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The latent variable proximal point algorithm for variational

problems with inequality constraints

Jargen S. Dokken, Patrick E. Farrell , Brendan Keith,
loannis P. A. Papadopoulos, Thomas M. Surowiec

Abstract

The latent variable proximal point (LVPP) algorithm is a framework for solving infinite-dimensional
variational problems with pointwise inequality constraints. The algorithm is a saddle point refor-
mulation of the Bregman proximal point algorithm. At the continuous level, the two formulations
are equivalent, but the saddle point formulation is more amenable to discretization because it in-
troduces a structure-preserving transformation between a latent function space and the feasible
set. Working in this latent space is much more convenient for enforcing inequality constraints than
the feasible set, as discretizations can employ general linear combinations of suitable basis func-
tions, and nonlinear solvers can involve general additive updates. LVPP yields numerical meth-
ods with observed mesh-independence for obstacle problems, contact, fracture, plasticity, and
others besides; in many cases, for the first time. The framework also extends to more complex
constraints, providing means to enforce convexity in the Monge—Ampeére equation and handling
quasi-variational inequalities, where the underlying constraint depends implicitly on the unknown
solution. In this paper, we describe the LVPP algorithm in a general form and apply it to twelve
problems from across mathematics.

1 Introduction

Many problems in science, engineering, finance, and mathematics involve solving for a function subject
to inequality constraints. Prominent examples include contact and damage in solid mechanics [86),133],
non-negativity of probability densities [113], invariant domain properties of hydrodynamic flow models
[138], the pricing of American options [81], and the convexity condition on solutions to the Monge—
Ampeére equation [119]. While there are many popular methods for such problems, in general, it is
quite difficult to achieve mesh-independence—that the number of iterations required for convergence
of an optimization solver or Newton-type method does not grow unboundedly as the discretization is
refined [4, 121, [135]—or high-order accuracy.

Where mesh-independent algorithms exist, they often return infeasible iterates [67) 186] or are tightly
tied to lowest-order discretizations (e.g., piecewise linear finite elements), as they rely on monotonic-
ity properties of the basis functions employed [37]. Typically, they also require parameters to pass
to infinity for convergence [76, |74} |1]. While some methods have been proposed using high-degree
basis approximations to construct solutions (e.g., Bernstein polynomial-based discretizations [89] or
biorthogonal bases [22]), these approaches are limited to pointwise bound constraints, and are gen-
erally mesh-dependent.

The first main challenge is the general lack of smoothness of many variational problems with inequality
constraints. For example, the optimality conditions for the classical obstacle problem [88] are, in gen-
eral, insufficiently regular to define a semismooth Newton method [75| 128, (129], |76] at the continuous
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level. This can seemingly be avoided on the finite-dimensional level by first discretizing the problem,
where semismooth Newton methods are directly related to certain active set solvers for complemen-
tarity problems [102} |75]. However, the algorithm’s lack of validity at the continuous level manifests as
mesh dependence [57, §4] as demonstrated in[Section 3.1] of this paper.

The second main challenge is that the feasible set A, implied by the underlying inequality con-
straint(s), is not a vector space; therefore, one cannot take arbitrary linear combinations of functions
in K and remain in the set. Most successful discretization approaches approximate solutions using
linear combinations of basis functions, but this strategy conflicts with the geometry imposed by the
constraints. Moreover, most practical algorithms for solving optimization problems or nonlinear equa-
tions involve additive updates, which again conflicts.

In this paper, we introduce a general framework that adaptively regularizes variational problems with
inequality constraints to overcome these challenges. The employed regularization permits K to be
identified with a latent function space via a flexible class of smooth coordinate transformations arising
from the set’s convex geometry. In turn, the framework enables the natural use of linear combinations
of basis functions for approximation and additive update formulae. Furthermore, it results in regu-
larized subproblems that are smooth enough to be solved with well-established mesh-independent
techniques. We call this framework the latent variable proximal point algorithm (LVPP) and demon-
strate some of its many potential applications by solving twelve challenging problems from across
mathematics:

The obstacle problem Eigenvalue constraints

The Signorini problem Intersections of constraints

|
|
Variational fracture B Constraining to the boundary of a set
B Linear equality constraints
|

Quasi-variational inequalities

[ |

[ |

|

B Multi-phase gradient flow
[ | The eikonal equation
[ |

Gradient constraints B The Monge—Ampére equation

The LVPP algorithm, which was first proposed by Keith and Surowiec in [84], is highly adaptable to
various problem types, and possesses the following key properties, among others:

(i) an infinite-dimensional formulation;
(i) observed mesh independence in both the mesh size and discretization degree;
(iii) a simple mechanism for enforcing pointwise constraints on the discrete level without the need for
a projection;

(iv) ease of implementation — the algorithm reduces to repeatedly solving a system of smooth,
nonlinear PDEs without requiring specialized discretizations, making it compatible with high-
order methods and standard finite element libraries;

(v) robust numerical performance, as convergence does not rely on any parameter passing to infinity.

No other framework satisfies all these properties simultaneously. For instance, penalty methods |76,
74} (1] satisfy (i), (i), and (iv) but, without special care, often violate (iii) and (v), deliver infeasible
solutions, and are known to be sub-optimal for high-order discretizations [69, §3.1]. Similarly, although
multigrid methods [72, |79} 90| satisfy (iii) and (v), they are mildly mesh dependent, tied to low-order
discretizations, and the implementation may be delicate for general problems.

In [Section 2] we describe the theoretical foundations of the LVPP algorithm. is dedicated
to applying LVPP to pointwise bound constraints and includes example applications for the obstacle
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problem, contact mechanics, variational fracture, multiphase free boundary problems, and obstacle-
type quasi-variational inequalities. [Section 4] focuses on more complicated convex constraints, such
as norm and eigenvalue constraints, as well as how to handle multiple simultaneous inequality con-
straints. [Section 5|demonstrates two ways to extend LVPP to equality constraints by first exploring the
(non-convex) norm constraint |u| = 1 and then analyzing general linear equality constraints, where
we find that LVPP reduces to the well-known (linear) saddle-point formulation [32]. Finally, in[Section 6]
we describe applications to solving fully-nonlinear first- and second-order PDEs, using the eikonal and
Monge—Ampere equations as examples. Our findings are summarized in

2 Theoretical foundations

We formally derive the general LVPP algorithm, drawing together classical notions from convex analy-
sis and optimization, such as Legendre functions and the Bregman proximal point method. The section
closes with a brief discussion of proximal numerical methods derivable from LVPP, including the prox-
imal Galerkin method [84]. It is important to note that while the majority of statements made in this
section are rigorous, several key steps leading to the general form of LVPP have only been proven to
date for bound constraints, see [84, Appendix A].

We choose to focus on variational problems posed on Lipschitz domains {2 C R"™ with feasible sets
K of the following form:

K ={v eV | Bu(z) € C(z) for almost every = € 0y C Q}. 1)

Here, 2, is a subset of the closure of Q, V' C L'(€) is a Banach space on 2, and B: V' — L'(€)
is a bounded linear operator on V' whose arguments in are constrained to map pointwise a.e. in
4 into a convex set C'(z) C R™. Generally speaking, {24 should be Hausdorff-measurable, with
Hausdorff dimension d not necessarily equal to n. For example, in contact problems, we may wish
to take €2y C OS2, where d = n — 1. Moreover, C' may vary from point to point, as in an obstacle
problem, where B = id is the identity operator and {2, = (2, specified functions give the upper and
lower bounds on every v € K. We refer to C' = C'(z) as the (pointwise) feasible image of B.

2.1 Legendre functions

The geometry of a closed convex set C' C R™ with a non-empty interior, int C' # (), can be encoded
into a Legendre function R : R™ — R U {4o00}. Introduced by Rockafellar in 1967 [115], see
also [117, Chap. 26], Legendre functions constitute a special class of proper convex functions whose
gradients V R become singular on the boundary of their essential domains, dom R := {a € R™ |
R(a) < oo}. We denote by R*(a*) :=sup{a - a* — R(a) | a € R™} the convex conjugate of R.

Theorem 2.1 (Rockafellar [115, Thm. 1]). A proper convex function R is a Legendre function if and
only if its convex conjugate R* is also a Legendre function. Moreover, VR : int(dom R) — int(dom R*)
is a topological isomorphism with (VR)™! = V R*.

From now on, we assume that R(a)/|a| — +oo as |a| — oo and dom R = C' The first property
is equivalent to dom R* = R™ [25, Proposition 2.16], and so [Theorem 2.1|ensures that the gradient
VR is an isomorphism between int C' and R™. Geometrically, this map defines geodesics in C' that
appear as straight lines in R™ [9]; see for a depiction. As explained below, the inverse of
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VR

coordinate \ \
transformation -\ \e&

feasible image C' VR* flat R™

Figure 1: The gradient of the Legendre function R is an isomorphism between the interior of the fea-
sible image of an operator B, denoted int C', and R™. Here, curved geodesics in C' are transformed
into straight lines in R™ [9]. The grey lines in the illustration depict the different coordinate systems
on the two manifolds, while the red lines represent dual geodesics between points @ and b in C' and
a* = VR(a)and b* .= VR(b) in R™.

the gradient of R, namely, VR*: R™ — int C, exposes a latent vector space enabling feasible and
conforming discretizations of a wide variety of variational problems with inequality constraints.

The Legendre function R induces a non-symmetric notion of (squared) distance within the feasible
image (' via the concept of a Bregman divergence [34]:

Dg(a,b) = R(a) — R(b) = VR(b) - (a—0b), acC,beintC, (2)

which measures the error in the first-order Taylor expansion of R over C'. In turn, induces a no-
tion of distance in the feasible set K, given by de Dgr(Bu, Bv) dH4, where dH 4 denotes the d-
dimensional Hausdorff measure on €2;. In this work, we only consider the settings {2; = () and
Qg C 01, in which case dH4y = dH,, and dH, = dH,,_1 coincide with the standard Lebesgue
volume and surface measures, respectively.

2.2 The latent variable proximal point algorithm

The Bregman divergence induced by a Legendre function has a regularizing effect on constrained
optimization problems of the form
in.J 3
min (u), (©)
that is exploited in the Bregman proximal point algorithm [126]: for a suitable initial guess u° € V' and
given a positive sequence of proximity parameters {ay }, compute

u* € argmin J(u) + o' Dg(Bu, Bu"\)dHg, k=1,2,.... (4)
?,LGK Qd

This algorithm adaptively regularizes with the striking property that it converges arbitrarily quickly

for convex J:
k

-1
J(uF) — J(u*) < (Z ai> Dr(Bu*, Bu®) dHy, (5)
Qq

i=1
where u* is any minimizer of J in K [42]. If J is strongly convex, then u* is unique, and we obtain

strong convergence of u* — u* in V. Since a;, does not need to go to infinity for convergence, the
algorithm can be very robust; the algorithm can also be very fast if the sequence grows rapidly. In
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addition to convex problems, we also consider non-convex functionals (Section 3.3), quasi-variational
inequalities (Section 3.5), and non-convex feasible sets (Section 5.1) in this work.

Solving generally requires gradient-based methods and thus, differentiability of the Bregman di-
vergence. To this end, the singularity of VR on OC' leads us to a condition familiar to interior point
methods: Bu*(x) € int C(x) for a.e. point z € €2,. For bound constraints, this inclusion is even
uniformly satisfied, see [84]. In turn, each perturbed subproblem will have first-order optimality
conditions that are smooth equations, in contrast to, for instance, quadratic penalty or augmented
Lagrangian methods, which naturally include nonsmooth operators. Thus, the first order optimality
conditions for [(4)}, amount to

findu* € K : o J' (u¥) + B*VR(Bu*) — B*VR(Bu*~') =0, (6)

where J' is the Fréchet derivative of .J and B* is the dual (conjugate) operator of 3; cf. the derivation
of the entropic Poisson equation in [84].

While the Bregman proximal point algorithm is theoretically attractive, its practical implementation [(6)]
requires discretizing functions u" in the feasible set K. The key novelty of the /atent variable proximal
point (LVPP) algorithm is to rewrite the Bregman proximal point algorithm[(4)] as a sequence of saddle
point problems: starting from some 1/° € W, find (u*,1)*) € V x W satisfying

oS (uF) + B*pF = Brprl (7a)
Bu* — VR*(¢*) =0, (7b)
fork =1,2,...,where ¥ .= VR(BuF) is a latent variable lying in a suitable Banach space IV over

which VR*: W — B(K) is well-defined and continuously invertible onto its range. In this paper, we
adopt the simplifying conventions ¢)° = 0 and W = L>(),). However, the identity TV = L>(Q,)
can only be guaranteed by technical regularity conditions that are outside the scope of this work; cf.
[84]. In general, problemsandare equivalent in that u* coincide for each iteration k. However,
the saddle point formulation yields two approximations to the pointwise observable Bu; namely,
Bu” and VR*(1*), which differ from each other after discretization. Since convergence of the al-
gorithm is proven at the infinite-dimensional level, one can generically hope for mesh-independent
convergence of its discretizations.

The saddle point reformulation has at least four major advantages. First, this formulation does
not require discretizing the feasible set K. Instead, it only requires discretizing the vector spaces
V' D K and W. Thus, LVPP removes any need for special discretizations, e.g., positive basis func-
tions, enabling the use of convenient and familiar discretizations with well-understood approximation
properties, e.g., hp-FEM [108] and high-degree spectral approximations for the obstacle problem (cf.
[Section 3.1). Second, LVPP is guaranteed to return discretized iterates in K. Indeed, although the
approximate observable Buﬁ may not belong to K after discretizing the second approximation
V R*(¢}) always does by construction (recall VR*: R™ — int C)). Third, the subproblems |(7)| are
often smoother than those arising in other algorithms and can be solved by standard Newton meth-
ods. Finally, because of this smoothness, the number of required iterations is typically bounded as the
resolution of the discretization increases.

LVPP was first introduced in the context of pointwise bound constraints (B = id, {23 = €2) [84]. In
this work, we make several major extensions, allowing us to systematically tackle a wide variety of
variational problems with gradient (B = V, Q; = ), Hessian (B = V2, Q; = (), and trace
constraints (B = v, Qg = 052), where - is the trace operator. See for a partial list. As a
general principle, we choose R so that V R* is Fréchet differentiable. For example, in our treatment of
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Feasible set K Legendre function R B VR*(v)
{u> o) (a— @) n(a—¢)— (a—9) id | g+expy
(r<usa} |@-ohe-o)+(G-ah-a| d |22
{'quO} alna—a 0% exp Y
{(rvu)-n >0} alna —a v() - n exp
P
\VA B2 _lal2 v Y
{IVul < ¢} V6?2 —1dl N
{u >0, Y u = 1} > aiIn(a;) id Z%
{ det(V?u) > 0} tr(alna —a) V2 exp 1)

Table 1: Some examples of the feasible setwith an associated Legendre function K. Note that the
Legendre function choices are not unique, and many are often available for the same feasible set K .
Here, n is the unit outward normal to OS2, id is the identity operator, v is the trace operator, and V>
is the Hessian operator. The function u can be scalar- or vector-valued, as appropriate. Likewise, exp
denotes the scalar, component-wise, or matrix exponential function.

the obstacle problem presented in|Section 3.1, we consider taking R(a) = (a—¢) In(a—¢)—(a—¢),
leading to the exponential map V R*(1)*) = ¢+exp ¢* in(7), which is infinitely Fréchet differentiable

on W = L>(€). This particular setting was investigated in detail in [84]. However, we note that the
choice of the Legendre function is flexible in LVPP, and often, many appealing choices can be found
for solving the same problem.

2.3 Proximal Galerkin and other proximal numerical methods

To date, the LVPP algorithm has mainly been used as a means of deriving proximal Galerkin finite
element methods [84, 61} [108], which arise from Galerkin discretizations of the LVPP saddle point
problems|(7)]using conforming finite element spaces. However, since LVPP is derived at the continuous
level, it is agnostic to the method of discretization. Therefore, LVPP should be seen as a framework
for deriving numerical methods rather than a numerical method itself. We highlight this perspective in
below by introducing other proximal numerical methods in addition to proximal Galerkin.
Nevertheless, the majority of methods in this work are proximal Galerkin methods.

No exotic elements are needed for the finite element methods in this paper. Although finite element
discretizations of saddle-point problems can come in many forms, with different properties depending
on chosen bases or subspaces, we choose to focus on elements discretizing the L? de Rham complex
(continuous Lagrange etc.) [15]. These elements are widely available in free software, meaning that
every derived method should be implementable by non-experts.
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The latent variable proximal point algorithm for variational problems with inequality constraints 7

3 Pointwise bound constraints

We begin our study of LVPP with pointwise bound constraints. This is the simplest and best-understood
class of problems, allowing us to compare the performance of the derived methods to other standard
approaches in the literature.

3.1 Example 1: The obstacle problem

We first consider the (unilateral) obstacle problem: minimize the Dirichlet energy

J(u)z%/Vu-Vudx—/fuda:, (8)
Q Q

where f € L?(f2) is a prescribed body force, over the feasible set
K={ve H)Q) |v> ¢ ae inQ}, 9)

which is obtained from the general feasible setby choosing V = H}(Q), B = id, Q4 = €, and
C(z) = [¢1(x), 00). LVPP for this problem was previously analyzed in [84, 61]. We also consider the
bilateral obstacle problem with the feasible set

K={veHyQ) | ¢ <v<gpae.inQ} (10)

with C(z) = [¢1(x), ¢2(2)]. Here, ¢1, 0o € H(2) N L°°(£2) with nonpositive and nonnegative
boundary values respectively. We can choose as a Legendre function for the unilateral case the gen-
eralized Shannon entropy,

R(a) = (a — ¢1)In(a — ¢1) — (a — ¢1), with VR*(a*) = ¢1 + expa”, (11)
and for the bilateral case, the generalized Fermi—Dirac entropy,

R(a) = (a — ¢1)In(a — ¢1) + (2 — a) In(¢s — a),
_ &1t aexpa’ (12)

with VR (a™) p——

The resulting saddle point formulation (in weak form) is: for '* = 0, find (u*, %) € H}(Q) x L>(Q)
satisfying

a(Vur, Vo) + (F,v) = o (f,0) + (0", v), (13a)
(u*, w) = (VR*(¥"), w) =0, (13b)

for all (v,w) € HE(2) x L°°(€). Here and throughout, (-, -) denotes the L*(€2) inner product.
Discretizing this problem requires choosing approximation spaces for H}(£2) and L>(£2), which is
a standard procedure that is much more straightforward than directly discretizing the feasible sets
[(9)] or In the Galerkin finite element method, the pair of approximating spaces must satisfy a
compatibility condition (cf. [84, §4.7]), but many standard choices of finite elements work, including,
among others, equal-order continuous Lagrange elements for both u and . As in we
refer to these Galerkin finite element discretizations as proximal Galerkin methods.

Proximal Galerkin methods always deliver two solutions, u;, and @, = VR*(¢;,), with the latter
bound preserving by construction. Moreover, they typically exhibit mesh-independent convergence
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Degree p =1 Degree p = 2
Method h  h/2 h/4| h h/2 h/4
Proximal Galerkin 15 13 12 15 16 12
Active Set [26}/102] 11 ' 16 ' 25
Trust-Region [68] 6 12 19 Not bound
Interior Point (IP) [131] 9 9 8 preserving
IP without Hessian [131] | 90 260 500

(a) Number of linear system solves for popular solvers using various mesh sizes h.

Mesh size h 2-1 9-2 9-3 9-4 9-5 9-6
03 Finite Difference 10 15 13 15 16 16

Degree p 8 16 24 32 40 48
Spectral Method | 16 17 16 16 16 15

(c) Number of linear system solves for the proximal finite difference and
(b) Obstacle ¢ (grey) and mem- spectral methods.
brane u (red/blue).

Figure 2: Example 1. The unilateral obstacle problem with the setup|(14)

and can converge superlinearly with the number of outer iterations £ if the step sizes «;. are chosen
appropriately (cf. [(5)). The PDE subproblems are straightforward to implement in standard finite
element software and can be discretized with arbitrary-degree polynomial bases, if appropriate.

We now compare proximal Galerkin with other popular solvers. We consider the benchmark unilateral
obstacle problem from [84, Experiment 4], where

Q={(z,y) eR*:0<r <1}, P=2+y* f=0,

cb(:c,y):{vl/ll_r2 r=b b=19/20, d=+/1/4—12 (14

d+b2/d—br/d 7>,

We plot the obstacle and solution in We use equal-order continuous Lagrange elements
to discretize the solution u and the latent variable 1. The proximal parameter oy, is updated with a
heuristic double-exponential rule; i.e., for all £ € N, we set

g = min(max(rY — ay_1,1),10%), r = ¢ =3/2, and ap = 1. (15)

Note that we do not require the proximal step size parameter oy, to pass to infinity with k. In[Figure 2a)
we report the number of linear system solves required by the proximal Galerkin method as well as an
active set strategy [26, Alg. 3.1] found in the popular scientific computing toolkit PETSc [19ﬂ IPOPT
[131], an interior point method, with and without Hessian access, and the bound-constrained trust-
region method (TRB) as implemented in GALAHAD [68]. The practical benefits of proximal Galerkin
are immediately clear; the other methods, except IPOPT with Hessian access, exhibit mesh depen-
dence. While the interior point method performs the fewest linear solves, proximal Galerkin is the only
solver that also preserves bounds for higher-order discretizations. Note that by providing the Hessian

"The active set method [26, Alg. 3.1] can be interpreted as a semismooth Newton method for the discretized obstacle
problem. However, the optimality conditions are, in general, insufficiently regular to define its infinite-dimensional formula-

tion; see
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The latent variable proximal point algorithm for variational problems with inequality constraints 9

matrix to IPOPT we also simultaneously provide the correct discrete Riesz map, which is known to
often restore mesh independence in solvers for PDE-constrained optimization problems [121].

The LVPP saddle point subproblem can be discretized with many other techniques. We also
provide results where the subproblem is discretized with a coefficient-based Zernike sparse
spectral method [39, (109, (130, (105] and a five-point stencil finite difference method. For the finite
difference scheme, we change the domain to the square 2 = (—1, 1)2. Here, we again use the
double-exponential update rule for ay. We terminate once ||u, — u;_1]|2 < 1072 where uy
is the discrete coefficient vector for  at iteration k. The results are provided in [Figure 2¢| where we
observe h- and p-independent iteration counts for the proximal finite difference and spectral methods,
respectively. Further numerical experiments with the obstacle problem can be found in [84, (61} [108].

3.2 Example 2: The Signorini problem

We now consider the classical Signorini problem. This problem demonstrates for the first time an
extension of LVPP to pointwise bound constraints acting solely on the boundary of a computational
domain {2 C R3. In this problem, we separate the boundary 92 = I'p U [t into disjoint measurable
subsets for imposing displacement and traction boundary conditions.

The Signorini problem, posed by Signorini in 1959 [123]] and analyzed by Fichera in 1963 [58], is the
essential first problem in contact mechanics. It models the deformation of a linear elastic body in the
presence of a contact boundary constraint. The problem is posed on

V={ue H(QR) |u=gonlp}, (16)

and involves the minimization of the strain energy function

1
J(u):—/(Ce(u)):e(u)dx—/f-udx, (17)
2 Ja Q
over the feasible set
K:{uEV\u-ﬁ§¢1onFT}. (18)
Here,e : H'(Q,R?) — L*(Q,R3%3), € := (V+V")/2 denotes the symmetric gradient, C: R3%? —

RS;IE denotes the symmetric positive-definite elasticity tensor, f: 2 — R?3 is an internal body force
density, @1 : 't — R, is a prescribed gap function,and n: I'tr — R? is a prescribed vector field. For
simplicity of presentation, we assume that the displacement boundary conditions are homogeneous

(g = 0) in the formulation below.

Notice that K is obtained from the general feasible set|(1)|by choosing V" as in[(16)] B = —7(:) - 7,
Qq = Iy, and C(z) = [¢1(x), 00). Applying LVPP with the Legendre function |(11), the resulting
saddle-point formulation|(7)]is: for 1/° = 0, find (u*, ¥*) € V x L>(T'y) satisfying

(ak C 6(uk>7 €(U>> - (wku v - ﬁ)FT = (akfv U) - (wkilv v - ﬁ)FT ) (193)
(uk -n, w)FT + (exp ¢k’ w)FT = (le, w>FT ) (19b)

forall (v, w) € V x L>(T't), where (-, -)r.. denotes the L?(I'r)-inner product.

As for the obstacle problem in we use equal-order continuous Lagrange spaces for the
displacement and latent variable. Note that the spaces arising in are defined on manifolds of
differing dimensions. This is inherited in the discretization, and hence, the two discrete subspaces
are not the same. We use the mixed-dimensional assembly routines in DOLFINXx [23, |48] to solve the
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Figure 3: Example 2. Final solution of the Signorini problem from [Section 3.2l The undeformed con-
figuration is shown in transparency. Both have been clipped vertically to emphasize the internal dis-
placement (colored).

coupled problem. The discrete problem is solved for a half sphere with a fixed displacement on the
top surface, coming into contact with a rigid plane (¢; = 0). The displacement of the object and the
rigid plane is visualized in Second-order Lagrange elements approximate the geometry, the
displacement, and the latent variable. The initial proximity parameter oy = 0.005 is doubled at each
subsequent proximal step. The tolerance for Newton’s method is set to 107¢. The LVPP algorithm
requires a total of 13 proximal iterations amounting to 17 linear solves. The maximum number of
Newton steps was 5, the minimum 1. The number of degrees of freedom was 17, 613 for a mesh with
3,661 cells.

3.3 Example 3: Variational fracture

The variational theory of brittle fracture of Francfort & Marigo [60] is formulated in terms of a function
u over a domain € (representing the displacement) and an unknown subset I' C €2 (representing the
crack). The phase-field approach to fracture pioneered by Bourdin, Francfort & Marigo [33] approxi-
mates the crack set I with an order parameter c¢: {2 — |0, 1], where O represents the undamaged
state and 1 represents the complete presence of a crack, with the localization of the crack controlled
by a length scale ¢ > 0.

The first major challenge with solving the resulting system is that it arises from a non-convex opti-
mization problem. In fact, several fracture problems are known to possess multiple, physically-relevant
solutions [65]. However, the objective function is biconvex, in that the problem in u or c is convex if
the other variable is fixed. This inspires the most popular algorithm for its solution, alternating min-
imization [33], which iterates between minimizing only over displacement and damage, respectively.
While convenient, alternating minimization can be difficult to apply to more complex physical models
that lack this biconvex structure.

The second major challenge is that the numerical solution of phase-field fracture problems demands
very high resolution. Experience shows that the mesh size h for the discretization must be on the
order of the crack localization length scale ¢, which is typically much smaller than the diameter of
) for realistic simulations. These resolution requirements place a premium on mesh-independent
algorithms.
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We consider the anti-plane shear test formulated by Burke et al. [38], which exhibits multiple solu-
tions [65]. This problem is formulated only in terms of the vertical displacement of the body, as op-
posed to the full displacement typically used for other problems, but this is not central. The resulting
variational inequality is closely related to the Ambrosio—Tortorelli approximation of the Mumford—Shah
functional [101,|10].

The crack evolution is computed over a quasi-static incremental loading procedure. At each step, the
load on the body is varied, and the body is allowed to equilibrate. Mathematically, at each loading
step, we are given Dirichlet boundary data g and the previous order parameter ¢, . This defines our
feasible set K :

K= {(u,c) € H;(Q) x H'(Q)]0 < Corev < c < lae.in Q}, (20)

where
H;(Q):{ueHl(Q) |7u:gonFD}, (21)

with I'p C 0€). Given energy release rates GG, G, > 0, the length scale ¢ > 0, and an artificial
residual stiffness of a fully ruptured phase € > 0, we arrive at the (non-convex) objective functional:

T(u,¢) = g/Q(e—l—(1—e)(l—0)2)|Vu\2dx+%/Q€|Vc\2+€1]0\2dx.

To obtain the feasible set K from [(1)} we select V- = Hj () x H'(Q)} B = (0,id), with 0
denoting the zero operator, €); = €, and C(z) = R X [cprev(), 1]. Since there is no inequality
constraint on the displacement variable u, we introduce only a single latent variable ) corresponding
to the damage c. We then use the Fermi-Dirac entropy with 1 = Cprev and @2 = 1, giving us
the following LVPP saddle point problem: for 1)° = 0, find (u", ¢*,4*) € H, () x H'(Q) x L>(Q)
such that

G ((e 4+ (1 — €)(1 = )V, Vo) = 0, (22a)
arG((1 = e)(1 — ) [Vu*[*,d)
~ ~ (22b)
+ G (U(VF,Vd) + 07, d) + (F,d) = (¥F7,d),
K Cprev +exp(¢F)
(C,'U))—( eXp(?/Jk)-i-l ,U))—O, (22c)

forall (v, d, w) € H} () x H' () x L=(Q).

The anti-plane shear test imposes u = + L on the top-right boundary (to the right of the initial notch)
and u = —L on the top-left (to the left of the notch), At each loading step, the imposed
displacement L is incremented by 0.005, starting from zero. Natural boundary conditions are imposed
on the remainder of the boundary.

Using continuous piecewise linear finite elements for u, ¢, and 1), we solve the resulting discrete
systems with Newton’s method. For robustness of the optimization procedure, a perturbed Jacobian
is employed, with the addition of ¢((u, v) + (¢, d) — (¢, w)) with . = 1073, The proximity parameter
«y, is updated using a simple heuristic based on the number of Newton iterations needed to solve
the previous subproblem: if the number of Newton iterations is four or fewer, a1 = 2ay; if the
number of Newton iterations is ten or more, ai41 = ak/2; otherwise a1 = . On average, we

2This is an affine Banach space, not a Banach space, but the arguments of carry over, mutatis mutandis.
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Figure 4: Example 3. The final damage field for the fracture problem described in[Section 3.3

require 2.85 proximal steps per loading step, although with a large variance; the worst loading step
took 147 proximal steps, with the second worst taking 10. Each proximal step required, on average,
5.44 Newton steps. The final damage field at L. = 2 is depicted in

3.4 Example 4: Vector-valued multiphase problems

Many challenging physical problems include multiple phases, materials, or components that are re-
quired to be balanced throughout the domain. For example, reservoir simulation in petroleum engi-
neering [56, Chap. 3], distillation columns in chemical engineering [31, Chap. 11], and optimal design
in semiconductors [2], all explicitly require such constraints. From a mathematical perspective, the
state variables, whether they be materials, components, or concentrations in the domain €2 are repre-
sented by vector-valued functions u: {2 — R™, where m denotes the number of states. The natural
feasible set for such systems is a Gibbs simplex over a specified function space V'; namely,

K(V):= {UEV

Zu,(x) =landu;(z) >0(i=1,...,m)fae x € Q} (23)

=1

This feasible set K = K (V) fits into our framework by setting B = id, 24y = Q,and C' = {a €
R™ | " a; = 1, a; > 0}. In this case, the LVPP subproblem has a relation u = VR*(¢))
induced by the Legendre function

- OR* exp(a}) .
R(a) = a;In(a;), with —(a") = =———— foreachi=1,... m, (24)
; da; > i exp(aj)

which couples the components of the primal variable v : {2 — C' C R™ (the states) to the vector-
valued latent variable 1) : 2 — [—o0, 0o|™.

For our numerical example, inspired by [63], we construct a Cahn—Hilliard-type gradient flow toward a
constrained minimizer of the Ginzburg—Landau-type energy functional

[(u):/Q%Z\VuAQ—l—W(u)dx, W) = D w1 — ) + e (w),

where ix(u) = 0ifu € K and ik (u) = 400 otherwise denotes the indicator function for K. Here,
e > 0 is a diffuse interface parameter that controls the width of the region containing mixed states.
The seminal works of Modica [99, [98] demonstrate that functionals of this type tend (in the sense
of I'-convergence [47]) to a functional measuring the perimeter of the phase boundaries as ¢ — 0.

DOI 10.20347/WIAS.PREPRINT.3188 Berlin 2025



The latent variable proximal point algorithm for variational problems with inequality constraints 13

Therefore, the Ginzburg—Landau energy acts as a penalty on pathological free boundaries (phase
transitions) and favors straight edges. This model problem can be easily modified with more complex
energy functionals that, for instance, reflect anisotropic behavior amongst the various components
represented by u [62].

The chosen gradient flow over () is described by the system of differential inclusions

du

— € —?A%u+ AOW (u) ,

dt

where 0 denotes the Clarke subdifferential of the nonsmooth functional 1/ [44, Chap. 2]. Using back-
ward Euler to discretize this system in time is equivalent to solving a recursive sequence of minimiza-

tion problems over the feasible set|(23)|with V' = H?((). In particular, at each time step, we minimize

/\u Uprey | dx+7/ Z (Au;)* + AW (u) dx (25)

where 7 > 0 is the width of the time step, and ., is the solution at the previous point in time. We
can readily apply LVPP to these semi-discrete subproblems.

As is often done in practice, see, e.g., [53], we avoid discretizing the natural function space for w,
namely H?(£2;R™), by introducing slack variables z; = £*Au; — [0W (u)];. Given the previous
solution uprey € H'(2;R™), the LVPP subproblems take the form: for 1) = 0, find (u*, 2% ") €
HY(Q;R™) x HY(Q;R™) x L>®(2; R™) such that for, i = 1, ..., m, we have

(28, yi) + 2a(Vul, Vi) — 200 (uf ) + (W8, v:) = (WF 1 y) — a(1, w3), (26a)

(uf,v;) — T(V2F, Vy) = (uprevi; vi), (26b)
exp(yy7)
(uf,w) — | =t =0, (26¢)
Z] 1 eXp(¢k>
for all (v,y,w) € HY(Q;R™) x H(;R™) x L>(€); R™). Note that LVPP generates two semi-
discrete flows using the primal variables u(t1), u(t2), ... and the latent solutions wu(t,), u(ts), . ..
for the time steps 0 < t; < ty < ---, where each ; := % arises from|(26¢)| The latent
j leX

flow satisfies the constraints in K even after discretizing[(26)]in space.

In our numerical experiments, we solveon a square domain in R? with Neumann/natural boundary
conditions imposed on « and z. We increment the differential inclusion with a time step of size 7 =
105 and start from an initial array of 7 = 4 phases that sum to one throughout the domain, inspired
by [139, Sec. 4.3].

We discretize the underlying function spaces by piecewise linear continuous finite elements and solve
the resulting discrete subproblems with Newton’s method to a tolerance of 10~8. The proximity pa-
rameter o, = 1 is kept constant. On average, we require 8 proximal steps per time step, where the
maximum number of proximal steps over all time intervals was 8 and the minimum 7. The average
number of linear solves per Newton iteration was 2, resulting in roughly 16 linear solves per time step.

We plot several snapshots of the evolution in

3.5 Example 5: Obstacle-type quasi-variational inequalities

Obstacle-type quasi-variational inequalities (QVIs) [7] introduce an additional layer of complexity to
the modeling framework. Here, the pointwise state constraints are no longer fixed but rather depend
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Figure 5: Example 4. The evolution of the four phases u;, © = 1,2, 3, of the Cahn—Hilliard problem

described inat timest =0,107%, 1073, and 7 x 1073.

on the solution itself, which substantially contributes to the nonsmooth and nonlinear characteristics
of the problem. The extremely versatile nature of QVIs makes them the model of choice for a number
of important problems in physics and economics [6, |16} |18, 27, [28}, 95, |100]. However, this structure
also means their numerical treatment poses a significant challenge, and the literature on solvers that
tackle infinite-dimensional QVIs is limited. Fixed point methods are popular [3, 7] but require that the
QVI be reformulated as a fixed point problem with a contraction. This restricts its application to a small
subclass of QVIs, and even if there is a contraction, the contraction coefficient may be close to one,
requiring a computationally infeasible number of iterations for convergence. Alternative methodologies
include the use of penalty methods [7} [36], augmented Lagrangian methods [82], or active set strate-
gies [8], which may be mesh-independent but either produce infeasible solutions or are confined to
nodal low-order discretizations.

We now investigate the application of LVPP to QVIs. Since the obstacle appears explicitly in the equa-
tions to be solved in LVPP, it may, therefore, be treated in a straightforward manner as a function of the
unknown solution. We restrict our discussion to a class of obstacle-type QVIs known as thermoform-
ing problems [6, |7, |134]. The objective of the thermoforming QVI is to find the equilibrium between a
plastic membrane u € H} () pushed upwards by a force f € L*(2) and heated to a temperature
T € H'Y(Q) into a metallic mold denoted by ® € H'({). In this case, ® = ®y + £T', where
g € H(Q) is the initial shape of the mold and £ € C2(Q2) N HE() is a given smoothing function.
Unlike in the obstacle problem of where the obstacle is fixed, the mold deforms due to
the heat of the membrane, causing it to expand upwards. The deformation of the mold is modeled by
a nonlinear screened Poisson equation that ensures a larger heat transfer from the membrane to the
mold in regions where they are in close contact. The behavior of the heat transfer is dictated by a pos-
itive conduction coefficient 5 > 0 and a given globally Lipschitz non-increasing function g: R — R
that defines an operator g: H'(2) — H'() (not relabeled). We define the feasible set as

K(T)={ve H;y(Q)|v<d=d+ET. 27)

The thermoforming QVI problem is to find (u,T) € H}(Q2) x H'(Q) that satisfies for all (v, q) €
K(T) x HY(Q),

(VT,Vq) + B(T.q) = (9(Po + &1 — u), q), (28a)
(Vu, V(v —u)) > (f,v—u). (28b)

As in [Section 3.1} we choose the generalized Shannon entropy [(11) for the Legendre function in
the LVPP subproblems (but with the relevant signs switched as we are dealing with a unilateral upper

bound rather than a lower bound). The resulting saddle point formulation (in weak form) is: for ¢)° = 0,
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Figure 6: Example 5. (Left) One-dimensional slice of the membrane u at y = 1/2, mold ®, original
mold $, and temperature T’ for the QVI problem described in|Section 3.5| (Right) Surface plot of the
membrane u (solid) and mold ¢ (wireframe).

find (u®, % T*) € H} () x L>=(Q) x H () satisfying for all (v, w, q) € HL(Q) x L>®(Q) x
HY(Q),

(VT*,Vq) + B(T*,q) = (g(exp(—1")), q), (29a)
(Vb Vo) + (F, v) = ap(f,v) + (@1 0), (29b)
(uk, w) + (exp(—¢k), w) = (Pg + £T*, w). (29¢)

The first equation |(29a)| arises thanks to the pointwise equality in|(29¢)[and may also be rewritten as
(VT*,Vq) + B(T*, q) = (9(Po + ET* — "), q), (9a)

which corresponds to |(28a) in the original QVI problem. We choose the former formulation as it
achieves slightly better numerical convergence.

We now fix the parameters: Q = (0,1)%, 8 = 1, {(z,y) = sin(nz) sin(wy), f = 25, Po(z,y) =

1 —2max(jz —1/2|,|y — 1/2|), and
1 5 <0,
g(s) =<¢1—-100s 0<s <1072,
0 s> 1072,

A continuous piecewise linear finite element discretization is chosen for u, 1, and 7" with mesh size
h = 0.01. We initialize the algorithm with (u®, 7°) = (0, 1), oy = 27° and adopt the update rule
ak+1 = 4ay. The algorithm terminates once [|u* — u*™!| 1) < 107°. For robustness, a small
Jacobian modification is added corresponding to —10_1004,;1 (lek, Vw). Convergence was reached
after solving 17 LVPP subproblems, reaching ai;z = 226, requiring a total of 25 Newton iterations
averaging at 1.47 iterations per LVPP subproblem. The maximum number of Newton iterations for an
LVPP subproblem was four and the smallest was one. We plot the solutions in[Figure 6] Using the same
termination criterion, a fixed point method requires 329 fixed point iterations to reach convergence,
where each outer fixed point iteration requires both a nonlinear PDE solve to compute 7%+ (given
a u’“) followed by an obstacle problem solve to compute uF*+1. Thus, in the best-case scenario, one
requires at least 658 Newton iterations to reach convergence (although the linear systems are smaller
than the LVPP subproblems). In reality, the number of Newton iterations involved is significantly larger
since each fixed point iteration requires more than two Newton iterations. From these preliminary
results, it appears that LVPP is a promising choice for the numerical solution of QVIs.
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4 Beyond bound constraints

We continue our study of LVPP by considering pointwise gradient and eigenvalue constraints. These
are important but less well-studied classes of problems, with fewer competing methods available. The
Lagrange multipliers for gradient constraints are much less regular than with bound constraints and,
hence, much more subtle to discretize. In particular, the higher regularity of the solution © does not
necessarily carry over to more regular Lagrange multipliers, as is often exploited to develop methods
for pointwise bound constraints. In addition, whereas one can, e.g., enforce a function’s non-negativity
using non-negative bases and coefficients, it is very difficult to enforce gradient or eigenvalue con-
straints by designing suitable bases.

We consider three representative problems. The first is a simple plasticity model involving constraints
on the norm of the gradient of a function u: {2 — R. The second considers enforcing natural bounds
on the eigenvalues of an orientation variable in the Landau—de Gennes model for nematic liquid crys-
tals. The third demonstrates the treatment of intersections of inequality constraints using an obstacle
problem with an additional gradient norm constraint.

4.1 Example 6: Gradient norm constraints

Constraints on the gradient of the state are well-known from the optimal control literature; see, e.g.,
[136l 96, |41, |77, 137], where they are often used as a simplified model of a stress constraint. They
also appear in the literature on (quasi-)variational inequalities; see the recent survey [118] and the
references therein. In particular, this type of constraint has been used to model the elastic-plastic
torsion problem [127], 135], sandpile growth [112] [13], magnetization in type-Il superconductors [110],
and in hydrology [111]. Though the literature is decidedly more scarce for numerical methods for these
types of variational inequalities compared to say the obstacle problem, a quadratic penalty semismooth
Newton approach has been successfully employed before, see e.g., [78].

Given a domain 2 C R™ and a function ¢ € L*(£2) such that ¢ > ¢ a.e. for some constant € > 0,
a typical feasible set for gradient constraints is

K={ucH}Q)||Vul < pae inQ}. (30)

To obtain this feasible set K from|(1), we set V = H{ (), B = V, C(z) equal to the Euclidean
ball of radius ¢(z), and Q4 = ). For some f € L?(Q2), we consider minimizing the Dirichlet energy
J, as defined in in K. We use a modification of the Hellinger entropy [126], which captures the
geometry of the Euclidean ball, as the Legendre function:

R(a) := —\/¢? — |a|?, with VR*(a") = \/%Wa*. (31)

This leads to the following LVPP saddle point problem: for ¢)° = 0, find (u*,¢*) € H}(Q) x
L>(Q,R™) such that

ap(Vu", Vo) + (%, Vo) = ai(f, 0) + (0", V), (32a)
k
(Vu*, w) — (\/%w) =0 (32b)

forall (v, w) € H3(Q) x L=(Q2,R").
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Figure 7: Example 6. Left: the discretized solution variable wuy,(x). Right: the estimated active set
based on V R*(1);,) (black). The algorithm was stopped once ||uf — u} ™" ||2(q) < 1075,

For our numerical experiments, we solve [(32) on a unit square domain in R? with homogeneous
Dirichlet boundary conditions imposed on u. We set

f(z1,25) := 15sin®(7x1) and ¢(z1, 25) := 0.1 4+ 0.2z + 0.425

for all (z1,x2) € §2. We then discretize the underlying function spaces using continuous piecewise
quadratic finite elements for « and continuous piecewise linear finite elements for the latent variable
1. The stopping condition on :(32) is the LQ(Q)-norm of the increment in the primal variable from one
proximal step to the next, ||uf — u; || 12) < tol., with the tolerance set to 10~. The proximity
parameter begins with a; = 1 and doubles at each new proximal step. The tolerance for Newton’s
method is set to 1078, For a mesh of 200 x 200 cells, the method requires a total of 17 proximal
iterations amounting to 27 linear solves. The maximum number of Newton steps was 4, and the mini-
mum was 1, with the final 12 iterations requiring only one Newton step per proximal iteration. We plot
the computed solution and approximated active set[Figure 7 For the latter, we plot the characteristic
function for the set where |V R*(v5,)| > ¢ — 1078,

4.2 Example 7: Eigenvalue constraints

We illustrate how to apply LVPP to enforce eigenvalue bounds. This class of constraints is very difficult
to enforce but also very important in engineering design.

As a didactic example, we enforce the eigenvalue constraints of the Landau—de Gennes model for
nematic liquid crystals. In this model, the orientation of the liquid crystal is described by a tensor-
valued order parameter Q)(z) [64, 20, |132]. More specifically, on a domain €2 C R", at each point
is a symmetric and traceless n X n matrix, and must satisfy the eigenvalue constraints

MN(Q) e [-1/n,(n—1)/n], i=1,...,n. (33)

The equilibrium configuration of the liquid crystal is attained by solving a minimization problem with a
suitable energy functional. In almost all cases, the eigenvalue constraints are not explicitly enforced in
the numerical optimization (e.g., [114}[125]), although they are usually satisfied through careful choice
of the bulk energy term [21}, 97} 20]. A notable exception is the barrier approach of Wang & Xu [133],
which adds a quasi-entropy to the functional to be minimized that blows up as \(()) approaches the
bounds.

We consider the setup of Robinson et al. [114], with a slightly modified nondimensionalization. The
problem is to minimize the energy functional

J(u) = %/QVQ : VQdx + %/QAtr(QQ) dz + %lfng(tr(QQ)2) dz, (34)
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on the domain 2 = (0, 1)?, with parameters A = 1, C' = 4. The feasible set is

1 1
K:{QGH;(Q,RQXQ)]—élej 5Ia.e. in Q} . (35)

sym,tr
Here H;(Q, Rfyfft,) is the set of H'! symmetric traceless matrices enforcing the boundary condition

o(z,y) = ( s(x,y)cos(20)  Ss(z,y) sin(29))) 7 (36)

s(x,y)sin(20) —

N | =N [

where § = 0ony € {0,1},6 = 7/20on z € {0, 1}, and the nematic ordering s ramps to zero at
the corners:

_ ) T(x) ye{0,1},
= {T@) v e {01}, >
with ramp function
z/d z €10,d),
T(z)=141 z€[d,1—4d), (38)

(1—-2)/d ze€ll—dT1],
for ramp scale d = 0.06.

To obtain K from we set V = H}(Q,R27,), B =1, C(x) to be the set of all symmetric n x n
matrices with spectral radius less than or equal to A\, = 1/2, and 2; = 2. We suggest selecting
the entropy

R(a) =
with VR*(a™)

r ((a + Amax]) In(@ + Apax?) + Amax! — @) In(Apax] — a)) ,
Amax tanhm(a*/2) ,

where tanhm is the matrix tanh function. Since tanh : R — (—1, 1), any output of the induced
matrix function tanhm has spectral radius at most one. We implement tanhm using the formula

tanhm(a) = 2(exp(2a) + I) ' (exp(2a) — I) (39)

and in turn implement the matrix exponential exp using the formulae of Bernstein & So [30] for n =
and Cheng & Yau [43] for n = Zﬂ In particular, with a careful implementation in the symbolic Unified
Form Language [5] employed by FEniCS and Firedrake, the derivatives of tanhm and exp needed in
a Newton iteration are computed automatically.

In two dimensions, since tanh is odd, if a is traceless, then tanhm(a) is also traceless. The natural
space for the latent variable is therefore L>°(Q, R2> )| This leads to the following LVPP iteration:

sym,tr
for 0 = 0, find (Q*, v*) € H}(Q,R35) x LOO(YQ,RSYXH%M) such that
arJ (Q; V) + (vF, V) = (v, V) (40a)
(Q,w) — (Amax tanhm(yp/2),w) = 0 (40b)

3There is a minor typographical error in [30]. The prefactor in case i) of Corollary 2.4 should be exp ((a + d)/2), not
exp (a + d/2).

*There are several minor typographical errors in [43]. First, the indices 7 and j in (22) should be swapped. Second, the
key formula (28’) for the case with three distinct eigenvalues is missing several minus signs—the coefficients of A% and I
should be negated.

SFor n > 2 the latent variable would not necessarily be traceless.
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Figure 8: Example 7. The largest eigenvalue \;(Q)) of the minimizer of the Landau—de Gennes en-
ergyover The other eigenvalue of the matrix is its negation.

forall (V,w) € Hy(Q,RZZ) x L®(Q,R2%2,.). For n > 2,[(40b)|would change to

sym,tr

(Q,w) — <% tanhm(v/2) + n2— 2], w) =0 (41)

n

to scale and shift the eigenvalues into the physical range.

We discretize with piecewise cubic continuous finite elements on a 100 x 100 regular quadrilateral
mesh for the components of both () and ). Since both variables are symmetric and traceless, they
are described by two scalar fields, i.e., we employ the ansatze

Q1 Q2 Y1 Yo
= , = ) 42
“ (Q2 @) "\ - (42)
The solver took 6 proximal steps, requiring a total of 11 Newton steps. The converged solution, de-

picted in satisfies the eigenvalue constraints [(33)] pointwise. The solution is the well-known
well order-reconstruction solution discovered by Kralj & Majumdar [91].

4.3 Example 8: Intersections of constraints

It is straightforward to apply LVPP when K is defined as the intersection of several sets. We demon-
strate this by minimizing the Dirichet energy J, as defined inwith f = 0 over the convex feasible
set

K={u€c Hj(Q)|u>d¢oand|Vu| < ¢ ae. inQ}, (43)

which can be seen as the intersection of[(9)|and|[(30)] We assume ¢ and ¢, satisfy suitable consistency
conditions so that solutions to this problem exist. To obtain / from weset V = H}(Q), B =
(id, V)T, C(x) to be the Cartesian product the closed interval [¢(), c0) and the Euclidean ball of
radius ¢(z), and €2, = ). The geometry of this Cartesian product is captured by adding the entropies
associated with the independent components:

R((ag,a)) = (ag — ¢o) In(ag — ¢o) — (a0 — ¢o) — v/ ¢* — |a|?,
®o + exp aj,
with VR*((ag, a”)) = pa*

For fixed ay, the geometry of the ball of radius ¢(z) is captured by the Hellinger entropy; for fixed a,
the geometry of [¢g(x), 00) by the Fermi-Dirac entropy.
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Figure 9: Example 8. Solutions to with both obstacle and gradient constraints. The value of ¢,
determines the gradient constraint imposed on [0, 0.2] U [0.8, 1], while ¢o(x) defines the obstacle
constraint.

Since the gradient isomorphism V R* has two components, we introduce two latent variables, just as
a problem with two inequality constraints requires two Lagrange multipliers. This leads to the following
saddle point problem: for (49, 4°) = (0,0), find (u*, ¥ %) € HY(Q) x L>®(Q) x L=(Q,R")
such that

(Vb Vo) + (¥, v) + (W%, Vo) = (W1 v) + (1, Vo) (45a)
(u”, wo) — (exp ¢f, wo) = (¢, wo) (45b)
(VuP, w) — (¢—wk,w) =0 (45¢)

V1 [F?

for all (v, wo, w) € H() x L>®(2) x L=(Q, R™).

We solve this problem for €2 = (0, 1), and obstacle and gradient constraints given by

1
bo(z) = cexp (——10(%0.2)(0_8%)) z € (0.2,0.8),
0 otherwise,

¢(z) = {¢c z €[0,0.2]U0.8,1],

100 otherwise,

where the normalisation constant ¢ € R is chosen so that ¢(0.5) = 1, and ¢. > 0 is to be varied.
We discretize |(45)|with continuous piecewise linear finite elements for all variables (u, ¥, ¥).

The solutions for different values of ¢. are shown in We plot the obstacle-conforming ap-
proximation ¢y + exp ¥y (the primal solutions are similar). As ¢, is reduced, the gradient constraint
becomes more and more restrictive, changing both the slope on [0, 0.2] U [0.8, 1] and the active set
in contact with the obstacle.

5 Equality constraints

Some of the most common constraints in computational mechanics are equality constraints. In this
section, we demonstrate two ways LVPP can be extended to treat them. First, under appropriate
assumptions, replacing R with ¢ R and taking the limit ¢ | 0 in|(7)| delivers a variational formulation
for the (nonlinear) equality constraint Bu(z) € OC'. As an illustrative example, we consider harmonic
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maps u: 2 — R™ that satisfy the norm constraint |u| = 1 [24, Chap. 7]. On the other hand,
by replacing R* with e R* and taking the limit ¢ | 0, we uncover the common Lagrange multiplier
formulation for the (linear) equality constraint Bu = 0. This class of problems is well-studied [32],
including the Stokes and Maxwell equations along with many others, so we choose not to provide a
numerical example.

5.1 Example 9: Constraining to the boundary of a convex set

Suppose we wish to enforce u(z) € 9C when optimizing J(u), where C' is the boundary of a
closed convex set C' C R™ with non-empty interior. We begin by relaxing this nonconvex constraint
by requiring instead that u(x) € C'. As before, given a Legendre function R and its convex conjugate
R* for the set C, the nonlinear algebraic relation for enforcing inequality constraints in the LVPP saddle
point problem [(7)]is given by Bu = V R*(¢) for some latent variable 1.

Since VR* maps into the interior of C, it naturally excludes the boundary 0C. However, we can
rescale R* in such a way that the limiting object resides on OC', at least whenever C' is bounded. We
do so by epi-multiplying R* by a scalar ¢ > 0 [117, Chap. 5]. More specifically, we replace R*(a*)
by eR*(e_la*) so that, by the chain rule, the algebraic relation in the LVPP saddle point problem|(7b)
becomes Bu = VR*(¢~!4)). On the primal level, all we have done is scale the image of R by e,
but this has a profound effect on the conjugate function R*. Passing to the limit ¢ = 0 using the
pointwise limit inferior turns a* — eR* (e 'a*) into the recession function of R*, a tool for predicting
the behavior of a function when its argument approaches infinity [116}, Chap. 3].

To see effects relevant to our derivation, fix some ¢ > 0 and a* € R" andleta, := VR*(e 'a*) € C.
Since VR™! = VR*, we have ¢ 'a* = VR(a.) and, consequently, |V R(a.)| — +oc as € | 0.
For bounded sets C, this forces a, to tend to an element in 9C' as € | 0. Indeed, if this were not the
case, then given a null sequence ¢}, | 0, there would exist a subsequence a., (still indexed by k) that
converges to an element a in the interior of C'. But since V R is continuous on the interior of C' by the
definition of Legendre function, the limit V R(a) would be finite, which is a contradiction.

For example, let ¢: 2 — R be some uniformly positive function. Our abstract observations imply
that the pointwise norm constraint | Bu| = ¢ can be treated by replacing V R*(a*) derived from the

Hellinger entropy in [(3T)] with

*

a

/62 + |a*|2
and taking the pointwise limit ¢ — 0. Indeed, observe that VR* (¢ 'a*) — ¢a*/|a*|, requiring us to
replace by the equation

VR (e ta*) = ¢

BuF = ¢yF J|*] . (47)

Clearly, this ensures the constraint | Bu*| = ¢ at each subproblem k.

Differential geometry inspires the model problem in this subsection. However, the norm constraint
|u| = 1 also appears in modeling ferrofluids, see [92], which goes back to classical work of Landau
and Lifshitz [93], and liquid crystals [124]. In each case, we must set B = id and ¢ = 1 in|(47)
Roughly speaking, a harmonic map is a stationary point of the Dirichlet energy over the set of vector
fields between two Riemannian manifolds [52]. This is a classical subject in geometry, and we will
follow the modern perspective from numerical analysis laid out in [24, Chap. 7], which formulates the
problem in Sobolev and Lebesgue spaces and focuses on taking a manifold to a unit sphere.

Computing a harmonic map 1 between a domain 2 C R™ and the unit sphere S~ ! C R™, m > 2,
requires minimizing the Dirichet energy .J, as defined in|(8)|with f = 0, over the nonconvex feasible
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set
K ={uec H'(QR™) | |u| = 1ae.inQand ulsg = g} (48)

Here, the boundary data g € L*(92; R™) must admit an H*-extension u, into the domain € such
that |u,| = 1. Otherwise, K is clearly empty.

We choose to globalize the constraint before discretizing by adding a penalty term to .J(u) that van-
ishes on the feasible set[(48)] This results in using the penalized objective function

1
J(u) = 5/Q\Vuﬁdswr%/Q(yu|2—1)2dx, (49)

where v > 0 is a tunable parameter. Since J(u) = J,(u) for all u € K, and we still seek to enforce
this constraint, the penalty term does not affect the set of solutions to the original minimization problem
min,ex J(u). Indeed, we emphasize that the penalty term is not used to enforce the constraint but
rather to aid the convergence of the LVPP scheme. We then arrive at the following sequence of LVPP
subproblems: for some 1 € L>(€, R™), find (u*,¢*) € H}(Q;R™) x L>(Q,R™) such that

ap(Vu®, Vo) +y(([u*]* = D)u*, v) + (¢F, 0) = (1, v), (50a)
(u*, w) = (@ /[9*], w) =0, (50b)

forall (v, w) € Hi(Q;R™) x L>(Q,R™).

We further modify before solving for u* and w’“ in practice. To this end, notice that the nonlinear
term % s Yk / |k in is invariant under pointwise rescalings of /¥ and non-differentiable at
¥ = 0. We account for these degeneracies by seeking to fix the magnitude |¢)"(x)| = 1 at a.e. point
x € ). This change does not affect the constraint |u*| = 1 enforced by However, it results in
the convenient identity «* = 1)* between the primal and latent variables. Using this identity to rewrite
the second term in[(50a)| delivers the more stable reformulation

ap(Vu®, Vo) + y(([0*]* = D), 0) + (@F,0) = (@1, v), (51a)
(uk7w) - (wk/|¢k|’ w) =0, (51b)

that we use in the example problem below.

We solve this problem for Q = (0, 1) and m = 3, with results depicted in This setting is
equivalent to computing geodesics on a sphere. In our implementation, we divide the interval () into
1000 equally-spaced cells and then discretize [[51)|with continuous piecewise-quadratic finite elements
for the u-variable and piecewise-linear finite elements for the 1)-variable. The proximal step o, = 1 is
fixed for all iterations, and the penalty parameter 7 is set to 10°. The initial condition wg is the Lagrange
interpolant of the function depicted by the yellow curve at iteration 0 in The endpoints of this
curve (red dots) define the boundary conditions on u. The solver took three proximal steps, where the
first step required 41 Newton iterations, the second two iterations, and the final step only one iteration.
The absolute and relative tolerances were fixed at 10~ for Newton and 10~% for LVPP. We the plot
iteration history in[Figure 10| We note that the change in primal variable after the first step is less than
1077,

5.2 Example 10: Linear equality constraints

For the sake of illustration, we demonstrate here the connection between the classical theory of
saddle-point problems for linear subspace constraints [32] and the LVPP method. Moreover, we show
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Iteration 0 lteration 1 Iteration 3

Figure 10: Example 9. Geodesics on a sphere. From initial guess to optimized solution. lteration 0
corresponds to the initial guess. The red dots correspond to the boundary conditions in for Q=
(0,1).

that the LVPP approach to linear equality constraints converges in one iteration when applied to min-
imizing a quadratic objective function, an appealing property it shares with the Newton method [141].
The setting is abstract and general, but we do not seek maximal generality out of an effort to ease
understanding.

Let VV and W be real separable Hilbert spaces, with W continuously embedded in (L?(£2))™, and let
B: V — W be a bounded, surjective (im B = W) linear operator. We define

K=kerB={veV|Bv=0}, (52)

and consider optimizing a quadratic functional over K,
1
J(v) = éa(v,v) — F(v), (53)

where a: V' x V' — Ris a continuous, symmetric, coercive bilinear form, and /' € V. In this case,
the associated optimality conditions are well-known Theorem 4.2.1], and reduce to the following
variational problem: find . € V and A € W such that

a(u,v) + (A, Bv) = F(v), (54a)

(Bu,w) =0, (54b)

forallv € V and w € W. For example, taking V' = (H}(Q))%, W = L(Q) := {v € L*(Q) |

Jovdz =0}, a(u,v) = (Vu, Vv), Bv = —V - v (the negative divergence operator), and F'(v) =

(f,v) for a forcing function f € (L?(£2))¢, we get the Stokes equations for unknown velocity
u € (HL(2))? and pressure p € L2(Q):

(Vu, Vo) = (p, V- v) = (f,0), (55a)

(V-u,q) =0, (55b)

forallv € (H3(Q))%and g € L3(9).

Upon setting C' = {0} and Q; = €2, the linear subspace K in fits into the abstract setting
However, there is no Legendre function for C' since this convex set has only a single point. As a
remedy, we proceed by considering the closed unit ball centered at 0 € R™, denoted S(0,1) =
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{a € R™ | |z| < 1}, with the Hellinger entropy R: S(0,1) — [—1,0], a — —+/1 — |a|?. Given
0 < e < 1, we define R, = eR o (e~ id), noting that dom R, = S(0, ¢).

The first LVPP subproblem that arises from minimizing J(v) in over the feasible set
K.={v eV |Bu(zx) € S(0,¢) foralmost all z € Q},
is as follows: for fixed 1)° € W, find u. € V and ¢, € W such that

ara(ue, v) + (e, Bv) = a1 F(v) + (¢°, Bv), (56a)
(Bue,w) — e(VR* (1), w) =0, (56b)

forallv € V and g € WW. Letting € pass to zero from above, we derive a saddle-point problem similar
to|(54) In particular, we can show that u. — w weakly in V' and v — 1 weakly in W, where w € V'
and 1) € W solve

aa(@, v) + (¢, Bv) = a1 F(v) + (¢°, Bv), (57a)
(BT, w) =0, (57b)

forallv € Vand g € W.Takingu = wand A = aj (¢ — ¥°), we arrive back at [(54), which also
ensures well-posedness of (57). We conclude that the latent variable approach always converges in
one iteration and is equivalent to the standard Lagrange multiplier mixed method [(54)| for this class of
problems. Rigorous details are provided in[Appendix Al for the interested reader.

6 Applications to fully-nonlinear PDEs

In addition to the applications demonstrated above, the LVPP methodology has a remarkable connec-
tion to certain fully-nonlinear PDEs. In we first illustrate how LVPP leads to new mixed
forms for first-order nonlinear PDEs. We provide computational evidence of the utility of such an ap-
proach by solving the eikonal equation. We then close the section by deriving a new geometric formu-
lation of the classical Monge—Ampére equation by using matrix-valued latent variables and the matrix
exponential function.

6.1 Example 11: The eikonal equation
Many nonlinear first-order PDEs have the following form [46]:

find u :  — R such that F'(x,u, Vu) = 0inQand u = g on 0S). (58)
Generally, these equations lack a divergence structure, so one cannot integrate by parts to arrive at

the correct notion of a weak solution. Instead, for suitable ', we opt for the concept of a viscosity
solution introduced by Crandall and Lions [94] 45].

Viscosity solutions are directly linked to constrained optimization; see, e.g., [140, Proof of Thm. 1,
Thm. 2]. Specifically, the viscosity solution of minimizes

J(u) = —/udx (59a)
Q
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over the feasible set

K ={ueW"®(Q)| F(z,u,Vu) < 0fae zinQand ulpo = g} . (59b)

Putting this feasible set K into our framework for general mappings F' requires a generalization of [(1)]
that would significantly complicate the paper. However, there are many interesting examples that we
can immediately consider. For instance, upon defining F'(x, u, Vu) = |Vu| — 1 and taking g = 0,
the minimizer of [(59)]is the viscosity solution of the classical eikonal equation [46} p. 1.1.2],

|[Vu| =1inQ and u = 0 on 052. (60)

To obtain |(59b)| from for this problem, we need only set V. = Hj(Q2), B = V, C to be the
Euclidean ball of radius 1, and €2; = €).

The two most well-known methods for solving the eikonal equation are the fast marching [107,|122] and
the fast sweeping [142, [143] methods. They are both finite difference-based schemes that trace back
to Dijkstra’s algorithm [49]. Both methods require specialized data structures that present a barrier
to their integration into many of the high-order finite element codes used by the scientific computing
community. On the other hand, the LVPP-based approach derived below is immediately compatible
with such codes as it involves a Galerkin discretization with widely available finite elements.

Selecting the Hellinger entropy with ¢ = 1 and following the general framework for gradient-
constrained problems described in we deduce that minimizing over the feasible
set[(59b)|leads to the following sequence of LVPP subproblems: for ¢/° = 0, find (u*, ¢*) € H(Q) x
L?(Q, R"™) satisfying

(Y*, Vv) = ap(1,0) + (", Vo), (61a)
k

forall (v, w) € H}(Q) x L*(2,R™). Each of these subproblems may seen as a nonlinear Darcy flow
model (cf. [54, Chapter 51]), which we highlight by integrating each of the differential terms by parts and
swapping the order of the equations. In particular, these operations require a change to the functional
setting, revealing a new sequence of subproblems: for 1° = 0, find (u*, %) € L*(Q) x H(div, Q)
satisfying

k
() + o= o

(V ' ¢kav) = (v : wkilav) - a’k(Lv)a (62b)

for all (v,w) € L*(Q) x H(div, ). We find that admits the same popular finite element dis-
cretization used for that model.

We solved on three different domains with the computed solutions presented in [Figure 11} a
two-dimensional star-shaped domain, a solid (three-dimensional) sphere, and a Mébius strip. To com-
pare the results, we rescaled each domain so that the maximum, taken over all points in the domain,
of the shortest distance to the domain boundary would be one. On the star-shaped domain and the
sphere, we replaced LQ(Q) in with a first-order discontinuous piecewise polynomial space and
H(div, 2) with second-order Raviart-Thomas polynomial space, as this is the standard choice for
Darcy flow problems. Showcasing additional flexibility in the discretization choices, we used a con-
tinuous piecewise polynomial discretization of Taylor—Hood-type inspired by [83] for the Mdbius strip
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Figure 11: Example 11. Viscosity solutions of the eikonal equation on a star-shaped domain (left),
sphere (middle), and Mdbius strip (right).

example. In particular, we used second-order Lagrange elements to approximate w’“ and first-order
Lagrange elements for u*. We then set a, = 10 - min{2*, 5} and solved each discretized subprob-
lem with a damped Newton method. In each case, the solver took three Newton steps on the first
subproblem (k = 1) but only one Newton step for each subsequent subproblem (k > 1). We stopped
the solver once ||u* — u*~1 |22y < 107*, which always occurred in under ten iterations.

The setting above easily extends to solving other related problems. Indeed, selecting the general
Hellinger entropy given in results in multiplying the nonlinear function in by ¢, and allows
one to treat the general eikonal equation, |Vu| = ¢. Alternatively, generalizing the objective function
to J(u) = — [, ufdz and minimizing it over the feasible set K = {u € Hj(Q) | |Vu| <
1l a.e. zin 2} allows one to characterize the p — oo limit of solutions to the p-Laplace equation with
fec@ :

—Apu = finQ and u = 0on 0.

To arrive at an algorithm to solve this problem, we need only to replace the right-most term in [(62b)| by

—ag(f,v).

6.2 Example 12: The Monge—Ampere equation

One can also define viscosity solutions to problem if I depends on the Hessian V?u
66]. Thus, the innovations above raise the question of whether our techniques can also be used to
solve fully nonlinear second-order PDEs. We choose to provide a partial answer to this question by
considering the celebrated Monge—Ampére equation, in which F'(x, u, Vu, V?u) = det(V3u) — p.
More specifically, given uniformly positive functions p € C'(Q) and g € C3(2) defined over a smooth,
bounded, and uniformly convex domain 2 C R™, we seek the unique convex function v € H%(Q) N
H (1) satisfying

det(V*u) = p in u=g ondf. (63)

We refer to 120] for existence and regularity theory in this setting.

Although [(63)] is related to optimal transport [119], that connection to optimization does not yield an
immediate insight into our approach. Instead, we focus on the fact that the set of feasible solutions,

K={ue H*(Q)NH)(Q) | Vux0ae. inQ},

fits into the setting of [(1)| by taking V' = H?(Q) N H; (), B = V?, and C' equal to the set of all
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symmetric positive semidefinite n X n matrices. We can now invoke a Legendre function to construct
a structure-preserving reformulation of |(63)|

Consider the (unnormalized negative) von Neumann entropy [104, [14] for positive semidefinite sym-
metric matrices, defined by

R(a) =tr(alna —a), with VR*(a*) = expa®.

The convex geometry of K can be encoded by introducing a symmetric matrix-valued latent variable
1 via the equation Bu = V R*(1)); i.e., we define

v=InVu <<= expy =V (64a)

Finally, utilizing the identity det(exp ) = exp(tr) [71] and the original PDE |(63), we see that
must satisfy the algebraic relation

trep =1Inp. (64b)

Together, [(64a)|and[(64b)|provide a reformulation of the Monge—Ampére equation that does not appear
to have been explored in the literature; see [70, |59, [103] and the many references therein.

The following variational formulation of|(64)|is found by multiplying by smooth test functions and inte-
grating over the domain €2: find u € H*(Q) N H,(€2) and ¢ € L>(Q; RZ ") such that

sym

(V2u, w) — (exp ), w) = 0, (65a)
(trep,v) = (Inp,v), (65b)

forallv € H*(Q) N Hy() and w € L>(Q;RL%™). This formulation permits finite element dis-
cretizations with Argyris elements for u and v. However, due to the limited support for Argyris el-
ements in most software, we suggest a first-order system discretization employing the most widely
available types of elements. To this end, we introduce the optimal transport map 1" = Vu as a slack
variable into the system of equations leading to the following reformulation: find u € H;(Q),

T € H'(Q,R"),and ¢ € L*°(; R2<™) such that

sym

(T, S) — (Vu,S) =0, (66a)
<VT7 w) - (exp Qﬂ’ ’LU) = Oa (66b)
(trep,v) = (Inp,v), (66¢)

forallv € Hy(Q), S € H'(Q,R"), and w € L®(Q;Rx"). We note that this is technically not

an LVPP formulation, as there is no proximal loop. Likewise, its Galerkin finite element discretization
should not be considered a proximal Galerkin method.

Our experiments indicate that formulation permits high-order accurate, stable discretizations us-
ing degree-p continuous elements for u, vector-valued degree-(p + 1) continuous elements for 7',
and matrix-valued degree-p continuous elements for v, if p > 2. showcases exponential
convergence of the proposed method to a smooth manufactured solution Uma,(z) = exp(|z|?/2)
as the polynomial degree p is increased from 2 to 14. In this experiment, we set Q = (—1,1)?,
p = det V>Upan and ¢ = Unman|oq. Starting from a linearization around ¢) = 0, the resulting dis-
cretizations converged in no more than six Newton iterations on a uniform eight-element triangular
mesh.
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Figure 12: Example 12. Exponential convergence of a manufactured solution to the Monge—Ampére
equation on an eight-element mesh. Left: Computed solution with polynomial degree p = 14. Right:
Degrees of freedom vs. L?(£2)-error for polynomial degrees p = 2,3, ..., 14.

7 Conclusion

The LVPP algorithm provides a unifying mathematical framework for solving variational problems with
pointwise inequality constraints. This framework is entirely separate from the quadratic penalty, interior
point, active set, trust region, and augmented Lagrangian methods, which have been studied exten-
sively over many decades. LVPP is derived at the level of the underlying function spaces, leaving it
agnostic to the discretization strategy preferred for each application. In turn, the LVPP framework can
be used to construct novel numerical methods—including, but not limited to, novel finite element, finite
difference, and spectral methods—for a wide class of challenging problems.

We have selected twelve example problems and used the LVPP framework to derive state-of-the-
art numerical methods for each of them. The first five examples include free-boundary and free-
discontinuity problems, as well as quasi-variational inequalities with pointwise bound constraints. We
find that LVPP delivers high-order, bound-preserving numerical methods for all five of these examples.
The next three examples demonstrate how to apply LVPP to solve problems with gradient constraints,
eigenvalue constraints, and multiple independent inequality constraints, respectively. Examples 9 and
10 then show how LVPP extends to treating linear and non-linear equality constraints. In the linear
case (Example 10), we find that LVPP leads to a reformulation of the well-known saddle-point form
of variational problems with linear equality constraints [32]. Lastly, the LVPP framework is used to
derive new methods for computing viscosity solutions of first and second-order fully nonlinear PDEs.
In each of these example problems, as well as every other problem we have attempted, LVPP or
certain variants, see, e.g., [85] [87], have led to structure-preserving numerical methods that exhibit
mesh-independence.

Each of the numerical methods in this paper requires further investigation. In most cases, our deriva-
tion of the particular LVPP saddle-point problem is formal and calls for a rigorous mathematical treat-
ment in future work. Likewise, error analysis needs to be conducted on almost all of the derived
methods to guarantee their convergence as the resolution of their discretization increases. We hope
that other applied mathematicians will join us in this task, and in applying LVPP to other problems with
inequality constraints.

Code availability

In order to facilitate the broader adoption of this work by the community, we have implemented the
derived methods across a range of popular open-source software libraries and prepared a suite of
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scripts to reproduce the numerical experiments. Scripts to generate all the examples are available
at [50] and are archived on Zenodo [51]. We have implemented LVPP solvers in the finite element
packages MFEM [11], [12], Firedrake [73], FEniCSx [23], and Gridap [17], and the spectral method
package MultivariateOrthogonalPolynomials [106].
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A Weak convergence in|Section 5.2

We complete the analysis showing that the solution of[(56)| weakly converges to the solution of as
e | 0. As we explicitly require using the coercivity and continuity constants to complete the argument,
we note that a: V' x V' — R being coercive means that there exists a positive number 5 > 0 such
that 3||v[|?, < a(v,v) forall v € V. Likewise, continuity means that there exists a number C' such
that a(u,v) < Cllu|ly||v|v forallu,v € V.

Using u. as a test function in|(56a), we arrive at
Blluclly + o1 (Y, Bue) < [ Fllvllucllv + oy 1B 0° v lluc]lv, (67)
where B*: W — V” denotes the L*-adjoint of B. Next, we recall the identity VR*(0) = 0 for

the Hellinger entropy |(31)l Furthermore, note that R* is a smooth convex function, and therefore, its
gradient is a monotone operator. From these properties, we deduce the following inequality from[(56a)f

(e, Bue) = (1be, eVR* (1)) = €(te — 0, VR*(¢0.) — VR*(0)) > 0. (68)
In turn, we find that . is bounded uniformly across ¢ > 0,
Blluclv < NFllv: + a7 | B ¢°|v . (69)

The uniform bound given above allows us to pass to the limit for a (positive) null sequence ¢; | 0.
Even without knowledge of the convergence properties of v/, , we can deduce that the sequence

erVR* (1) = 0in L®()

since the nonlinearity remains bounded in the bounded set S (0, 1). By reflexivity, there exists a subse-
quence { ¢, } along which U, converges weakly in V' to some w. In particular, we may conclude that
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Bu = 0. Next, we invoke the closed range theorem and the surjectivity of B: IV — W to establish
the existence of a constant ¢ > 0, independent of ¢, such that

* wﬂBU *
el < 1B 0l = sup B < 0 I + 1B + anCllally

veV ||U“V

This and shows that 1), is bounded uniformly across ¢ > 0. By reflexivity of ¥/, there exists a
weak accumulation point 1 € W of v, for any sequence ¢, | 0. This implies that (1) — %)/
will (weakly) converge along an appropriate subsequence to (1) — 1/°) /. As observed above, we
cantake @ = wand A = (¢ — %) /oy in Since u and \ are unique it follows from the Fréchet-
Urysohn property that the full sequence converges weakly, i.e., u. — uin V and (. — %) /a; — A
in W as € | 0, as necessary.
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