exists a
sequence of FE minimizers that converge to a local minimizer. In particular w;, — w strongly in
H'(Q)?, the unfiltered material distribution converges weakly-* in L°°(£), whereas the filtered
and slope constrained material distribution both converge uniformly. For more details on how
the hybrid formulation is designed and how u depends on the material distribution, we refer the
reader to [25].

Although the above list might not be exhaustive, all works follow very similar arguments as Petersson
and Sigmund [40] or Bourdin [13] for penalty and density filtering techniques, respectively.

2.7 Implications

2.7.1 Multiple local minima

The optimization problem is nonconvex and there may exist multiple local minima to the same opti-
mization problem. In [35, Sec. 4.5 & 4.6], there are examples of cantilevers and MBB beams (see
[Example 2.1)), coupled with a Ginzburg-Landau penalty method, where two local minima are found for
each example. All previous results only showed that a sequence of FE minimizers converge to a local
minimizer of the infinite-dimensional problem. Our novel results guarantee strong convergence to all
the isolated local minimizers. This is of critical importance in practical implementations.

2.7.2 Checkerboard

We use the term checkerboarding to describe the phenomenon where the discretized material distri-
bution wildly oscillates in value between neighbouring cells in the mesh and this behaviour persists as
the mesh size tends to zero [43| Sec. 2]. Terminating the mesh refinement at any point is problematic
as, without careful post-processing, the discretized material distribution suggests designs which are
not manufacturable. This may occur in the discretized material distribution of the SIMP model when
a low-order discretization is used without a regularization method. The causes of checkerboarding
are due to artificial stiffness granted by low-order finite elements [19] which in turn violate a discrete
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inf-sup condition of the discretized problem [27]. Suitable regularization methods simultaneously guar-
antee the existence of a local minimizer to the SIMP model and prevent checkerboard patterns from
persisting as A — 0.

Previous results in literature proved that a density filter ensures the existence of a sequence of unfil-
tered discretized material distributions such that py, N p weakly-* in L°°(€2) where p is an unfiltered
local material distribution minimizer of the infinite-dimensional problem. However, weak-* convergence
is not sufficient to prevent a checkerboard pattern from forming and persisting. For instance, consider
the one-dimensional checkerboard sequence ¢,, € L>(0,1),n € N,

4 (o) = {1 it j/n<x<(j+1/2)/n, 220

-1 if(j+1/2)/n<x<(j+1/2)/n,

where j € {0,1,...,n — 1}. Then ¢, — 0 weakly-* in L>=(€2) [20, Sec. 8.7]. However ¢,, /4 0
strongly in L*(€2) for any s € [1,00] since ||¢y||zs) = 1 foralln € N. Thus, although weak-*
convergence is not sufficient, by proving that there exists a subsequence (up to relabelling) where
pn — p strongly in L*(Q), for any s € [1, 00), we guarantee that a checkerboard cannot persist as
h — 0 in both two and three dimensions [43, Sec. 2]. Although this fact was qualitatively observed in
two dimensions [13, Fig. 2 & 3], it was not proven for the general class of density filters and FE methods
we consider here. The unfiltered material distribution has sharper boundaries than the filtered material
distribution and may be useful for inferring the eventual manufactured design.

3 Finite element approximation

For the remainder of this work we assume that 2 C R? is a polygonal domain in two dimensions
or a polyhedral Lipschitz domain in three dimensions. Moreover, we assume that there exists a (local
or global) isolated minimizer of [(SIMP)| and fix one such local or global isolated minimizer (u, p) €

V5 x H, of [STHP)

Consider a family of quasi-uniform, non-degenerate, and simplicial meshes (7;,) as h — 0 [15,
Def. 4.4.13] such that Uge7, K = Q) for every h. We choose conforming FE discretizations V;, C
Hl(Q)d, /Hg,h C HP, ”Hih C ’Hf To clarify, a FE discretization is conforming if the discretized
space is a subspace of the infinite-dimensional space that it is discretizing.

In general, it will not be possible to represent the body and traction forces f, ¢”, g* exactly in the dis-
placement FE space. Hence, for each h, we instead consider f;,, g;', gfL (which can be represented).
We define the discretized functional:

Ih(up) = / fn-un d:c+/ gZ(uh)tdS—F/ gn (up)n ds. (3.1)
Q rY, 7,
We henceforth assume that:
(D1) f, — f strongly in L2(Q)%, g — ¢" strongly in L*(T'%), and g}, — g' strongly in L*(T'%;).

Moreover,

(D2) The FE spaces are dense in their respective function spaces, i.e. forany v € H* (Q)d, n € HZ,
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andGE’Hf,

lim inf {lv —wpl|me) = }lgrg)chg;{fgyh 17 = Cullwraa)

= lim inf HG — ChHLQ(Q) = 0.

h—0 ChG’Hﬁh
(D3) I(v) = ly(v) = Oforallv € H5(Q)* N RM.

We denote the restriction of V', to the boundary conditions as:

VDJL = Vh N VD. (3.2)

3.1 FE assumptions on the density filter

Let Py(Tx) C WH>(Q), k > 0 denote the space of continuous piecewise polynomials of degree k
which are polynomials when restricted to each cell K € Tj,. In general, the filtered discretized material
distribution F'(py,) & Pr(Tr). Hence, we are required to project F'(py,) into the space Px (7). We
denote the projection of F'(p,) onto Pr(7r) as Fr(pn) = UnF(pn) € Pr(Tr). Here 11, denotes
the projection operator cf. [15, Def. 2.3.9]. We assume that:

(F5) Forany n € HI, then || Fy(n)|lwsa) < CIF(M)|lwsa) s € {0,1}, ¢ € [1, 00], with C
independent of h;

(F6) The projection is a linear operator, i.e. for any u,v € L*(2), s € [1,00], a,b € R, I1,(au +
bv) = allpu + bll,v;

(F7) Foranyn € HE, [|F(n) — Fn(n)]

L) — Oforany s € [1, 00].

The interpolant operator, as defined in [15, Def. 3.3.9], would satisfy the assumptions[[F5)H(F7)} cf. [15
Th. 4.4.20] and [15, Prop. 3.3.4]. Recall the definition of HF in|(2.14)l We define the FE space 7-[
as

7:[% = {in € Hih = Hﬁh such that 77, = Fj, (1)} (3.3)
We make the following density assumption:
(D4) The FE space ?:th is dense in HZ', i.e. for any 7 € 7-lF, for some ¢ € (1, ),

lim inf ||7— Ch”qu = 0. (3.4)
h—>0<h€7.[7

3.2 FE discretized optimization problem

The discretized compliance is denoted by .Jj,

In(wn, pn) = ln(un) + R(pn), (3.5)
where [}, is defined in We define the bilinear form

ap(Wn, vp; pp) = / k(Fyn(pn))Euy, : Ev, de. (3.6)
Q
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Definition 3.1. Consider the FE spaces V p;, C H'(Q)* and H.,,, C H.. The FE discretized
optimization problem is to find (wp, pr) € V p X M that satisfies,

min Jp(wy,
(Wr,MR)EV D R X Hoy h( " nh) (SIMPy)

subject to ap(wp, vp;nn) = ln(vy) forall v, € Vpp,

where Jy,, l,, and ap,(-,-;-) are defined in|(3.5)| [(3.1), and ((3.6), respectively. A local minimizer of

is called a local FE minimizer.

3.3 The main results

The following three theorems are the core aims of this work. In both Theorems [3.1] and [3.2] we tackle
the open issue of multiple local minimizers We prove that every isolated minimizer is arbitrarily

closely approximated by the FE method. If a W P-type penalty is used, in [Theorem 3.1] we show
that there exists a sequence of local FE minimizers satisfying w;, — w strongly in H'(€)¢ and

prn — p strongly in W1P(Q). This resolves the open problem |(P2)| If one chooses a density filter

as a regularization method, then in [Theorem 3.2, we show that p, — p strongly in L*(€2) for any
s € [1, 00), resolving the open problem |(P3), Finally, we also prove that F},(pr) — F'(p) strongly in
Wh4(Q)) as a result of[Theorem 3.3 This observation resolves|(P4)

Theorem 3.1 (First main theorem: W' P-type penalty methods). Suppose that R is a W'P-type
penalty functional for some p € (1,00) and F(p) = p. Consider the FE spaces V';, C H'(Q2)¢ and
H];,h C HE. Suppose that|(D1)1(D3) hold. Fix an isolated local minimizer (u,p) € Vp x HE of
(SIMP)

Then, as h — 0, there exists a sequence of local FE minimizers (up, pr) € V p p X HQ,L of (SIMP3,)
such that w;, — w strongly in H*(Q2)? and p;, — p strongly in W1?((Q).

Theorem 3.2 (Second main theorem: density filters). Suppose that a density filter is used that satisfies

(F1 ‘ and R(p) = 0. Consider the FE spaces V), C H'(Q)* and HE, C HZ. Suppose that
(D1)4(D3) hold. Fix an isolated local minimizer (u, p) € V p X 7—[5 of [(SIMP)

Then, as h — 0, there exists a sequence of local FE minimizers (uy, pr) € V p p, X 7—[,1; , Of[(SIMP},)
such that w;, — w strongly in H*(Q)? and p, — p strongly in L*(S2) for any s € [1, o).

Recall that in the case of pure filtering |(SIMP)|is equivalent to [(F-SIMP)| Hence, if (u, p) is the mini-
mizer of|(F-SIMP)| then (u, p) = (u, F'(p)) where (u, p) is the equivalent minimizer of |(SIMP)

Theorem 3.3 (Third main theorem: density filters). Suppose that the conditions of[Theorem 3.2 hold,
the space of filtered material distributions is W'--conforming, HX', C (HL N W'4(Q)), for some
q € (1,00), and the density assumption of is valid.

Assume that the minimizer (u, p) = (u, F'(p)) € Vp X 7-25 is an isolated minimizer of (F-SIMP)

Then, there exists a subsequence (up to relabelling) such that

wy, — u strongly in H'(Q)?, (3.7)
Fy(pn) — F(p) strongly in W9(Q).
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3.4 Auxiliary results

The following lemmas are useful results and are used later in the convergence analysis. Their proofs

are provided in[Section Alfor completeness.

Lemma 3.1. Consider a sequence (1;) C L>*(Q2),0 < n; < 1 a.e. such thatn; — 1 strongly in
L(Q) for some q € [1,00). Thenn; — n strongly in L*(2) forany s € [1, 00).

Lemma 3.2. Suppose that|(F1) hold. Consider any sequence (1) C 1Y, such thatn, — 1 €
HL weakly in LI(€2) (1 X weakly-* in L () if ¢ = oc) forq € [1,00]. Then Fy(ny) — F(n)
strongly in L(£2).

Lemma 3.3. Suppose that[(D7){(D3) hold. Consider the following two cases:

(Case 1: IW!P-type penalty). Suppose that R is a W'P-type penalty functional, and F(p) = p.
Consider any sequence (W, pr) € V pp X ”H? , satisfying the PDE constraint in((SIMP},)| such that
u, — w € V p weakly in H'(Q)%. Moreover, suppose that p,, — p € H? strongly in L(<2) for
some q € [2,00). Then the limit (u, p) satisfies the PDE constraint in|(SIMP)

(Case 2: density filtering). Suppose that a density filter is used that satisfies|(F1 )H(F7) andR(p) =
0. Consider any sequence (., pr) € Vpp X 7-1,17m ,, satisfying the PDE constraint in|(SIMP},)| such
that i, — @ € V p weakly in H'(Q)%. Moreover, suppose that p;, — p weakly in L()) for some
q € [2,00) (pn — p weakly-*in L=(Q) ifq = oo). Then the limit (s, p) satisfies the PDE constraint
in

Results similar to[Lemma 3.3]are found in the literature e.g. [38, Lem. 2.1].

Lemma 3.4 (Existence of a strongly converging sequence i, in H'(2)9). Suppose that|(D1)H(D3)
hold. Consider a pair (w, p) € V p x H., that satisfies the PDE constraint in|(SIMP)| Consider the
following two cases:

(Case 1). Suppose that F'(p) = p. Consider any sequence such that p, — p strongly in L($2),
for some q € |2, 00|, and the corresponding (unique) sequence of elastic displacements such that
(1, pr,) satisfies the PDE constraint in|(SIMP},). Then, @), — w strongly in H*()%.

(Case 2). Suppose that a density filter is used that satisfies[[F1)H(F7), Consider any sequence such
that F,(pr) — F(p) strongly in L1(2), for some q € [2,00], and the corresponding (unique)
sequence of elastic displacements such that (wy,, py,) satisfies the PDE constraint in|(SIMP,). Then,
Wy, — w strongly in H(Q)%,

3.5 FE analysis: |/ 1P-type penalty methods

In this subsection we assume that a W' P-type penalty is used, with functional R, as defined in

Definition 2.1/ and no density filter is used, i.e. F'(n) = Fj(n) = 0. Fix a local isolated minimizer

(u,p) € Vp x Hﬁ of (SIMP)| Consider the finite-dimensional optimization problem: find (wy,, pp,) €
Vpn x M, that minimizes

min ) Jh(”h?ﬁh)7
(rmn)E(V D,RNB, j5 11 () (W)X (HE 0B, 5 11,00 (P) (I-SIMPY)

subject to ap(wp, vi; pr) = lp(vy) forall v, € Vpy,.
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If there exists a pair (up, pr) € (Vi N Byjaai)(u)) X (Hz,h N B, ja,wir)(p)) such that

Jn(un, pr) < Jp(vp,mn) forall (v, nn) € (Vo N Brjomio)(u)) x (Hs,h N By awie@)(p)),
then we call (uy,, p) a global FE minimizer.

In we prove the existence of finite-dimensional global minimizers to the discretized
problem [(I-SIMPY)| Then, in we prove weak convergence of the discretized global
minimizers to the isolated infinite-dimensional local minimizer as h — 0. Direct consequences of the
weak convergence are derived in Corollaries and We derive a strong convergence result in

Proposition 3.3|and conclude this subsection by proving the result of[Theorem 3.1

Proposition 3.1. Suppose that the conditions of [Theorem 3.1 hold. Then a global FE minimizer
(wn, pn) € Vipu x HE , of (I-SIMP}) exists.

Proof. The set (V pnNB, /2 1 (0)(u)) X (H§7hmBr/27wl,p(Q) (p)) is afinite-dimensional, closed, and
bounded set. Moreover, for sufficiently small A it is non-empty. Therefore, it is sequentially compact by
the Heine—Borel theorem [22, Th. 11.18]. We say that (v, n) € S if (v, n)) satisfies the PDE constraint
in[(I-SIMP})] By Korn’s inequality [7, Th. 11], and the assumption that ey > 0, then the bilinear form
an(+, ;M) is coercive for any 1, € ’H?;’h. Moreover, the bilinear form is bounded, @asserts that
ln(v) =0forallv € Hl(Q)dﬂRMd, and therefore, by the Lax—Milgram theorem [20, Ch. 6.2, Th. 1],
for every i, € ”H?h, there exists a unique v, € V' p, such that (vp,, n,) € S. Moreover, ||v || m1(a)
is bounded thanks to the boundedness of || £} |22« [Igh1lz2(rn), and [|g, || z2(rt,)- Hence, S N
(VD,h X 7—[§7h) is finite-dimensional, closed, and bounded and thus sequentially compact by the
Heine—Borel theorem. As the spaces are Hausdorff, the intersection of two compact sets is compact
and, hence, S N ((V pu N Byja,mi(ay(w) x (HY ), 0 Brawieo)(p))) is sequentially compact.

By assumption the functional .J,, is continuous in the strong topology of the finite-dimensional space
VD,hXHg,h- Hence J}, obtains its infimum in Sm((VD,hBT/ZHl(Q) (u))x (’H?hﬂBT/le,p(m (p))
and therefore, a global FE minimizer (wy,, pp,) of |(I-SIMP} )| exists. O

The following proposition is the first step in tackling the open problem|(P1)

Proposition 3.2 (Weak xweak convergence of (uy, pp,) in H*(Q)? x W'P(Q)). Suppose that the
conditions of [Theorem 3.1| hold. Then there exists a subsequence of the global FE minimizers of
(I-SIMP;), that satisfies

wy, — u weakly in H' ()%, (3.9)
pn — p weakly in W'P(Q). (3.10)

Proof. By a corollary of Kakutani’s Theorem [23, Th. A.65], if a Banach space is reflexive then ev-
ery norm-closed, bounded and convex subset of the Banach space is weakly compact and thus, by
the Eberlein-Smulian theorem [23, Th. A.62], sequentially weakly compact. It can be checked that
Vp N B,jomo(u) and HE N B, s wiea)(p) are norm-closed, bounded and convex subsets of
the reflexive Banach spaces H*(€2)? and W'?(Q), respectively. Therefore, V' p N B, /5 1) (w) is
weakly sequentially compact in H*(€2)? and HE N B, jawe()(p) is weakly sequentially compact in
Wir(Q).

Hence we extract subsequences (up to relabelling), (u;,) and (py,) of the sequence generated by the

global FE minimizers of (I-SIMP) such that
up, — Uug € Vpn BT/27H1(Q)(U) weakly in Hl(Q)d,
pr = po € HE N By jawino)(p) weakly in WHP(Q).
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In the remainder of the proof, we show that the weak limit (ug, pg) is in fact the isolated minimizer
(u, p). By the Rellich—-Kondrachov theorem, there exists a subsequence (up to relabelling) that satis-
fies

pn — po stronglyin L'(€) (3.13)

and thus p, — po strongly in L*(§2) for any s € [1,00) by Hence, we satisfy the
requirement of and deduce that (uy, po) satisfies the PDE constraint in|(SIMP)

The next step is to prove that (ug, pg) is @ minimizing pair. By assumption , there exists a se-
quence of FE functions p;, € ’H?;’h that strongly converges to p in W1 (). Moreover, by [Lemma 3.4|,
there exists a sequence (,) such that (1, ) satisfies the PDE constraint in [(I-SIMP, )|and 2, —
u strongly in H'(Q)%. Thus

| Ja(@n, pr) — J(w, p)| < |ln(@n) — Uw)| + [R(p) — R(pn)]- (3.14)

By|(D1), we have strong convergence of f, in L*(€2), g1t in L*(T'%;), and g} in L?(T";). Thus together
with the strong convergence of j;, and u,;, we see that

Jn(Wp, pr) = J(u,p) as h — 0.
Furthermore, for sufficiently small > 0,
(@n, pn) € (Vpu N Brjomay(w) x (MY, 0 B jawir)(p))-
Therefore,
In(h, pr) < Jp(tp, Pn)- (3.15)

By taking the limit as &~ — 0 and utilizing the strong convergence of &, and py, to w and p, respectively,
we see that

lim sup Jy,(wn, pr) < J(u, p). (3.16)
h—0

Recall that J (u, p) = [(u) +R(p). Then by the linearity of /(w) and [Definition 2.1} .J is weakly lower
semicontinuous on H'(Q)? x W1P(Q)). Therefore,

J(wo, po) < liminf Jy,(up, pp). (3.17)
h—0

(u, p) is the unique local minimizer of (SIMP)[in (V' p N B2 m1(o)(w)) X (HE N By jawie@)(p))-
Thus J(u, p) < J(ug, po)- Hence, from|(3.16)|and|(3.17)|, it follows that

J(ug, po) = J(u, p). (3.18)

Since (u, p) is the unique local minimizer in the spaces we consider and (u, po) satisfies the PDE
constraint in[(SIMP)| we identify the limits u and p, as w and p, respectively, and state that u;, — u
weakly in H(2)% and p;, — p weakly in W1P(Q). O

Corollary 3.1. Suppose that the conditions of{Theorem 3.1 hold. Then there exists a subsequence of

the global FE minimizers (wy, py,) of [(I-SIMP})| (up to relabelling) such that p;, — p strongly in L*(£2)
forany s € [1,00).

DOI 10.20347/WIAS.PREPRINT.3219 Berlin 2025



I. P. A. Papadopoulos 18

Proof. By [Proposition 3.2, p;, — p weakly in W'?(Q). Thus, for p > 1, the Rellich—-Kondrachov
theorem implies that there exists a subsequence such that p, — p strongly in Ll(Q). The result

follows from O

Corollary 3.2 (Strong convergence of uy, in H 1(Q)d). Suppose that the conditions of|Theorem 3.1
hold. There exists a subsequence of the global FE minimizers (wy, py,) of [(I-SIMP})| such that w;, —
u strongly in H*(Q)%.

Proof. By|Corollary 3.1} we have that p, — p strongly in L?(2). Hence, the result follows as a direct
consequence of (Case 1) in O

We now focus on proving the stronger results of [Theorem 3.1l We show that there exists a subse-
quence (up to relabelling) such that p, — p strongly in WP(Q).

Proposition 3.3 (Strong convergence of p;, in W1?(Q), p € (1,00)). Suppose that the conditions
of[Theorem 3.1 hold. Then, there exists a subsequence (up to relabelling) of global FE minimizers of
(I-SIMP;), that satisfies

pn — p strongly in WP (Q). (3.19)

Proof. By there exists a sequence of functions (py,) such that p, — p strongly in WP(Q).
Moreover, by (Case 1) inthe corresponding sequence of elastic displacements (u,) such
that the pair (s, pp) satisfies the PDE constraint in also satisfies @, — w strongly in
H'(92)4. Thanks to the strong convergence, for sufficiently small i, we have that (@, pr,) € (VprN

BT/QyHl(Q)(u)) X (H?h N BT/val,p(Q)(p)). Hence
J(w,p) < Jn(un, pr) < Jn(n, pr). (3.20)
In turn this implies that

€
IVl 0 = 19 nle
< T, pn) — T (u, p)] + () = i (un)| + [m(p) — m(pn)].

(3.21)

Label the three terms on the right-hand side of [(3.21)| by (I), (II), and (lll), respectively. Thanks to the
strong convergence of (@, ) in HY(Q) x WHP(Q) then (I) — 0. Similarly due to and
Corollary 3.2 we have that (IT) — 0. Finally since, by assumption, m( -) is continuous in L”(£2),
Corollary 3.1|implies that (IIT) — 0. Therefore, ) = IVl ) and consequently

IVonlle) = [IVollzr) (3.22)

Whenever p € (1,00), LP(£2) is a uniformly convex Banach space. Hence, by the fact that p, — p
weakly in W12(Q)) (as shown in |Proposition 3.2) and ((3.22)| holds, the Radon—Riesz property [23,
Th. A.70] implies that V p;, — Vp strongly in LP(2). Consequently p, — p strongly in W1?(Q). O

Corollary 3.3. Suppose that the conditions of|Theorem 3.1| hold. Then for sufficiently small h, there
exists a subsequence of global FE minimizers (wy,, py,) of (I-SIMP} )| that are also local FE minimizers

of [[STMPy)}
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Proof. Corollary 3.2 and [Proposition 3.3|imply that there exists a subsequence (uy, p;) such that
(un, pn) — (u, p) strongly in H'(Q)4 x WLP(Q). By the definition of strong convergence, there
exists an h such that for all b < h, ||u — ws /i) + ||p — prllwie@) < /4. Thus the basin of
attraction constraint is not active and the subsequence of global FE minimizers ofare also
local FE minimizers of [[SIMP}) O

We now have the sufficient ingredients to prove

Proof of[Theorem 3.1 By [Proposition 3.1} there exists a sequence of global FE minimizers (wy,, p)
of [I-SIMP})| that satisfies (s, pr) — (u, p) weakly in H'(2)? x WP(€). In[Corollary 3.2} it was
shown that there exists a subsequence (up to relabelling) such that u;, — w strongly in Hl(Q)d.
Then, in|Proposition 3.3} we demonstrate that there exists a subsequence (up to relabelling) such that

Pn — p strongly in Wl’p(Q). Finally, in|Corollary 3.3, we conclude that a subsequence of the global
FE minimizers are also local FE minimizers of O

3.6 FE analysis: density filtering

In this subsection we assume a density filter is applied, with a mapping F' that satisfies [(F1)H(F7)l
and that no penalty method is used, i.e. R = 0. Fix an isolated local minimizer (u, p) € V p X Hf
of (SIMP)| Consider the finite-dimensional optimization problem: find (wy,, pr) € Vi X Hﬁh that
minimizes

min Jh(”h? 77h)7

(vhvnh)e(vD,hmBr/Z,Hl(SZ)(u))X(’Hf};hmBr/Z,L2(SZ)(p)) (|-S|MP5)
subject to ap(up, vp; pr) = lp(vy) forany v, € Vp,,.

In [Proposition 3.4] we prove the existence of a finite-dimensional global minimizer to the discretized
problem (I-SIMPF) Then, in we prove weak convergence of the discretized mini-
mizers to the isolated infinite-dimensional local minimizer as h — (. Direct consequences of the
weak convergence are derived in Corollaries[3.4] and|3.6] We derive a strong convergence result
in for unfiltered material distributions which allows us to deduce the result of
We conclude this subsection by proving the result of Theorem 3.3

Proposition 3.4. Suppose that the conditions of hold. Then a global FE minimizer
(wn, pn) € Vo x HE, of[(-SIMP]) exists.

Proof. The proof of this result follows the proof of |Proposition 3.1 with some small modifications, up
to replacing the spaces H’ and Hz,h with ’H5 and ’Hﬁh, respectively, and the optimization problem

|(I-SIMP?)| with [(I-SIMP; )| O

Proposition 3.5 (Weak xweak convergence of (uy, p,) in HY(Q)? x L*(Q)). Suppose that the
conditions of hold. Then there exist subsequences (up to relabelling) of the global FE
minimizers of |(I-SIMP;, ), that satisfy

wy, — u weakly in H*(Q)?, (3.23)
pn — p weakly in L*(12). (3.24)
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Proof. The proof of this result follows the proof of with some small modifications,
up to replacing the spaces #?, H? ,, and W'?(Q) with HZ', HI',, and L*(9), respectively, and
the optimization problem |(I-SIMPZ)| with |(I-SIMP,1?)L Moreover, we do not need to invoke the Rellich—
Kondrachov theorem to deduce the strongly converging subsequence in as, in this framework,

the conditions of are already satisfied. O

Corollary 3.4. Suppose that the conditions of[Theorem 3.2 hold. Then there exists a subsequence
(up to relabelling) of the global FE minimizers (py,) of (I-SIMPF)| such that py, X p weakly-*in L®(9)
and consequently p, — p weakly in L*(2) for all s € [1, 00).

Proof. By the Banach—Alaoglu theorem, the closed unit ball of the dual space of a normed vector
space is compact in the weak-* topology and, therefore, the closed unit ball of L>(2) is weak-*
compact. Hence we find a subsequence (up to relabelling) such that pj, N Po € 7-[5 N{n:|lp-—
ML) < 7/2} weakly-* in L(£2). By the uniqueness of the weak limit, we identify pg = p
a.e. in (2 and, thus, we deduce that p, — p weakly-* in L>(Q), i.e. [, prndz — [, pndx for any
n € L'(Q). Since L*(Q) C L'(Q), for any s > 1, we note that [, ppndz — [, pnda for any
n € L*(§2), s > 1. Hence, by definition, p;, — p weakly in L*(2) for all s € [1, 00). O
Corollary 3.5. Suppose that the conditions of hold. Let (py,) denote the sequence of

global FE minimizers to |(1-SIMPY)| such that p,, — p weakly-* in L>=(Q). Then F},(pn) — F(p)
strongly in L>(S2).

Proof. The result is a direct consequence of O

Corollary 3.6 (Strong convergence of uy, in H'(Q)?). Suppose that the conditions of|Theorem 3.2
hold. Then there exists a subsequence (up to relabelling) of the global FE minimizers (wy,, py) of

(I-SIMP;")| such that w;, — w strongly in H' ().

Proof. By [Corollary 3.5, we have a subsequence such that Fj,(pn) — F(p) strongly in L>(£2).
Hence, the result follows as a direct consequence of (Case 2) in O

In the remainder of this subsection we tackle the open problems|(P3) and In particular, we prove
the stronger results of [Theorem 3.2|and [Theorem 3.3| Recall that (u, p) is the fixed local minimizer of

[SVPY

We first prove the following two lemmas.

Lemma 3.5. Suppose that the conditions of hold. Then a local minimizer exists to the
following e-perturbed optimization problem:

glipn Je(uﬁv /06) = J(“Ev /06) + %||/06||2L2(Q)7

F
where (u67p6) € (VD N BT/Q,Hl(Q)(u)) X (H5 N Br/Q,H(Q)(P)) (I'SIMPe)
subject to a(u.,v;p.) = l(v) forallv € Vp.

Proof. Consider a minimizing sequence (Un, pr) € (V p N Byjo i) (w)) X (HE N B, 2 12(0)(p)).
Since V' p N B, /2 11 (o) (u) and 3‘-[17D N B, 2,12(0)(p) are norm-closed, bounded, and convex subsets
of H'(Q)* and L?(2), respectively, then there exists a limit (u., p.) € (Vp N By o) (w)) x
(HE N B, 2,12(0)(p)) such that
u, — u, weaklyin H'(Q)%, (3.25)
pn — pe weaklyin L*(€). (3.26)
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By [Lemma 3.3} (u,, p.) satisfies the PDE constraint in|(I-SIMP*))| Moreover, J(u, p) is bounded and

weak x weak lower semicontinuous on H*(Q)?x L?(€2). Thus J.(u, p.) < liminf, o Je(tn, pn).
Hence, a local minimizer exists. O

Lemma 3.6. Suppose that the conditions of hold. Consider a sequence of local mini-
mizers (u., p.) of |(I-SIMPZ"). Then, there exists a subsequence (up to relabelling) such that u. — u
weakly in H'(Q)¢ and p. — p weakly in L?(2) as € — 0.

Proof. Since V p N B, 5 p1(a)(u) and ”Hf N B, /2,12()(p) are norm-closed, bounded, and convex
subsets of H'(2) and L?(2), respectively, then there exists a limit (wo, po) € (V pNB, /2,1 (0 (w)) X
(HZ N B, 2,12(0)(p)) such that

u. — uy weaklyin H'(Q)%, (3.27)
pe — po weaklyin L*(€). (3.28)

By|Lemma 3.3} (uo, po) satisfies the PDE constraint in [(SIMP)

Consider any sequence of functions p,, € 7—[5 such that p, — p strongly in L*(£2). Then the
corresponding sequence of elastic displacements u,, € V p such that the pair (u,,, p,) satisfies the
PDE constraint in |(SIMP)|also satisfies w,, — u strongly in H'(€2)<. For any ¢ > 0 and sufficiently
large n € N,

Je(te, pe) < Je(Un, ). (3-29)

J. is weak x weak lower semicontinuous on H1(Q)? x L?((). Thus by taking the limits ¢ — 0 and
n — oo and using the weak convergence of (u., p.) and the strong convergence of (w,,, p,,) we see
that

J(wg, po) < lim iglf Je(ue, pe) < J(u,p). (3.30)
€E—

Since (u, p) is the unique minimizer of (SIMP){in (V' p N B, )2 g1 (o) (u)) X (3’-[#P N B, 2,200 (p)),
we identify uy = u and py = p a.e. in €). O

The following proposition is concerned with the open problem We show that if a density filter is
used, then there exists a sequence of the unfiltered discretized material distributions that converges
strongly in L*(2) for any s € [1, 00).

Proposition 3.6 (Strong convergence of pj, in L°(Q2), s € [1,00)). Suppose that the conditions of
Theorem 3.2 hold. Then there exists a subsequence (up to relabelling) of global FE minimizers of
(I-SIMP;")| that satisfy, for any s € [1,00),

pn — p strongly in L°(£2). (3.31)

In|Figure 3| we provide the structure of the proof. The first step is to prove the two downward limits,
as ¢ — 0, of minimizers of the e-perturbed problem |(I-SIMP:"){to minimizers of the problems |(SIMP)
and This is achieved via weak convergence, the convergence of the supremum value of
the norms, and the Radon—Riesz property [23, Th. A.70]. Next, the top arrow, as h — 0, in the e-
perturbed problem is proven using the properties of the minimization problem and the Radon—Riesz
property. Then, since p.p, pe, pn, and p are all bounded in L*(2) uniformly in h and €, we invoke
the Osgood theorem [49, Ch. 4, Sec. 11, Th. 2’] for exchanging limits together with the Radon—Riesz
property to conclude the result.

DOI 10.20347/WIAS.PREPRINT.3219 Berlin 2025



I. P. A. Papadopoulos 22

[3.38)
h—0
Peh — > Pe (I-SIMP.")
Radon-Riesz+H(3.34)] Radon-Riesz-H(3.34)
e—0 e—0
-
pp ———— p (I-SIMPT)
Osgood-+Radon-Riesz
h—0

Figure 3: A summary of the proof of |Proposition 3.6

Proof of[Proposition 3.6, Consider the global minimizer (u., p.) of |(I-SIMP,)L If there is more than
one global minimizer, then fix one. After discretizing (I-SIMPF)I, then for each € > 0, by using the
same arguments as in the proof of [Proposition 3.5} there exists a sequence such that u.;, — .
strongly in H(2)?and p. ,, — p. weakly-*in L=(Q) as h — 0 where (u. 1., p. . ) is the (possibly
non-unique) global minimizer of the FE discretized optimization problem|(I-SIMP:")|with mesh size A..

By|Lemma 3.6} there exists a sequence (up to relabelling) (u., p.) such that p. — p weakly in L*(Q)
and u, — u weakly in H'(2)? as ¢ — 0. We now strengthen the convergence of material distribution

to strong convergence in L?({2) as ¢ — 0. Suppose that for any ¢ > 0 under a certain threshold,

ollz20) < llpellz2()- (3.32)
This would imply that
€ 2 € 9
J(w, p) + S lpllz2) < I (e, pe) + 5 llpellz2q)- (3.33)

However, this would be a contradiction with the definition of (ue, pe). Thus, for the sequence such that
pe — pin L*(Q),

thllpHp€HL2(Q) g HpHL2(Q) (3.34)
e—0
Since LQ(Q) is a uniformly convex Banach space, then by a generalized result of the Radon—Riesz

property [23, Th. A.70], we have that p. — p strongly in LZ(Q). A similar argument gives, for each
h >0, pe,.n — pn strongly in L*(£2), as e, — 0.

The next step is to show that, for each ¢ > 0, there exists a subsequence such that ||,06,h6 L2(Q) —
|pell2(e) @s he — 0. The deduction of the result is similar to the proof of [Proposition 3.3] By |(D2)|
there exists a sequence of functions (p. 5, ) such that p. . — p. strongly in L*(2). Moreover, by
(Case 2) in the corresponding sequence of elastic displacements (. 5, ) such that the
pair (e p,, P, ) satisfies the PDE constraint in also satisfies ., — . strongly in
H'(Q2)4. Thanks to the strong convergence, for sufficiently small A, we have that (Wehes Pep.) €
(VD,h N Br/?,Hl(Q)(U)) X (H,I;h N BT’/Q,LQ(Q) (p)) Hence

Je(uea pe> S Je,h6 (ue,hea pe,h6> S Je,h6 (ﬂe,hgaﬁe,he)7 (335)

where J. 5 (v,n) = I (v) + §||17||%2(Q). In turn this implies that

2
L2(Q)

S ’Je,h('&'e,hga ﬁe,hé) - Je(“/ea pe)’ + ’l<u6) - lh(”e,he)

“NlpelZai = llpen
2 [IPeRLA@) e (3.36)
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Label the two terms on the right-hand side of by (1) and (Il), respectively. Thanks to the strong
convergence of (. p,, pep.) in HX(Q)? x L?(Q) to (u., p.) then (I) — 0. Similarly due to [(D1)

and [Corollary 3.6, we have that (II) — 0. Therefore, ||pc . %Q(Q — ||p€HL2 and consequently
lpencllL2) = [lpell z2@)-

We have shown that lime, o || e, 1 ll220) = |lPnllL2(0) for each b and limy, o || pen. || 22(0) =
|| pel| z2(q) for each €. Thus after a diagonalization argument, we may extract a subsequence (h;, €;),
j € Nsuchthat lime, ;0 [|pc, ., || 2() = L for some L > 0. Dropping the subsequence subscript
7, then an application of the Osgood Theorem [49, Ch. 4, Sec. 11, Th. 2'] for exchanging limits reveals
that the limits limy, o lim_,o || e, 22(0) and lime_,o limy, o || pe,n || 22 () exist and

L= 11_1}1(1) }llml | penllL2) = }llm% lim [ pe.p || 2()- (3.37)

By first taking the inner limit and then the outer limit in the second term and only the inner limit in the
third term of [(3.37)], we find that

pllL2) = }lllg(l) ol L2 (3.38)

Since LQ(Q) is a uniformly convex Banach space, p;, — p weakly in L2 andmmlds then by

the Radon—Riesz property [23, Th. A.70], we have that p, — p strongly in LQ(Q) lLemma 3.1]implies
that pp, — p strongly in L*(2) forany s € [1, 00). O

Corollary 3.7. Suppose that the conditions in hold. Then, for sufficiently small h, there
exists a subsequence of global FE minimizers (uy,, py,) of (I-SIMP )| that are also local FE minimizers

of |(SIMP},)

Proof. [Corollary 3.6/ and [Proposition 3.6|imply that there exists a subsequence (uy, p5) such that
(wn, pr) — (u, p) strongly in H'(Q)? x L*(Q). By the definition of strong convergence, there exists
wp| @) + ||p = pallr2@) < /4. Thus the basin of attraction
constraint is not actlve and the sequence of global FE mlnlmlzers of m are also local FE

minimizers of [(SIMP )| O

We now have the sufficient ingredients to prove [Theorem 3.2

Proof of[Theorem 3.2. By [Proposition 3.4] and [Corollary 3.4} there exists a sequence of global FE
minimizers (wy,, p,) Minimizing (I-SIMPFE )| that satisfy u;, — w weakly in Hl(Q)d and pp N p
weakly-*in L>°(€). In we show that there exists a subsequence (up to relabelling) such
that w;, — w strongly in H*(€2). Then, in we show that there exists a subsequence

(up to relabelling) such that p;, — p strongly in L*(£2) for any s € [1, 00). Finally, in[Corollary 3.7, we
show that a subsequence of the global FE minimizers are also local FE minimizers of [[SIMP},)] O

The final result we consider is the proof of concerning the strong covergence of the
filtered material distributions in W14(£2), ¢ € [1, 00). The proof of this result follows a similar pattern
to the proof of [Proposition 3.6 Essentially, the goal is to prove strong convergence of an e-perturbed
problem, then by proving convergence in the value of the norms, weak convergence, and utilizing the
Radon—Riesz property, we deduce strong convergence.

Proof of[Theorem 3.3 Recall that (u, F'(p)) is an isolated local minimizer of |(F-SIMP)| Let p =
F(p) and pp, :== Fy(pn)-[Theorem 3.2/implies the existence of a sequence of local FE minimizers of
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(SIMP},)[ such that u;, — w strongly in H*(Q)? and p, — p strongly in L*(Q) for any s € [1,00).
Subsequently by [Lemma 3.2} p, — p strongly in L*(2) for any s € [1, 00).

Let 7 denote the radius of the basin of attraction. Denote the global minimizers of the following opti-
mization problem by (u., p.):

ngiﬁn J(v,7) + IVl Zaq)

- ~ - T F
where (v,7) € (Vp N Bijamiay(w)) x (M0 Brjawia)(p)) (I-SIMP£)
subjectto a(ue,v; p.) = l(v) forallv € V.
The existence of a local minimizer follows by a calculus of variations argument similar to the proof of
Consider the sequence of filtered material distribution global minimizers p. as € — 0.

Since 7:[5 N B;,/le,q(g) (ﬁ) is a norm-closed, bounded and convex subset of the reflexive Banach
space Wl’q(Q), then there exists a subsequence (not relabeled) such that, as € — 0,

ﬁe — ﬁO S 7:[,5 N B;/Q’WI,Q(Q) (ﬁ) Weakly in Wl’q<Q). (339)

Since (u, p) is the unique minimizer of .J in (V' p N B; /o 1) (w)) X (’;':[4P N Bsja,wia)(p)), then
using the same arguments as in the proof of [Lemma 3.6, we may indentify py = p a.e.

We now wish to strengthen the convergence to strong convergence in WL‘I(Q). Suppose that for any
e > ( under a certain threshold,

VDl Loy < IVPel|Lage)- (3.40)

This would imply that

~ N € - ~ ~ € ~
J(u, p) + gllvp!\im) < J(ue, pe) + 5||VpeHiq(m7 (3.41)

as J(u, p.) > J(u, p). However, this would be a contradiction with the definition of (u., pc). Thus
for the sequence such that p. — pin Wh4(Q) and thus J.(u., p.) — J(u, p),

lim sup IV Pell o) < VAl L. (3.42)
e—

Since L7(€2) is a uniformly convex Banach space for any ¢ € (1, 00), then by a generalized result
of the Radon-Riesz property [23, Th. A.70], we have that V. — Vp strongly in L?(€)). By an
application of the Rellich—Kondrachov theorem, [[F2), and[Lemma 3.1|we deduce that p. — p strongly
in leq(Q). For each h > 0, a similar argument implies the existence of a sequence ¢;, — 0 that
satisfies pe, n — pn strongly in WH(Q).

With only small changes to the proof of [Proposition 3.3| we see that, for each ¢ > 0, there exists a
subsequence he — 0 such that || pe s, ||wra) = [|Pellwra(e)-

We have shown that lim., 0 || fe,. k. |[wia() = || Pnllwre(q) for each hand limy, g || pe,n,
|| pellwra(q) for each e in their respective sequences. Thus after a diagonalization argument, we
may extract a subsequence (h;,¢€;), 7 € N such that lim., 5,0 ||pc, 1, ||wia@) = L for some
L > 0. Dropping the subsequence subscript j, then an application of the Osgood Theorem [49,
Ch. 4, Sec. 11, Th. 27 for exchanging limits reveals that the limits limy,_,o lim._, || pe,1||w1.0(0) and
lime_,o limp 0 || pe,n || wa(q) exist and

L= lim i {[peplwiae) = lim [ penf[wia).- (3.43)
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Thus by first taking the inner limit and then the outer limit in the second term and only the inner limit in
the third term of |(3.43)| we find that

1Allwrac) = lim [|pn[lwrao)- (3.44)

Since W14(Q) is a uniformly convex Banach space for any ¢ € (1,00), p, — p weakly in W4((2)
and |(3.44)| holds, then by the Radon—Riesz property [23, Th. A.70], we have that p;, — p strongly in
Wha(Q). Thus Fy(prn) — F(p) strongly in WHe(Q). O

4 Conclusions and future directions

In this work we studied the convergence of a conforming FE discretization of the SIMP model for the
linear elasticity compliance topology optimization problem. To ensure existence, we considered two
types of regularization methods: 1 !P-type penalty methods and density filtering. The nonconvexity of
the optimization problem was handled by fixing any isolated local or global minimizer and introducing
a modified optimization problem with the chosen isolated minimizer as its unique global minimizer.
We then showed that there exists a sequence of discretized local FE minimizers that converges to
the infinite-dimensional minimizer in the appropriate norms. The elastic displacement and material
distribution converge strongly in ()¢ and LP(f2), for any p € [1, c0), respectively, for either a
WP_type penalty or a density filter. If a VW 1P-type penalty is used, we further deduced that there
exists a sequence such that p, — p strongly in W“’(Q). In contrast, if a density filter is used then
the filtered material distribution converges strongly in TW14(Q2), ¢ € [1, 00), provided the discretiza-
tion for the filtered material distribution is Wl’q(Q)-conforming. Thanks to the strong convergence, a
subsequence of the local FE minimizers of the modified optimization problem are also minimizers of
the original optimization problem.

We now outline some future directions.

Rates of convergence

To the best of the author’s knowledge, there are currently no results that prove the rate of convergence
of a sequence of local FE minimizers to an infinite-dimensional local minimizer. Numerical studies
compare the convergence of local FE minimizers to a heavily refined local FE minimizer, which serves
as a reference solution. Ultimately relying solely on this approach may yield misleading outcomes. It is
of practical importance to know the reduction in the error when reducing the mesh size. We hope that
the techniques used to prove the strong convergence results in this work will contribute significantly in
this endeavour.

Adaptive mesh refinement

Topology optimization is a field that significantly benefits from adaptive mesh refinement. Intuitively,
refining in regions where 0 < p < 1 a.e. reduces the error more dramatically than in areas where
p = 0 a.e. These strategies enable one to achieve smaller errors with fewer degrees of freedom,
thereby cutting down the overall computational cost. Notable progress has been made in this direction
cf. [48, 32, 144, [17, |46]. However, none of these cited work prove that their proposed mesh adaptivity
strategies are guaranteed to converge to an infinite-dimensional local minimizer in the limit. There is a
possibility that cells in the mesh, where the error is nonzero, may not meet the refinement criteria and
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consequently may never be refined, hindering the convergence of the local FE minimizer in the limit.
We hope that by utilizing the framework introduced in this work, one may leverage the results in [31,
29, 28| to devise mesh adaptive algorithms that provably converge in the limit.

Locking

A common criticism of the primal formulation of classical linear elasticity (without the topology opti-
mization component) is that as the material becomes incompressible (A — ©0), the operator norm
becomes unbounded. This can result in locking, the phenomenon where the approximation has sub-
optimal convergence, or even appear to diverge, for large ranges of the mesh size h (before the
asymptotic regime kicks in). In the primal formulation for linear elasticity, it is often possible to prove
an error estimate of the form, for u € H*(Q)? [3, Eq. (2.9a)]:

Hu — uhHHl(Q) < C()\)hmin(k’s_l)Hu“Hs(Q), (4.1)

where k denotes the polynomial degree of the FE discretization of u. Moreover C'(\) — oo as
A — o0, which corresponds to the incompressible limit. Asymptotically, the error should reduce at
rate of h™ (5= However, if C'(\) is extremely large, the constant will dominate the error resulting
in locking. Locking can be alleviated by using a high-order element for w, e.g. quartics or higher [3] or
by using alternatives to the primal formulation such as the pressure and symmetric stress formulations
[14, Ch. VIL.3].

The appearance of locking is particularly troublesome when considering the SIMP model. The primal
formulation with low-order elements is used in almost all implementations of the SIMP model, e.g. [6].
Moreover, since there are almost no known formulae for local minimizers of SIMP models, there are few
comprehensive studies on FE convergence. We conjecture that locking occurs near the incompressible
limit in SIMP models and, consequently, the computed discretized minimizers have a high error even
for small mesh sizes.

Rigorously describing locking is challenging and the results of [3] and [14, Ch. VI.3] do not (immedi-
ately) extend to the SIMP model. Thus any proof of non-locking formulations was beyond the scope of
this work. Nevertheless, the new convergence results presented in this study aim to lay some ground-
work for addressing the locking issue in future research. A comprehensive mathematical understand-
ing of locking in the SIMP model would have significant implications for future implementations.

A Supplementary proofs

Proof of[Proposition 2.1, Since p € 7—[5 and thus f,p > 0 a.e. then F(p)(z) > 0 forall z € Q.
Moreover,

[F'(p) ()| =

[ o= 00t a8] < Wl ol < 1. A
Q
Thus|[(F2)|is satisfied. Moreover, implies that

< fllpeeray < C < o0 (A.2)

PG o = | [ 760 = hoto)

L>(Q)
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It can be shown that h(z,y) = f(z — y)p(y) satisfies the condition for the Leibniz integral rule and,
therefore,

<|[[Vfllzwo@ay < C < 0. (A.3)
Lo ()

V@l = | [ 9ulre = wlot ay

This implies that F'(p) € W>°(Q). Hence, |(F1)|is satisfied.

Consider a weakly-* converging sequence p,, N pE 7—[5 weakly-* in L°°(£2). This defines a bounded
sequence of Lipschitz functions F'(p,,). Thus, by the Arzela—Ascoli theorem [2, Th. 1.33], there exists
a limit Fy € L*°(£2) such that a subsequence (up to relabelling) satisfies F'(p,,) — Fo uniformly in
€. Hence, F'(p,) — Fy strongly in L>°(£2). Moreover,

m%mw:[ﬁ@—w%@myﬁzj@—wmwwzﬁmmw (A4)

Hence F'(p,) — F(p) pointwise. Thus, by the uniqueness of limits, £y = F'(p) and F'(p,) — F(p)
strongly in L>°(€2). A similar argument reveals that if p, — p weakly in L*(€2), s € [1,00), then
F(p,) — F(p) strongly in L*(2). Thus|(F3)]is satisfied.

Note that F'(p) + t(F(p) — F(n)) = F(p+t(n—p)) € 7:15 since p + t(n — p) € HE. Hence
7—25 is a convex space. Consider any sequence such that F'(p,) — Fy strongly in W15(Q) for
any s € [1,00]. This defines a bounded sequence (py,) in L>(€2). Hence, since 1/ is a norm-
closed, bounded, and convex subset of L>°(£), then by the Banach-Alaoglu theorem, there exists
an pg € Hf such that a subsequence (up to relabelling) satisfies p,, = po weakly-* in L>°(£2). As
previously shown, this implies that F'(p,) — F'(po) strongly in L>°(£2). Hence, F, = F'(p,) and,
therefore, Fy € 7—25 Hence, 7—25 is a norm-closed, bounded, and convex subset of W1>°((2). A

similar argument reveals that 7:[5 is a norm-closed, bounded, and convex subset of W1#(Q) for any
s € [1, 00]. Therefore, |(F4)|is satisfied. O

Proof ofl[Lemma 3.1l By Hélder's inequality || — n;l|ri) < [Pl — njllzr). Thus n; — n
strongly in L' (Q). Therefore, for any s € (1, c0),

/ | —n;[*de = / [ =i " = mylde < 17 ln = nill ), (A.5)
Q Q
which implies that 77; — 7 strongly in L*(§2) for any s € [1, 00). O

Proof ofLlemma 3.2 Fixann € L%(2) suchthatn, — n € 7—[5 weakly in L9(Q) (n, = n weakly-*
in L>°(Q) if ¢ = o0) for ¢ € [1, 00]. Then,

1F(n) = En(n)ll Loy < N1F(M) = Fu(mllza) + [1Fa(n) — Fu(mn) e (A.6)

The first term on the right-hand side of [(A.6)]tends to zero thanks to assumption For the second
term we note that, by assumptions [(F6)|and

1E3(n) = Fu(nw) || Lae) < ClF(n) — F(mm)ll Lo (A7)
for a constant C' < oo independent of h. The right-hand side of tends to zero thanks to |(F3)

Hence 7, — 1 weakly in LI(€2) (1, — 1 weakly-* in L>(Q) if ¢ = co) implies that F}, (1) — F(n)
strongly in L((2). O
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Proof of[Lemma 3.3 We prove the result for (Case 1) and note that (Case 2) follows with only a couple
of small modifications. Forany v € V p and v;, € V p 5, consider

ap(Up, v; pr) = ap(Wp, Vs Pn) + ap(Up, v — Vy; Ph)

= lp(vn) + an(@p, v — vh; Pp). A9
Bywe may choose v, such that v;, — v strongly in H*(2)?. Thus
Ih(vp) = U(v). (A.9)
due to the linearity of /(-), and|(D2)| Moreover,
|lan(tn, v — vp; pr)| < |[k(Pn) || o) [[En | 20 |E(v — va) ||l L2(0) — 0, (A.10)

thanks to the boundedness of k(5 ), Ewt;, and|(D2)} The boundedness of Ey, follows from the a priori
estimates in the PDE of Hence,

an(Tn, v; ) — U(v). (A.11)
We note that

|an(n, v; pr) — a(t, v; p)|

o o o (A.12)
< ‘a(uh - 'U;,’U;p>’ + ’ah(uhav;ph) - a(uhav;p)"

The first term on the right-hand side tends to zero thanks to weak convergence of u;, to w. For the
second term we see that

|an (@, v; pp) — altn, v; p)| < [[(K(pn) — k(p))Ev|| 120 [Ewnl| £2(0)- (A.13)

By assumption p;, — p in W14(Q) for some q € [2,00) and, by the Rellich—-Kondrachov theorem

and|Lemma 3.1} p, — p strongly in L*(2). Thus by utilizing|Lemma 3.1}, for any smooth test function

v e Cx(Q),
an(n, v; pn) — a(t, v; p). (A.14)

follows for any v € V' p by the density of smooth and compactly supported functions in V p.
Hence, |(A.11)|and |(A.14)|imply that, for any v € V p,

a(u,v; p) = l(v). (A.15)

O

Proof of[Lemma 3.4, We prove the result for (Case 1) and note that (Case 2) follows with only a couple
of small modifications. The first step is to show that u;, — w in Hl(Q)d. The sequence generated by
pn, defines a bounded sequence of uj, as h — 0. Since V', is a reflexive space, then there exists a
limit w € V p and a subsequence (up to relabelling) such that w;, — uw € V p. We must now identify
u with w.

The requirements of [Lemma 3.3 are satisfied and thus, for any v € V' p, a(t@, v; p) = [(v). Due to
the uniqueness of limits and the uniqueness of solutions of the linear elasticity problem with a fixed p

(Proposition 2.2), we deduce that & = w a.e. and &), — w in H*(Q)<.
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We now strengthen the convergence to strong convergence. By Korn’s inequality [7, Th. 11], and the
assumption that egp > 0, there exists a ¢ > 0 such that

cllu - ﬁ’h”?{l(ﬂ) < ap(u — Up, w — Upy; pp)
= ap(u — wp, w; pr) + an(Wn, Wp; pr) — an(w, Up; pr) (A.16)

= ap(w — wp, w; pp) + ln(n) — an(w, @y; Pp).
The first term on the rightmost-hand side of is bounded above as follows

ah(“’ - ﬁ’ha u; ﬁh)

K . (A.17)
< alu — s p) + [K(p) — k(om0 1E s — an) 2oy [t 2.

The first term tends to zero thanks to t;, — w weakly in H! (Q)d. The second term converges to zero
since p, — p strongly in L(Q2) for some g € [2, o] (and thus for any ¢ € [1, 00) by [Lemma 3.1).

The second term on the rightmost-hand side of [(A.16)|tends to /(w) thanks to|(D1)|and the weak con-
vergence of uy, in Hl(Q)d. By the same arguments as|(A.8)H(A.10), we note that a,(w, wp; pr) —
I(w). Hence, we conclude that i, — u strongly in H'()<. O
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