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Derivation of the Reissnher—Mindlin model from nonlinear
elasticity

Tamara Fastovska, Janusz Ginster, Barbara Zwicknag|

Abstract

We discuss how the Reissner—Mindlin plate model can be derived from three-dimensional fi-
nite elasticity in terms of I'-convergence. The presence of transverse shear effects in the Reissner—
Mindlin model requires to scale different components of the three-dimensional elastic strain dif-
ferently. A main technical tool is then the combination of rigidity estimates for the deformation and
suitably averaged versions.

1 Introduction

The rigorous justification of simplified models for the elastic behaviour of thin bodies has a long stand-
ing history. In this paper, we follow the approach to derive static lower-dimensional models from three-
dimensional elasticity by means of I'-convergence. The latter is a concept of convergence that -if
complemented by appropriate compactness properties- ensures convergence of (almost) minimizers
(see e.g. [7, 9]). The idea to use I'-convergence in the context of dimension reduction in elasticity
dates back to [1, 13, 19, 20, [32], and since then, a large body of literature has been devoted to a
refined analysis in various settings (for recent overviews see e.g. [22, 27, 33]), including for instance
nonlinear bending models for shells as well as Kirchhoff-Love’s or von Karman models for plates (see
e.g. [2, 145,13, 14,17, 21,[30,[39] and the references therein) and models for beams or rods (see e.g.
[10L 111118, 125] [26, 29, 137, [38] and the references therein).

In the present work we address the question, whether it is possible to derive the Reissner—Mindlin plate
model ([23, 136]) from nonlinear elasticity. Before discussing the related literature let us briefly explain
the setting and the challenges. We denote by S C R? the midsurface of a thin plate S x (—h/2, h/2),
and consider the energy functionals for linearized and nonlinear Reissner—Mindlin models, namely

2
Ko =Y ai [ (ot Ou)dnides + S0, [0+ 000 (n
i=1 S i,j=1 S
and

2
](U, 2 U) - Zaz/ Pi + 8 U de‘leL‘g + Z bzg/ 1P + 6]90@) d{L‘ldiL'z
i=1

7.7 1 S’

+ Z c,]/ (Opuj + Oju; + = 8 0;0; v;)?dxydrs, 2)

1,j=1

where v(z1, x9) is the (renormalized) vertical displacement and u; (1, z2) are the (renormalized) in-
plane displacements of the midsurface and ; (1, x2) are the angles of deflection of the orthogonal
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T. Fastovska, J. Ginster, B. Zwicknagl 2

cross-sections of the plate. On .S x (—h/2, h/2), this corresponds to a deformation of the form (we
use the notation 2’ := (1, z2))

v =( )= () ) (97

The corresponding strain can be seen to be of the form

(Vy")"(Vy")
2h* (V') sym + 22307 (V' 0)eym + 2P V'0 @ Vo WY@ + hPV'v

where h.o.t. stands for higher order terms. Hence, for an energy density 11/ that has the typical behav-
ior W(F) ~ |FTF — 1d|? close to SO(3) we find

/ W (Vy") dx (4)
Sx(—h/2,h/2)

2

h2fy+2 1
Nh/ 2 [ + hPV'[" + = (V' ©)eym|” + 4 |h (V') gym + §h2ﬁv’u ® Vu| dx; dzs.
S

Comparing with (1) and (2) we notice the following:

B it must hold v = S and o = 2[3;

B a renormalization of (@) by 2*7*? will allow to obtain the term [ |(V')sym|* dL? in the limit
h — 0 but necessarily forces p = V'v, c.f., for example, [14];

M in order to derive all terms in (2) or (1) from our ansatz the elastic energy density has to weight
different entries of the elastic strain with different powers in h.

Taking into account the above considerations, we will derive and from an elastic energy that
weights different entries of the elastic strain differently. In our setting (see Section [1.1]for the precise
definitions) the derivation of (2) will be performed for 5 = ~ > 1 whereas (1) will be derived for
y=pF=landa=28=2y+4+2=4.

Let us briefly discuss some related literature. Falach, Paroni, Podio-Guidugli and Tomasetti [12], [34,
35] used an anisotropic (transversely isotropic) linear three-dimensional energy containing second-
gradient terms. In fact, the idea was to consider for a given three-dimensional problem (the so-called
“real problem”) an approximation whose variational limit coincides with the variational limit of the “real
problem”. Another idea is to consider anisotropic elasticity and to scale the elastic constants in differ-
ent ways, which allows to avoid the inconsistency with the fact that for the Mindlin-Timoshenko-type
models the shear modulus cannot be "too large". However, the parent models in [12, [34] consider
linearized strains and the Saint Venant—Kirchhoff model for the strain energy, which does not cover
the case of nonlinear Lagrangian strains and important models such as neo-Hookean, Mooney-Rivlin,
Ogden, Fung etc. (see [31] and references therein). Another approach starting from isotropic, linear
elasticity with microrotations is presented in [28]. For further discussion of the challenges and related
literature we refer to the above references.

The rest of the paper is organized as follows: in Subsection [1.1] we set the main notation, state the
parent problem and formulate the main assumptions on the energy density and external forces, we
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Derivation of the Reissner—Mindlin model from nonlinear elasticity 3

also present an example of a nonlinear energy functional satisfying these assumptions. In Subsection
we formulate and discuss our main result. In Section [2] rigidity estimates for the displacement
gradient to the case of anisotropic elasticity are adjusted. In Section [3| we prove main results on I'-
convergence of the three-dimensional problem to the Reissner—Mindlin energy functional in case of
the energy scaling of power greater than 4. Finally, Section [4 contains a I'-convergence result in case
of the scaling of power 4.

1.1 Notation and setting.
Throughout the text, we denote by C' generic constants that may change from expression to expres-

sion.
Let S C R? be an open, bounded Lipschitz domain, and consider for 4 > 0 the (thin) domain

h h
Qh:SX (-g,g)

We will always assume that i € (0, 1). For a deformation w € W12(€;,; R?), we consider the elastic
energy

EMw) == /Wl(V'w’(z)TV’w’(z) + V'ws(2) @ V'ws(2))dz + h? / Wo(Vw(2))dz,  (5)

where we use the notation ' = (1, z3), W’ = (wy,wy) and V'w = w,; ®e; + w,» ®ey. Here and
in the following, w ; denotes the i-th partial derivative 0;w for7 = 1, 2, 3, and similarly for second order

partial derivatives. For M = (m;;); =13 € R**®, we similarly set M’ := (m;;); j—12 € R?*2
Now, consider the fixed domain Q = S x I, where I := (—1,1) and introduce the change of

variables z(x) = (1,22, %*) and the rescaled deformation y : Q — R?, y(z) = w(z(x)). It then
holds

, 1
Vuw = (V Y, Ey’?’) =: Vpy
and

%5%) - / W (V'Y (2)TV'y (2) + Vs () © Vys(x))da + h? / Wo(Vay(z))da.  (8)

Slightly abusing notation, we identify functions f : S — R™ with their trivial extensions f : {2 — R"”
given by f(2', x3) := f(2'). We sometimes write u(z") or u(x3) instead of u to point out on which
components the function depends.

Free energy densities. We will always impose (without further mentioning) that the following assump-
tions on the free energy densities WW; : REFDX(+1) 5 [0 o0], i = 1,2 hold.

Assumption 1. There exist constants cy, ¢, co > 0 such that

(A1) Wa(QF) = Wyo(F) forall Q € SO(3) and all F' € R3*3,
(A2) Wi(Id) = min W; = 0 = min Wy = Wy(Q) forall @ € SO(3),
(A3) Wy(F) > codist *(F, SO(3)) forall F € R3*,
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T. Fastovska, J. Ginster, B. Zwicknagl 4

(A4) Wi(F'TE' + (fa1, fa2) ® (fa1, f32)) + c1|(fa1, faz)|* > codist *(F', SO(2)) for all F =
(fzj) € R3*3, and

(A5) W, is twice continuously differentiable in a neighborhood of SO(3), and W is twice differen-
tiable in a neighbourhood of Id.

Let us briefly discuss an example of free energy densities 1/, and W, satisfying Assumption

Example 1. We consider a special case of an orthotropic neo-Hookian strain energy (see e.g |3, |6,
40)). Precisely, for 3 > 0 we set W, : R?*2 — [0, o0,

Bltr (C?) — 2tr (C) + 2] if C'eA

“+00 otherwise,

W1<C/) = {

where
A:={C"eR*: FFeR*®sit. det F' > 0and C' = F""F' + (f31, f32) ® (fa1, [32) } -
In addition, for \, i > 0, we set W, : R3*3 — [0, o0,

p(tr(FTF) —3) — plndet(FTF) 4+ A(det(FTF) — 1)? if det F >0

+00 otherwise.

WH(F) := {

We note that the assumption det F' > 0 is related to non-interpenetrability of matter, and the assump-
tion det F' > 0 is typically satisfied in the case of infinitesimal planar strain.

Clearly, the functions Wy and W, satisfy assumptions (A1) and[(A5) To see that W satisfies [(A2)
note that all C" € A are symmetric, and hence, denoting the eigenvalues of C' by vy and v5, we have

Wi(C) =8 +vs =21 +w)+2| =8 —1)*+ (e —1)’] 20

with equality if and only ifv1 = vy = 1.

To see the other properties, we note that the matrix E'" F' is symmetric and positive definite and hence
has three positive real eigenvalues that we denote by \?, \3 and A2 with \; > 0 fori = 1,...,3.
Then

3
Wo(FTF) > u()\%+)\§+)\§—3)—,u(lnkfjtln)\g%—ln)\g)E/LZ()\?—ln)\?—l)
i=1

3
> py (Ni—1)? = pulVFTF — I = pdist*(F, SO(3)),

i=1

where we used thatIn \? = 21In \; < 2()\; — 1). This shows|(A3) and the first part of|(A2)] Next, we
consider Wy. For F € R3*3, we have

Wi (FTF' + (f31, f32) @ (fa1, f32))

B [((f121 + fa + 37 2(finfiz + farfor + farfs2)? + (i + foo + [32)°)
“2(fl+ fo S+ fl St f3) + 2]

B+ =12+ 2(fufie+ farfe)? + (fla+ [ — 1)

it fo+ 20 fn+20fh + fA — Df5 +2(ff + [ — 1)f§2]

| FTF — I — 1| (fa1, f32)| (8)

Vv

v

v
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Derivation of the Reissner—Mindlin model from nonlinear elasticity 5

Let us briefly explain how the previous example arises in modelling (see e.g [3] 6] 140]). Orthotropic
materials are characterized by symmetry relations with respect to three orthogonal planes. The cor-
responding preferred directions are chosen as the intersections of these planes and are given by unit
vectors a, b and c. If the vectors a, b and c are oriented along the coordinate axes, we can introduce
the matrices

100 000
My=| 00 0], My=1 01 0
000 000

for structural tensors of the material, corresponding to the first two directions. With the notation F' =
Vy, ' = V'y', C = FTF, the orthotropic part has the form

2

n gy _ |8 |25 G M, = 26 Oy 1) it det F' > 0
+00 otherwise.

Since for C" = F'TF' + (f31, f32) @ (f31, f32), there holds

tr O = tr C*(M, + My), tr O = tr C(M + M),

we find that W, ™) gefined in this way coincides with (7).

Regularized functionals and constraints. We impose Dirichlet boundary conditions on admissible
deformations, and following [34], we consider for technical reasons regularized versions of (€). Pre-
cisely, we set I" : W12(Q; R3) — [0, oc],

([, W1 (V'Y (2)"V'y (2) + V'ys(z) @ V'ys(x)) da
b [ [V (w) e + B2 f, Wa(V ()

I"(y) ==
WY bk @Pde itye) = (@' has) on 95 x (0,1), ?
Q

(00 otherwise

with some € > 0. Here, the first expression is understood in the sense that it is +oo if V'y3 ¢ L*
ory's3 & L. We note that we impose the specific boundary condition on all of 3.5 in (@) only for the
ease of notation. It can be easily relaxed to hold only on part of the boundary. We will point out during
the proof explicitly which parts require the boundary condition and which ones also hold without it.

Note that the last term in (9) coincides with the second-gradient term in the linear three-dimensional
functionals in [34].

Forces. To include forces f* € L?(S;R?), we follow [14] and assume that the total force and the
total moment applied to the reference configuration is zero, i.e.

/fhdx =0, /x A fldz = 0. (10)

Q Q
We suppose that there is some a € R such that

%f’b —f in L*S;R% with fi=fo=0, (11)
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T. Fastovska, J. Ginster, B. Zwicknagl 6

and denote the functional with forces by J" : W12(Q; R3?) — (—o0, o0,

J"(y) = 1"y) — /fh(a:/) cyde. (12)

1.2 Main results and discussion.

Our main result is the I'-limit of the sequence of functionals () as h — 0. It turns out that the I'-
limit has the form of the linearized Reissner-Mindlin energy (2), and coincides with the I'-limit of (6).
Precisely, we have the following result.

Theorem 1.1. (i) Compactness and lower bound.
Suppose that o > 4. Let (y") -0 € W12(Q; R?) be such that

1
hmsup—[h( )<oo. (13)
h—0 he

Then there exist Qp, : S — SO(2), u € W12(S;R?), v € WL2(S), and o € W12(S; R?)
identified with the constant in x3-direction function o € W12(Q; R?) such that

1 Rt
u = in WH(S;R?),  where (1) := W/ (( iﬁ@ 2s) ) —ZL‘/) dzxs,
2
T

(ZL‘/,J];),)
(14)
1
o = in WH(S), where v"(2) = W/yg(x’,xg)dxg, (15)
T
1
" = in L*(4R?), where o'(z',x3) := hol2 (Qh0sy/ (2", 23)) , (16)
ho/QQh V'(y /V' Ydrs | — 23V’ in L*(; R?). (17)
T

Moreover, if 0 > 4 set

L PWA) | -
Q5(A) = W(Id)(A,A), i=1,2, and Q3(G):= min Q3 (G + ces ® €3> :
Then we have

lim inf iIh( ) (18)
h—0
1
/92 /Q;,m symV'uydo’ + ¢ [ Qhfeym V') da’
S
with
. 0 0 o1(2") + Oyv(a’)
G(2) := 0 0 pa(a') + Dqu(z’) | . (19)
o1(2') + dv(x) pa(a’) + dav(a) 0

DOI 10.20347/WIAS.PREPRINT.3216 Berlin 2025



Derivation of the Reissner—Mindlin model from nonlinear elasticity 7

(ii) Optimality of lower bound in the case o > 4.
Ifu € WH(S;R?), v € WY2(S), and ¢ € W2(S;R?), then there exists a recovery
sequence (")~ such that (17) hold and

1 h
lllgl;élf FI (5" (20)
~ 1 1
—5 [ @@+ 5 [ Aesmvuir + ¢ [ Qe
S S

S

As a corollary of Theorem one can infer convergence of minimizers to minimizers of a linear
Reissner—Mindlin energy. Precisely, we have the following result.

Theorem 1.2. Suppose that ¢ > 4. Consider external forces (f");,~o such that and hold
with o = 2a — 2. Let (y") >0 be a o-minimizing sequence for (J"),0, ie.,

1
limsup — (J"(y") — inf J") = 0.
h—o  h?
Then there exist Qy, = S — SO(2),u € WH2(S;R?), v € WH2(S), and p € W2(S;R?) such
that

Viuy" = Id in L*(;R?),

({T4) holds withu = 0, and (T5)—(T6) hold up to a subsequence. Moreover, 0 > inf J"* > —Ch® and
the limit function (v, @) minimizes the functional

/QQ )da' + = /Q3 (sym V'io( ’))dx’—/fg(x’ v(a
s

with G defined in (T9). Finally, limy,_,o 75 J"(y") = min J.

Let us briefly discuss the main difficulties in our analysis. Starting point is the seminal work in [14] and
[15]on dimension reduction in nonlinear elasticity. However, the scaling of the energy functional con-
sidered there yields a higher rigidity than we expect in the Reissner—Mindlin model. In particular, one
obtains relations between the angles of rotation of the cross-sections of the plate and the transversal
displacement of the mid surface (¢1, ¢2) = —Vv. The Reissner-Mindlin model on the other hand
takes into account transverse shear effects, which contradict this relation.

To overcome this, we rescale parts of the energy differently. More precisely, if we denote the strain
matrix by S = (s;5)i,j=1,2,3, We rescale the part depending on the upper part 5" = (s;;); =12 by
h? while the rest of the energy is rescaled by 47 ~2. While this rescaling allows us to avoid unwanted
rigidity, it also leads to a lack of compactness. In case ¢ > 4, one can overcome this difficulty by
adding regularizing terms (see (9)), which vanish in the limit. Here we use Dirichlet-type boundary
conditions, which allow us to use Korn-type inequalities (see e.g. Proposition 1 [14]).

However, for the case o = 4, we still experience the lack of compactness to perform the limit tran-
sition in the nonlinear term V'y3(z) ® V'ys(x) in (9). The way to overcome this difficulty by adding
a second gradient term is discussed in Section 4 but the limit functional differs from the classical
Reissner—Mindlin energy.

The main steps in the proof are the following:

(a) Scaled rigidity estimates in thin domain. In a thin domain Q, = S x (—h/2,h/2) we use
different rigidity estimates. We derive approximations of the scaled deformation gradient V,y by

DOI 10.20347/WIAS.PREPRINT.3216 Berlin 2025



T. Fastovska, J. Ginster, B. Zwicknagl 8

a rotation Ry (z") in SO(3) depending on z’, the averaged with respect to the third component
2D gradient [ V'y'dxz; by a rotation Q(z') in SO(2) depending on z’ (see Theorem [2.2),

I

and V'y’ by a rotation T}, (z) in SO(2) depending on = (see Theorem [2.7). In the first case
the approximation rate is 2°~2 and in the second and the third cases h°. We also construct a
rotation L, € SO(3) associated with @,

Qn 0
L, = 0
1

(b) Scaling of deformations. Next we obtain the rates of convergence of rotations to the identity in
L? and in any L for 2 < p < oo and normalize and scale in-plane and out-of-plane defor-
mations according to these estimates. We note that the scaling of the out-of-plane components
does not coincide with that introduced in [14].

(c) Convergence of scaled deformations. We prove weak convergence of scaled and averaged with
respect to the third component deformations. Using the boundary conditions we show that the
deformations converge to the same functions even without normalization.

(d) Identification of the limiting strain. We then estimate in L? three approximate strain components
and find that their weak limits in L? up to a subsequence have the following structures:

0 0 (")
LTV h _ Id Y1
Gp= 2 0 [0 0 ()

h2~ 81U<I/) 82U($,) G33((L’).

Qva' )das — Id

sym F}, := sym e — sym V'u(z')
2

QT V'(y f V'(y dxg
K, = — 23V'p(a').
h2
(e) I'-convergence. Using the Taylor's expansion and this relations we obtain the lower bound
in Theorem For the proof of the optimality of the lower bound we construct a recovering

sequence (136).

2 Geometric rigidity
To prove the results on the approximation of the deformation gradient by rotations we make use of the
celebrated Friesecke-James-Miller rigidity theorem:

Theorem 2.1 ([13]). Let U be a bounded Lipschitz domain in R™, n > 2 . There exists a constant
C(U) such that for each v € W12(U, R™) there is an associated rotation R € SO(n) satisfying

||V’U — R||L2(U) S O(U)Hdlst (VU, SO(TL)“Lz(U)

Remark 1. The constant C(U) in Theorem|2.1|can be chosen uniformly for a family of domains which
are Bilipschitz equivalent with controlled Lipschitz constant (see also [8, Section 5]). The constant
C(U) is invariant under dilations.

DOI 10.20347/WIAS.PREPRINT.3216 Berlin 2025



Derivation of the Reissner—Mindlin model from nonlinear elasticity 9

Building on this estimate, we show the following result.

Theorem 2.2. Let S C R? be a Lipschitz domain and Q2 := S x (—3, 3). Lety € W2(Q, R?) and
set

E, = /distQ(Vhy, SO(3))dx < Ch?, and Ey := /distQ(V'y’,SO(Q))dx < Oh?. (21)
Q Q

Then there exist maps Ry, : S — SO(3), Ry, . S — R3%3, Qn:S — 50(2), andQy : S — R2x2
such that |R,| < C, Qx| < C and R, € WH2(S,R3*3), Q) € W2(S, R**%). Moreover,

IVhy(a', 25) = Ru(2') 720 < OB, [|Ba(2') = Ri(a')|[72(s) < CEn, (22)
I D / C D / ! C
IV Ry () |72(5) < mln [1Ba(2) = Ri(e Moo (s) < b (23)

| /V’y’(fc)dl’s — Qua)i2s) < OBy, |Qn() = Qua)ias) < CEy, (24)
1

~ C ~ C

IV'Qn(@)L2gs) < 7552 and [Qu(@) = Qu@)l[iw(s) < s5E2  (25)
(5) = p2 L2

Proof. Estimates and can be derived as in [14, Theorem 6], so we omit the proof here.

Let U be an open subset in R? and let K C U be compact and such that dist (K, dU) > 3h,
where dist «, is the distance with respect to the norm ||(z1, 2)||cc = max{|z1|, |z2|}. For each point

x' € K we consider the square
Sy ="+ (0, h)?

with lower left corner z’. Let ¢ € C2°((0, 1)?) be a standard mollifier, i.e. 1) > O and [;, ¢ = 1, and
set Yy, (+) = h™2¢(-/h). We set

F(2' x3) := V'Y (2',25) and F(2'):= /F(m’,:pg)dxg (26)
T

and consider the map

Qn(a') == (Yp x F)(a') = / h=% (m ;z ) /F(z’,zg)ng,dz’.
z/ h I

Applying Theorem[2.1]to .S,/ , we obtain that for any fixed z3 € I there exists a rotation (- ., 5 such
that

/ |F (2, 23) — Quoyn|d? < C / dist >(F (2, 23), SO(2))dz’. (27)
S:c’,h Sac’,h
Hence, by Hélder’s inequality and Fubini, we also obtain

2

/ /F(Z/,23>d23 —/ngzs,hdzg dz’
T

Son |T
< // |F(2,23) — Qui oy p|*d2'dzz < C / dist 2(F(z), SO(2))dz. (28)
I Sm/,h Sx/,hXI

DOI 10.20347/WIAS.PREPRINT.3216 Berlin 2025



T. Fastovska, J. Ginster, B. Zwicknagl 10

Consequently, using Holder’s inequality and we have

2
Qh(l’/) _/Qx’,zg,,hdz?)
I

2

r .
< / h=2 (x . : > /F(z’,23)d23dz’— / h=24 (x . : ) /Qﬁ/,zs,hdzgdz'
Sur 1 1 Sprn 1
2

< ¢ F(2,23)dzs — [ Q dzz| d2’
>~ h2 y ~3 3 x’,z3,h0<3

Sy 11 I
< ¢ dist 2(F(z), SO(2))d
< 0 ist “(F(z),SO(2))dz. (29)

Sz’,hXI

Since | Vi, = 0, for any point 2’ € S,/ ;, we have from Holder’s inequality and

2

V()
2
= h8 / A\ (x ;Z ) /F(z’,23)d23dz'— / A\ ($ ;Z > /Qx/723,hd23dz’
& h 1 Sa’c/,h 1
2
< ¢ F(2, z)d '
= ﬁ (2,23) 23 — Qx/,Z3,hd23 dz
Suron |1 T
C . 2
< o dist “(F'(z), SO(2))dz, (30)
Swl’2h><1

and integrating over Sy, we find

/ ‘VQh(z’) dz’gg / dist 2(F(2), SO(2))dz=. (31)

Sz/,h Sw/,QhXI

‘ 2

For any point 2’ € S, 5, we have again using

2

!N sl
< h2y a . : ) /F(z’,z3)d23dz’— / h™=24) (x - : ) /F(z’,z3)d23dz’
S:c’,h I S:"c’,h I
2
< C / h=24) <x ;Z ) /F(z’,23)d23dz'— / h™=24 (x ;Z ) /Qx/,%hdz’gdz'
z! h I Sx’,h I
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Derivation of the Reissner—Mindlin model from nonlinear elasticity 11

+ C /h w<x_z)/Fz 23d23dz—/h w(x_z)/cgmhdz?,dz

1 Sa"c’,h
2
< / -4 Za)dzs—/Qx',Z3,hdZ3 dz’
Syron |1 1
C . 2
< = dist “(F'(2), SO(2))dx. (32)
S:t/,QhXI

Combining (28), (29), and we obtain

2

/ Qun(z) — / F(2, 23)dz| d2'

S I h I
2

2 N
C( Qn(z") — Qu(a")| dz’ + Qn(a") — | Qu syndzs| d2’
J [|on-

z/ h S’,h

T

IN

2
+ / /Q:}c’,zs,hdZB_/F(Z/,Z;g)ng dz’>
Sz/,h I I

< C / dist 2(F(2), SO(2))dz. (33)

Sz/ﬁhxl

Finally, setting ¢(¢) := dist (Qx (2’ 4+ h¢), SO(2)) and taking into account (30), we arrive at

/ |g|?d¢ + sup [V 'g|?
(0,1)2 (0,1)2

= / dist 2(Qn(2), SO(2))d2' + sup |V'dist (Qn(2'), SO(2)))?
Surn
S;v/,h '

O( Q=) — [ (2, z)dzPds + | dist?( [ F(2',2)dz, SO(2))d=
Jeo-] [

Sur 1 1

IN

+ sup |V'Qh(z')|2) < % / dist >(F(z), SO(2))dz.

Sz/,h
Sx/,QhXI

Consequently,

dist 2(Qn(#), SO(2) < sup |gI* < C / lg12d¢ + sup [V'g]?)
(0,1)2 (0,1)2 (0,1)2

<

:|Q

/ dist 2(F(2), SO(2))dz, (34)

S /,2h><1
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T. Fastovska, J. Ginster, B. Zwicknagl 12

and integrating we obtain

/ dist 2(Qn (&), SO( d~’<— / / dist 2(F(z), SO(2))dzdz’

Soih S/hS/QhXI

z°,

<C / dist %(F(2), SO(2))dz (35)

S/hXI

Now we consider a lattice of squares of size / in R? and sum (3), over all squares which intersect
K. This yields

/ 1Qu(2) — / F(a z3)das|® + B2V Q) | do/ < C / dist 2(F(x), SO(2))dx. (36)

K 1 UxI

Following [14] we consider S to be locally the epigraph of a Lipschitz function, then arguing as in [14]
and applying the above estimates we get

/ Qn(a’) — / F(a, as)das + W2V Qu()? | da @7)
KNS
<c / dist®(F(z), SO(2))dz

UxI

Since S is Llpschltz its closure .S can be covered by a finite number of open cubes Uy, ..., U;, where
Uy C S. Denote QZ the maps constructed in previous steps for U; and consider a partition of unity
corresponding to the cover {U; }

i=0

If we set l
Qn = Z Th‘@z‘ (38)
i=0

then

! ! !
Qh - /Fdil?:«z = Zm(@ - /Fdfcs) and V/Qh = val@ + ZV'm(Qi - /Fd$3)~
i=0 Y i=0 i=0 y

1

Consequently, applying and with K; = supp 7); we obtain

/ Qn(z’) — / F(2',23)dzs)* + B*|V'Qu(2)* | do’ < CE,. (39)

S 1

Note that this implies in particular that || V'Qp (z )||L2(S < & E», which is the first part of assertion

of (24). From we obtain

sup dist 2(Qp(z'), SO(2)) < hgsup / dist >(V'y(2), SO(2))dz < %Eg < C (40)
S xz'eS

(B RNS) X1

z/,co
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Derivation of the Reissner—Mindlin model from nonlinear elasticity 13

where ¢y depends only on S. Note that this estimate implies in particular

1Qnllz(s) < C. (41)

It follows from that
/ dist 2(Qn (&), SO(2))d# < CE,. (42)
S

Now the rotation (), can be obtained as projection of Q, onto SO(2). More precisely, since SO(2)
is @ smooth manifold, there exists a tubular neighbourhood U of SO(2) such that the projection
7w : U — SO(2) is smooth. In particular, there exists some § > 0 such that for all M ¢ U, there
holds dist (M, SO(2)) > 9. Let

~ . mp2x2 ~ L W(M) M e Z/[,
7R = S0O(2), #(M):= {Id Meu (43)

and set Qp, := 7 o Q. If Qn(x') € U then |Qu(2') — Qu(z))| = dist (Qn, SO(2)). If Qh(x’) ¢U
then dist (Qn(2'), SO(2)) > 4§, and with we obtain |Qp(2") — Qp(z’)] < Cdist (Qp, SO(2)).
Consequently, with we obtain

_ - ~ C
1Qn(2") = Qu(z") |7~ (s) = sup |Qn(2') = Qu(a)* < ngpdistQ(Qh, 50(2)) < 35 B2, (44)

which shows the second assertion of (25). Similarly, with we deduce

/ 1Qn(x") — Qn(x)|?da’ < C / dist 2(Qp, SO(2))dz’ < CEs, (45)
S

S

which is the second assertion of (24). Finally, combining and we obtain the first assertion of
(24). This concludes the proof of Theorem O

Remark 2. Letl; andUs, be neighborhoods of SO(3) and SO(2) such that the respective projections
onto SO(3) and SO(2) are smooth. If we assume that E; < Ch**¢ for some ¢ > 0 then (for h small
enough) we obtain from and that Ry, (x') € Uy and Q(z') € Us. It follows that the the maps
Ry : S — SO(3)andQy, : S — SO(2) which are obtained by projections onto SO(3) and SO(2),
respectively, are actually also in W2, and it holds

/ ! I D / C

IV Ry (@ )||%2(5) < ||[V'Riu(z )H%Q(S) < ﬁEl, (46)
/ ! ' A / O

IV'Qn(2)|72(5) < V' Qn(@")l[72(s) < ek (47)

Thus in this case the estimates from Theorem|2.3 (more precisely the first assertions of and (25))
hold for R, and ()}, directly.

Corollary 1. Under the assumptions of Theorem there exists a constant rotation P, € SO(2)
such that
C

I /V’y'(x)dxg - P,Q||%2(S) < ﬁEg, and (48)
T

C
1Qn (") — P}ILH%P(S) < EE% 1 <p<oo. (49)
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Proof. We use the notation from Theorem 2.2 and from and define

P=7 (g [ @),

It follows from Poincaré’s inequality that

1Qn(a") — Phll72s)
<C ( #On(2') — 7 (é /S @h(x’)dx’>

=¢ (Hvl@h(x/)”%m +/SdiStQ(Qh(l'l),SO(Z))dx') < c%_

e - 7@
L2(S)

Hence by the Sobolev embedding, we have for 1 < p < oo

1Qn(a') = Billncsy <CIGHE) = Phllnas) < € (1@u(a") = BillZacs) + V' Qula) Bags))

E27
where in the last step we used the first estimate in (25). Then and follow with (24), (25). O

Now we define R}, as 2 x 2 submatrix of the rotation matrix R, and the rotation P, € SO(3) via

R, 0
Ry = 0], and P,:=
0 01

Pl
0. (50)
0 01

Corollary 2. Under the assumptions of Theorem the constant rotation P] € SO(2) from Corollary
[ satisfies

E
B4 (&) - Filla < € (3 + 1) 51
and
h 2 Ey
[ R35 — 1[72¢5) < C (ﬁ + El) : (52)

Proof. We obtain from and Hoélder’s inequality that

W%ﬂ—/Vﬂ@mﬂﬁ$§ézmmw—vwmﬂmmg

1

and hence with (48), we deduce

IR) = Pl <C (1R = [V @dasliag + 1| [ 9 @os = Pl
I 1
FEy
SC <ﬁ + El) )
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Derivation of the Reissner—Mindlin model from nonlinear elasticity 15

which completes the proof of (51).
We now turn to the proof of (52). We denote the entries of the matrices R, and P, by R
respectively. Since R, and P] are rotations it holds for j = 1, 2 that

h and P!

ij K

Ry |* + | R + R = 1 = |PA* + [P
Consequently, for 7 = 1,2
[Rjs|* = [PLP — |RAPP + [Ph)? — R
= (|Pil + [RLD (P — [RA]) + (IPs| + [RD(1P)] — [R)|)
< C(IPfi + [R}y| + [Pl + [RpD (1P — Rl + | Py — Rjy)-

Then, using a similar argument for [23; and Hélder’s inequality it follows from that

| Es .
||R§L3||2L2(S) + HRQLJ'H%Q(S) <C 22 T Ey, j=1,2. (53)

Next we use that

| det R), — 1
=|det R, — det Pj|
:|R?1R32 - le2Rgl - P1h1P2hQ + P1h2P2h1|
<|Ri\ Ry, — Ply Ro| + | Pl Ry — P\ Poy| + | Ply Ry — Riy Ry | + | PlyPyy — Piy Ry |
<3| Rn| + [FR)IR) — By (54)

On the other hand, it holds
1 = det Ry = Ry det R}, — R, (Ry, Ry — RisRy,) + Ry (RiyRyy — RizR,).
Therefore,

|Rly — 1 <C (|R3s]°| det Ry, — 1 + |RE,|P(|RY | + [Roy [*) (| Ras]” + |RY[)
+|RE P(|RY, 1P + [R5, %) (| R3s|? + | R 2)) . (55)

Hence, integrating and using | R%;| < 1, (54), and we conclude

E
IRy — 1|72 < C (h_j + El) ; (56)

which concludes the proof of (52). O

Let us now assume that I"(y") < C'E), where

Then it follows from the structure of the functional (9) and properties that £y < CE}
and F; < C’%, where E; are defined in (21). In order to normalize the functions v, we prove the
following lemma, c.f. [14].
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Lemma 2.3. Let S C R? be a Lipschitz domain and Q2 = S x (—1,1). Let a sequence y" satisfy
I"(y") < CEy, where

)
lim — = 0. (57)

Let assumptions|(A3),|(A4) be satisfied. Then there exist a rotation B;, € SO(3) and c" € R3 such
that the following assertions hold for By, and the functions

g = (BT (B) (" — ). (58)
B, 0
The rotation B}, has the form B, = 01,
0O 01
|B), — Id| < Ch™'\/E, (59)
/ 7y — J5,)dz =0,  and (60)

Q

~h T .
/y—(hxg)dx—o. (61)
Q

Proof. We suppose that h is small enough such that % < 1. It is easy to see that is satisfied
after a proper choice of the constants c”*. We use the notation

gh — (Ph)Tyh.
It follows from with Holder’s inequality and £y < C'E}, that
1 VE
— /V’y’hd:c —Id| < oYX (62)
1] h
Q
It remains to find § € (—, 7] such that the rotation B)," € SO(2),
0 —sind
B
4 ( sinf cosd
satisfies and . It follows from that for 2 > 0 small enough
2 2 2
/ (T + Bop)dr | >C (1= / (71, = Dda | = / (75, = Vda (63)
Q Q Q

Ey
>C (1_ﬁ> > 0.

In case f(g{”Q - gjgﬂl)dx = 0, we can choose B’ = Id. If this is not the case, in order to satisfy

Q
property (60), we choose 6 such that

f(?jfl + ?73,2)dx

cot§ = & — — )
f(yg,l - yfg)dx
Q
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Derivation of the Reissner—Mindlin model from nonlinear elasticity 17

Furthermore, using and we then obtain

| [ (551 — 715 da]
) 1 Q ' VvV E}
0| = < < 4
| sin 6| ”1+cot29_0 > 2_0 A (64)
((JZ" (951 — yig)dw) + ((j; (W11 + y%;)dw)
and
2
|cot9| (g(%l (7 2)dx>
\cosﬁ—l\:‘——l <C (65)
V1+ cot?d ) ) 2 ) ) 2
(0= staae) + ([t + o) )
Ey
< Cﬁ‘
Combining and we obtain (59).
O

Next, we define

N ~h
Uh(a') = / ( % ) (2/,23) —2'des and  V(2') = /ygdxg.
T

(66)
T

1). Lety" be a sequence with

Lemma 2.4. Let S C R? be a Lipschitz domain and Q) = S x (—21 515
I"(y") < CE,, where E), satsifies (57). Let assumptions and |(A4) be satisfied. Then there

exists u, € WLQ(S ; Rz) such that up to a (non-relabeled) subsequence

h2
@" := min { N } U, —a in WHY(S;R?). (67)
Proof. We set A} := \/LET((B;L)T(P}’L)TQ;L — Id). Using |(A4), (47) (@9), and (59) we obtain
/ Ch2 / /112 / 2
1AL 2(s) < 5 IV QnllZ2(s) + 11@n = Prllzas) + 1B), — dll72(s)) < C,
and thus by the Sobolev embedding
H/I;I,HLP(S) <, V1<p<o. (68)
Since
AN\T A7 h2 T p! R/ INT ¢ pI\T h A NT A’
(Ay)" Aj, = E_h(QhPhBh —1d)((By,)" (F)" Qn — 1d) = _\/E_h((Ah) + 43)
2
= Al —((B)"(P)TQy — Id
2\/E_hsym h— meEh(< h) ( h) Qh )
we obtain from with Hélder’s inequality that
h? T T A2
| sym((B)T (P Qn — 1d)l|zxs) < Cll A [ags) < C. (69
Berlin 2025
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Then, combining this with we arrive at

| sym V'Up|| r2(s)

=|| sym /V’(gjh)’d:pg—]d 22(s)

1
<[l sym /V'(ﬂh)’dxs — (B (P Qu | llzzes) + sym((BL)" (P)" Qn — 1d)| 2(s)
I

E
<C(VEn+ h_;l)

Using Korn’s inequality and normalizations (61), we infer the assertion of the lemma. O

Now we consider

Yo

UMa') = u (2, 23) — 2'd
= h , T3) — X' AT3, (70)
I

and recall that the quantities P;,, B; and ()}, were introduced in Corollary Lemma and Theorem
respectively.

Lemma 2.5. Let a sequence y" satisfy the assumptions of Lemma Then it holds

E2
|P} B), — Id]* < C'max (h—f;Eh) , (71)
E
P, — Id)* < Ch—g, and (72)
E,
1Qn(") = 1d||Z25) < Cﬁ- (73)

Moreover, there exists u € WLQ(S ; RQ) such that up to a (non-relabeled) subsequence

1 h?
=min | —, — | U, = u in W"?(S;R?). 74
mln(\/E_h Eh) h—u in ( ) (74)

Proof. The proof is similar to that presented in [21]. From we infer the relation

uh

v = BiBL(") + (") (75)
It follows from (75) and the definitions of u™ and u" that
max(h™2Ey, / Ep)u" = (P, B}, — Id)x’ + max(h™2Ey, / Ey) P, Bya" + (") (76)

Due to the Dirichlet boundary conditions of functions with finite energy we have that " = 0 on 05S.
Combining and and using the trace theorem we obtain

|(PB, — Id)x' + (") [|72(p5) < max(h™Ef, Ep)||@"(|72 (55
< Cmax(h*Ep, E)|@" 1205 < Cmax(h™E}, Ey). (77)
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Derivation of the Reissner—Mindlin model from nonlinear elasticity 19

Without loss of generality we may assume

/a:' dH'=0 and /|x'|2d7-[1 > 0.
oS

as

For any P € SO(2) a straightforward computation shows, c.f. [21],

2|(P = Id)a'|* = |(P — Id)P"|2/|". (78)
Therefore, yields
(") | < Cmax(h™2Ey, \/Ep). (79)

This together with and gives (71). Collecting (71),(76), we arrive at
2
IV un 225y < C.

Taking into account the Dirichlet boundary conditions we obtain (74). Combining and we get

(72). Finally, (73) is a consequence of (49) and (72). O
Lemma 2.6. Under the assumptions of Lemmal2.5 and|(A3}) it holds
2 By
| sym(Ry, — Id)||725) < Cﬁ and (80)

IVry" = Id|)72 0 <C (81)

h2
Moreover, there exists v € Wl’z(S ) such that it holds up to a (non-relabeled) subsequence that

h
VE

Proof. Since Ry, is a rotation we have for: = 1, 2

V" (2') = Vi) = v in WH(S). (82)

R R 31 —|—R R + R R =0.
Therefore,

RY R + (RS, — 1)RY, + RE(REy — 1) = R, + R,
(R}, — 1)RYy + R, R, + Riy(Ry; — 1) = Rl + R,

Consequently, using (1), and we obtain
IR, + R}213||%2(5) < ||R31H%2(S)HRQL1H%OO(S) + [I(RS, — 1)”%2(3 | Rl 1700 S)

I REs |1 oo 5 [| (s — DI72s) <Oh2, (83)

1Rs, + Risllias) < I1(R1 — DI (s) 1 R51 1 (s) + 1RY 125 1 B2 | Zoe )

Ep
Jr||R}1l3||i<>o(5)||(R§3 - 1)”%2(5) <C—. (84)

72
Then, it follows from ®e), (72), (83), that
Isym(Rn — Id)||72s) < CUIRL — Pallias) + 1125 = Tll7a(s)
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+[Rgy + Rizllia(s) + [[1Raz + Raslliags) + 1 (Rss — DllZags)) < C%-
Therefore, using we obtain
lsym(Viy" — Id)l[720) < Cllsym(Ry — Id)|[7(s)
IV = Ralliomy) < O
Using the Dirichlet boundary conditions and Proposition 1 in [15] we obtain (81). Then is a con-
sequence of (81). O
Theorem 2.7. Suppose that S € R? is a Lipschitz domain and Q = S x (—%, %) Let y" be a

sequence such that I"(y") < CE},, where E}, satisfies lm% 7% = 0. Then for any fixed x3 € I and

h small enough there exists a map Ty, (z', x3) : @ — SO(2) such that

IV'(y") () = Th(2)|Z20) < CEn, (85)
(0

: |

T (2, 23) — Td|| 700y < C max (E;:, h—g’) , 2<p<o0. (86)
Proof. 1 First we prove that there exists a map 7}, (2, z3) : © — R?*2 such that

IV (") (x) = Tn(2) |72y < CEn, (87)

()

5 B,

||V/Th(I,,ZL’3)||%2( S Cﬁ (88)

As in the proof of Theorem we consider an open subset U C R? and K C U compact
such that dist (K, OU) > 3h. For each point 2’ € K we consider the square

Sx’,h =7 + (O, h)2

with lower left corner 2’ and define the map

Th(l'/,l‘g) = / 2 (x — > F(Z', x3)d?, (89)

Sa:/,h
where F' is defined in and v is a standard mollifier. We also use the notation ¢, (-) =
h=24(-/h). Using the Halder's inequality and the rotation ) .., », defined in we get

2

A

Th (x/7 'TB) - Q:p’,xg,h

= / h=%) <x’;z’) F(Z x3)dz" — / h~ ¢< /) Qu 2y 0l

Sz’,h Szl,h
C
792 / ’F(Zla Ll'g) - Qm/,zg,h‘z dZ/
z/ h
Sﬁ dist 2(F (2, x3), SO(2))d?’. (90)
Sx/,h
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Since f Vi, = 0, using and Holder’s inequality we find for any point 2’ € S, j,

V,Th(i’/, .%‘3)

_ / (V) (x = ) F(, 2g)ds — / (V) (9” - Z> Qur oo nd’

‘ 2

a"c/,h @/ ,h

_h4 / |F Z .I'g Qm’ , T3, h| dZ
S 2h

Sﬁ dist *(F (2, x3), SO(2))d?'. (91)
Sa/ 2n

Integrating this inequality over S, j, X I yields

R 2
/ ‘V/Th(2,71?3)’ dz'dxs S% / dist >(F(2', 23), SO(2))dz dx3. (92)

Sz’,hX[ Sm’,hXI

For any point 2’ € S, 5, we have

) . 2
T (2, 23) — Th(3', x3)
2
! — !
<| [ () re xgdz—/h (555 P e
o
2
o [ =7 o, (2 =2 ,
< h==y A Z $3 dZ - h=*y h Qx’,m,hdz
z/ ,h
2
-2 T2 ! / Z
+ /h ) : F(z,xg)dz—/h 24 Qo' 25,0d7"
&' h S5 h
_h2 / |FZ 1‘3 Qm’$3h| dZ
S z/,2h
O . 2 / /
gﬁ dist “(F (7', x3), SO(2))dz'. (93)
Syt an

Combining this with and yields

2

dz'

A

Th(2' x3) — F(7, 23)

Sz’,h
~ 2

~ 2 A
é/ Th(Z’,:vg)—Th(x’,xs)) dz’ + / ‘Th(:v’,xs)—Qx/,xg,h d?’

Sa:/,h Sx’,h
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[ Qe = P )
Surn
<C / dist *(F (2, x3), SO(2))d? (94)

Spi

x5,

Finally, setting ¢(¢) = dist (T),(2/ + h(,x3), SO(2)) and taking into account (F1), we
come to

/ |g|%d¢ + sup |V'g|* dz’!
(0,1)2 (0.1)2

- / dist 2(T},(2', 23), SO(2))dz' + sup |V'dist (Tj,(2, x3), SO(2))|?
Sz/h
Sm/,h 7

SC( / Th(2, x3) — F(2, x5)|?d2’ + / dist >(F(2', 23), SO(2))d’
Sac’,h

z! h

+ sup |V'Th(z’, x3)|2)

Sm/,h

C . / /
Sﬁ dist >(F(2', x3), SO(2))dz’.

Sz’,Qh

Consequently,

dist 2(Ty (#, 2), SO(2) < sup |gl? < O / lgl2d¢ + sup [V/g]?)
(0,1)2 1)2

(0,1 o,
O . / /
< 7 dist *(F (2, x3), SO(2))d?’,
S 2n
and thus
/ dist 2(T},(2', x3), SO(2))dE < % / / dist >(F(2', 23), SO(2))dz'd%’
Syl Set n Sir on
C . 2 / ! 3~
< e dist “(F'(2', x3), SO(2))dz'dx
Sar h Sat an
< C/diStQ(F(Z’/,1’3),80(2))(12/. (95)
Sm’,h

Now we consider a square lattice of size h in R? and sum the inequalities (92), over all
squares which intersect K. This yields

/ (1T 23) — P! )+ 2T, ) ) 'y (96)
KxI
gC/distz(F(x),SO@))dx.
UxI
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Following [14] we consider S to be locally the epigraph of a Lipschitz function, then arguing as
in [14] and applying the above estimates we get

/ <]Th(m’, x3) — F(2', x3)|? + h2|V'Tj (' x3)|2> dx'drs (97)
KnSxI
<C / dist>(F(z), SO(2))dz.
UxI

Since S is Lipschitz S can be covered by a finite number of open sets Uy, ..., U;, where Uy C
S. Denote T} the maps constructed in previous steps for T; and consider a partition of unity
correspondent to the cover {7}

m € Co°(Uy), ni = 0, Zm(ﬂf/) =1,Va' €S,

If we set

then

l l
T,—F=> n(Ti—F), and VT,=Y pV'Ti+Y Vn(l;—F).

l
—0

=0 =0 i

Consequently, applying and with /(; = supp 7); we obtain

/ <|Th(9€/,$3) — F(a' z3)* + W’ VT, (2, 933)|2> dz < CEj, (99)
Q
which proves and (88). It follows from that

/diStZ(Th(l'/,.Z'g), SO(2))dx < CE},
0

and hence

/|Th(x’,x3)|2dm < C/( inf |Th(x',x3) — PP+ 1)dz < C(E,+1) < C. (100)
PeSO(2)
Q

Q

2 Now the rotation T}, can be obtained by projecting T}, onto SO(2). Since SO(2) is a smooth
manifold, there exists a tubular neighborhood U of SO(2) such that the projection 7 : U —
SO(2) is smooth. Note that there exists a § > 0 such that for all M ¢ U there holds
dist (M, SO(2)) > §. We define

e ae) — 2T ) — {§2<Th<x/,x3>> : ;g; ZZ

Then in case Th(z',x3) €U we have |1}, (', 73) — Th(z', x3)| = dist (Tj, (', x3), SO(2)).
It Ty (', 23) ¢ U then dist * (T}, (2", 23), SO(2))dx > 62, and hence
h

(T(a',w3) = Th(a', @) * =|1d — Tj(a', 3)
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<C(1 + dist*(Ty, (2, x3), SO(2)))

1 .
SC (ﬁ + 1) dlSt2(Th(SL’/, IL’3), SO(2>>
Integration over €2 then yields

/\Th(x’,xg) — Tp(a!, x3)[?dx < C/dist2(Th(a:’,x3), SO(2))dx < CEy,

Q Q
which together with gives (85).

3 Let {2’ be any compact subset of {2 and |s| < dist (€', 02). It follows from (89), integration by
parts and Holder’s inequality that for any s > 0

2

A A

Th(2' x5+ s) — Th(a', x3)
S

_ / h_2¢ <x/ ; Z,) V/<yh)/(217x3 + S) o V/<yh)/<2/’x3>d2/

S
Sm',h
2
| [ e (152) 20 - 0,
S
Sz’,h
h\! (1 YA 2
§0h74 / ‘(y ) (Zux3+5) (y )(Z,Ig) dz'. (101)
S
Sz’,h
After integration of (T0T) over S,/ , X I we obtain
. . 2
/ Th(l’/, T3+ S) - Th(l’/, .733) du
S
Sm’,hXI
2
con [ @t @Y,
S
Sz’,hX]

Therefore, since Y is arbitrary, we get for the map T}, defined in that

2

T(x', 3 + 5) — Th(2!, x3) _ O WY@t s) — () (@ 2a) |
s ~ h? s 2@
L2(Q)
Passing to the limit s — 0 and using we obtain
~ C E,

195Ti (2", 25) 7200y < 75 110(5") (2" 28) 7200 < O3

Combining this with (99) yields
- E
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This implies that for the constant map S}, =

% g{ T )dx we have

| /Th($,7$3)d$3 - Sl/zH%?(S) <O|Ti(x', x3) — S;LH%?(Q) (103)

<O VT, 23) 220y < C 2.
Together with (24), and one may then derive
S5 = Pil”
<c(8 - / T, 23)da|2ags) + | / (@' wa)das — [ V'Y (@)daalags

1

+ |l /V/ z)dzy — Qh(i’?/)H%?(S) + | @Qn(2") - PI”’%?(S))

gcﬁ. (104)

Combining this with (72), (103) implies
|Th(a" ) = Tdl|Z2 ) <CUTh(a", 25) = SpllZ) + IS, — Pil* + | P, — 1d[*) - (105)

En
gCﬁ.
By the Sobolev embedding one may then derive from (102) and (105) for any 1 < p < oo that
- - E,
||,I‘h(l',7 1'3) - ]dH%p(Q) S CHTh(I‘,, 1}3) - ]d||12/vl,2( S Cﬁ (106)

In case T (', x3) ¢ U, it follows from the definition of the term T}, (', z3) that || T}, (2, 73) —
Id||7,s) = 0. Incase Ty, (2', 23) € U it holds

Ty (2!, x5) — T (2, 3)| = dist (Th (2, 23), SO(2)) < 6.
Hence, it holds for all 2 < p < oo that
Ty (2, 23) — IdPP < C (distp(Th(x’, 23),SO(2)) + | T (2, 3) — ]d|p> .
Consequently, it follows forany 2 < p < coand any x5 € [
1T (2", w3) — 1d|[7, s

<C /distp(fh(a:',xg),SO(Z))dx' + |7 (2, 5) — Id||% s
s
Integrating this inequality over I with respect to x3 we infer

T (", 23) — ||
@

N

<C /distp(Th(x’,xg),SO(Q))dx T ONTua s) — 1d]2 0
Q

2
<C'max (E,f, f;) . (107)

DOI 10.20347/WIAS.PREPRINT.3216 Berlin 2025



T. Fastovska, J. Ginster, B. Zwicknagl 26

3 Dimension reduction

We introduce the rotation

Qn 0
L, = 0 1. (108)
1

Lemma 3.1. Let S € R? be a Lipschitz domain and 2 = S x (—3, 1). Lety" be a sequence such
that ["(y") < C'Ey,, where

. En

e = 1 o)
or E

b

Then there exists G € L*(€); R3*3) such that it holds up to a non-relabeled subsequence

LIV - 1d

) IR 1200y, p3%3
Gy, = EDETh G in L*(Q2;R°*) ash — 0. (111)

Moreover, G has the form
0 0 Ga1

G=1| 0 0 Gso
81’0 82"0 G33

where (G31 and (G35 do not depend on x5.

Proof. 1. For h small enough and under assumption (109) or (110) one can infer from (22), (49), (51),
and that

G720

. “v,<yh),_th . 2 +Ha_y ‘—_—1
- (B2 /0 2 1ED) /P2 ([ED)Y 2 || (En)V2/h £2(Q)
<C.

Therefore, (111) holds.
2. Let Q' be any compact subset of 2 and |s| < dist (€', 9€2) and consider the difference quotients

Hy (2 23) == s H(G(2, m3 + 5) — Gp(2/, 73)).

Due to
Hy, = H=sYG(2' 23+ s) — G(z',13)) in L*(;R>?). (112)
On the other hand,
vhyh(xla r3+S) — Vhyh(‘rla x3)
s(En)'/2/h

It follows from and combined with the Sobolev embedding theorem that up to taking a sub-
sequence it holds for all 1 < p < oo that

Hy, =L}

Ly, — Id in LP(S;R>). (113)
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Therefore,
Vg (2, x3 + s) — Vipy"(a!, z3) e s
Ly Hy, = : 2 Hin LYQ;RY), 114
On the other hand,
Vhyh<x/7 T3+ S) — Vhyh(J?/; x3)
Ly,H, = 7
s(ER)12/h
x3+s

r3+s
h? 1 1
= Wvlg / E@gyh(w',z)dz
x3

By definition of I" it holds [, 7=|93(y")'|* dz < C'E}, and thus

11 ,
Wg / 8§yh(x,z)dz . (115)

3

1

(B, )1/282 Y2, 2) — (0,0)7 in L*(CY;R?).

Next, using one deduces that

32 0 0
V’ 8 y"(2',z) = | 0 0 in W12 (Q; R,
(Eh)l/Q ’ 0 0

Therefore, since (Y is arbitrary it follows from (113),(T74) and (T75) that all the entries of H are equal
to zero, except maybe Hs3, consequently, the entries of G (', x3) do not depend on 3, except maybe
Gs.

T/ (,h\ _
3. Now we notice that G}, = %/Q)MM and that (111) yields

/G’ (2, x5 dxgé/ 2')dzs = G'(z'), in L*(S;R**?). (116)

1

Then, due to

/G;l(x', x3)drs3

QLV'(y _
/ Eh 1/2/]1 dﬂ?g —

Qva' Ydxs — Id

. L TD2X2
EDETh — 0 in L*(S;R>?),

and therefore,

Next, it holds fora = 1,2

/ Gl dxs = h / Oays/(En)'Pdrs = Oqvp, — Oav in L*(S),
which together with gives Gz, = J,v(2’). O
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Remark 3. Let us denote

1 / . X
oh (e, x3) = B (Qn0sy (2", 23)) , = wala’) = Gag in L*(S;R>?).
Then
0 0 p1(2')
G = 0 0 p2(z')

ov(z') (') Gaz(x)

Lemma 3.2. Let the assumptions of Lemma|3.1| be satisfied. Then there exists ' € L*(€); R3*3)
such that it holds up to a non-relabeled subsequence

QY [V'(y")dxs — Id
T

By, = CALE — F(2) in L*(;R*?) (117)

ash — 0 and
sym Fy, — sym V'u(z') in L*(Q;R>?), (118)

where v is defined in (74).
Proof. It follows from that

[V (y"des — Qu ||’

2 i
||Fh||L2(Q) <C (Eh)1/2 <C,
L2(Q)
which implies(T17).
Now we rewrite F}, as
V' (y")das — 1d O, — Id V' (") des — Qn
F,=1 L — 1d)"1 119
and set Ay, = %. Using that (), € SO(2) we observe that
v (Qu—=I1d)" (Qn—1d) 2 _ (Qn — I1d)
AhAh_ (Eh)1/4 (Eh)1/4 __(Eh)1/4 SymAh——stmW. (120)
It follows from (47), and the Sobolev embedding that
Ap — A in LP(S;R¥?), 1< p< oo (121)
Combining with we get
symA, =0 in LP(S;R*?) 1<p< co. (122)

Therefore, it follows from (721) and (122) that sym A = 0. It remains to identify A;s. It follows from
4), and that

Ajp = ;llin%)(Eh)l/4uh =0 in LP(S) 1<p<oo, (123)
%
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which implies that A = 0. Then, (121) yields

@Qn—1Id) = A

_ . P L TD2X2
(Ep)1/2 & =0 in LP(S;R™T) 1< p<co. (124)

sym

Now we estimate the third term in (T19). By and we have

fV d.’Eg—Qh

— 1)t
(Qh ) (Eh>1/2
L1(Q)
V' (y")dzs — Qn
<|Q — Id| A <c¥hr g
= I%h L2(Q) (Ep)1/? = n J
L2(2)
which together with (74), and yields (118). O

Lemma 3.3. Let the assumptions of Lemmal3.1| be satisfied. Define the function K € L*(£2; R>*?)
as K(2',x3) := x3V'¢(x) where ¢ is defined in (). Then it holds up to to a non-relabeled subse-
quenceas h — 0

QT (V'(y j‘v' ) dxs)
Kh =

R o r200). R2X2
(Eh)1/2 K(2' x3) in L7(Q;R**?). (125)

Proof. We use the Dirichlet boundary condition in combination with Korn’s inequality applied in the
two-dimensional domains S X {3} to estimate

2

fV’ d;r:3
K|l <
|| h|| <C (Eh)1/2
L2(%)
sym(V fV "y dxs)
<
<C (Eh)1/2
12(9)
Ty — | Tyd
. VY — T, | e sym(T}, [ hdzs)
N (En)'2 20 (E)'/2 2@
<o||Y )~ T 2 L o|[fymh — 1d) 2 (126)
B (En)? 2 (En)? 2

where T}, is the function from Theorem [2.7] The first term on the right-hand side is bounded due to

(89). Therfore, it is left to show that also the second term is bounded. We set C7, : % and
compute
(e - Th(2', x3)T — Id Ty(a!,z3) — Id
(Ep)1/4 (Ep) /4
. 1 Th({E,, l’g)T —Id Th(il?/, fﬂg) —Id
IRCCARE ( (En)! (En)! )
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1
= _2—(Eh)1/4 sym C},.

Hence, we may estimate using and Holder’s inequality

2 4

sym(7Ty, — Id)
(En)1/2

sym(Ty, — Id)
(Eh)1/4

L2(Q)

L

E
< Cmax{l, —h} < C.
BA
()

Let now again (2’ be any compact subset of {2 and |s| < dist (€2, 0€2). We introduce the difference
quotients
My (2, 23) == s (Kp(2, 23+ 5) — Kp(2/, 23)).

Due to (125)
My, = M =s (K2 x3+s)— K(z/,23)) in L*(;R>?). (127)
On the other hand, we have by Remark

V’(yh)’(x’, T3 + S) _ V’(yh)’(yc’, 1'3)

M, =QF
= s(Ep)1/?
1 1 r3+s
= WV’;QZ / d5(y")' (2, 2)dz — Vip(r') in W2(QR?).
T3
Since 2’ is arbitrary, the claimed form of K follows. -

Now we prove our main result.

Proof of Theorem[{.1l (i) Let £, = h”. It follows from Theorem [2.2] Lemmas B.3/and
Remark [3]that there exist rotations Ry,(2) : S — SO(3) and @, (') : S — SO(2) such
that

IVhy(a', z3) — Ri(2') |32y < Ch72, [V Ru(2))] 7205y < O,
| /V,y,(x)d% — Qn(a) 725y < C7, V' Qu(a)||72(5) < ChT2.
T

We expand WW; around the identity, W;(Id + A) = 3Q4(A) + n;(A), where Q4(A) =
W (A) (Id)(A, A) and n;(A)/|A]> — 0 as |A] — 0. If now w;(t) = sup |n;(A)| we
|[A|<t

9A2
have ]
Wi(ld + A) 2 5Q5(A) — wi(A]). (128)
With the notation 7, := % it follows from|(A4)|that
V'r, @ V'r, — b(z) in L*(;R>?). (129)
If o > 4, then yields
V'ry =0 in L*(;R?), (130)
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and therefore, V'ry, @ V'rj, — 01in L*(Q; R**?) and in view of
V'r, @V, =0 in L*(QR*?), ifo > 4. (131)
We estimate

1
lim inf E—hfh(yh)

h—0

Vv

h—0

h2
+Fh / WQ(L;{vhyh)dx)
Q

h? vVE
h
Q

1
lim inf (E_ / Wl(vl(yhyTQhQZV/(yh)/ + V’yg ® V’yéz)dx
h
Q

h—0 h

1
= / Wi((Id+ / EyFy + / EnKp) ' (Id + \/ EnFy + v/ EnKy)
h
Q

+/ EhV’rh ® V/Th)d$)

= lim inf( / Wa(
h—0

+2 Sym 4/ EhKh + EhFEFh + EhK]?Kh + 2Eh Sym(Kh Fh>
+/ EhV’rh ® V/Th)dl‘) .

d$+_/W1 [d+2\/EhSyth

Let us define ;, as a characteristic function of the set
Q) = {x € Q:|Gu| < 1/(Ep)', |Kn| < 1/(BW)/%, |Ful < 1/(Ep)'%,

V] < 1/<Eh>1/8}.

Then Y, is bounded and X — 1in L(Q), thus we have X, G, — G, xn K — K, xnF), —
F, xnrn @ — b(2') in L?(Q; R?*2). Therefore,

h

h—0

lim inf il'h(yh) (132)
h—0 h
h? VE,
>
> hgn_glf(E /XhWQ( - )dx
Q
1
+E— xuWi((Id + 2+/ Epsym Fj, + 2sym +/ E, K},
h
Q
+E FIFy, + EyK Ky + 2B, sym(KL ) + /By, @ Viry)do)
o 1 h? VE
> liminf (/(Xhng(Gh) — —Xxnwa( hGh))d:U

En
0

DOI 10.20347/WIAS.PREPRINT.3216 Berlin 2025



T. Fastovska, J. Ginster, B. Zwicknagl 32

Then

1
+/(Xh§Q;,((2 Syth + 2symKh + V/’f’h (059 V/Th) — CXhEh(‘Fh|4 + |Kh’4)

Q

1
—E—hxhwl(Q Eh Syth + 2\/ Eh symKh + EthFh + EhK;;Kh

+2E), sym(K] F,) + / E,.V'r, ® V’rh))dw). (133)

It is easy to see that whenever x;, # 0, ﬂ Gl < —> 0 and

VEu D th2(,mgh>,) 2
—XhWQ = |Gh| — 0. (134)
( Reent
Moreover,
En(|Fu|* + |Kn)) < VE, — 0. (135)
If we denote
Up =2sym Fj, + 2sym K, + \/E,FL F, + \/ E, K}l K, + 2y/Ej, sym K} F,
+ V'r, @ V'ry,

then

IV E U = |2v/ By sym Fy, + 2v/ Eysym Ky, + E F'F, + Ey KK,
+2E, sym KL Fy +\/EyV'r, @ V'ry| < C(ER)Y* =0

and

1
= hn (‘ VEnsym Fy + 2/ Epsym Ky + EnFTF, + EyKT K,

h )

(|12sym Fy, + 2sym K, + V'ry, @ V'ry|* + V Er) — 0,

+2E, sym K} Fy, + / ExV'r, @ V'ry,

th1(|thUh|)
T WVERUL?

which together with (132)—(135) yields in the case o > 4.

We assume that v, © and ¢ are smooth and consider

h - ! hg/QU,(l’/) ha/2g0<x/)
@, ws) = ( has ) * < pelty(ey ) T 1janerg(ey )0 0%

where ¢ = £(G) is the element which realizes the minimum of Q3 i.e.

Q3(G) = Q3(G + ces ®e3)).

N e e S e
ha/Z—lvlv 1+ 1/2h0/2_1£<G)

(e o))
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and

(V1) Vi = Id 4 2h°? sym V'u + 2x3h®/2sym V'p 727 (o + V'v)
hY h hU/Q_l(go + V') 1+ ha/2—1L(G))

o o e,

FinaIIy, using the Taylor expansion we obtain

hU /Q2 Ydz' + = /Q3 (2sym V'u)dx' + = /Q3 (sym V'p(z"))dz'

For general u, ¢, v € W12(S) the assertion follows by suitable smooth approximations. O

Using Theorem[1.1]and arguing as in [14, Theorem 2] one can prove Theorem|[1.2].

4 The case 0 — 4.

In case o = 4 there is a lack of compactness for the sequence v". Due to this fact, it seems impossible
to perform a limit transition in the nonlinear term V'r;, ® V'r},. This creates obstacles in the derivation
of a I'-limit via v, u and ¢. In this case we begin with the energy functionals containing second gradient
terms (see, e.g. [24])

> (y) = / Wi (V'Y (2)TV'y (z) + V'ys @ V'ys(2))dx + h* / Wa(Viy(x))de

+zh2/|v 2)| dm—l—cl/|V’y3 J[ide.

Theorem 4.1. Suppose that the assumptions of Theorem(1.1] are satisfied.

(i) (Compactness and lower bound)
If

hm 1sup mlh( y") < o0, (137)
then properties are satisf/ed WIth o = 4. Moreover,
1
(") (2) = E/ygdxg — v in W*(S), (138)
1
and
1 h 1 / /
llilljélf h—[ Q2 Qs (sym V'p(z'))dx,

/Q3 (2sym V'u(x )+V’U®V' —|—l/|V’2 2z’

+z/yv' |da:—|—cl/\V’ N ida!
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(i) (Optimality of lower bound.)
Ifu, o € WH2(S), v € W22(S) then there exists )" such that (87) and hold and

1
hmlnf—]h Ah /Q2 Ydz' + = /Q3 (sym V' (2'))da,

h—0  E,

1
+5 / Q3(2sym V'u(z') + V'v @ V'vu(a')) + l/ V20 (2")|?da’
s

S
+z / V() 2da’ + o1 / V()|
S S

Proof. Arguing as in Theorem|[{.7]one can show and (14)—(17). It follows from (137) that

/ 2y () [2dz < CI2.
In particular this means for s = 1, 2
1
/]%V'Qy’(x)\zdx <C, /!EV'Q 7)|*dr < C, (139)
Q
1 1
/!F&@gy’(x)ﬁdx <C, /|ﬁaiasy3($)’2d$ <C, (140)
Q
1
/| r)|*dr < C, /|h3 O3ys(z)|*dz < C. (141)
Q

It follows from the second estimate in (140) and the first estimate in (141) that

%&03%(35) —0in L*(Q)  and (142)

%agy'(x) — 0 in L*(Q). (143)

Taking into account (143) and arguing as in Theorem|[1.1]we get which together with yields

0/ () = (1 = Q)2 () + Q0 (2) = o(a') i L}(Q).

Consequently,
V0 () = Vple') inWH(Q)
Therefore, together with the first estimate in (140) we obtain
1 ,
3 V'osy/ (x) — V'p(z') in L*(Q). (144)
Moreover, from we have
H—V’yg - —/V’ygd:vs\lm < CH_V/833/3HL2 — 0. (145)
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Consequently, and (146) yield

1
—V2yh ~ V2u(2) in WH(Q),

h
which together with the second estimate in (139) leads to
1
EV”yQ — V?u(2)) in L*(9). (146)
Next, (14), (17), imply .
z(V’y’h —Id) — 0 in L(Q).
Consequently, it follows from the first estimate in (139) that
1
EV’Qy”‘ —0 inL*Q). (147)

Convergence (T38) follows from (T46). This yields -5 V'y4 ® V'yh — Vo' ® V'v' in L2(2). Then
we choose as a recovery sequence (136) and take into consideration that the second term in (140)
and terms in (T41) are equal to zero on the recovery sequence. Arguing as in Theorem[1.]and using
(144), (146), (147) we conclude the statement of the theorem. O

In this case the limiting functional contains a superfluous last term which is not a part of classical
nonlinear Reissner—Mindlin model. It is an open question whether the nonlinear model can be de-
rived without this term. In general, the nonlinear Reissner—Mindlin model lacks compactness, i.e. the
nonlinearity is supercritical.
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