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Derivation of a thermo-visco-elastic plate model at small strains

Moritz Immanuel Gau, Matthias Liero

Abstract

We investigate a three-dimensional thermo-visco-elastic model with Kelvin-Voigt rheology un-
der small strains confined to a thin domain. The model comprises a quasistatic linear momentum
equation, with viscous stresses adhering to a Kelvin-Voigt viscosity law, coupled with a nonlinear
heat equation governing temperature. The heat equation incorporates source terms arising from
viscous dissipation and adiabatic heat sources due to thermal expansion. The model ensures
thermodynamic consistency, maintaining energy conservation, positive temperature, and entropy
production. We analyze the asymptotic behavior of solutions as the domain thickness approaches
zero, deriving an effective two-dimensional model. This derivation involves rescaling the domain
to a fixed thickness and establishing uniform a priori estimates relative to the plate’s thickness.
In the limit, the temperature becomes vertically constant, and displacement are of Kirchhoff-Love
type, enabling meaningful interpretation of the limiting objects within the plate’s two-dimensional
cross-section. The mechanical equations consist of two parabolic equations, one for the mem-
brane part and one for the bending part. Notably, the viscosity law in the limiting model departs
from the Kelvin-Voigt form, reflecting nontrivial kinematic constraints on the rescaled out-of-plane
strains. The bending of the plate does not depend on the temperature in the limit.

1 Introduction

The derivation of lower-dimensional theories for thin structures such as rods, plates, or shells is a
classical problem in continuum mechanics. The first rigorous result for the plane membrane system
and Kirchhoff’s plate equation was given in [Mor59]. Subsequent contributions, both in the linear and
nonlinear setting, addressed rods, plates, and shells; see, for example, [CiD79), [Mie88|, [CiL 89| [Cia22),
LeR0Q]. For static problems, rigorous dimension reduction results based on I'-convergence were es-
tablished in the early 1990s (see e.g. [ABP91]). These have since been refined and extended to
encompass a wide range of mechanical behaviors, material responses, and coupled problems. For a
non-exhaustive list of such developments, we refer the interested reader to [FJM02, [FJMO06, IBLS16,
ALL19,[Pad22] BG*23]. In the time-dependent setting, the derivation of reduced models typically relies
either on the fact that the system can be reformulated as a (generalized) gradient system—as is the
case in viscoelasticity and elastoplasticity [Frk20, [LiM11]—thereby enabling the use of evolutionary
I'-convergence, or on the availability of explicit solution formulas [Lic13].

In this work, we study the behavior of solutions to a thermo-visco-elastic model with Kelvin—Voigt
rheology at small strains, formulated on a thin three-dimensional plate occupying the domain €. =
w X (—&/2,4¢/2), as the thickness ¢ > 0 tends to zero. Our goal is to derive an effective two-
dimensional model in the limit ¢ — 0. The three-dimensional system of partial differential equations
(PDEs) is based on a thermodynamically consistent model discussed extensively in the works of
RoOUBICEK; see in particular [KrR19, Chapter 8].

Neglecting inertial effects, the system consists of two coupled parabolic equations: a momentum bal-
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M.l. Gau, M. Liero 2

ance for the displacement u,
—div(Ce(u) + De(w) + 6B) = f(t,z), infk
and the heat equation for the temperature 6
()8 — div(K(9)VO) = Q + De(t) : e() + OB : e(), inQe.

The system is supplemented by mixed boundary conditions for «, inhomogeneous Neumann bound-
ary conditions for ¢, and appropriate initial data. Our main objective is to establish convergence of
the family of solutions (u., 6.).~0 to limit quantities that can be interpreted on the two-dimensional
midplane w of the plate. Moreover, we aim to characterize the resulting effective model in the case of
general anisotropic materials. We emphasize that the model does not possess a gradient-flow struc-
ture (cf. [Mie11]), so that techniques based on evolutionary I'-convergence for gradient systems, such
as those in [Mie16], are not directly applicable in this setting.

While the existence theory for such systems is well developed—even in the finite-strain setting—see
[Rou09, [Roul0l BaR11l, [Roul3| IMiR20, BEK23]|, a rigorous dimension reduction remains an open
problem. In [BIE87], dimension reduction was addressed for a simplified, fully linear model by neglect-
ing viscous effects and replacing the temperature in the adiabatic terms with a fixed one. Without
these simplifications, we encounter a central difficulty. From the momentum balance, we know that the
symmetric gradient (1) is L-integrable, since  is assumed to lie in H' (0, 7; H* (€2; RY) ). However,
this only yields L'-integrability of the term De(w) : e(1), which acts as an additional heat source.
Consequently, we must rely on L!-theory for the heat equation. In general, such theory provides in-
tegrability of 6 only up to the exponent Z—ﬁ = % (with d = 3 being the space dimension), which is
insufficient to control the adiabatic term 0B : e(1), where at least L?-integrability of 6 is needed. To
obtain the desired L2-regularity for the temperature, we reformulate the system using the enthalpy
transformation, as proposed in [BaR11] (see also [KrR19, Section 8.1]), and impose suitable growth

conditions on the model coefficients.

The paper is organized as follows: Section [2|introduces the model and notation, and states the main
results. In particular, we list the assumptions on the data and coefficients that will be used throughout
the text. Furthermore, we introduce a reformulation of the system based on the thermal part of the
internal energy (also referred to as enthalpy in [KrR19]), which we denote by w. For the dimension
reduction, we also perform a rescaling of the domain and the displacement fields. In Section [3| we
discuss the existence of solutions to the rescaled thermo-visco-elastic system, following the approach
in [KrR19]. To this end, we first study a regularized version of the system, depending on a parameter
0 > 0, where the heat sources are replaced by more regular approximations that admit better integra-
bility. This allows us to apply L2-theory for nonlinear parabolic equations. We establish uniform bounds
that are independent of both the plate thickness ¢ and the regularization parameter ¢. In particular,
we derive a priori estimates for the enthalpy w following the strategy of [Rou09, BaR11], originally
developed in [BoG89, [BD*97]. The limit passage € — 0 is carried out in Section |4} A central difficulty
here is that the Aubin—Lions lemma cannot be applied directly, as standard estimates for w,. are not
available due to the lack of admissible test functions in the heat equation. To overcome this, we de-
compose w, into the average across the plate thickness and a remainder. While the time derivative of
the averaged part can be estimated uniformly, the remainder is shown to converge strongly to zero in
suitable topologies.

In the limit, the thermal variable w becomes independent of the vertical coordinate, and the rescaled
displacements converge to so-called Kirchhoff-Love type displacements:

u(@!, x3) = (U1 (¢) =230, Us(2'), Us(a') =250y, Us(2'), Us(z')) "
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Derivation of a thermo-visco-elastic plate model at small strains 3

The limit system is formulated in terms of the in-plane displacement U = (Uy, Us), the out-of-plane
displacement Us, the thermal part of the internal energy w, and the out-of-plane strain variables >¢yen,
and .44, all defined on the two-dimensional mid-surface domain [O, T] X W.

The resulting two-dimensional limit model captures the interplay of membrane and bending effects
in the elastic response, coupled with a nonlinear heat equation driven by dissipative and adiabatic
contributions. It consists of the second-order membrane and fourth-order plate equations,

—div'(Ce(U) + D&(U) + P& steven + P 5teven + O(w) B) = Fio(t, '),
—div'div/(C V2Us + D V2Us + P& st0aq + P5 5t0aa) = F3(t,2) — div’ Fy(t,2'),

the effective heat equation,
(I diV/ (ICeff (w)V’w) = Qtot (t7 IE/; é(U)> V2U3> ‘%evem ‘%odcb @(’LU)),
and the evolution equations for the out-of-plane strains,

J.’feven + M]I_))IM(C Heven = _1\41]]51 (PC é(U) + ]PD é(Ula UQ) + ®(w) bB)u
5o0ad + Mp'Me 5t0qa = —5Mp' (Pe VU3 + Pp Vng).

Here, the tensors C, D, M, Mp, Pc, and Pp represent a decomposition of the original elasticity and
viscosity tensors C and HNJJ into in-plane, out-of-plane, and mixed components; cf. (14). The body force
densities I 2, I3, and I3 (along with the corresponding surface force densities) are defined via suit-
able averages of the original three-dimensional body force f and heat source h. Finally, in Section
we discuss the special case of isotropic elasticity and address the thermodynamic consistency of the
effective system. Moreover, we relate our limit model to the effective viscoelastic plate model derived
in [Lic13], by rewriting the system using a memory kernel formulation.

To the best of our knowledge, this is the first rigorous derivation of a dimension-reduced model for a
fully coupled, thermodynamically consistent thermo-visco-elastic system without gradient structure.

2 Setting and notation

Given a visco-elastic body that occupies the domain 2 C RY, for d = 3, and a time horizon 0 < T' <
00, we are interested in the evolution of the displacement u : [0,7] x Q — R¢ and temperature
6 : [0, 7] x 2 — R under external forces and heat sources. The governing equations of our model
consist of the linear momentum equation for the displacement

—div(Ce(u) + De(u) 4+ 0B) = f(t,x), (1a)

with e(u) = %(VU—I—VUT) denoting the linearized strain tensor, C denoting the fourth-order elasticity
tensor, D is the fourth-order viscosity tensor, B is the second-order thermal expansion tensor, and
f:0,T)xQ— R¢ being a volume force density acting in £2. Note that we neglected inertial effects,
i.e., the acceleration term pyii, with mass density py, does not appear on the left-hand side.

The equation for the displacement u is coupled to the heat equation for the temperature 9, viz.

()8 — div(K(9)V8) = Q + De(tt) : e(u) + OB : e(1), (1b)
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M.l. Gau, M. Liero 4

where ¢, (f) and K(6) denote the (temperature-dependent) heat capacity and conduct|V|ty, respec-

tively, and () is a fixed heat source density. Moreover, we used the notation A : B = z” 1 AijBij

for the scalar product of matrices A, B € R4*4,

The system is complemented by Dirichlet and Neumann boundary conditions for the displacement u
u=up(x) on(0,7)xI'p, (Ce(u)+ De(w)+ B)v =~h(t,z) on(0,7) xI'n, (1c)

where I' := 0Q, I'p Cc I Iy =T\ Ipandv : I' — S9-1 is the outer normal unit, with
up : [0, 7] x I'p — RY being a fixed displacement on the Dirichlet part and 4 : [0, 7] x 'y — R?
denotes a surface force density.

For the heat equation, we assume inhomogeneous Neumann boundary conditions, namely
K(@)VO-v =q(t,z) on(0,7)xT (1d)
for some given boundary flux q.

Finally, we impose the initial conditions

u(0,) =u’ inQ, 0(0,-) =60 inQ. (1e)

2.1 Thermodynamic consistency

The model in (Ta)—(Te) is thermodynamically consistent. Indeed, we introduce the specific Helmholtz
free energy density 1) : R2X4 x (0,00) — IR via the decomposition into purely mechanical, coupling,

sym
and purely thermal contributions, viz.

(e, ) = %(Ce ce+60B:e—1(0). )

The heat capacity is then given via ¢, (0) = —002,% (e, 0) = 01 (6), which is only defined in terms
of ¢y due to the linear dependence on f of the coupling term and therefore only depends on 6.

The entropy density 77 and the internal energy E are given via

n(e,0) = —0y¥(e,0), E(e, ) =1(e,0)+ 0n(e,0).

In particular, with ¢/ as in (2), we arrive at

n(e,0) = —-B:e+y(0), Ee0)= %Ce ce — 1o(0) + 0y (0).

We call Wy(0) = 0%( ) — @/}0( ) the thermal part of the internal energy. Note that we have that
o(0)—1o (0 +9w0 fo cy(r) dr. The potentlal of dissipative forces due to viscous deformation
is given via ((é) := —H))e é. The system in (Ta) and (Tb) can then be written equivalently as
—div[0.E — 00.n + 0:C] = f(t,x),
d (©)

EE — div(K(0)VO) = Q + [0.E — 00.n + 0:C] : e(w).

We derive an energy balance by testing the equation for linear momentum in with 1, to obtain
after integrating by parts the mechanical energy balance

/E§Ce (u)+8é§(e(U)):e(u)dx:/Qf-de—i—/FNh-uda—/QQB:e(u)dx. @)
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Derivation of a thermo-visco-elastic plate model at small strains 5

Using the heat equation in for the last term on the right-hand side, we arrive at the energy balance

/ ;t{ Ce(u) : e (U)+Wo(0)}dw=/Qf-udx+/FNh-Uda+/Qde+/qua,

where we used that S Wy(0) = ¢, (0)6. This equality shows that the total energy &£(u,f) =
Jo, E(e(u),0) dz of the system is conserved for vanishing external forces, fluxes, and heating.

On the other hand, we have for the entropy that

% 977( /Q—F@C w)) : ( ) + div(K(8)V0) da
Q+0C w)) : () K(0)Vo - Vo q
/ 7B da:—l—/réda.

Thus, for nonnegative (), ¢ and positive semidefinite K(6), we have positivity of the entropy produc-
tion.

Remark 1. From a mathematical perspective it is advantageous to choose either one of the quantities—
internal energy E, entropy 1), temperature 6, or, as below, the thermal part of the internal energy w-as
the independent “thermal” variable T and express the others in terms of the chosen, i.e., E = FE(e, 1),

n = 1n(er),0 =06(e,7)w = /W(e, 7). In principle, all formulations will be equivalent, and the
system takes the form

~div[0.E — 09,7 + 0:C] = f(t,x),

%E ~ div(K(O)VO) = Q + [0.F — 00,7 + 0:(] : eld).

2.2 Transformation to thermal part of internal energy

To derive suitable a priori estimates for the existence result as well as the limit passage, it is desirable
to assume certain growth properties of the heat capacity § — ¢,(f) to be able to treat the term
6B : e(w) on the right-hand side of the heat equation. We follow here the ideas in [Rou10] and rewrite
the system in terms of the so-called thermal part of internal energy (sometimes also called enthalpy)
using the transformation

w=W(0) = /09 e (r)dr, 0 =0(w): =W (w)forw >0,

where we assumed positivity ¢, > 0 such that the primitive 1V of ¢, (normalized such that W (0) =
0) is strictly increasing and therefore invertible. In particular, W differs from T, just by a constant,
namely, 1o(0). Note that we have LW (6(t)) = co(0(1))0(t). Therefore, by further setting K (w) :=
K(O(w))/cy(©(w)), we can rewrite the system in (Ta)—(Te) as

—div(C(e(u)) + D(e(w)) + O(w)B) = f(t, x) (5a)
W — div(K(w)Vw) = Q(t, x) + De(u) : e(it) + O(w)B : e(w). (5b)

The boundary conditions for the displacement are

u=up(x)on (0,7) xI'p, (Ce(u)+ De(dt) + O(w)B)rv = h(t,x)on (0,T) x I'y,  (5¢)
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M.l. Gau, M. Liero 6

and the Neumann boundary condition in translate to
K(w)Vw - v =q(t,z) on(0,T) xT. (5d)
Finally, the initial conditions now read

u(0,-) =u’ inQ, w(0,-) = w’ in Q. (5e)

2.3 Existence of solutions

The following assumptions are sufficient for the existence of solutions to the thermo-visco-elastic sys-
tem in (5):

(A1) The domain 2 C R? is open, bounded, connected and has a Lipschitz boundary I' = 9. It
is decomposed disjointly into Dirichlet part I'p and Neumann part I'y such that 'y = I" \ I'p.
The Dirichlet part has positive surface measure H*(I'p) > 0.

(A2) The elasticity and viscosity tensors C € L>°({2; R3*3%3%3) and D € L>°(£2; R3*3%3%3) sat-
isfy the symmetries (Cjikl = (Cijkl = (Cklij and ]D)jikl = Dz’jkl = Dklz’j for i,j, k’,l = 1, . ,3.
Moreover, they are uniformly elliptic on R2*3 such that

sym

Fe >0, >0 Cx)e:e>clef’, D@)é:é>wl|é)* ae inQ.

(A3) The thermal expansion tensor B € L>°(£2; R?*3) is symmetric;
(A4) The heat capacity is such that ¢, € C°(R;R), and there exist ¢y > 0, s > 2 with

VweR: o1+ |w]) " <ey(w) (6)

(A5) The heat conductivity satisfies K € CO(R; R?*?) with

K(©
K:R—R™  where K(w):= K(O(w)
(O (w))

being bounded and uniformly elliptic;
(A6) The bulk and surface force densities in and satisfy f € L?(0,7;L*(Q;R?)) and

h € L2(0, T; L*(T'x; R?)). We define the loading ¢ € L2(0, T'; H' (©2; R?)*) via

(0(t),u) := / f(t, z) - udx—i—/ h(t,x) - uda
Q I'n

(A7) The Dirichlet data satisfies up € H*(Q2; R?).

(A8) The heat source density and the boundary heat flux in and are non-negative and
satisfy Q € L'(0,T; LY(Q)) and ¢ € L*(0, T; L}(T)).

(A9) The initial values are such that ug € H'(Q2; R?) with ug —up € H:_(2; R?) and w° € L' (Q
I'p

with w® > w9, > 0 a.e.in .
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Derivation of a thermo-visco-elastic plate model at small strains 7

Remark 2. 1 The growth condition for @ +— c,(6) in Assumption |(A4) implies that ©(w) <
Co(1 +w)Y* forw > 0, some Cyy € [1, 00). Moreover, the condition s > 2 can be relaxed to
s > 6/5, see [KrR19]. However, more refined estimates are required in this case.

2 Taking a time-independent Dirichlet data as in[(A7) has the advantage that i of a weak solution
(u, w) according to Definition[3 vanishes on (0, T) x T'p. In particular, 1 is an admissible test
function for (7), i.e., the tests in Step 1 of Proposition[9 and are valid. However, one may
also consider a time-dependent Dirichlet data up, € H'(0, T; H'(€2;R?)) and then i — 1up
has to be used instead.

Definition 3 (Weak formulation of (5)). Letr € (1, %) and assume that the Assumptions |(A1)H(A9)
are satisfied. A pair (u,w) of functions u : [0,7] x © — R%, w : [0,T] x Q — R is said to be
a weak solution of the initial-boundary-value problem in if w € HL(0,T; HY(Q;R?)) and
u—up € HY(0,T;HE (;RY)) and w € L"(0,T; W () with iv € L(0, T; (WH(€2))),
and if it satisfies the integral identity

/O /Q (Ce(u) + De(it) + O(w)B) : e(v) de dt — /0 (), 0) dt, @

for all v € L2(0,T;HE_ (Q;R?)) together with u(0,-) = wug in H'(Q;R?), and if for all ¢ €
W0, T; WH () with ¢(T') = 0

/OT/Q (—wé + K(w) Ve - Vo) dxdt—/wo(ﬁ)cb(oﬂf) dz

-/ ! / (Q+De(u):e(u)9+ O(w)B : e(i))odrdt + [ ) [asdade. @

Theorem 4 (Existence of solutions). Let the Assumptions hold. Then the initial-boundary-
value problem given by the system in (5e) admits a weak solution in the sense of Definition[3
Moreover, we have that ©(w) > 0 andw > 0 a.e. in [0,T] x .

The proof is postponed to Section

2.4 Convergence to effective plate model

For the dimension reduction to a plate model, we consider domains with a plate geometry, namely,
Q. =wx (—¢/2,+¢/2)for0 < e < landw C R*.

In addition to the decomposition of the boundary into Dirichlet and Neumann part, we also use ab-
breviations to distinguish between vertical and horizontal part of the boundary in this setting. We set
'L = 0w x (—&/2,+¢/2) for the vertical part and Il = w x {—¢/2,+¢/2} for the upper and
lower part of J)., and we further define the lower part I'_ := w x {—¢/2} and the upper part
I'f := w x {+¢/2}. Hence, altogether we have the disjoint decomposition of the boundary

00, =T UTIU (dwx{—e/2,+¢/2}) =THUT- UTT U (Owx{—¢/2, +/2}).
Finally, we assume that the Dirichlet part of the boundary is given in the form I'° = ~p X (—¢ /2, +¢/2)

for some subset vp C Ow with positive 1-dimensional Hausdorff measure.
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M.l. Gau, M. Liero 8

To pass to the limit £ — 0 in a meaningful way, we need to interpret all functions as quantities defined
on one and the same domain. To this end, we introduce the transformation

Q.2 =(2",23) = F:=S.x Cwx (—1/2,+1/2) =: Q, where S, := diag(1,1,¢7").
Correspondingly, we have the following parts of the boundary

B vertical boundary ['{ := Ow x (—1/2,+1/2);

B horizontal boundary I's := w x {—1/2,+1/2};

B upper boundary I'f := w x {+1/2};

B lower boundary I'] == w x {—1/2};

B Dirichlet boundary I'Y := v x (—1/2,+1/2);

B Neumann boundary I'V := 9, \I'® with horizontal and vertical parts I} := wx {—1/2,1/2}
and ') := (0w \ p) x (—1/2,+1/2), respectively.

For a function ¢ : 2. — R, we introduce the ‘tilde’ notation to denote by % : 1 — R the function in
the new variables, i.e.

b(7) = ¢(S-'7) = p(x) suchthat V¢ = S.Vip(d) = V.¢(Z).

Furthermore, for vector-valued displacements v : ). — IR3, we introduce the ‘hat’ notation to define
rescaled displacements via

u(z) = S Mu(x) = S;'u(S;'E) suchthat e, (u) = S.ez(U)S. =: k(1)

Due to the form of the rescaled strain tensors k. (u), it is known that limits of rescaled displacements
u. with bounded elastic energy have to lie in the space of Kirchhoff-Love displacements (see e.g.
[Cia97]), which is defined by

VKL(Ql) = {U S Hl(Ql;Rd) } elg(U) = 623(0) = 633(’0) = 0} (9)

The space admits the following alternative characterization (cf. [Cia97, Part A, Section 1.4, Theo-
rem 1.4-1 (c)])

Lemma 5 (Characterization of Kirchhoff-Love displacements).

VKL(Ql) = {ﬁ = (ai)lgigg ﬂl(i“) = Ui(xl,.fljg) — 5738%[]3(.’131,1'2) fori = 1,2 and

ﬂg(;%) = U3(LU1,Q32) fOfUZ' € H,lyD(CU), U3 € H,ZYD(CL))} (10)
where H2 (w) := {U € H*(w) | U = VU - v, = 0 onp}.

Moreover, due to the uniform ellipticity of IC, we expect limits of the solutions w, to live in the set

Wy = {w € W (Q)) | 0,0 = 0 ace. 2} ~ WH'(w). (11)

We can now state the additional assumptions that we will use for carrying out the limit passage € — 0.
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Derivation of a thermo-visco-elastic plate model at small strains 9

(B1) The domain w C R? is open, bounded, connected, and has a Lipschitz boundary v = vp Uyx
such that H'(7p) > 0.

(B2) The elasticity and the viscosity tensor C and D are spatially constant.
(B3) The thermal expansion tensor B is constant.

(B4) The bulk force density satisfies f.(t,z) = S_f.(t, %) for some f, € L2(0,T;L2(2;RY))
and the surface force density is such that

" _|Scthi(tz) forz et
(L) =9 oyl - N
eS-thi(t, z) forz e I}V,

where ht € L2((0,T) x T)*) and hl € L2((0,T") x TV We define the rescaled loading
0, € L2(0,T; H (Q; R?)*) via

(0,(1), ) ::/ f*(t)-ideJr/ h*(t)-ﬂdaJr/ hi(t)-uda.
N ol it

1

(B5) The Dirichlet data is such that up . (= ) S.tip (&) 1= S () + £S5 (8) +e2S.ad (7)
for given functions uD € VkL(1), 4, D ) ¢ V33(€),and u A(Q) € H(Qy;RY), where Va3(£2;) =
{(Ul, UQ,Ug) c Hl(Ql,Rd) | (9x3u3 = 0}

(B6) The heat source density is such that Q. (t,z) = Q.(t,Z) for some Q, € L*(0,T;L*(€,))
and the boundary heat flux satisfies

1(+ 7 - I

q,(t,z) forz el

QE(tv'r) H( ~) ~ ﬁ
£q:(t,z) forz €I},

for g+ € L1(0, T; L(I'})) and qll € L1(0, T; L1(T)).
(B7) ¢, € C°(R;R) satisfies the growth condition (6) for ¢y > 0, s > 2.

(B8) The heat conductivity is such that K € CO(R; R¥*?), and K(w) = % is uniformly elliptic
and bounded, i.e. there exists v > 0 such that KC(w)& - € > vic|€]? forany w € R, £ € R3,

and sup,,cg |C(w)| < oo.

(B9) The initial values are such that uOE( ) = S for up . € HFD 1(91;R3) with Uy . — U in
Hip, (15 R?) and ke (toe) — w°in L2(Qy; ]RSX3) The limit x° is affine with respect to 3.

Sym

Finally, we assume that wg . = w° for some @’ € L'(Q) with 9,,,@° = 0 a.e. in .

Remark 6. (i) The condition that x5 — k°(x', x3) is affine for a.e. x' € w will be used to decompose
the limiting strains k(t) = lim._,o x.(u.(t)) into an even and an odd part, see (44).

(ii) It is also possible to consider an initial value 1 . that is minimizer of the functional £.(uy ) =
fQ %(Clia u) : ke(w)dz— (o, w) for some given external loading {y. Then, it is well known, that mini-
mizers u. of E. converge to minimizers u of the effective functional £y, where Ey(u fQ 2(CKLe( u) :

e(u)dx — (ly, u) ifu is a Kirchhoff-Love displacements and &,(u) = +oo otherw:se see [Cia97].
Here, &) € R2x?* denotes the in-plane strain tensor and, using the notation from (14), the effec-
tive elasticity tensor is given as Cyq = C — PtM 'P¢. Moreover, we have that r.(i.) — & in
L2(Qy; R¥*3), where k;; = €;(u) fori,j = 1,2 and the vector » € 1*(Q;R?), defined via
»; = K3 fori = 1,2, 3, satisfies the relation Mcsc + Pce(u) = 0.
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M.l. Gau, M. Liero 10

With the transformation to the fixed domain {2; and the rescaling of the displacements, it is not hard
to confirm that the rescaled pair (., w. ), corresponding to solutions to the system in (5), satisfy the
rescaled equation of linear momentum

/Q (Ck.(u.(t)) + Dk (1(t)) + O(w-(t))B) : k() d = (0,(t),9), (12)

for almost every t € [0, 7] and for all ¥ € Hy, | (21; R?) and the rescaled heat equation

1

T .
[ [ adrk@va. viaa - [ oo
0 91 Ql

:/0 /Q (Qu + Dk (W) : k(1) + O(@.)B : k(1)) € AT dt

T _ T _
+/ / qlé dadt+/ / qj& dadt (13)
o Jrl 0 Jri

forall € € W' (0, 7; W' (Q,)) with £(T') = 0.
To identify the effective lower-dimensional system, it is convenient to introduce the tensors C €
Lin(R22 R2<?) P € Lin(R2? R?) and the matrix Mlc € R2%3 via

sym  — sym sym sym

— = A0 B 0 — (a A0 0 a

camc(F ) (2 0). e (e (F ) (0 1)

a b\ 0 a) (0 b T B~ p2x2 2
M(C(z)'(y) '_C<aT z)’(bT y), for A, B e R, a,b e R”, y,z € R.

Analogously, we define the quantities D € Lin(R2<? R2<?), P, € Lin(R2%2, R?), Mp € R for

the viscosity tensor ID. We will also denote B = (Bi;)ij=12 and bg = (2B3,2Bs3,Bs3)" € R3.
We decompose the heat conductivity tensor as

(14)

K(w) = (kllc((g))T Z;E:UU;) , where K(w) € R2?, ki (w) € R?, ky(w) € Ry (15)

The effective two-dimensional heat conductivity tensor w — Keg(w) € R2<% is given via Keg(w) =

K(w) = 5wk (w) @ ki(w). The form of Keg(w) is not surprising. Indeed, let us consider the
quadratic form z > %K(w)z - z for z € R3. The effective two-dimensional heat conductivity tensor

arises from minimizing out the vertical direction, viz.

%Eeﬂ(w)zl -2/ = min 1lC(w) (z,) . <Z/) with Z3 (w, ') = —klk(:wi (16)

z3€R <3 <3 2(’60)
denoting the unique minimizer for given w € R and 2’ € R?. Note that Ko (w) is the Schur comple-
ment of ks (w) in IC(w).

Moreover, we define the planar strain €(u) € R2%? as

sym

=1,2.

Y

_ _1 8UZ an .o
&) = §<a:cj * ax)’ hJ
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Derivation of a thermo-visco-elastic plate model at small strains 11

Theorem 7 (Limit passage to plate model). Let us assume that the Assumptions and
(B1) hold. Then, the rescaled weak solutions (., w.) to the system (B) converge (up to sub-
sequences) to limits (U, w) withu € H*(0,T; Vk1(1))), w € L7(0, T; W) such that

u. — winHY(0, T; H' (4 R?)),  w.— w inL"(0,T; WH"(€2)). (17)

In particular, the limits % and W can be identified with functions U = (Uy,Us,), Us and W, respec-
tively, defined on [0, T x w that are weak solutions to the following effective system consisting of the
membrane and plate equations

/ (Ce(U) + De(T) + P even + P Seven + O(W)B) : &(V)dz' = (L12(t),V)

1 _ .
5 (CV?Us + DV?Us + Pgstoda + Phitoaa) : V2 Vada' = (Ls(t), V3)

forall V.= (Vi,Va) € H (w) x H! (w) and V5 € H2_(w) almost everywhere in [0,T], the
out-of-plane strains satisfy

.%even + M]I_))IM(C%even - _M]]SI(P(Cé(U) + IP)DE(Ul, UQ) + @(W)bﬁ),
Sodd + Mp'Mestoaa = —My' (PcV2Us + PpV2Us).

almost everywhere in [0, T'] X w, and the effective heat equation for W reads
T .
/ /(—W§ + Keg(W)V'W - V'¢) dz dt — / WO¢(0, ) dx
0 w w

T . T
:/ /Qtot(t,x’;é(U),Vng,keven,'%odd,G(W))fdx'dt+/ / g ¢dadt (18)
0 w 0 Oow

forall& € W' (0, T; WH (w)) with £(T) = 0, where the total heat source Q.. is defined in (50).

3 Existence proof

For the remaining part of the text, we drop ‘hat’ and ‘tilde’ over the quantities to keep the notation sim-
ple. In order to prove the existence of solutions, we first consider a regularized system, by introducing
for & > 0 the regularized heat source

O(w)B: £+ Dk : &
14 0]A|? ’

Q(S(/.{,U);t,l') = Qg(t,ﬂ?)—{— (19)
where Qs € L?((0,T) x Q) is such that Q; — Q in L'(0,T;L'(Q;)). Moreover, we consider
qf € L2((0,T) x T+) and q! € L2((0,T) x T'!) such that g+ — q in L1(0, T; L'(I'})) and
ql = qlin L1(0, T; LY(I)), as well as, regularized initial values w? € L2(£;) such that w) — w”
in Ll(Ql)

Thus, instead of the heat equation in (13), we consider its regularized version
w — div.(K(w)Vow) = Qs(ke(u), w), (20)

while the mechanical equation stays the same. The existence of solutions to the regularized system
and can be deduced either via time-discretization or Galerkin approximation, we refer the
interested reader to [KrR19, Sect. 8.3] and [RouQ9], respectively.
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M.l. Gau, M. Liero 12

Theorem 8 (Existence for regularized model). Forc > 0 and 6 > 0 fixed, there exists a weak
solution (us.,ws.) € HY(0,T; HY(Q;RY)) x (L2(0,T; HY(Qy)) N HY(0,T; (HY(Q4))*) to the
regularized system, meaning that us. — up. € H'(0,T; HIED(QI; R?)), ws. > 0, that for all v €
1
L*(0, T; Hip (Q1;RY)) it holds
1

/0 /Q(Cfis(u&s) + Dk (ts:) + O(ws,-)B) : ke (v) dadt = /0 (0 (t),v)dt, (21)

forany & € 1L2(0,T; H'(Qy))

T T
/ (Wse, &) dt + / / K(wse)Vewse - V£ da dt
0 0o Jo

T T T
:/ /Q(;(ng(ugﬁ),wg,g)fdazdt—i-/ / ql;lfdadt—l—/ / qffdadt, (22)
0 Jo o Jrl 0o Jr

and the initial conditions us . (0) = u?, ws . (0) = w? are fulfilled.

Concerning the positivity of temperature, we note that

O(w)B : i+ D : _C§|]B%|2|w|2
1+ 0|k 27

due to Remark [2l Hence, we can carry out similar arguments as in [Rou13, Remark 12.10] to ob-
tain positivity ws. > 2 > 0, which holds uniformly in ¢ and ¢. It follows that also

C2|B2T~y " +2/w?
@(w&s) > 0.

min

Proposition 9 (A priori estimates for the regularized system). Let us assume that Assumptions[(AT)}
(A9) and |(B1)H(B9) hold. Fix r € (1,32). Let (us., ws.) denote the solutions for the regularized
system in Theorem|8, then there exists a constant C' > () independent of § > 0 and 0 < ¢ < 1 such
that

| fe(us.e) || oo (0.m1.2(00)) + || Ke (Ts.) |20, m02(00)) + N|Usie i o0,mmr )y < C, (23)

1
w5 ||Loe (0,711 (1)) + || Ws.e||Lr0.75w1r (021)) + EHa:vgwd,sHLT(O,T;LT(Q1)) <C. (24)

Proof. Step 1. We fix 7 € [0,7] and test with v = 1i5.(t) X[0,- (t), and after some rearranging
we obtain

/OT/Q(C/ia(ufs,a) + Dre(tsz)) : Ke(tise) da dt = /OT(f*(t),u&J dt
- /0 ' /Q O(wse)B : k(s ) da dt.

In the left-hand side, we use uniform ellipticity of C and ID in|[(A2)|to obtain after using the chain rule

Yc T . Cc
7||’fs(u6,e(7))||i2(gl) + %D/ ||/fa(ud,e)||iz(91) dt < 7||/fa(ug)||iz(sz)
0

T / 1) s -

ua,sl\Hl(m)dtJrCB/O 1O (ws.e) L2y | Ke (s )| L2y dE.
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Derivation of a thermo-visco-elastic plate model at small strains 13

In the right-hand side, we apply Young’s inequality several times and use that due to Korn’s inequality
there exists a constant Cx > 0 (depending only on the fixed domain €2;) such that ||t |1 (0,) <
Cklle(tse) iz, < ||Re(tse)|r2,) as 0 < e < 1. We are then left with

H/fe(ué,a(T))Hi%Ql) + ||"3a(116,a)”iz’(o,r;m(ﬂl))
< C(Ire sy + 1elEao s @) + 1905 a0z )

where C' > (0 does not depend on 9, 7 and ¢. Using the Assumption in|(B9)|for the initial value ug and
(B4)|for the external forces, it follows for all 7 € (0, 7] that

ke (s (P) 120 + 16 (5.) [E20 rnz (@ < Co(L+ 1Ows ) L2 riz@ry)  (29)

for some constant C; independent of £ and 9.

Step 2. For the derivation of the estimates in (24), we use the techniques established by Boccardo and
Gallouét [BoG89, IBD*97] and follow the depiction in [Rou09, Proposition 4.3] and [Rou10, Proposition
4.2].

Again, keeping 7 € (0,7 fixed, we consider for 0 < k < 1 the C?function ¢p(2) = 2z —

ﬁ—(1+zl)k—1 for 2 € [0,00). We have ¢ (2) = 1 — (1+z Ao and or(z) = W and perform

the test in with § = ¢, (ws <) X[0,-]- By chain rule, we then get

or(ws (7)) do — ¢k(wg) dzr + / P (ws ) K(ws.e)Vews e - Veowse do dt
o 0

Q

N / Q‘S(Ks(uéf) ws e )Py (w5, ) daw dt

/ / q(S o (Ws e dadt+/ / qﬁk ws.) dadt. (26)
FJ‘

Note that ¢ has linear growth, i.e., — 7 4+ z < ¢x(z) < 2z, while 0 < ¢}, (z) < 1 in the following.
In particular, exploiting that |Qs(%, w; t, z)| < Qs(t, ) + |B||O(w)||x| + Dk : &, we estimate the
right-hand side using Hélder's and Young’s inequalities

/ Qs(ke(tse), wse)Pp(wWse) dxdt—i—/ / q(; e (Ws. e dadt+/ / Fo( ws ) dadt
0o Jo

< [|QsllLr om0y + C(Hﬁe(u(s,e)||L2(o,T~L2(Q1 + 10 (ws o) [[72 OTLQ(Ql)))
+ ||q [ ozl T llag . (0,7LL (')

for all 7 € (0,7] and a constant C' > 0 independent of € and 4. In the left-hand side of (26),
we use the bounds for ¢y and umform ellipticity of K in and the convergences Qs — Q. in
L'(0,T;LY(€)) and q) — gl in L1(0, ;L)) and qF — q in L}(0, T; L1(I'})), to obtain
foranye > 1,0 > land 7 € (0,7]

|V wse|?
w dx dt
H 58 ’Ll Q1) / /Ql 1 W; ¢ k+1

< 02(1 + [|me(se) [F2(0. 02000y + 1©(Ws)lE20r120ryy) (27

for some constant Cy > 0 independent of € and 9.
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Step 3. Multiplying by 1/(2C5) and adding the result to gives

1 . 1
e (use (M) E2 (@0 + Flle (o) P20, 0200 + 20, vl

‘V w55| 1 9
202/ / (1 + ws.) k+1 dzdt < <Cl+§> (1‘|‘ ||@(w5,a)”L2(O,T;L2(Ql))> (28)

forall d > 0,¢ € (0,1], 7 € [0, T)]. Using now the estimate ©(w) < Cy(w)'/* for s > 2 (see Re-
mark gives a uniform estimate for ||ws.c|| o< (0,7;1.1 (0,)) Via Grénwall’s inequality. From this estimate,
we immediately obtain the uniform bound for || (ts.c) | 1o (0,m12(01)) @and ||k=(tse) |2 0,m02(01))-
Eventually, the uniform bound for || s c || 11 (0,711 (0, )) follows from Korn's inequality and ||le(v) [|2(q,) <
|5 (v)||L2(02,) (since e < 1), which provide us

|use i omm 1)) < COkllke(Use)||mr0,0200)) + Cx ke (upe) |20y + [[up.ella @u)-

The norms containing the Dirichlet data are uniformly bounded in € and ¢ by decomposition [(B5), and
the norm of k. (us.) is bounded by the already shown estimate for ||k (us ) || 110,712 (01))-

Step 4. It remains to prove the uniform estimate for V. ws. in L7(0, T; L"(€; R?)). We start by
applying Hélder’s inequality with the exponents 2/r and 2/(2—r) (recall that r € (1,5/4)) to obtain

v e T 1
//|v ws.|" dz dt = // 1|+ w5r|(k+l)(1+w55) S dz de
wéa 2
|V w5a|2 r(k+1) =
Ay et ()5 dads

:Il XIQ.

We observe that [; is already uniformly controlled via (28). For 5, we use the Gagliardo—Nirenberg
estimate, in the following form

A
2lltan) < Canllzlliiio, (Il + V2l @)

1 1=\ 11 (29)
for ~ > —+/\(— - —), 0<A<1, zeWW(Q),
q 1 r d
where d = 3 is the dimension of the domain €2;. In particular, for z = 1 + ws.(t) and § =

r(14k)/(2—r)and k = 2(d +2 — r(d + 1)), we get k > O since r < (d +2)/(d + 1) = 5/4,
and we canset A = /¢ = (2—r)/(1+k) € (0, 1) to obtain

T 3 1—r/2
IVewselltrorir @y < 1 x o < C(/O 1+ wse(Olaa,) dt)

T 1—r/2
< C(/ (1 + [[Vwselltrq,)) dt) (30)
0

where we also used that ||ws .|| (0,7:11(2,)) < C. Note that all constants C' > 0 are independent of
d and €. Finally, we note that || Vws.||1r,) < ||Vewse||Lr,) as 0 < e < 1. Thus, using Young's
inequality on the right-hand side to conclude that V.w; . is uniformly bounded in L"(0, 7"; L"(£2;)).

O
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Derivation of a thermo-visco-elastic plate model at small strains 15

We are now in position to pass to the limit 6 — 0 for ¢ fixed. Note that for ¢ fixed, we also ob-
tain a uniform estimate for the time-derivative w;.. Indeed, testing the heat equation with an arbi-
trary test function & € L*°(0,7; W' (,)) and using the a priori estimates established above

as well as HQJ(K@; w(;,E)"Ll(O,T;LlQI) and Hq(LlHLl(O,T;Ll(F%) + ||q§_HL1(O,T;L1(Ff‘)) S C gives that
Hu’;@a||L1(07T;(W1,rr(9))*) is bounded uniformly with respect to § (but not with respect to ¢).

Theorem 10 (Existence of rescaled solutions; limit passage 6 — 0). Let (us ., ws,) be from Theorem
[§ and keep ¢ € (0,1] fixed. Then, there exists a sequence (dy,)gen C (0,1), 6 N\, 0, and limits
(ue, we) such that

us, « — u. inHY(0,T; HY(Q; R?)),
ws, . = we inL7(0,T; WH(Q)),

and (u., w.) is a weak solution of (B) in the sense of Definition@ Moreover, all estimates in Proposition
@ remain true for the limits (u., w.) via weak lower semicontinuity of the norm.

Proof. By Proposition |§], we find a sequence (Jx)ren, Ox \¢ 0, such that the stated convergences
hold. We will now mainly follow the ideas from [Rou09), Proposition 4.6] and [BaR11, Lemma 4.2]. One
crucial point is to get strong convergence for (ws.)s>0 and (k:(tsc))s>0 in order to deal with the
nonlinearities in and (22).

First, we note that 1. still enjoys a bound in L'(0, 7; (W (€21))*) that is uniformly in § (for &
fixed). Thus, we obtain from Aubin—Lions’ compactness theorem (see [NeR0O1, Lemma 3]) the strong
convergence ws, . — w, in L"(0,7; L"(£21)) and, up to further subsequence (not relabelled), con-
vergence a.e. in (0,7) x €;. As © has at most %-growth, continuity implies ©(ws, .) — O(w.) in
L2(0,T;L2(Q1)). In particular, the mechanical equation (7) can be readily derived from (21). Also,
the initial condition is fulfilled as u® = wus, .(0) — u.(0).

The limit passage in (27) is used to show k. (i, -) — k(1) in L?(0, T; L*(4)). We compute

T
/ / Dk (te):k:(U:) de dt < hmsup/ / Dk (s, ¢ ): ke (s, o) d dt
(o k—oo 0

T T
= lim sup (/ —Cr(us, o ):ke(ts, o) — O(ws, ) B:k. (s, o) dr dt + / Uy, s, ) dt)
0 JM 0

k—o00

~ lim sup( / 50 0-(0))iec e 0)) do = [ 3 Co s (7)) e, (1))

k—o0 Q1

T T T
_/ O(ws, )B : ke(ts, ) do dt+/ <£*,u5k,€>dt) :/ / Dk (te): ke () da dt,
0 JO 0 0 J

(31)

where we used weak lower semi-continuity in the first, the mechanical equation (21) in the sec-
ond, the chain rule in the third, and finally the mechanical equation in the fourth line. Thus,
since L*(0, T; L*(Q; R2x%)) is a Radon-Riesz space, we conclude that . (ts, ) — re(tc) in

L%(0,T; LQ(Ql, R3%3)) and (up to further subsequence; not relabelled) a.e. in (0, 7") x ;.

sym
We pass to the limit 6 — 0'in for test functions & € W' (0, 7; W' (Q)) with £(T') = 0 as
follows: In the left-hand side, we integrate by parts in the time derivative, and in the right-hand side we
use the strong convergences O (ws, ) — O(w.) and k. (ts, -) — k(i) in L2(0, T; L2 (Q; RE%3))

sym
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for the adiabatic terms. For O, as defined in (19), we note that almost everywhere in [0, T x €

‘Qg(lie(U§k75),w5k’5) —Q — O(w)B : k() — Dr(ae) : na(ug)}
< |Qs — Ql + Drc(ts, ) ¢ Ke(tse) + Dre(tie) @ Ke(tie)
+ [O(ws,, ) B : ke (s, )| + [O(we)B : k().
Hence, we can use Pratt’s theorem and the strong- and a.e.-convergences again to eventually con-

clude (8). Finally, using equation (8), one shows a posteriori that w. has a time derivative in the space
L'(0,T; (W' (Q))*), see also Lemmali1] O

For the limit passage € — 0, the above arguments are not applicable since we cannot establish a
uniform bound for i, in L' (0, T'; (W' (€2))*). However, we can exploit the following decomposition
of w, into its vertical average and a remainder. For the former, the Aubin—Lions lemma can be applied,
and the latter strongly converges to 0 due to the boundedness of e_lazgws. Indeed, let us denote by
W, the average in vertical direction, i.e., we set

1
We(t,x') := / we(t, 2, z) dz, and V. :=w, — W.. (32)
0

The remainder . € L"(0,T; L"(€2;)) is given via

1 T3
Da(t,a! x5) = / / Oy (t, 7', ) dy dz.
0 z

Hence, with € 1|8, we|Lr (0,717 (02,)) < being bounded (see (24) in Proposition[9), we obtain . — 0
strongly in L"(0, T'; L"(£21)). Thus, it remains to prove the strong convergence of TV..

Lemma 11 (Estimate for WS). Let (wg, ug) be the rescaled solutions in Theorgm and W, defined
as in (32). Then, there exists C' > 0, independent of 0 < & < 1, such that W (|10 7. w1 () <
C.

Proof. Note that we can identify functions in W' (w) with functions in W, see (T). For a.e. t €
[0,7] and & € W, it holds

07.(0).€) = (0. = [ K1) Ve (1) (Vf) ar+ [ a.(n)cn

+/Q (Qu(t) 4+ Drc (it (1)) : Ke(0:(8) + O(w:(8))B : ke(te(t)))E d
In particular, we obtain
[(W-(2),6)] < {Cxl Vewe (D)llirr) + las ()L + [1Qu (D)l @)
+ Cpl|#e (e (1)) [[F2(,) + CllO(w: () |20y l[5e (e (8)) 1200 FIE W @)

where we have used the continuous embedding W' (€2;) < L®(Q;) (note that 7’ > d + 2 with
d = 3) and the continuity of the trace operator W' (Q;) — L°°(T';). Thus, we have proven the
claim.

O

Lemma 12. Let (w., u.) be the rescaled solutions in Theorem then, the sequence w. is precom-
pact in L™ (0, 75 L7 ()).

Proof. With the decomposition in (32), the claim follows from the strong convergence of . — 0 in
L"(0,7;L"(£2)) and using Lemmal[i 1]and the Aubin-Lions lemma for 1., see [Roui3, Ch. 7]. [
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4 Proof of Theorem [7|

We are now in position to pass to the limit in the rescaled system and (13).

Step 1. Let (ue, w5)5>0 be the rescaled solutions from Theorem then, due to the uniform estimates
(with respect to € > 0) in Proposition [9} we can extract (non-relabelled) subsequences such that

u, — win HY(0, T; HY Q1 R?)),  ke(us) — kin HY(0, T; L2(Qy; R*%)), (33)

with limits w € H'(0, T; H'(Q; R?)) and x € H(0, T; L?(Q; R**?)). Moreover, since k. (u.) =
S.e(u.)S. is bounded in H'(0, T'; L2(Q; R3*3)), we obtain e;3(u) = 0 a.e. in (0,7) x £, such
that u(t, -) € Vk(21) for almost every ¢ € [0, T']. Thus, following characterization of Kirchhoff-Love
displacements in Lemmal(5| we can identify the limit u with a triple (Uy, Uz, Us) € H'(0, T; H (w)) x
Hl(O,T, H1<W)) X Hl(O,T,HQ(w)) We also obtain that Rij = e,»j(u) and I{U = ew(u) for
i,j € {1,2}. For the remaining components, we will use the notation » = (k13, ko3, K33)' €
HY(0, T; L2(Qq; R3)).

Concerning the thermal part of the internal energy density, we have that
we = winL"(0, T; W (), 10,,w. — (inL7(0,T;L7(2)), (34)

from which w(t, -) € W, for almost every t € [0, T'] immediately follows, cf. for the definition of
the space W). In particular, we identify w(t) € W, with a function w(t) € W™ (w). With Lemma/[i2]
we conclude that also w. — w strongly in L"(0,7; 1."(€2;)). Hence, using the growth condition in
Assumption [(A4)] (see also Remark [2), we conclude that O (w.) — ©(w) in L2((0,T) x Q).

Step 2. We pass to the limit in the mechanical equation testing with v € L2(0, T'; Vkr.(€21)) so
that e;3(v) = 0 for i = 1,2, 3. With the convergences above and the decomposition of C and D in
(14), we arrive at

/T/ (Ce(u) + De(it) 4 P + Phsc + O(w)B) : &(v) dxdtz/Tw*(t),m dt.  (35)

Next, we test the mechanical equation with v. = (ev’, €v3), where the horizontal part satisfies
v € L?(0,T; Hp (215 R?)) and the vertical component is such that vs € L*(0, 7; Hp  (4)). In
the limit ¢ — 0, we obtain

1 /
5813’(]

T

/ / (Pce(u) + Ppé(i) + Mcse + Mpse + O(w)bg) - (a g ) dedt =0. (36)
0o Jo 3 U3

By a variant of the fundamental lemma of calculus of variations [Cia97, Step (iii) of the proof of Theo-

rem 1.4-1.], we deduce that

Se4+Mp ' Mese = My (Peg(u) +Ppe(i) +O(w)bg) =: Fle(u),&(1), O(w)] ae.in (0,T)x ;.
(37)
Note that Mip € R3? is invertible, since I is positive definite. Let E : [0, 7] — R**? denote the

matrix exponential E(7) := exp(—7My'Mgc) such that E = —M;'M¢E and E(0) = L. Thus, we
find that the unique solution of the ODE (parametrized by = € {2;) in is given by

x(t, ) = Ale(u),&(1), O(w), »°)(t, v)

DOI 10.20347/WIAS.PREPRINT.3209 Berlin 2025



M.l. Gau, M. Liero 18

where the initial value satisfies ° = (k%5, k95, K3;) T € L2(Qy; R?) with x° from Assumption |(B9)
We highlight that A : L2(0, T; L?(Q; R*?xR**?xR)) x L*(Q; R3) — HY(0, T; L*(Q4; R?)) is
affine in u, u, and ©(w).

Step 3. For the limit passage in (T3), we choose a test function & € W' (0, 7; WH™ (€2;)) with
&(T) = 0 and multiply the equatlon by € > 0. Using the convergences above, we can pass to the
limit e — 0 and arrive at

/ / (k1 (w) - V't + ka(w)C) Dy € ddt = 0,
2

where ¢ € L7(0,T;L"(£y)) is the limit of £0,,w.. We conclude that ¢ = Z;(w, V'w) = —(ki(w)-
"w)/ k2 (w) (cf. ({8)).

Arguing as in the proof of Theorem 10} we can assume that . (t.) — £ in L2((0,T) x Q; R3%3).

Thus, testing with £ as before and additionally such that 0,.,£ = 0 gives in the limit

//Q et Kao) V- 9€) e [ uls(0,.)de

/ i (Q. + Dk : i+ O(w)B : /féda:dtJr// ”§dadt+/ /p Ledadt.

(39)

Note that for the viscous and the adiabatic heat sources, we can write

D : i = De(u) : €(t) + 2Ppe(w) - 3¢ + Mpsc - 5, o)
O(w)B : i = O(w)B : &) + O(w)bg - 5.

Step 4. Finally, we perform the actual dimension reduction. Starting point are the limiting equations in
and and the characterization of Kirchhoff-Love displacements in Lemma[5]

Step 4.1 Reduction of mechanical equation. Let us first look at the mechanical equation in (35). We
denote by (Uy(t), Us(t), Us(t)) € HY(w) x H!(w) x H?(w) the displacements associated with the
limit w(t), i.e., uy = Uy—230,,Us, ug = Uy—2x30,,Us, and uz = Us. Analogously, we consider a
test function v € L2(0,T; VKL(Ql)) with associated (Vi, Vo, V3), see Lemmal 5 Then, using that

1/2
f_{/z 3 dry

= we get the viscous membrane model for the in-plane
displacements U

0and [ 1/2$§d:c3 = =,

/ / Te(T) + Do) + Phrtesen + Phiteven + O(W)B) : &(V) da’ dt

T
:/ (Lio(t),V)dt, (41)
0

and Kirchhoff’s plate equation for the out-of-plane displacement U3 with viscous evolution
1 /7 _ . T
o / / (CV2Us + DV?Us + Pistoaa + Phitoaa) : V2 Vada' dt = / (L3(t), V3) dt, (42)
0 w 0

where &;;(U) = $(0.,U; + 0.,U;) for i, j = 1, 2. Moreover, the external loading for in-plane dis-
placements L; » € L?(0, T’; H' (w)?) and the out-of-plane displacements L3 € L?(0, T'; H?(w)) are
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defined via

<L1 2( ) V) /FLQ(t) Vo +/ H172<t) .V da’
@ 9w\ 1D 43)

(Ls(t),V3) = / F3(t)Vs + ﬁg(t) -V'Vada' + / H;(t)Vs + Hs(t) - V'V5da,

Ow\D

where the densities F 5, I3, fg, H, 9, Hs, j:[g are defined via averages of f, and h,, see [Cia97,
Theorem 1.4-1.]. We have also introduced the averaged quantities

1/2 1/2
Hoven (£, 7)) = / x(t, 7', 2)dz and  rqq(t,2') = 12/ zx(t, 2’ z)dz. (44)

1/2 —-1/2

Using (37), we check that (5teven, #0ad) € HY (0, T; L2 (w; R3)) x HY(0, T'; L%(w; R3)) satisfies

.%even + M]I_))IM(C%even - _M]Bl(PCé(U) + PDE(Uh U2) + @(W)blﬁg), (45)
$0aa + Mp'Micstoaa = =My (PcV2Us + PpVUs). (46)
The initial conditions are 3¢, (= f (2, 2) dz and 5, =12 f L 2@ 2) dz,

respectively. Note that by Assumptlon (B9), :1:3 — (2, x3) is affme for almost every &’ € w. Thus,
we can write »° (2, x3) = 32 (') + 3%, (). Obviously, it holds that

Heven — Aeven [E(U)y é(Ula UZ)) @(W)a %gven} ) Hodd = Aodd [VQUZ%) VQUIS) %gdd] )
where Aeyen and Aoqq are defined via A. In fact, we have the identity »(t, ', 2) = eyen(t, 2') +
ZXsdd (t, LE,).

Step 4.2 Reduction of heat equation. For the reduced heat equation, we first consider the heat sources
on the right-hand side of (39). We first define the fixed bulk heat source

- 1/2
Q.(t, ") = ” Q.(t, 2, 2)dz + ql(t, 2, 3+ qll(t, 2, —3), fora’ € w, (47)

and the surface heat source

1/2
qr(t,2) = / qr(t, 2, z)dz, fora’ € Ow.
~1/2

Using the identities in (40), we compute for the viscous heating terms

1/2

Qwsc( ( ) \% U37%Odd7%even) ::/ Dk : kdz
—-1/2

- - 1 — . . -
&(U) : &(U) + E]D)Vng : VU3 + 2Ppe(TU) - Seyen

1 . ) ) 1 . )
+ BPszUS - Hodd T M]D)%even * Heoven + EMD%Odd * Hodd- (48)

We emphasize that for this decomposition, it was essential that »c° (see [(B9)) and hence also (1)
are affine in 3.
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Similarly, we obtain the adiabatic heat sources

. 1/2 .
Qadia (E(U), Hoven, O(W)) := /1/2 OW)B: kdz =O(W)B :&(U) + O(W)bg - Heyen. (49)

To simplify the notation, we introduce the total heat source
Qtot <t> lj; E(U)a V2U37 ‘%evena '%odda @(W)) =

6* (t, iL'/) + Qvisc (E(U)7 V2U37 '%oddy Zeven) + Qadia (é(U), .%evena @(W>) . (50)

Thus, we find that the effective heat equation in the weak form reads
T
/ /(—W§ + Keg(W)V'W - V’S) dzdt — / W0§(O, ) dx
0 w w

T . T
:/ /Qtot(t,x’;é(ﬁ),V2U3,'%even,kodd,G(W))fdx'dt—i—/ / giédadt. (51)
0 w 0 Ow

Thus, we have proven Theorem |7}

5 Discussion of the limit system

5.1 The isotropic case
Let us consider the isotropic case, where C and ID are given in terms of the elastic and viscous Lamé
parameters A\, fte and A, Lyi, respectively, namely
Ce = Agtr(e)l 4 2uge, and Dé = A\jtr(é)l + 2ué.
Moreover, we assume that B = bl and K(w) = kI for constants b, & > 0.

In this case, we obtain for e € R?*?

— 0 dpeg 0O 0
Ce = )\e|tr(E)H2><2 + 2/Lelé7 ]P)(Cg = 0 s M(C = 0 4:[Le| 0

Analogous formulas hold for D, Pp, and M. Thus, the evolution equations in and for the

 sgven, ) and soqq = (5999, 5999 5894) take the simpler

even

out-of-plane strains seyen, = (3¢}
form

even

3

seeven ¢ Heljeven () gor = 1,9,
,uvi
Hel

Vi

50+

: 22 =0 fori=1,2,

Nt 2t e AadivT + Adiv'T + O(w)bg

o Avi T+ 21t T A2 ’
;0dd Ael 1 2ol L0l _ A A'Us + AviA/U?,‘
’ )\Vi + 2IMVi ¥ )\vi+2ﬂ'vi

In particular, we have exponential decay »V°" (t), 5099(t) ~ e~(Hel/mi)t for j = 1,2, independently

of U, Us or W. In particular, 2V, 2.V only act as additional external loadings and sources in the
equations for U1, Us, U3 and W, respectively.
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5.2 Thermodynamic consistency of the effective model

The effective system derived in the previous system is thermodynamically consistent in that it satisfies
conservation of internal energy and positivity of entropy production.

For a given symmetric matrix A € RZx* and a vector > € R?, we define the symmetric matrix
(Als2) € RE v
A A om
(Al) := | Aar Asx s
ny Xy 13
For the effective two-dimensional system derived in the previous section, we introduce the effective
free energy that is decomposed into a membrane and a bending part

Veit(€1, €2, 501, 322, 0) = V™ (€1, 221, 0) + V2" (€2, 522) — (), where
1
g}femb(el,%lﬂ) = —C(€1|%1) . (El‘%l) + QB . (51’%1),
o (€2, 52) = 6C(2|552) : (€a522),

where €; and e, are placeholders for E(U) and V2Us;, and 27, and 2z, are placeholders for szqe, and
Ho4d, respectively. Analogously, we define the effective dissipation potential

Ceff(éla é?a %la %2) - ;]femb(ela %l) + :f?nd(e% %2) where
1. .
(™ (e, 50) = QD(51|%1) L (€1]501),

oo (g, 50) = 6D(Ea502) : (€2]522).

The effective entropy density and the effective internal energy density are given by 74 = —0ger and
Fst = Vet + Onesr, respectively, i.e.,

neff(éla 1, 0) - ng;femb<617 , 9) =-B: (El|%1) + ¢6(9)
Eeff(él, EQ, ry, M9, 6) = ng]femb<€1, M, 6) + E:f?nd(éz, %2) + 91%(9) — 1/}0(6), where

1 _
EG™ (@1, 5a) = 5C@1m) : (@isa),  EGT (@2 50) = 6C(@:]52) : (E2]50).
In particular, with the change of variables § = ©(1), we have
Eei(€1, €, 31, 500, W) = Egii(€1, €2, 301, 509, O(W)) = ng]fmb(éh ) + Eé)f?nd(é% ) + W.
With these definitions, we can rewrite the effective system in (41), (42), (45), (46), and formally as
—div’ [ e1¢$femb( ( ) %evenv@(W)) Cmemb( ( ) keven)] = I 2(t x/)
div'div’ [0, Yo" (V2 Us, 500dq) + 0s, (o™ ( v2U3, staa)| = Fa(t,2') — div' F3(t, o),

%lwg;femb( ( ) %evem@(W)) +aﬁ'¢1 g;femb( ( ) %even)
Doy Vo (V2Us, 50ga) + O3, :f?nd<v2U37 Hogd) =

and
d o ./ / ~ /
EEeff — div (’Caf(W)v W) = Q*(t, T )
+ 8 61 /{1 g:femb : (6<U)‘%even) + 8(@2,;‘;!2) sf?nd : (v2U3|.%°dd)

+ [8(51,%1) eff — @(W>a(él,%1)ﬁeff] : (E(U”‘%even) + a(ég,%g eff - (V US’%odd)-
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Note that in the 8(52,%2)ﬁeff does not appear in the right-hand side since 7). does not depend on

(€4, 752). Testing, the first four equations with U, Us, even, and 54,44, respectively, gives with the chain
rule the mechanical energy balance

[ BB 4 2o+ OV (&0 )t = (La2(0),T) + (La(0), T

Using the heat equation in the above form, finally gives the total energy balance for the effective
system, namely,

d ~ - . _
/ EEeff d[E, = <L172(t), U> + <L3(t), U3> + / Q*(t7 ZL’,) dl‘/ + / ai da.
w w ow

Similarly, the positivity of the entropy production is shown.

5.3 Reduced model with memory kernel

Since the evolution equations for the out-of-plane strains sz.ven and s¢,qq can be solved explicitly in
terms of Uy, Us, Us and © (1), we can give an even more reduced formulation. Indeed, let us denote
by sz, either seyen OF 2,44 SOlVING or (46), respectively. We have the explicit formula

s (t,) = — /0 E(t—s)Mp' (Peou(s) + Ppo.(s) 4 &(s)) ds + E(t) s,

where o, either denotes &(U) or V2U; and &, is either ©(W )by or 0.
After integrating by parts and using that E = —M,'McE, we get that

(L, ) = /0 E(t—s)({M¢'Pc — Mp'Pp}o.(s) — My & (s)) ds — Mg 'Peo.(t)
+ E(t)(Mg'"Peo.(0) + 54).

Assuming that the initial value is given as s¢; = —M(EIIPCJ*(O), cf. Remark |§|(ii), allows us to drop
the last term. With this formula, we can rewrite the membrane equation in (41) in the following way

/(@KL (T) + DXVa(T / K (t—3)[8(0)(s), (W (s))b] ds
O(W)B — P;M; 1@(W(s))bB) L &(V)de' = (Lya(t), V)2
and plate equation in (42) as

1

o (CKLV2U + DXEV2T, +/ K (t—s5)[V2Us(s), 0] ds> VAV da' = (Ls(t), Vs)

where the effective Kirchhoff-Love tensors CXL = C — PEM'Pc and DXL = D — P; M, ' Py, are
the Schur complements of C and ID with respect to Ml and M, respectively. The memory kernel K
is given as in [Lic13] via the formula

K(7)[0.,&] = (Pe—PpMp Mc)E(r) (Mg 'Pe—Mp ' Pp)é. — Myp'é,). (52)
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