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Continuous dependence, and applications

Abstract

A general class of finite variance critical (£, ®, k)-superprocesses X in a
Luzin space F with cadlag right motion process £, regular local branching
mechanism ®, and branching functional k of bounded characteristic are
shown to continuously depend on (<I>, k) As an application we show that
the processes with a classical branching functional k(ds) = g,(&;)ds
(that is a branching functional k generated by a classical branching rate
05 (y)) are dense in the above class of (£, ®, k)-superprocesses X. More-
over, we show that, if the phase space F is a compact metric space and £ is
a Feller process, then always a Hunt version of the (f, P, k)—superprocess

X exists. Moreover, under this assumption, we even get continuity in

(®, k) in terms of weak convergence of laws on Skorohod path spaces.
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1 Introduction

1.1 Motivation, purpose, and main results

While the characterization of the class of (€, ®, k)-superprocesses X is obvi-
ously a fundamental part of the theory of measure-valued branching processes,
it cannot alone fully describe the reach structure of this class. In particular, it
would be natural to define a meaningful metric in terms of only the parameters
(¢, ®, k). Topological properties of this metric, such as for instance the descrip-
tion of dense or compact subsets, or such as the completeness property, would
give further insight into the nature of superprocesses. As a long run goal, it
seems to be desirable to express properties of (£, ®, k)-superprocesses in terms
of the parameters (£, ®, k) only, and this paper should be seen as a step in this
direction.

Indeed, we focus here on the question of jointly continuous dependence on
the branching mechanism ® and the branching functional k. Once one has such
a continuous dependence, it can for instance be used to derive certain properties
of a class of superprocesses by starting from more elementary processes, rather
than by a direct analysis. We will in fact include below such applications.

The problem of continuous dependence of superprocesses on their branch-
ing rate is not entirely new. For instance in Dawson and Fleischmann [DF91,
Lemma 2.3.5 and its application in §§ 2.4 —2.5], it was used to construct a class of
one-dimensional superprocesses with catalytic branching rate g;(dy) by starting
from superprocesses with classical branching rate g;(y) dy. Or in [DF97, Propo-
sitions 6 and 12] continuity in k was exploited to construct super-Brownian mo-
tions in R% with (only) locally admissible branching functional k by approximat-
ing them by (globally) admissible ones. In this way, a class of super-Brownian
motions constructed by Dynkin [Dyn94] could be extended. Finally, in Fleisch-
mann and Mueller [FM97], a truncation procedure of branching rate was applied
to construct a one-dimensional super-Brownian motion with the locally infinite
catalytic mass |y|~2dy. (In contrast to the present paper, this superprocess
does not have a finite variance even though the branching mechanism is “binary
critical”.)

The question of continuous dependence of superprocesses on their branching
mechanism ® and branching functional k is studied here for its own and partly
in considerably more generality. But then we use this continuity to prove that
for each (&, ®, k)—superprocess considered in this paper, a Hunt version ezists,
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provided that the phase space is a compact metric space and the motion process
{ is Feller (Theorem 44 at p.33). In this case we even get continuity in (®, k)
in terms of weak convergence of the laws on Skorohod space of cadlag paths
(Theorem 46 at p.34).

The construction of superprocesses with regularity properties of the paths
has a long history. Concerning recent general results, in the first place we re-
fer to Fitzsimmons [Fit88], who proved the existence of a right or even Hunt
version of a superprocess if the motion process is right or Hunt, respectively,
provided that the branching mechanism is time-homogeneous and the branch-
ing functional is given by k(ds) = ds. Dynkin [Dyn93] and Kuznetsov [Kuz94]
generalized Fitzsimmons’ right version result. Finally, Leduc [Led97a] gener-
alized Fitzsimmons’ Hunt result to a general class of (£, ®, k)-superprocesses
with finite variance and admissible (in the sense of Dynkin) functional k. One
of our motivations was to obtain such result for non-admissible k of bounded
characteristic.

We finally mention that the results of the present paper play a crucial role in
Leduc [Led97b] where a martingale problem is established for a class of (¢, ®, k)-
superprocesses under mild conditions.

1.2 Setup

Before going further, recall that main steps of the method of construction of
superprocesses via the analysis of the related evolution equation (such as for
instance in [Daw77, DF91, Dyn91, Dyn94, Led97a, FM97, DF97]) more or less
resemble the following procedure. First, find for n fixed a measure-valued pro-
cess X™ which log-Laplace functional v™ = v"(f) = v7,(f) solves an evolution
equation

v =¥ (v"). (1)

Second, show that, for a certain norm ||-|| (typically a supremum norm ||-||,, ,
or a closely related one),

[o™ =" < F ™ = o] + gm,n

where ¢, is a non-negative quantity converging to zero as m,n — oo. By
completeness, this shows, that v™ converges. It is usually possible to conclude

— that the limit v again satisfies an evolution equation
v =¥(v), (2)

— that v is the unique solution to that equation,

— that each v, () is the log-Laplace functional of a random measure,

— and that v determines a semigroup.
This semigroup then uniquely characterizes a superprocess X (log-Laplace func-
tional characterization).
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Suppose now that (1) is the (£, ®", k™) -evolution equation of the so-called

(&, @™, k™) -superprocess X™. Here ¥™ is a functional of £, ®", k™, where

- the particles’ motion process £ = (¢;, S, 7,,5) is cadlag right Markov,

—  ®" is a critical local branching mechanism with finite variance

(see Assumption 17 (f) at p.16), and
— the branching functional k" is a continuous additive functional of £
of bounded characteristic.
Our key result can briefly be described as follows. Suppose that £™ converges to
a continuous additive functional k of £ in an appropriate sense, and the ™ con-
verge uniformly to a regular branching mechanism ®, then the log-Laplace func-
tionals v™ converge to some v solving the (£, ®, k)—evolution equation (2). Asin
Leduc [Led97a], this equation is then used to construct a (€, ®, k)-superprocess
X with v as its log-Laplace functional. Since the convergence v —, v of
log-Laplace functionals implies the convergence X" =, X in the sense of
(weak) convergence of all finite-dimensional distributions (fdd), we get that the
(&, ®, k)—superprocess continuously depends on (@, k) (Theorem 23 at p.18).
This fdd continuity theorem can be extended to weak convergence on some

Skorohod path spaces, and several applications are supplied. In particular, if
the phase space is a compact metric space and ¢ is Feller, we show that a Hunt
version of X exists and “classical” (E, P, gs(fs)ds)—superprocesses are weakly
dense in the set of all (£, ®, k)—superprocesses.

1.3 Outline

To prove the continuity theorem, in principal we follow the general idea which
we described in the previous subsection. The norm which we use, is essentially
the norm ||-||; defined to be the supremum over the set C of all those points
(r,z) such that

() ﬂr,mvk”(r,t] < oo,

n=1
8) ﬂ{k”:ﬂ>k} -1

(recall m, . refers to the law of the motion process £ with initial data »,z).
Starting from a point (r,z) € C, it is crucial to know that =, ;—a.s. all points
(s,&), s > r, also belong to C. This is essentially what we will cover in Section
2.

After introducing in the beginning of Section 3 more carefully the model
we deal with in this paper, we formulate our key result, the fdd continuity
Theorem 23 at p.18. Then we discuss the assumptions on the branching func-
tional in that theorem, and review the log-Laplace functional characterization
of (€, ®, k)-superprocesses. But the central part of our argument is Proposition
39 at p.26. It states that in the case & = &, for small test functions f (the pa-
rameter entering into the linear term of the evolution equation (2) coming from
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the log-Laplace functional), and for starting points (r, z) in C, the log-Laplace
functionals v™ converge to some v.

The derived fdd continuity theorem has strong implications. First of all, as
an application we establish in Theorem 26 at p.19 that each (¢, ®, k)—superpro-
cess can be approzimated by ones with “classical” branching functional k. Clas-
sical here means that the branching functional k& can be represented as k(ds) =
0s(€s)ds with p a bounded (classical) function. In this case, a particle at time
s at site y splits with branching rate p;(y). In other words, the approximating
processes are “classical” superprocesses.

We mention that with fdd convergence of X™ to X we actually mean?)

Eexp {i(X,Z,—fZ)} —— Fexp i(Xti,—fi)

n— oo i=1
for any choice of bounded measurable non-negative functions fi,..., f, on E.
In other words, we have fdd convergence in every topology on E compatible
with the measurability structure (E, &) of our Luzin space E.

Of course, one cannot expect that results in this generality should hold
concerning weak convergence of laws on path spaces. In Section 4, in order to
avoid expensive technicalities, we even restrict our attention to a much more
restrictive situation: We consider the special case of a Feller motion process £ in
a compact metric space (E, d). Then the continuity and approximation theorems
can be used to construct a Hunt version of the (£, ®, k)—superprocesses (Theorem
44 at p.33). These Hunt (¢, ®, k)-superprocesses depend continuously on (®, k)
in terms of weak convergence of the laws on the Skorohod path spaces, rather
than only fdd (Theorem 46 at p.34).

In an appendix, we collect some results which are purely technical.

As a standard reference for weak convergence we refer to Ethier and Kurtz
[EK86] and for (&, ®, k)-superprocesses to Dynkin [Dyn94].

1.4 Basic assumptions: motion process ¢
and branching functional %

In this paper, ‘non-negative’ always means Rj—valued, Ry := [0,00). But at
some places we need also to consider variables with values in the usual one-point
compactification Ry := [0,00] of R;. In this case, we will explicitly refer to
this.

Assumption 1 (motion process) Throughout this paper, the following as-
sumptions are in force:

1) {u, f) abbreviates the integral ff(:z) p(dz).
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(a) (phase space) The phase space E is a Luzin space?). With this we
mean a topological space E which is homeomorphic to a Borel subset
of a compact metrizable space. Let £ denote the Borel o—algebra of
E, and &, = £,(E) the set of all R;—valued measurable functions f on
E. Moreover, write b€y = b€, (E) for the subset of all bounded f € &;,
equipped with the topology of bounded pointwise convergence.

(b) (measure space) Let My = M;(E) = M¢(€) denote the set of all finite
measures on £. Endowed with the topology of weak convergence, My is a
Luzin space.

(¢) (time interval) We consider first of all stochastic processes on a fixed
finite interval I :=[0,T], T > 0, or on subintervals of I; later, in Section
4, we extend to Ry .

(d) (underlying particle’s motion process £) Once and for all, fix an E-
valued process £ on I satisfying the following conditions:

(d1) (Markov process) ¢ is a (time-inhomogeneous) Markov process
(& ,S, mp,z) in Dynkin’s [Dyn94, § 2.2.1] setting.

(d2) (right process) This Markov process £ is assumed to be a right
process: %)

(i) ¢t &(w) isright continuous (in the Luzin E), for each w.
(ii) For 0 < r <t < T, u € Mg, and f € &, fixed, the
function s +— m,¢, f(&), s € [r,t), is right continuous m, ,—
almost everywhere.
(d3) (cadlag) The process £ is required to be cddldg (additionally to
(1)), that is, for each w, the limits lim,4, & =: §— exist in E for all
te (0,T].
(d4) (Hunt) Sometimes we additionally assume that the cadlag right

Markov process € is Hunt. In this case we work with R, as the time
axis.

(e) (branching functional) As arule, the letter &k refers to a (non-negative)
continuous additive functional of € ([Dyn94, §2.4.1]) of bounded charac-
teristic:

sup g k(r, T] < oo. (3)
(r,z)eIXE

We call such &k a branching functional. Intuitively, k(ds) is the rate of
branching of a particle with position £, at time s. <o

2) Note that e.g. every complete separable metric space is Luzin (see, for instance, Sharpe
[Sha88, p.370]).

3) Note that our terminology differs slightly from Dynkin [Dyn94] we often quote: Dynkin
includes the cadlag property (d3) in his notion of a right process, but we speak in this situation
more carefully of a cadlag right process.
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Remark 2 (admissible functionals) Note that condition (3) is weaker than
Dynkin’s [Dyn94, § 3.3.3] admissibility requirement

sup mpg k(r,t] — 0, sel. (4)
zeE Tt—8
(In fact, read the proof of Lemma 3 in [DF97] with ¢, replaced by 1.) <

Remark 3 (natural functionals k) Several partial results in the present pa-
per remain valid if the (limiting) additive functional k is only natural (instead
of continuous). But we stress the fact that in our key Theorem 23 (p.18), the
assumption on the continuity of k cannot be dropped. Moreover, in [FL97]
we will show that under mild conditions as in the present paper all branching
functionals & are continuous. <o

2 Path and preservation properties

In this section we investigate the following question. Suppose that for a “starting
point” (r, ) a certain property p of particles’ motion process £ holds m, ;—a.s.
When can we say that, m..-a.s., the process s — (s,£,) passes only through
those points (s, y) such that the property p is valid 7, ,—a.s.?

An ezample of that sort of questions is the following case (which will essen-
tially interest us later in this section). Suppose that k!, k?,... are (continuous)
additive functionals of the (cadlag right Markov) process £ = (¢;,S, 7 2). Fix
a starting point (r,z) € I x E. Assume that =, ;—almost surely the (finite)
measures k™ (as measures on [r, T]) converge weakly to k as n — oo. Is it then
the case that 7, ,—almost surely, for every s € [r, T], with =, ¢, —probability one,
k™ converges weakly to k (as measures on [s,T])?

With Proposition 12 at p.13, we will give a positive answer to this type
of question. At this place it might be helpful to give a heuristic reasoning
which indicates the strategy we will use. Suppose that the following expectation
vanishes:

7T7-7m( sup limsup |k"(s,T] — k(s,T]D = 0.
s€[r,T] n

Then, for any point s € [r, T, the Markov property gives that

k™t T] — k(t,T]D) — 0.

Tr,z (ﬂ's,gs( sup limsup
te(s,T] n

Obviously, this remains true, for countably many s. Hence, if the process

S g, ( sup limsup |k"(¢, T] — k(¢, T]D

te(s,T] n



8 D.A. Dawson, K. Fleischmann, and G. Leduc

could be verified to be right continuous, we get that

7T7-7m( sup 7T57§s( sup limsup |[k"(¢, T —k(t,T]D) =0,
s€[r,T] tels,7]  n

as wanted.
This reasoning motivates in particular the following subsection.

2.1 Path properties of some class of processes

For convenience, we impose the following assumption (which will be in force
throughout this subsection).

Assumption 4 Fix a starting point (r,z) € I x E. For s € [, T], let Y; and
Z, be Ry-valued S[s,T]-measurable*) variables. Define y, := s, Ys and
zs := Ty ¢, Zs (which could be infinite at this stage). Suppose 7, Y, < oc0. <

Note that we do not assume 7, Y, < oo for every (s,y) € [r, T] x E. Recall
that 'non-negative’ always means R;—valued. The main result of this subsection
is:

Proposition 5 (non-negative cadlag process of class (D)) Impose As-

sumption 4. Let in addition s — Y, be right continuous and non-increasing (for

each w, as Ry —valued functions). Then the following statements hold:

(i) The process y = {ys i r<s< T} is 7, ¢ —indistinguishable from a non-
negative cadlag process of class (D). B

(ii) If additionally Z <Y, and s — Z, is cadlag (as Ry —valued functions),
then z = {zs i r<s< T} is also m, 5 —indistinguishable from a non-
negative cadlag process of class (D).

Before providing the proof, we need some lemmas and definitions. Consider
Y as in the theorem. For every ¢ € [0, oo, define

Yo 1= T2, Y, Yii=cnY;.

s
Note that Y,*° =Y, and y>* =y, .

Lemma 6 Let c € [0,00]. Suppose that with respect to ., the process y° is
indistinguishable from a non-negative process and belongs to class (D). Then it
is 7, o —almost surely right continuous.

Proof Step 1° We first establish that y° is optional. Given £ (with respect
to 7, g), for n > 1 introduce the step function

n—1

y?ﬁ = Z 1[52",52’_'_1)(3) 7'['5755Ysc?+1, r S s S T’ (5)

n=0

4) Note that &2, = & 5, T] is not a filtration since $% C S, a < b, does not hold.
T T T P
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where s 1= r—i—%(T—r), fori =0, ...,n. Obviously, the 7, ;—almost surely non-

negative process y™°¢ is m, ;—a.s. right continuous 5) and thus optional. Clearly,

pointwise y¢ = lim, y7*° holds. Therefore 3¢ is also optional.

Step 2° Let 0, < T be r—stopping times non-increasing to (the r—stopping
time) o as n — oo. Then by the definition of y¢, the strong Markov property,
right continuity of Y ¢, and the monotone convergence theorem, we have

. c e c _ 1 c _ c _ c
hgbnﬂ-ﬂm Yo, = hTILnﬂ-TyE ﬂ-UmganYan - hgbnﬂ-ﬂm Yan = Trz Ya = TrelYs -

Hence, according to [Dyn94, A.1.1.D, p.116], the 7, ,—a.s. non-negative process
y° is m, z—a.s. right continuous. [ |

Corollary 7 For every ¢ € [0,00), the non-negative process y° is Tpz—a.s.
right continuous and belongs to class (D).

Proof This is immediate from the above lemma and the fact that these pro-
cesses are bounded (by ¢). |

Lemma 8 The R, -valued process y is T,z —indistinguishable from a non-nega-
tive process (that is, Ry —valued process).

Proof According to Corollary 7, for c finite, the non-negative process y° is m, z—
a.s. right continuous. Therefore, sup,.,«7 y: is measurable, and monotonously
converges to sup,<,<r ¥s as ¢t co. Hence, for n > 0,

71',.,;,:{ SUP,<s<T Ys > 77} = limese 7T7'7'“’3{ SUPr<s<T Ys > 77}-
We can thus invoke Proposition 58 of p.42 in the appendix, and continue with

Tral SUP,cocr ¥s >N} < 77 liMel00 SUP,coer Tro US

—17:
N~ limey 00 SUP, <ot Mre Yo

77_1 hrnc—)oo Tr,z YTC
N im .Y, < oo.

IN N

Letting n — oo gives the claim. |

Lemma 9 With m, ,—probability 1, y is non-negative, and it belongs to class

(D).

5) If Y. has the form Y, := f(s,fs) for a measurable bounded f then the my .—a.s. right
continuity of y™° is immediate form the definition of a right process (see [Dyn94, p.27]). The
more general case reduces to the just mentioned one by taking the conditional expectation.
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Proof First of all, for r—stopping times ¢ < T,

SUp TpzYo — SUP Trg Y, < ﬂr,er < oo
r<o<T r<o<T

by the Markov property and monotonicity of Y.

Consider a collection of measurable sets T',, with the property m, 5 (Ir) N\, 0
as n — oo. Let us indicate by WS; the conditional expectation with respect to
Q7 := S[r,o]. We have that

T T

\sa pa— \sa
Tr,z 1]."n Yo = TrzTrz 1]."n Yo = Trz (7Tr,z: 11"n)y0'

since y, is measurable with respect to &7, . By the strong Markov property, we
can continue with

S

Tr,z (77-7',% 11"n)y0' = Tr,z (ﬂ-S% 1Fn)7T0',§, Y, = Tr,z (ﬂ-S% 1Fn)Ya < Tr,z (ﬂ-S% 11"n)Y7' .
Suppose it is the case that

limsup sup ﬂr,m(ﬂfélpn)Yr > 0. (6)
n r<o<T

Then we can find a sequence of r—stopping times o,, < T such that
Tr,z (7‘[‘:;" 11-\n)YT > 4, n >0, (7)

for some 6 > 0. But

T

Tr,z ﬂr,;n 1]."n = Trz (I‘n) \( 0.

n

Hence ﬂ:;" 1r, (strongly) converges to 0 in L'(, ;). Since 0 < 7T7-\j

we have that

z"1r, <1,
0< (mnz 1n, ) Ys < Y, € L (me).

Consequently, appealing to the dominated convergence theorem (in the version
of [EK86, Theorem A.1.2]), we obtain that

.
T (Te” Ir, ) Yo — 0.
n

This contradicts (7). Therefore (6) is impossible, hence

limsup sup mlr, ¥y, = 0.
n r<o<T

That is, y belongs to class (D). |
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Proof of Proposition 5 (ii) Besides Y, consider Z as in the theorem. Im-
mediately from the Lemmas 8, 9, and 6 it follows that y is m, ;—a.s. a non-
negative right continuous process of class (D). Since 0 < Z;, < Y, we get that
0 < z; < ys, and therefore z belongs to class (D). We have to show that z is
Tp z—a.8. cadlag.

Consider
ni_jl L7, 57,,)(8) Ts,6, Zs7, r<s<T,
where again s := r 4+ L(T —r), for i = 0,...,n. The process 2" is cadlag

Tr z—a.8., and thus optional. We have that

1[5“5 ( )Zs?+1 < 1[ - ( )Yn < 1[ STy )( )Y .

2+1 ) 7,+ )
Since y, = ms¢,Ys < 00, Ty z—a.s., the above inequalities allow to invoke the
dominated convergence theorem and we obtain

n—1

ZO 1[5175,,,_*_1)( )ﬂ-S,EsZS?_H T) ﬂs,gszs.

n=

That is 27 —, 2z, . Therefore the process z is optional.
Let 01,02,... < T be a non-increasing sequence of r—stopping times con-
verging to o. Recall that by assumption Z is Ry—valued cadlag, and that

0 <sup,cocrZs <Yr € L' (7y5)-
Hence, Z is m, p—a.s. non-negative, and by definition,
Trz 2o, = Tre Mo ko, Lon = Tre Loy, -
Invoking the dominated convergence theorem, we get
limy, 7y ¢ 25, = limy, Ty 2 Z5, = Mo Zo = Tp g 20 -

Hence, z is 7, ;—a.s. right continuous (recall [Dyn94, A.1.1.D, p.116]). An anal-
ogous reasoning, invoking Lemma 57 from the appendix, shows that z has also
left limits 7. ;—a.s. Consequently, z is m, z—a.s. non-negative cadlag, proving
(i1).

(i) Y itself satisfies the assumptions on Z in (ii), since it is in particular
cadlag. Hence, by the already proved statement (ii), together with z also y is
Tr z—a.8. non-negative cadlag, finishing the proof. |

2.2 The case of indistinguishability from zero

Recall that in this section we investigate conditions under which the following
holds. If a certain property g is true m,.-a.s., then m,;—a.s., the property p
is true 7, ¢, —a.s. for all s € [r, T]. In this subsection now, g is the property of
being indistinguishable from zero.
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Lemma 10 (preservation of indistinguishability of zero) Fiz a starting
point (r,z) €I x E. Let Y, , s € [r,T], again be Ry -valued S[s, T]-measurable
variables. Suppose that Y = {Y,},c[r 1] is non-increasing and right continuous,
and that 7, .Y, < co. If {Y,}sc[r, 1] i85 7y o —indistinguishable from zero, then

Wr,m{{yt}te[s,:r'] is m, ¢, —indistinguishable from zero, Vs € [r, T]} =1, (8)

or equivalently

m,m( sup ﬂs,gs( sup Yt)) = 0. (9)

s€[r,T] te(s,T]

Proof According to Proposition 5 (i), the process s — y, = 7m,,¢,Y, is m, g—a.s.
a non-negative cadlag process of class (D). By the strong Markov property, for
every r—stopping time o < T,

TrzYo = Traz Y, = 0.

Hence, if s — 0, denotes the process which is constant and equal to 0, we have
that for every r—stopping time o < T

TrzYo = Traz 0,. (10)

Consider now y as a process on the time axis Ry stopped at time 7. Since
Yr =0, 7, z—a.s., then for every stopping time 7 we have Ypa, = Y, . Then (10)
and [Dyn94, A.1.1.E, p.116] imply that y is 7, ;—almost surely indistinguishable
from zero. Since Y is non-increasing, we have that sup,¢,«p Y: := Y, . Hence
Ts.t, (sups<t<T Yt) is 7, z—a.s. indistinguishable from zero. This is exactly what
we wanted to prove. |

2.3 Preservation of initial properties
for additive functionals

Assumption 11 (initial properties of additive functionals) Denote by
k1, ..., k™ (non-negative) continuous additive functionals of our cadlag right
process ¢ = (& ,S, ). In the sequel we also write &k instead of k®. We
assume that, for the starting point (r,z) € I x E we have

() 7o V E*(r,T]< 0,8 and
n=1
(8) with m, ;—probability one, k™(s,T] = k(s,T| for every s € [r,T. <

Note that the requirement “for every s € [r, T]” in part () of Assumption
11 can be replaced by “for every rational s € (r,T] and s = r”, hence it is a

6) Note that we included k® in the definition of k™, so that £°° is also involved in such a

supremum expression.
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measurable assertion. In fact, k*(s, T] and k(s, T] are monotone and continuous
in s. Note also that (3) implies that

Tro—almost surely, k"(s,t] —n k(s,t] whenever r<s<t<T (11)

(indeed, consider differences).
The main result of this section is:

Proposition 12 (preservation of initial properties)  Under Assumption
11, with m, o —probability one the process s — (s,&;), s € [r,T|, will pass only
through those points (s,y) such that

(o) 7oy V k*(s,T] < 00, and
n=1
(8) with m, y—probability one, k™(t,T] —n k(t,T] for every t € [s,T].
Before providing the proof of Proposition 12, we need to establish some

preliminary results. For this purpose, for s € [r,T] introduce the following
notation:

Y=V k"(s,T], Y? := sup limsup |k™(¢,T] — k(¢, T]|, (12)
n=1 te(s,T] n

Y2 := limsup |k (s, T] — k(s, T|

s
n

: (13)
and set y 1=, V7 fori=1,2,3.

Lemma 13 The variables Y

t,1=1,2,3, s€[r,T)], are measurable.

Proof We need only to consider Y2. It suffices to show that for a > 0 fixed,
we have Y2 > a if and only if

sup lim sup ‘k”(q, T] — k(g, T]‘ > a. (14)
rational g€ (s,T] n

But Y2 > a implies the existence of some ¢ € (s,T] such that

lim sup
n

k™t T] — k(t, T]‘ > a. (15)
Given € > 0 small enough, the latter inequality yields
k™(t,T] > k(t,T]+a+ 2¢ for infinitely many n,

or
k™(t,T] < k(t,T] —a—2¢ for infinitely many n.
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In the first case, by the continuity of k, we find a rational ¢ € (s,t) such that
k(g,t] < e. Hence,

k™(q,T] > k(q,T]+ a +¢ infinitely often.
Together with an analogous argument in the second case, we arrive at the in-
equality (15) with ¢ replaced by g, giving (14). Note that (14) implies Y2 > a,
finishing the proof. |

Lemma 14 Under Assumption 11, the non-increasing R, —valued processes Y'*
and Y? are right continuous.

Proof Actually, we have only to prove that Y'! is right continuous. Suppose
on the contrary that for some s (and a fixed w)

V £ (s,T] i=a > g := lim V k"¢, T).
n=1 5 n=1

Then, for every n,
8 > tl{n k™ (t,T] = k"(s, T,

since k™ is a measure. Thus 8 > \/>° | k™(s,T] = o which is a contradiction.
Therefore Y! is right continuous. |

Remark 15 Note that under Assumption 11, by Lemma 14 and according to
Proposition 5 (i), the processes y' and y? are m,;—a.s. non-negative cadlag and

of class (D). O

Lemma 16 Under Assumption 11, for £ = 1,...,00 and s € [r,T], let 1 be
(s, T)-measurable non-negative variables. Suppose that with respect to m, 5 the
Y1, 92, ..., > are measurable processes uniformly bounded by a (non-random)
constant. For r < s < T, and M € {1,...,00} put

M
Z.00) 1= N |fimy 97 K@) = iy 957 £(d)
and
2s(M) 1= e, Z,(M).

Then the process z(0o) is T, g —indistinguishable from a non-negative cddldag
process of class (D).

Proof Set B :=sup, ,|y7|, and let M be finite. Note that

Z,(M) < 2B | k"(s,T] = 2BY} € L'(r,.) (16)

n=1
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and that Z(M) is non-negative cadlag. Hence, by Lemma 14 and Proposition
5 (ii), the process z(M) is m, z—a.s. a non-negative cadlag process of class (D).
By monotone convergence, z;(0o) = limps z;(M), and therefore z(oo) is op-
tional. For all M, from (16) we get 2,(M) < 2By}, and recalling Remark 15,
we conclude that z(oo) is m,z—a.s. non-negative and belongs to class (D). All
that remains to be proved is that z(oco) is cadlag, 7, ;—a.s. Clearly, because of
(16) and the monotonicity of Y'!, we have that Z(oo) is m, ;—a.s. non-negative.
From the elementary identity

Y|an—a| = (Yan—a) v (a—{l\an)

we conclude with Lemma 14 and Corollary 60 from p.43 that Z(oco) is 7, z—a.s. &
right continuous non-negative process. Now, if o,, < T are r—stopping times non-
increasing to ¢, by the strong Markov property, 7, g 2o, (00) = T 5 Z5, (00). By
right continuity, Z,, (00) converges to Z(00) as n — co. Because of (16) we can
invoke the dominated convergence theorem to derive that lim, m, ; 25, (c0) =
Tre Zo(00). But again m, g Z,(00) = 7 25(00), and hence lim, 7, 25, (00)
= Ty, Zo(00). This proves that z is m, ;—a.s. non-negative right continuous. A
similar reasoning, invoking Lemma 57 at p.41 shows that z also has left limits
T z—a.5. [ |

Proof of Proposition 12 Step 1° According to Remark 15, the processes
1 d 2 _ : N
y* and y° are 7, g—a.s. non-negative cadlag processes of class (D). By Lemma
16, if we put for N > 1,
o0
YP(N) = V (K5, T] = k(s,T),  92(N):=mee, Y(N),
n=N

then y*(N) is also 7, ;—a.s. a non-negative cadlag process of class (D). Since
Y2(N)<Y! < oo, mrs-as., and Y2(N) \,Y? (defined in (13)) as N — oo, we
get by dominated convergence that y3(N) \, y2 as N — oo. This establishes
that y® is a non-negative optional process of class (D).

Step 2° Recall that 3! is in particular Ty z—indistinguishable from a non-
negative process, by Remark 15. In other words: 7, z—a.s. the process s > (s, £;)
passes only through points (s, y) such that m,, \/oo; k™ (s, T] < oo.

Step 3° Recall that Y2 defined in (12) is R, —valued non-increasing and right
continuous, and by Assumption 11, m, —indistinguishable from 0. Hence, by
Lemma 10, the statement (9) holds (with Y2 instead of Y). In other words:
With 7, ;—probability one, the process (s,&;) passes only through points (s, y)
such that 7, ,—almost surely, k"(¢, T| —, k(t, T for every t € (s,T]. (Note that
t = s is not yet included in the statement.)

Step 4° From step 1° we know that y® is a non-negative optional process of class
(D). Moreover, by the strong Markov property, we have for every r—stopping
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time o < T that

Tr Yo = Trg limsup |k™(o, T] — k(o, T]| = 0.

n

And therefore, according to [Dyn94, A.1.1.E, p.116], the process y® is m, ;—a.s.
indistinguishable from zero. In other words, with m, ;—probability 1, the process
(s,&,) passes only through points (s, y) such that =, ,—almost surely, k"(¢,T]

n k(¢, T, for ¢t € [s,T. |

3 Key result: fdd continuity in (@, k)

After the preparations in the previous section, we turn to the continuous de-
pendence of finite-dimensional distributions of (€, ®, k)-superprocesses on their
regular branching mechanism ® and branching functional & (Theorem 23 at
p.18). A key step in deriving this will be Proposition 39 at p.26 describing the
convergence of log-Laplace functionals for those starting points (r, ) such that
s > (s,&) will pass 7, ;—a.s. only through those points which preserve some
moment and convergence property of the branching functionals in the sense of
Proposition 12. As an application we prove that (€, ®, k)-superprocesses can
fdd be approximated by “classical” superprocesses (Theorem 26 at p.19).

3.1 Basic assumptions: branching mechanism ¢

Assumption 17 Now we complement the basic Assumption 1 from p.5 (con-
cerning the motion process £):

(f) (branching mechanism) & is always a (local) branching mechanism of
the form

B(r,z, ) = b ()% + fooo e(ud) n(r, z, du), (r,z,\)eIx E xRy,

where e(z) :=e %+ 2z — 1, where 0 < b (z) <1 is measurable in (r,z),
and where n is a kernel satisfying the condition

0< [u?n(rz,du) <1, (r,2)€IxE.

Here ‘kernel’ means: n : Ry x E — M is measurable, where M =
M(0, 00) is the set of all measures on the locally compact space (0, o),
finite on compact subsets, endowed with the topology of vague convergence
(Polish space).

(g) (regular ®) Additionally, the branching mechanism & is often assumed
to be regular in the following sense. If for each starting point (r,z) in
I x E the process s — z; is non-negative cadlag with m, ;—probability
one, then so is s — ®(s, &, , 25). <



Continuous dependence, and applications 17

The following result is taken from Leduc [Led97a, Theorem 1.2], who gener-
alized Theorem 5.2.1 of [Dyn94] where the admissibility (4) on k& was imposed
rather than only the boundedness (3) of characteristic.

Lemma 18 (‘unique’ existence of the (¢, ®, k)—superprocess) To each
branching functional k and branching mechanism ®, the (£, ®,k)-superpro-
cess X ewxists. More precisely, an M;s-valued (time-inhomogeneous) Markov
process (X, F, P, ,) exists (in the sense of Assumption 1(d1)) with log-Laplace
transition functional

—log Py yexp(Xe,—f) = [vre(f p(dz) (17)

0<r<t<T z€kE, feb&y, where v=1u9(f) =v..:(f) >0 solves the
(&, ®, k)—evolution equation

'Ur,t(f)(m) == 7'r7',;l:f(£t) - 7r7',z: f(r,t] (19(3, 55 ] ’Us,t(gs)) k(ds)a (18)
and is the only log-Laplace solution to that equation.

From now on we restrict our attention to such (€, ®, k)-superprocesses. That
is, speaking of a (¢, ®, k)—superprocess we tacitly mean that £ is a cadlag right
process, k a branching functional and ® a branching mechanism, all according
to our basic Assumptions 1 and 17. Moreover, since the log-Laplace transition
functional (17) of the (¢, ®, k)—superprocess X is uniquely determined by v, for
simplicity we call v the log-Laplace functional related to X (as we did already
in Section 1).

Remark 19 (projection, criticality, total mass process) The motion pro-
cess € of the (¢, ®, k)-superprocess X (we consider in this paper) can be re-
covered by projection (ezpectation formula):

PT,#<Xtaf>:7T7',,uf(£t)a 0<r<t<T, peMs, fEb5+.

This in particular implies that X is critical, that is, the total mass process
t— (X:,1) is a martingale (with respect to the natural filtration of X). <

Remark 20 (finite variances) These (£, ®, k)—superprocesses have finite sec-
ond moments:

supPT,#(Xt,l)z < 00, tel, pe My, (19)
r<t

(i.e. with some uniformity in the starting time ). <
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3.2 The fdd joint continuity theorem
The formulation of our main result will be based on the following definition.

Definition 21 (uniformly of bounded characteristic)  If the branching
functionals k!, ..., k™ = k satisfy

sup g k7 (r, T] < o0, (20)
n=1 (T,E)EIXE

they are called to be uniformly of bounded characteristic. <o
For convenience, we introduce the following assumption.

Assumption 22 Consider branching mechanisms &1, ®?,... converging uni-
formly to a regular branching mechanism &®. Moreover, consider branching
functionals k!,..., k% = k being uniformly of bounded characteristic. Suppose
that for every starting point (r,z) € I x E and every r—stopping time o < T
we know that k™(r, o] converges to k(r,o] in L(m. ;) as n — oo. <

Theorem 23 (joint continuity in fdd) Impose Assumption 22. Then the
related log-Laplace functionals converge:

v (F)(2) = vre(F)(2), 0<r<t<T, z€E, febé,. (21)
Consequently, the related superprocesses converge fdd.

The proof of this theorem requires some preparation, provided in the follow-
ing subsections. We first completely concentrate on the case " = ®. For this,
the final steps in § 3.9 then follow along the lines of construction of a general
class of (¢, ®, k)—superprocesses given in Leduc [Led97a, Proposition 4.20]. Then
in §3.10 we remove the ®” = & restriction by an approximation procedure.

Note that the requirement in Theorem 23 that the limiting ® is regular
cannot be dropped:

Example 24 (fdd discontinuity for a non-regular ®) Let k" be a (deter-
ministic) absolutely continuous (with respect to Lebesgue measure) probability
law on I = [0, 1] converging weakly as n — oo to a singularly continuous law
k with support the Cantor set C. Set ®(s,z,)) = A%1pc(s), that is con-
sider the “binary splitting” but only at time points s outside the Cantor set
C. Note that ®(s,&s, ) k™(ds) = A?k™(ds), for any motion process £. Hence,
the (€, ®, k™)-superprocess is precisely the (£, A2, k™)-superprocess. Therefore,
by Theorem 23, the (¢, ®,k™)-superprocesses converge fdd to the (£, 2, k)-
superprocess as n — o0o. Note that this limiting process is non-degenerate.
In fact, it has non-zero variance: Varos, (X1,1) = 2k(I) = 2. On the other
hand, ®(s,&;,A) k(ds) = 0. Thus, the (£, ®, k)-superprocess is degenerate: It is
the deterministic mass flow according to the semigroup of the motion process.
Consequently, for this non-regular ®, fdd continuity in k is violated. <o
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For fized branching functional k, the fdd continuity in the branching mech-
anism & can be sharpened by using a weaker convergence concept for ®, and
by allowing non-regular limiting .

Proposition 25 (fdd continuity in ® only) Fiz a branching functional k.
If the branching mechanisms ®" converge boundedly pointwise to the branching
mechanism ® as n — oo, then the related log-Laplace functionals v, and v
converge as expressed in (21).

The proof of this proposition is postponed to §3.11.

3.3 Application: fdd approximation
by classical processes

We can use our fdd continuity Theorem 23 to show that all the (£, ®, k)-super-
processes (of the present paper) with regular branching mechanism ® can be
approximated by superprocesses with a “classical” branching rate. Note that the
approximating branching functionals k™ are in particular absolutely continuous
with respect to the Lebesgue measure.

Theorem 26 (fdd approximation by classical processes) Let ® be a reg-
ular branching mechanism, and k be a branching functional. Then there exist
bounded measurable functions o™ : IXE — Ry, n > 1, such that the (£, D, k")~
superprocesses X™ with “classical” branching functional

k™(ds) := o7 (&)ds (22)
converge fdd to the (£, ®,k)-superprocess X as n — oo.

The proof of this theorem will be provided in § 3.12.

3.4 Convergence of branching functionals

Next we want to reformulate the convergence of additive functionals occurring
in Assumption 22.

Proposition 27 (convergence criterion for additive functionals) Let

kl,...,k® =k be continuous additive functionals of €. Fiz a time point r € I,

and a measure p € Mg. The following two conditions are equivalent:

(i) k"™(r,o] converges to k(r,o] in L*(m.,) as n — oo, for each r-stopping
time o <T.

(i1) For every subsequence {k™™} of {k™} there exists a subsequence {k™™:} of
{k™™} such that

() mpp V E"mi(r,T] < 00, and
i=1

=
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(8) sup

s,t: r<s<t<LT

k™mi(s,t] — k(s, ]

— 0, m,-a.e.

11— 00

Proof (i) = (ii)(a@) Let {k"™} be a subsequence of {k™}. Since k"™ (r, T
converges to k(r,T] in L*(m, ,) as m — oo, we have by uniform integrability,
that

T (1{/(:”"”(1‘, T] > k(r,T]+ 1}/6”"”(1‘, T]) f— 0.

By choosing a subsequence such that the above terms do not only converge to
zero but form also a convergent series, we get (ii)(e).

(i) = (ii)(B8) Let {k™™} be a subsequence of {k"}. With the use of Cantor’s
diagonalization method one finds a subsequence {k™™:} such that

k"™ (r,q] — k(r,q]| — 0 for every rational ¢ € (r,T]and ¢ =T (23)

7r u—a.e. But then, because the mappings ¢t — k"™ (r,t] are non-decreasing,
that implies that ., ,-almost everywhere, k"=i(r,t] —; k(r,t] for all ¢ in
(r,T]. In fact, fix w such that (23) holds, and take € > 0. Since k is continuous
by assumption, we may choose two rational numbers ¢1,¢2 in (r,T) such that
g1 <t< gz and k(g1,¢92] < €. Then

k(r,t]—e < k(r,q1] = lim; k"™i(r,q1] < liminf; k™™ (r, ]
< limsup; k"™ (r,t] < limy; k™™i(r,q2] = k(r,q2] < k(r,t]+e.

Therefore, since ¢ can be made arbitrarily small, the liminf; and limsup,
expressions must coincide with k(r, ¢]. Since all the functionals are monotone in
t, and k(r,t] is uniformly continuous in ¢, we get

sup |k"™i(r,t] — k(r,t]] — 0, m,,—a.e.
te(r,T] 71— 00

The claim (8) then follows from a difference expression.

(ii) = (i) Toshow this implication, suppose that (i) is not verified. Then, for
some r—stopping time ¢ < T, it is possible to find an € > 0 and a subsequence

{k™m} of {k™} such that for every m
T u| k"™ (7, 0] — k(r,0]| > €. (24)

On the other hand, according to (ii), it is possible to choose a subsequence
{k"™i} of {k"™} such that (ii)(a) and (ii)(8) are satisfied. Passing to differ-
ences, with Lebesgue’s theorem this implies that k"™ (r, o] converges to k(r, o]
in L*(m, ,). This obviously contradicts (24), and the proof of the proposition is
finished. |

For applications of our main Theorem 23 the following sufficient criterion
for the convergence of additive functionals might be helpful.
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Lemma 28 (sufficient criterion) Let kl,...,k® = k be branching function-
als which are uniformly of bounded characteristic. Fiz r € I = [0,T], and
u € Ms. Let m, ,—almost everywhere k™ weakly converge to k as n — oo.
Then the assertions (1) and (i) in Proposition 27 hold.

Proof We want to prove (ii). Let {k™™} be any subsequence of {k"}. Arguing
as in the end of the step (2) = (4)(8) in the proof of Proposition 27, it remains
only to show the existence of a subsequence {k"™} of {k™™} such that («)
holds.

If {a,} is a sequence of numbers converging to @ as m — oo, then either
SUp,, @m < @+ 1, or there exists a smallest integer M such that sup,, an =
ay > a-+ 1. Then

supam < a+l+4ay = a+14> anl{M =m}.

Thus it suffices to show that there exists a subsequence {k"™:} such that
Mo S K (r, T] 1{k””i(r, T > k(r, T + 1} < oo.

Interchange integration with m, , and summation, apply the Cauchy-Schwarz
inequality, and the fact that

2
< o

ﬂr,#(k;”"% (r, T])2 < 2u(E) sup ey k"(s, T

n=1(s,y)EIXE

since the branching functionals k" are uniformly of bounded characteristic.
Thus, it remains to show that

2

for some subsequence {k"m:}. But the measure expressions converge to 0 as
i — oo by the assumed 7, ,—a.e. convergence, implying the existence of the
desired subsequence. |

1/2
< o0

T (k””i (r,T] > k(r, T+ 1)

3.5 Review: the log-Laplace characterization
of (¢, ®,k)—superprocesses

For convenience, here we review the log-Laplace functional characterization of
(¢, ®, k)—superprocesses, and some related facts on log-Laplace functionals, the
latter are versions of the Lemmas 4.23, 4.25 and 4.26 in Leduc [Led97a].

Lemma 29 (log-Laplace characterization) Suppose that f — v, .(f)(z),
f € b&y, is the log-Laplace functional of an Ms—valued random measure, for
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every choice of 0 < r <t < T and ¢ € E. Moreover, let © — v, .(f)(z) be
measurable. Finally, let {vr,t :0<r<t< T} form a semigroup on b&, :

v,,s(vs,t(f))(m) = v (f)(x), 0<r<s<t<T, z€E, febé,. (25)

Then there ezists a unique (in the sense of finite-dimensional distributions)
M —valued Markov process X with log-Laplace functional v (recall (17)).

For ¢ > 0, let us introduce the following set

bEY = {f ebly: f< c}. (26)

Lemma 30 (continuity in f) Let ® be any branching mechanism. Fiz t € I,
and & > 0. Let (r,z) — v,:f(z) be a non-negative solution of the (£, ®,k)-
evolution equation (18), for each f € bé’f_‘s. Moreover, let f — v..(f) be increas-
ing. Then, for each (r,z) € [0,t] X E fized, the functional f — v,.(f)(z) is
continuous on bé’_‘ls_ (in the topology of bounded pointwise convergence induced

Lemma 31 (convergence of Laplace functionals) Assume that Lp, is the
Laplace functional of some Mi—valued random variable, for eachn > 1. Suppose
there exists § > 0 such that Lp_ (f) — L(f) as n — oo, for every f € bé’_‘ls_ and
that L is continuous on that set. Then there exzists an extension of L to all of
b€, , and a probability measure Py, on My such that L is the Laplace functional
of P, and Lp_(f) = L(f) as n — oo, for every f in b€, .

Lemma 32 (semigroup property of solutions) Suppose

f — <,U,, Ur,t(f)) ) f € b5+,

1s the log-Laplace functional of an Ms—valued random measure, for every choice
of 0<r<t<T and p € M;s. Moreover, let ® be a branching mechanism, k
be a branching functional, and let (r, ) — v, f(z) solve the (£, ®, k)-evolution
equation (18), for each t € I and f € b€y fized. Then the semigroup property
(25) holds.

3.6 Solutions to the evolution equation
in the case of small f

By a slight abuse of notation, we adopt the following convention.

Convention 33 For convenience, we will often write ||g(r,z) instead of

lloo
l9(:s )leo = sup,, lg(r,z)|. That is, even though the time space variable (r, z)
in I x E appears under the norm sign, the supremum is always taken over them,

also if additionally other parameters are eventually involved, as N etc. <o



Continuous dependence, and applications 23

The following lemma is taken from Leduc [Led97a, Lemma 4.21].

Lemma 34 (local Lipschitz continuity) Let ® be a branching mechanism.
Then, ®(r,z,0) = 0. Moreover, for every ¢ > 0 and A1,z € [0,c],

[|@(r, 2, A1) — B(r, 2, A2)|| o, < 3|1 — Az]. (27)
Finally, if 0 < A1 < Ay then 0< ®(r,z, ) < ®(r,z,A2), (r,2) €I X E.

As a first step towards the proof of our main theorem, here we want to give
an independent construction of a solution to the (€, ®, k)-evolution equation
(18) in the case of small f.

Proposition 35 (solution for small f) Fiz t € I, a regular branching mech-
anism ®, and a branching functional k. Let § > 0 satisfy

34 sup T k(r,t] < % (28)
(r,z)€[0,t]x E

Then, for f € bé’_‘ls_,

(1) (unique existence) a unique measurable function v..(f) > 0 ewxists which
solves the (£, ®, k)-evolution equation (18), and

(ii) (cadlag regularity) the process s — vs:(f)(&), s € [rt], is cadlag
Tr,o—0.8., for every starting point (r,z) € [0,t] X E.

Proof Fix ¢,®,k, f as in the proposition. Let B¢ be the set of all measurable
mappings u from [0,t] x E to [0,d] such that s — u;(€;) is cadlag. Equipped
with the metric generated by the supremum norm |||, , this is a complete
metric space. Define an operator G on B¢ by

Gu)(r,2) := Trof(€) — Trof(&) ATy f(r’t] <I>(s, &, us(fs)) k(ds).

We want to show that G maps into B%%. Let ¢, < T be r—stopping times
monotonously converging to ¢ as n — oco. Only by the Markov property,

lim TreTopn,ban f(gt) = ﬂr,mﬂa,ggf(gt)-

n—r 00

Similarly, by a property of measures,

lim 7 275, 6, f(o’n,t] ‘I’(safs ) Us(fs)) k(ds)

= TrzToé, f(‘,,t] (19(3, &, U's(gs)) k(ds)

By [Dyn94, A.1.1.D, p.116] and Lemma 57 at p.41, this establishes that the
processes

s e, f(&) and s> me, f(s,t] (s, & us(€sr)) k(ds')
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are cadlag m, ;—a.s., for every starting point (r,z) € I x E. Thus

linlfn—)ooﬂ'r,mG(U')(Unagan) = Wr,mG(u)(Uaga)a

showing that s — G(u)(s, &) is cadlag. Hence, G maps B¢ into itself.
Let z! and 22 be two mappings in B%. From (27), we get

|CI> (s,fs,zsl(:n)) - (3,55 ,z?(m)” < 35”2:1 - z2||°°'
Thus,

G (rz) — G ()| < 38 fiy 12t — 22l k(ds)

36|zt — 23|00 SUp,. ; Tr,z k(r, 1]

ININ IA

zllzt = 2%le

where we used (28). Hence, G is a contraction on Bt¢. By the Banach fixed
point theorem, there exists a (unique) element u in B¢ which solves

ur(z) = G(u)(r,2) = Traf(€) = Traf(€e) A oo fi, g B(5)€s s us(Es)) k(ds)
on I x E. Let us now show that, indeed, u solves (18). To do this, let
o = inf {5 € (nt]: Mg, fi, g @ (' &ory uar(€e)) B(AS') < e, F(E) }
Note that u,(s,&) = G(u)(s,&) = 0 for s € (r,07], hence ®(s,£,,u,(€s))

vanishes for those s. Thus, using the strong Markov property, we are allowed to
write

Ur(2) = Moo f(€e) = Tra f(e) ATroTorgor fgm g B (5, €5, us(€5)) k(ds),
for all r, z. But, by definition of o7,
TreTor,é,r f(ar,t](}(s’fs’%(fs)) k(ds) < oMo, (&) = mref(&)
Consequently,
T J(6) AT [y ®(5, 6 0s(80)) (d9) = e [, 1 @(s, 66 a(€2)) K(d)
Therefore, u solves (18), proving the existence part of the proposition.
In the definition of B%?, drop now the cadlag requirement and allow values in

[—F,6]. Then the r.h.s. of the evolution equation (18) still defines a contraction,
yielding also the uniqueness claim. This finishes the proof. |
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3.7 Special notation

For convenience, we introduce the following special notation.

Notation 36 Consider a regular branching mechanism &, and branching func-
tionals k%, ..., k™ = k of uniformly bounded characteristic. For n > 1, let v"
denote the log-Laplace functional related to the (€, ®, k™)—superprocess.

(i) (nice starting points) Denote by C' = C(kl, ..., k*) the set of all points
(r,z) € [0,T] x E such that

() mrp V k™(r,T] < 00, and
n=1
(8) mro—a.s., k™(s,t] =5 k(s,t] whenever r <s <t <T.
(ii) (special norm) For any mapping h: [0,T] x E — R, we set
[~(r, 2)llc = suP(s,0)ec |h(r,2)]

(applying the Convention 33 introduced for || - ||oo analogously to || -||¢)-
(iii) Fort € I and f € b&, fixed, for n > 1 and r € I we pose

vy = U:L,t(gr); v 1= pe(€r);
oy = (I)(Tagravf,t(gr)); ¢, = (I)(Tagravr,t(gr));
Sy 1= SUPgyy, f(r,t] @} k*(ds) — f(r,t] ®; k(ds)|,

with reading such quantities as 0 if » > t.

(iv) B will denote the following supremum expression:

I}

&

su? { || 75,2 limy, S7'|| 5 V sup, ‘ f(r’t] L kf(ds) — f(r,t] ®; k(ds)

te

Tr’l',ﬂ:

Lemma 37 We have B < oo.

Proof First pass from the minus sign to a plus sign in the definition of S7.
From the definition of ® in Assumption 17 (f) we obtain

12(r, 2, M)lleo < 5 2% (29)

since 0 < e(z) < 22/2, z > 0. Recall that the log-Laplace functionals v™ solve
the (€, ®, k™)—evolution equation (18) (with k replaced by &™). Hence,

0 <o, (f)(2) < Iflleo - (30)

Using this domination, altogether we get the estimate

< 2IAI% (KA T) 4 R T]). (31)

‘ Jory B KA (ds) — f,, B k(ds)
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Taking the m, z—expectation, the finiteness of the second part in the definition
of B immediately follows from (20). On the other hand, for the first part, take
the supremum on £ > n and the limit as n — oo of the r.h.s. of (31) to get
3 ||f||io k(r,T) with 7, ,—probability one, for each (r,z) € C. Hence,

0 i 52l < const|me A(r, Tl
which is finite, again by (20). |
Later we need also the following simple fact.

Lemma 38 (convergence of functionals) Fiz a starting point (r,z) € C
(with C defined in Notation 36 (1)) and t € [r,T). For s € [r,t], let s denote
(s, t|-measurable non-negative variables, and let s — 1, be T, ,—indistinguish-
able from a cadldg process, bounded by a (non-random) constant. Then,

f(r,t] w-"' kl(ds) ¢ f(r,t] ws k(ds)

with 7, o —probability one.

Proof This e.g. immediately follows from [Bil68, Theorem 5.1]. |

3.8 Key step: convergence of log-Laplace functionals for
nice starting points

The central part in deriving our key result is the following proposition concerning
the convergence of log-Laplace functionals for small test functions f, and for
starting points in C (guaranteeing some convergence of the functionals &™).

Proposition 39 (convergence if start in C) Consider a regular branching
mechanism ® and branching functionals k', ..., k™ = k which are uniformly of
bounded characteristic. Let f € b€, be such that

3| flleo lI7r.a k(r, Tl < 5 (32)

Then for the log-Laplace functionals v™(f) = v™, n > 1, of (17) related to
k', k2, ..., respectively, we have

lim, vy, (2) = vr:(2), (r,z)eC, te][r,T],

with v = v(f) the (unique) “small solution” of the (£, ®, k)—evolution equation
(18) constructed in Proposition 35, p.23.

In order to explain the concept of proof, recall in particular the symbols
S and B introduced in (iii) and (iv) of Notation 36. For r,z,t as in the
proposition, we clearly have

|vf7t(m) — vr,t(m)| < BAT,

f(r’t] ®7 k™ (ds) — f(r,t] ®; k(ds)
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and thus
|vf7t(m) — vr,t(m)| < BAmS. (33)

Assume for the moment that we already showed the following lemma.
Lemma 40 Under the assumptions of Proposition 39,

limm, .S =0, forall (r,z)eC and telr,T].

Then Lemma 37 and (33) will establish the claim in Proposition 39. So it
remains to verify Lemma 40 (for which the bound B in (33) will be essential).

Proof of Lemma 40 Step 0° For the moment, fix t € I. For n > 0,
€ [0,%], and z € E, set

noo.,
Or,a: = Tre Supl>n

f(” ®, k*(ds) f(” B, k(ds)|. (34)

Just as we derived (31),

SUPy>p

f(”@kds f(t@ k(ds)

< 305 {_71kl(r,t]eL1(m,m).

Therefore, we can invoke Lebesgue’s theorem, Proposition 35 (ii), the regularity
of ®, and Lemma 38, to obtain that for every (r,z) € C, r <1,

limy, oy, = 0.
Step 1°  We next establish that for (r,z) € C, r <t, and n > m,
TroS? < 3|\ flloo e (5BLsn g B A (Mo, ST RH(ds)) + 08, - (35)
In fact, we have
(8L — @, K (ds)

and therefore (by notation (34)),

S < supysy,

+5Up;>, f(” B, kt (ds) f( 4 B, k(ds)|,

Sy (84— @) K(ds)| ) +0F .

Using the Lipschitz inequality (27) and domination (30) we can continue with

TreSy < ﬂrm(supbn

TreS7 < 3||flle Tre (SUPzzn f(r,t] |”§ - 1’s| kl(ds)) + oL,

and thus, from (33)

TraSE < 3| flloo T ($UPesm fipg BA (Mo, 82 B(ds)) + 0. (36)
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But for £ > n > m, we have S* < S™ < S™, and (36) yields (35).
Step 2°  We will now derive from (35) that for (r,z) € C and t € [r, T fixed,
T i ST < 3 fllog T ( Syry BA (g, lime 57) k(ds)). (37)

Indeed, s — BAm; ¢, S7*is cadlag 7, .—a.s., according to Lemma 16. Therefore,
in view of Lemma 38,

S BA (7e, S7) kH(ds) =2 fi, g BA (7, ) k(ds) (38)

with . ;—probability one. Note that
0 < sup;s, f(r g B A (ms,e, S™) k*(ds) < B\ k*(r, T € LY (mrz).
- ’ £=1

Hence, from monotone convergence, inequality (35), Lebesgue’s theorem, and
(38), we get

Tre limy, ST = lim, m 287 < 3||f|lo Try2 (f(r’t] B A (76, 5™) k(ds)).
Passing to the monotone limit as m — oo, this yields (37).
Step 3° We will show that (37) implies
eelin S2llo < 317 e B Tl e i Sl - (39)

In fact, according to Proposition 12, for every point (r, z) € C,

ﬂr,m{(s,fs) € C for every s € [r, T]} =1.
Moreover, for any point (r,z) € C, we have, by definition of B, that

B Ay g lim, 57 = mp g lim, S,
Hence, for any point (r,z) € C, inequality (37) implies that
e imy ST < 3| fll oo ||7r,e limy, ST || o 7r e (7, T

Taking the supremum over (r,z) € C we obtain (39).

Step 4° Recall that according to Lemma 37, ||7, ; lim, S7'||, < B < co. Using
assumption (32), therefore (39) implies that ||m, zlim, S7'||, = 0, and in par-
ticular m, z lim, S} = 0 for r,z,t as considered in the lemma. By monotone
convergence, this completes the proof of Lemma 40. |
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3.9 Final steps of proof of fdd continuity if " =&

Here we complete the proof of Theorem 23 in the case " = &®. Consider
branching functionals k!,...,k% = k which are uniformly of bounded charac-
teristic. Let f € b€, satisfy the smallness property (32). Fix a starting point
(r,z) € I x E. Consider a subsequence {k"™} of {k™}. By assumption, and by
the convergence criterion Proposition 27 there exists a subsequence {k"™:} of
{k"™} such that (&) and (B) in (ii) of this proposition hold. We conclude that
(r, z) belongs to the set C introduced in Notation 36 (i), related to this sequence
{k™m:}. By Proposition 39, we then get that v:;"" (f)(z) converges to v, .(f)(x)
as 1 — oo for each ¢t € [r,T], with v..(f) the (unique) small solution to (18).
Hence, the limit is independent of the choice of the subsequences, and we get
the latter convergence statement along the whole sequence {k"}.

But each v7;(f)(z) is monotonic as a functional of f satisfying assumption
(32) (since it is a log-Laplace functional), and therefore this property is shared
by vr+(f)(2). According to Lemma 30, the mapping f — v, :(f)(z) must then
be continuous, for all sufficiently small f. As a consequence, Lemma 31 implies
that vy, (f)(z) converges to some v,:(f)(z) as i — oo, for any f in b€, , where
vr:(-)(2) is the log-Laplace functional of some random measure. In order to
finish the proof, it suffices to show according to Lemma 29 that the family
{vr,t :0<r<t< T} determines a semigroup on b€, , and that in fact v. .(f)
solves the (¢, ®, k)—evolution equation (18).

Recall that v. .(f) solves (18) for f small in the sense of (32). On the
other hand, for any f € b€y, the mapping 6 — v,.(6f)(z) is analytic on the
half line (0, 0o), since v, .(-)(#) is a log-Laplace functional. By replacing f by
6f, we get that both sides of the (£, ®, k)—evolution equation (18) are analytic
mappings of # (since ® is analytic in its third variable, and by the imposed
moment assumptions). Since both sides of (18) coincide for small values of 6,
by the uniqueness of analytic continuation they are hence equal for every 6.
Specializing to § = 1, this shows that v..(f) solves (18) not only for small f
but in fact for every f € b€, . Since (r, z) is arbitrary, by Lemma 32 the proof
is finished. |

3.10 Extension to fdd joint continuity

To complete the proof of Theorem 23 altogether, we have to remove the " = &
restriction. Consider ®!,...,®*° = & and k!,...,k® = k as in Assumption 22.
Fix f € b€, . Write v™™ = v™™(f) for the log-Laplace functional related to
d™ k™, n,m=1,...,00. For 0 <r <¢t<T and z € F, consider

|v:t’tn(m) - v:'jt’n(m)| (40)
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We take the abbreviation ®!(v™™) for &* (r, . v:t’tm(fr)), i,n,m=1,...,00.
Using the evolution equation (18), we may estimate (40) to
(I:,n(,un,n) _ (I)oo(,uoo,n)

< Mg f(r,t] k™(ds).

Compare additionally with the analogous term involving ®"(v°°™). In the first
case, by the Lipschitz property (27) and the domination (30), we get the bound

31 flloo 075" = w73 lloo 7r,a B™ (7, 2]-

The other part is bounded by ||®"™ — ®°||oo 7, k™ (7, t]. Since all the branching
functionals are uniformly of bounded characteristic, and ®* — & in uniform
convergence, putting both together, for ||f||co small enough we get

lim o [0~ 95 loo = 0.

But vg;"(z) converges pointwise to vg ;" (z) as n — oo, hence vy (z) ap-
proaches vft’m(m) as n — 0o, too, for all sufficiently small f. By Lemma 31,
this extends to all f € b€, , finishing the proof of Theorem 23. |

Remark 41 (indexed sequences of branching functionals) In the begin-
ning of §3.9, we fixed a starting point (r, ), constructed then v,.(f)(z), for
any t and f, and verified the properties we needed. Note that all the arguments
would work, if the sequence of branching functionals k', k2, ... we started from
depended on (r,z), provided that only the “limiting” k* = k is independent
of (r,z). Hence, the fact that in Theorem 23 the sequence {k™} of branching
functionals is assumed to be independent of the choice of the starting point r, z
is not substantial. One could conversely consider a family of sequences {kf@}
indexed by (r, z), if only the “limiting” k*° = k does not depend on (r,z). <

3.11 Fdd continuity in only the branching mechanism

The purpose of this subsection is to provide the Proof of Proposition 25. First
note that the log-Laplace functionals v, and v exist uniquely by Lemma 18. Set

Tpt(f)(2) = limsupvf’t(f)(m), gm(f)(m) = limninfvzt(f)(m).

n

By the evolution equation (18), we have
Vr,i(f)() = o f(2) — liminfm o [T & (5,6 , 07, (F)(6:)) k(ds)-

Since ® is non-decreasing in its third variable, for each M > 1, we may continue
with

< Mo f(2) — liminf, 10 [ @™ (s, &, infrms ar v7%(£) (&) k(ds)
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which equals

7'rr,:.l:.f(:l}) - 7r7',z: f: ® (3, 55 ainfsz U??t(f)(gs)) k(ds)
Letting M — oo, we conclude for

Vrt(£)(2) < Mo f(2) =Moo [} B(s,60,0,.(F)(E)) B(ds)- (41)
Analogously,

v (@) > Mo f(2) = oo [T (5,60, Te,e(£)(66)) h(ds)- (42)
By the local Lipschitz Lemma 34, from this we get

Trt (@) = 2 (@) < 3lloo e f) (0 (£)(E6) = 2,5(£)(E:)) h(ds).

Hence,

|Br,6(£)(2) — 2., (F)(2)]|
§3||f||oo||vr,t (13 Yo || 17,0 B (7, 2]]

(recall Convention 33). Thus, for f small enough, the limit of the L.h.s. in (21)
exists. Repeating the argument working with v instead of v and v we conclude
that the inequalities (41) and (42) hold for v. That is, v solves the log-Laplace
equation (17). By uniqueness, we arrive at the desired limit v(f) in (21), for
these small f.

v(f) is the limit of functionals which are monotone in f and is therefore

monotone in f. The rest of the proof is identical to the arguments to our main
Theorem in the end of §3.9. |

3.12 Proof of the fdd approximation
by classical processes

For the proof of Theorem 26, by Theorem 23 it obviously suffices to verify the
following lemma.

Lemma 42 (approximation by classical branching functionals) Let k be
a branching functional. Then there exist bounded measurable functions o"
IxE — Ry, n>1, such that the classical branching functionals k™(ds) =
o7 (€&;)ds of (22) are uniformly of bounded characteristic and have the following
property:

For every starting point (r,z) € I x E and every r-stopping time o < T
fized, k™(r, 0] converges to k(r,o] in L*(m5) as n — oco.

Proof Fix k,r, z asin the lemma. Consider 7, . . To the branching functional
k there corresponds the supermartingale

t— hff(ft) = my e k(t, T, ter,T,



32 D.A. Dawson, K. Fleischmann, and G. Leduc

with compensator t — k(r,t]. Following Dellacherie and Meyer [DM83, Remark
VII.22b)], we also consider the approximating sequence of supermartingales

LA (T-t) in
t s "hi (&) = ﬂt,gtn/ Rt (€pyy) du = ﬂt,gtn/ k(t 4+ v, T]du
0 0

with compensator

¢ ¢
t s KR (r, 8] = n/ (h(&) = mog, k(s + 1, T])ds = n/ By yar (o) ds,
n > 1. Note that ™h%(€:) increases to hlh () as n — oo. It follows from
Proposition 5 (i) (with Y, = k(s, T]) that s — h% () is 7 o—indistinguishable
from a non-negative cadlag process of class (D). Moreover, for every r—stopping
time o < T, by the strong Markov property,

Mo (hg(ga) — h(T”+5)AT(5(U+5)AT)) = Mg (k(o, T] — k(o + 6, T])

which converges to 0 as ¢ | 0, uniformly in o. In fact, s — k(s,T] is uni-
formly continuous, and the integrand is bounded by 2k(r,T] € L!(m,.). By
Proposition 58 (p.42) their uniform convergence to zero implies that

¢ L (tHOAT ‘
e sup [Br(6) = K )] > €} 73 0

for all e > 0. Hence, for any sequence of r—stopping times o, < T, and £ > 0,

Trr,a:{

In other words, the process t ~ hi(£:) satisfies Aldous’s criterion, hence it is
quasi-left continuous (see Jacod and Shiryaev [JS87, Remark VI1.4.7, p.321]). We
can then invoke Theorem VII.20 of [DM83] to conclude that £™(r, o] converges
to k(r,o] in L*(m, ;) as n — oo, for every r—stopping time ¢ < T. Finally, it is
easy to see that the & are uniformly of bounded characteristic (recall Definition
21), finishing the proof. |

hor(€,,) — RO (£(an+5)AT)‘ >ep — 0.

n—r 00

4 Special case: Feller £ on a compactum

Since T is arbitrary, the (€, ®, k)-superprocesses on the interval I = [0,T]
considered so far, can easily be extended to the whole time half axis R, . This
we will actually do from now on. Of course, conditions as (3) and (20) are then
required to hold for all T > 0.

Recall that a cadlag right Markov process § = (€;, S, 7r,z) in a Luzin space is
called a Hunt process if it is quasi-left continuous. That is, for 0 <r < T < 0
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and p € M; fixed, we have &, —n &, 7r,—a.e. for every sequence of r—
stopping times o, < T non-decreasing to (the r—stopping time) o as n — oo.

From now on we will pay attention to the following special case, although
some of our results below — such as the existence of a Hunt version — can be
extended to more general situation by making use of Ray-Knight methods as
exploited in [Led97a]. But this would require considerably more technical proofs,
and the Feller case on a compact space perfectly illustrates our method.

Assumption 43 (Feller on a compactum) Suppose that the phase space is
a compact metric space (E, d). Moreover, let  be time-homogeneous and indeed
be a Feller process. <o

Note however, that nevertheless a related (€, ®, k)-superprocess is in general
time-inhomogeneous.

Recall that we introduced in M¢ = M;(&) the weak topology (Assumption
1(b)). It can be generated by the Prohorov metric in the sense of [EK86,
Problem 9.5.6, p.408], we denote by wg. Recall that (M;,wy) is separable
([EK86, Theorem 3.1.7]).

Moreover, for each » > 0 we will introduce the Skorohod spaces D, =
D[[r, 00), Mf], of all M¢—valued cadlag functions on [r, o0) equipped with the
Skorohod metric sq, based on d (actually on wy). Recall that (D, ,sq4) is sepa-
rable ([EK86, Theorem 3.5.6]), since Mjs is separable.

4.1 Results under the Feller assumption

So far we considered a (€, ®, k)-superprocess only as some Markov process in the
sense of Assumption 1(d1). Now we will be concerned with regularity properties
of its (measure-valued) paths. In fact, in this section, under Assumption 43, we
extend the fdd convergence results of Section 3 to convergence in law on path
space. Also, we show that for our (£, ®, k)—superprocesses a Hunt version exists.

Theorem 44 (existence of a Hunt version) Impose Assumption 43. Let ®
be a branching mechanism and k be a branching functional. Then there exists
a Hunt version of the (€, ®, k)-superprocess.

The proof of this theorem is postponed to §4.4.1.

As an application of the previous Theorem 44, using an argument from
[Dyn94, Chapter 6], we show that under the present Feller assumption the
(&, ®, k)—superprocess is continuous exactly in the “binary splitting” case, re-
gardless of the choice of the branching functional & :

Corollary 45 (characterization of continuous processes) Under the as-
sumptions of Theorem 44, the (Hunt) (£, ®, k)—superprocess X has almost surely
continuous paths if and only if ® has the form ®(s,z, ) = b°(z)A? (recall As-
sumption 17 (f)).
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Proof X is Hunt by the previous theorem. X is almost surely continuous if
and only if its modified Lévy measure vanishes, which occurs if and only if the
projection of the latter ([Dyn94, §6.8.1]) disappears. But this happens if and
only if n = 0 in the definition of & (recall Assumption 17 (f)). |

Based on Theorem 44, our fdd continuity Theorem 23 can be sharpened in
terms of convergence in law on Skorohod path spaces:

Theorem 46 (continuity in law on path spaces) Under Assumptions 43
and 22 (p.18), for r,p fized, the laws P, on the Skorohod space D, of the

T
Hunt (€, ®", k™)-superprocesses converge weakly towards the law P, , of the

Hunt (€, ®, k)-superprocess.

The proof of this theorem will follow in §4.4.2.

For fixed branching functional k, the continuity in the branching mechanism
® can be sharpened by using a weaker convergence concept for ®, just as in the
fdd case (Proposition 25):

Proposition 47 (continuity on path spaces concerning ® only) Fiza
branching functional k. If the branching mechanisms ®™ converge boundedly
pointwise to a (not necessarily regular) branching mechanism ® as n — oo,
then, under Assumption 43, the related superprocesses converge in law on the
Skorohod path spaces D, .

The proof of this result is postponed to §4.4.3.

We can combine Theorem 46 with Lemma 42 to conclude for the following
approximation in law by classical superprocesses (detailed arguments will follow
in §4.4.4).

Theorem 48 (approximation by classical processes) Impose Assumption
43. If ® is a regular branching mechanism, then, on Skorohod spaces D, , any
(&, ®, k)—superprocess X can be approzimated in law by classical Hunt super-
processes X™ (based on the classical branching functionals (22)). If ® is an
arbitrary branching functional, then, for every r > 0 and p € Mg, there exists
a collection of regular branching mechanisms ®" and classical branching func-
tionals k™ such that the laws Py, on D, of the (&, @™, k™) -superprocesses X"

converge weakly to the law P, , on D, of the (§, ®, k)-superprocess X .

4.2 A sufficient criterion for tightness on path space

A basic step in the proofs is the verification of the following criterion, which
extends a result from [Led97a, Proposition 6.39]. Write C4(E) for the set of all
non-negative d—uniformly continuous functions defined on E.
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Proposition 49 (tightness on path space) Let ®!,®2, ... be a collection of
branching mechanisms and let k, k', k?,... be branching functionals which are
uniformly of bounded characteristic (on bounded intervals). Assume that for
each starting point (r,z) € Ry X E, each T > r, and each r—stopping time o < T
we know that k™(r, o] converges to k(r,o] in L*(m, ;) as n — co. Suppose that
each X™ = (X", F,P",) is a cddlag right ({,®", k™)-superprocess, n > L.
Then, for r > 0 and p € My fized, the laws P, of the X™, as measures on
the Skorohod space D, , are tight. Moreover, for T > r and r—stopping times T,
bounded by T, and d§, \, 0, we have

‘ 2

nli)n;o P" | exp <X7’3n , —f> — exp <X7@n+5n , —f> =0, (43)

for each f € C4(E).

To prepare for the proof, define IF as the linear span of all functions Fy,

Fy(u) == exp(p,—f),  w€ M,
where f varies in C4(E).

Lemma 50 (separation of points) Fach F € [F is a bounded non-negative
continuous function on M. Moreover, [F separates the points of M;.

Proof Note that IF separates points if the collection of all functions —log Fy,
f € C4(E), is separating. Therefore, it suffices to show that C4(E) separates
the points of E ([EK86, Theorem 3.4.5(a)]). But this is obvious (use d). W

Proof of Proposition49 Fixr > 0 and x in M;, and consider the laws P,",
on D, of the X™, n > 1. We will use Jakubowski’s criterion (see e.g. [Daw93,
Theorem 3.6.4]) to verify the tightness of these laws.

To check the first condition in Jakubowski’s criterion, we show that the
processes X ™ “almost live” on a common compact subset of My . More precisely,

we verify that for T'> r and ¢ > 0 fixed,

Pr’f#( sup (XM 1) > g) < e(wl), n>l (44)

But using the Doob type inequality of Proposition 58, the l.h.s. can be estimated
by
< esupy P (X7, 1) (45)

with the supremum running over all r—stopping times 7 < T. But the right su-
perprocesses X" are critical, hence the processes ¢ — (X[*, 1) are right continu-
ous martingales (recall Remark 19). So our estimate (45) equals eP, (X', 1) =

e{u,1), proving (44).
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Next, for the second condition in Jakubowski’s criterion, using the separation
Lemma 50 it is sufficient to check the tightness of the laws of the cadlag processes
t — F¢(X), n > 1, on the Skorohod space P[[r,o0), Ry], for each fixed f in
C4(E). For this purpose, we use Aldous’s criterion (see, for instance, [Daw93,
Theorem 3.6.5]), from which we get that it suffices to show that, given T' > r and
r—stopping times 7, bounded by T, and d,, \, 0, claim (43) holds. But expanding
the binomial in (43), we get, in particular, a term exp<X7’3n+5n , —2f> . Its P
expectation can be written as

PR exp (X7, ~vF, 7. 4a.(20)),

using the strong Markov property at time 7, , and the log-Laplace transition
functional representation (17). Here v™(2f) solves the evolution equation (18)
with f,®,k replaced by 2f,®", k", respectively. We will compare this term
with

P exp (X7, =207 115 (F)-

Calculating the other term similarly, for the expectation expression in (43) we
get

2
PrJexp (X7, ~f) — exp (X7, 0}, 7. 16.())
+ Py (exp (X7, ~0F, 705, (26)) — exp (X7, ~207, 7 5.()))-
To get an upper bound for this, we may drop the exponent 2, and continue with
=07 71s.(0)])
+ PR (XR o8, a5, (2) = 208 7 4s (F)])-

Using again [Dyn94, Theorem 6.2.1], to each 7, there exists an r-randomized
stopping time 7, < T for £ such that the latter equals

= b F6r) = 92 s (F)(Er)
07 ot (26 ) = 207 1y (£)(Er))-

< Po(xz,

(46)

+ Tr,u

Applying the evolution equation (18), and the strong Markov property for ¢,
for the first term in (46) we get the bound

T (€)= Trntr, F(Erntsn)

+ Tru f:-l_(sn o (s, &, U,Z?an.dn(f)(gs))kn(ds)'

Since £ is a time-homogeneous strong Markov process, the first term is bounded
by (u,1)sup, |f(1:) - ﬂo,mf(ﬁgn)|, and by the Feller property this will disappear

(47)
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as n — oo. If now {k"™} is a subsequence of {k™}, by the reformulation
Proposition 27, there exists a subsequence {k”m:} of {k™™} such that

(@) mrpu V E™mi(r, T] < oo,
=1

(8) sup |k"mi(s,T]—k(s,T]| — 0, m,,—a.e.

s€[r,T] 71— 00

Combined with (29) and (30), we get that the second term in (47) will vanish
as nm,, — 00, hence as n — oo. So (47) will disappear in the limit.

The proof that the second term in (46) goes to zero is similar. Consequently,
(46) will vanish in the limit, hence (43) is true, and Jakubowski’s criterion is

fulfilled. |

Corollary 51 (convergence on path space) Suppose in addition to the hy-
potheses of Proposition 49 that the X™ = (X7}, F, PT’?#) converge fdd to a
(&, ®, k)—-superprocess X with a regular branching mechanism ®. Then for each
T, i, the laws P, on D, converge weakly to P,%,.

Proof Since tightness plus fdd convergence implies weak convergence, we im-

mediately get from Proposition 49 and the assumed fdd convergence that P,”,

converges weakly to P,% as n — oo. |

4.3 Existence of a cadlag right version X

Recall that (E, d) is a compact metric space. For convenience, we introduce the
following notion.

Definition 52 (almost sure notions) For the moment, consider an M¢—va-
lued Markov process X = (Xt,}", PML) with phase space (F,d). We say that
X is an a.s. cadlag right process if

(i) forr>0and p€ Mg,

Pw{t X, is cadlag, t€[r oo)} _ 1,

(ii) for 0 < r < ¢, for 4 € My, and for measurable F : My — Ry, the
function
s = 1yt Py x, F(Xy), s € [nt),
is P ,—a.s. right continuous.

An a.s. cadlag right process X is said to be an a.s. Hunt process if it is quasi-left
continuous. <

As shown in [Led97a, Lemma 5.28] the two introduced a.s. notions are not
substantially different from the ones without ‘a.s.”:
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Lemma 53 (dropping ‘a.s.”’) Let X be an a.s. Hunt (respectively a.s. cdadldg
right) process. Then there ezists a Hunt (respectively cdadlag right) version of
X.

Now we are ready to state the following result.

Lemma 54 (cadlag right version) Impose Assumption 43. Let ® be a bran-
ching mechanism and k a branching functional. Then there exists a cadlag right
version of the (£, ®, k)-superprocess.

Proof Recall that the (¢, ®, k)-superprocess X exists by Lemma 18. According
to [Dyn93, Theorem 2.1], there is a right version X = (X, ,F, P, ,) of this pro-
cess. Let (4, D(A)) be the strong generator of the Feller process £. Recall that
D(A) C C4(FE). Fix r > 0 and p € M;. Note that for f € D(A) the processes

t= (X, f)— f: (Xs,Af)ds, t > r, are right continuous P, ,—martingales, and
therefore, with P, ,-probability one, cadlag martingales. Hence, the process
t— (X, f), t>r, is P, ,—as. cadlag. Let {fn : m > 1} C D(A) be a conver-
gence determining set (for the weak topology in M). Recall that {f, : m > 1}
is separating. Let

Q, = {w st (Xe(w), fn), t> 7, iscadlag, n> 1}.

Note that P, (€,) = 1. Recall also that on every bounded interval [r, T, the
cadlag trajectory t — (X;(w), 1) is bounded. Also, the sets {,u, 1) < N} are
compact in My . Consider w € ,, ¢ > r, and let ¢, 1 ¢, ¢, < t. It follows that
the family {X;, (w)}n>1 C My is tight. Hence, it has an accumulation point
X:_(w). But since w € Q,, this accumulation point is unique and independent
of the choice of the sequence {t, : n > 1}. Thus limg4; X, (w) = X;_(w). Since
t was arbitrary, it follows that ¢t — X,(w) is cadlag, for w € €,.. An appeal to
Lemma 53 completes the proof. |

4.4 Remaining proofs
4.4.1 Proof of existence of a Hunt version

The next result is taken from [Led97a, Lemma 6.38].

Lemma 55 Let {y; : 0 <t < T} and {2z: : 0 <t < T} be [0,1]-valued stocha-
stic processes over a filtered probability space (2,5, P). Suppose that y is P-
indistinguishable from a right continuous process. Let 1, < T be stopping times
converging to some stopping time T as n — 0o. Then there exists a sequence

dn \un 0 such that

lim P|z; Yr — 27, Yr 45, | = O.

n—r 00
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Recall that a cadlag right process X = (X;,F, P, ,) is a Hunt process if
and only if P, ,{X7_ = X7} =1 forr > 0, p € My, and every bounded
predictable r—stopping time 7.

Proof of Theorem 44 Take £, ®, k as in the theorem. Recalling Lemma 54,
let X = (X, F,P,,) be a cadlag right version of the (£, ®, k)—superprocess.
Fix r > 0, p € Mg, and f € C4(E). Consider a collection of r-stopping times
Tn < 7T non-decreasing to the bounded predictable stopping time 7. From
Lemma 55 we conclude that there exists d, | 0 such that

hrn'n—)oo Pr,,u

exp (X7, , —f) — exp (X7, ~f) |
(48)
= hrn'n—)oo Pr,,u

€Xp <XTn 3 _f> — €xp <XT7|,+67|, 3 _f> ‘

Applying the tightness Proposition 49 with X™ = X we obtain
. 2
lim P, ,|exp(X7,,—f) — exp(X7,45,,—f) ‘

n—r 00

=0,
which implies that (48) vanishes. Using Fatou’s lemma, we conclude

P”'u“f

exp (X7, —f) —exp (X7, —f)| = 0.

Hence (X7_, f) = (X7, f) with P, ,—probability 1. Arguing with a separating
sequence of functions f € C4(FE) yields X7_ = Xy with P, ,—probability 1,
finishing the proof. |
4.4.2 Proof of the joint continuity result

Theorem 46 directly follows from Theorem 44 (the process is Hunt), Theorem 23
(which guaranties fdd convergence) and Corollary 51 (from which we conclude
the weak convergence). |

4.4.3 Proof of the continuity in ® only

Proposition 47 is derived from Theorem 44 (which guaranties the existence of a
Hunt version), from Proposition 25 (which yields the fdd continuity in ®) and
from Corollary 51 (from which we conclude the desired weak convergence). WM

4.4.4 Proof of approximation by classical superprocesses

We will need the following lemma:

Lemma 56 (“approximation” by regular &) FEuvery branching mechanism
P belongs to the bp—closure of the set of all regular branching mechanisms.
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Proof If the maps (s,z) — b°(z) and (s, z) — n(s, z,du) in Assumption 17 (f)
on a branching mechanism ® are additionally continuous, then the correspond-
ing branching mechanisms ® are regular. Thus, the bp—closure of all regular
branching mechanisms contains all ([0, 1]-valued) measurable (s,z) — b°(z)
and continuous (s,z) — n(s, z,du) ([EK86, Proposition 3.4.2]). In particular,
this is true for n(s,z,du) of the form f(s,z)n(du), where f is continuous.
Hence, the bp—closure contains all measurable functions (s,z) — b°(z) and
(s,z) = 1a(s,z)n(du) with A denoting a measurable subset of Ry x E. Now
let n'(du),n?(du),... be a dense subset of M = M(0,00) (introduced in As-
sumption 17 (f)). Then every n(s,z,du) is the pointwise limit of kernels of the
form ny(s,z,du):=> 2, 1A§v(s, z) n*(du) where

AL = {(s, z): dy(nt,n) < % and d,(n*,n) > %, 1= 1,...,[—1},

with d, denoting a metric on M which generates the vague topology in M.
Using this fact completes the proof. |

Proof of Theorem 48 Step 1° First we start from a (€, ®, k)-superprocess
X where ® is regular. Note that, from Theorem 26 and Lemma 42, we can
fdd approximate X by classical (€, ®, k)-superprocesses X ™ in such a way that
the k™ satisfy the conditions imposed in Proposition 49. Note that the X ™ are
Hunt. It suffices to invoke Corollary 51 to conclude that P;’, = P7%,.

Step 2° Suppose now that ® is arbitrary. Fix » > 0, u € My, and denote by
Pr(ﬁjé’k) the law on D, of the (¢, ®, k)-superprocess with initial data (r, ). Let
K refer to the closure of the set of all laws Pr(ﬁjé’k) for which the branching
functional k is classical (recall (22)) and the branching mechanism & is reg-
ular. As shown in step 1°, the set K contains all Pr(ﬁjé’k) with arbitrary k&
and regular ®. Consider the set ®; of all  such that Pr(ﬁjé’k) belongs to K.
From Theorem 44 (Hunt) and Propositions 25 (fdd convergence) we can invoke
Corollary 51 (weak convergence), and therefore conclude that the set ®¢ is
bp—closed. Therefore, since it contains all regular branching mechanisms, ®¢
finally contains all branching mechanisms, by Lemma 56. In other words, all
Pr(ﬁjé’k) belong to K. Hence, for every (k, ®) there exists a sequence (k", ")
with classical k™ and regular ®” such that

pr(ﬁ;q’n’kn) — Pr(i’é’k) as n —» oo.

This finishes the proof. |

5 Appendix

Here we collect some technical results. The following is a slight modification of
[Dyn94, A.1.1.A, p.116].
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Lemma 57 (characterization of left continuity) Let y = {y; : 0<t< T}
denote a non-negative right continuous process of class (D) over a filtered space
(Q,,P). Then y is P-a.s. cadldg if and only if for every sequence of non-
decreasing stopping times o, < T we have that lim,, Py, ezists.

Proof —> Suppose that y is cadlag. Let y,_ denote the left limit limy4, 3.
Hence if 0, /0 as n — oo then lim, y,, = yo— . But since y belongs to class
(D),

Py,_ = Plim, y,, = lim, Py, .

Therefore lim,, Py, exists.

<— Suppose now that y is not P-a.s. cadlag, but assume that for every
sequence of non-decreasing stopping times o, < T, the limit lim,, Py,, exists.
Recall that by assumption, y is right continuous and belongs to class (D). Hence,
there exists a set A’ of positive P-probability such that for every w € A/

(i) the process y.(w) has a left oscillations, or

(ii) the process y.(w) has a left explosion.
We will show that each of these statements yield a contradiction.

(i) Suppose that the (right continuous) trajectory y(w) has a left oscillation.
Then there exist numbers g,d in the set @ of all non-negative rationales such
that y(w) oscillates around ¢ with oscillations of magnitude larger than §. In
other words, the sequence {o02%(w)}%_, defined by 0'0’6({4)) := 0 and, for m > 0,

oho (@) = inf{t>ofn(w): w(w)—g> 6},
obmia(w) = inf{t>0f,1(w): w(w)—g< -5}

has the property that 0'0’6((4)) < o < 02(w) < O'Z’il(w) < ... < T. Setting
again inf( := T, then clearly, the random times c2¢ are stopping times. Let
us define

Ags i=Hw: Ug’é(w) <. <0?(w) < O'Z’il(w) <..<T}

Moreover, let y}(w) := 1A;’5(w)yt(w) where Af o := Q — Ags. Note that for

we A s, the sequence ogﬁ(w) eventually reaches 7. Thus yZ;'s converges to

ym(w). Because y* belongs to class (D), this implies that
. * * _
Jim P(ins, ~vig0) =0 (49)

On the other hand, we have



42 D.A. Dawson, K. Fleischmann, and G. Leduc

From (49) and the assumption that lim,_, o P (yaq,s - yaq,s) = 0, we conclude
2n+1 2n
that P(Ags) = 0. Therefore, we obtain

P( U 44)=0

g0 € Q4+
That is, with probability one, there is no left oscillation, yielding a contradiction.

(ii) The proof is analogous. Write oo := 0, and for n > 0, define 6,41 :=
inf{t > o, : y: > n}. (Here again, inf @ := T.) We put

A := {c, < T for every n > 0}.

In the same way as in (i) we have that the existing limit of P(y,,,) implies that
P(A) = 0. Thus there is no explosions towards +oo. |

Proposition 58 (a Doob type inequality) Let {yt 1t € [O,T]} denote a
real-valued right continuous process of class (D) on a filtered probability space
(Q, F, P). Then, for each n > 0,

P{supsg |ys| >n} < (,3, supalealJrPlyTl) A (%, supaPIyal)
where o denotes any stopping time (bounded by T').
Proof Let 0':’_ = inf{s el y > 17}. Then by Markov’s inequality,

P{sup,y, >n} < P{yon >n} < 3 (Pyai + Ply:rl)-

On the other hand, with ¢” := inf{s el:y < —17},
P{infiy, < —n} < P{yon < -0} = P{-y,n» >n} < (—Pyaz +P|y:r|)-

Adding both cases, the first part of the claim follows. To get the other one,
start with ¢” := inf {s el |ys| > 17}, and proceed directly in order to finish
the proof. |

Lemma 59 Let a,,b, be real numbers. Then

oo oo oo
A an— A bn| <V lan — byl
n=1 n=1 n=1

provided that at least one of the infimum expressions is finite.
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Proof The proof goes by induction. Without loss of generality, suppose that
/\;‘;:1 Gy, > /\;‘;:1 b, . Again without loss of generality, suppose that /\;‘;:1 Gy, =
a1 . Then, two cases should be considered.

Case 1) /\2 b, = b; Then we have /\;‘;:1 an, — /\;‘;:1 bn| = a1 — b1].

n=1

Case 2) /\;‘;:1 b, = by, Since /\;‘;:1 an, = a1, we have a; < ay. Thus

=a; —by <az —by < lag— bl.

2 2
A an— A bn

n=1 n=1
Consequently,
2 2 2
A an— Aba| <V lan—bal. (50)
n=1 =1 n=1
Let N > 3. To show that
N N N
A an— A bn| <V lan —bn|, (51)
n=1 n=1 n=1
just put
N N
al:=ay, bj:=b, ay:= A an, b3:= A bn.
n=2 n=2

By (50) we have

2
= < Vllaii—biil

N N 2 2
A an— N bn A an— A by,
n=1 n=1 n=1 n=1 n=

= |a1—b1|V

N N
A an— N bn
n=2 n=2

Then by induction on N the claim (51) follows. Letting N tend to infinity gives
the desired result. |

Corollary 60 Suppose k™(ds),k(ds) are finite (deterministic) measures on
I =10,T] such that k™(r,t] converges to k(r,t] asn — oo, for everyr <t < T.
For each n > 1, let s — 97 be uniformly bounded non-negative measurable

functions on I. Then the function t — F(t) := n/_\l f(t’T] P2 k™ (ds) is right
continuous.

Proof Consider t < t+ 6 <7, and set B := sup, ||[¢¥"||,, . By Lemma 59 we
have

[F(2) = F(t+9)]

IN

5:71 ‘f(t,T] ¥y k™ (ds) — [, p 50 Y5 K" (ds)

U S 4(d)
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Thus,
\F(8)— F(t+6)| < B\ k"(t,t+ ). (52)

n=1
Take any ¢ > 0 and choose ¢ so small that k(¢,2 + 6] < e. Then there exists
N = N, ;s such that for every n > N we have |k, (t,t+ 6] — k(¢,t+6]| < e. Thus

V k™t t 48] < k(t,t+6]+e < 2e.
n=N
N-—1
But for dg € (0,6) small enough, we have \/ k™(¢,¢+ do] < 2e. Consequently,
n=1
for §p > 0 sufficiently small,
V k"(¢,t + do] < 2e.
n=1
Returning to (52), the proof is complete. |
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