WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

Well-posedness and relaxation in a simplified model for
viscoelastic phase separation via Hilbertian gradient flows

Moritz Immanuel Gau|, Katharina Hopf

submitted: August 22, 2025

Weierstrass Institute

MohrenstraBe 39

10117 Berlin

Germany

E-Mail: moritzimmanuel.gau@wias-berlin.de
katharina.hopf@wias-berlin.de

No. 3212
Berlin 2025

U\

NSl

-

2020 Mathematics Subject Classification. 35M33, 35G50, 35A15, 47H05, 35B40, 35Q92, 76A10.

Key words and phrases. Cahn—Hilliard equation, viscoelastic phase separation, gradient systems, Cauchy problem, con-
vexity, uniqueness, minimising movements, relaxation limit.

The authors thank Matthias Liero and Alexander Mielke for contributing their expertise through several valuable discussions
on the analysis of gradient systems.



Edited by

Weierstra3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBBe 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias—-berlin.de

World Wide Web: http://www.wias—-berlin.de/


preprint@wias-berlin.de
http://www.wias-berlin.de/

Well-posedness and relaxation in a simplified model for
viscoelastic phase separation via Hilbertian gradient flows

Moritz Immanuel Gau, Katharina Hopf

Abstract

This article is concerned with a gradient-flow approach to a Cahn—Hilliard model for viscoelas-
tic phase separation introduced by Zhou et al. (Phys. Rev. E, 2006) in its variant with constant
mobility. By means of time-incremental minimisation and generalised contractivity estimates, we
establish the global well-posedness of the Cauchy problem for moderately regular initial data.
For general finite-energy data we obtain the existence of gradient-flow solutions and a stability
estimate of weak—strong type. We further study the asymptotic behaviour for relaxation time and
bulk modulus depending on a small parameter. Depending on the scaling, we recover the Cahn—
Hilliard, the mass-conserving Allen—Cahn or the viscous Cahn—Hilliard equation. A challenge in
the well-posedness analysis is the failure of semiconvexity of the appropriate driving functional,
which is caused by a phase-dependence of the bulk modulus.

1 Introduction

Phase separation in a homogeneous binary mixture can occur when the system is quenched to low
temperature in a way that a state close to one of the pure phases becomes energetically favourable.
If the constituents of the mixture have different intrinsic time and length scales, the unmixing process
can exhibit dynamical asymmetry, a phenomenon typical for viscoelastic phase separation (VPS) in
polymer—solvent mixtures. A first phenomenological continuum model for VPS in polymer solutions
that adheres to thermodynamic principles was introduced by Zhou et al. [ZZEO06], building on ear-
lier modelling work by Tanaka and co-workers. For further background on the modelling, we refer
to [Tan22] and the references therein.

In this paper, we study a gradient-flow model for viscoelastic phase separation in polymer solutions,
which corresponds to a version of the dissipative system in [ZZEO6, Equation (9)] with a constant
mobility (normalised to 1). Given a bounded domain Q@ C R% 1 < d < 3, the equations read as
follows:

0&
U = div (V (5— - A(u)q)) in (0,00) x €,
U
. 1 . 5& (VPS.a)
q= T A(u) le(V(E - A(u)q)) in (0,00) x Q.
Here, % denotes the variational derivative with respect to u of the total free energy
1 1
&(u,q) = / <—|Vu|2 + F(u)) dz + = / ¢*dz, (VPS.b)
Q\2 2 Ja

where, for simplicity, fixed parameters are normalised. Denoting by n : 99 — S?~! the outward unit
normal to 052, system (VPS.3) is complemented by no-flux boundary conditions

V(ﬁ — A(u)q) ‘n=Vu-n=0 on(0,00) x I (VPS.c)
ou
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M.I. Gau, K. Hopf 2

and initial values u(0) = u°, ¢(0) = ¢°. The function u : [0,00) x 2 — R denotes the phase
field variable, modelling the concentration of the polymer molecules (i.e. « = 0 indicates solvent-rich
regions and u &~ 1 polymer-rich regions). The other unknown is the bulk stress ¢/;, where we seek
for the scalar variable ¢ : [0, 00) x {2 — R, hereafter referred to as the scalar bulk stress. Moreover,
A models the bulk modulus, 7 denotes the relaxation time associated with the bulk stress quantity
¢, and we let F' be a regular potential with f := F”. A typical choice is the double well potential
F(u) = u?*(u — 1)% Our particular interest lies in the case of phase-dependent A and 7, which
can cause a dynamic asymmetry between solvent-rich and polymer-rich regions. This is reflected
in (VPS) through the concentration flux — which in addition to the gradient of the chemical potential
V(%£) has the extra term V(A(u)q) — and through the relaxation rate % of the scalar bulk stress.
These simplified systems are able to reproduce key features of VPS related to dynamic asymmetry
like volume shrinking and phase inversion, as confirmed by various numerical simulations [ZZE06];
DLL20; [Spi+21]; BEHL24].

This paper is devoted to a rigorous gradient-flow formulation of (VPS) and the development of a well-
posedness theory for the associated Cauchy problem, as well as to the derivation of relaxation limits,
assuming that A = A, and 7 = 7. depend on a small parameter 0 < ¢ < 1. In this context, let
us mention the related viscous Cahn—Hilliard equation (vCH), introduced by Novick-Cohen [Nov88]|
to model polymeric systems with viscous effects and analysed by Elliott and Stuart [ES96]. Mathe-
matically, vCH serves as a homotopy interpolating between the Cahn—Hlilliard equation (CH) and the
mass-conserving Allen—Cahn equation (mAC) proposed by Rubinstein—Sternberg [RS92]. The three
models CH, vCH, and mAC will reappear in the relaxation limit.

1.1 Related literature

We briefly review the literature on the analysis of related VPS models and the gradient-flow theory
relevant to our study, and discuss our contribution in this context.

The existence of global-in-time weak solutions in 2D for a stress-diffusive version of the full fluid VPS
system in [ZZE06] — involving the incompressible Navier—Stokes equations and an evolution equation
for the stress tensor — was established by Brunk and Lukagova-Medvid'ova in [BL22b] both in the
case of regular mobilities and smooth potentials as well as in the case of degenerate mobilities and
logarithmic potentials by means of the Faedo—Galerkin technique. (See also [BL22a] for a previous
result.) In the subsequent articles [BL23;; Bru23|, a relative entropy method was used to establish
weak-strong stability estimates (for d € {2,3}), which are of conditional type in the 3D case. An
error analysis via relative entropies of a structure-preserving discrete finite-element scheme for the
simplified VPS model without hydrodynamic transport (still in the presence of bulk stress diffusion)
was performed in [BEHL24] under the assumption of a smooth solution to the continuous problem. We
would also like to point out the work by Colli et al. [CGLN99], who considered a non-isothermal phase-
field system with memory, where temperature accounts for an extra contribution in the concentration
flux. Despite the different physical context, this model has a parabolic—ODE structure at the PDE
level that is related to that of (VPS) (cf. (VPS') below), even though confined to a phase-independent
constant coupling.

Gradient-flow methods have proved a powerful tool in the analysis of Cahn—Hilliard equations and re-
lated systems. The most classical result concerns the global well-posedness of the Cauchy problem for
semiconvex, lower semicontinuous driving functionals (or “energies") in Hilbert spaces (|[Bré73],|[Kom67]),
see also [MS20, Introduction] for a short review, or [ABS24]. In [RS06], Rossi and Savaré relax the
hypothesis of semiconvexity using, as a key ingredient, Hilbert space-valued Young measures: under
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Well-posedness and relaxation for viscoelastic phase separation via Hilbertian gradient flows 3

a compactness condition on the energy, they develop an existence theory, via minimising movements,
for a generalisation of the gradient-flow equation involving a closure of the subdifferential, provided
that this limiting subdifferential is either convex-valued or satisfies a suitable chain rule. In general,
this leads to a very weak solution concept, where uniqueness may not be expected. The dissipation
mechanism in their approach is still the classical inner product of the underlying Hilbert space. An
extension to state-dependent dissipation in the context of quasi-linear non-degenerate Cahn-Hilliard—
Allen-Cahn systems was carried out by Heida [Hei15]. Again, this work focusses on the existence of
generalised solutions. For an extension of the variational methods in [RS06] to a Banach space set-
ting and some refinements, we refer to [MRS13] and to the review in [Mie23] for further literature. For
some recent developments in the Hilbertian setting, see e.g. [HS24] in the context of sharp interface
evolutions. Closer in spirit to PDE analysis, there is also an increasing body of literature using gradient-
flow techniques for the construction of global weak solutions to Cahn—Hilliard type models both in the
non-degenerate case, see e.g. [RS17}; | GK20| for constant mobility, and in the case of a degenerate
mobility [LMS12]. Note that, in the degenerate case, the gradient structure is of metric type based on
generalised Wasserstein distances.

While, at a purely formal level, the gradient-flow structure of versions of the simplified model [ZZEQ6,
Equation (9)] was exploited in [HKMW?24], to the best of the authors’ knowledge, the present work
is the first to develop a rigorous gradient-flow interpretation for such a system. At the PDE level, our
results imply an (unconditional) well-posedness theory without stress diffusive modification in a setting
of moderately low regularity. With regard to methodology, a specific feature of the present problem
lies in the simultaneous failure of compactness and semiconvexity of the energy, which renders the
analysis non-standard. However, observing that semiconvexity only fails to a limited extent, determined
by the state-dependence of the bulk modulus, we are able to leverage ideas from [AGS08, Section 4]
and [Bré73], extending them to a “slightly non-semiconvex” situation. This is enabled by combining
gradient-flow with PDE methods, which provide the required extra regularity. Outside the semiconvex
case, a systematic application of the gradient-flow theory to the study of (unconditional) uniqueness
properties and stability estimates does not appear to have been explored extensively in the literature.
In a very broad sense, our approach may be seen as reminiscent to the Wasserstein gradient-flow
problem [BMZ23], where a singular cross-diffusive perturbation is introduced that destroys uniform
displacement convexity of the energy, but where exponential convergence rates to equilibrium can still
be recovered under a smallness condition. Let us mention that an analysis of the gradient structure for
VPS in the case of a degenerate mobility will be part of a future work. Our results on the relaxation limit
furnish a rigorous link between and classical models for phase separation, the Cahn—Hilliard,
the viscous Cahn—Hilliard, and the mass-preserving Allen—Cahn equation and extend the latter two to
dynamically asymmetric versions.

1.2 Outline

The manuscript is structured as follows. Section [2|begins with a general introduction to gradient sys-
tems with a Hilbert space structure (Subsection and an outline of our strategy (Subsection [2.2).
The remaining part (Subsection is devoted to introducing our set-up, the general hypotheses as
well as the main results. In Section |3} we establish fundamental functional analytic results including
estimates reminiscent to those in a semiconvex setting and prove a chain rule. These results will be
crucial in the subsequent analysis. Section |4 is devoted to the proofs of the main results regarding
the well-posedness properties of (VPS). Finally, in Section[5]we prove the main results concerning the
relaxation limit.
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2 Main resulis

2.1 Basic concepts for Hilbertian gradient systems

We briefly review basic facts and notions, confining ourselves to the aspects most relevant to the
present application. For further developments, we refer the interested reader to [MRS13};|Pel14; MMP21};
Mie23; ISP23].

Definition 2.1 (Gradient system). We call a triple (3, €, R) a (Hilbertian) gradient system if

(iy H,, is an affine space over a Hilbert space denoted by H,

(iy € : H,, — [0, +oc] a functional with proper domain dom(€) := {u € H,, | E(u) < oo},

(i) R :dom(&) x H — [0,00) can be represented as R(u; v) = 5(G(u)v, v) g~ g for a family

of linear, bounded, symmetric and positive definite operators G(u) : H — H*, u € dom(§).

We immediately see that v — R(u;v) is a positive bounded quadratic form on H with Fréchet
differential D, R(u; v) = G(u)w for (u,v) € dom(E) x H.

Gradient systems are used to describe dissipative evolution equations. The affine space 3, then
represents the state space, € is the driving functional, which in our present model will be the physically
relevant free energy, and R is called the dissipation potential, describing the dissipation mechanism of
the system. The evolution equation associated to a gradient system (H,,, €, R) is the gradient-flow
equation

—S(u(t))u(t) € 0%E(u(t)) forae.t € (0,00) (GFE)

for absolutely continuous functions u : (0, 00) — H,,, where %€ denotes the Gateaux subdiffer-

ential

E(u+tv) — E(u)
t

I°E(u) = {p, c H

Vv e H : lirtn\ionf > <u,v>H*7H}. (2.1)

Note that, for u € H fixed, 9“&(u) C H* is a closed and convex (possibly empty) subset. In
classical applications, (GFE) is often formulated using the Fréchet subdifferential

lim inf &) = 8@ = v — W 0}.

vy lw = vl[u

oM E(u) = {u e (2.2)

However, the analysis of the present manuscript relies on the more general version (2.1), which re-
duces to (2.2) if the state u enjoys some extra regularity of (cf. Proposition [3.4] (ii)).

Definition 2.2 (Gradient-flow solution). Let (H,,, €, R) be a gradient system. We call an absolutely
continuous curve u : (0, c0) — H,, a gradient-flow solution, in short GF solution, if it satisfies (GFE).

A desirable feature of gradient-flow solutions, which holds true in the smooth case, is the energy—

dissipation balance (EDB). A pair (u, ) € AC; .([0,00); H,) x L ([0, 00); H*) is said to satisfy
the EDB if

E(u(t)) +/ (R(u(r);a(r)) + R*(w(r); p(r)) dr = E(u(s)), 0<s<t<oco, (EDB)
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where R*(u; p) := sup,ep ({(p, V) u+,n — R(u; v)) denotes the Legendre—Fenchel conjugate of
R, and ACE (I; H,,) for a general interval I C [0, 00) is defined as

loc

AC} (I; H,) := {u : I — 3, locally absolutely continuous | & € Ly (I; H)}.

loc loc

For instance, (EDB) may play the role of the second law of thermodynamics in isothermal systems, so
as in our model (VPS). From a technical point of view, (EDB) (or (EDI) below) is a practical identity to
derive a priori estimates in certain scenarios, as in the proof of Theorems [2.6]and

To ensure (EDB), one typically shows a chain rule of the following type (cf., e.g. [MRS13, (2.E,4)]
or [Mie16, Definition 3.3.1]): If u € AC3 ([0,00); H,,) and p € L2 ([0, 00); H*) are such that

loc loc

w(t) € 09E(u(t)) foralmost all t € (0, 0), then & o u € AC([0, 00); R) and

d .
E(S ou)(t) = (u(t),w(t)) -y forae.te (0,00).
Thus, if u additionally satisfies (GFE), then such a chain rule can be applied to ¢t := —G(u)u and
then Legendre—Fenchel equivalences [Rin18, Theorem 3.32]
(G(w)u, W)y g = R(u; ) + R (u; 1) = (p, K(w)p) g g (2.3)

imply (EDB).
In the absence of smoothness and convexity, an appropriate chain rule may not always be established.
However, in such cases, it is often still possible to prove the weaker energy-dissipation inequality (EDI)

(ul(t)) + / (R(w(r); a(r) + R*(u(r); p(r) dr < E(0), te[0,00). (DI

It is worth noting that, if a suitable chain rule holds after all, the formulations (GFE), (EDB) and (EDI)
are in fact equivalent; see, e.g., [Mie16, Theorem 3.3.1]. This is known as the energy-dissipation
principle, which is based on ideas from De Giorgi [DMT80; |DeG93].

2.2 Our strategy

Motivation If A and 7 are constant, we can apply the well-known theory of gradient flows of \-
convex (A € R), lower semicontinuous functionals in Hilbert spaces mentioned in Subsection[1.1] This
guarantees global-in-time existence and uniqueness of gradient-flow solutions, also in the sense of
evolution variational inequalities (EVI), and the associated A-contractive continuous semiflow extends
to data in the closure of dom(&). To apply the theory to the present situation, consider

H = {(u,0) € (HL()" x (H'(Q)" | Au+q e LAQ) 2.4
(see - for details to H. (92) and (H., (©2))*) and endow H with the scalar product

((Ub q), (ua, Q2))H = (uq, (_A)71u2>(Hiv(Q))*,Hgv(Q) + 7(Auy + q1, Aug + @2)12(0)-

Moreover, put 77, := (H'(Q)), + (m,0) for some m € R. Then, under suitable conditions on
F (for instance as in Assumption [2.3), the energy & defined in (VPSD) takes proper values on
the dense subset (H! () + m) x L*(Q) C 7, and is semiconvex with respect to ||-||. With
the (state-independent) dissipation potential Z(u; v) := % || = %<HH’U, v)n- H, the associated
gradient-flow equation of (.77;,, &, %) becomes —Iyu € 9“& (u), which, at the PDE level, coin-
cides with (VPS). Existence and semi-contractivity of the gradient flow defined for initial values in the

entire space .7, is then a consequence of the classical theory.
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M.l. Gau, K. Hopf 6

Change of variables in phase-dependent case For phase-dependent A and 7, the problem still
exhibits a formal gradient structure with driving functional & and dissipation mechanism

(A A2w)r() Afu)r(a)
g“‘)‘( Afu)r(u) (u) )

However, the question of determining an appropriate functional setting in the variables (u, ¢) is more
involved, since the regularity of the cross terms (corresponding to the off-diagonal terms in ¢ (u)) now
depends on that of u. To cope with such coupling, we consider the new variable z := ¢+ K (u), where
K'= A, K(0) = 0, i.e. we introduce the change of variables ¥(u, z) := (u, z—K (u)). This leads
to the new gradient system (J,,, €, R) with the pulled-back driving functional £(u) = &(¥(u)),
u := (u, z), and dissipation mechanism G(u) = DV (u)7¥ (u)DV (u), which amounts to

S(u) = ((_%)_1 T(Ou)) . (2.5)

Note that the dissipation mechanism in the new variables is diagonal and induces a simple functional
setting (HL, (€2))* x L?(Q) whenever 7(u) ~ 1.

In PDE form, the associated gradient-flow equation G(u )t € —9“E(u) reads as

u=div(V(=Au+ f(u) — A(u)(z — K(u)))) in (0,00) x €,
= _%(z — K(u)) in (0,00) x €, (VPS')

0=Vu-n=V(-Au+ f(u) — A(u)(z — K(u))) -n on (0,00) x 9.

Thus, instead of developing directly a solution theory for (VPS) in the variables (u, q), we seek a
pair (u, z) satisfying system . The challenge is that, in contrast to the constant-coefficient case
mentioned above, we loose the semiconvexity of the energy. However, as we will show in Section
under extra regularity assumptions on (u, z), we can derive inequalities that mimic the semiconvex
case: crucially, we derive a subgradient estimate of the form

E(v) = E(u) + (0€(u), v — u)p- i + A(w)llv — ulg,
Mu, 2) = =C(1+ [[A]lsollz = K () (o)

foru € dom(99€), 99€(u) = {6&(u)}, and an analogous semi-monotonicity estimate for 9% & ().
To exploit such “almost \-convexity", we show that the flow propagates a certain mild regularity using
the ODE in the second line in . The extra regularity will ensure that, for solution trajectories
u = u(t), the function ¢ — A(u(t)) is locally integrable in [0, c0), which turns out to be sufficient
for establishing key properties such as local Cauchy estimates at the approximate level as well as the
chain rule.

2.3 Function spaces, hypotheses, and main results
2.3.1 General notations and hypotheses

We now render precise the functional framework for the gradient system (J,,, €, R) induced by the
transformation W. First, we define the averaged spaces

HL(Q) = {6 € H'(Q) | fyodr =0},

(HY ), = {6 € (H(Q))" | (6, 1) rqay-mmo) =0}, (26)
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and equip them with

(6o i= [ V6 Vuda,
Q
(6, )z, = ((=A) (], ), (_A)_1(¢|H}W(Q)))Hév(g)'

Here, —A : H. (Q) — (H! (92))* denotes the Neumann Laplacian, defined as

(=6, ) s, 0y it (@) = /Q V- Vi de = (6, 0)as o,

which in fact agrees with the Riesz isomorphism of H., (£2). Due to Poincaré-Wirtinger's inequality,
(2.7) define inner products on the respective spaces, equivalent to the ones induced by the standard
inner products of H*(Q2) and (H'(©2))*.

We then define the affine state space as H,, := ((H'(Q)), + m) x L*(Q) for m € R fixed and
identify the associated linear space H = (H! (Q))* x L2(2). We justify this by the map

HY(Q)5 = H ()", ¢~ dlu, @), (2.8)

which is an isometric isomorphism by the above choice of inner products. Then, H* = H} (Q) x
L2(Q2). We will use the ‘bold font’ notation u = (u,z) and v = (v, y) for elements (u, z), (v,y)
in H,, or H, and p = (p,&) for (u,&) € H*. Since H,, is contained in the Hilbert space
(HL, (€2))* x L2(£2), we have the following closedness property for AC; (I;H,,) for closed in-

loc

tervals I C [0,00) due to [ABS24, Sections 9.1, 11.2]: If (u,)nen € AC}.(I;H,,) satisfies

loc

u,(t) — u(t) in H,, forany t € I and sup,cy|/@nllr2rm < oo, then u € ACH (I; H.,)

loc

and u,, — win L?(I; H). We occasionally use the notation L7(0, T'; H,,, ) for the space of functions
win L2(0, T; (HY(Q))* x L2(Q)) with u(t) € 3, for almost all ¢.

We define the driving functional &€ : H,,, — [0, +o0] via

s — {fQ«%mP +F() + 3z = K@)?) do it (u,2) € (H,(2)+m) x LA(®)

+00 otherwise.
(2.9)
In Proposition we show that 6G8(u) contains at most one element, namely
—Au+ f(u) — A(u)(z — K(u)) — a(u, 2)
G _ )
0~ E(u,z) = {< = K(u) (2.10)

for regular enough w € 3,,, where a(u, z) = +,(f(u) — A(u)(z — K (u))) dz.
According to (2.5), R is induced by
S(u): H— H*,  Suwv:=((-A)""v,7(u)y)
foru = (u,z) € dom(&), which indeed is linear, bounded, symmetric and positive definite under

assumption below. The inverse K(u) := (G(u)) ! is given by

1
K(u): H* = H, X :<—A,—>,
(w) (= (=B 5
so that the Legendre—Fenchel conjugate of R (cf. [Pel14, Section 3.2]) can be expressed as R*(u; pu) =
S, K(w)p) e for (w, p) € dom(€) x H*.

Throughout the rest of this manuscript, we impose the following hypotheses on the data:
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M.l. Gau, K. Hopf 8

Assumption 2.3. We let  C R? (d € {1,2,3}) be a bounded domain that is either convex or
has a C'!-regular boundary. For the potential ' € C?*(R) and its derivative f := F”, we assume
inf f' > —f for some § € (0, o), which equivalently means that F' can be decomposed as

B

F(u) = h(u) 5

(2.11)

for a convex function h € CQ(R). In the dimensions d = 2, 3, we additionally suppose the polynomial
growth
|f(w)| < ex(fuf” +1) (2.12)

for all u € R, some constant ¢; € (0, 00), and with exponent

p€[l,o0) ford=2,
p€[l,5] ford=3.

Observe that this also implies
[F(w)] < coful’™ +1) (2.13)

for any u € R and some constant ¢, € (0, 00). Finally, we assume A, 7 € W>(IR) (bounded and
Lipschitz continuous) and

Ay

T

A(u)

A, (2.14a)
T(u) <7

T (2.14b)

IA N
IA A

forallu € R, where A,, A*, 7., 7* € (0, c0) are fixed.

We point out that the proofs in Sections[4]and 5] are presented for the 2D/3D setting to avoid repeated
dimension-specific case distinctions; the results, however, remain valid in 1D. The point is that the
p-growth is relevant only in 2D and 3D, ensuring F(u) € L'(Q) for u € H'(Q) via the Sobolev
embedding H*(Q2) < LP(Q), while in 1D we have H*(Q) — C(Q), which immediately yields
fu), F(u) € C().

Note that condition particularly implies dom (&) = (H. (Q) +m) x L?(£2). Moreover, (2.14b)
ensures

min{ 1, 7. max{1, 7*
-—%—ﬁM@swwMS——%—ﬁm@, (2.15a)
1 ) 1
ST o LSRN (us p) € —————— ||l % 2.15pb
Zmax{l,T*}Hu”H S R(wip) < 2min{1,r*}H“’”H (2.15b)

for every (u, v, ) € dom(€) x H x H*.

2.3.2 Well-posedness

To formulate our first main result, we recall Definition of a gradient-flow solution associated to a
given gradient system. Unless specified otherwise, the underlying gradient system is understood to be
that introduced in Subsection

Theorem 2.4 (Well-posedness). For any initial data u® = (u°,z2°) € (HL, () + m) x L>=(Q),

0
u
there exists a gradient-flow solution u = (u, z) € AC} ([0, 00); H,,) with u(0) = u®. Any such
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Well-posedness and relaxation for viscoelastic phase separation via Hilbertian gradient flows 9

solution u enjoys the regularity u € L2 ([0, 00); H*(Q)) x H;

loc L ([0,00); L>=(Q)) and satisfies the
energy-dissipation balance

1
7(u)

(z— K(u))2> de dr = &(u(s))
(2.16)

e(u®)+ [ [ (1920t )= Alw) (= K )+

forall0 < s <t < oo.

Moreover, any two gradient-flow solutions w; = (u;, z;) € ACE .([0,00); H,,) with initial values
u;(0) € (HL (Q) +m) x L>(Q), i = 1,2, satisfy the stability estimate

t ’ ’
|y (t) — ua(t)||r < eC [ (A [loot I ”oo)”Zl_K(ul)”L‘x’(Q))QdrHul(s) — uy(s) || m (2.17)
<

forall0 < s <t < oo, where C € (0,00) is a constant only depending on 3, A* and .. In
particular, solutions emanating from a given initial value are unique.

The proof of Theorem [2.4]is carried out in Subsection 4.1

Remark 2.5.

(i) Note that the term V(—Au + f(u) — A(u)(z — K (u))) appearing in is a well-defined
function in L2 ([0, 00); L?(Q)). This is implied by the regularity & € L2 ([0, 00); H), the
gradient-flow equation and the subdifferential (2.10). From and the Fenchel equiva-
lences we even obtain the global control z — K (u) € L*([0,00); L(£2)), as well as

—Au+ f(u) — A(u)(z — K(u)) — a(u, z) € L2([0,00); H(Q2)) and © € L2([0, 00); H).

(i) In the above theorem, the unique solution u also satisfies the GFE with the Gateaux subdiffer-
ential replaced by the Fréchet subdifferential. This follows from the regularity
u € L ([0, 00); L*(€2; R?)) and the subgradient estimate in Proposition [3.4}

loc

(i) If A and 7 are constant, the integrating factor in the stability estimate does no longer
depend on the solution. In particular, via an approximation argument, estimate yields
existence and uniqueness of GF solutions u in AC} ((0, 00); 3,,) (even EVl-solutions, as

mentioned in the motivation) with respect to initial values in J,,,.

The second main result extends Theorem to initial values in the energy domain, allowing for 2°
merely in LQ(Q). Theorem asserts that solutions still exist and satisfy the energy—dissipation
inequality. The stability estimate for two solutions remains valid as long as the initial value of one
of the solutions lies in H' () x L>°(§2), which enables us to prove a weak-strong-type uniqueness.

Theorem 2.6 (Finite-energy data). Let u’ = (u° 2%) € (H. (Q) + m) x L*(Q). Then, there

exists a gradient-flow solution u = (u, z) € AC} ([0, 00); K,,) with u(0) = u® that satisfies the
energy-dissipation inequality

eut) + [ [ (19(-But ) - Alu)e— K@) [+ —

7(u)

(2 — K(u))2> da ds < &(u)

(2.18)
forallt € [0, 00).

Moreover, ifu = (u, z),v = (v,y) € AC}., ([0, 00); H,,) are two gradient-flow solutions with initial
values u(0) =: u® € (HL () + m) x L>*(Q) and v(0) =: v° € (H. (Q) + m) x L3(Q), then
u € LE _(]0,00); H*(Q)) x H.([0,00); L>=(£2)) by Theorem|2.4 and it holds

loc loc

w(t) = v(t) |1 < €€ HIA oot 7 lloe) 2= K (@)l (@)2 47 gy () — () | 1 (2.19)
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forall0 < s < t < oo, where C' € (0,00) only depends on (3, A* and .. In addition, if
129 Lee() < M and E(u’) < Ey for certain M, Ey € (0,00), and T € (0, 00) is fixed, then
|2 = K (u)||r2(0,;.0(2)) can be estimated by a constant depending only on ), T, d, Ey, M, m, 3,
A* and 7,.

The proof is provided in Subsection 4.2

By virtue of Lemma [A.3] the variable transformation ¥ (u, z) = (u, ) from Subsection is rigor-
ously justified. Thus, Theorems [2.4|and [2.6]imply:

Corollary 2.7 (Original variables). For any (u°,¢°) € (HL,(Q) +m) x L?(Q), there exists a weak
solution (u, q) to (VPS) satisfying the energy-dissipation inequality, i.e. the following six conditions are
fulfilled:

(i) u e L>([0,00); H'(Q)) N LY. ([0, 00); H*(Q)) with i € L*([0, 00); (HL, (2))*);
(i) q € C([0,00); L*(2)) with ¢ € L2 ([0, 00); (H'(€2))*);
(i) —Au+ f(u) — A(u)q € L ([0,00); H'(€2));

(iv) for almost allt € (0, c0) it holds
(0. Q)i = = [ V(= ult) + F(u(t) = Alu(®)alt) - Vo
: . 1
(G(1), ) ()= mr @) = —(u(t), Alu(t)¥) @) m@) — /Q WQUW dz
forall o € HL (Q), v € HY(Q);
(v) (initial conditions) u(0) = u® in L2(2) and ¢(0) = ¢° in L*(Q) are fulfilled;

(vi) (energy-dissipation inequality) for allt € (0, 00) it holds (with & as in (VPS.b))
t
1
&E(u(t),q(t)) +/ /(\V(—Au + f(u) — A(u)q) ‘2 + _q2> drdr < &, ¢°).
o Ja 7(u)

If in addition qo + K (ug) € L>=(2), thenq € L2 ([0, 00); L>(2)), the solution (u, q) is unique and
satisfies the energy-dissipation balance.

2.3.3 Relaxation

Beyond the well-posedness theory, we are interested in connecting the viscoelastic system to classical
models of phase separation, where elastic effects are neglected. Observe that, so far, the VPS system
was formulated in dimensionless variables and inessential multiplicative constants were set equal to
unity. To study relaxation limits, however, we need to take the characteristic size g. of the bulk stress
variable to be of order o(1). We will therefore consider a rescaled free energy, which at the level of the
original physical variables reads as

Z(u,q) :/Q(%wm%F(u)) dx+%/9 (i)de,
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and an appropriately rescaled dissipation mechanism

Ziu oy — 1 (AT A W) () g Afu)T(u)
YG(u,q) =t, ( ¢ " A(u)T(u) q: %7 (u) )

Note that here t. > 0 denotes a characteristic time scale. Below, we perform the corresponding
change of variables directly in the “diagonal"coordinates (u, z). We will then make the ansatz . = ¢
for e € (0, 1) and study the asymptotic behaviour, as ¢ \ 0, for suitable choices of A = A., 7 = 7,
and t, = t...

For the rigorous asymptotics, we first invoke Theorem (with A = 121\5, T = 7.), which provides
gradient-flow solutions u. to (3,,, €., R.), where £, and R. are given via

ge(u) = / <1|Vu\2 + F(u)) dz + 1 / (2 — [/(\’E(u))2 dz, (2.20)
o\2 2 Ja
~ 1 R
Re(v;u) = §(||U||%H;W(Q))* + (Ts(u)y,y)m(g))

with [A(é = fAla, IA(E(O) = 0. As explained above, before studying the limit £ \, 0, we need to consider
new variables that account for a vanishing bulk stress size ¢.. The appropriate transformation of the
dependent variables is given by W(u, 2) = (u,q;'2) = (U, %), where g. = . Combined with the
time rescaling under the ansatz t. = 77,y € [0,00), this leads to a gradient system with the
following rescaled energy and dissipation potential

— [ (Lioy? 1 _ 2
&.(u,2) ._/Q(2|vuy +F(u)> do + 5o Q(z K.(u))* dz, (2.21)
1
RO ((u, 2); (0,9)) = 5 (€ 0y, e + " (=W, Yrae) (2.22)

where K, (u) := eK.(u), and e"7.(u) := 7~27.(u). The goal is then to show that, in some sense,
the sequence of solutions in the new variables (. )-c(o,1), determined by U(u(t)) = t.(et),
converges (up to a subsequence) to a gradient-flow solution u of some “effective” gradient system
(Heott, Eett, Refr) (see also Remark [2.11] below). Formula and the definition of K. (u) suggest
to take EE = ¢ 1 A, for A, bounded away from zero and infinity.

Assumption 2.8. A.,7. € WL(R) for every ¢ € (0,1) and, given v € [0, 00), there exists
K € [0,00) with k - v = 0, such that A, := €A, and 7. := £7~27"7. converge uniformly, i.e.

HAE — A”C(R) — 0 and HTE — T”C(R) —0ase 0 (2.23)
for certain A, 7 € WH>(IR). Moreover, there exist 7., 7%, A,, A* € (0, 00) such that
A, < A(u) < A% (2.24a)

Te < 7(u) < 7% (2.24b)

Note that the bounds (2.24) are preserved in the limit, i.e. A, < A < A*and 7, < 7 < 7*. Denote
by K the primitive of A with K (0) = 0. Since K is strictly increasing, its inverse K ! exists.

In Proposition we will show that, with this choice of gg, (€c)ec(0,1) has a [-limit & : I, —
[0, o] given by

£0(u) Eaor(u) ifz= K(u)andu € H. (Q) + m,
u) =
‘ +00 otherwise,
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where ]
Ecn(u) = / (5IVul? + F(w) do (2.25)
Q

denotes the Ginzburg—Landau energy or Modica-Mortola functional. Note that the constraint z =
K (u) in the definition of €y is nonlinear as soon as A is not constant, in which case the explicit form
of any reasonable subdifferential of £, may be quite involved.

The effective dissipation potential R.¢ will depend on the choice of parameters. Formula (2.22) sug-
gests that there are three non-trivial cases, depending on the positivity of x,y € [0, 00):

(CH)ify=0,x >0 “(0,+)”, (vVCH)ify=0,x=0 %(0,0)", (MAC)ify >0,k =0 “(+,0)".

The actual gradient systems are given by ((H'(2))%, + m, Ear, Ren), (L2,(Q) + m, EaL, Rmac)
and (L2 () + m, Eqr, Rycn), where
1
Rew (H;V(Q))* — [0, 00), Ren(v) = §HUH%H§V(Q))*’
1
Rusc : (HL() + 1) x L2,(2) = [0.00), Runc(us0) i & (A(0)r(w0, 1)

Recn : (HL () +m) x L2 (Q) — [0,00),  Ryen(w;v) := Rep(v) + Ruac(u;v).

We are now in a position to state our final main result, which will be proved in Section

Theorem 2.9 (Relaxation limit). Assume (u.).c(0,1) C AC} _([0,00); H,,) is a family of gradient-
flow solutions to (H,,, ., Rg””)) that satisfy the energy-dissipation inequality (EDI). Let the initial
conditions u.(0) =: u? € (H. (Q) + m) x L?(Q) be well-prepared, i.e. assume that there exists
uy € HL, () + m such that

ul — (u), K(ud)) inH,,, E.(ul) = Ear(ud), &\, 0. (2.26)

Then, for every sequence s, \, 0, k — 00, there exists a subsequence (not relabelled) and a function
ug € C([0,00); L2(2)) N L>([0, 00); HY(2)) N LE ([0, 00); H2(Q)) such that

loc

e, = o in Cloc([0, 00); L3(92)), (2:272)
2., — K(up) inCioe([0, 00); L*(Q)), (2.27b)
Eep (U, (1) = Earlup(t)) forallt € [0, 00), (2.27¢)

ug has a time derivative in the space

i {deo,oo);(H;V(n»*) (7, 8) = (0,4),
P L0, 00 L2,(Q) k=0

with convergence
loc

Ze, — A(uo)ug in L2 ([0,00); L2 () ifk =0,

loc

{%k — 1ig in L2, ([0,00); (HL,(Q))*)  ify =0, (2.28)

and u is a gradient-flow solution, also satisfying (EDB), of one of the three gradient systems

((H;V(Q))* +m, Ear, :RCH) if (% '%) = (Oa +)7
(LiV(Q) +m, EqL, :RvCH) if ("}/, /i) = (O, O),
(L2,(Q) + m, &ar, Rmac)  if (v, k) = (+,0).

DOI 10.20347/WIAS.PREPRINT.3212 Berlin 2025



Well-posedness and relaxation for viscoelastic phase separation via Hilbertian gradient flows 13

Remark 2.10 (Well-prepared data). Thanks to the I"-convergence of the energies (cf. Proposition[5.2),
the well-preparedness (2.26) can be achieved for any (u, K (u)) with u € HL (Q2) + m.

Remark 2.11 (Relation to EDB- and EDP-convergence). In the study of singular limits of gradient
systems, the notions of EDB-convergence and EDP-convergence are commonly encountered in the
literature, both falling under the umbrella of Evolutionary I'-convergence. The core idea of EDB-

convergence is to establish the I"-convergences &, LI Ee and 9%9"{) LI R.q to certain effective
Eer and Reg. Then, assuming that the approximate solutions u. comply with (EDB) (or (EDI)) and
the initial conditions (u.(0)). are well-prepared, one can, under additional technical assumptions,
extract suitable convergent subsequences. Combining liminf-estimates in (EDB) (or (EDI)) with a sub-
differential closedness, and assuming an appropriate chain rule holds for €.g, the energy-dissipation
principle mentioned in Subsectionguarantees that the limit is indeed a solution to (H,,, Eefr, Refr)-

The strategy behind EDP-convergence is similar, but instead of showing fRQ’”) £> Res, One proves a
liminf-estimate of the total dissipation functional.

We highlight that our approach in Section [5|is mainly based on the GFE rather than on EDB- or EDP-
convergence. One can show a liminf-estimate, which would yield the EDI for (H,,,, Regr, Eefr ). How-
ever, in order to conclude —D,,Reg (u; 1) € 0°Ey(u) with the limit subdifferential 9°€, determined in
Lemmal5.4] one would need to apply a suitable chain rule whose validity, without extra assumptions, is
unclear at this stage. In the special case A, 7 = const., one has 9°€, = 9" &, and a chain rule can
be shown through a simple subgradient estimate. Hence, in the constant case, EDP-type arguments
can be used. In the (vCH) case, the dissipation potential Rg””) is even non-degenerate, and the limit
can be taken using the (EVI) formulation.

3 Properties of the energy and its subdifferential

In this section, we establish key properties of & and 9%E needed in the proof of Theorem We
emphasise that € is not semiconvex. To see this, we note that the Hessian

Hess((u, z) %(z — K(u))2> — <A2(“) - {EX()S — K(u)) —Al(u)> ’

viewed as a bilinear form, can not be bounded from below uniformly in (u, z) unless A" = 0. Con-
sequently, several valuable properties — like the strong—weak closedness of the graph of 9%€ or the
chain rule — do not come for free. We will therefore invest particular effort into a thorough investigation
of the Gateaux subdifferential.

In Proposition [3.4] we characterise 9“€, showing that the Gateaux subdifferential 9% & (u) is single-
valued and takes the precise form anticipated in (2.10). An additional observation is the subdifferential
estimate (3.5), which will play an important role in the upcoming proof of the chain rule. Another
important estimate concerning 9% &, namely (3.10), is proved in Proposition This will be used to
show that the absolutely continuous interpolants (), as defined in form a Cauchy sequence
in the strong topology C([0, T']; H,,) for any T' < oo, and to derive the stability estimates and
(2-19). Proposition|(3.5|is followed by an H?(2)-estimate for the phase field variable u, the closedness
properties of 0%¢& and D, R, and, eventually, the chain rule Proposition whose proof is based

on (3.5).

Let us first recall two auxiliary results.
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Lemma 3.1. /n the sense of Gelfand triples, we have

lulla@) < Jullgy o) llull it - for all u € H,, (%), (3.1)
[ C||u||2/3Q)|| . for allu € H2 (), (3.2)

where C' € (0, c0) only depends on €) and d.

Lemma 3.2. There exists a constant C' € (0, c0) only depending on §2 such that

u—][udm
Q

for allu € H?(Q) with Vu - n = 0 on 952,

< O Aullaqey 33)

H2(Q)

The interpolation inequality (3.7) is an easy consequence of (u, u) (1 (q))« uL 1 Q(Q) :1(3 L U)L2(Q)s
and (3.2) can be readily deduced from ||u|u1 (o) = [|Vul|i2@;ra) / 2o l[U HL/2(Q) Niren-
berg [Nir59]) and (3.1). Lemma[3.2]is a combination of the a priori estimate from elliptic regularity (see
[Gri11] Chapters II, lIl] for instance) ||uluz2) < C(||Aullr2) + ||ull12()) and Poincaré-Wirtinger's

inequality ||u - jfﬂudl’H]ﬁ(Q) < OPWHVU”LQ(Q;RCI) < CIZ)W||AUHL2(Q).

Proposition 3.3. The energy & : H,,, — [0, +oc], defined in ([2.9), is weakly lower semicontinuous.

Proof. Let (t,)nen = (Un, 2n)nen C Hpm, w = (u, 2) € H,, such that u,, — u forn — oo in
H,y,. Ifliminf, o E(w,) = 400 then there is nothing to do. Otherwise, there exists a subsequence
(Un, Jken C (Un)nen such that liminf, o E(w,) = limge E(uy,,) € [0,00) and uw,, €
dom(€&) for any k. In particular, (€(w,, ))ren is bounded.

From there we get that (Vu,, )ren is bounded in L2(Q; R?) and (z,,, — K (uy,))ren is bounded in
L2(€2). Since o, y,, dz = mforall k € N, reflexivity of H'(€2) and L?(£2) and uniqueness of weak
limits imply (w,,, , 2, ) — (u, 2) in H'(Q) x L?(£2). Moreover, Rellich—Kondrachov provides u,, — u
in L2(€2) and almost everywhere in ) for non-relabelled subsequence. Since K is continuous and
grows linearly, we also infer K (u,,, ) — K (u) in L*(Q2), and continuity of F' yields F'(uy,, ) — F(u)
almost everywhere in ). Thus, weak lower semicontinuity

IVullZ2 oz < Hminf| Vo, oz, 12— K()[fag) < limintllz,, — K (un,) 22
and Fatou's lemma [, F'(u) dz < liminfy_,o [ F'(uy,) dz yield &(u) < liminf, o E(u,). O
Proposition 3.4 (Gateaux subdifferential 9% &). Define

. {(u’z) € (I12,() + m) x L2(9) ‘ Vu -1 =0 ondQ and }

—Au+ f(u) — A(u)(z — K(u)) € HY(Q)

and, foranyu = (u, z) € A,

58(’11,) = (—AU + f(u> - f(it)}(?(;)]{(u)) - a(“? Z)) ’ (3.4)
where a(u, z) = +,(f( A(u)(z — K(u))) dz. Observe that 6E(u) € H* foreveryu € A.

Then:
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() dom(0%€) = A and 99E(u) = {6&(u)},
(i) ifu = (u, z) € A and in addition z € 1.°°({2), then the subgradient estimate
E(v) > E(u) + (0€(u),v — u) g+ i + Aw)|lv — |l (3.5)

holds for all v € H,,,, where A(u, z) := —1 (5 + [| A |||z — K () [|L(0)”.

Proof. Recalling F'(u) = h(u) — Su?, we compute for u = (u, 2) € A, v = (v,y) € dom(€)

E(v) — E(u) — (0€(u), v —u)p+ i
= /Q<%|Vv|2 + F(v) + %(y — K(v))2> dz

= [ (GIVul+ Flw) + 5 = Kw)) da

- /Q(<—Au - f () = Au)(z = K@) (v —u) + (2 = K(u)(y — 2)) d
_ %/Q’v<v . u)|2 de + /Q(zl(v) — h(u) — h’(u)(v — ul) dx

Vv
>0 since h is convex

_ g (o2 - /Q((y CK@) - (: - K@) da
+ [ o= K (K@ - K@ + Aw)(e - ) do
Q

B

1
> gl =l o = 510 = i — 5140 [ 12— K@lo—uPdr. @

N —

Here, in the first equation we inserted the definitions of £ and 58(11,), in the second we rearranged
the terms which is well-defined since K (u), K (v) € L2(Q2) and h/(u) € L%°(Q) by @.12) and the
Sobolev embedding H*(2) < L5(2), and in the third equation we used

K(0) — K(w) — Ao = 1) = [ (0= Q)6 < 34wl — )"

Now we turn to the proof of the statements (i) and (ii).

(i) We first show that 6&(u) € 9“E(u) for u € A via definition 2.1). So, let v € H. If v ¢
H! (Q)xL%*(Q), then u+tv ¢ dom(&) for every t > 0 and there is nothing to do. Otherwise,
ie.ifv = (v,y) € H. (Q) x L*(Q), then u + tv € dom(&). From we deduce

E(u+tv) — E(u) —t(0E&(u),v)p-n
t? ,
> 5 (19100 = A0l = 1Tl = K@l ol ). @

and the right-hand side is real-valued due to Sobolev embedding H!(Q2) — L*(Q). Hence,
after dividing by ¢, we obtain in the limit ¢ ™\, 0 the desired estimate from and we
conclude 6&(u) € I“E(u) foru € A.
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It remains to show dom(9%€) C A and 0“E(u) C {§€(u)}. To this end, we let u €
dom(9%€) and p = (1, &) € 0“E(u), aiming to show u € A and e = §& (). By definition
of 99€&(u) we have forallv € H

€ tv) — & —
lim inf (uttv) (w) > (@, v) g g > limsup E(u+tv) E(u).
N0 t ’ t 0 t

(3.8)

Since u + tv € dom(€&) forevery t € Rand v = (v,y) € H. (Q) x L?(£2), we compute
E(u+tv) — E(u)
t
1

= ;/Qelv(”+t”>|2+F(“+tv)+%(Z+ty—K(u+tv))2> de

1

~ 1 [ (GIVaP + P+ 5 = Kw)?) da

Q 2 Q Q

t
(K(u+ 1) = (K@W)? | [ Ku+t) - K
+ /Q dz /Q

2t t

zdx

t
+/(z — K(u+tv))ydzr + —/dex.

Q 2 Ja
Owing to the p-growth of f from and the linear growth of K, we can take the limits ¢ ™\, 0
andt 0. In combination with we conclude that, for every v € H! (Q) x L2(€2),

(v, 10) @, o)) + (€ Y)ea) = (1, 0) i
= / (Vu Vo + (f(u) + A(u) K (u) — A(u)z)v + (2 — K(u))y) dz. (3.9)
Q

In particular, considering v = (0,y) for y € L?*(£2), we deduce £ = 2 — K (u) from (3.9).
Furthermore, if we restrict (3.9) to functions of type v = (v, 0) for v € H. (), we obtain

/ Vu-Vodr = /(u — f(u) + A(u)(z — K(u)))vdaz,
Q Q
i.e. u is a weak solution of the nonlinear elliptic problem
{—Au +h'(u) =Pu+p+ Alu)(z — K(u)) +a(u,z) in €,
Vu-n=0 on 0f).

Since £ := Bu + p+ A(u)(z — K(u)) + a(u, z) € L2(2) and h € C*(R) is convex, i.e. I/
monotonically increasing, we can use the Stampacchia method in order to show u € L>°(£2).
For this argument, ¢ needs to lie in L"(2) for some r > d/2, hence r = 2 is valid for d < 3,
see, e.g. [Tro09, Theorem 4.5 and Section 7.2.2].

In particular, since 1/ is continuous, i/(u) € L°°(2), and whence —Au € L%(). The regu-
larity assumptions on € therefore imply u € H?(£2) (cf. [Gri11, Chapters Il and III]). Finally,

—Au+ 1 (u) - Bu— Alu)(z — K(u)) = p +a(u, 2) € H(Q),

so that u € A is shown and we have p = J€(u).
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(i) Letv = (v,y) € H,,, and we may assume v € dom(&), otherwise (3.5) is trivial. Then, from
(3.6) we receive

&(v) — &(u) — (5€(w), v — w)r-
1 8 1
> o = wllhy @ — Sl — e — 5140l — K@llsllo - vl

Since u € H?*(Q) and d < 3, the Sobolev-embedding H*(2) — L°°(f2) ensures u €
L°(Q). If we then apply (3-7) to v — u (note that v and u have the same mean value m) and
e-Young’s inequality, we arrive directly at (3.5), noting that ||[v — u/(a1 (@)« < [|lv —ul|z. O

Proposition 3.5 (Monotonicity-type estimate for 9“&). Let u; = (u;, z;) € dom(9%€) and v; =
(vi,y;) € dom(&), i = 1,2, where z; € L>°(2) for at least one i. Then it holds

(9C(01)08 (1) — K(02)58 (u2), w1 — u2) ,

> —Aug)lJuy — walffy — w(wi) ([[or — willfz ) + 02 — wallfzg), (3.10)

where A(u) == Cy (1 + ([[A]| + |7]|cc) Iz — K(U)HLOO(Q))2 for some constant C; € (0, 00)
depending only on 8, A*, 7., and w(u) := [|7'||3][2 — K (u)||Fos (-

Proof. After possibly renumbering indices, we may assume ¢ = 1. Inserting the definitions of K (v;),
d&(u;), and rearranging terms, we obtain

(K(01)dE(ur) — K(v2)dE (ua), uy — us)

= [ 9 (= = ) + fu) = Fuz) = Afwr) a1 = K )

4 Aus) (22 — K(UQ))) V((=A) g — un)) dz

‘|‘/Q<Z1 - K(u1) 22—K5u2)>(21 _ o) de

T(’Ul ) T (UQ

= /|V(u1 — )| dw +/ (W' (u1) — W' (u2))(uy — ug) dz
¢ ¢ >0 by cn)?1€exity of h

— B/Q(ul — u2)2 dx — /QA(uQ)(zl — 29)(u1 — ug) dzx
- / (21 — K () (Aun) — Auz)) (1 — ) dat

+ / A(ug) (K (uy) — K(ug))(uy — ug) de
QN—~—

-~

>A>0 ZA*(ulqu)Qzﬂ

[ K (g = ) = ) e

_/Q 1 <K<u1)—K(u2)><z1_22)dx+/

7(v2) q 7(v2)
> [y = ualf () — A*ll21 — 2allL2@llus — uslliz)
— (B4 A oollzr = K (un)lle @) llun = wallf2q)
17" ll oo

Tﬂzl — K (ur) ||l llvr — v2lliz@)ll21 — 22llL2 @

*

(21 — 2)*dx
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A*
- T—Hul — Us|L2)l|21 — 22(lL2 () (8.11)

*

where we used that A, K" and + are Lipschitz continuous with respective Lipschitz constants || A’
A* and ”T;# Applying Young’s inequality several times and triangular inequality ||v; — va[12() <
o1 =1L )+ |lur —uz| L2 (@) +||va—u2|L2(0) to B-TT), one obtains a constant C' = C(3, A*, 7,,) €
[1, 00) satisfying

(K(v1)d€(u1) — K(v2)0E (us), us — UQ)H
> [lur = uallfyy, @) — C(1+ Al llzr = K () [ (@) un — uallfa(o
— C(L+ 17 llocllz1 = K (ua) i @) 121 = 22[lf2 ()

— 173121 = K (un) ey (Il = u2llEz (@) + lor = wallfz(q))-

Eventually, applying (3.1) and Young’s inequality once more, we arrive at the desired estimate (3.10).
O

Lemma 3.6. There exists a constant Co = C5(),d, A*, B) € (0, 00) such that

lu = mlu2i) < Co(ll(w—m, 2)|l + [10€(w)]

o) (3.12)

forallu = (u, 2) € dom(9¢€).
Proof. From the definition of 6€(w), i.e. (84), it holds

16 (w)| 7

= /Q<|V(—Au + flu) — A(uw)(z — K(uw)]* + (2 — K(u))2> dx. (3.13)

Thanks to (3:3), it suffices to show (8:12) with left-hand side || Au|[r2(q). Multiplying —Au + f(u) —
A(u)(z — K(u)) with —Awu and integratlng by parts twice, we get, by maklng use of Vu -n = 0on
9Qand V(f(u)) = f'(u)Vu (as f € C}(R) and u € H*(Q2) — L>()),

/Q|Au|2dx:/V(—Au+f(u)—A(u)(z—K(u)))~Vudx
/f Audx—/A( )z — K(u) - Audz
< V(=B + () — Alu)(z — K () ez o — ol o
~ [ F@IVA do A7 Aoz~ K)o

Hence, as f' > —[3, Young’s inequality provides

1wy < IV(=Au+ f(u) = A(z = K () 1F2qme)
+ (14 28)[u = mlfy o) + (A7)ll2 = K (0)|[2 0
< max{L, (A} pl}- + (1+28)C)| Aullaio llu — mlF o

@)=

where the last estimate follows from (3.2), (3.3) and (8-13). Since ||u—m|| w1 () < [[(u—m, 2)| &,
the desired estimate (3.12) finally follows after one more application of Young’s inequality. O
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Proposition 3.7 (Closedness of 9 &). The subdifferential 0° € is strong—weak closed, i.e. whenever
(U )neny C dom(09E), u € H,, and u € H* are such that w,, — w in H,, and 6&(u,,) — p in
H* asn — oo, then p = dE(u).

Proof. In the following, we write (uy, 2,) = W, (u,2) = u. From w,, — w in 3(,,, we immediately
obtain 2, — z in L%(€2). Moreover, since (0&(u,))nen and (w,),en are bounded in H* resp.
H,n, estimate provides a uniform H?(Q)-bound for (u,)nen, so that in fact u € H?(Q) and,
for a non-relabelled subsequence, u,, — u in H%(Q), u,, — u in L2’(2) and almost everywhere
in Q. In particular, using A, < A < A* and continuity of A, we infer A(u,)(z, — K(u,)) —
A(u)(z — K(u)) and K (u,,) — K (u) in L2(£2). Furthermore, the p-growth of f ensures that
f(un) — f(u)in L%(£2). Collecting the derived convergences, we thus conclude that 6&(u,,) —
§&(u) in L?(Q; R?). On the other hand, 6&(u,,) — w follows in L2(€2; R?) by hypothesis. As the
weak limit is unique, we conclude p = 0 (u). O

If we apply LemmaA.2to S, := 9“E and combine it with Proposition we readily deduce the
following evolutionary closedness:

Corollary 3.8 (Evolutionary closedness of 9%€&). LetT < co. The subdifferential 0 € is evolutionary
strong-weak closed, i.e. ifu,u,, € L*(0,T;H,,), u, p,, € L2(0,T; H*) are such that

(1) w, — winL?(0,T;X,,) asn — oo,
@) p, — pinL?0,T; H*) asn — oo and
(3) w,(t) € 0%E(u,(t)) foralmostallt € (0,T), alln € N,

then it follows p(t) € O%E(u(t)) for almost everyt € (0,T).

Proposition 3.9 (Closedness of D, R). LetT" < oo. The differential of R is closed in the following
sense: Ifu,u, € L2(0,T;K,,), v,v, € L2(0,T; H) are such that

(1) w, = winL2(0,T;3,,) asn — oo,
2 v, ~vinL*0,T; H) asn — oo and
(3) SUP,en €8S SUP;eio 7] €(Un(t)) < 00,

then G(u,)v, — S(uw)v inL2(0, T; H*) forn — oo.

Proof. Write (Vy,, Yn) = Up, (Un, 2,) = Uy, (v,y) = v and (u, z) = wu. By definition of G, we need
to prove u(t) € dom(¢&) for almost every ¢ € (0,7") and

(=A) v, T(un)yn) = ((=8) v, 7(u)y)

in L2(0, T; HL () x L2(Q)). From (2) we particularly receive v,, — v in L2(0, T’; (H. (2))*), so
that (—A) v, = (—A) tvin L2(0,T; HL, (). Moreover, yields

|Un - UHLQ(O,T;H}W(Q))a

N J/

s — uHi?(O,T;L?(Q)) < [Jun — U||L2(0,T;(Hgv(9))*l

Vv ~~
—0by (1) uniformly bounded by (3)

so we infer u,, — w in L2(0,T;L?*(2)) and — up to a subsequence (not relabelled) — almost ev-
erywhere in (0,7) x €. Therefore, together with ¢, — y from (2) and |7(u)| < 7%, we infer
7(un)yn — 7(u)y in L2(0,T;L*(€2)). This holds true for any subsequence we might have cho-
sen, hence we have convergence along the whole sequence. O
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Proposition 3.10 (Chain rule). LetT < co. Assume u € AC ([0, 7]; H,,) N L2(0, T; H2(Q) x
L>°(Q)) and p € L2(0, T'; H*) are such that u(t) € 0%E(u(t)) for almostevery t € (0,T). Then,
the function € o w : [0, T] — [0, 00) is absolutely continuous, and for almost allt € (0,T)

S e(ult) = (ult), (1)) -

Proof. As always, u is identified with its continuous representative. Moreover, we fix a representative
for g+ and put the set of “good points” ¥ := {t € (0,T) | u(t) € d“E(u(t))}. By assumption,
£1([0,7)\ 2) = 0.

We aim to give a self-contained proof by relying on the subdifferential estimate and following
largely the strategy from the lecture notes [Mie23| Theorem 3.12], with adaptations where necessary.
We start with Step 1 by introducing the arc-length parametrisation 7 : [0, 7] — [O L] of u with left
inverse #, so that u := u o 7 is 1-Lipschitz continuous. Accordingly, we define E:=E&ouo n and
a quantity 7z, which will be a slightly modified version of g o 7). In Step 2 we will show that the “good
properties” of X are inherited to #(X2) for the reparametrised functions u and . Step 3 is devoted to
showing an absolute continuity estimate for E on 6(32). This will be achieved by employing the subd-
ifferential estimate (3.5) and approximating the integral of g by Riemann sums, for which the assumed
LL>° space regularity plays a crucial role. In Step 4 we will then prove that this absolute continuity
estimate transfers back to the original variables u, pt, € o u on X. As a result, we obtain a function
E € WH([0, T]; R) that agrees with € o u on . The task is then to show that E(t) = &(u(t)) for
any t € [0, T, thereby establishing the desired absolute continuity for £ o u. Finally, in Step 5 we will
identify the weak derivative of € o u.

Step 1: Reparametrisation to 1-Lipschitz curve.
The following goes back to [AGS08, Lemma 1.1.4]. For L := ||%t||1 (0,7, 1), We consider the absolutely
continuous and non-decreasing surjective function

t
60,7 - [0,L],  6(t) = / ()| dr
0
Define the left continuous, non-decreasing map
n:[0,L] = [0,T],  n(s) :=min{t € [0,T] | 0(t) = s},

which, in fact, is right inverse to . We make the following observation: If (6(t)) < t, then 6 is constant
on [n(0(t)), t], which means that w is constant on [1(6(t)), t] as well. Therefore, u(n(0(t))) = w(t).
Hence, the following properties of € and 7 hold true

0(n(s)) = forall s € [0, L],
n(0(t)) <t for all € [0, 77, (3.14)
u(n(6(t))) = u(t) foralt € [0,77.

With that, we define u := u o n: [O, L] — H,,, which is 1-Lipschitz continuous as for 0 < s5 <
S1 S L

n(s1)

[u(s1) — w(so)llm < / [a(s)]| ds = 6(n(s1)) = 0(n(s0)) = 51 = s0,

(s0)
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where the penultimate equality is simply the definition of 6. Using (3.14), we also observe u = uof
on [0, T]. We also put £ := &€ o u o and define i : [0, L] — H* via

_ fpn(s) tsg D,
als) = {5e(a(s)> its e D,

where D := {s € [0, L] | n discontinuous at s} is at most countable due to monotonicity of 7. Note
that fi(s) is well-defined for s € D (i.e. u(s) € dom(9“€)), because u is constant on [1(s), n(sT)]
and, since £1([n(s),n(sT)] N ) > 0, it must be that w(t) € dom(9%E) forall t € [n(s),n(s™)].
We also stress that f1 is Bochner measurable as # is non-decreasing.

By the change of variables formula [Bog07, Theorem 5.8.30] and observing that # satisfies the Lusin
property [Bog07, Definition 3.6.8] since it is absolutely continuous, we find for all [to, t1] C [0, 7]

0(t1) 0(t1)
/9 ||ﬁ<s>rH*ds:/0 H(uon)()lﬂ*ds—/lw 0(t))

(to) (to)

= [ a0 ) e = / l1a(t)

where the first equality uses that £!(D) = 0 (i.e. 1 = p o 1 almost everyhwere), and the fourth that
u = 0 almost everywhere in {t € [0, 7] | n(6(t)) # t}. Similarly, we obtain

10/ () dt

u(t)|| g dt, (3.15)

H*

0(t1) t1
| E) = K@) ooy ds = [0 = Ka®) el dt. @10

6(to)
In particular, i € L' (0, L; H*) and Z — K (u) € L'(0, L; L>=()).

Step 2: L1([0, L] \ 0(X)) = 0 and i(s) € 0°E(u(s)) forall s € O(%).

Since [0, 7] \ X is a null set, the Lusin property tells us §([0, 7] \ X) is a null set as well. Hence
the first claim already follows from the inclusion [0, L] \ (X2) C 6(]0, 7] \ X), which holds true by
surjectivity, i.e. ([0, 7]) = [0, L].

For the second claim, we assume s € 6(X) and take t € ¥ such that 8(¢) = s. If in addition s € D,
then fi(s) = d&(u(s)) € 9E(u(s)) already holds by definition of fi. Let us consider the case

s & D.Ifn(s) # t, then n(s) < t by and n(s) < t < n(s™) since 6(t) = s. In particular
s € D, which is a contradiction. Thus, 7(s) =t € %, whence

fi(s) = pu(n(s)) € 0°€(u(n(s))) = 0°€(u(s)).

Step 3: Absolute continuity estimate for E.
Our goal is to show that | E(t) — E(s)| < (1 + M) [ g(r)drforall s,¢ € §(X) with s < ¢, where

g(r) = llm(r)lla

1, ., N -
+ 5[ A oo l[2(r) = K (@(r)) e, (3.17)

and M := ||g||r1(j0,L))- Note that M < oo by Step 1.

To begin with, we note that for arbitrary sg, s € 0(3) with 5o < s1, Step 2 tells us that estimate (3.5)
is applicable. Hence, exploiting the 1-Lipschitz continuity of u, we obtain
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s1 — so| < E(s1) — E(s0)

< [(s0)llz-1s1 = 50| = A(@(s1))]s1 — sol*.
(3.18)

A@(so))|s1 — so|* — [[12(s0)]

H*

H*

Let now s,t € §(X) with s < t. Then, for a partition s = 59 < 51 < ... < sy = twith s; € (%),
we infer from (3.18)

E(t)— E(s) =Y (E(sj) — E(sj—1))

Jj=1

<>~ (1)l
< Y llas)

+ (Z %||A’||Oo||3(sj) — K (u(s;)) Lo (s; — sj_1)>

j=1

(1 + Z —55-1) )) Zn:(sj —5j-1)9(s;) + %2 Zn:(sj —s5-1)%,

Jj=1 Jj=1

H*

si = sl = Ala(sy)ls; = 5511

2 n

s
sj = sj—l+ D (sj—si)

j=1

H*

where we have used ||-||7. < ||-||7; in the penultimate inequality.

Using Lemma[A.]for approximating the Lebesgue integral by Riemann sums with partition points from
a set of full measure, we get a sequence of partitions s = s < s < ... < s}{,(n) = t, indexed by
n € N, such that max;<j<n(m|s7 — 87| = 0asn — oo, 7 € () for every j, n and

N(n) t
ti 37 (s = s )0(s) = [ gtr)ar
j=1 s

Hence, applying (3:19) to these partitions {sf, . . . ,s?v(n)}, we obtain in the limit n — oo

B(®) - E(5) < (14 lglhoen) | gl

Using the lower bound in (3-18), one shows E(t) — E(s) > —(1 + NgllLe(s t) ft g(r) dr very anal-
ogously. Thus, in combination, we deduce |E(t) — E(s)| < (1 + M) f g(r

Step 4: Absolute continuity of € o u.
Let tg,t; € X, to < t1. Then O(ty), 0(t1) € O(3), hence, by (3:74), Step 3, (3:75) and (3-16),

E(ultr)) — E(ulty))] = |E(u(n(0(t1)))) — E(u(nO(to))))| = |E@O(t)) — E(6(t))
0(t1)
su+mnl (mwnm+;mmmaw—Km@mm@Qw

(to)
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=u+wn[]mw

LA [ 120 = K@) o) .

to

w(t)|| g dt

2+

+

N | —

Since £L1([0, 7]\ X) = 0, we therefore find £ € W1([0, T]; R) such that E(t) = &(u(t)) for
all ¢ € . Now, we want to argue similarly as in JAGS08, Theorem 1.2.5] and [Mie23, Theorem 3.12,
Step 2] to show E(t) = E(u(t)) forall t € [0, T, albeit with slight adaptations. The actual difference
is that w is not 1-Lipschitz continuous but certainly %-Hblder continuous

t
[u(t) —u(s)|n < / ()l dr < [[@lleumlt —sV? 0<s<t<T,  (320)
S
and that p is L2-integrable in time, which, in the end, turns out to be enough to carry out the argument.

Lower semicontinuity of € already gives £(u(t)) < E(t) for all t € [0,7] \ X. For the reverse
inequality, we restrictto ¢ € [T//2,T] \ X and consider the averages for r € [0, T /2]

1

where the equality is justified since {s | E(u(s)) # E(s)} is a null set, and the limit » \, 0 because
E'is continuous. Hence, in order to get & (w(t)) > E(t), it suffices to show & (w(t)) > lim,~ o £, (1).
To this end, we compute by applying (3.5), and using the fact that |t — s| < rfor s € [t — 1, 1],

8W@**Wﬂ:%A}&MW—EW@D®
> [ ((ls) () = ).y + A ) — u(s) 1) s
= %[T(_““(S” ezl = 1'% M) il (e ant = 1) ds
>l [ )l s+ il [ Mu(s)ds

> —|@llez—rpm | lle2@—rsme) + ||u||%,2(tfr,t;H)||)\(u)||L1(t—r,t)a

where we used ||p||Li—rrme) < VT||]|L2(—rsm+) in the last inequality. As p € L*(0,7; H*)
and A(u) = —3(6 + |4z — K(u)|lLe)® € L'(0,T), the right-hand side vanishes in
the limit » ~\, 0 by absolute continuity of the Lebesgue integral. This shows the desired estimate
E(u(t)) > lim o E,(t) inthe case t € [T'/2,T). Fort € [0,7/2], we instead consider E,.(t) =

I :J’T E(u(s)) ds and the analogous argument yields the same result in the end.

Step 5: Identification of derivative $-.&(u) = (p, @) rr .

Let 3y denote the set of points ¢ E (0,T) where w and € o u are differentiable, p(t) = 5 (u(t)),
and u(t), z(t) € L>(£). By hypothesis and Step 4, we have £!([0, 7] \ X¢) = 0. Forany t € %,
it then holds for all h € [—t, T — t] that

E(u(t +h)) — E(u(t) > (u(t), ult + h) — w(t) mn + Muw(t))|lw(t + h) —ut)|F
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Dividing this by A > 0 and taking the limit h \ 0, the differentiability of £ o u and wu yield

Se(ut) = (u(t), ilt)) - + 0.

Finally, dividing by h < 0 and taking the limit 1 " 0, we obtain the reverse inequality. O

Remark 3.11. We emphasise that the abstract chain rule results [MRS13, Proposition 2.4] and [MR23,
Appendix A, Proposition A.1] are not directly applicable. As in our case, their proofs rely on a subgra-
dient estimate of the form

€(v) = &(u) + (v — )i + p(u, v)|[v — 5.

In Mielke et al., the modulus of subdifferentiability p : F,, x H,, — [0,00) is assumed to be
upper semicontinuous, which guarantees sup; ;¢ (o 7 P((s), u(t)) < oo for continuous curves u :
[0, T] — H,,. In our setting, however, the modulus takes the form

p(u,v) = Au)llu —v|[x

and is not upper semicontinuous.

In fact, the arguments in Mielke et al. would still apply if A\(w) € L!(0, T) for the arc-length reparametri-
sation (7, %). Yet, as observed in Step 1, (u, z) in general only belongs to L!(0, T'; L°°(£2; R?)),
which is not sufficiently regular.

4 Existence, uniqueness, and stability estimate

This section is devoted to the proofs of Theorems[2.4]and

4.1 Proof of Theorem

The existence proof is based on a time-discretisation. Since we also obtain uniqueness (independent
of the existence result), it suffices to carry out the construction on finite time horizons 1" < oc. For a
fixed time step k = T/N, N € N, we will perform time-incremental minimisation, providing a family
(u)N_, that satisfies the (semi-)implicit Euler approximation of
K K
—~G(u) = € 99 (),

which arises as the Euler-Langrange (EL) equation of a suitable minimisation problem (cf. be-
low). For the associated piecewise affine and piecewise constant left- resp. right-continuous inter-
polants (W )., (W )x, (W, )., We then derive suitable uniform bounds as well as a Cauchy estimate
that builds on Proposition[3.5/and Lemma|3.6] This yields the strong convergence of the approximants
to a unique limit w and a suitable weak convergence of the discrete time derivatives. Applying the
closedness properties Corollary and Proposition [3.9} we will pass to the limit in the approximate
equation —G(u, )u, € 0“E(w,.) formulated in terms of the interpolants to derive (GFE). Eventually,
we show the regularity u € L2 ([0, 00); H*(Q2)) x HL ([0, 00); L>(2)), the energy-dissipation

loc loc

balance (2.16) and the stability estimate (2.17).
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Following our roadmap, we will start constructing discrete approximants satisfying (EL) by solving the
minimisation problem

min 59 (v;u) = E(u) + ng<'v; %(u — v)) (4.1)

ueH,,

Proposition 4.1 (Solvability of the direct problem). Forallk € (0, 00) andv € dom(€&), minimisation
problem (4.7) admits a solution w, € H,,, and any minimiser u. fulfils the following (EL) equation
(with 0 € (u,) as defined in (3-4))

_%9@)@* —v) = 66 (u,). (42)

Proof. Existence of minimisers follows from the direct method of the calculus of variations: ®&9(v; -)
is coercive due to and & > 0; weak lower semicontinuity holds since € is weakly lower
semicontinuous by Proposition [3.3]and the dissipation potential in the second argument is as well. Via
the subdifferential inclusion, any minimiser u, fulfils

0 € 9089 (v;u,) C /{D.'R('v; L, - v)) +OSE(u),
K

where here DR denotes the Fréchet differential with respect to the second variable of R. Inserting the
identities DR(v; £ (u, — v)) = 55(v)(u. —v) and 9“E(u,) = {6€(u.)}, the claim follows. O

Starting with an initial condition u® = (u’, ¢°) € (HL, (2) + m) x L>*(Q) and a time step x =
T/N, N € N, we construct uf, ..., u% € 3, iteratively as follows: We put u§ := u’ and,
assuming uyg, ..., u, have been constructed for some n < NV, we define u,_, as the minimiser
of ®&9(u’;-). Based on the discrete minimisers, we define our approximate solutions, i.e. the left-
continuous piecewise constant interpolant

u, [0, T] = H,y, u,(t) = u?tw, (4.3a)
the right-continuous piecewise constant interpolant

u, : [0, T] = H,, u, (t) := u'f (4.3b)
and the absolutely continuous, piecewise affine interpolant

Uy 2 [0,T) = Hp, () = (L= £+ L)) ufe) + (5 = [E)ufey. (4.3¢)

By (4.2), the interpolants @, u,., U, satisfy the Euler approximation

—S(u, ), € 0°€(w,) ae.in(0,7). (EL)
We also set 1, := —G(uw, ), so that 1, (t) = 6& (T, (t)) for all but finitely many ¢ € [0, T,

Lemma 4.2 (A priori estimates). There exists a constant C5 € (0, c0), independent of k, such that

() ||t llL2o,7m) < Cs:
(ii) | U — Wel|Loo 0,0y + || Tk — Wyl [Loe 0,0y < Csv/E;

(i) [|tn, — W, oo,y < C3(v/F1 + v/Ka2).

DOI 10.20347/WIAS.PREPRINT.3212 Berlin 2025



M.l. Gau, K. Hopf 26

Proof. The proof is split into three steps. In Step 1 we will derive estimates|(i)jand (i)} which essentially
follow from the minimising property of the w.>’s. In Step 2, which prepares for the subsequent step, we
will show that the family (@, ), C L?(0, T’; L>°(£2; R?)) is bounded. Finally, in Step 3 we will establish
the remaining estimate by exploiting the monotonicity property of 9CE.

Without loss of generality, we henceforth assume that 7, < 1 and 7* > 1.

Step 1: Uniform bounds by minimising property.
By the minimising property, we have forall 1 <n < N, N € N,

nl?

1
E‘rR(uH Uy, — Uy )+ E(uy) = ‘1)89( Uy 13 Uy,) < (I)sg( Uy iUy ) = E(uy_y).  (44)

This implies 0 < &(u?) < &(u®) =: Eyforany 0 < n < N and, by (2.15a),

N
K K 2 1 K K K
[ o = S < 230 drguus - u )

n=1 n=1
N
2 . . 2Ey
< =3 () —u) < = 5
* n=1 *
as a telescope sum. Moreover, and yield
N _ _ . 2E0
max{ [ (6) = e (8) 11, () = w, (O]} < ) = ||, < V5 (4.6)
for all ¢ € [0, T)]. Thus, we already have established|(i)|and
Later in Step 2, we will need the estimate
T N 1
/0 ()17 dt = Z 15w = wi) -
al Lo
Z E U, _1; (un—l)(un - un—l))
N
= Z wh_yiup —uf ) < 277 By, (4.7)

where the second line uses (2.15b), and the last inequality follows similarly as in (4.5).

Step 2: Uniform bound for ||[@,.|| 12 (0,1;1 (2;r2))-
We actually show that ||, ||1.2(0,7;u2(0)) @and ||Z || Lo (0,751 (2)) are uniformly bounded. We first start
With || 2, || 120,712 () - Using B-12), we obtain

T T
/0 (1) — ml gy dt < C2 / (et) — (1, O)ll s + I (8) 1) e

since p,, = 0€(u,,) almost everywhere in (0, T"). Furthermore, (4.5) yields

t

=1 .
/ Gun() dt
0
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Using this and (@.7), we already find that %, is uniformly bounded in L2(0, T'; H*(2)). In particular,
by the Sobolev embedding H?(€2) < L>°(£2) (possible as d < 3) and | K (u)| < A*|ul, we find a
constant C3 1 = C31(Q, T, ||u’ — (m, 0)||, Eo, 8, A*, 7, T, m) € (0, 00) such that for all x

| K (k) |20, () < Cs A |[Uellr20,mm2(0)) < Ca1. (4.8)

For the L°°-bound of Z,;, we use (EL), which tellsus forall 1 <n < N, all &,

1 K(uf)
(ZH _ ZH_ ) - _ — Zz + — n
! T(un—l) T(un—l)

in L2(2). After some algebraic manipulations, this can be rearranged to

K (ur)

_ K
" T )

Therefore, we obtain
K
[zl < lzn_1llue (o) + T—HK(UZ)IILoo(m,

and hence, invoking (4.8),

1zl @) = 121l + D (12 i) = N2 allie())
=1

* p—

1 VT

<Nl + —IHE @)l o riwee ) < 112°lluse o) +

1 — -
< |12°|Loe ) + - Z k|| K (uf)[|Lee (@)
=1

Cs1=:Cs

Tx

where Cs 5 = C32(Q, T, [|[u® — (m, 0)||a, [|2°]|L ), Eo, B, A*, 7%, 7., m) € (0, 00) is indepen-
dent of n and . This shows that Z, is uniformly bounded in L>°(0, T"; L>°(2)) by Cj 5.

Step 3: Cauchy estimate for (u,),, in C([0, T]; H,,).

Finally, we show an estimate for u,, — u,, for two time steps k1, k2. To this end, we abbreviate
¢ := |8y, — Uy, | m, which is a function in L*(0, T"), and we recall =X (u,, )p,., = u,.,. Then, with
Cauchy-Schwarz inequality, (4-6), the semi-monotonicity of & from Proposition and triangle
inequality, we obtain almost everywhere in (0, 7")

__Hulil - ’a@H?{ = (am - 'afiz?am _ﬂm)H + (am - amaﬂm - aﬁg)H
- (:K<un1>l'l’m - :K(H@)N@aﬂm - ﬂng)H

S gm(\/ﬁ_l+ \/’1_2) + A(um)Hﬁm _E’WH%{

([T, — g, [E2(0) + W) [Tny — s, [[E2)- (49)

For any 2 = 1, 2, we have with (4.6) and k; < VT, /Ki

A (ug, ) |[r;, — U, 125{ + WU, ) [T, — Uy,

< 3A(um) . QEOTgll‘@i + w(“m)’

2
L2(Q)

U, — Uy, [, [T, — e, [l n, 02))
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< Mg, - 6By, VT /R + w(uy,) - 2¢/2E0/ 2By '\ /ki
S 03,3\/"?2'(‘/\(“%1) + w(um))
for C33 := 1+ 6FEy7, /1 + T. Combining this with (4.9), we arrive at

d - ~ ~ .
Tl = Ul < G (CH M) + w(wn)) (VAL + V/E2) + 3w, ) [ty — Uiy |77

By estimate and Step 2 we find a constant C's 4 € (0, 00) independent of «; such that ||C ||t (0,r)+
| A ()10 + [lw(te, )10,y < Cs.4. Eventually, Gronwall's inequality postulates

[T, (1) — T, ()3 < XMl (“ﬂ (0) = @, (0)]

-~

=0

# CaalV/RT+ V) [ (606) 4 Ay (o)) + lun 51) s
< C33C3,4°734 (\/Fé_l + \/fi_2)

forallz € [0,7]. O

Theorem 4.3 (Limit passage and conclusion).

(i) There exists u € ACL ([0, 00); H,,) such that

loc

u, — uwin C([0,T]; H), (4.10a)
u, — uinl?(0,T; H), (4.10b)
u, — winL®(0,T;H,,), (4.10c)
u, — uwinL>(0,T;H,,) (4.10d)

along the whole sequence k. — 0, and u is a gradient-flow solution of (H.,,, €, R).

(i) The remaining statements of Theorem |2.4 hold true: Any solution u € AC} ([0, 00); 3,,)
with w(0) € (HL (Q) + m) x L>(Q) satisfies u € L2(0,T; H?(Q2)) x H(0,T;L>(Q)),
the energy-dissipation balance (2.16), and any such two solutions satisfy the stability esti-

mate (2.17).

Proof. Step 1: Statement|(i},
Using Lemma we find an element u = (u, z) € C([0, T]; H,,) such that holds true
along the entire sequence. Applying Lemma we further deduce that u € AC3 ([0, 00); H,,,)

loc

and (4.10b). Moreover, Lemma [4.2[(ii)] together with (4.10a) immediately yields (4.70c) and (4.10d).

Next, we want to show that this u satisfies (GFE). To this end, we notice that

supesssup €(u,(t)) = sup  E(ur) < Ep. (4.11)
NeN ¢€[0,T] NeN,0<n<N

Combining (4.70B), (4.70d) and (#.77), the closedness of D, R from Propositionyields 9(@,{)&5 —
G(w)a in L2(0,T; H*). Using this, (@.10c), (ED) and the closedness property of 9“& from Corol-
lary [3.8] we conclude that —G(w(t))i(t) € O%E(u(t)) for amost all t € (0, 7). Eventually,
delivers u’ = u,,(0) — u(0).
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Step 2: Any GF solution u € AC} ([0, 00); H,,) withu(0) € (HL (Q) + m) x L>(Q) enjoys the
regularity u € L2(0, T; H?(Q2)) x HY(0, T; L>°(Q)) and satisfies the EDB (2.16).

We will first show w € L2(0, T; H?(Q2)) x H'(0,T;L>°(£2)). Then we are in a position to apply the
chain rule in Proposition to (u, —G(u)u). Applying estimate (3.12), we get

H*)2dt < 00,

/0 u(t) — ey df < C2 / (lat) — (m, 0) 1 + 1 (aa(t))is(0)

i.e.u € L2(0,T;H?(Q)). Tosee z € HY(0, T; L>=(12)), we use (GFE), which tells us
1

(K 412
2 o) (2 (u)) (4.12)

in L2(0,T; L?(£2)). Hence, z admits the representation
2(t) = e o 7 45 / K(u J: 7 € g (4.13)

in L2(Q2) forall ¢ € [0, T. From there one obtains

*

A
12(O) |l ) < [12(0) |l ) + —llulluro iy < o0 (4.14)

*

by Sobolev embedding H?(2) < L>°(2). Note that, since u is Bochner-measurable with respect
to L>°(Q2) and % K are Lipschitz continuous, z is Bochner-measurable with respect to L>°(£2), too.
Invoking (4.14), we obtain z € L>(0,7";L>°(2)). In particular, the right-hand side in (.12) is in
L2(0,T;L>(£2)), hence so is the left-hand side, i.e. 2 € L2(0,T;1°°()). Altogether this shows
z € HY(0,T;1L°(Q)).
We are now ready to apply the chain rule, which states € o w : [0,7] — [0,00) is absolutely
continuous with L!-weak derivative

d .

__8 - <9 ),’U;(t)>H*7H

dt
_ <5e u(t)) ,K(u(t))(sg(u(t)»[{*ﬂ

:/Q<|V(—Au+f(u)—A(u)(Z—K(U)))\2+%(z—K(u)P) dr. (4.15)

From there, (2.16) follows immediately.

Step 3: Stability estimate and uniqueness.
Letu = (u, 2),v = (v,y) € AC} ([0, 00); H,,) be GF solutions with corresponding initial condi-
tions u’, v? € (HL () + m) x LOO(Q). In particular,

—G(u)i = 0E(u) and G(v)v =6E(v)

almost everywhere in (0, 7). By Step 2 we know (u, z) € L*(0,T;H?(Q)) x HY(0,T; L>(Q)).
Therefore, we can apply the monotonicity from Proposition [3.5]to obtain

1d ) .
Sqlv - o[} = (K(w)G(u)i — K(v)G(v)0,u —v), < Au)|lu—v|F.
An application of Grénwall’s inequality provides
lu(t) = v)lla < exp([Aw)|[Lisn) luls) —v(s)l|a (4.16)
forall 0 < s <t < T, which, by definition of A, is precisely the desired estimate (2.17). O
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4.2 Proof of Theorem

The proof relies on the previous result. We approximate u® € (H., () +m) x L*(Q) by a sequence
of initial values in (HL, () 4+ m) x L>(£2), for which Theorem [2.4 guarantees unique gradient-flow
solutions satisfying the EDB. Based on this, we show that the approximate solutions are uniformly
bounded and thus admit weakly convergent subsequences. Due to the absence of a Cauchy estimate
as in Lemma we do not obtain the strong convergence in C([0,T]; H,,). As a result, the
argument for the closedness of 9“€& becomes a bit more delicate. Eventually, we derive the EDI
and the weak—strong stability (2.19).

Proof of Theorem[2.8. Let u® € (H! () + m) x L?(Q). We choose a sequence of initial data
(ud)nen C (HL, () +m) x L>(Q) such that

||U?l - UO||H3W(Q)XL2(Q) — 0 asn — oo. (4.17)

By Theorem [2.4, we find GF solutions u,, € AC}, ([0, 00); H,,) that satisfy the EDB, in particular

& (un(T)) +/0 (R (t); n(t)) + R (wn(t); =g, (1)) dt = E(uy) < 00

forall T' € [0, 00), where ,, = —G(w,,)%,. Combining (@.17) with the bounded sublevels of € in
H'(Q) x L*(9) and using coercivity (2.15), we find a constant C' € (0, 0o) such that for every n € N

%[ o0 ((0,00);11 (2 )><L2(Q) A |12 (0,000 ) + |1 |12 (0,00);0) < C. (4.18)
Now put fi,, := —Au, + f(u,) — A(un)(z, — K(uy)), so that i, — fi, = a(un, 2, ). Observe that

un,zn|</\fun]dx—|—A*/]zn— (uyn)| dz,

i.e. ||a(un, 2n)||L(0,00) < C by growth condition (212) and @#18). Together with (3:12) this implies
the existence of constants C'(T") € (0, co) such that

|| inll2 0 () + [tz rme ) < C(T). (4.19)

Using @18), we find a limit w = (u, z) € AC}, ([0, 00); H,,,) NL>([0, 00); H(Q2) x L2(£2)) such
that for a non-relabelled subsequence

i, — 1 in L*([0, 00); H), (4.20a)

w, — win L=([0,00); H(Q) x L*(Q)). (4.20b)

From we infer u € L2 ([0, 00); H?(£2)) and get some ji € L2 ([0, 00); H'(£2)), such that for
further subsequence (again, not-relabelled) it holds

u, — uin L*(0,T; H*(Q)) VT < oo, (4.20c)
u, — uin L ([0, 00); HY(Q)), (4.20d)
up, — ua.e.in (0,00) x Q, (4.20e)
fi, — @in L2(0,T; HY(Q)) VT < oc. (4.20f)

Note that (4.20d) is implied by Aubin—Lions compactness, while (4.20€e) and (4.20f) are obtained via a
diagonal argument. We observe that (4.20a), (4.206) and |7| < 7* imply literally as in Lemma 3.9

S(uy)tw, — G(u)u inL*([0,00); H). (4.20g)
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To conclude —G(u)u = 5&(u), we can not use Proposition[3.7]because strong convergence u,, —

win L ([0, 00); 3,,) is not available. However, since —G(u,, ), = w,, = 6&(u,,) and weak limits

are unique, it is sufficient to verify that

f=—Au+ f(u) — A(u)(z — K(u)) and (4.21)
2, — K(u,) = 2z — K(u) in L*(0, T; L*(2)) VT < oo. (4.22)

The latter one already follows from (4.20b), (4.20d) and (4.20€). Note that (4.22) and (4.20€) also
provides A(u,)(z, — K(u,)) — A(u)(z — K(u)) in L*(0, T; L2(Q2)) forany T' < oo since |A| <
A*. Moreover, yields Au,, — Aw in L2(0,T;L*(Q)). Hence, once we have f(u,) — f(u)
in LL ([0, 00); L*(£2)) established, the identity follows. To this end, fix 7' < oo and observe

loc

that (#.20d) and (4.20€), together with (2.72) and Sobolev embedding H!(Q2) < L*(£2), imply for a
subsequence || f(ty, ) — f(u)||L1) — 0 almost everywhere in (0, 1"). Hence, invoking

1 (i () = Fa®)llere) < e (20£%(2)" + Cs (lltne ()1 gy + )l )

and (4.20b), the dominated convergence theorem yields f(uy,, ) — f(u) in L'(0,T;L(Q)). Since
this applies to any subsequence we might have chosen, it follows f(u,,) — f(u)in L'(0,T;L}(Q))
as desired. Taking into account that u(0) < u,,(0) = u® — u® in H,,, u eventually qualifies as a
gradient-flow solution.

To derive the EDI (2.18), we pass to the limit in the EDB satisfied by u,,. Since wu,,(t) — u(t)
in 3,,, for all ¢, it holds &(wu(t)) < liminf, , &(u,(t)) by Proposition[3.3] In the dissipative terms,
we apply lower semicontinuity to the weak convergences (4.20f), and the identification (4.21).
Eventually, for the passage in the initial energy, we just observe that implies &(u) — &(u?).

The stability estimate (2.19) can be shown literally as in Step 3 of Theorem by noting that the ar-
gument needs the L.>°(2)-regularity only for one of the solutions. The very last statement concerning
the bound of ||z — K (u)]|r2(0,7;1.0(2)) can be deduced easily from (3:12), the ODE formula (#.13),

EDI and estimates of type || z[|12(q) < 1/2&(w) +A*|[ull2@), |lu—m| @y ) < Cpwllu—
mliz) < Cowl|Vulrz@rey < Cwy/2E(u) (Poincaré-Wirtinger). O

5 Relaxation limit

Throughout this section, we suppose Assumption [2.8]in addition to our general hypotheses listed in
Assumption Before turning to the proof of Theorem [2.9] we establish the I'-convergence of the
energies and collect further auxiliary properties.

5.1 I'-Convergence of energies, compactness, and closures

We will frequently use the following L2-convergence result, which is an easy consequence of the
uniform convergence A. — A from Assumption [2.8}

Lemma 5.1. LetT < oo. Ifu.,u € C([0,T];L?(Q)) are such that u. — w in C([0,T]; L%(Q)),
then K. (u.) — K(u) and K- (u.) — K~ (u) in C([0, T]; L2(2)) as well.

The same conclusion holds if we replace “C([0,T]; L*(€2))” by “L2(£2)".
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Proposition 5.2 (I'-limit of £.). The family (€.)-c(0,1) I'-converges with respect to H,, to the func-
tional

Eaor(u) ifz = K(u) andu € H. (Q) + m,

Eo: H,, — 10, 00], Eolu) :=
‘ 0,00 o) {—I—oo otherwise,

i.e. the following holds true:

() Ifu. — win3H,,, then Eg(u) < liminf. o E.(u.).

(i) Foranyw € H,,, we find (u.)cc(0,1) C Hp, withu. — w andlimsup, _, €. (u.) < Eo(u).
Proof.

(i) For a suitable subsequence we have liminf. o €. (u.) = limy_, €., (u.,) =: E. We may
also assume that E/ < oo, otherwise there is nothing to do, and u., € H*(Q) x L?(Q) for all
k. In particular, (u., )ren is bounded in H'(€2). Therefore, u € H! (Q) + m and, for a further
non-relabelled subsequence, u., — wuin H'(Q), u., — win L2(Q) and u., (z) — u(x)
for almost every = € (). Via weak lower semicontinuity of the norm and Fatou’s lemma, as in
Proposition (3.3} it follows

Earn(u) <liminf &, (u.,) = E.
k—o0

Since ||z. — K. (u.)||l12@) < eC forsome C € (0, 00), we have z. — K. (u.) — 0in L*(Q).
Furthermore, K., (u.,) — K (u) in L*(Q) by Lemma/5.1] so that z., — K (u) in L?(2), thus
z=K(u),ie EqL(u) = E(u).

(i) We may assume z = K (u). Hence, for u. := (u, K.(u)) it holds £.(u.) = Eqr(u) and
K.(u) = K(u) in L*(2) by Lemmal5.1] especially w. — w in 3. O

The following compactness property will play a key role in obtaining strong convergence required for
the strong—weak closedness of the graph of 8G8§‘.

Lemma 5.3. For every sequence (u., )ren C Hy, € N\ 0 fulfilling supcy €, (., ) < 00, we find
a subsequence (U, Jnen C (Ue, )ren With ., — ug in 3, for some uy € H,y,.

Proof. The uniform bound of €., (u., ) implies, on the one hand, 2., — K, (u.,) — 0in L*(Q) as
k — 00, and on the other hand it provides a subsequence (uskn)neN C (uak)keN and some ugy €
HL, () +m such that u.,, — ug in H'(Q) as n — co. By Rellich-Kondrachov we infer u., — ug
in L%(Q2), and whence K., (u., ) — K(ug) in L*(2) by Lemmal5.1] hence z., — K(up) in
L2(Q) as well. Altogether we have, as n — oo,

ey, — (uo, K (uo)) I3 = lluey, — wolln, @) + 122, — K (uo)[f2q) — 0. O
Lemma 5.4 (Strong—weak closure of 9°E.). Letu., = (u.,,2:,),u = (u,z) € H,, Ko, , b=

(1,€) € H*. Assume that i, € 0°E,, (u.,) forallk € N, u., — winH,, and p, — pin H*.
Then p € '€y (), where the limit subdifferential is defined as

o Eolu) i { (—Au + f(u) _UA(U)U —a(u, v)) ‘ s f(Z)G_LZ(?)’U . }
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foru = ( K(u)) withu € H2 () + m such that Vu - n = 0 on 02. Here, we used a(u,v) :=
+,(f( A(u)v) da.
In part/cular /f,u = 0, then A( )5 = —Au+ f(u) — 5, f( (w)€) dx. And if§ = 0, then
p=—Au+ f(u) =, f(

Proof. To simplify notation, we write ¢ instead of . By assumption, we have . — (u,€) in
H! (Q) x L*(©), which means that

1

—Aue + f(ue) — 5_2A5(u5)('25 — Ke(ue)) — alue, 2.) = p

in H'(Q) and % (2. — K.(ue)) = £ in L?(Q2). The latter particularly implies z. — K.(u.) — 0
in L2(€2). Furthermore, Lemma [5.6]tells us that (u.). is uniformly bounded in H?(£2). We conclude
u € H?(Q) and u. — win H%(Q). In particular, since u. € H2 () +m and Vu, - n = 0 on 94, it
follows u € HZ (2) +m and Vu - n = 0 as well. Moreover, for non-relabelled subsequence, Rellich-
Kondrachov postulates u. — w in LP(£2) and almost everywhere in €2. Hence, since z. — K (u.) — 0
in L%(2), Lemmal5.1]yields z = K (u), i.e. u = (u, K (u)).

Eventually, it holds Au, — Aw in L2(Q2), f(u.) — f(u) in LY(Q2) by the p-growth of f,
S A (ug)(ze — Ko(ue)) = A(u)€ in L2(2), because A. converges uniformly to A, and

ofues22) = [ () = GALue) o2 = Kewe))) do = [ (7(0) = Aw)e) = a(u. &),
sothat p = —Au + f(u) — A(u)é — a(u, ) is identified by uniqueness of weak limits. This shows

(—Au + fu) — A(u)§ — &(u,E)) € 9€p(u)

§

as desired. The special cases i = 0 resp. £ = 0 are now readily deduced. O

Combined with Lemma(A.2] we infer:

Corollary 5.5 (Evolutionary closure of 9°E.,). LetT < oco. Ifu,u., € L*(0,T; Hom), 1, ., €
L%(0,T; H*) are such that

(1) u., — winL?(0,T;H,,) ask — oo,
@) p., — pinL?*(0,T; H*) as k — oo and

(3) ., (t) € 99E., (u.,(t)) foralmostallt € (0,T), allk: € N,
then pu(t) € 0°Eo(u(t)) for almost allt € (0,T).

Proof. Applying LemmalA.2]to S := 0%€., and noticing that € is closed and convex in H*, the
claim follows together with Lemma O

Lemma 5.6. There exists a constant C' = C(§2,d, A*, 7%, ) € (0, 00) such that

lu —m|lu2o <C’(||(u—m z) ) (5.1)

forallu = (u, 2) € dom(9%E.), u € 3%E.(u), alls € (0,1).
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Proof. As the proof closely parallels that of Lemma [3.6] we omit the detailed computations. Let u =
(u,z) € dom(99E.), p € 99€.(u), and multiplying —Au + f(u) — ZA.(u)(z — K.(u)) with
— A, by-part integration and Young’s inequality yields as in Lemma|3.6

2

8l < [V (-2t Fu) — A ()=~ Ke(w)

L2(;RY)
+ (U 28) fu =l @ + (A7 Sl — Kel) ooy
Since pp = (—Au+ f(u) — A (u)(z — K.(u)), 5(z — K.(u))), we easily deduce
1Ay < masc{L, (A Hlaaly + (1 +28) Ju — mliEy o)

and conclude as in Lemma 3.6]to get a constant C' independent of ¢ as claimed. O

5.2 Proof of Theorem

Let us first outline the proof. Exploiting (EDI), we first show that . := —D,RV"™ (u.; 1) and .
are uniformly bounded, and that (u.). is equicontinuous. In Step 2, we capitalise on these bounds

and apply Lemmato deduce (2.27a), (2:270), and the weak convergence of (i, )i to some limit
p. In Step 3, we perform the limit passage in (GFE) by identifying gt using Corollary 5.5 Finally, in
the last step, we show that v satisfies (EDB), from which we further deduce the convergence of en-
ergies and strong convergence of the time derivatives (2.28).

Step 1: Uniform bounds and equicontinuity.
By the energy-dissipation inequality (EDI), we know that for all ¢ € [0, c0)

€. (u.(t)) + / (RO (ue(s)s e (5)) + RO (ue(s); —pe(s)) ) ds < Ec(ud). (52

Since sup.¢( 1) E<(ul) < oo by well-preparedness (2.26), there exists a constant C' € (0, o0),
independent of ¢, satisfying

el Ee(ue(t)) + 7 lldellE2 0,00y, )y + €122 12 10,0012
€(0,00

+ 5_7HM5||i?([o,oo);H;V(Q)) + g_HHgE”iQ([O,oo);LQ(Q)) <C. (5.3)

Consequently, by the bounds of the time derivative in (5.3), the sequences

(ue)ze(o,n) in (HH(Q))5, +m if (v,5) = (0,+),
(1e)ee(0.1) In Hom it (v, ) = (0,0), (5.4)
(22)ee(01) In L*(2) if (7, %) = (+,0)

enjoy uniform %-Hblder continuity in the respective cases, in particular they are equicontinuous.

Step 2: Extraction of subsequences with convergence in the sense (2.27a) and (2.270).
In case (v,k) = (0,0), Ascoli’'s theorem (e.g. [Sim86, Lemma 1]) together with Lemma [5.3] allow
us — via a diagonal argument — to extract a subsequence (¢ )ren C (0,1), g\, 0 such that
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ue, — g in Ce([0, 00); Fyp,) (i-e. uniform convergence on any compact interval) for some limit
wo = (ug, 20) € C([0, 00); H,,,). Moreover, by interpolation

e (£) = wo(®)lac) < fJue, (£) — uolt Ol o J(\u

O @ + o @ ) (69

~
—0 bounded by (5.3) and Proposition[5.2]

we obtain u., — ug in Cic([0, 00); L3(£2)), so that is established. In order to achieve
(2:270), we need to show zy = K (uy). First note that Lemma [5.1] yields K., (u.,) — K(uo) in
Cloc([0, 00); L%(€2)). The energy bound in provides

sup [|2:(t) — Ke(ue(t) |12y < ¢ sup y/E(u.) < VCe (5.6)

te[0,00) te[0,00)

for all ¢ € (0,1), which particularly implies z. — K.(u.) — 0in C([0,00); L*(Q)). As a conse-
quence, zg = K (uy).

The other cases work similarly: If “(0,+)”, then provides a subsequence with convergence
ue, — up in Ciee([0,00); (HY(Q))Z, + m), which, as in (B.5), improves to u.,, — ug in
Cioc([0,00); L%(€2)). Thus, Lemma [5.1] tells us K, (u.,) — K (ug) in Cioe([0, 00); L2(€2)). Us-
ing again, we infer z., — K(ug) in Cic([0,00); L*(€2)). In the remaining case “(+,0)”,
(5.4) implies zek — 2p in Cioe([0, 00); L2(£2)), and subsequently, yields K, (u., ) — 2o in
Cloc ([0, 00); L%(€2)). Applying Lemma 5.1]to the inverse functions K, it follows ., — K ~*(z0)
in Cloc ([0, 00); L2(Q)).

Hence, we have established u., — (ug, K (ug)) in Cloc([O, oo); L%(Q;R?)) in all three cases for
some uy € C([0,00); L(€)), and the energy bound in (5.3) gives the additional regularity u, €
L>([0, 00); HY(2)). The uniform bounds on g, in also ensure uy € L2 ([0, 00); H*(Q)) by
Lemmal5.6|and provide some limit . = (11, €) € Lz([O, oo), H*) such that

loc

po, = (€)1 (0,0), (5.7)
pe, = (0,8) if (+,0)
in L2([0, 00); H*) (the convergences to zero even hold in the strong sense).
Step 3: Derivation of (GFE) in (CH), (vCH) and (mAC).
Applying Corollary 5.5 we find that
o= (Z) _ (—AUQ + f(U(]) - ?(Uo)f — CI(UO, ZO)) ' (5.8)

Thus, it remains to address the convergence of the time derivatives 1y and Z in the respective cases,
and to reformulate the results as gradient-flow equations corresponding to the gradient systems for
(CH), (vCH) and (mAC).

We start with the case “(0,+)”. By (5.3), (%.). is uniformly bounded in L*([0, c0); (HL (©))*).
Consequently, 1y possesses a time derivative @y € L*([0, 00); (HL,(Q2))*) with ., — g in
L2([0, 00); (HL, (£2))*), which in turn leads to (—A)ta,, — (—A) 4 in L2([0, 00); HE (Q)).
Combining this with (5.8), & = 0 (see (5.7)) and the equation —(—A)~ ., = ., for k € N, we
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arrive at the identity —(—A) "ty = —Aug + f(uo) ij up) d. Equivalently, —DRcp(ug) €
0" Eqr(up), i-e. ug is a GF solutlon of (HY(Q)):, +m, EaL, Rcn)-

Next, we treat “(0,0)”. Again, gives a uniform bound, now for both components (., Z.). in
L2([0, 00); H). Hence, u has a time derivative uy € L2([0, 00); H) with i, — g in L2([0, 00); H).
Since 7. — 7 uniformly and u., — ug in Cioc ([0, 00); L2(£2)), it follows 7., (ue, 2., — T(ug)Zo in
L2([0, 50); L2(Q)). Ths, ((—A) iy, 7, (1, ), ) — ((—A) g, (1)) in L2([0, 00); H*).
Together with (5.7), and p,, = ((—A) e, , 72, (e, ) 2, ), We obtain

(—(—m);ao) _ (—Auo + F(uo) = Aluo)€ = o (f (o) = Aluo)?) dx) 69

—T(Uo 0 §

In order to rearrange (5.9) to —Dy,Rycm(uo; tg) € 0" Er(ug), we observe that J;(K o ug) can be
expressed in two ways due to Lemma[A.3] namely

(20(), O)12(0) = (O¢(K 0 ug)(t), @) )y« mr ) = (to, A(uo(t))d) o)y« 1 () (5.10)

for ¢ € H'(€2) and almost every ¢ € [0, o), where the right-hand side is to be understood through
the identification (H. (2))* ~ (H(Q))Z, in 2.8). Since H'(Q2) > ¢ — A(uo(t))¢ € H(Q) is a
bijective assignment whenever u(t) € H?(£2), which holds for almost every ¢ € (0, o), the compar-
ison (5-10) yields g = A(#uoz’o € L2([0,00); L2 (Q)). Inserting £ = —7(ug) 2o = —7(ug) A(ug)t
into the upper equation of , we arrive at

_ ((_A)l + A2 ()7 (tg) — ]{2 A2(ug)7 (o) () dx) o = —Aug + f(ug) — 7{) Fluo) da

Hence, ug is a GF solution to (L2 () + m, Ear, Rvcn).-

Eventually, consider the case “(+,0)”. This time, gives a uniform bound for (Z.)., so that
Ze, — 20in L2([0,00); L2(£2)). As before, we derive 7., (u., )z, — 7(ug)zo in L2([0, 00); L2(Q)).
Combining with (5.7), and 7., (u., )%, = &, , we deduce

—A(ug)T(ug)20 = —Aug + f(uo) — 7{2(]6(“0) — A(uo)7(ug)z0) da. (5.11)

By an approximation argument similar to that in the proof of the chain rule Lemma [A.3] we deduce
that 1 exists in L?([0, 00); L2(£2)), namely

. - 3 1
(to(t), )12y = (D(K ™" 0 20)(t), &) (@) a1 (2) = ('ZO’ m¢)L2(Q)'

In particular, as 4, u(t) dz = m, we even have 1y = Zo € L2(]0, 00); L2 (£2)). Inserting this

into (5.11), we end up W|th

1
A(uo)

— (AQ(UO)T(uo)uo — ][ A2 (ug) 7 (ug)(+) dx) Uy = —Aug + f(ug) — ][ f(ug) dx
Q Q
Hence, ug is a GF solution of (L2 (Q) + m, Ear, Rmac)-
To conclude this step, note that u? — ug in L*(€2) (by well-preparedness and interpolation)

and u., (0) — ug(0) by (2:274). Thus, the initial condition uo(0) = u° is satisfied.
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Step 4: (EDB), (2.27¢) and (2.28).

Since ¢, is semiconvex with respect to (H (Q))* as well as L?(2), the chain rule from [MRS13,
(2.E4) and Remark 2.5] can be applied in all three cases, so that the solution u, satisfies (EDB). To
derive (2.27¢) and (2.28), we will use the particular form of (EDB) (cf. (2.3))

Ean(uo(t)) + / 2R (1o (r): (1)) dr = Ecar (uos)) (5.12)

for0 < s <t <ooand R € {Rcu, Rvcn, Rmac}, depending on (7, k).

We start with the case (v, k) = (0,0). By fixing ¢ € (0, c0) and passing to the limit in (5.2), and in
light of the well-preparedness (2.26) and (5.12), we obtain

. . . 2
lim sup <5ek (ue, (1)) + [|tke, ||i2(o,t;(H;v(Q))*) + || Ve (Uey ) Ze, HLQ(MLQ(Q))>

k—o0

= lim sup (Esk(uek (1)) + /;(23%2:’”) (e, (5); B, (5))) d5>

k—o0

< limsup &, (ugk) = Ear(ug)
k—o00

= Ean(uo(t) + a0l 20 .m0y + 1A0) /T (o) 0l 20 1.2 (0)-

From there we obtain, by weak lower semicontinuity of norms (applied to w., — g and /7, (e, )2, —
A(ug)+/7(ug)p) and the liminf-estimate from Proposition

Hm supy o0 [|te, ||z 06082, () < o llL2(0,6081, @)

lim supy, o l|\/ 7o, (Ue,, ) 22, 120,602 ) < [A(u0) /7 (20) 0|2 (0,602 (02))

lim SUPg— 00 Ssk (uEk <t>) < SGL(uo(t))'

Hence, i, — tg in L2(0,¢; (HL, (2))*), \/7e,, (us,)2e, — A(ug)/T(ug)tg in L2(0,¢; L2(Q2))
and &, (u., (t)) — Ear(uo(t)). Using and 1/|7.,| < 1/7., we get 2., — A(ug)tp in
L2(0,¢;L2(Q)).

To deal with the other cases (7, <) = (0, +) and (+, 0), we note that

. . 2 K .
max{ ||u5k (t) ||%H}W(Q))* ) Tep (UEk (t))zé‘k (t) HLQ(Q) } < 23{(57: ) (u6k (t); Ue,), (t))v

and similarly derive

i supy o0 (Eep (e, (1)) + [le, [1F2 0411, 21))) if (0, +),}

lm supy, o (e, (ue, (1)) + ”\/mzekni?(o,t;ﬂ(ﬂ))) if (+,0)
- {EGL<uO<t>> o+ [l 122(0 1y, 0 (0, +),
~ Canluo(t)) + "A()(u)\/muo”?ﬁ(o,t;LQ(Q) if (+,0).

The arguments then proceed as before.

The proof of Theorem [2.9]is now complete.
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A Appendix

A.1 Approximation of Lebesgue integral by Riemann sums

In the proof of the chain rule, Proposition [3.10, we approximated the Lebesgue integral by Riemann
sums. For this argument to be valid, we need to ensure that the Riemann sums indeed converge to the
Lebesgue integral. The specific situation needed in Proposition [3.10| was recently treated in [CS24],
where it was shown, in particular, that the partition points can be chosen outside a set of Lebesgue
measure zero.

Lemma A.1 ([CS24, Lemma A.1]). Leta,b € R, a < b, and a subset 3 C [a, b] such thata,b € X
and £L'([a,b]\ X)) = 0. Moreover, let g : [a,b] — [0, oo] be Lebesgue measurable with fab g(t)dt <
o0. Fixo € {0,1} ande € (0, 1). Then, there exists a partitiona =ty < t; < ... < t, = b such
thatt; € ¥ forall0 < i < n, maxj<;<p|t; — t;i—1| < € and

ggmxti ) - / " 4(0) dt‘ -

A.2 Evolutionary closedness

In the existence and relaxation limit proofs, we employed the evolutionary closedness properties for-
mulated in Corollaries and In both cases, we proved a static strong-weak closedness in ad-
vance, namely Proposition[3.7jand Lemma[5.4] The following lemma, which is based on the methods
in [RS06], builds the crucial link between the static and evolutionary properties. There, the S,,’s are the
placeholders for the subdifferentials. More precisely, in the existence part, we apply it to S,, = 0CE,
so that S, is in fact independent of .. In the relaxation limit, the situation differs: here, S, = 092,
i.e. it genuinely depends on n, and the limit operator is Soo = 0°&y.

Lemma A.2. Let H be a real, separable Hilbert space, and let S,, : H — P(H*) be mappings for
n € NU {oo} from H into the power set of H*. We assume that S, (z) is closed in H* and convex
for all x € H. Moreover, assume holds for all subsequences (ny)ren C (N)nen:

($nk)k€N - H7 Yn, € Snk(xnk)axoo € H, Yoo € H*

. A.1
:cnk—>xooinH,ynkAyooinH*ask:—>oo} = Yoo € Soo(Too) (A1)

Then, we have the following evolutionary closedness for any T' € (0, 00):

s oe € L2(0, T H), yn, yoo € L2(0, T; HY)
Tp — Too inL2(0,T; H) forn — oo,

Yn — Yoo in L2(0,T; H*) forn — oo,

Yn(t) € Sp(xn(t)) forae.t € (0,T),n €N

= Yoolt) € So(ro(t)) ae. t € (0,T). (A2)

Proof. The proof mostly follows [LR18| Proposition 2.7]. Assume the left-hand side of (A.2). From
T, — T strongly and the condition y,, € S, (z,), we particularly find a subsequence (7 )keny C
(n)nen and anull set N C [0, 7] such that, forall ¢ € [0,7] \ N, it holds z,, (t) = s (t) in H as
k — oo and yy, (t) € Sy, (xn, (1)) forall k € N.
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As a weakly convergent sequence, (y,, )ren is bounded in L2(0,T; H*). Applying the fundamen-
tal theorem for weak topologies [RS06, Theorem 3.2], we find a time-parametrised Young measure
(V¢)tefo,r) such that (v(t))(L(t)) = 1, where

L(t) == {y cH

I(Yny, Jeen S (Yny )ren with yp,, — yin H as £ — oo},

and

Yoo(t) = /* zduy(2) (A.3)

forallt € [0,7]\ N (by making N possibly larger, but still £!(N) = 0).

Taking y € L(t), we find a subsequence such that Yny, — Yy in H*. As shown above, we also
have z,, (1) — x(t)in H and y,, (1) € Sy, (2, (t)) for all £ € N. Therefore, implies
Y € Seo(ZToo(t)). Hence, L(t) € Seo(2oo(t)). This shows that for all t € [0,77] \ N, the measure
v(t) is concentrated on the convex and closed set Sy (T (1)), S0 we infer Yoo () € S (oo(t)) by

(A.3). O

A.3 Auxiliary Sobolev—-Bochner chain rule

Lemma A.3. Assume T < oo, and ) C R% 1 < d < 3, be open and bounded. Assume u €
HY(0,T; (HY(Q))*) N L0, T; HQ(Q)) and A € WH°(R), and let K : R — R be the primitive of
A with K(0) = 0. Then K o w € W3 (0, T; (H(2))*) N L2(0, T; H2(2)), with distributional time
derivative

forall ¢ € H'(Q), almost all t € [O,T].

Proof. Since A and K are Lipschitz continuous, we have K (u) € L?(0,T; H*(2)) with V(K (u)) =
A(u)Vu and Hess(K (1)) = A'(u)Vu ® Vu + A(u) Hess(u) by product rule in Sobolev spaces
and the chain rule, e.g. [MM72, Lemma 2.1].

Next, we show that the right-hand side in has the regularity W3 (0, T'; (H(£2))*). To this end,
we let ¢ € H(Q) and estimate for almost all ¢ € (0,7)

£(t)(@) = (Oru(t), A(u(t))d) )= @) < 0wt @)y | A(w) @[l o

Since V(A(u(t))p) = A(u(t))Ve + A'(u(t))dVu(t) in L2(Q;R?), the Sobolev embedding
HY(Q) < L%(Q) entails

1A(®)) @l ) < (V201A s + V205 | 4|Vt ll1s@0)) 191102 (0

Consequently, Hblder’s inequality applied to the exponents 3 3 leads to

4/3
/||z Ol @)- dt<C/ (XA, (14 | Vullisme) ' di

2/3 T 1/3
< C(/ HatuH%Hl(Q))* dt) </ 11+ ‘|VUHL3(Q;R‘1)|4dt> )
0 0

1/2 H H1/2

which is finite by interpolation [|-[|rs (0,3 @) < ll o (0 w2 @umay I L2 (0 7 ()
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It remains to show that for any ¢ € H!(Q) and n € C°((0,T))

/0 ' () (K (u(t)), ¢)r2() dt = —/O n(t)(Ou(t), A(u(t))d) m ()1 () dt.

By approximation [Rou13, Lemma 7.2], we find a sequence (u,).eny C C'([0,T]; H*(Q)) such
that u,, — win L?(0,7; H*(Q)) and dyu,, — Opu in L*(0,T; (H*(2))*). Exploiting the Lipschitz
continuity of A, one finds A(u,)n¢ — A(u)neg in L*(0,T;H'(Q)), so that

T T
| O @®). ooy de =l [ @ ), D)0
0 n=ee Jo
T
= — 11_)Hl (c%un(t), A(un(t))n(t)@(Hl(Q))*7H1(Q) dt
n—oo 0
T
=~ [ 0000 At ooy . =
0
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