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Time-asymptotic self-similarity of the damped compressible
Euler equations in parabolic scaling variables

Thomas Eiter, Stefanie Schindler

Abstract

We study the long-time behavior of solutions to the compressible Euler equations with frictional
damping in the whole space, where we prescribe direction-dependent values for the density at
spatial infinity. To this end, we transform the system into parabolic scaling variables and derive
a relative entropy inequality, which allows to conclude the convergence of the density towards
a self-similar solution to the porous medium equation while the associated limit momentum is
governed by Darcy’s law. Moreover, we obtain convergence rates that explicitly depend on the
flatness of the limit profile. While we focus on weak solutions in the one-dimensional case, we
extend our results to energy-variational solutions in the multi-dimensional setting.

1 Introduction

Consider the flow of an isentropic gas subject to external friction, such as a flow through a porous
medium, described by the damped Euler equations. We first consider these equations on the real line,
given by
ﬁt + mz = 07
~9
~ m ~ (1.1)
e (7 +0p) o =0
x

where t € (0,00) and x € R denote time and space variables, respectively. The functions p =
p(t,x) > 0and m = m(t,z) € R denote the density and the momentum of the fluid. Moreover,
p = p(p) represents the pressure as a function of the density, where p’(z) > 0 for all z € (0, c0).
An important particular case is the polytropic gas, which fulfills the so-called y-law

p(p) = kp” forsome~y > 1, k > 0. (1.2)

The term am in the momentum equation describes frictional damping with friction coefficient o > 0.

The initial data (po, mg) = (p(0, ), m(0, -)) satisfy
(po, mo)(x) = (px,0) asx — +oo
for given constants p, p— > 0, which corresponds to possibly infinite mass reservoirs at positive and
negative spatial infinity.
The natural entropy for the damped hyperbolic system (1.1) is given by
~2

(5, m) = % +h(p),
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T. Eiter , S. Schindler 2

which is the sum of kinetic and internal energy. Here, the function h and the pressure p are linked to
each other through

/
z
p(x) = () — h(z) and H'(z) = P&, (1.3)
z
where the second identity follows directly from the first one. If we assume (1.2), then we may choose
the potential A of the form
Lp(p)=-Lp fory>1
h(p) =< 71 P =5 ’ (1.4)
kplogp fory = 1.

The entropy flux associated with 7; is given by

Then, smooth solutions to (1.1) satisfy the local entropy identity

e~ e m?
n(p, m)e + q(p, m)s + o= = 0, (1.5)

which expresses the energy evolution during the process.

In this article, we are interested in the long-time behavior of solutions to the damped hyperbolic sys-
tem (1.1). If the equations were formulated in a finite interval in space with suitable boundary condi-
tions, one would expect solutions to converge to a steady state as ¢ — oo. In contrast, system
is formulated on the real line, and we may have an infinite mass supply at co. While for p, = p_
the convergence to a constant equilibrium state is expected, the limit behavior in the case p, # p_ is
more involved. Hsiao and Liu [HsL93] firstly proved that the asymptotic behavior of solutions to
can be described by the self-similar solutions (ﬁse, mse) of the equations

ﬁt + mx =0,
p(mx + am = 07
with the same spatial limits (p(z), m(x)) — (p+,0) as + — £oo. Equivalently, this system can

be written as the (parabolic) porous medium equation for the density p, where the momentum m is
determined by Darcy’s law, that is,

- 1 - 1
Pt = ap(ﬁ)m, m _a p(mx (1-6)

In the literature, such self-similar solutions (ﬁse, fﬁse) are usually called nonlinear diffusion waves, as
for example in [CY*18]. In the work [HsL93], a uniform convergence rate was shown under increased
regularity assumptions on the solution (p, m). In [HsL92], the same authors derived similar results
for the damped p-system, which is a formulation of system in Lagrangian coordinates. Since
then, these results have been extended in various ways, see [Nis96, ISexX97, NWY00, [HuP03| [Mei09,
GeT19] and references therein, especially by derivation of improved convergence rates but also by
allowing for more general solution classes. The equations have also been studied subject to a time-
dependent damping, see for instance [CY™ 18, IGHW22, |GH*23]. In the case of finite mass, we refer to
[HMPO5, HPW11l|GeH19], where the convergence towards the famous Barenblatt solution is shown.

In the paper [LaT13], the so-called diffusive scaling of the system (1.1) is considered, and it is shown
that weak entropy solutions converge to smooth solutions (p,m) to (1.6) as the scaling parameter
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Time-asymptotic self-similarity of the damped compressible Euler equations 3

goes to zero. This convergence is quantified in terms of the relative entropy. Here, we follow this
idea of deriving relative entropy estimates, but instead of the physical variables (¢, x), we perform the
analysis in parabolic scaling variables defined by

i
VIt

We transform the equations (T-1) into these new coordinates. With p(7, y) := p(t, ) and n(7,y) :=

=log(1+t) and y:= (1.7)

e 2m(r,y) = (1+)2 mf(t, a:) a straightforward computation yields
Y
Pr = Epy — Ny,
1.8)
y 1 n? . {
ny = Eny + in — (?) — e (p(p)y + OZTL),

Y
while the according initial data (pg, 7o) = (p(0, -), n(0, -)) satisfy the asymptotic conditions

(po,m0)(y) — (p+,0) asy — Foo. (1.9)

Observe that we scale the magnitude of the momentum variable to ensure that Darcy’s law can be
fulfilled asymptotically in time. Indeed, by this scaling, the pressure term and the damping term in (1.8)
have the same exponentially growing prefactor, which indicates that Darcy’s law needs to be satisfied
asymptotically to equilibrate the system. Moreover, the scaling creates the new drift terms %py and
?iny, which will provide the important terms in the relative entropy inequality that lead to exponential

2
decay with respect to the scaled time 7.

Transformation of the porous medium equation from ( into parabolic scaling variables and combi-
nation with the spatial limits yields

pr — %py = ép(p)yy with yggloop(ﬂ Yy) = p+- (1.10)
Steady-state solutions p* = p*(y) of correspond to self-similar solutions ps. to the original
porous medium equation via ps(t, z) = p*(y), and these self-similar solutions appear as long-time
limits of general solutions p. Expressed in scaling variables (7, y), this means that the solution p
to (1.10) converges to p* as 7 — 00. In this paper, we perform a similar convergence study for
solutions (p, n) to the scaled damped Euler equations (T1.8), which for 7 — 0o converge towards the
similarity profile (p*, n*) characterized by the profile equations

Y . R N .k

gPw 0=n"4op(pt)y  with lim (o7, n7)(y) = (p,0).  (1.11)
This approach is in accordance with [MiS24], where the long-time behavior of solutions to a reaction-
diffusion system was studied. The scaling emphasizes the time-asymptotic parabolic behavior of
the system, and it was already used by Gallay and Raugel [GaR98| |GaR97, |(GaR00] to analyze the
asymptotic behavior of scalar damped hyperbolic equations. To the authors’ knowledge, the present
paper is the first one to adapt this method to a damped hyperbolic system and to combine it with a
relative entropy approach.

1
0= EP(P Jyy +

The general idea of proving convergence by a relative entropy estimate traces back to the works by
Dafermos [Daf79b, Daf79a] and DiPerna [DiP79]. It has been refined and generalized by many authors
in recent years; see for example [HuP06, [LaT13} |GeH19, IGHW?22] for problems related the damped
Euler equations. We shall first show that the relative entropy £ satisfies an inequality of the form

d

1 —
(h&) (ﬂ+§&ﬂ§_, (1.12)
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T. Eiter , S. Schindler 4

where the term %5(7) arises from the drift terms £ p, and §n,, in and is thus due to the parabolic
scaling. Moreover, D, > 0 is a dissipative term associated with the frictional damping, while the
term = does not have a clear sign and has to be controlled by the other terms. To this end, the term
%5 (7) is necessary, and its appearance can be considered the main effect of the transformation into
scaling variables. Moreover, it finally leads to the exponential decay of £(7) as 7 — oo by means
of Gronwall’s inequality. However, since the limiting profile is not a true steady state if we consider
different limits at spatial infinity, the function £ cannot be a true Lyapunov function. Instead, we only
show that £ becomes a Lyapunov function for large 7, which is sufficient for the convergence and
comparable with the results in [MiS24].

Notice that smooth solutions to even satisfy as an equality. Since those exist only up
to a finite time in general, we consider a framework of weak solutions instead, where results on the
global existence of solutions satisfying an entropy inequality are available in the one-dimensional case,
see [DCL89, [HuP06]. However, in the multi-dimensional case, analogous results for weak solutions
seem to be out of reach, which is why we instead study a further relaxed solvability concept in this
setting, namely energy-variational solutions. This concept was recently introduced for a general class
of hyperbolic conservation laws in [EiL24], including the compressible Euler equations, and has further
been investigated for other models, see [ALR24, [EHL23| [LaR23, [Las24| [Las25]. We establish the
global existence of energy-variational solutions and show that our results on the long-time behavior of
weak solutions can be transferred to this case.

The article is structured as follows. In Section[2we introduce weak solutions to the scaled system (1.8),
and we present the main results on the convergence towards solutions of the profile equations
as T — oo in the one-dimensional case. In Section [3| we derive a relative entropy inequality for
weak solutions, which we employ in Section [4]to prove the main results in the one-dimensional case.
Finally, in Section[5]we consider energy-variational solutions to the damped Euler equations in multiple
dimensions. We show their global-in-time existence, and we extended our results on the long-time
behavior to this generalized solution class in a straightforward way.

2 Convergence results in one dimension

This section is dedicated to presenting our main results concerning the convergence of weak solutions
to the scaled system (1.8) towards the similarity profile. We consider weak solutions in the following
sense.

Definition 2.1. Let (pg,n9) € Ll .(R)? such that py > 0 a.e. We call a pair (p,n) € L ([0, 00) x
R)? with ”7, p(p) € Li.([0,00) x R) a weak solution to if it satisfies p > 0 a.e. and

//¢Tp+¢y p+n)——¢pdydr—/¢0ypody, 1)
> y . . _
[t (< Bt () — van dyar = [0 mds. @2)
for all ¢, € C°([0,00) x R).

Notice that one can also derive this weak formulation by transforming the weak formulations of the
unscaled equations (1.1) into parabolic coordinates.
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Time-asymptotic self-similarity of the damped compressible Euler equations 5

Here, the quotient % is only weII defined either if p # 0, or if p = 0 and n = 0, where we set % = 0.

In particular, the assumptlon 2 e Ll .([0,00) x R) implies that n = 0 almost everywhere where
p=0.

Additionally, the weak solutions need to satisfy a suitable form of an entropy inequality. To begin with,
we write the entropy pair in terms of the new variables (7, y) and for the functions (p, n), so that it is
compatible with the transformed system (1.8)). We define the entropy function and the associated flux

by
2 3

A(rp.m) =0 b h(p) and (s pon) =T i (p)

where the exponential factors result from the scaling of n = e~7/“n, and we additionally scaled the
magnitude of ¢ in such a way that (1.5) is transformed into

T/2

2

y n
Mﬂmn%—amﬂmnh+ﬂﬂmnh+a;~:0 (2.3)

Forp > 0 and n € R, we further introduce the corresponding relative entropy and relative entropy
flux by

1—7—

n(rip,nlp,m) =5 ———)+Mmm
1 n n n (2.4)
a7l p.m) = 5o nl2 = S| p( () = H(P) (5 = 2) + Zhlolp)
respectively, where the relative internal energy is defined by
h(p|5) = hip) — () — (B)(p — ).
If (p,n), (p, ™) are suitable functions on R, we define the total relative entropy by
eGripnlp.m) = [ (o)) ). 7(0) . 25)
R

Notice that £(7; p,n | p, 1) is only finite if the reference function (p,7) has the same behavior at
infinity as (p, n). Moreover, by finiteness of £(7; p, n | p, 7) we implicitly assume that p,p > 0 a.e.
Special reference densities are given by the function

R . _ fory <0,
pRR, py) =17 (2.6)
p+ fory >0,
and by its smoothened version p,, € C''(R) with
dR>0: Poo(y) = py fory > R, Poo(y) = p_fory < —R. (2.7)

We study the asymptotic conditions (T-9) in the sense that £(0; po, 10 | p,0) < oo, which is equivalent
to £(0; p,n | peo, 0) < 00, as follows from Proposition (3.3 below.

The following two versions of entropy inequalities can now be formulated.
(E1) Itholds p, 2 € Li7, ([0, 00); L*(R)), h(p) € Li.,.([0,00) xR), and for all x € C2°(]0, 00) x

R) with x > > 0, we have
2

Y 1 n
x0T p,n)+xy ( S0(75 p,0)—q(75 0,m) )+x( z0(7; p,n)+a— ) dydr
2 2 p

(2.8)
SLX@@M&WW@@-
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T. Eiter , S. Schindler 6

(E2) There exists po, € C'(R) satisfying such that for all ¢ € C2°(]0, 00)) with o > 0, we
have
o0 1 n2
—@Tﬁ(T;pvnlpoo,O)+<P<—5(T;p,n|poo,0)+ a—dy> dr
0 2 R P (2.9)

< (0) £(0; po; o | oo, 0) / /h’ Poo)y p Poo) — n) dy dr.

Inequality is a weak formulation of relaxed to an inequality. It can equivalently be derived by
transforming an analogously relaxed version of into parabolic scaling variables (7, ). The local
entropy inequality is a classical assumption, and weak solutions satisfying are usually called
weak entropy solutions. Moreover, the additional boundedness assumptions on p and % in seem
to be necessary for the derivation of an inequality for the total relative entropy. Observe that the global
existence of weak solutions satisfying[(E1) was shown in [DCL89] for p(p) = kp” with 1 < v < 3/2,
which was extended in [HuP06] to the case v < 3.

In contrast, this boundedness condition is not necessary if we assume where the total relative
entropy with respect to a given reference density p. is finite. During our analysis, will turn out to
be a special case of a more general relative entropy inequality derived in Theorem under the con-
dition [(ET)} and it is thus less restrictive, see also Remark [3.10] below. Moreover, the relative entropy
inequality derived in Theorem shows that the criterion is independent of the specific choice of
the reference density p~., and one may even consider a T-dependent reference density, which would
result in an additional term on the right-hand side of (2.9). We further have that inequality is
equivalent to the pointwise inequality

Eriplr).nl) [ 0) + [ T(§8<T'-p,n|poo, 0+ [ o™ ay) ar
< &(a;p(0),n(0) | poo, 0) //h’ Poo)y p poo)—n> dy dr’

for a.a. 0,7 € [0,00) with 0 < 7, including ¢ = 0 with (p(0),n(0)) = (po,n0), see [EiL24,
Lemma 2.5] for instance.

To prepare our main results in the one-dimensional case, we recall existence and decay properties of
the similarity profiles for the porous medium equation in (1.6) with non-zero limits.

Theorem 2.2. Let the pressure p be of the form and o > 0. For all pairs py. > 0, there exists
a function p* € C*(R) that satisfies 0 = p(p*),, + %p} inR and p*(y) — ps+ asy — Foo.
Moreover, p* is monotone and there are C', ¢ > 0 such that
* A * * —cay?
() = p(W)] + oy W) + oy, ()] < Clps — p-le™™ (2.10)

for ally € R, where p is defined in (2.6).

Proof. See [vDP77,,[HsL92]. A modern approach, which also allows to handle similarity profiles in the
vector-valued case and uses the theory of monotone operators, was established recently in [MiS25].
O

As a consequence, it holds 0 < min{p_, p; } < p*(y) < max{p_, p,} forall y € R. Moreover,
p*, p, and p,, converge faster than exponentially as y — +o.

Now, we can formulate our main results on the long-time behavior of solutions to the damped Euler
equations, which will be proven in Section

DOI 10.20347/WIAS.PREPRINT.3207 Berlin 2025



Time-asymptotic self-similarity of the damped compressible Euler equations 7

Theorem 2.3. Let the pressure p be of the form (1.2). Let « > 0 and p+ > 0 with p, # p_, and
let p be as in (2.6). Consider the unique profile (p*,n*) defined by (1.17). For initial data (po, no) €
Li (R)? such that py > 0 and E(0; py,no | p,0) < oo, let (p,n) be a weak solution to (1.8)

loc

satisfying|[(ET) or[(E2) Then £(0; po, ng | p*, n*) < oo and
K
E(r;p(r),n(7) | p*,n*) < e (G O7tan (5(0; po,no | p*,m") + §> foraa t>0. (2.11)

Here, the constants 6, ;1 and K are given by
[’r| 3[R
k(p*)  2p*

0 = max{2, 7~} (20 (0" )] ey 5= |5 . ff:::/g|fr|dy,

where [-]; := max{0, -} and

R* = —Znt — = . 2.12
2ny 2n + ), (2.12)

L then &(7; p(7),n(7) | p*,n*) — 0 as T — oo. Moreover, in this case, it holds

2

[ Lol
(6] p———*
T JR P P

foraa. T > 2 log(li—‘;e).

In particular, if 0 <

2 K
dydr’ < e B8 (E(0: po,ma | 7o) 4 5 ) 2K @13)

We emphasize that all constants are explicit and do not depend on the solution (p,n) but only on
the limit vales p., the pressure p and the damping coefficient «v. Since p*(y) = p.(v/ay) and
n*(y) = \/Lan*(\/ay) if (ps, 1) is the solution to (T-77) for « = 1, we see that 1« and K scale as
o~ \/La and K ~ L, while § is independent of c. In particular, independently of cv, the condition

0 < % can be satisfied by choosing |p — p_| small enough, due to (2:10). Such flatness conditions
for the profile function also appear in other articles, see [HsL92, [Nis96, IMiS24] for instance. One can
also generalize Theorem to more general pressure laws that grow like asymptotically. But
then the occurring constants would be less explicit.

While the assumption £(0; po, ng | p,0) < oo is natural for the initial data, we can also assume
E(0; po, o | p, ) < oo for any other pair (p, @) such that p — p and 7@ have sufficient decay as |y| —
00, see Proposition (3.3 below. For instance, the choice (p,7) = (poo, 0) With po, satisfying (2.7), or
the asymptotic profile (p,7) = (p*, n*) are possible. In particular, we do not impose any smallness
conditions on the initial data, and even vacuum is allowed to occur, at least locally, for the initial data
as well as during the evolution.

Focusing on the kinetic energy, from (2.11) we obtain the pointwise bound

for some C' > 0 and a.a. 7 > 0, which does not imply any convergence of n towards n* as 7 — o0.
Although (2.13) does not give a pointwise bound either, it yields convergence in a sense of integral
means.

2
dy < Ce (G707

In the case of coincident limits p, = p_, we derive a faster convergence rate than in Theorem [2.3
Moreover, the damping term is not necessary, and we can consider more general pressure functions
p. We can even treat the case p = 0 if we additionally assume that the pressure satisfies

1
Je¢>0: p’(z)gc& and / %dz<oo. (2.14)
< 0
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Observe that (2.14) is satisfied if p is given by (1.2) for v > 1, but not for v = 1.

Theorem 2.4. Leta > 0 andp, = p_ = p > 0, andletp € C([0,00)) N C*(0,00) withp’ > 0 in
(0, 00). Consider initial data (po, no) € Li . (R)? such that py > 0 and £(0; pg, no | p,0) < oco. Let

loc

(p,n) be a weak solution to satisfying|[(E1) or[(E2} Then
g(T;p(T),TL(T) |167 0) < e_% E(O;Pmno |ﬁ7 0) fora.a. >0 (2.15)

and )
a/ / Mdy dr’ <e 2 £(0;po,no | p,0) foraa. T > 0. (2.16)
r JrR P

If p additionally satisfies (2.14), then the same statement holds also forp,. = p_ = p = 0.

In the case of coincident limits for y — +o00, where the self-similar profile is constant, the friction
coefficient o can be set to zero without affecting the convergence rate of the total relative entropy.
Only the faster convergence rate of the relative kinetic energy, coming from (2.16), would be lost for
a = 0. In contrast, for different limits, we need av > 0 to define the self-similar profile by (.11). Nev-
ertheless, even in that case, the damping term can be omitted during the estimates without affecting
the convergence rate of the relative entropy, as will become evident during the proof.

Theorem also covers the important case of finite initial total mass. However, due to the parabolic
scaling, the mass corresponding to solutions to (1.8) decays exponentially. In particular, we obtain the
zero profile (p*,n*) = (0, 0) as limit objects in this case, rather than the famous Barenblatt profile.

Remark 2.5. Let us return to the original momentum m = e /?n and m* = e "/2n*. Then The-

orem (with 0 < %) and Theorem yield exponential convergence of the relative kinetic energy
and the relative internal energy in the sense

/R%P(T) ‘ZL((:)) _7;* 2dy+/Rh(p(7') |p*)dy+a/Too/ReT/p

for some C' > 0 and a.a. 7 > 0. In terms of the original time variable t = e” — 1, this yields the
algebraic pointwise decay

* 12
m dydr’ < Ce G017
p*

m
p

/ 77(ﬁ(t’ y\/l_‘H;), ﬁl(tv y\/l__H) ‘ 5se(t> y\/l_‘i‘t), ﬁlse(t, y\/1_+t)) dy < C(1+t)*(%*9)7

where pg(t,z) = p*(y) and mg(t,z) = m*(y) denote the corresponding self-similar solution
to (1.6). Due to the strict convexity of the relative entropy 7, this results in the following pointwise
convergences for a.a. y € R:

plt,yvV1+t) — pse(t,yvV14+t) = 0 and  m(t,yvV1+t) — me(t,yvV1+t) ast — oo.

Note that in terms of the original spatial variable x, no corresponding statement can be made, as the
transformation of the integral results in an additional factor e~ /2. We further obtain the estimate

mt , yVI+) et yvVI+E) |
p(t', yv1+t) Pse(t', yv/ 1+1")

which provides an additional rate for the convergence of the time-averaged kinetic energy as ¢ — oc.

dydt’ < C(1+t)"G9),

a[mAﬁ(t,yM)
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Time-asymptotic self-similarity of the damped compressible Euler equations 9

3 Relative entropy inequality

In this section, we consider weak solutions (p, n) satisfying ((E1)| or (E2)|and derive an inequality for
the relative entropy £(7; p, n | p, 7) defined in (2.4), where (p, 77) is a suitable reference pair. To this
end, we define the residuals

— _ y_ .

R1 =pPr— §py + Ny,

— 1 n?

Ry :=7n, — gﬁy — =N+ (T) + eT(p(ﬁ)y + Oéﬁ),
2 2 Py

(3.1)

and the error term & := &; + & + &3 with

& = —(%)y(e”p % - = 2 +p(plp)),
m e R(L-T), 02
p\p P

&= —(p— PN (7).

Here, p(p | p) := p(p) —p(B) —p'(P)(p—p) is the relative pressure and R := ZR; — R,. We further
set

Da(p,n|ﬁ,ﬁ) = a/

p‘——: dy and == = (3.3)
R 1

with Z; = fR §jdy, j = 1,2, 3. We shall show the relative entropy inequality

Vi € C;([0,00);[0,00)) :

0o , L 1 . o o
/0 0 &(ri | p.7) + o (5E(r: .0 | 7,7) + Dalpin|7.7)) dr 64)

< 2(0) £ 0,0 p0).1(0) + | o
0
Before we give separate proofs under the assumptions [(E1)|and [(E2), we collect some results useful
for the derivation of (3.4).
3.1 Preparatory results

In what follows, we prove several lemmata. In order to treat the case of vacuum for the reference
density, we first derive additional properties on p and A if the pressure satisfies (2.14).

Lemma 3.1. Letp € C([0,00))NC* (0, 00) withp’ > 0in (0, 00), and such that holds. Then
h € C'([0,00)) with h'(0) = 0, and ph’(p) < ch(p|0) with c as in 2:14).

Proof. We can compute h as a solution to the ordinary differential equation in (1.3), which gives the

representation
P
p(z
h(p) =p / % dz
PO z

DOI 10.20347/WIAS.PREPRINT.3207 Berlin 2025



T. Eiter , S. Schindler 10

for any py > 0. Due to (2.14), we can send p — 0, which yields 1 € C'(]0, o)) with 1/(0) = 0.
By (2.14) and (1.3), we can further estimate

o (p) :p/oph”(z)dz:p/op@dzgcp/op]%dz:ch(pw)

which completes the proof. O

The next lemma gives control of the relative entropy flux by the relative entropy, both defined in (2.4).

Lemma 3.2. Letp € C([0,00)) N C(0,00) withp’ > 0 in (0,00). Let0 < § < M. Then there
exists C' > ( such that

11| !n2|

+
P1 P2
forallT > 0, all (p1,n1) € {(0,0)} U (0, M] x R and all (p2,n2) € [0, M] x R. If p additionally
satisfies [2.14), the statement also holds for (p,n2) = (0, 0).

lq(T; p1,m1 | p2,m2)| < C( +67/2>77(T;Ph”1 | p2,m2) (3.9)

Proof. First consider (p1,n1) = (0,0) and (p2,n2) € [§, M] x R. Then we have

n
(730,01 )l = 2] = ) + W (p2)on] = 270,01 ),
2 2

which shows (3.5) in this case.
Now let p; > 0 and ps € (6, M ). We obtain

n n n
In 1| | 2|}7](7' p1,n1 | p2,M2) +P1‘h p1) hl(@)} —-=1.
p1 P2 PL o P2

To estimate the latter term, consider first the case 0 < p; < &/2. We use (T-3) to deduce p; (h'(p1) —

W (pa)) = hlpr|p2) + p(p1) — p(p2). First, we have |p(p1) — p(p2)| < p(M) — p(5/2) by
monotonicity of p. Second, we use Taylor’s theorem and 2" (z) > 0 for z > 0 to conclude

1q(T; p1, 11 | p2,na)| < max{

P2 g 2
hip1|p2) = —/ (p1—2)h"(z)dz > / (= — g)h”(z) dz > o min h"(z).

”n 5/2 8 2¢[6/2,0)

In sum, this gives

n [l | Inol

p1|h/(p1)_h/(02)”_ - ‘ < ( + —)h(pllpz)

P1 P1 P2
for some ¢ > 0 in this case. If p; > §/2, we estimate |h/(p1) — h'(p2)| < max,<pr h"(2)|p1 — po
and h(p1 | p2) > 2 min.cis 2,01 1 (2) (p2 — p1)?, which together with Young’s inequality implies
1

. 2
+5e Ppi|W (p1) = B (p2)]

nq N9
W(p)) — W (ps)||— — =2
Pl| (p1) (Pz)‘ o 2

ni ng |2

P1
<c eT/Qn(T; p1, 1 | p2,n2)

1
eT/2 2
26 "p1

for some ¢ > 0 since min.c(5/2, a1 1" (2) > 0. Collecting all estimates, we arrive at (3.5).

Finally, assume and let (pa,n2) = (0,0) and (p1,n1) € {(0,0)} U (0, M] x R. Then
q(7; p1,m1]0,0) is well defined by Lemma 3.1} and we obtain

nyl, __ n? n
o(ripne 0.0)] = 2o 2Lt (0G01) = H0)] < (140 22t i 0,0
for c > 0 as in (2.14), which yields in this case. O
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Time-asymptotic self-similarity of the damped compressible Euler equations 11

The following auxiliary results focus on the case of a barotropic pressure law of the form (1.2). To begin
with, we introduce the family of functions
o (2P —pz+p—1) forp € R\{0,1},
p(2) = zlogz — 241 forp =1, (3.6)
z—logz—1 forp =0,

which are determined by the conditions F,'(z) = zP~? and F,(1) = F;(1) = 0. These are often
used as entropy functions for reaction-diffusion systems (see e.g. [MiM18| [MiS24]), and they satisfy
the lower bound

1/2 1

F Y SR .
max{p, 1-p} "/ 2(2) max{p, 1—p}

p(2) > (Vz —1)? (3.7)

forallp > 0 and z > 0, see [MiM18, eqn. (3.2)]. If the potential energy A is of the form (1.4), then we
have

h(p|p) = vkE,(p/p)p" forally > 1, (3.8)
so that
hplp) > kp~ (Vo —/p)" (3.9)
by (3.7).

In the following auxiliary result, we provide conditions that allow to exchange arguments in the relative
entropy. We state the result in a time-independent and a time-dependent version.

Proposition 3.3. Letp be given as in (1.2).

i. LetT € [0,00), and let (p1,m1), (pa,n2) € L (R)2. Assume that p1, p—ll, "L € L*>(R) and

2 2
nq %) ny ny ’ , 9
——— ) (=z—-—=)"h —h € L*(R) N L>™(R).
<P1 ,02> (,0% p%) (p1) (p2) (R) (R)

If (p,n) € L (R)? such that E(T; p,n| p1,n1) < oo, then E(T; p,n | pa,na) < oo if and

loc

only if E(T; p1,m1 | pa, na) < 00.

ii. Let I C [0,00) be an interval, and let (py,n1), (p2,n2) € Li (I x R)?. Assume that
pr, oo P8 € [°( X R) and
/2T N2 _r n% n% ' / 2 00
e = B, e (2 = Z2) W(pr) — (p2) € L3I x R)NL¥(I X R),
pr o P2 P P2

If (p,n) € L (I x R)? such that E(T;p,n|p1,n1) € L*(I), then E(T;p,n | p2,n2) €

loc

LY(I) ifand only if E(T; p1,ny | pa, ng) € LY(I).
Proof. A straightforward calculation shows

n(r;pynl|p1,na) + 075 prona | pa, ne) — n(7; pon| pa,n2)

- _e_T(% - %)m —m) - (le_T@_E - ”—3) + 1 (p1) — h’(p2)> (p—p1). (3.10)
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T. Eiter , S. Schindler 12

The claim follows if the right-hand side is in L' (Q), where @ = R or Q = I x R, depending on the
case. Inequality (3.9) implies

p=p=p= Vo) +2/p(Vp— Vi) € LHQ) + L*(Q),

and similarly, the decomposition
e (n—m) = (V5 — e Vi(

n nq
P P

. n o n )
)+ vaeT B (S = ) e - )

PP~ _1

yields e=™/2(n —ny) € LY(Q) + L*(Q). In view of the assumptions, we conclude the integrability of
the right-hand side of (3.10) in both cases, which completes the proof. O

We further need the following coercivity estimate of the relative entropy.

Lemma 3.4. Let p satisfy (1.2). For 5, M > 0 define the interval K = [0, M|. Then there exist
constants ry > 0 and C' > 0, depending only on K, such that

C(e"[n> +1p -2 ifp € 10,7,

o (3.11)
(e |n2)0FD) 4 |p —p|7)  ifp € (rg,00),

Tip,n|p,0) 2
(75,11 p,0) {C(
foralln € R andp € K. Moreover, if p = 0, then (3.11) holds withry = 0.

Proof. For given K = [0, M], let ro > 0. We first show that there exists ¢ > 0 such that

h(p|ﬁ)> C|p_ﬁ|2 if p < ro, (3.12)
" |eh(p—p) iftp>ro, '

forall p € K. To this end, we show that

lp—p hip—p)
m(o17) 0T R

defines a bounded function on (0, 00) x K, where ), is the characteristic function of a set M C R.
Indeed, by Taylor’s formula, we have for p € K that

(p7 p) = X (ro,00) (p)

zeK

h(plp) = /p h'(2)(p—2)dz > %min W'(2)(p = 5)* = ci(p = p)?

p'(2)

z

for some ¢; > 0 due to h”'(2) = > 0. Since h(z)/z — oo as z — 0o, we obtain

h(p[p) 2 h(p) —maxh(z) —maxh'(z)p +min ' (2)z = c2h(p)

for some constant co > 0 if p is sufficiently large. In total, this yields (3.12) for any choice ry > M.
In particular, we can choose 7y > 2M . Note that (3.12) holds for all v > 1, and using (1.4) we can
conclude the existence of o > 2M and ¢ > 0 such that

“lcelp—=p" ifp>ro, '
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Time-asymptotic self-similarity of the damped compressible Euler equations 13

forall p € K. Clearly, (3.12) and (3.13) also hold for 7o = 0 if p = 0. To estimate the kinetic-energy
term, we use (3.13) to first derive

I

o +cp—p* ifp<r.

n(r;p,n|p,0) > e
By Young’s inequality, we further have

Il

AP - lp =7l
3y 3lp =PI 2 Oyl O (L

)
for some constant C', > 0. Since |p — p| > p — M > p — r¢/2, we conclude with (3:73) that

)"//(’H‘l)

1)7/(7+1)

1(rs o, ,0) = Gy (e Inf)/04) (5

In total, this shows (3.11). O

—{—§|p—ﬁ|7 if p > 70.

In the following lemmata, we derive useful estimates of the functions &1, &5, &3 defined in (3.2) in the
case of a pressure law of the form (1.2).

Lemma 3.5. Assume thatp satisfies (1.2). Let (p,n) € L] ((0,00) x R)? such thatp > 0 a.e., and
let (p,m) € C'((0,00) x R)? such thatinf p > 0. Then &, satisfies the estimates

& <max(2y -1} (2) ] ampninm),

n _
&1 < max{2,v — 1}‘ <5>y‘ n(r; p,n | p, 7).

Proof. We use p(p|p) = (v—1) h(p|p), which holds for all ¥ > 1, and immediately obtain both
estimates since the relative entropy is nonnegative. O

Lemma 3.6. Under the assumptions of Lemmal(3.5, the function & satisfies the estimate
2] < (5 + 55) [Rle™ 2 n(ms pon | 7.7) + 7[R,
where R = %Rl — R, with Ry, R defined in (3.1).

Proof. We split & into

_Tﬁn E n o n
L=e 5<___> Vo(Vr—\/p) + % <——:)-

P p P
By Young’s inequality and (3.9), the first term gives
__Ry/n - R|r1 —2 1 __ /n M2
B () va) o] < Lo g (- )
p 2 2 p P
| ) 1 _mn m\?2_ Rl [R]
< 7/2’ [ —1 h — ST (_ . _) :| < T/2 <_ Lt} .
<e T gpp Melp) + gy S5 se % T n(t;p,n| ;M)

For the second term, we use Young'’s inequality and obtain

LR <n ) ‘ —7/2 | |, o(n M2 Iy — - —
= (52 ol e IR+ S o (5 - 2) | < e 2[RI+ Sintripn 7).
‘ VP \p Ve e \pT o 2p
Combining both estimates yields the desired result. O
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Lemma 3.7. Under the assumptions of Lemmal(3.5, the function &3 satisfies the estimate

2’7131!

& < h(p|p) + plh" (p) Ry

with Ry defined in (37).

Proof. Analogously to the previous lemma, we use inequality (3.9) and Young’s inequality to obtain

&) = |(p = p)h" (P)R:| = | (VP— \/_) NN \/_)Hh//

< 2= VA) W P
" " 2 E — M=\
< 2Rl 1700 |7) + B (PR = %hwmpm o
as claimed. 0

3.2 Weak solutions satisfying (ET)|

We begin with the derivation of a local relative entropy inequality for weak solutions that satisfy crite-
rion [(ET)|

Proposition 3.8. Letp € C([0,00)) N C*(0,00) withp’ > 0, and let (p,n) be a weak solution to
that satisfies|(E1). Let (p,n) € C1((0,00) x R)? N C([0,00) x R)? withp > 0 or (p,n) =
(0,0). Then

o0 L y o L
/ /—xfn(f;p,nlm ) +Xy(—77(7;,07n|p, n) —q(T;p.1| P, n)) dydr
// n(r;p,n|p,n +Oz,0‘

_Ammwmem @+//xwmf

for all x € C°(]0,00) x R) with x > 0, where { = &1 + & + &3 is defined by (3.2).

) dydr (3.14)

Proof. We combine the local entropy inequality (2.8) from [(ET)| with the weak formulation in (2.1)
and (2:2) for suitable test functions. Let xy € C2°(]0, 00) x R).

Testing with (7, y) = —x(7,y) e " "((T y; gives

) — ) — _
_.nn _ Y n n non(0)

X —t+xye | —sn+—+ep :dyd7+/x0 — dy
/0 /R p [ 20 p (p)]p 20

= [ [l - F e[ o) (), o aver

(3.15)

—

2 . . .
) as a test function in (2.1), we arrive at

Taking ¢(7, y) = 3 X (7, y)e " (52
o) ﬁQ y ﬁ2 ﬁ(O)Q
—Xr€ T Poms — Xye [ —Sp+ n] s dydr — / X(0)por=r=5 dy
/0 /]R 20> 2p? R 2p(0)?

= [ Lo B G). 3 G) TreT- b3 G

=

BS]
~
<

|

| —
>0
CDI
\‘
o)
/N
|
~—

Do
[oN
<
oL
\‘
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Time-asymptotic self-similarity of the damped compressible Euler equations 15

Testing equation with (7, 1) = —x(7,y) ' (p(7,y)) instead, we obtain

[o.¢] . . y _

/ / X0 (B)p + xy1' (p) [ 5Pt n] dy dr + / x(0)1 (p(0)) po dy

0 JR R
(3.17)
o] 1 _
= / / —xh'(P)p.p — xh" (P)p, [ - %p + n} +5xI (p)pdy dr.
0o JR
We further need the elementary identities

/ / vo (h(D) — H(@)p) dydr + / 1 (0)(B((0)) — 1 (3(0))5(0)) dy

R
/Xh )PP, dydr,

| [ 30 —w@m avar = [ [ <@, + 5x(00) - 1 o)p)

Adding all these identities to the weak local entropy inequality (2.8) and taking into account that

n(r;p,n | M) = n(r;p,n) — ?” + p% — h(p) — I (D) (p—P),
g(7;p,n | B,7) = q(73 p,m) — Tp—g % — 1l (p) + = (h(p)—h(p)~ 1 (p)p+1 (P)P)

we obtain
/OOO/R =X (75 p,n [P, 1) + Xy (gn(ﬂ p,n|p,m) —q(7; 0,11 P, ﬁ)) dy dr
= [ x©)9(0: oo 10, 0))
*° 1 o n nj|?
< /RX<_§ Tp,n|p,n)—ap‘;—g‘ +§)dyd7‘
# [ S 6)+ )=k () () dy
[ (o= 20— (pip) + o - ) () ) e

[ xh”( y(p — 7) ~ pym) dydr.

Employing the identities from (1.3), we can simplify the last three lines as
o no,_ n o, _ _ /N N _
/ / —Xy=P(P) — X(p_—zp’(p)py + (p(2) + 9" () (p — 7)) (:) —p'(P)=(p— p)) dydr
0 JR p p Py P

- /OOO/R (- xgp(m)ydydf =0,

and we conclude (3.14). O
To derive an inequality for the total relative entropy, we make use of Lemma
Berlin 2025
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T. Eiter , S. Schindler 16

Theorem 3.9. Letp € C([0,00)) N C(0, 00) withp’ > 0, and let (p, n) be a weak solution to
fulfilling|(E1) with initial data (po, no) € Li,.(R)?. Leteither (p, ) € C*((0,00) x R)*NC([0, 00) X
IR)? be bounded such thatinf p > 0, or let (p,m) = (0,0) and assume that p satisfies (2.14). Let

5(0’p07n0|ﬁ(0)7ﬁ(0)) < o0, £ € L%OC([O,OO),LI(R)) (3.18)
Then the relative entropy inequality (3.4) holds.
Proof. One readily shows that (3.14) also holds if Y > 0 is merely Lipschitz continuous with compact

support in [0, 00) x R. We can thus choose x(7,y) = ©(7)¢(T,y), where ¢ € CL([0,00)) with
¢ > 0and supp ¢ C [0,7), and

1 if |y| < MeMT=7) 1,
(1, y) = ¢ MeMT=7) —|y| ity € A, (3.19)
0 if |[y| > MeMT=),
for M > 1, where A == {y € R | MeMT=7) — 1 < |y| < MeMT=7}. We set (1) =
n(t; p(7),n(7) | p(7),7(7)) and g(7) = ¢(7; p( ),n(7) | p(7),n(7)). Then (B-14) reduces to
—or T+ W( 77+ap‘——— )dydr
// MMy — ly I+ P )dydT (3.20)
<

_/¢(0)¢(0y dy+//w5dydr

In virtue of Lemma and the boundedness of % and 2 5, we can choose M > 1 so large that
lg(r)] < X MEr(7) for 7 € (0,T). With this choice, the integral over A in (3.20) is nonnegative and
can be omitted. Passing to the limit A/ — oo in the resulting inequality, we conclude (3.4). O

Remark 3.10. The particular choice (p,77) = (pwo,0) for some p,, € C'(R) satisfying 2.7) is
admissible in Theorem 3.9} which results in the relative entropy inequality (2.9). This shows that crite-

rion [(ET)|implies criterion [[E2)|

In Theorem the reference pair (p, 72) has to satisfy (3:18), which involves relations between (p, 7z)
and the considered weak solution (p, 7). In the case of a polytropic gas, we can also derive conditions
independent of (p, n), which are more preferable.

Theorem 3.11. Let p satisfy (1.2), and let (p,n) be a weak solution to (1-8) fulfilling with initial
data (po,no) € Li.(R)? such that £(0; po,no | p,0) < oo. Let (p,n) € C'((0,00) x R)?
C([0,00) x R)? such thatinf p > 0 and
P, R17 R2 € Lloc([O OO)7L1(R> N LOO(R)>7
5(7—; Ps n | P ) € Lloc([O OO))
Then the relative entropy inequality holds.

(3.21)

Proof. As observed in Remark[3.10} criterion [(E2)]is satisfied, such that we have &(7; p, n | poc, 0) €
L (]0,00)) for some po, € C'(R) satisfying @.7). From and Proposition [3.3 we further
obtaln S(T p,n|p,m) € L2 ([0,00)). Using now and the estimates from Lemmas
and we obtain & € L] _([0,00); L'(R)). From the finiteness of £(0; po,ng | p,0) and
5(0 p(0 ) ( )| p,0), we further conclude £(0; po, ng | p(0),72(0)) < oo by Proposition [3.3] Now
the statement follows from Theorem [3.9] O
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Time-asymptotic self-similarity of the damped compressible Euler equations 17

3.3 Weak solutions satisfying (E2)|

We now address the relative entropy inequality for weak solutions that are subject to criterion [(E2)]
First we consider spatially localized pairs (p, 7).

Lemma 3.12. Letp € C([0,00)) N C'(0,00) satisfy p’ > 0. Let (p,n) be a weak solution to
fulfilling|(E2) with initial data (po, no) € Li..(R)? such that £(0; po, no | p,0) < oo. Let either

loc
(p,m) € C'((0,00) x R)2N C([0,00) x R)? such thatp > 0, or let (p, ) = (0, 0) and assume
that p satisfies (2.14). Further assume that p — p and n. have compact support in space. Then the
relative entropy inequality (3.4) holds.

Proof. Let ¢ € C1([0,00)) with ¢ > 0 and supp p C [0,7"), and let p., be the reference density
from|(E2)| Since p — p~ has compact support, we obtain the elementary identity

[ =9 0s) = 1) = o + o) i

R
= (0) [ hlpc) = h(pl0)) = W (pc)pc + K (pONPO) dy = | [ ol (p)pp, dy

. oK (3.22)

Moreover, there is M > 0 such that p(7,y) — peo(y) = 72(7,y) = Ofor |[y| > M and 7 € [0,T].

Let ¢ € CL(R) with ¢» = 1in [—M, M] and define x (7, y) = ¢(7)¥(y). We use this test function

in (3.15), (3.16) and (3.17), and we add the resulting identities and (3.22) to inequality (2.9), which
yields

/OoO - ,8(7—; Py | Ps ﬁ) dr — 90<0)5<07 Po, To |ﬁ(0)7ﬁ(0))

@
00 1 L - ~

< | w(=5&(pn|p7) = Dalp,n|p,n) + E) dr
0

(3.23)
), (p®) +¥ @)~ 7)) dydr

(2= 2) 2 s 1) S5, + (0~ 9] )y

= y -
- / / @(h’(poo)y§poo + 1 (p)pyn) dy dr.
0 R

Since p — po, has compact support in space, integration by parts implies

[ 50 = 19 = Wl + K 9)7) dy = [

2 [ S (W o~ 1(7),7) .

Moreover, from we conclude p(p), = h"(p)pp, and
LG, (60 + 0 @0 = 1) + 02000, — )0 = Py ay = [ (Zo(r) dy=0

since n is compactly supported in space. Now, (3.23) simplifies and we arrive at (3.4). O

To extend the class of admissible functions (p, 7), we first use Lemma to obtain function spaces
that contain the weak solutions satisfying[(E2)|if p is of the form (1.2).
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Proposition 3.13. Letp satisfy (1.2), and let either p,. = p_ = 0 or p;, p— > 0. Let (p, n) be a weak
solution to (T-8) satisfying|(E2) with initial data (po, no) € Li..(R)? such that £(0; po, no | p,0) < .
Then

p—p € L>0,00; L*(R) + L7(R)),

e ?n € L®(0, 00; LA(R) + L»/0FTI(R)).

Proof. In virtue of Lemma [3.12] we can assume that po = 0 or inf p, > 0. Since we have
E(T;p,n| ps,0) € L®(0,00) by [(E2)] the coercivity estimate from Lemma[3.4with K = poo(R)
yields the claim since p — po, € L*(R) + L7(R). O

We can now extend the result of Lemma to more general pairs (p, 72).

Theorem 3.14. Let p satisfy (1.2). Let (p,n) be a weak solution to fulfilling |(E2) with initial data
(po,no) € L (R)? such that £(0; py, no | p,0) < 0. Let (p, ) € C((0,00) xR)>NC([0, 00) X

loc

R)? be such thatinf p > 0 and
Dys Ty Py Ty Y(p— ), Y7 € L ([0, 00); L' (R) N L¥(R)). (3.24)

Then the relative entropy inequality (3.4) holds.

Proof. Let ¢ € C2°([0, 00)) be a smooth cut-off function with ¢ = 1 on [0, 1] and ¢ = 0 on [2, c0),
and set ¢r(y) := ¢(|y|/R) for R > 0. We approximate the reference pair (p, 72) by

Pr = 02r(P—poc) + pooc = G2rP + (1 — G2r)Poos TR := OR7,

so that % = qu%. By Lemma|3.12} inequality holds for (p, 72) replaced with (pp, i ). In order
to pass to the limit R — oo, we consider the terms in separately. To this end, note that
implies 7 — oo, §(5 — poo), T, R, Ry € Lig([0,00); L'(R) N L¥(R)) and E(7;5,7 | p, 0) €
L2 ([0, 00)). Moreover, this yields £(7; p,n | p, 1) € L2 ([0, 00)) and £(0; po, no | p(0),7(0)) <

loc
0o by Proposition 3.3

To see the convergence of the relative entropy terms, we write the kinetic part as
Lpin M2 _pin M2, s P
e 5);—% =e 5‘;—5‘ —e (¢R—1)”5+e (¢R—1)§?,
while the relative potential is subject to
hplor) = hp|p)
1
- /0 W0+ 0(1 = ¢2r)(pee = 1)) (p = = 0(1 = $21) (Poo — P)) (1 = b28) (e — P) 40,

where we used (1.3). Utilizing the integrability properties from Proposition and the assump-
tions (3.24), we thus conclude

€(0; po, o | Pr(0),1R(0)) = £(0; po, o [ p(0),72(0)) as R — 00,
E(rip,n|pr,mr) — E(0;p,n | D, M) in L5 ([0,00)) as R — oo.

loc

In the same way, we deduce the convergence of the relative damping term D,,.
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Time-asymptotic self-similarity of the damped compressible Euler equations 19

It thus remains to show the convergence of the terms associated with =. We consider the terms R, R>
R, R and £g, which are defined by replacing (7, 7) with (5, Tig) in the definitions of Ry, Ry and &

in (3.1) and (3.2). Then
Rig = ¢2rR1 — —((¢2R) (P — Poo) + (1 — ¢23)(poo)y) + (¢r — P2r)Ty + (OR)yT,

so that R;  — R strongly in L%.([0,00); L'(R)) and weakly* in L, ([0,00); L>(R)) as R —
0o by (3.24). Similarly, we see R R — R, as R — oo in the same topologies. Now the estimates
from Lemmas [3.5] [3.6] [3.7] yield an upper bound for |z that converges in L%, ([0, 0o); L'(R)) as
R — o0. Since we also have £ — &£ pointwise, we conclude from Pratt’s dominated convergence
theorem that £ — £ in L2.(]0, 00); L*(R)) as R — oo, which finally yields (3.4). O
Let us compare the two main results on the relative entropy inequality from Theorem [3.11] and Theo-
rem [3.14] under the different criteria [([ET) and [([E2)] While [(ET)|is more restrictive than [(E2), see Re-
mark 0l the corresponding assumption (3.27) on the pair (p, ) is slightly more general than (3.24).
AIthough both assumptions (3.27) and (3.24) are clearly not optimal, they are sufficient for our pur-
poses.

3.4 Weak-strong uniqueness

The relative entropy inequality directly leads to a weak-strong uniqueness result. The proof relies
on the following generalized version of Gronwall’s lemma in differential form, which enables us to
derive a bound on the total relative entropy. This lemma will also be essential in Section [4]to prove the
main results on exponential convergence with respect to the scaled time 7.

Lemma 3.15 (Gronwall inequality). Let By € Rand E, a,b € Li. ([0, 00)) suchthatT — a(7)E(T)
belongs to Li, ([0, c0)), and

/0 " J(ME(r) dr < Eap(0) + / " o(r) (a(r)E(r) + b(r)) dr
for all o € C}([0,00)) with o > 0. Then

E(1) < Egels a)dv +/ b(o)els "W ds  foraa T > 0.
0

Proof. We test with () := ws(o) e Jo @) where we choose ws € C([0,0)) satisfying
ws(o) = 1foro < 7and ws(o) = 0forall o > 7 + § such that |wj(o) + 3| < 6 for all
o € (1,7 + 9). Then, we obtain

T+6 T+6
/ —wj(o) e fo WM E(g)do < B +/ ws(o) b(o) e Jo e qg.
0 0
Taking the limit 6 ™\, 0 yields
e o By < F, +/ b(o)e I * 45 forae. T > 0,
0

which is equivalent to the desired result. O
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This lemma enables us to derive the following weak-strong uniqueness result from the relative entropy

inequality (3.4).
Corollary 3.16. Letp satisfy (1.2). Consider initial data (py, no) € Li. . (R)? with £(0; py, ng | p,0) <

loc
o0. Let (p, n) be a weak solution to (1.8) satisfying|(E1) or|(E2). LetT > 0 and suppose there exists a
strong solution (p, ) € C'((0,T) xR)2NC([0,T) xR)? to (1-8), having the same initial data, such

thatinfp > 0 and (3.24) holds. Then (p,n) and (p, ) coincide almost everywhere in [0, T x R.

Proof. Since (3.24) implies (3.21), by Theorem or Theorem [3.14| we obtain the relative entropy
inequality (3.4). Since (p, ) is a strong solution, the residuals R, and R are identically zero, which
implies &, = &3 = 0. Further, we use Lemma(3.5/to bound &; by the relative entropy, which leads to

T
_ 1 _
/—90’5(T;p,n|p,n)+§¢5(T;p,n|p7n)d7
0

T - T
< dydr < max{2,v—1 H - H / E(7: p.n|p,m)dr
/0/R(p§1 ! 2 J [(P)yL Le2((0,7)xR) Jo pET [P 1)

for all ¢ € C(]0,00)) with o > 0, since £(0; po, no | p(0),72(0)) = 0. Applying the generalized
Gronwall inequality from Lemmal[3.15] we arrive at £(7; p, n | p, ) < 0 for a.a. 7 > 0, which yields
(p,n) = (p,7) aimost everywhere in [0, 7] x R. O

4 Convergence towards similarity profiles

In this section we prove our main results in the one-dimensional case, namely the convergence of
weak solutions (p,n) to the scaled system towards the similarity profile (p*,n*) defined by
({T-17). To this end, we consider the residuals R; as defined in (3.7), and the function & given in (3.2),
all with respect to the profile (p*, n*) and denote the residuals with R}.

4.1 Coincident limits at spatial infinity

We first consider the case when the limits p1 coincide, so that p = p; = p— > 0. Then, the
corresponding similarity profile is constant and given by (p*,n*)(y) = (p,0). In particular, we have
R} = R5 = 0 and ¢ = 0. Utilizing inequality for the total relative entropy, we deduce the
convergence result in the case of coincident limits.

Proof of Theorem|[2.4. Depending on whether we assume [(E1)| or [E2), we can use Theorem or
Lemma [3.72] which implies

> . 1 . . .
/ — E(T;p,m1p,0) +¢(§5(T;P7n|070) +Da(p,n!p,0)) dr < (0) £(0; po, o | o, 0)
0

forall p € C([0, 00)) with ¢ > 0. We omit D, (p, n| p,0) > 0 on the left-hand side. An application
of the generalized Gronwall inequality from Lemma[3.15|yields (2.15).

In the previous inequality we can also use a sequence of test functions ¢ that suitably approximates the
characteristic function of an interval [, o] for T < o. Arguing similarly as in the proof of Lemma|3.15]
this leads to

~ 7 1 / A~ ~ / ~
5(0;p(0),n(0)|p,0)+/ F€(T5p,n]$,0) + Dalp,n|p,0)dr’ < E(73 p(7), (1) | £, 0)

DOI 10.20347/WIAS.PREPRINT.3207 Berlin 2025



Time-asymptotic self-similarity of the damped compressible Euler equations 21

fora.a. 7,0 € (0,00) with 7 < o. Omitting the entropy terms on the left-hand side, and using the
decay estimate (2.15), we obtain (2.16). O

4.2 Different limits at spatial infinity

Now we address the case where the limits pL are both positive and do not coincide, that is, p1 > 0
and py # p_. Hence, the unique similarity profile (p*, n*) solving is not constant. Further, by
using that p* and n* are time-independent, the corresponding residuals R are given by 27 = 0 and
R5 = R* with R* defined in (2.12). This leads to simplified expressions for §; from (3.2):
n* n n*?2 R*/n n*

6= (), o[ =T rl) @=L (0T =0 @
Notice that the exponentially growing term e” (p(p*), -+ an*) in R from (8.), which could counteract
convergence as T — 00, vanishes due to the profile equation.

For the proof of Theorem|[2.3] we transfer the estimates for the terms £; and &, that are now considered
with respect to the profile (p*, n*).

Lemma 4.1. The functions &; and &5, as defined in (4.1)), satisfy the estimates
& <On(ripnlptn’), &l <pe T Pylripm|pt ) +e AR
with 0 and . as in Theorem|2.3

Proof. With (p,7) = (p*,n*), both estimates follow directly by applying Lemmas|3.5|and|3.6] respec-

tively. To determine the constant 6, we additionally use the identity o n* = —p(p*), = —p*h'(p*),,
which holds by the profile equations (1.17). O

We are now ready to prove Theorem 2.3

Proof of Theorem[2.3 First we show £(0; po, no | p*, n*) < oo. Since we have p+ > 0, and since
p* — pand n* = Lp'(p*)p} decay exponentially fast by Theorem this follows directly from
Proposition[3.3]and the assumption £(0; po, ng | p, 0) < co.

Depending on whether we assume [(ET)] or [(E2), we can use Theorem or Theorem with
(p,m) = (p*, n*) to obtain the corresponding relative entropy inequality (3-4). Notice that this choice
is admissible due to the decay estimates from Theorem Estimating & with the help of Lemma 4.1}
we arrive at
> 1
| = ennl )+ o(5E gl 00 + Dulpnl o)) e

2 (4.2)

o0

< @(0) E(0: pos 1o | ", 1) +/ o ((0+ e E(Ti pyn | ') + Ke %) dr.

0
We first omit the term D, (p, n | p*, n*) > 0. Then the generalized Gronwall inequality (Lemma|3.15)
with a(7) := —3 + 6 + pe""/*and b(7) := Ke 7/? yields

E(rsp(r),n(r) | o7, 0") < E(05 po, mo | p*, ") elo 2 +/ b(o) el ) do
0

IN

e~ (30T +3n (8(0; po, Mo | p*,m7) + K/ e % dO)
0

IN

1 K
o (-0t an (5(0§ po,no | p*,m*) + §>,
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where we used the rough estimate

/(,_T v} dv = = (5= 0) (=) + B P=e ) < (5= 0) (=) +

o=

for 0 < o < 7. This shows (2.11).
Now assume 0 < % Arguing as in the proof of Theorem from (4.2) we obtain

* * 7 1 / * * * * /
E(p(0).n(o) | ') + [ (36 pn] ) + Dalpon] o)) dr

< &(pr)nln)|p"n)+ [ (64 e "D pn | ) + K7 ar

—7/2

We omit the first term and choose 7 so large that 6 + e < % Then we arrive at

[ Dalponl o) ar < Eripn() | o)+ [ e ar
,(l,9)7+lu * * K 77’/2
<e 2 (S(O;po,no!p,n)+g)+2f(e
foraa. o > 7 > 2log(;2;), where we employed @.11). This yields and completes the
proof. O
5 Extension to multiple dimensions

In this section we adapt the presented method for investigating the long-time behavior of solutions to
the multi-dimensional Euler equations, given by the system

pr +divm = 0,
(5.1)

mt+div(m§m+p(mﬂ>+am:0

in (0,00) x R, d € N, where p: (0,00) x R? — [0,00) and m: (0,00) x R? — R? are (multi-
dimensional) density and momentum fields. Here, I € R%*“ denotes the identity matrix. Denoting
by 0; the partial derivatives in space, we define the divergence of a vector field v = (vj) and a
tensor field A = (A;;) by dive = 0;v; and (div A); = 0;A,;, respectively, where we use Einstein
summation convention and implicitly sum over repeated indices.

Instead of two different limits p, we now prescribe an angular function
p € CHRI\ {0};(0,00)), VYA>0Vre R\ {0}: p(\x) = p(x), (5.2)

which is a multi-dimensional generalization of p from (2.6). We study solutions with initial values
(po, mo) satisfying
(po — p,mo)(z) — (0,0) as x| — 400

in a certain sense. Since the existence of weak solutions is not known in the multi-dimensional case,
we base our examination on energy-variational solutions.
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5.1 The notion of energy-variational solutions

We begin with the definition of energy-variational solutions to the damped Euler equations (5.1) in the
original coordinates. To this end, we need to quantify a suitable entropy function. In original variables,
the relative entropy is given by

~ e e e e 1 gm  m? _

E(p.m|p,m) = | n(p,m|p,m)dz,  n(p,m|p,m) = —p‘: - :‘ +h(p]p).

Rd 27 lp P
Similarly to before, we consider special reference densities p., € C*([0, 00) x R?) such that
Vte[0,00)IR>0: pool(t,x)=p(x) for|z| > R. (5.3)

Definition 5.1. Let (pg, M) € Li.. L (R R such that £(py, it | p,0) < co. We call
(p,m, E) € LIOC([O,oo) x R?) x LL ([0,00) x R%:RY) x BV([0,00)) an energy-variational
solution to (B.1) if there is poo € C1([0, 00) x R?) with such that £(p, M | poo, 0) < E a.e.in

(0, 00), and if there exists a 1-homogeneous regularity weight K : C*(R%; R%) — [0, 00) such that

/ / dx dt’
Rd

—/t G+ V-t -+ Vi (7%,@37%
sJRI

(RY) x L}

[177+ ¢ﬁ+w~mdx
R4

+ p(ﬁ)]l) — - mdzd
(5.4)

< [ [ Gt o) — V) -t
+/ K@) (E — E(p, M| poo, 0)) dt’

for all p € C1([0,00) x R?), ¢ € CL([0,00) x R R?) and for a.a. s,¢ € [0,00) with s < t,
including s = 0 with (p, m)(0) = (po, Myo)-

As before, with the assumption g(ﬁg, mo | p,0) < oo we implicitly assume py > 0 a.e. Furthermore,
the statement and proof of Proposition can immediately be transferred to the multi-dimensional
setting. Therefore, £ (po, Mo | p,0) < oo is equivalent to E(pg, Mo | Poo(0),0) < oo.

Remark 5.2. Since K is 1-homogeneous, that is, l%()«ﬁ) = )\IE(@D) for A > 0, the formulation (5.4)
is equivalent to the accumulated formulas

¢pdr

R4

Y -mdx

t t
- / P+ Vo -mdrdt =0, (5.5a)
S sJRdA

t t m ®Q m
—/ wt.m+w:<m?ﬁm
S st

< / K@) (E — &7, | 5o 0)) .,

+ p(ﬁ)ﬂ) — - dadt
R (5.5b)

¢
E| —I—// a—da:dt <// —hW (Poo)t(P — Poo) — VI (poo) - mdazdt’,  (5.5¢)
R4 sJR4

for all ¢, and s < t as above. This can be seen by a classical variational argument: Choose test
functions p¢ and A1) for 1, A > 0 and consider the limit cases 1 = 0, A = 0, 4 — oo and A — 0.
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While corresponds to a standard weak formulation of the continuity equation, the main difference
between weak solutions and energy-variational solutions to (5.1) is visible in and (5.5¢). The
energy variable [ occurs in both equations as an additional auxiliary variable. Inequality relaxes
the momentum equation to an inequality, where the right-hand side measures the deviation from a
weak form in terms of the energy defect E — E(p, m | pso, 0) > 0 multiplied by the regularity weight
K. Moreover, corresponds to the (relative) entropy inequality, where the mechanical energy
is replaced with E. In particular, if £ = £(p, m | peo,0), then (5.5) reduces to a classical weak
formulation of combined with an energy inequality.

Remark 5.3. In Definition the regularity weight K is not specified further. Usually, it is chosen in
such a way that the inequality is preserved under weak convergence or such that the solution set
is convex, which ensures the existence of energy-variational solutions or properties like weak-strong
uniqueness. In the case of the barotropic pressure law (1.2), a suitable choice is given by

K () := masx {20/ [Vl o, (7 = DIiv ]| e} (5.6)

see [EiL24], where the system was studied in a torus domain. Here, [A]Sym,Jr denotes the positive
definite part of the symmetric part 3(A + AT) of a matrix A € R**?, while [a]+ = max{a, 0}
denotes the nonnegative part of a scalar a € R.

Remark 5.4. In order to obtain a finite (relative) energy g(ﬁ, m | Po, 0), the existence of a specific
reference density p., with suitable values as || — oo is necessary. However, the state variable
(p, m) of an energy-variational solution (p, m, E) is independent of this choice. Indeed, if we have
two reference densities p._ and p2 , then (p,m, E') is an energy-variational solution to for
Poo = p if and only if (p, m, E?) is an energy-variational solution for p,, = p% , where

B =B+ [ bk ) + (W(pk) = H(p2)) (5 - o) da
R4
This equivalence follows from the elementary identity

Eamm;mzémmw;m+/

9 h(pso | 2) + (B (pde) — B'(p2.)) (p — pb.) da,

and by substituting the test function ¢ with ¢ + h'(pl.) — 1/(p2).

For the sake of completeness, let us show that, in contrast to weak solutions, the global-in-time exis-
tence of energy-variational solutions to can be shown in the multi-dimensional framework. To this
end, we use the general existence result from [ALR24], which allows for the presence of dissipative
terms. Here we denote the class of weakly continuous functions from [0, cc) to a Banach space X by
Cw ([0, 00); X).

Theorem 5.5. Let« > 0 and p(p) = kp” fork > 0, > 1. Let either p be as in orp = 0.
Let (po,mo) € Li (R x Li (R%RY) such that £(py, mo | p,0) < oo. Then there exists an

loc loc\~

energy-variational solution (p, m, E') to (5.1) with

p—p € Cy([0,00), L(RY) + L*(RY)),
W € Cy([0, 00), L791 (R RY) + LA(RY; RY))

with E (0) = £ (o, Mo | p, 0). The corresponding regularity Weightlz is given by (5.6).
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Proof. We choose a time-independent function o, € C"(R?) satisfying (6.3) such that po(R?) =

p(R). By Remark [5.4] this is no restriction. By &(p, it | p,0) < oo and the multi-dimensional
analog of Proposition , we then have & (7, Mg | s, 0) < 00

We express an energy-variational solution (p, m) in the form (o + poo,m), thatis, & = p — pPeo,
where (o, m) € V for the reflexive Banach space V = V; x V, with

V, = L'(RY) + L*(RY),  V, = L2/OF)(RERY) + L2(RERY).

We extend 7 to a function on R x R? by setting n(p, m) = +ocif p < 0, and if p = 0 and m # 0,
and we define the total (relative) entropy

F:V—=[0,00], F@ m):=E®G + oo M| P, 0).

Since po is time-independent, the dissipation functional is given by

UV 0,00, W(E ) / Al oz - md
: , 0], o,m) = ) - mdx,
Rda+poo P

where we set @ = 4+ if p < 0,and if p = 0 and m # 0. We choose the regularity weight K
as in (5.6), and show that all assumptions in the abstract existence result from [ALR24] Theorem 3.3]
are satisfied. In particular, since 7 is strictly convex and lower semicontinuous, this also applies to the
associated relative entropy, so that F is strictly convex and lower semicontinuous. To show coercivity
of F, let K = py(R?). Then Lemma [3.4] yields a constant 7y > 0 such that holds for all
P = Poo(x), x € R For (5, m) € V, we introduce the sets

My ={z e R||o(2) + pc(2)] <10}, Mz={z€R'|[5(2) + poc(@)] > 10}

and the decomposition 0 = 01 + 09, M = M1 + My With 0; = xar,0, M; = xa;m for j = 1,2.
Here, x s denotes the characteristic function of a set A/ C RY. We then obtain

ﬂam:/"%ﬂﬁ®mmmmM+/ﬁw+%ﬁm%mm
M,

Mo

~ 27 ~ ~ o~
20/|%F+mf+mw%+mwszMmmw
Rd

for some exponent a > 1if ||(&, m)||v > 1. This implies coercivity of . Choosing K as in (5.6), we
further deduce the convexity and lower semicontinuity of

Fp(G+ )l )—a@/) i da+ K () F (5, )

(5,7) xp(&,m)—/ V- i+ Vi : (f,”@f”

Rd o+ 00
on the convex set dom ¥ = dom F for all ¢, ¢ € C}H(R?) x C}(R? R?). This is clear for all terms
linear in (o, m) as well as for W. For the remaining terms, we can argue as in [EiL24, Lemma 5.6].
The remaining assumptions necessary to apply [ALR24, Theorem 3.3] can be verified as in [EiL24,
Section 5.2], which yields the existence of an energy-variational solution to (5.7). O

As in the study of the asymptotic behavior of weak solutions in the previous sections, in Theorem
we exclude reference densities that have zeros but do not vanish identically. This is due to the coercivity
estimate (3.11), which is not valid in this case.
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5.2 Reformulation in parabolic scaling variables

As in the one-dimensional case, to study the long-time behavior of solutions to (5.1), we consider the
problem in parabolic scaling variables. We define 7 := log(1+t) and y := 1 and set p(1,y) ==
p(t,z) and n(7,y) = e ?m(r,y) = (1+t)¥?m(t, ). Observe that in the multi-dimensional
framework, we scale the magnitude of m by ¢?/2 instead of e™/2. Then (5.1) is equivalent to

pr = . Vp —divn,
(5.7)

2
y d . (n®n .
nTZE-VnnLEn—le( P >—ed (Vp(p), + an).

The the associated relative entropy is given by

etripnl ) = [ n(ripl).nw) [ 9(0), () dy

with 1
n(ripn | p.m) = Se=
For the sake of generality, we consider a T-dependent reference density p,, € Cl([O, 00) X Rd) such

that

n n|? _
p——:’ + h(p|p).
p P

V7€ [0,00)3R>0: po(r,y) = ply) for |y| > R, (58)

where p is the given angular limit density satisfying (5.2). Energy-variational solutions to (5.7) are
defined as follows.

Definition 5.6. Let (pg,n9) € L (R?Y) x Li_(R%R?) such that £(po, 1o | p,0) < co. We call a
pair (p, n, E) € Lt ([0,00) x RY) x LL ([0, 00) x R R?Y) x BV([0,00)) an energy-variational

loc loc

solution to (5.7) if there is po, € C*(]0, 00) x R?) with (5.8) such that £(7; p,n | pes, 0) < E a.e.in
(0, 00), and if there exists a 1-homogeneous regularity weight K : C*(R%; R%) — [0, 00) such that

T+/ “Bar +// a—dyd’
o R4

/Rdw Vo (Lp—n) — Sopdyar
nYn

[E—F ¢p+@/}~ndy}

—/ wT-n+V¢:<—n®%+
R4
// h’ (Poc)r —%-Vh’(poo))(p—poo)—Vh’(poo)‘ndydf’
R4

/ e K (W) (E — E(7: p.n | pre, 0)) dr’

o

+ edT/p(p)]I) —¢-eTandydr (5.9

forall ¢ € C1([0,00) x RY), v € C([0,00) x R%R?) and for a.a. 0,7 € [0,00) with 0 < 7,
including o = 0 with (p, n)(0) = (po, no).

Remark 5.7. Arguing as in Remark[5.2, we see that corresponds to a relaxed version of a weak
formulation of combined with a (relative) entropy inequality. In particular, in dimension d = 1,
an energy-variational solution (p,n, E) with £ = £(T; p,n | po, 0) is the same as a weak solution
to in the sense of Definition that satisfies the entropy inequality from if we choose a
T-independent reference density p... Actually, this choice is no restriction, compare Remark 5.4
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We next show that energy-variational solutions to (5.1) and to (5.7) are related to each other by
parabolic scaling.

Proposition 5.8. Let (p, 7, E) € LL_([0,00) x R%) x LL ([0,00) x RE:RY) x BV([0, 00)),
and set p(t,y) = p(t, ), n(r,y) = e¥/2m(t,x) and E(r) = e 47/2E(t), where t = ¢™ — 1
and x = €7/?y. Then (p, m, E) is an energy-variational solution to ifand only if (p,n, E) is an
energy-variational solution to with the same initial values (po,no) = (po, o) € L (R?) x
Ll (R% R?) and the same regularity weight KL = K. Moreover, the reference densities are related

loc

bypoo(tv 37) = poo(Tu y)'

Proof. We only show one implication. The converse follows along the same lines.

Let (7, m, E) be an energy-variational solution to (51). Consider ¢ € C([0,00) x R%), 1 €
C1([0,00) x R4 R?) and define ¢(t, x) = e~¥/2¢(7,y), ¥(t,x) = (7, y). We use ¢ and ¢ as
test functions in (5.5). A variable transform shows that the scaled quantities (p, n, ) satisfy

[0

Y -ndr

d
// orp—Vo- ( —n)—§¢pdyd7’:0, (5.10)

—/ dwT n+ Vi : (—n@%—i—%—i—edﬂp(p)ﬂ) — - e andy dr’
g ocJR

Rd

< [ @ K@E - Eripn] pu0) o'

2
//de 2 aﬂdydT’
R

/ [ (Hom)e = 5T () (0= ) — e T ) -y
Rd
(5.12)

(5.11)

for a.a. 0 < 7. In virtue of [EIL24, Lemma 2.5], we express the pointwise inequality (5.12) in a
variational form as

/ gp’ed;E%—cp/ 0T OzﬂdydT/
R P

/ / e (Wlp)e = L1 (0) ) (0= pre) — € F VW () my e’ + 0(0) E(0)

for all ¢ € C}(]0,00)) with ¢ > 0. We now use 7 + e~ %/2p(7) as a test function and em-
ploy [EiL24, Lemma 2.5] again, to arrive at

E[+/ ~Edr +// a—dyd’
o R4

(5.13)
< //Rd — h’(poo)r — % . Vh’(poo)> (p _ poo) _ Vh/(Poo) . ndydT’.

Summation of (5.10), (5.11) and (5.13) yields (5.9). Therefore, (p, n, E) is an energy-variational solu-
tion to (5.7). O
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5.3 Relative entropy inequality and long-time behavior

We follow the proof of Theorem to derive a relative entropy inequality for energy-variational solu-
tions. Similarly to before, we define

. n\ g (N N n n . (T _
& = v(p).e p(p ﬁ)®(p p) dw(ﬁ)w\p),
€ = e—d¢§<ﬁ _ ?) T, (5.14)
p\p D
& :=—(p—p)h"(p)Ry,

where R := z R, — R, with

Ri:=7p, - g-v,ﬁ+divﬁ,

Ry:=7, — 5. VA- gﬁ+ div <ﬁ§ﬁ> + ot (Vp(p) + 7). (5.15)
and we set

2

_ n n
Da(p,n|p,n) :Za/ p‘——: dy.
Re PP

We deduce the following relative entropy inequality.

Theorem 5.9. Let p satisfy (5.2) or p = 0. Let (p, n, E') be an energy-variational solution to (5.7) with
regularity weight KC, reference density p.., and initial data (po, no) € Li .(R?) x L (R%; RY) satis-

loc
fying £(0, po, o | p,0) < oo. Letp € C*((0,00) x RY) N C([0,00) x RY) andi € C((0, 0) x
R%RY) N C ([0, 00) x RY; R?). We assume one of the following:

(a) p — p and T have compact support in space, or if p = 0, then it holds (p,7) = (0,0) and p
satisfies (2.14), or

(b) p is of the form (1.2), and p satisfies inf p > 0 and

VAl VAL, 5., [7:], yl(7 = ), 1yl 7l € Li.([0, 00); L'(RT) N L¥(RY)).

Set
R(1) := E(1) = E(73p(1),1(7) | poo(7), 0) + E(75 p(7),(7) | p(7), 72(7)),
Ro == E(0) — £(0; po, 1o | poo(0), 0) 4 E(0; po, 0 | p(0), 1(0)).

Then

%0 d
/—@’R+90(§R+Da(p,nlﬁ,ﬁ))d7
0 _ (5.16)
< (0)Ro +/ ¢ [E+K(=2)(E —E(m5p,n| pos, 0))] dr
0

for all p € C1([0,00)) withp > 0. Here = = [, & + & + & dy with &, j = 1,2, 3, defined
in (5.14).
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Proof. For simplicity, consider a T-independent reference density p., € Ct (Rd) satisfying (5.8),
which is no restriction, compare Remark [5.4] Using [EiL24, Lemma 2.5], we express (5.9) in a varia-
tional form as

[nf?

/OO ’(E+ pp+- ndy)—l—g&(;iE—k/RdQTdy)d
- [ /qsfp Vo (Lo—n) — sopdydr

_/ dwT'n-FV?ﬂ-(—n@%—i—ﬁin—ked%(p)ﬂ)—1/)-echmdyd7'
0 R

< ¢(0) (B0 + [ 600 +00.0) - noly) dy)
+ /Oooso g VI (poo) - <g(p — Poo) — n) dy dr
+ /000 e IC(¢Y) (E —E(T5p,m | Poo, O)) dr

for all ¢,1p € C*([0,00) X R) and all ¢ € C(]0,00)) with o > 0. Observe that ¢ and 1) need

not have compact support in time due to the presence of ¢. We consider ¢(7,y) = 1e T(p((T’z; )2 +

R (poo(T,y)) — K (p(T,y)) and (T, y) = —e_T%. Then a direct calculation that uses the same
identities as in the proof of Lemma leads to (5.16) in case[(a)} In case [(b)} we can subsequently
use the approximation argument from the proof of Theorem [3.14} using the coercivity estimate from

Lemma 3.4} to extend the class of admissible functions (p, 77) as asserted. O

Notice that, analogously to Corollary [3.16, one can immediately derive a weak-strong uniqueness
principle for energy-variational solutions from Theorem

As in the one-dimensional case, we characterize the long-time behavior of the density by a self-similar
solution to the porous medium equation and associate the momentum by Darcy’s law. The correspond-
ing similarity profile (p*, n*) is determined by

1 1
0=—Ap(p*) + Y. Vp* and 0=n"+ —Vp(p") (5.17)
« 2 o}
such that
pr—p—0, n*—=0 as|yl — oc.

While existence of such a similarity profile with good decay properties is known for d = 1, compare
Theorem 2.2} a corresponding result seems to be unknown for higher dimension. Therefore, we make
the following assumption:

(A) It holds p* € C°°(R?) with p*(R?) C p(R?) and
* N * 1 d d
l(p" = p)s [yl V'], [V2p"| € L ([0, 00); L' (RY) N L¥(RY)).
Assumption [(A)| is clearly satisfied if p is constant, which yields p* = p. Moreover, if p is of the
form (1.2), then one can construct a smooth self-similar solution to the porous medium equation p; =
iAp(ﬁ), which leads to a similarity profile p* satisfying (5.17), for instance, by following the ideas

of [Vaz07, Thm. 16.2]. However, the decay properties of p* are less clear, and in multiple dimensions,
they may depend on the angular profile p and assumption may be a proper restriction.

We can now proceed as in the case of weak solutions and conclude the convergence towards the
similarity profile (p*, n*) as 7 — .
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Theorem 5.10. Let one of the following assumptions be satisfied:

(a) Leta >0, letp € C([0,00)) N CY(0, 00) withp’ > 0in (0, 0), let p* = p > 0 be constant
andn* =0, and if p* = 0, letp satisfy (2.14), or

(b) let « > 0, let p satisfy ([-2), let p satisfy (5.2), and let (p*,n*) satisfy (5.17) and assump-
tion|(A)

Let (p,n, E) be an energy-variational solution to (5.7) subject to initial data (py, no) € Li .(RY) x

loc

L. (R%RY) such that E(0; po, no | p,0) < oo. In case|(b} let the corresponding regularity weight
IC be given by (5.6). Define

R(1) == E(1) = E(73p(7),n(7T) | poo; 0) + E(73 p(7), n(7) | p*, 1"),
Ro := E(0) — &(0; po, no | pocs 0) + E(0; po, no | p*, n").

Then e
R(1) < e~ (2=OT+5n <’R0 + §> fora.a. T > 0, (5.18)

where 0 := 11 := K /0 := 0 in case(a}, and

]' /, * /, *
0 := —max {2[[V*h" (0 )sym + 2= @), (v = DIAR (04 ez}

R 3R .
u:H | *l l*” : Kr:/\R\dy,
2k(p*)r  2p* llzem®) R
1 * *
R = -2.Vn - Zn +div (n ©on >
2 2 p*

in case In particular, if@ < <, then
E(r) = E(1;p(7),n(7) | poc, 0) = 0 and  E(7;p(7),n(7) | p",n") = 0 (5.19)

asT — oQ.

Proof of Theorem([5.10. We use the relative entropy inequality (5.16) from Theorem [5.9] where we
choose (p, 1) = (p*, n*), which is admissible in both cases.

In case[(a)| we have & = & = & = 0. Since K(0) = 0, we obtain

2
and the Gronwall inequality from Lemma|3.15|yields (5.18).

In case the terms &;, j = 1,2,3 from (5.14) simplify, and a slight adaption of the proof of
Lemma[4.1]yields the estimate

o0 d
/ —¢'R+ w(—R + Du(p,n !ﬁ,ﬁ)) dr < ¢(0)Ro,
0

E<(O+pe ") E(r;pn|ptnt) +e TIPK.

Moreover, using (1.3), (6.17) and (5.6), we see that IC(—Z—:) = 0. From (5.76) we now conclude the

estimate - J
/ —¢' R+ <,0<§R + Da(p,n |p,ﬁ)) dr
0

< p(0)Ry + /  [pe PR + Ke /2 + 9R)] dr,
0
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where we used E(7;p,n|p*,n*) < R for the first term in the integral on the right-hand side.
This inequality resembles (4.2) in the proof of Theorem Invoking now Gronwall’s inequality from
Lemma in the same way, we conclude (5.18) in this case.

Finally, if < g, then (5.18) implies R(7) — 0 as 7 — o0. Since £ > E(7;p,n| po, 0), this
shows (5.19). O

Theorem [5.10] yields convergence of energy-variational solutions towards the similarity profile under
the same flatness condition as for weak solutions, see Theorem In a similar way as in Section [4]
we could also deduce convergence of the time-averaged kinetic energy. In Theorem [5.10] we further
deduce the convergence of the energy defect to zero, which means that energy-variational solutions
converge time-asymptotically to weak solutions in a certain sense. Observe that in the case p,. = p_
the result holds for any regularity weight K, while in the case p, # p_ we require the specific
choice (5.6). Clearly, one could also take a regularity weight that is larger than (5.6), but this would
lead to a more restrictive flatness condition.
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