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Approximation of time-periodic flow past a translating body by
flows in bounded domains

Thomas Eiter, Ana Leonor Silvestre

Abstract

We consider a time-periodic incompressible three-dimensional Navier-Stokes flow past a trans-
lating rigid body. In the first part of the paper, we establish the existence and uniqueness of strong
solutions in the exterior domain that satisfy pointwise estimates for both the velocity and pressure.
The fundamental solution of the time-periodic Oseen equations plays a central role in obtaining
these estimates. The second part focuses on approximating this exterior flow within truncated do-
mains, incorporating appropriate artificial boundary conditions. For these bounded domain prob-
lems, we prove the existence and uniqueness of weak solutions. Finally, we estimate the error in
the velocity component as a function of the truncation radius, showing that, as the latter passes to
infinity, the velocities of the truncated problems converge, in an appropriate norm, to the velocity
of the exterior flow.
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1 Introduction

Consider an incompressible viscous flow around a rigid body translating with a constant velocity { €
R3 \ {0}. For simplicity and without loss of generality, we take the kinematic viscosity of the fluid to
be equal to 1. To describe the motion of the fluid, we use a reference frame attached to the solid.
Additionally, we assume the fluid to be subject to an external body force and a distribution of velocities
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T. Eiter, A. L. Silvestre 2

along the fluid-solid boundary, both time-periodic of period & > 0. Under these conditions, the motion
of the fluid is governed by the following equations

ou—Au—C-Vu+t+u-Vu+Vp=f inTxQ,
V-u=0 inT xQ,

u=~h onT x X, (1.1)
lim w(t,z) =0 fort e T.

|z|—o00

Here and throughout the paper, 2 C R3 denotes the exterior domain occupied by the liquid, while
Y == 0f) represents the common boundary between {2 and the compact set corresponding to the rigid
body. We assume that 0 € R3 \ Q. Since we are interested in time-periodic flows, the torus group
T := R/JZ serves as the time axis in system (1.1), so that all functions therein are time-periodic
with period 7 > 0. The functions u: T x Q@ — R3and p: T x Q — R represent the unknown
velocity field and scalar pressure, respectively.

In the context of applications, a crucial question is how to numerically solve the exterior problem (1.1).
Truncating the fluid domain in order to discretize the equations using, for instance, finite elements
necessarily introduces artificial boundaries, which must be chosen so as to ensure the well-posedness
of the mathematical model and the numerical stability of the simulations. Prescribing the so-called “do-
nothing” condition [13,18] on the artificial boundaries arises naturally in the variational formulation after
multiplication of the term —Au+V p with a test function and integration by parts. However, as shown in
[1,15], this Neumann condition does not guarantee the well-posedness of the resulting boundary value
problem for the Navier-Stokes equations. In [2], the question of how to numerically solve the Dirichlet
problem for the Stokes system in the exterior of a three-dimensional bounded Lipschitz domain is
addressed using a modified “do-nothing” condition on the outer boundary of a truncated domain. A
similar idea was subsequently exploited for more complex fluid models in [3, 4], and we adopt it in this
work, as described below.

Formulation of the problem. Our aim is to investigate how to approximate solutions (u, p) to sys-
tem (1.1), formulated in the unbounded domain §2, by solutions (ug, pr) to problems posed within
bounded domains Qg = {z € Q : |z| < R} for R > 0 sufficiently large. More precisely, we con-
sider solutions (v, 72) = (ug, pr) to the truncated problems

ov—Av—C-Vo+v-Vo+Vpu=f inT x Qg,
V-v=0 inT x Qg,
v=h onT x X,

Br(v,2) =0 onT x OBg,

where By, is a suitable boundary operator. The artificial boundary condition Bg (v, z2) = 0 on T x
OBpgr must be selected to ensure both the well-posedness of the resulting mixed boundary value
problem and the convergence of u to u as R — oo in an appropriate norm. Our choice

By (v, 2)(t,z) = % : (Vv(t,a:) — p(t,a)l — %v(t,x) ® v(t,x)) + 1%@@@,3:) (1.3)

where 3:(z) := [|(||z| + (¢ - x)] /2, is inspired by [3]. The present work is a generalization to the
time-periodic case of the results obtained in [3] for the steady problem (see also [4] for a linearized
steady flow around a rotating and translating body). Note that the operator Br defined in (1.3) contains
the pseudo-stress tensor T(v, z2) = Vv — zI. However, all results in this paper remain valid if T is
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Approximation of time-periodic flow past a translating body by flows in bounded domains 3

replaced by the classical Cauchy stress tensor T (v, 2) = Vv + Vol — 721. Here, the gradient of
a vector-valued function of several variables is the transpose of the Jacobian matrix: (Vv)ij = %,
1,7 =1,2,3.

To present the main results of the paper, we introduce additional notation and recall basic properties
of the relevant function spaces and operators.

Notations. Throughout the paper, we will consistently use the same font style to represent scalar, vec-
tor, and tensor-valued functions. Standard notations L”(©Q), W*P(©) and H*(©) for suitable sets O
will be adopted for Lebesgue and Sobolev spaces, and we occasionally write |- ||,;p = |||/ L»(0) and
|lk,p:0 = ||-[w#»(0) for corresponding norms. We further introduce homogeneous Sobolev spaces
by denoting u € D*P(©) if and only u is locally integrable with V*u € LP(©O). We further introduce
the homogeneous By @ (T) we denote the class of real-valued, infinitely differentiable, I -periodic
functions.

By | € R3*? we denote the three-dimensional identity matrix. We denote the Dirac delta distributions
on R3, T, and Z by dgs, 61 and &y, respectively. Here T := R /T Z, where the period 7 > 0 is fixed
throughout the paper. The whole-space problem associated with (1.1) will be formulated in the locally
compact abelian group G := T x R3, and the Dirac delta distribution on G, d;, will be used to define
the fundamental solution of the time-periodic problem. In the context of the exterior problem €2, the
symbol dx; will denote the Dirac delta distribution with support & = 9Q C R3. By 8’(R?) and §'(G)
we will denote the spaces of tempered distributions over R? and G, respectively.

If X is a Banach space, we denote by L"(T; X) the space of all Bochner measurable functions . :
T — X such that ||ul|z-(1,x) = (% foy llu(®)]% dt>? < 00, for 1 <7 < oo, and |[ul| Lo (m,x) =

ess SuPye(o. 77 |lu(t) [ x < oo, for 7 = co. We denote by C'(T; X) the space of continuous functions
f : T — X, which corresponds to the continuous functions f : [0,7] — X that satisfy f(0) =
f(T).

We will utilize a precise decomposition of the solution into a steady-state component and a purely
periodic component, as proposed and employed in [5-7, 12, 14]. Specifically, time-periodic functions
v: T — X are split into a steady-state part v9 = JPv and a purely periodic part v, = &, v, where
the projections & and &, are defined by

1 /7
Puv = /v(t) dt = —/ v(t)dt, Piv=v—Pv. (1.4)
T T Jo

To specify the class of admissible boundary traces of strong solutions to (1.1) we define
TPUT x X) = {v|rxx : v € LP(T; W>4(Q)?), dpv € LP(T; LI()%)}
for p, ¢ € (1, 00), and we equip this space with the norm
[hl|sracrxs) = inf {{[vllomwza@) + 100 Loeriza@) b = vlrxs }-

This function space can be decomposed into spaces of steady-state and of purely periodic functions,
given by

TIE) ={Ph:heTPI T xX)}, THUTxX):={Ph:heT(TxX)}.

Then T4(X) coincides with the Sobolev—Slobodeckij space W2~1/%4(32). Similarly, one can identify
TP(T x ) and YT x X) with interpolation spaces, which are of Triebel-Lizorkin and Besov
type. Since these involved constructions are not necessary for our approach, we omit them here.
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T. Eiter, A. L. Silvestre 4

When studying the exterior problem, to quantify the decay of functions in a suitable way, we introduce
the weight function

[[¢] ] + ¢ - 2]

DO | —

vg(2;Q) =[] (L + 4¢(2)),  ac(a) =
for a, B € R, and the corresponding weighted norms
[0llscvg 00D = ess sup vg(z; Q)lv()],

[0]lse.vg (s0)mxp = esssup v (x; Q)v(t, ),
(t,x)eTxD

where D C R? is an open set. When 3 = 0, we simply write v := v$(+, (), so that v (z) := |z|*.

Main results. The paper’s first main result, Theorem 3.1, establishes the existence and uniqueness
of strong solutions to problem (1.1), assuming that f € L (T x Q)3 and h € TP(T x X) with

loc
H‘@fHoo,uf/z(.;g);Q F NP Lfllooptioymxa + [|Allzrarxs)

sufficiently small. The corresponding solution (u, p) possesses the same decay as the time-periodic
fundamental solution, exhibiting an anisotropic decay determined by the steady-state part of the fun-
damental solution. The decay rates of the pressure and the purely periodic part of the velocity field
depend on whether the total flux ® across . is constant in time, where by

(1) = /E h(t, ) - ndS(z).

Subsequently, we consider problem (1.2) incorporating the artificial boundary condition (1.3) on the
outer boundary of the truncated spatial domain. The second main result, Theorem 4.4, establishes
the existence and conditional uniqueness of weak solutions (ug, pr) to (1.2)-(1.3), under weaker
assumptions on the regularity of the boundary data and provided that || || T is small.

Assuming the validity of the earlier well-posedness results, as the third main result of the paper, The-
orem 5.1, we prove the following convergence for the gradient of the velocity and for its trace on the
artificial boundaries:

[Vu — Vug| r2(rxag) + [[u — urllr2rxopg) < CR™'~. (1.5)

Structure of the paper. A review of the fundamental solutions of the steady-state and time-periodic
Oseen equations, along with the estimates useful for our study, is provided in Section 2. Section 3
addresses the well-posedness of the exterior problem (1.1), including the precise spatial decay of
the velocity and pressure. In Section 4, we establish existence and conditional uniqueness of weak
solutions to the system (1.2)—(1.3). Finally, the estimate for the truncation error of the velocity field is
derived in Section 5.

2 Fundamental solutions

In this section, we introduce the fundamental solution of the time-periodic Oseen equations,
Ou—Au—C-Vu+Vp=f inT xQ,
V-u=0 inT x €, (2.1)
u=~h onT x .
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Approximation of time-periodic flow past a translating body by flows in bounded domains 5

We begin by recalling several fundamental solutions for steady problems. In R?, the fundamental
solution of the Laplace operator —A is given by

1

~ Adrfz|’

E(x) (2.2)

that is, —AE = dgs in &'(R3). The fundamental solution of the 3D Stokes system is the pair
(T, P) € 8'(R?)>*3 x S'(R?)? given by (see, for example, [11])

<r8,P><x>:( ! (I+£®:ﬁ),mi)

87 |x|
where  := x/|z| (x € R?\ {0}), and the pressure component satisfies
P(z) = =VE(x). (2.3)

The fundamental solution of the 3D Oseen system has the same pressure part, P(z) = —VE(x),
and the velocity component is given by (see [11,19])

1 <] L2 L2
Ar|z| 1675 () exp (= 3¢(z) (m * C) @ (x * C>
1 —exp(—4¢(x)) o
— 87T|1:|é<(§;) (I—2®%) (2.4)

o ) (549,

T5(z) = oxp (=d¢(w)) 1 =

In the time-periodic case, the fundamental solutions can be identified as solutions to a system of partial
differential equations on G. Following [5, 12, 14], the fundamental solution of the Stokes (( = 0) or
Oseen (¢ # 0) equations is a pair (I'*, Q) € &'(G)3*® x &' (G)3 satisfying

(2.5)

oI — ATC +VQ — (¢- V)¢ = dgl,
V.-I¢=0.

The pressure component is given by (recall (2.3))
Q = (ST & P7

meaning Q(t, z) = d1(t) P(x). As in the Stokes case [14], the velocity part ['® is a sum of the steady-
state Oseen fundamental solution and a purely time-periodic remainder satisfying good integrability
and pointwise decay estimates. The pressure part, as in the steady regime, is identical to that of
the Stokes case, that is, ) is independent of (. The velocity component I'¢ admits the following
decomposition

=1 @0+ 1Y,

with Fg the velocity part of the steady fundamental solution, defined in (2.4), and I‘i the purely periodic
part of I'¢, defined by

1 — 6, (k) -
| —
i gl ¢

Fi(t, x) = Ggl

Y

where 7 : §'(G) = 8'(G), G := Z x R3, is the Fourier transform on the group G.

We recall pointwise estimates of the different parts of the fundamental solution.
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T. Eiter, A. L. Silvestre 6

Proposition 2.1. Foralla € N3, r € [1,00) and e > 0 there are Cy,Cy > 0 such that for all
x € R3 with |z| > ¢ it holds

| DET§ ()| < Crvty—jola(:€), (2.6)
IDST (-, )| prmy < Cov ™ 1oN(a). (2.7)

Here C; = Cy(a,r,e) > 0 and Cy = Co(a, 1, €,6) > 0 are independent of { and T if(7|(|2 <.

Proof. See [9, Lemma 3.2] and [6, Theorem 1.1]. For the uniformity of the estimates, see also [7,
Theorem 5.8]. O

When using the anisotropic estimates of FC, we will come across integrals of the form

Jr(a,b) = /8B 2| 7*(1 + 3¢(x)) " dS(x) :/a vy (z;¢)dS(x) (2.8)

Br

fora,b > 0, R > 0. In [10, Lemma 2.3] (see also [3, Lemma 3.1]), using polar coordinates, it is
shown that
Jrla,b) < C(p)RZa-min{lb}  p L], (2.9)

. . ¢ L . . ¢
When dealing with I3 , we shall need the following integrability properties of 1™ .

Proposition 2.2. We have
5 . ¢ q 313x3
Voe (Lg): TS eL(T xR, (2.10)
5) ‘
Vq € {1, Z) . QT € LYT x R3S (5 =1,2,3). (2.11)
If0 < |C| < (o for some (y > 0, the respective L?-norm can be bounded uniformly in (.

Proof. See [6, Theorem 1.1] and [7, Theorem 5.8]. O

3 Existence in the exterior domain

We return to the problem (1.1) in the exterior domain €2 and show existence of solutions with suitable
decay properties. In what follows, we use the decomposition of time-periodic functions into a steady-
state part fo = Z°f and a purely periodic part f; = 9, f introduced in (1.4). Our aim is to prove:

Theorem 3.1. Let 2 C R? be an exterior domain with C*-boundary ¥ = 0). Let {, > 0 and
p,q € (1,00). Then there exists € > 0 such that for all f € Li (T x Q)> and h € TP4(T x )
satisfying

||gjf||oo’,,i’/2(.;o;g + | PLflloowstocsoymxa + [[Allsparxs) < e (38.1)

for some § € (0,1], and for all { € R3\ {0} with || < (o, there exists a unique strong solution
(u, p) to (1.1) satisfying

we LP(T; D*(Q)%),  due LM(T;LYQ)%),  pe LP(T; D(Q))
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Approximation of time-periodic flow past a translating body by flows in bounded domains 7

and
||V2u, oy, VPHLP(’]I;Lq(Q)) + H‘@uHOO,Vll(';C)?Q + ||V@u”oo’y§//§(.;o;g + | 2P| son2:0 52)
+ H@J_uHoo,ﬂ;'H‘xQ + valu”oo,ufiﬂrxﬂ + ||g’LPHoo,u1;1er <e.
If the boundary data satisfies
VieT: / Oh(t,x) -ndS(x) =0, (3.3)
by
then
||g)iu||OO,V3;T><Q + ||V‘@Lu||oo7u3+5;ﬂ‘><(2 + ||95Lp||oo,u2;’11‘><9 <e. (3.4)
Remark 3.2. Condition (3.3) means that the total boundary flux
O(t) = / h(t,z) -ndS(z) (3.5)
by

4
> dt

while for non-constant total flux, the pressure only decays like \x|_1 as |x| — oc. Similarly, the decay
of the purely periodic part of the velocity field is faster in this case. This observation is in accordance
with [8], where the decay rates for time-periodic weak solutions to (1.1) were derived.

is constant in time, that is, $® = 0. If this is satisfied, then the decay rate of the pressure is ||,

A similar existence result was obtained in [7], but with a different spatial decay rate of the solutions.
Since the decay assumptions on external forces considered in [7, Theorem 4.2] are weaker, the de-
cay rates of the derived solutions are slower as well. In contrast, for solutions established in Theo-
rem 3.1 the velocity field © has the same decay as the time-periodic fundamental solution, namely
the anisotropic decay determined by the steady-state part. Moreover, the purely periodic velocity field
P u decays faster than the steady-state part Pu, and the decay rate is improved if (3.3) is satisfied,
that is, for constant total boundary flux. For § = 1, this pointwise behavior coincides with the decay
observed for weak solutions when f has compact support, see also [8], and can thus be considered
the optimal decay rate.

Firstly, we will study a linearized version of problem (1.1), with focus on specific pointwise estimates.
Then, a fixed point argument yields the result of Theorem 3.1.

3.1 Linear theory

To prove Theorem 3.1, we first study the associated linear problem (2.1). For pointwise decay es-
timates of the velocity field ©u = ug + u_ split into steady-state and purely periodic parts, we ex-
tend the velocity and pressure to zero outside the domain €2 and employ the representation formulas
(see [8,19])

up = T #gs [foxa +n - T (ug, po)ds: + (C - n)hods)]
+ Fg *R3 V . [(n (024 ho)ég] — P *R3 [n . h052],

U = Fi *q [fixe +n- -T_(ULPL)‘SE + (¢ - n)hods]
+T9 % V- [(n®@h1)ds] — Q *¢ [n - hyds),
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T. Eiter, A. L. Silvestre 8

where 'T'(v, q) = Vv — ¢l denotes the Cauchy pseudo-stress tensor for the velocity-pressure pair
(v, q). The corresponding formulas for the pressure are given by

po = co+ P *gs [foxa +n- -T_(U07PO)(5E + (¢ - n)hods]
+ P s V- [(n ® hg)ds] (3.8)
+ P xgs [((ho - n)ds)],

pr=ci+Q%*¢g[fixa+n- -T_(UJ_ypj_)5Z + (¢ - n)hy)ds]
+ Q¢ V- [(n®hy)ds) (3.9)
+ Q *¢ [C(hy -n)ds| + (01 ® E) *¢ [(Oh - n)ds]

where ¢(t) = ¢ + ¢ (t) is a function only depending on ¢.

We next prepare several estimates of the convolutions appearing in (3.6)—(3.9). We define the Eu-
clidean ball of radius R > 0 by Bp = {z € R® : |z| < R}, along with the exterior domain
R = {x € R®: |z| > R}, and the spherical shell Bg, r, = {z € R*: R, < |z| < Ry}

Firstly, we consider the terms with contributions at the boundary.

Lemma 3.3. Let S > 0 such that > C Bgs. Let { € R3 such that0 < |¢| < (, for some (y > 0.
Then there is C = C(%, S, (o, T) > 0 such that for all ) = 1, 0x, with+; € L*(T x ), and for
|z| > S it holds

Vi (@ Q) |IT§ @ Ln| = (k)| + va)a (: O) | |VES @ Lx| % ) (t, )|
+ 13 (2;.0) VT @ L % 4(t, )
+ |zf? HFC | % (t,x | + |z|* HVFC | % (t, o ‘ + |z|? HVQFC EX x)} (3.10)
+ |z| [(E @ 6r) * (t, )| + |2 ||Q] * v (t, 2)| + |z|* |[VQ| * ¥(t, z))|
< Ot 21 (rxg)-

Moreover, if [, ¢(t, ) dS(z) = 0, then
‘37’2|(E ® Or) * w(t,x)l + |z’ “Q| * ¢(t>$)’ + |z|* HVQ’ * Mzﬁ,x)! < Clllprrxs). (8.11)

Proof. Let R € (0,S) such that ¥ C Bg. For |z| > S > R > |y| we have

|z —y| > |z| = |y| > (1 - R/S)|z| > S — R,
(1+20R)(1+ 3¢(xr —y) =2 1+ 2[C[lyl + 3¢(z —y) > 1+ 3¢(x).

This yields v§(7; () < C'vg(r — y;¢) for a, 8 > 0 and a constant C' = C'(a, B, R, 5, (o) > 0
Therefore, for any function © with [©(¢, )| < Cv_5(2;() for [2| > S — R, we obtain

0% (t,2) <c//ug —4:0) [t (s,9)| dS(y)ds
< OvZg (@ Q] rrxs)-

In this proof and the ones that follow, C' represents a generic constant that may take different values
in different steps of the argument. Moreover, if [VO(t, 2)| < Cv_§(z; () and [, ¢(t,y) dS(y) =

DOI 10.20347/WIAS.PREPRINT.3206 Berlin 2025



Approximation of time-periodic flow past a translating body by flows in bounded domains 9

then we obtain
|@*¢@xﬂ:LALXe@_&x—w—@a—sw»mwwnw@mﬂ
_ ’// /ly VOt — 5,2 — Oy)in(s, y) d0AS(y)ds
<CR//V§ ¢) [ (s. )| dS(y)ds

< Cvg(z; Ol rxs)-

Due to the estimates (2.6), (2.7) and the decay properties of E, () and V (), the claim follows from
this general result. O

We now consider convolutions of the fundamental solution with functions with suitable spatial decay.
Since we assume different decay estimates of the steady-state and the purely periodic part, we study
them separately. For the steady-state part, we have the following result.

Lemma 3.4. There is C > 0 such that for all € R with 0 < |¢| < (o for some {y > 0, for all
g € LY/5(R3) with )*(-;¢) g € L®(R3), and for all z € R3 \ {0} it holds

vi(@: Q) |ITS] = g(x)| + va)a (: Q) | IVES] = g(x)]
+ |z [|P] * g(a)| < O (5€) gll oo o).

Proof. This follows from [3, Theorem 4.7]. O

For the purely periodic part, we have the following estimates.

Lemma 3.5. Lete > 0,7 € [1,00) and ;1 > 3. Then there is C' > 0 such that for all ¢ € R?\ {0}
and g € Li (T x R®) with (1 4+ v*)g € L"(T; L=(R3)?), and for all = € R? with |z| > ¢ it holds

o [T g(t )| + 2" V9 [|VT | # g(t, )]

+ |2 [1Q] * g(t, )| < CII(L + 1) gl Lr(msre ey

Proof. Set M := ||(1 4 v*)g|| Lr (1,10 (3))- We start with the estimate of T | * g. We use Holder's
inequality on T and Minkowski’s integral inequality and split the spatial integral into three parts to
obtain

rtegteal < [ (firse—se—ula)" ([laeofas)

<CMZ/ </\r< s,z —y)| ds)l/rl(lJr!y\“)_ldy:: CMi[j

Jj=1

where 7’ = r/(r — 1), and we set A; = Bg, Ay = B and A3 = Bp g with R = |x|/2. First,
since |y| < Rimplies |z — y| > |z|/2, we can use (2.7) to obtain

hsc/|wwﬁm+wm*@scm*/<rwwwwsom*
Bpr Br
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T. Eiter, A. L. Silvestre 10

since 1 > 3. For the second integral, we again use (2.7) and that |y| > 4R implies |z — y| > |y|/2
to obtain

L<C [ fo-y i)y <C [yl dy = Clal
B4R B4R

For the third integral, we note that v’ > 1 and u — 3 > 0, so that we can choose 7 € (1,5/3) such
that 7 < 1’ and 3/7" < pu — 3. Then Hélder’s inequality and (2.10) yield

1/7 _ /7
fgsc!x\‘“( / 1dy) ( |/ |Fi<s,y>|’“dyds)
Brar T JBrar
) ) 1/7
:C]:C\_“RS’/T'(// ‘Fi(s,y)‘ dyds)
T J Brar

< Clz| ™™ < Ol 2,
Collecting the estimates of I, I and I3, we arrive at
TS| g(t, )| < Cla| ™

as asserted. For the estimate of |VFi| * g we proceed similarly. At first, we obtain

3 , 1/ 3
IV | * g(t, )| gCMZ/A (/T}vrj(s,x—y)r ds) (L+1]y)) " dy =MD J;
j=174j

=1

for the sets A;, j = 1,2, 3, as before. Repeating the above arguments, we can estimate J; and J,
as

<asc/ m-m4u+wrwmscm4/’u+mrwmgcm4,
Br

Br

B[ Je-y ey <o [l el dy = Clel
B

BAR

and for J3 we use VFi € LY(T x R3) by (2.11) to deduce

Jy < C(1+ |$|)_“// IV (s,y)| dyds < Cla| ™.
T JBgrar

In total, these estimates yield
9T+ gt )] < Claf" 140
For the convolutions with Q = P ® dr, we use |P(z)| = C|z|~* and argue similarly. O

We now combine the derived pointwise estimates with the results on time-periodic maximal regularity
established in [7]. This leads to existence of solutions with suitable spatial decay.

Theorem 3.6. Let ) C R3 be an exterior domain with C*-boundary, and let (; > 0 and p,q €
(1,00). Let h € TPUT x ¥), and let f € Li (T x Q)3 such that f = fo + f. satisfies

V2 (0) fo € L®(Q)3 and 130 f, € LP(T; L>()3) for some § > 0. Forany ¢ € R3\ {0}
there exists a unique solution (u, p) to (2.1) satisfying

we P(T; D*(Q)°),  due IX(T;LQ)%),  p e LY(T; DM9(1)), @3.12)
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Approximation of time-periodic flow past a translating body by flows in bounded domains 11

and the estimates

10| oo () + 1Vl o rsna () + 1VPN Locrzaco))

< C(Ifllrmaan + Ibllaces). &
1 (@50) [uo ()] + 135 (25 €) [Vuo(@)] + [af* [ po()] 1)
< O(1A"(€) foll =@ + Iollzs)). |
2w (t,2)] + |2 | Vur (t,2)] + |2] |po(t, 7)) 5.15)
< O fillrmne@) + i llsracrxs))-
If the total flux through Y is constant, that is, if (3.3) holds, then (3.15) can be replaced with
|x|3‘uL(t,x)‘ n |I|min{3+6,4}’VuL(t,J])‘ + |z]? lpo(t,2)| 3.16)

< C<||V3+6fL||LP(T;L°°(Q)) + ||hJ_||Tpﬂq('J1‘><2))-

Here C' = O(Qap7 q, 57 CO) >0 If‘C‘ < CO-

Proof. We first show that f € LP(T; L*(Q2)) for all s € (1, 00). With the integral Jr(a, b) from (2.8)
and the estimate (2.9) we obtain

° s - 5s 5 Oo —5s/2+1
/BR‘fO(aj)l dv= |’f°"oo7vf/2(-;<);9/13 $(5,8)dr < C”fOHoo,l/f/Z(ﬁo;Q/R ' ar

Moreover, we have

p/s p/s
/(/ ’fJ_(t,x)|sdx) dt < HfJ-Hzo,USJf‘S;TXQ</ |x’*(3+6)s d:c> .
T Q Q

Since the remaining integrals in both estimates are finite, we obtain f € LP(T; L*(2)?) for any
s € (1, 00). Therefore, the existence of a solution (u, p) in the class given by (3.12) and subject to
inequality (3.13) follows from [7, Theorem 4.7]. Since we can choose any s < 2, the velocity field
solution satisfies u € LP(T; L(Q)3) for ¢ € (2,00) and is unique. Moreover, the pressure field is
unique up to addition by a function constant in space, which corresponds to the function ¢ = ¢y + ¢
in the representation formulas (3.8) and (3.9) for the pressure. Fixing ¢ = 0, we ensure uniqueness of
p.

To derive the pointwise estimates (3.14), (3.15) and (3.16), we use the representation formulas (3.6)
and (3.7) for the steady-state and purely periodic parts of the velocity field. Similarly, we use (3.8)
and (3.9) to obtain the estimates of the pressure p. Then the asserted estimates follow directly from
Lemma 3.3, Lemma 3.4 and Lemma 3.5, where we use

I T (o, po)ll sy < ClIT (o, po) lwragerny
< C(IIV%uol| oy + Vol o) + 1oll acey)
< C(I1follzeqey) + Ilhollzacs))
In - :I:(ub p)llerrxsy < C”—T-(UL?PL)HLP(T;W“(QR))
< O(IV*upllrer:Lag) + VoLl Lrmso@) + 1hilleramxs))
< C(”fLHLP(']T;Lq(Q)) + ”hLHEP*q(TXZ))

due to (3.13), where we choose any R > 0 such that 02 C Bpg. Observe that in the general
case, the pointwise asymptotic behavior of u, Vu, and p, is determined by the latter term in the
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T. Eiter, A. L. Silvestre 12

representation formulas (3.7) and (3.9), which leads to estimate (3.15) by using estimate (3.10) from
Lemma 3.3. If we assume (3.3), we also have

/hL(t,x) -ndS(x) =0,

so that those terms can be estimated with (3.11) from Lemma 3.3 instead, which leads to the better
decay rate stated in (3.16). O

3.2 Solutions to the nonlinear problem
For k = 0,1 and ¢ € (0, 1], we introduce the function space

loc

L= {v € (T W2I(Q)P) AW (T L(Q)P) < dive = 0, [Jollg; < oo},

[vlla, = IVl r(rsLo()) + 1000l Lo (r Lo ()

+ ||g)v||oo,1/11(~;C);Q + ||v‘@UHOO7,,§;§(.;O;Q + Nk(g)iv)
where
NO(w) = HwHoo,VQ;TXQ + vaHoo,V:‘;TXQa
Ni(w) = [[w]leopsTxa + VW0 345,30

For given v € X, we consider the problem

ou—Au—C-Vu+Vp=f—N(v,v) inT xQ,
V-u=0 inT x €, (3.17)
u=nh onT x X,

where the nonlinear term /4 is defined as
N (v1,09) = vy - Vus.

Below we show that the linear theory from Theorem 3.6 provides a solution (u, p) to this problem if
v € 2. This defines a solution map §: v +— u, and (u, p) solves the nonlinear problem (1.1) if
u is a fixed point of &. For obtaining such a fixed point, we first prove the following estimates of the
convection term, where we again distinguish steady-state and purely periodic part.

Lemma 3.7. Letk € {0,1} and letvy, vy € L. Then
[PRETS PN (01,09) || o) + V722 P LN (01, 02) || Lo sy < Clva||a, |02 2

Proof. We set v; = z; + w; with z; :== Pv; and w; = P v; for j = 1, 2. Then we have

9’,/1/(1)1,2)2) =Z1" VZQ + @(wl . ng),
@J_./V('Ul,'UQ) =2Z1" VU)Q + wq - VZQ + gﬁ_(wl . ng)

Therefore, for x € €2 we can estimate
V2 (2:0) | PN (01, 0) ()]
< C (V@ Q) |1 @) 22V 2a(0) |+ (3 ) o 8, 2) a2 Vo, )] )

< Cllvrllze vzl 2
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Approximation of time-periodic flow past a translating body by flows in bounded domains 13

and
e W A (OREN [(]
< CJa] |21 (@) |22 Vs (t, 2)] + |22 o (8, )| |22 [V 2 ()|
+ |2 o (8, )72 [Vwa (1, 2)])
< Cllorllz o2l .-
This shows the asserted estimates. O

We can now show existence of a solution to (1.1) by a fixed-point argument.

Proof of Theorem 3.1. We set k = 0 in the general case and we set k = 1 when (3.3) is satisfied.
For ¢ > 0 consider the set

Xpe = {U €y : ||U||5l"k < 8}'

In virtue of Lemma 3.7 and Theorem 3.6, for any v € 2, there exists a solution (u, p) to (3.17) with
the regularity stated in (3.12) and subject to the estimates

Vi (;.0) [uo(@)| + v (21 0) [ Vuo(@)] + |2 [ po(x)]

5/9 5/2
< O([?(5Q) PH (0,0) | oo @) + 1772 (5O foll oy + olsacsy)
< C(l[oll%, +¢%).
|I"2+k‘UJ_(t,I)‘ + ’x|3+mm{k’6}}UJ_(t,x)} + ’x‘l—&—k ‘pj_(t;x)}
< (I[P (0,0) | o=@y + 1V Ll o)) + 1he |srarss))
< C([[ol%, +¢%).

Forv € X ., we thus have
lullz, < Ce* <e

if e > 0 is chosen sufficiently small. Then the solution map &' : v — wu is a well-defined self mapping
8t Xy e — X .- Moreover, for vy, vy € L, ¢, the differences U = u; — up and p = p; — p2, where
u; = &(v;) with corresponding pressure p;, j = 1, 2, satisfy

Ou—Au—(-Vu+Vp =—N(vy,v1) + N (v2,v9) inT x Q,
inT x €,
onT x X.

Noting that
N (v1,01) — N (vg,v9) = N (v1 — va,v1) + N (va, v — v2),

we can adapt the same argument as before to conclude the estimate
(1) = S(02)ll2 = [[ullz, < Clllalla + lvallz)lvr = vallz, < 2Ce(vr — vl

Hence, choosing € > 0 sufficiently small, we obtain that & is also a contraction. Finally, the contraction
mapping principle yields the existence of a unique fixed point v = &'(u) € Zj.. If p denotes the
associated pressure, then (u, p) is a solution to (1.1) with the asserted properties. O
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T. Eiter, A. L. Silvestre 14

4 Existence in the truncated domains

Our aim is to find a solution (v, 72) to the problem (1.2)—(1.3) defined in the truncated domain {)p.

We seek a velocity field in the form v = h + 9 with h an appropriate extension of h to {2z and
Y € L*(T; H(QR)?) satisfying d|s = 0and V-9 = 0in T x Q.

4.1 Functions spaces over the truncated domains

In what follows, the usual inner products in L?(Q2z) and L?*(0Bg) will be denoted by (-, ), and
(-, -)aBy, respectively. As in [3,4], we consider H'(2z) endowed with inner product and norm

1 1 2
(v, w)(r)y :== (Vv, Vw)q, + E(“’ w)og, |wl(r) = (HVwHiQR + EHng,aBR) (4.1)

and we equip the space of time-periodic functions L*(T; H'(Qg)) with the norm

1/2
ol iy = ( / ku%mdt) .

Within this framework, the following estimate holds for time-periodic functions:

Lemma 4.1. Take afixed S € (0, 0o) with0S) C Bg and R > S. Then there is a constant C(S) > 0

such that 1/
u(t,x 2 i
(/ dedt) < C9)|ull(r.r)
TXBR\BS |.ZC|

forallu € L*(T; H(QR)).
Proof. We can directly apply the reasoning from [3, Theorem 3.6]. O

The space
Wr = {w e H'(Qg)* : w|s =0},

with inner product and norm (4.1), will be relevant in the analysis of problem (1.2)—(1.3).
Consider the following subspaces of divergence-free functions of Wg,
Vi = {¢lap: ¢ €CF(Q)*and V- p =0in Q},

Vg := the closure of 7% in HI(QR>37

and the space
Hp := the closure of 7 in L*(Qp)3.

If €2 is a domain with a Lipschitz continuous boundary, then
Hrp={veL*(Qk)*:V-v=0inQpandv-n=00nX},

where n represents the unit outer normal on >, with V - v = 0 and v - n interpreted in the weak
sense, and
Vi = {v c H'(QR)?: V-v:OinQRandv:OOnE}.
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Approximation of time-periodic flow past a translating body by flows in bounded domains 15

For6/5s < ¢; < 6and */3 < go < 4, we have the embeddings
Vi < L(Q) & L=(dBg) — Vi, (4.2)

which are compact and continuous, respectively. For f € LQ(QR)3, a weak solution to the Stokes

problem
.

—Au+Vzpu=f inQpg

V-u=0 inQpg,
u=0 onX,
1

Eu =0 onJdBg,

is a field u € Vg such that
1
(VU7 VSO)QR + E(ua @)8BR = (fa SO)QR VQO € VR-
Based on this Stokes problem, it is possible to construct a special basis for the spaces Hy and V.

Lemma 4.2. The spectral problem

1
(V\IJ7 VSO)QR + E(\Da SO)GBR = )‘(\Dv SO)QR7 VQD € VR

admits a sequence {V }ren C Vg of non-zero solutions corresponding to a sequence { Ay } ke of
eigenvalues
O< A <A< A3 <.

which satisfies \j, — co as k — oo.

Moreover, we can choose {Wy }ren in such a way that it forms an orthonormal basis of Hr and
{¥/\/*} wen is an orthonormal basis of V.

Proof. Given ¥ € Hp, by Lax-Milgram Theorem, the problem

1
(VU,, VSO)QR + E(uv SO)QBR - (\117 QO)QRa VSO € VR

has a unique solution u € Vg. The solution operator & : Hgr — Hpg, ¥ — u, is compact, self-
adjoint and positive. Hence, H admits an orthonormal basis of eigenfunctions ¥, € Vi of & with
corresponding eigenvalues 1 satisfying i, > 0, for all £ € N, and u, — 0 as k — oo. Thus,
defining Ay = /., we obtain

1
(‘Pku QD)BBR == )\k<\I’k7 90>QR vgp € VR' (43)

(VU,, Voo, + In

Suppose that v € Vj satisfies (¥, v)(r) = (VU V), + (\I/k,v)aBR/R = 0Oforall k € N.
From (4.3), it follows that (U, v)q, = 0 forall & € N, and since {¥}, } ey is a basis of Hg, we
conclude that v = 0. Hence, the linear span of { U}, } xcn is dense in V. From (4.3), we further obtain

(\pk \1{,~> _(v\pk v\p]) . 1(% &)
)\]1/27)\;-/2 R )\;/2 ) )\1‘/2 On R >\]1€/2’)\1'/2 9B

J J

Ak Ak :
= ——— (Ui, V))ap = ———-0kj = Ok;j Vi, k €N,
1/2 1/2( ks *3j)QR 1/2 1/2 kj kj» ?
Therefore, {¥»/3,*} <y is an orthonormal basis of V. O
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4.2 Weak solutions in the truncated domain

Assume 2 is a Lipschitz domain and recall the total flux of & over X, given by ®(t) := [, h(t, ) -
n(x)dS(zx). To simplify the presentation, for each fixed R, we define

c(u,v,w) ::/ u~VU-wdx—%/ (%u) (v-w)dS(x), (4.4)
Qr dBr

which is well defined for u, v, w € H*(Q2z)? and satisfies
c(u,v,v) =0, Yu € Hg, v € Vg. (4.5)

In what follows, o(z) := VE(x) =
fundamental solution, defined in (2.3).

Observe that 0 = — P for the pressure part P of

T
dm|z|3 "

Lemma 4.3. Given h € H'(T; H'?(00)*) define ® as in (3.5). Let Ry be such that 92 C Bp,.

For any v > 0, there exists h € H'(T; H*(Q)?) satisfying

V-h=0 inT x €, (46)
h=h onT x X, .
and the estimate
- 1 ,
00,0, 0] 0 + [0l (Collolay + o ) Wl 0T 6

for all R > R, where Cs is a Sobolev embedding constant.

Proof. Decompose
h(t,z) = [h(t, z) — D(t)o|s(z)] + P(t)ols(z) = ROt 2) + KD (t,z), (t,z) €T x X.

Then [, AV(t,z) - n(z)dS = Oforallt € Tand V- o = 0in .
For fixed Ry > 0 such that 92 C Bpg,, we can find (see [11, Lemma IX.4.1] and [17, Lemma 3.3])
w: T x Qr, — R? such that

Vxw=h" onTx X,

Vxw=0 on T X OBg,,

w =10 onT x GBRO,
and
lw(t, Moznm, < COQRIIEDE lpes, teT,

so thatw € H*(T; H*(Qg,)?) along with the estimate

HwHHl(T§H2(QRO)3) < O(QRo)Hh(l)(ta ')HHl(’]l‘;H1/2(E)3)'

Let0 < e < 1and V. € C*°(R;R) be such that U.(0) = 1 for 0 < w, V. (0) = 0 for
0 > 2exp(—1/e), |V.(0)] < 1and |V.L(A)| < /0, for all @ > 0. Define d(x) as the distance of
a point z € Qp, to the boundary 9€2g, and let p(x) be the corresponding regularized distance (in
the sense of Stein). Using these, define the cut-off function for the domain Qg, ¥-(z) := VY. (p(z)),
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Approximation of time-periodic flow past a translating body by flows in bounded domains 17

and extend it by 1 to the exterior domain 2. The extension satisfies (see [11, Lemma I11.6.2] and [17,

Lemma 3.2])
w1 T d(z) < 2220
e\L) = !
0 if d(x)>2exp(—1/e),
and Vi (z) = Ul(p(x))Vp(z), |V(z)| < ery/d(x), where k1 and k4 are positive constants
independent of the domain. Define
h(t,x) = hO(t,2) + h@(t,2) = V x (w(t, 2)t.(z)) + D(t)o(z)
= Vi (z) X w(t,z) + . (2)V x w(t,z) + ®(t)o(x), (t,z) €T x Q,

where w is extended to 0 outside T x Bp,. Clearly, the function his divergence free. Now assume

R > Ry. Then, for sufficiently small ¢, following [11, Lemma X.4.2] or [17, Lemma 3.3], we can
estimate

; A o(t)
(9,9, 7)| = /9;9 V9 hda + 9l o,
</ V- VY-V x (w,) de +\<I>(t)|/ V-Vi-ode —{—M]\ﬂ-nHQ
- Qg c Qg 87TR2 2,0Br

1P,z

<AIVI5 0, + Csll®lleollollsnn I VO30, + AT
TR

where C'g is a constant related with the Sobolev embedding in €2, and ¥ € L*(T; V). O

Taking into account the regularity of the external force used to solve the exterior problem, we can
assume that f € L*(T x Qg)? in in (1.2)—(1.3). Regarding existence and uniqueness of weak
solution for (1.2)—(1.3), we fix

1
<< Vo— [z (Collolan + )

and a solenoidal extension i € H'(T; H'((2)?) given by Lemma 4.3. Then, we will seek the velocity
field for system (1.2) in the form v := up = ¥+ h where ) € L*(T; Vz) N L>(T; Hg). The velocity
1) and an associated pressure 7 should satisfy

(L[ vyt Vz?:V\I!dx—/ C-Vz?-‘lfd$—/ 2V - Ud
dt Qr Qr Qr Qg
+/ (ﬁ-V)ﬁ-\de+/(ﬁ-V)z9-\Ifdx+/ (0 V)9 - Ud
Qr Q Qr
1 1 T\ =
+/ — (14 3:(x)) 0 - UdS(x —/ — (¥ =) h-¥dS(z
LREC) @-/ 0% (x)
1/~ = 1 T
[ Z(nZ ﬁ-@dSm—/ “(0-ZY) 0. wds(z
|5 g)o-wasey - [ 5 (v-g)v-vasi
= [ f-Udz— GJL-\I/dx—/VB:V\IIdx
Qr Qr Q
~ 1 ~
4 C-Vh-\l/dm—/ L0+ se(a)) - wdS(x)
Qpr 8BRR

. . 1 /- .
—/ (h-V)h-\Ide+/ —(h-f)h-qde(gp), VU € W,
Qr 8832 R

/(V-ﬁ)qﬁdxzo, Vo € L*(Qg),
\ JQr
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in the sense of distributions in T.

It is convenient to recall (4.4) and introduce additional notations

a(v,w) = Vou: Vwdr — C-Vv~wdx+/ l(1—|—J<(x))v-wdS(x),

R
Or Or 9Br 4.8)

bop) = [ (V-0
QR
so that the above system for (1, 72) can be reformulated in a more concise manner as
(8,0, T) + a(V, V) + b(V, 2) + (I, h, V) + c(h, 9, V) + (9,9, )
= (f,W)a, — (00, ), —a(h, W) = c(h,h, V), YV € Wg,  (49)
b(d,¢) =0, Vo€ L*(Qp)

in T. Moreover, we introduce a different inner product on the space HI(QR)3, namely,

(v, W) (R, : / Vo : de$—|—<R ’g’)/aBR(v-w)dS

1(C x) (4.10)
:a(v,w)—l—/ C-Vv-wd:c—/ ——=—"(v-w)dsS,
QR BBR R 2
sothat a(v,v) = [ Vul3q, + fo, (% +5) [0 dS(z) = [[0]2, . for v € Vi,
Theorem 4.4. Let f € L*(T x Qg)? and h € H(T; H'2(99)?) satisfying
1

2P| C o 1. 4.11
[z (Callolunn + g1z ) < a1

Then there exist v € L2*(T; H'(Qr)?) N L=(T; L*(Qr)?) and 29 € L*>(T,L*(QR)), 721 €
L%(T; L*(QR)) as well as z2o € L*3(T; L*(QR)) such that, in the sense of distributions in T, it

holds o
—(/ v-\Ifdx+/ /QOV-\Ifdx)
dt Qg o

+/ Vo : VUdr — Q-Vv-@dx—k/ (v-V)v-¥dx
Qr

Qg Qr

+/83R}%(1 + 4¢(x))v-¥dS(xz) — /aBR% (v . }%) v-¥UdS(x) (4.12)

+/ (721 + 722)V - ¥ dz = f-Vvdzx, YV e Wg,
Qg Qr

/(v-v)qsdx:o, Vo € L*(QR),
Qr

and ¥ := v — h, where h from Lemma 4. 3, satisfies the energy inequality

// |VI|? dz dt+< K’)/ 19)? dSdt
Qr 0BRr

g—/ Vh:Vﬁdxdt+// ¢-Vh-9dzdt
T JQgr T JQgr

—/ }%(1 + 3¢(x)) (h-9) dS(z)dt
TxOBgr

+/T j (f—@ﬁ—v-Vﬁ)-ﬂdxdt—k%/TxaB (%v)(ﬁw&’)ds(ax)dt

(4.13)
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Moreover, if another weak solution (0, 72) with o € H'(T x Q) exists such that

19| oo (s (2)) < O (4.14)

with & > 0 sufficiently small, then v = v.

Proof. We construct a time-periodic weak solution to problem (4.9) using the Galerkin method. In
order to find the velocity ©J, let {U; };cn C Vg be the complete orthonormal system in Hpy given by

Lemma 4.2. For each M € N, let H](%M) be the linear space generated by { ¥y, ..., ¥,,} endowed

with the inner product of Hg, and let V}%M) be defined in an analogous way with respect to the inner
product of V.

In a first stage, approximate velocities (M) € L*°(T; H](%M)) N L(T; V,;M)) will be sought in the
form

M
Mit,z) = i) Wi(x), a; € WHAT). (4.15)
=1

In order to determine the T-periodic functions as, ..., aay, let F : T x RM — RM with components

M
Fin(t, o) = = Z o [a(\lli, V) + (Wi, h, W) + (b, U5, ‘I’m)]
i=1
M
=Y aiase(T, 05, 0,,)
ij=1

+(f = 0h, W) —a(h, W) —c(h, b, Wy), m=1,.., M,

where

(f =0, V), € LX(T), a(h, V), c(h,h,¥,) € C(T), m=1,.., M.

Qr
Then (4.15), more specifically &« = (ay, ..., apr), will be obtained as a T-periodic solution of the
systems of ODEs

o =F(t,a)inT. (4.16)

At this stage, M € N is fixed. For a fixed a € W1**(T)M, consider the linearized problem

o =L(t,a;a)inT. (4.17)
where
L) TxRY — RM
M ~ ~
OE t Q; a Z&Azm_z_i |: (\Ijiyh7\11m)+c<h7\pi7\11m)
i=1
- Zgigjc(\Di,\Ilj,\Ifm)—kgm(t)? m=1,.., M,
ij=1
and
Aim = a(\Ifi,\Ifm), i,m = 1, ...7M,

gm(t) = (f — O,h, \Ifm)QR —a(h, U, — c(h, h, U,), m=1 ., M.
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In order to alleviate the presentation, we put
2 2
bolt) =1, WE(t) == V2 cos (%kt) . Yi(t) == V2sin <§kt> , keN,

and recall the orthonormality relations for {1, ¥, ¢ : k € N} in L?(T). A solution for the system
of ODEs (4.17) can be sought in the form of a Fourier series

i (t) = asgtho(t +Z%¢k +Z%wk i=1,.., M. (4.18)
It is convenient to write (4.17) as
o+ Aa=G(a)inT (4.19)
with A := (Aim>1§i,m§M and G(Q) = (Gm(g))lngM, where
M ~ ~ M
Cnl@) 1= g = D [ e(Wi, hy W) + (b Wi, W) = 37 ci,e(W;, 05, 9,) € LY(T).
i=1 i,j=1

Based on (4.18), we define

10 Qg Q1
Q20 asy, Q.
Qg = , oy = : , Q= : , keN
S Cc
Q1o Ak Xk

and

Goai= [ Guli(O, Giui= [ Gultii(Odt, Grui= [ Gl

S C
GlO 1k 1k
G20 GS (¢
. s . 2k c . 2k
GO — . B k — . y ko . ; k 6 N
S C
G o M M

The Fourier coefficients of a solution « to (4.19) can be obtained by solving the sequence of linear

systems
A —2—7T]€ ]IM a; GS
— T k|l k
ACYO = Go, |:277rk3]IM A 1 |:(Ii:| = |iGi:| s k € N. (420)

Here, 1, is the identity matrix in RM*™ Note that the matrix A € RM*M s positive definite since
we have
M

Z 2iAimzm = a(V, ) = [|[VV]]3 +/ ( Kl) [W2dS (2 € RM U = 2,0)),
’ oBr \ I

i,m=1
and the block matrices in (4.20), defined in terms of A and 2%1{: s, are nonsingular. For each k£ € N,
of] [ A -z, [G;
of] B I 4 Gi,

-1 -1

<A2 47r2k:2HM) Ak <A2 47r2k2]IM) :
- _ 2k (AQ 47r2k2]IM> - (AQ 47r21~c2]1M>1A [GZ]
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and, with A, := 52 A, for k € N, we have

{az} T [ (Ai + ]IM)_IAkGZ + (A% + HM>_1G2 LEN.

ap]  2mk [—(AR+Ta) NG (AR + Tu) T AGY,

For any matrix norm ||-||, there exists a constant C' > 0 such that ||(A2 + I,) '] < C, for
all k > || Al|. By Hausdorff-Young inequality, we have {G% }ren, {GS ren € (H(N)M and there-
fore, {kag ren, {kaS then € £4(N)M. From Hélder’s inequality, we obtain {c }ren, {f }ren €
e (N)M for all v > 4/3. Thus {ag bren, {05 bveny € 7(N)M for all 1 < r < 4. This, in
turn, yields the existence of a € L2(T)M solving (4.17), and from the identity (4.19), it follows that
of € L'B(T)M.

We can thus consider the mapping

m. whAmM - whs(mM
m(a) = o

Our aim is to establish existence of a fixed point of 771.
In order to use the Leray—Schauder fixed-point Theorem, we first show that the solution of the problem
o'+ Aa=AG(a)inT (4.21)

are uniformly bounded with respect to A € [0, 1]. By taking the dot product of both sides of equation
(4.21) with «, we obtain

M M

——|a|2 _ Z 0 Aipn Oty — A Z OOy, [c(\lli, hy W)+ c(h, V;, ¥,,)

i7m:1 Z7m:1

M M
— A Z o c(W, W, U,,) + A Z GmQm, X € [0,1].
m=1

ij,m=1

Recalling (4.15) and using the orthonormality conditions that are induced by {vy, 5, ¥} : k € N}
and {0y, ..., Uy }in LA(T, HY"), we get

1d

S 100D B, + a(@, 940) 1 29D, R, 91)

4 (R, 90D 9ODY L e(OD AD yaDn) (4.22)
= A(f = 0h, 90) = Aa(h,9™)) = Ac(h, h, 9OD).

Since, by the time-periodicity of YM) and by (4.5), it holds
d -
/T D3 6 dt =0, e, 900, 90) = (90, 9D, 9 = 0,

and, by direct calculation,
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we obtain

oo Ms/

=

(w(mum 1 1o ||§,aBR) at

I
S~
2
%,
=
@o

(4.23)
:A/cw(M ) ,h)dt+/\/ (f—@th,ﬁ(M)> dt
T T Qr
—A/a(ﬁ,ﬁ(]‘“)dt—A/c(fz,fz,ﬁ(M))dt.
T T
From Lemma 4.6, estimate (4.7), we conclude
A/Tc(ﬁ(MW(M’,ﬁ)dt < AN my + 1 @lloot [Cs||0||3,szR 3 R] e Ry

and since 1 — ||®||.r [Cslloll3,0, + 525] > 7 > 0, by estimating the remaining terms in the last
equality of (4.23), after estimating the remaining terms on the last equality, we arrive at

C(QR) |:||f”L2(’]I‘><Q) + (14 DA s rxsy + HiLH?{l(’EXQ)}
1/
(1= 1®lloor [Csllolsn + 525] — )"

[9MD[ 7,y < (4.24)

By Poincaré inequality and the orthonormality conditions in L?(T, HI(%M)), this implies

H@HLQ(T)M = W(M)HH(T;HR)
< Cp( QR0 || 2ram) = Cp(QR) 19| (1,r)

3 Cp(Qr)C (k) [HfHLQme + (1 + [CDNA ey + HﬁHip(m)]
< (1= 1]l wor [Csllolls0n + 5] —7) "

where C'p(§2g) is a Poincaré constant on {2g. Then, going back to (4.21), we conclude that o €
WLY(T)M and o is also bounded by the data in L"/*(T)™

Now, we show that the mapping 771 is compact. Suppose that the sequence {a¥)} ey € WH3(T)M
is bounded. We have

(@® —a®) 4 A(a® — o) =G(a™) - Ga?)inT (4.25)

where, for each m € {1,..., M },
Gm(g(k)) _ Gm(g(f))

= B (4.26)

+ ) [gy) (ot — o) + o (aff) - gg-k))} (W5, 05, U,).
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The embedding W1*2(T)M s C(T)M is compact, hence {a®},cn contains a subsequence
{a®)}scn that converges in C(T)M. Let

YR ( = Z oz(k/ U,(x), Mt z) = Zagk/)(t)\lli(aj). (4.27)

The sequence {9"*)},,cy converges in L2(T; V(M)) and therefore it is a Cauchy sequence in
L*(T; V). Taking the dot product of both sides of (4.25) with a®) — o® and recalling (4.26), we get

”ﬁ(M,k’) o ﬁ(Ml/)H%?(T;VR) < /a<19(M,k’) o ﬂ(M,E’)719(M,k’) o 19 (M) )
T

SC(QR>M)(HM\HI(@M)W(MH — VMO oy [0V = 9O 2y

+ (19| oo vy + [0 o T-VR))

X IR — GOLO o oy |9 — Q(MJ/)”LQ(T?VRO'

As in previous estimates, by Poincaré inequality and the orthonormality conditions in Lz(T, HEM)),
we get
o) — &l a2y = [0 — 9D L2

< Cp(Qp) [0 — 9O oy

and now we use the fact that {9**)},, .y is a Cauchy sequence in L2(T; Vi) to conclude that
{a®)} ey is a Cauchy sequence in L?(T)™. From (4.25) and the previous estimates, we also get

1@ = (@) [l oarype < 1AF = 0l paaeye + G (@) = G| sy

Using the strong convergence of {a*)}wcx in C(T)M, we conclude that 771 maps bounded se-
quences into relatively compact ones. In conclusion, the Leray—Schauder Theorem shows that the
mapping 771 has a fixed point.

We thus solved (4.16) with M fixed and obtained an approximate solution (4.15) which satisfies (4.24).
Now, we derive additional estimates for the sequence {/*)},c. Actually, 9™ € C(T; V), and
from the estimate (4.24) and the mean value theorem for continuous functions, we conclude the exis-
tence of ¢ € (0,7 such that

9@l = | 190 e = 1940

~ ~ (4.28)
. C(Qr)? [IIfHLzmrxm + (L+ (DIl rr rxe) + 12l oy
- 1= |[®]lcor [Csllolls.0n + grm) —
From Poincaré inequality, we further get
[0 @) |20, < Co( Q)™ D) (). (4.29)

Now, on the time interval [¢, ¢ + |, we consider (4.22) (with A = 1). Taking into account (4.5), w
have

9 ger N30, +a(@®™, 9

2 dt R i ) o (4.30)
= c(9V 9 R) + (f — O;h, 19<M>)QR —a(h, 9" — ¢(h, h,9™)),
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where

L[
a(@, 90) = [V 5, + / (E + 7) [9ODPAS > 0902,
OBR

and
- 1 -
|(f - athaﬁ(M))QR‘ < ZW(M)H%,QR + 230, + 2||ath||g,QRa
la(h, 9| < C(QR)1+ [CDI1RN12.0: 19 N a) + 11171120019 2,04
1 1 ~
ZW(M)H%R) + ZW(M)H%,QR + C(Qr)(1+ [CN2NANT 2.0,

IN

IN

je(h b, 9] <

1 ~
PR + CQR)IA] 0

We estimate the term c(ﬁ(M), 19(M), }NZ) using Lemma 4.6, apply the preceding estimates, and use
assumption (4.11) to deduce

d M) |12 1 M) |12
IO g+ 1= 210l (Colllluy + 57 ) — 2] 91
<[99 0, + Cal @)1+ IR 0 + Co )l 0,
4430, + 410h3 0,

which we combine with (4.29) and the estimate (4.28) for ||J*))(Z)||(r). The Grénwall Lemma and
the time-periodicity of ™) yield

190D aszzom) < C (2 T 1Kl I 2z Il mnian ) . @31)

An estimate for the time derivative of ) can be obtained as follows: for each M € N, let ), be

the orthogonal projector onto span{ ¥y, ..., ¥, } in V. Recall that, by Lemma 4.2, we have, for each
o c VR,
||PM<I>||(R) < ||CI)||(R), Py® — ®in Vg as M — oo.

Since { Wy }ren is a complete orthonormal system in H g, we have

oM . ddr = [ 9™ . (Py®)dx, VO <€ Hp
Qr Qr

and therefore
(000, @)+ a(9M, Py®) + (M), b, Py P)
+ c(h, 0™ Py @) + c(9MD 9 M) Py, d)
= (f,Pu®)g, — (07, Pu®), — a(h,Py®) = c(h,h,Py®), VO € Vg,

which, by setting

(C(u,v), w)V}%VR = c(u,v,w),

can be written as

8,519(M), Y ViVe — — ﬂfU(M) + C U(M),/U(M) ,]P)qu VLV
R'YR R'YR
+ <f - 8th, ]P)M\IJ>VI/3,V37 YU e VR, in T,
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where v™) = (M) L | By interpolation, from (4.24) and (4.31) we deduce that {v®)} ey C
LA(T; L3(Q2R)) is uniformly bounded. Since
[ A @)y, < CQR)A+[CDIvlhosns — Yve H(Qr),
[C(v, v)llvy, < C(QR)Ivlzallvllen,  Yve H (Qr), (4.32)
180y, < A @) vy + WM, 0 ) vy + (1 fll2.n + 10h]2.05,

we conclude that {9,9*)} ;o remains in a bounded set of L*/3(T; V}). Here, we used that, by
integration by parts and Sobolev embeddings, we have

1

1
c(u,v,w) = = uw-Vv-wdr — = u-Vw-vdr < C(Qg)||ullsallv]izallw]ize
2 2
Qr Qr

if u € Vg. A combination with the above uniform estimates (4.24) and (4.31) enable us to assert the
existence of an element ¥ € L>(T; Hp) N L2(T; V) with 9,9 € L*/3(T; V},), and a sub-sequence
{9 of {M)} )/ such that

vIM) 5 v in L*(T; L*(QR)) weakly,

9M) 5 9 in L>°(T; Hg) weakly-*,
0M) 5 9,9 in L4/3(’]T; V) weakly,
9M) in L*(T; L (2)) strongly, 1< ¢ <6,

19(M/)|83R — V|op, in LQ(T; L%(0BgR)) strongly, 1< ¢y <4,

where the latter convergences follow from the Aubin-Lions Theorem and the embeddings (4.2). Pass-
ing to the limit M’ — oo in (4.16), with standard arguments, we find that v := ¢ + h satisfies

v @@ant = [ atuie) viewa

T
—|—/c(v(t),v(t),zp(t)\11)dt - / (f(t), % (£)W)q, dt, VT € Vg, Voo € D(T). (4.33)
T T
Since the function spaces
{@:TxQr =R : 0(t,z) =p(t)¥(2), ¥ € D(T), ¥ € W},

{77 1T x QR —R: ﬁ(taﬂﬁ) = ¢(t)¢(x)7 1/) S CD(T)a Qb < LQ(QR)}
are dense in H'(T; W) and in L*(T; L*(Qr)), respectively, we obtain an equivalent definition of
weak solution (in the velocity variable):

/T (0(8), B (£))or, dt — / a(u(t), B(1)) dt

T (4.34)
+/Tc(v(t),v(t),(1>(t))dt—/T(f(t),d)(t))QR dt, V& € H'(T;Vg).

The energy inequality (4.13) for 1J is obtained from (4.30) and integration over T, as
M')||2 M’y o(M') § 7 (M
/T||19( Meayep dt = /Tc(ﬁ( ) 9D h) dt+/T(f—8th,z9( g, dt

_/@@ﬁwn@_/qaamwmm
T

T
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where we use the above convergence results for the subsequence {ﬁ(M')}MleN to obtain, in particu-
lar,

/ (™M) 9M) pydt — / (9,9, h)dt,
T T
and, by the lower semicontinuity of the norm,
2 <Tlimi (M) 12
J 190t <timint [ 19002
:/6(19,19, ﬁ)dt+/ (f = 0eh, ), dt—/a(ﬁ,ﬁ)dt—/c(ﬁ, h,9)dt
T T R T T
:—/0(19, B,ﬁ)dt+/ (f — 0eh, ), dt—/a(ﬁ,ﬁ)dt—/c(ﬁ, h,9)dt
T T " T T

:—/Tc(v,h,ﬁ)dt+/T(f—@th,ﬁ)QRdt—Aa(h,ﬁ)dt,

which is (4.13).

We have solved problem (4.33) in @'(T; V) for the velocity field. Our aim now is to recover the
pressure. For this purpose, we follow the ideas of [16], and define & € @'(T; W},) as follows:

(F (1), Wy, = — / (0(t), W), /(1) dE + / (Aw(t) + Clo(t), v(t)), Vya(t) dt

_ /T (f(),V)q, v(t)dt (¥ € Wg,¢¥ € D(T)),

where now (-, -)q,. represents the duality pairing between W}, and Wx.

Let IP’VRL be the projection operator from Wy onto Vﬁ, when considering the decomposition W =

Vi @ Vi, orthogonal with respect to the inner product of 1Wx. Then P, (V3) — Wk and its
R

range is given by

Ran(Py,) = Vi i= {F € Wg: (Fu)q, =0, Vu € Vg } = (Va).
From the previous results for the velocity field, we have & € @'(T; V). This means
and P, | & is given by
R
(B, 5 (0),0) =~ [ B 0l6), Vot (0)
T
+ [ B0 + Py 00, 0(0), a0 d
T
- /(P*Véf(t), o, b(t)dt (U € Wi, v € D(T)).
T

Consider the operator B : Vi — L?(Q2r) defined by

(Bu,p) = b(v,p) = — / (Voopds  (pe L2(9),

Qr
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which is an isomorphism. Then B* : L*(Qz) — V = Ran(P},,),
R

(v, B*p) = b(v,p) = — / (V- opds (e Vi),

is also an isomorphism. Therefore, there exists pg € L>(T; L*(Q)), p1, p3 € L*(T; L*(Q)), p2 €
L*3(T; L*(Q)) such that

/T (PLov(t), Vo' (t / /Q Rpotac £)(V - 0)(x) dadt,
/T@f/ﬁﬂv(t) U)o t(t) //QRpl (t, 2)0(t)(V - ©)(z) dadt,
[ B et o). Dot //QRme (V- 0)(a) dact,
/T Py f (1), W)art(t) / /Q Rpgtas )V - 0)(z) dadt.

Hence

_ /T (0(t), W), ' (t)dt — / (bolt). ¥ - W)g, /(1) ddt

T

+Aa(v(t),\lf)@z;(t)dwrAc(v(t),v(t),\ll)w(t)dt
- / (), W), w(t)dt — / (01(1) + po(t) + ps(1), ¥ - ¥)g, 0(t)cdaclt,

forall W € Wx and ¢ € D(T), which shows (4.12). This completes the existence proof.

Concerning uniqueness, let us suppose that, in addition to the weak solution (v, p) already con-
structed, there exists a more regular solution (7, p) as formulated in the theorem. To derive an esti-
mate of U := v — ¥ in the norm || - || (z,|¢|) defined in (4.10), we can argue as in the proof of Lemma 5.2
below, where we compare a weak solution with a strong solution in the exterior domain. Instead of us-
ing the strong formulation and integrating by parts in space, we here employ the weak formulation for
(0,p). Since Br (v, p) = 0 on OBg in a weak sense, several terms from the derivation of (5.2) do not
appear, and we arrive at

1
/||EH%R’|C)dt§/ v.w-ﬁdxdt—§/ (@%) (- 7) dSdt
T TxQgr TxOBr

1 T
=— @~V6~dedt+—/ v-— | (v-v)dSdt.
/]TXQR 2 ']1‘><8BR( R)( )

Then
/T [Tl dt < C(QR) (V]| miz2@n)) + 101l m2208:)) VO 2 (1 2):

and [[V0]| 221, = [0l172(0xam,) = O follows from the assumption (4.14) if 6 > 0 is sufficiently
small. 0

Remark 4.5. A similar uniqueness result can be established under the assumption
[0/l oo (53 0p)) + 10l 2o (msr2(0B1R)) < 0,

instead of (4.14), in which case the last estimate is replaced with

/EH@H%R,KD dt < C(Qr) ([0l oo (i3 (m)) + 100l oo (msz2082))) VT2 10 210)-
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5 Estimates of the truncation error

Consider the strong solution (u, p) to problem (1.1) in the exterior domain {2 and the weak solution
(ur, pr) = (v, 22) to problem (1.2) in the truncated domain (g, which were established in Theo-
rem 3.1 and Theorem 4.4, respectively. We provide an estimate of the approximation error under the
assumption that the total flux ® through 02, defined in (3.5), is constant in time.

Theorem 5.1. Under the assumptions of Theorems 3.1 and 4.4, and if %@ = 0, there exist positive
constants C;, i = 0, 1,2, independent of R, such that ife < 1/c, then

IVt — Vg 2rxaq) + 1t — urll2rxosy) < (Cie 4+ Cae?)

L 1
= (5.1)

To prove Theorem 5.1, consider the error (w, q) := (u, p) — (ug, pr) associated with the approxi-
mation of (u, p) by (ug, pr). We measure this error in terms of the following inequality.

Lemma 5.2. The difference w := u — upr satisfies
¢
||Vw"%2(1erR) + EH“’H%?(W@BR) + 7"w||%2(Tx6BR)

1 T
< w-Vw-udxdt—/ —(w- =) (u-w)dS(x)dt
\/EXQR TXaBRQ( R>( ) ( )

_/T L (%) (u-w)dS(x)dt+/ %(1+d¢(x))(u-w)d5(x)dt

XaBR 2 TXBBR

(5.2)

x x
—|—/ — - Vu-wdS(z dt—/ —-w) dS(z)dt.
TxaBRR (> Tx@BRP<R ) ()

Proof. In what follows, we again consider the inner product (-, -) gy in H'(Qg)* defined in (4.10),
and the multi-linear forms a and ¢ defined in (4.8) and (4.4), respectively. Recall the notation Vo=
ur — h, and define i := u — h € H'(T; Vg), so thatw = u — up = p — 9. Then, we have

Jolinapat = [ o= [ @naadt+ [ 190

Integration by parts in {2 and the fact that (u, p) is a strong solution to (1.1) yield

/(uyw)m,cndt
T
1
:/ (—+g) (u-w)det—/(@tu,w)QRdt+/ ¢-Vu-wdadt
TxdBg R 2 T TxQp
—/ u-Vu-wdxdt—i—/(f,w)QRdt—/ Vh : Vw dzdt
TXQR T TXQR

T T
+/ - -Vu-wdS(x)dt—/ — - wp dS(z)dt.
TX@BR R TXaBR R
We next take the test function ® = 4 = u— h in the weak formulation (4.34), which is admissible since

p€ L¥(T; Vg), h € HY(T; HY(Q)?) and u € H'(T; LP(Qr)*) for any p € (1, 00). Decomposing
Y = ugr — h, we get

— W dt = — o) d cug, ) dt — [ (f, ), d h,p)d
[0t == [ n ot [ ctununmat— [ (gt [ alhwar

_ ey L)y,
/T QR( A%} dedt+/1r/aBRR 5 (0 - ) dS(z)dt.
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Since ¥ = ugp — h satisfies the energy inequality (4.13), we further have

/T|]z9||?R’|C)dt§/T(f—atﬁ,ﬁ)QRdt—[rc(uR,B,ﬁ) dt—/a(fz,ﬁ) dt.

T
To combine the terms in the above expressions, we take into account the identities

(f?w)QR - (fv N)QR + (fa ﬂ)QR = 07
as well as

/T [ — (O, w)g,, — (ur, Opt)ay — (8JL,19)9R] dt = / [ — (O, u)g, + (h, h)q,] dt

T
d/ 1, 1.,
- | = — Zlul? + 2|A2] dzdt = .
/Tdt QR[ plul® + 5 1hF]

Due to the identity

¢-Vu-wdr — Vh: Vwdz + a(h, p) — a(h, V)

QR QR

1 g
= (-Vu-wdx+/ —(14 3¢(z))h - wdS(z),
o oy It

we can further collect the terms related with ¢ as

1 - -
/ (__,_M) (- w)dS + ¢-Vu-wdr — Vh :Vwdx + a(h, p)
0BRr R 2 Qr Qr

-/ g-w-udw/w %Lf(ﬁ-u)dsw)—a(ﬁ,ﬂ)

:ABR%(I—ch(w))(u.w)dS(x)—/8BR %@(w'ﬂ)ds(@—l— QRC'VM'U)diU

1(¢-a)
T QRC—Vu~z9d:c—/aBRET(ﬂ'M)dS(fC)

o =0+ () (- w) dS(),

where we used integration by parts and that ;© = w + 9. Recalling the property (4.5) of ¢, we further
have

C(UR, UR, :u’) - C(“R? il, 19)
= c(ug,ugr, 1) — c(ug,ur, V) + c(ug,9,9) = c(u — w,u — w,w)
= c(u, u,w) — c(w, u, w) — c(u, w,w) + c(w, w, w) = c(u, u,w) + c(w, w, u).

In this way, we arrive at

/ ||w||%R,\C|)dt
T
< —

< / u-Vu-wdxdt+/ £~Vu-wd5(x)dt—/ E-wpdS(:lc)dt
TXQR R TX@BR R

’IF><8BR

—l—/Tc(u,u,w)dt—/Tc(w,w,u)dt—i—/ %(1+dc(:ﬂ))(u-w)d5(m)dt.

’]I‘><8BR

Invoking the definition of ¢, see (4.4), we conclude (5.2). O
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With inequality (5.2) at hand, we now show that the velocity error w tends to zero in appropriate norms.
It is useful to recall the properties of strong solutions in the exterior domain, as outlined in Remark 3.2.

Proof of Theorem 5.1. In order to estimate w, we use Lemma 5.2 and write (5.2) as

w2 dt < w- V- udzdt + —1(w.f) (u - w) dS(x) dt
/ | Lo 20 5)
+/ﬂ‘><8BR [—% @%ﬂ (u-w)dS(x)dH/MB ]:_l%(l—l-ég( ) (u - w) dS(z) dt

6
x x
—|—/?rxaBR}—%~Vu~wdS(x)dt+/TxaBR [—p <Ew>} dS(z)dt =: izllj,

and we estimate /1, ..., Iz separately.

Take a fixed S € (0,00) with 0Bs C €. Let R > S. From Lemma 4.1 and estimate (3.2) in
Theorem 3.1, we obtain

/ w-Vuwudxdt‘ S/ M|Vw(t,x)||x||u(t,x)|d$dt
TxBgr\Bs TxBr\Bg ||

< O(S>||w||?T,R) ||U||oo,u1;TxBS

and therefore, by Poincaré’s and Hélder’s inequalities,

S/ w~Vw-udxdt‘+ / w - Vw - udadt
TxQg TxBgr\Bs

< O(S, IVl Z2rxag lull = mzs@s)) + C(S) ullsoprizxsllwlir gy
< C(S, aQ) [||U||L°°(T;L3(Qs)) + HuHoo,l/l;’]I‘xBS] ||w||?’]1‘,R)
<C(5,00) EHwH%'Jl‘,R)'

I

From (3.2), we also get the following estimates for the integrals over T x 0Bp involving u:

1 1
sy [ plee) it o) ds()
TX@BR

< Ly LT < w2
S Slltllcowtimens 15 WilL2(rxoBg) = ENWII(T,R)>

and analogously,
1 2 2 [w(t, )]
LGl S EON

< il sz lollimm < el e

and
1< g [ el o) it P asear

< m“u”oo,l/%(-;ﬁ);']l'XBSHwH(T,R R1/2€HwH T,R)-

From (2.9), we obtain Jr(3,3) < C'R™2. Combined with estimates (3.2), this yields

|wllz2(rxoBp)
I5§R1/2||Vu|| e I(3.3) A

1

1Vl 3 ms 0l < C el

R1/2 R1/2
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Finally, the term with the pressure p is estimated as

1 jw(t, )]
Ie < =7 zp(t, )| 52 dS(z)dt
o< g [, Plp 0 R as(
||w”L2(T dBr) C
< R3/2||pHoo,y2;’]I‘><BSR Rl/; B < R1/2€||w||(T’R)

by (3.4), which holds due to %CD =0.

In summary, we find

<l 1
(1= Coa)llwlitr,my + - 1wllizirxos) < i (Crg + Coe®)llwllr.r).
2 RY

If (1 — Cpe) > 0, then (redefining the constants)

¢ 1
lwliee.ry + llwlz2wxongy < C | llwllmr + unHLzmrxaBR) < —72(Cie + Coe?),
2 RY

which gives (5.1) and concludes the proof. O

Remark 5.3. For the convergence statement of Theorem 5.1, we had to assume %Q) = 0, that is,
that the total flux through the boundary is constant in time. As shown in Theorem 3.1 this condition
ensures that the decay rate of the pressure is |x|*2, compare Remark 3.2. In the previous proof, this
lead to a suitable estimate of the term I, which cannot be obtained form the weaker rate ||~ that
holds in the general case.
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