Preprint

WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

ISSN 2198-5855

Gradient flows on metric graphs with reservoirs:

Microscopic derivation and multiscale limits

Georg Heinzd} Jan-Frederik Pietschmanrff?] André Schlichtingf’

submitted: January 7, 2025

WeierstraB-Institut
Mohrenstr. 39

2 Universitat Augsburg

Institut fir Mathematik

10117 Berlin Universitatsstr. 12a
Germany 86159 Augsburg
E-Mail: georg.heinze@wias-berlin.de Germany

Universitat Augsburg

Zentrum fir Advanced Analytics and Predictive Sciences
Universitatsstr. 12a

86159 Augsburg

Germany

E-Mail: jan-f.pietschmann@uni-a.de

E-Mail: jan-f.pietschmann@uni-a.de

Universitat Ulm

Institut fir Angewandte Analysis
Helmholtzstr. 18

89081 UIm

Germany

E-Mail: andre.schlichting@uni-ulm.de

No. 3161
Berlin 2025

I\
A\l

-

2020 Mathematics Subject Classification. 35A15, 35A35, 35R02, 60B10, 65M08.

Key words and phrases. PDEs on graphs and networks, dissipative evolution equations, variational methods applied to PDEs, gradient systems, evolu-
tionary Gamma-convergence, EDP convergence, finite volume methods for initial value and initial-boundary value problems involving PDE.

The authors thank Martin Burger (Hamburg) and Matthias Erbar (Bielefeld) for fruitful discussion about gradient flows on metric graphs. GH was financed
in part by a PhD scholarship of the German National Academic Foundation (Studienstiftung des deutschen Volkes). JFP thanks the DFG for support via
the Research Unit FOR 5387 POPULAR, Project No. 461909888. AS is supported by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy EXC 2044 —390685587, Mathematics Miinster: Dynamics—Geometry—Structure.



Edited by

WeierstraB3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBe 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias-berlin.de

World Wide Web:  http://www.wias-berlin.de/


preprint@wias-berlin.de
http://www.wias-berlin.de/

Gradient flows on metric graphs with reservoirs:
Microscopic derivation and multiscale limits

Georg Heinze, Jan-Frederik Pietschmann, André Schlichting

Abstract

We study evolution equations on metric graphs with reservoirs, that is graphs where a one-dimensional interval is
associated to each edge and, in addition, the vertices are able to store and exchange mass with these intervals. Focusing
on the case where the dynamics are driven by an entropy functional defined both on the metric edges and vertices, we
provide a rigorous understanding of such systems of coupled ordinary and partial differential equations as (generalized)
gradient flows in continuity equation format. Approximating the edges by a sequence of vertices, which yields a fully
discrete system, we are able to establish existence of solutions in this formalism. Furthermore, we study several scaling
limits using the recently developed framework of EDP convergence with embeddings to rigorously show convergence to
gradient flows on reduced metric and combinatorial graphs. Finally, numerical studies confirm our theoretical findings and
provide additional insights into the dynamics under rescaling.
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1 Introduction

Our aim is the study of gradient flow dynamics on metric graphs with reservoirs, i.e., graphs, where each edge is associated
to a mass-carrying interval and where the storage of mass on each vertex is also possible.

More precisely, we consider an undirected irreducible graph, that is a (finite) node set V with edge set E C V x V, such
that if vw € E then wv ¢ E. We also forbid self-loops, i.e., for all v € V, v ¢ E. Based on the combinatorial graph
(V, E), we construct a metric graph M by fixing for each e € E an orientation and then associating this oriented edge with
a finite line segment [0, £¢] of R for some £¢ > 0. To fix notations, given e = vw, we will call v tail and w head and give
those the orientation

—1, vtail;
n:VxE—{-1,0,1} with ni=<0, vde; (1.1)
1, v head.

Then, we associate for the embedded metric graph an edge length to each e € E via the function

£:E— (0,00) givingrisetotheset L= |_| [0, £°]. (1.2)
ecE

Here and in the following | ][0, £°] denotes the disjoint union, also called coproduct, understood as set of ordered
pairs |J,cg (e, [0, £°]). The metric graph is now the triplet M = (V, E, L), see Figure[{.1for an example. To describe the

- =~
-
- S e
e ~
s ~
4 ~

v

. P

@ n2=-1 n2 =+1
< —
0 £

Figure 1.1: Example of a complete three-state metric graph M3 = (V3, Es, L3) defined in terms of the nodes V3 :=
{v1,va,v3}, edges E3 := {e1, €2, e3} with 1 1= viva, es := vovs, e3 := v3vy, edge lengths ¢3 : E5 — (0, c0) and
metric edges L3 as in (1.2).

amount of mass present on each edge and each vertex, respectively, we define the space of probability measures on M
as tuples pu = (7, p) € P(M) C M>o(V) x Mx(L) such that y(V) + p(L) = 1.

We are now in the position to study a family of linear diffusion equations on L. For doing so, we fix a positive reference
probability measure (w, 7) € P, (M), where we assume 7 to have a density given by 7(dx) = e~ (*) dz for P: L —
R such that P : [0, £°] — Riis Lipschitz for all ¢ € E. With this, we consider for a.e. ¢ € [0, T, the system

Orp® = d®0y - (Onp® + p°0. P°), on [0, ¢¢] fore € E, (1.3a)
—d® (0zp° + p°0,P%)|, - ng = r(e,v)pcly — r(v,e)w, Ve € E,v eV, (1.3b)
oW = Z (r(e,v)p°lv — r(v,e)w), Yv eV, (1.3¢c)

eCE(v)

where the set of adjacent edges E(v) is defined in below. Hereby, we denote by p¢|, = p°(0) if e = vw and
p°lv = p°(¢°) if e = wv for some w € V. Moreover, we introduced the parameters d° > 0 as the diffusion constant
on the metric edge associated to an edge e, r(e, v) as the jump rate from the endpoint of the metric edge associated to
e to an adjacent vertex v, and r(v7 e) for the reverse jump rate from the vertex v to the adjacent edge e. The boundary
condition ensures that the solutions to this system conserve their mass in time, i.e., it holds

(i(zpe([o,ﬁe]wrzw) =0. (1.4)

ecE veVv
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Gradient flows on metric graphs with reservoirs: Microscopic derivation and multiscale limits 3

The system has a gradient flow formulation provided that the jump rates satisfy the detailed balance condition with
respect to the reference measure (w, 7) € P (M), that is it holds

e

Y =r(v,e) “y Veec E,ve V. (1.5)
wy ey

RS =r(e,v)

v

The above conditions ensure that there exists a gradient system in continuity equation format which allows us to understand
as a gradient flow with respect to the free energy consisting of edge and vertex relative entropies

E(n) = EL(p) +Ev(7) =D _H(pI7) + > H(wlwn), (16)
eek vev
where the relative entropy H is defined as

W gy if .
H(plv) = {fn(du) v, < vs where  n(r) =rlogr—r+1 forr>0. (1.7)

+00, else,
Here and in the following, we use the convention that 0 - log 0 = 0.
A formal calculation shows that the free energy is indeed a Lyapunov functional for the evolution
e 2
ig(ﬂ) = —Zde/é Oz 1ngi dp® — Z Z R/ Teywy |log b 1og& Pl w <0, (1.8)
dt 0 e v |v Wy 7Te|v wy] ’
ecE veVe€cE(v)

where the sign is thanks to the fact that the logarithm is monotone increasing. We observe that the dissipation consists of
the sum two mechanisms: a continuous part on each metric edge and a discrete jump part accommodating for the mass
exchange between vertices and edges.

(3
p
7-(-6

Outline We provide a gradient flow formulation of the system and study its microscopic derivation from a suitable
jump process as well as multiscale limits towards reduced (metric) graph structures. To this end, we use the notion of
variational convergence of gradient flows following the energy dissipation principle (EDP). We proceed by explaining the
individual steps in the next subsections.

1.1 Abstract gradient systems and EDP convergence with embedding

We study the system and its various limits from the perspective of gradient flows in continuity equation format,
introduced in [PS23]. In Section [2| we discuss this perspective on an abstract level, establishing in Definition the
abstract notion of EDP solutions to a gradient flow equations as curves satisfying the energy dissipation inequality (2.8). In
particular, for gradient systems satisfying a chain rule inequality (Property[2.4), we can understand solutions as minimizers
of an energy dissipation functional, introduced in (2.7).

In the limits, which we will study, the base space of the dynamic will change, e.g. from a combinatorial graph to a metric
graph or vice versa. In order to establish these limits, we prove multiple I'-type convergence results for the respective
energy dissipation functionals £¢ towards a limit £ as € — 0. A major step to achieve this goal is the introduction of
an appropriate embedding to accommodate for the changing base spaces of the e-problems. In this way, we can obtain
compactness a common space. Since the involved functionals are maps to R, the lower limit inequalities can be achieved
without the embedding. To summarize this strategy, we formulate the notion of EDP convergence with embedding in

Principle[2.5]

1.2 Gradient flow interpretation and energy dissipation principle

Our first main result can be found in Section [3] It is the rigorous interpretation of as gradient flow with respect to
the energy (1.6). The graph structure with reservoirs makes it necessary to encode two dissipation mechanisms acting
either inside the edges or at the coupling of edge and vertex dynamics, which can be observed from the free energy
dissipation identity (1.8). To this end, we tentatively define (see Definition[3.5]for a rigorous defintion) the following gradient
and divergence operations for ® := (¢, p) € C'(V x L) andj == (7,7) € M((V x E) x L) by

V(e x) = 0,0%(x), (divj)(e,x) == 0:5(x),
v(dh 50)(\“ e) = (bv - 99€|V> (Ej)v = Z js»

e€E(v)
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as well as the dual dissipation potentials given for £¢ € C1([0, £¢]) for e € Eand ¢ € RV*E by

.
Rilp.€) =35 [ 1P o

eckE
Ry el €)= Z Z RV P W CH(EE)  with C*(r) == 4(cosh(r/2) — 1) .
ecEveV(e)

We observe that on the edges, we have the classical quadratic Otto-Wasserstein dissipation, while for the coupling we
consider a (non-metric) dissipation of cosh-type. With these notions, we can formally rewrite as a system consisting
of the continuity equations

Op® +divi® =0, 9y +(divy), =0,  j°Ln=77; (1.92)
and constitutive relations
7€ =DaR{(p,V(=DEL(p)))]e and J =DaRye(p, V(=DE(W)))lews (1.90)

revealing that it is a formal gradient flow with respect to (1.6). System has to be understood in a suitable weak
form, which we provide later. On the other hand, the relations are characterized variationally by the (again formally)
defined energy dissipation functional

L(p,j) = E(T)) — E(u(0)) + D(u, ), (1.10)

which contains the dissipation functional

T
D(p,J) 1=/0 [Ri(pe, i) + Ry.e(pe, 3e) + Ri(pr, =VEL(p)) + RY g (p1e, —VE' ()] ot

Here, Ry g and R denote the primal dissipation potentials dual to R{‘AE and R}, respectively. We refer to Definition
and Definition[3.10]for precise definitions of the above objects. By means of an appropriate chain rule, Proposition[3.12] we
are then able to show the chain-rule inequality £ > 0. This then allows us to characterize solutions to as elements
of the null-levelset of £. We emphasize that the functional R and its dual R| only depend on edge-based quantities
p and j, while the functional Ry and its dual Ry, ¢ depend on both edge- and vertex-based quantities 1 = (v, p)
and j = (7, 7). The former describe the diffusion along the metric edges, whereas the latter model the mass exchange
between the edges and their adjacent vertices.

1.3 Existence via microscopic derivation

Having established a variational characterization of the system (1.3) via a suitable energy dissipation functional £ in (1.10),
allows us to show existence of solutions by an approximation strategy.

In Section [4] we discretise each edge into a set of n internal vertices, replacing the diffusion by jumps between nearest
neighbours. Similar to the jumps at the boundary of each edge, these interior jumps are characterized by cosh-type dual
dissipation potentials, the main difference being a scaling by 1/n. The jumps are linked to the diffusion by a suitably
constructed embedding, allowing us to obtain compactness for the family of discrete solutions (v, f,)nen satisfying
L, (yn, fn) = 0 for alln € N. Those discrete solutions satisfy a birth-death type dynamic given internally on each e € E
fork=2,...,n—1by

d
&'yk =n Tn(e k+1,k)%e — n7, (e, k, k + 1)%—1—7127:”(6,16— LE)i_4—n rn(e kkE—1)3 (1.11a)

and at the boundary points of each edge e = vw € E by

d . N N N - -

&'ﬁ = nzrn(e, 2,1)35 — nzr"(e7 1,2)77 + Tn(v, e, Dy — Fnle, 1, V)31, (1.11b)
d._ _ _ _ - - - _ -

&’Yﬁ = ’I"n(V, €, n)’YV - rn(ea n, V)’Yfl + 77/27"»”(6, n— 1a n)’YZ_1 - 77/27”»”(6, n,n— 1)7167,7 (1 A 1C)

for the rates 7, (e, k, 1) = d°
e ([(k — 1)€¢/n, ke¢ /n)).

Tn(e kyv) = REq/ w:jv’k, and 7, (v, e, k) == k¢, [ =—, where we set &f, ;. =

n,
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Gradient flows on metric graphs with reservoirs: Microscopic derivation and multiscale limits 5

The vertex evolution is characterized at every v € V by

Ow =Y [le, VA —Tu(vie DRI+ Y [Falesn.v)F5 — Tnlvie,n)3). (1.11d)
e=vweE(v) e=wveEE(v)

An illustration of the discretization can be found in Figure 1]

After showing the chain-rule inequality £ > 0, the argument is completed by proving the lower limit inequality (without
embedding) lim inf,, o L (Yn,fn) > L(1,]). This is done via continuity and duality arguments utilizing the fact that
the cosh grows quadratically near zero.

1.4 Multiscale limits

By rescaling the reference measures, the diffusion coefficients, the reaction rates or combinations thereof, we obtain e-
dependent versions of system (1.3). Depending on the particular choice of rescaling, we derive in Section 5] different limit
systems, which we summarize below.

Kirchhoff limit In Section |5.1] we introduce a rescaling, which leads to a vanishing of the vertex reservoirs to obtain
a limit equation with Kirchhoff-type coupling conditions at the vertices. To this end, we introduce the rescaled reference
measures 1 1
we = 725wy and 7°°:= ﬁwe where Z° = 5Zw\, + Zwe([O,Ee]) (1.12a)
veV ecE
ensures that (w®, 7°) € P(M). To obtain a non-trivial limit, the detailed balance condition dictates the scaling
ré(v,e)ws  r(v,e)w
re(v,e) =e 'r(v,e) and  7E(e,v) = v ejwy _ rlv,euy YWeV,eckE. (1.12b)

7-‘-s,elv 7T-s,e|v

From this, we derive that the solutions ¢ = (¢, p°) converge (after an appropriate embedding, cf. Definition[5.1) towards
a limit 0 = (0, p) satisfying the reduced system

Bup = d°8, - (Dup® + p°, P°), on [0, £¢] Ve € E, (1.13a)
0= Y d(0:p° + p°0nP°) -, WeV. (1.13b)
e€E(v)

The system was studied in [EEMM22], where the authors showed in particular that it can be understood as an
Otto-Wasserstein-type gradient flow of the free energy £(1°) := > .. H(p®|7©).

Fast edge diffusion limit In Section[5.2|we consider the rescaling of the diffusion constants
d®¢:=¢"'d* foralle c E. (1.14)
This rescaling has the effect that the dynamic on each metric edge collapes to the quasistationary evolution
pof(x,t) = C¢(t)m(x) ase—0 Vzel0,lf]VeeckE. (1.15)

In particular, prelimit solutions u = (¢, p°) converge to a limit (-, {7) as ¢ — 0, which is a solution of the system of
ordinary differential equations

Oy (t) = Z (r(e,v)C¢(t)me|v — (v, e)w(t)), Y ev, (1.16a)
e€E(v)

OCe ()]0, £°] = Z (r(v,e)w(t) — r(e,v)C(t)me|y), Ve € E. (1.16b)
veV(e)

The limit system is a (non-metric) gradient flow on the extended combinatorial graph (V, E) with
extended node set V := V U E and extended edge set E := {ev : e € E,v € V(e)}, (1.17)

where V(e) denotes the set of two vertices attached to e. We illustrate in Figure (left side) the extended graph (\73, E;)
obtained from the metric graph M3 = (V3, E3, L) from Figure[1.1]

DOI 10.20347/WIAS.PREPRINT.3161 Berlin 2025



G. Heinze, J.-F. Pietschmann, A. Schlichting 6

Combinatorial graph limit Finally, in Section [5.3]we carry out an additional rescaling to arrive at a limit, which is only
supported on the combinatorial graph (V, E). More precisely, we perform a two-terminal limit on each of the old metric
edges following [PS23, §7] (see also [LMPR17, §3.3] for a similar setting). The scaling is opposite to the Kirchhoff limit
described before by reversing the roles of nodes and edges, that is (up to a renormalization to unit mass, similar to the
Kirchhoff prelimit)

€,€e e

75¢=en®  and  7r°(e,v) =c 'r(e,v) Ve€E,veV. (1.18)

Under this rescaling, we arrive at a limit system supported on the combinatorial graph (V, E) described by the single

A 4

5

Figure 1.2: Left: The extended graph (\A/7 E) constructed from the complete three-state metric graph illustrated in Figure
with the rescaled rates from (1.18), that is a high rate of leaving the contracted metric edges e € E.

Right: The limit for ¢ — 0, which leads to reduced dynamics on a the three-state combinatorial graph (Vs, E3) with
harmonic averaged rates given in (1.79).

probability distribution 4(t) € P(V) satisfying
Harm (7" |, 7 (v, vw), 7|7 (w, vw))

Oy =D Pw,v)Aw— D v, W)y, with #(v,w) = , (119

2w(V)w
weV:vweE weV:wveE ( ) v

where Harm(a, b) == 2/(% + 3) for a,b > 0 denotes the harmonic mean und w(V) = Y .\ wy,. We provide a
rigorous EDP convergence result towards the limit system, which then is a gradient flow on the combinatorial graph (V, E)
by applying results from [LMPR17| [PS23] in Section[5.3]

1.5 Numerical simulations

In Section[6] we will present numerical simulations based on discrete scheme introduced in Section[4] We put a particular
focus on the short-time behaviour in the case of initial data that are not well-prepared, thereby going beyond the analytic
results. Furthermore, for well-prepared initial data, we study the convergence not only of the relative entropies, but also
the curves themselves, comparing Hellinger-type distances between prelimit and limit curves. Here, the findings are in
agreement with the analytic results. Finally, we investigate the joint fast edge diffusion and combinatorial graph limit and
discuss the influence of the spatial discretization on this limit.

1.6 Related work

Gradient flows and transport distances on metric graphs Gradient flows on metric graphs have previously been
studied in [EFMM22], yet without any explicit dynamics on the vertices. In this case, the authors of [EFMM22] were able
to recover the classical characterization of absolutely continuous curves on the metric graph as solutions to a continuity
equation with bounded velocity field. Based on this, they were able to rigorously show existence of solutions in the sense
of an energy dissipation inequality (EDI) for the gradient flow of an energy containing an entropic part, an external potential
and a nonlocal contribution. In the complementary work [BHP23], the authors study the dynamical formulation of a transport
distance on a metric graph with mass reservoirs on the vertices. They use techniques from convex duality to show that this
distance is well-defined (see also [FBP24] for the non-quadratic version of this case and related gradient flows).

Using a finite colume approximation, the authors of [CCHM™ 23] study the existence of solutions to a two-species sytem of
coupled evolution PDEs on an intervall, where the fluxes in the interior are coupled to chemical potentials on the boundary.

DOI 10.20347/WIAS.PREPRINT.3161 Berlin 2025



Gradient flows on metric graphs with reservoirs: Microscopic derivation and multiscale limits 7

Similar to the present setting, this coupling is realized by a linear relation, which they obtain from a force-flux relationship
involving sinh-type function.

Gradient flows and transport distances on combinatorial graphs The theory of gradient flows on combinatorial
graphs started with three independent works [Maaiil [Miel1dl ICHLZ12], where Markov chains were posed as gradient
flows of the entropy. Later, the theory was generalized in the setting of discrete state space or nonlocal evolution equations
in [Erb14| [EFLS16, [Erb23, [EPSS21} [PRST22, [PS22],

Various definitions of EDP convergence The I'-convergence of gradient flows goes back in the Hilbert space setting
to [SS04, [Ser11], which implies the EDP-convergence after [Mie16al, IMie16bl LMPR17, IMMP21} |PS23]. Our variational
approach is similar to the ones in [Sch19] for a discrete to continuum limit of a growth model, in [DL15} |[HT23] IHST24]
to study the limiting behaviour of random walks on tessellations in the diffusive limit, in [EHS23] for certain local limits on
random graphs and in [LS24] for thermodynamic limits of stochastic particle system. In the context of multiscale limits,
we also want to mention [MS19, |Ste21, [IPR21} [FL21]. The microscopic derivation of our model in Theorem is of I'-
convergence type, whereas the multiscale limits contained in Theorems 6.3} [5.9]and[5.16] are of EDP-convergence type..

Other approaches to evolution equations on metric graphs The study of diffusion processes on metric graphs goes
back to [FW93]|, where asymptotic properties of diffusions in narrow tubes are investigated and where metric graph evo-
lutions are obtained by coarse graining suitable perturbed Hamiltonian systems. The framework used is based on large
deviations and developed further in [ES00].

Diffusions processes on metric graphs also go under the name of quantum graphs [BCEKO8|. In this setting, similar
multiscale limits as investigated in this work are considered, as for instance shrinking edges [BLS19]. There is by now a
very classical approach towards evolution equations on networks, including metric graphs, based on semigroup theory,
which is summarized in the book [Mug14]. In this context, we highlight the work [MRO7], where the authors study the
asymptotic behaviour and regularity of solutions for a drift-diffusion system on the edges of a metric graph that are coupled
to vertex dynamics. This model is indeed similar to the prelimit dynamics studied in the present work, though the applied
techniques differ.

For a different recent review of the semigroup approach see also [KEP20|. The theory does not only apply to diffusion type
processes, but also transport processes, as for instance in [BKF24].

Stationary measures of diffusions on metric graphs There are different approach to study stationary measures on
metric graphs. A functional analytic setting is used in [Car08, |Car22| to characterize stationary states as the kernel for a
metric graph Laplacian with different boundary conditions defined via a suitable Dirichlet form. An approach inspired from
Markov processes and statistical mechanics is used in JACG21], leading to a combinatorial representation of the stationary
states.

1.7 Notation

Notational conventions To distinguish quantities related to the combinatorial graph (V, E) from the metric edges L, we
use the following notational convention:

B Combinatorial graph quantities: Sans serif (e.g. v € V) with subscripts.

B Metric graph quantities: Roman fonts (e.g. e € E or z € [0, £¢] C [0, c0)) with superscripts.

For a given node v € V, we define the adjacent edges by
E(v):=={e€E:e=vwore=wvforsomew € V}. (1.20)
Analogously, for a given edge e € E, it is convenient to define the set of adjacent nodes by
V(e) == {v,w} fore=vweE. (1.21)

Based on these two definitions, we have for any combinatorial graph function ¢ : V x E — R the identity

DD w=>> (1.22)

veV ecE(v) ecEveV(e)
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Spaces of functions and measures  We briefly write ¢ € C* (L) for a family of functions = {¢® € C*([0,£°])}__¢.
Note however, that no continuity or differentiability is assumed at common nodes. Similarly, we have that the measure
J € M(L) denotes the family of measures j = {;j¢ € M([0,£°])} -

Evaluation of metric functions on combinatorial nodes By a slight abuse of notation, we evaluate functions ¢ € C(L)
for a given edge e = vw € E on the nodes v, w € V connected by the edge, by denoting

0% = ¢°(0) and %W = ©°(£°). (1.23)

Forv ¢ V(e), we set ©°|, := 0. Moreover, for ¢ € C(V x L), we have continuity along the metric edge e = vw € E,
that is
lim ¢°(z) = ¢°(0) = ¢°y  and  lim ¢°(z) = P°(£°) = ¢“|w .

z—0 z—Le

However, there is no continuity implied between the endpoint evaluations ¢¢|, and the vertex values ¢y.

Integration by parts formula For two functions ¢, 1) € Cl(L) we have the integration by parts formula

. e
> [ e@oit @ =S @) e oro) -3 [ o @e. e

ecE ecE ecE

Note that with the notation[T.23] boundary terms can be rewritten as

D) =(0) = D (@ lw—¢°h) - (1.25)

ecE e=vwecE

Variational derivatives of functionals A functional £ : X — R for X an open subset of some Banach space is said
to have functional derivative £’ () € X ™ in x, provided that this is the unique element such that

d€(x + hy)

ah , forally € X . (1.26)

(E'x), y)xxx =

Convention about the use of extended reals We work with extended real numbers a € [—o0, 00| and adopt the
convention

400 ifa >0,
|£oo| =400 a-(400) =<0 fa=0, and a-(—o0)=—a-(+0). (1.27)
—oo ifa <0

Also +00 + a = Foo forany a € (—00, 00).

2 Gradient systems and EDP convergence with embeddings

We follow the notion of gradient systems in continuity equation format, which was formalized in [PS23|, but used implicitly
in various previous works as discussed in[1.6] Since we deal with different spaces in the following, we consider two base
spaces X,Y, which are two compact topological spaces. Moreover, we assume that there exists an abstract gradient
V @ CH(X) — C(Y), which is the basis for the weak formulation of the continuity equation. We define an abstract
divergence operator div : M(Y) — M (X) by duality as negative adjoint of the abstract gradient via

(i, divj)x = —(Vib, j)y  forally € CH(X), j € M(Y), (2.1)

where (-,-)x and (-, -)y are suitable dual pairings on X and Y, respectively. In our setting, j and div j are typically
measures and hence ¥ and V1) need to be continuous bounded functions. Since in our setting X and Y are compact, the
narrow and wide topologies coincide.

Definition 2.1 (Continuity equation). For T' > 0 a pair (p(t, ), j(t,-))ie[o,1] Satisfies the continuity equation Oyp +
divj =0if
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Gradient flows on metric graphs with reservoirs: Microscopic derivation and multiscale limits 9

1 Foreacht € [0,T7, p(t,-) € M>o(X), and the mapt — p(t, -) is continuous on M>¢(X)

2 Foreacht € [0,T], j(t,-) € M(Y), the map t — j(t,-) is measurable in M(Y) and the joint measure
l7] € M([0,T] x Y) is locally finite on [0, T] x Y.

3 The pair solves 0;p + div j = 0 in the sense that for any o € CL((0,T) x X),
T T
| [astontanss [ [ v itoa—o 2
0 Jx o Jy

The set of all pairs ( 0] ) satisfying the continuity equation is denoted by CE.

In addition, a family (py,, jn)nen C CE is said to converge to (p, j) € CE if

(i) pn(t) — p(t) in M>o(X) forallt € [0,T].
(ii) jn = J in M([0,T] X Y).
We refer to the continuity equation structure above as (X, Y, V) with div defined as negative adjoint through (27). Next,
we introduce the additional ingredients for specifying a gradient system.
Definition 2.2 (Gradient system in continuity equation format). A gradient system in continuity equation format is a quin-
tuple (X, Y, ¥/, &, R*) with the following properties:
1 X, Y are a topological spaces;
2 V is alinear map from C(X) to C(Y), with negative dual div defined through ;
3 £ : M>¢(X) — R is an energy functional;

—_

4 R* is a dual dissipation potential, which means that for each p € M>o(X), E — R*(p,E) is a convex lower
semicontinuous functional on C(Y) satisfying min R*(p, -) = R*(p,0) = 0.

The dual dissipation potential induces a primal dissipation potential by

R(p,j) = sup {(4,E)y —R"(p,=E)}. (2.3)
ZeC(Y)

In our setting, the dissipation potentials will be sufficiently regular with respect to the second variable, such that the
subdifferentials 0>R and 0>R* are single valued and we denote the single element with DoR and DoR*, respectively.
The dissipation potential defines a kinetic relation through the equality case (contact set) in (2.3), which by basic convex
analysis is characterized by any pair (j,Z) € M(Y) x C(Y) satisfying

(1,E) =R(p,j) + R*(p,E) <= j=DyR*(p,2) <= EZE=D3R(p,j). (2.4)
A gradient flow is now characterized by a solution of the continuity equation with flux given by the constitutive relation
Op+divi=0 and j=DyR*(p,—VE(p)). (2.5)
The pair (p, 7) in (2.5) can be characterized variationally as follows.

Definition 2.3 (EDP solution to gradient system). Given a gradient system in continuity equation format (X,Y,\,E, R).
ForeachT > 0 and any (p, j) € CE define the dissipation functional

D(p,j) = {IO[ ) +R*(p, v5’(p))] dt if(p,j) € CE;

otherwise.
Whenever £(p(0)) < oo, the energy dissipation functional is defined by
L(p, j) = E(p(T)) — E(p(0)) + Di(p, ), @)
Acurve (p, j) € CE is an EDP solution of the gradient system (X, Y,V , €, R) provided that

L(p,j) <0. (2.8)
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In general —/&" is not in C'(Y"), thus making it necessary to replace R*(p, —\VE’(p)) by a relaxed Fisher information
term Z(p). In light of this low regularity, a main challenge when linking gradient systems and gradient flows is establishing
the chain rule property. This property ensures in particular that inequality characterizes EDP solutions as minimizers
of the energy dissipation functional L.

Property 2.4 (Chain rule). A gradient system (X,Y,V,E, R) satisfies the chain rule inequality, if for (p,j) € CE with
supeo,11 €(p(t)) < 0o and D(p, j) < oo it holds

In particular, L defined in is non-negative, L(p, j) > 0.

The power of the variational characterization is that limits of gradient flows can be characterized variational very similar to
I"-convergence. We introduce a generalization to the one from the literature [Mie16al, [Mie16b], which is on the one hand
also incorporates the continuity equation structure and compared to [PS23| Definition 2.8] uses an embedding.

Principle 2.5 (EDP convergence with embedding). The family (X=,Y¢,V® %, R®) >0 is said to EDP converge to

(X0,Y0, \VANPLH RY), in symbols (X&,Y¢, V¢ £ R) EDP, (X0, Y9, \VARA RY), if the following conditions hold

(i) Compactness after embedding: There exists a family of embeddings (11¢)c~o, 11 : CE® — CE° such that for
every family (p°, j%)e>o0 with (p°, j¥) € CE®, sup,~.q sup,cjo,r) €5 (p°(t)) < 00, andsup,, D*(p%, j°) < o0
the embedded family (I1¢ (p°, j°)) <> is relatively compact in CE°.

(ii) Lower limit inequality: For each (p%, j%)c>o with (p°, j°) € CE® satisfying sup.~.o supejo,r) €5 (p°(t)) < o0
andsup,-, D¢ (p%, j°) < oo, the convergence II(p®, j¢) — (p°,5°) in CE®, and the well-preparedness condi-
tion lim. _,o £ (p°(0)) = E°(p%(0)), it holds

liminf £°(p°, 5°) > £°(p, 5°).
e—0

A direct consequence of the EDP convergence of gradient systems satisfying the chain rule property is the convergence
of solutions:

Corollary 2.6. Let(M?, V%, €% R?) EDP, (MO, V0 €0 RY). Assume (M?, 70, £9, RO) satisfies the chain rule Prop-

erty Consider a family of curves (p®, j°)=> satisfying the uniform energy boundsup,.o sup,co, 1] £ (p°(t)) < o0,
and for which every curve (p°, j¢) € CEF lies in the zero level-set of its respective EDP functional, i.e., L (p®, j¢) = 0.
Assume the initial data (p§)<>0 of the curves are well-prepared, that is

lim £%(p5) = £°%(pY) .

lim &%(p5) = € (po)

Then, there exists an EDP solution (po, jO) e CEY in the sense of Definition and (along a subsequence) we have
I (p*, j°) = (p°. j°) in CEq.

Proof. The result follows from Principle [2.5]establishing the chain of inequalities

0= liminf £°(p%, ) > L£°(p°, j°) > 0. 0
e—0

3 Gradient structure over metric graphs with reservoirs

The first step to apply the abstract strategy from Section[2]to the system is understanding it rigorously as a gradient
flow in continuity equation format.

To this end, we introduce the standing assumption on the external potential.
Assumption 3.1 (Lipschitz external potential). The potential P : M — R is Lipschitz, that is for all e € E it holds
Pe e Lip(]0, £¢]).

We recall that 7(dz) = e~ 7@ dz on M is understood as 7¢(dz) = exp(—P¢(z))dx for every e € E. For later
reference, we state:
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Gradient flows on metric graphs with reservoirs: Microscopic derivation and multiscale limits 11

Remark 3.2 (Poincaré inequality). The equilibrium ™ = exp(—P) on the metric edges L satisfies a uniform Poincaré
inequality, that is there exists Cp € (0, 00), such that

1 ¢ .
fweuorfer)/o fan

Indeed, this is a classic consequence of the fact that the uniform measure on [O, fe} satisfies a Poincaré equality in
combination with the Holley-Stroock perturbation principle [HS87] thanks to the fact that  has strictly positive and bounded
density.

2

e
dr® < C’pI/ |8, f|? drr€. (3.1)
0

e
Vf e L*(r%),e € E: /
0

3.1 Continuity equation structure

To arrive at a continuity equation structure on M, we start with the definition of the continuity equation on the metric edges L,
for which we specify a family of time-dependent signed measures p : [0, 7] — M>¢(L) and fluxes j : [0,T] — M(L)
such that

Ve cE:  0p°+0,5°=0 in(CH'(]0,£)). (3.2)

To obtain a mass preserving evolution, we complement the equation with a local Kirchhoff condition, which receives the
mass leaving from the metric edges due to the net-balance of the normal fluxes of {j¢}.cg evaluated in v € V and acts
as a reservoir for each of the metric edges. Since, in general, 7 € M(L) does not posses a normal flux, we introduce
a new set of variables 7¢ : [0,7] — R for any (v,e) € V X E, which are coupled in a weak sense by imposing the
integration by parts formula on the metric edges, that is for any j¢ € M([0, £°]) with smooth density j°¢(z) dz, we

impose the identity
é& e
| v@ai@an= 3 - [ owetar 3)
0 veE(v) 0

Then, the net-balance of the adjacent normal fluxes is stored in the reservoir -, for each v € V and the local Kirchhoff law
becomes
WeV: Ot = Y Kt = —(divit), foraetel0,T]. (3.4)
e€E(v)
We summarize the system and compactly as metric graph continuity equation with node reservoirs in the
following definition.

Definition 3.3 (Continuity equation on metric graphs with node reservoirs). LetT > 0. A family of curves pn = (7, p) :
[0,T] — P(M) with flux pairj = (7,7) : [0 T] — M((V x E) x L) satisfies the continuity equation on the metric
graph with node reservoirs provided that (3.2) and (3.4) hold. Such a curve is denoted with (1,j) € CE and solves the
abstract continuity equation

O +divjy =0 in(CY)'(V x L) forae.tc[0,T], (3.5)
which in terms of duality for ® = (¢, ) € C*(V x L) is defined by

dt [Zaﬁm +Z/ } YD (¢ +Z/ Dpp® dje(t (3.6)

vev ecE vEV e€E(v) ecE
fora.e.t € [0,T].

Among the solutions to with bounded flux, we can find an absolutely continuous representative.

Lemma 3.4 (Well-posedness of CE). Let (u,]) € CE with
[E 3 e +Z/ ()] ar < . @7
0 LvevecEw) ecE

then there is (fi,]) € CE such that i € AC(0,T; P(M)) equipped with the narrow topology of measures, that is for all
O = (¢,¢p) € C(V x L) the map

¢
<</77 V><L —Z¢v7v +Z/ (p dp

veVv ecE

is absolutely continuous.
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Proof. Analogous to [AGS08, Lemma 8.1.2] for the metric edge parts and [Erb14, Lemma 3.1] for the edge-vertex-
transition parts. O

We show that the continuity equation on the metric graph with node reservoirs fits into the abstract framework from Sec-

tion[2

Definition 3.5 (Abstract formulation of CE). The continuity equation as defined in Definition is of the form (X, Y, V)
from Definition in Section [g by defining the spaces X := V x L andY = (V x E) x L, which are given the
disjoint union topologies of discrete and the standard one on R, respectively. The divergence div in (3.5) is obtained as
negative adjoint of the gradient operator V : C*(X) — C°(Y), which is read off from as follows: For a function
® = (¢, ) € CL(V x L), itis defined by the two cases

V(v,e) eV x E: Vo(v,e) = (V®)(v,e) = ¢, — ©°|y; (3.8a)
and Y(e,xz)el: Vd(e,z) = (Vy)(e,x) == 0,0 (). (3.8b)

It is readily checked, that for any sufficiently smoothj = (7,7) and ® = (¢,¢) € C1(V x L), the integration by parts
formula (1.24) gives the duality

<¢7Ej>v + <907d1V]>L = <(I’>d'VJ>X = _<v®7.]>Y = _<v®7j>VXE - <v807j>L7 (3.9)

where

(6,0 v :=Z¢v(— ) f) T e =Y Y (0 oW

veVv e€E(v) veV ecE( v)
e (3.10)
(QO,le] L _Z/ J,')dCE, VQO, L _Z/ aw‘ﬂ )
ecE ecE

With those definition (X, Y, /) defines a continuity equation after Definition[2.1) which weak form is and with the
introduced notation can be rewritten in the abstract form as

d d _
g@,#t)x = §(<¢7%>v + (@, pe0) = (V®, J)vxe + (Vo jiL = (Vei)y - Ve e CH(X).  (3.11)

Note that due to the presence of the boundary terms in (1.24), neither is there an individual integration by parts formula
between (¢, div 7)v and (V®, 7)v e nor between {p, div j) and (V, 7).

3.2 Dissipation potentials

We recall the constitutive relations for the flux, which take the form

Jé(t) = d°p°(t)0, log p (et) Ve € Eon [0, £°]; (3.12a)
i

() = RE /7w {p(?' - ’y(ﬂ Ve cEWW E V. (3.12b)
e, Wy

The equations are encoded through a kinetic relation between the fluxes and the variational derivatives £ of
the free energy (T.6), which we identify, in the sense of (1.26), for any 1 € P (L) with the two components given by

EL(p)(e,z) = log jﬁe () Ve € Eanda.e. z € [0,(°]; (3.13a)
EL(7)(v) = log L WeV. (3.13b)

\%

The kinetic relation is encoded with the help of suitable dissipation potentials defined as follows. We use for the
relation (3.72b) dissipation potentials of cosh-type defined in term of the convex Legendre-Fenchel pair

C(r) = 2r log<r Ve > 2¢/r2 4444 and  C*(s) :=4(cosh(s/2) —1). (3.14)

We note that C' () = 2 arsinh(r/2) and (C*)’(s) = 2sinh(s/2).
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Definition 3.6 (Dissipation potentials). Let i = (v,p) € P(M) andj = (3,7) € M((V x E) x L). The primal
dissipation potential is defined by

R(:j) = Rve(p. 1) + Rilp,d) = > D RE(plws 1, J5) + D _R(p%, 5) (3.152)

VEV e€E(v) ecE

where
N .

RE(p%lv, W, o) = a¢ (W, Py C("), with  ol(a,b) = f{)S\/(E (3.15b)

(r°] ) ( v) P (a,b)

1 “de)?
R® dp®. 3.15

(p°,5°) = 2de/o | % (3.15¢)

Forp = (v,p) € P(M)and & = (§,€) € O((V x E) x L), the dual dissipation potential is defined by

R (1, &) =Ry, ) + Ri(0,€) = D> (R)* (0, 1, &)+ Y _(R)* (07, ), (3.16a)
veV ecE(v) ecE
where
(RO (P Ivs ws &) = a5 (p° v, W) C (), (3.16D)
(R*)*(p,€°) /\ﬁelzd ¢ (3.16¢)
The relaxed dual dissipation potentials are defined by
I(p) =Zvelp) +Ii(p Z Z 12(0%vs W) Jrz:I (8.17a)
veV ecE(v) ecE
where
pe ~ 2 0 Pe 2
- . - v - = . - =
Ij(p€|v,%) = 205(p6|va’7v> s . Wiv and |€(pe) = 2d€/0 O e dre. (3.17b)

Remark 3.7 (Other dissipation potentials). We note that there exist other choices for the pair (o¢, C) which lead to a
different gradient system for the same equations (1.3). One such choice is (the continuous continuation of) the weighted
logarithmic mean

e

Pz .
o¢(p°lvs W) = R e (3.18)
log = |, — log 2¢
in conjunction with the quadratic function
* 1 2
() = 5I¢P.

This quadratic choice leads to a metric structure and hence turns into a metric gradient flow in the spirit of [AGS08].
However, as we see in (318), this choice explicitly depends on the reference measure defining the energy &, i.e., the
dissipative structure explicitly depends on the energy driving the dynamics. In contrast, the dissipative structure introduced
in Definition[3.6] is independent of the energy, it is tilt-independent. This property of tilt-independence is shared, e.g., by
the classic Wasserstein gradient structure and is generally viewed as a desirable property. We refer the reader to [PS23]
for a broader picture on the topic of tilting gradient flows.

Before we proceed, we collect important properties of the Fisher information functional, which in particular characterizes
the edge terms of the relaxed slope.

Lemma 3.8 (Properties of the Fisher information functional). Let/,d > 0 and for P € Lip([0,]) letdm = e~ ¥ dx. The
functional | : M>([0,¢]) — [0, o] defined by

L
(p) =24 [ |o,v/ul*or with uw="2 (3.19)
0 dm

coincides for \/u € H'(0, {) with the Fisher information

I(p) = ;i/oé

+00, else.

2
Oru

dp, ifp < mwithdp =udm;

(3.20)

In particular, it is convex and lower semicontinuous with respect to the narrow topology on its domain.
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Proof. The representation (3:20) for /u € H*(0,¢) is well-known, see e.g. in [GST09, Lemma 2.2]. For dimension one,
it e.g. follows from the fact that H(0, /) C AC((0, ¢)) and the Leibniz rule for absolutely continuous curves.

Convexity and lower semicontinuity is best observed from the dual representation of (3.20), which is derived by the convex
dual of the square-function and suitable integration by parts. From I(p) < oo, we get that u € Wh1(7) by Hélder's

inequality:
¢ ¢ ¢
/ |0y u|dr = / wdm z/ dp < 2I(p)\/p([0,€]) < 0.
0 0 0

With this and noting that 7 has a Lipschitz density e~F by Assumption we have for any ¢ € CL((0,4)) and u €
Wht(7) the integration by parts identity

Ozu

u

Ozu

) ¢
/ Ozupdr = / (0P — Opp)udr.
0 0

Hence, we derive the dual formulation as

¢ 2
oY ©
I(p) = sup d/ (%0 - 2> dp
peCL((0,6)) Jo u

L £ 902
= sup {d/ awugodﬂ—/ dp}
PeCL((0,0)) 0 0o 2

L 2
= sup d/ <8xP<p — Opp — <,0) dp, (3.21)
pect((0.0) Jo 2

where we used that P is differentiable p-a.e. since p < &£.

The dual formulation shows that | is a supremum of linear functionals on M>¢([0, £]). Therefore, | is convex and
lower semicontinuous with respect to narrow convergence by [But89 Theorem 3.4.1.].

O

The functionals R and R* are dual to each other if restricted to positive densities and we have the following representation.

Lemma 3.9 (Dual estimate). For any u € P (M) the dual dissipation potential R* defined in (3.16) is indeed the dual of
R from B5), thatis any & = (£,€) € CO((V x E) x L) satisfies

R(wj) = sup  {(&jim =R (1, &)} (3:22)
£eC((VXE)xL)

For such 11 € P, (M) it agrees with the relaxed dual dissipation potential T defined in (3-17), that is
I(p) = R*(p, =VE (). (3.23)

Furthermore, T extends to P(M) as the sequentially lower semicontinuous envelope of the map P+ (M) > p —
R*(w, —VE' (1)), i.e., forevery u € P(M) it holds

I(p) = inf{liminfR*(un, —NE (1)) : pin = p asn — oo with p,, € P, (M) foralin € N} . (3.24)

n—oo

Proof. To check the consistency between the duality relation (3.22) and the definition (3.75a) of R, we make use of the
decomposition of R* from (3.76a) and the products in (3.70) to obtain

R(Ma.]) = RV7E(I’L7j) + RL(p7.]) = Sup {<57j>V><E + <V€7.7>L - R{ZE(IJHE) - Rt(p? 5)}
£€C((VXE)xL)
= 7Sllp {<g7j>v><E - Rc,E(Ma 5)} + sup {<V§,]>L - Rt(paf)}a
EERVXE £eC(L)

where we use the fact that C(V x E) x C(L) € C((V x E) x L) is dense with respect to weak-* convergence
and that the map M(L) > j — (V&,5)L — Ri(p,j) is upper semicontinuous for any fixed & € CY(L), p €
M (L), thanks to the lower semicontinuity of M(L) > j — Ri(p, j) as a convex integral functional. Hence, the dual-
ity is consequence of the individual dualities Ry (4, ]) = supgcgvxe {(& Dvxe— Ry g1, §)}andRi(p,j) =
supgec)1(VE, 7))L — Ri(p, )}, which are immediate from their definitions and taking also the duality
between C and C* from into account.
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The identity (3.23) follows from basic algebraic manipulations, once observed after recalling the definition of C* in (3.14)
that

\/%C*(log%) :2(\f—\/5)2 foralla,b > 0.

2
Since the function (a,b) — 2([ - \/5) is jointly one-homogeneous, convex and continuous on [0, 00) X [0, 00)
and using Lemmafor the part Z; , we observe that Z is indeed the sequentially lower semicontinous envelope satisfy-

ing (3.24). O

3.3 Energy dissipation principle

Having specified the continuity equation structure (X, Y, V) in Definition the dissipation potential R in Definition
and the energy in (T.6), we have the ingredients for a gradient system in continuity equation format (X,Y,V,R,&).
The energy dissipation functional for a curve (u,j) € CE is abstractly defined according to Definition However, since
—VE&'(u) is not necessarily in the domain of R*(u, -), we replace it with the envelope defined in (3.24).

Definition 3.10 (Energy dissipation functional). For a given curve (u,j) € CE, the dissipation functional is defined by

T
D)= [ [ROu0),3(0) + Z(ut)] e (325

0

and the energy dissipation functional is defined by

L(p,j) = E(u(T)) — E(u(0)) + D(p,j)- (3.26)

For later reference, we note the convexity of the involved functionals with respect to affine interpolations.

Lemma 3.11 (Strict convexity with respect affine interpolation). The map (i, j) — L(, ]) is strictly convex for curves with
fixed starting point within the domain of L, that is for u°, ut € AC(0, T; P(M)) with L(12°,3°), L(v1,j') < oo starting
from i with (°,3%), (u,j') € CE, the curve defined for A € (0,1) with (u*,j*) € CE by p* = (1 — A\)pu® + At
and likewise j* := (1 — \)j® + \j! satisfies

L) < (L=NLE, %) + ALY forany A€ (0,1). (3.27)

Proof. The result is an immediate consequence of the strict convexity of £(u) as defined in (1.6), because of the strict
convexity of the relative entropy defined in (T.7). Moreover, we have the joint convexity of R(, j) thanks to its definition
in as the sum of two jointly convex functional. Hereby, R¢ defined in is convex as the perspective function
of the convex function C defined in and the concavity of the geometric mean. Likewise R¢ as defined in (3.15¢)
is convex as the perspective function of the square, which is convex. Similarly, the relaxed dual dissipation functional Z
defined in is the sum of two convex functions. Again I defined in is convex, since (a, b) — |v/a — \/5‘2 is
jointly convex. Finally, |¢ defined in is convex by Lemma|3.8 O

Our next result concerns the differentiability of £ along a curve . € AC(0, T'; P(M)), which we characterize as a solution
to the continuity equation (,j) € CE by Lemma[3.4]

Proposition 3.12 (Chain rule). Along any curve (u,j) € CE with £(u(0)) < oo and L(u,j) < oo, the free energy
[0,T] >t — E(u(t)) is absolutely continuous satisfying the chain rule identity

E(u(t)) — E(u(s)) :/ [(VE (u(1)), 2(T))v e + (VE (u(r)), 5 (T))1] dr. (3.28)

Here, the variation of the energy is given in (8.13). Since £’ takes values in [—o00, +00), the definition of the according
gradients is extended in comparison to using the convention (1.27) as

. Tg )0, if&(7)(v) = —oo = & (p)(e, )y,
V(v,e) e VX E: VE(u)(v,e) = {&Q(v)(v) e e/s;/, L (3.29a)
V(e,x) eL: V& (u)(e,z) = 0.& (p)e,x). (3.29b)
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Proof. To show the statement, we combine the proof of [EFMM22, Proposition 5.8] for the metric edges with the one
in [PRST22, Theorem 4.16] for the reservoirs. First, we adapt the regularization procedure [EFMM22, Section 3.3] to our
framework.

To do so, we note that each test function ® = (¢, p) € C*(V x L) consists of the edge components ¢¢ € C([0, £¢]),
e € Eand vertex components ¢, € R, v € V, which are independent of each other. In particular, we do not require ¢ to be
continuous when passing through a vertex from one edge to another. Therefore, for each edge e = vw € E we introduce
two auxiliary edges e, and e,,, connected to v and w, respectively. Using these auxiliary edges, we follow the strategy of
[EEMM22] Section 3.3] to construct space-regularized test functions and by duality also space regularized measures. To
apply the regularization to ¢ € Ccl(L), we need to extend it to the auxiliary edges. In all cases we choose the constant
extension, which ensures that the associated regularized test function ¢° satisfies V® = V@ with &€ := (¢, °). With
this, following the proof of [EEMM22, Proposition 5.8], we obtain the L-component in (3:28).

Likewise, the discrete jump parts follows along the lines of [PRST22, Theorem 4.16] by regularization of the free energies
in (1.6). That is, we define for k& > 0 the function log,, : (0, 00) — [k, k] defined by

-k, logz < —k
log,(z) =< logz, —k<logx <k .
k, logz > k

Let n;, be the primitive of log,, normalized such that 75 (1) = 0 for any k& > 0 and H(u|v) the according regularized
entropy as defined in with 77 replaced by 7. Then the chain rule is classic for the regularized energies & x(p) =
Y ece Hi(p®m®) and Ev i = >,y Hi(wlwy). Since mx < 7 pointwise, we also get Hy (u|v) < H(u|v) and
similar bounds for £, and £y 1, which allows for a monotone convergence argument along the same lines as in [PRST22|
Theorem 4.16] |

The chain-rule and the duality structure from Lemma [3.9] allow to conclude that the energy dissipation functional (3.26)
from Definition|2.3|is actually non-negative on its domain.

Corollary 3.13 (Nonnegativity of energy dissipation functional). For any (u,j) € CE with £(u(0)) < oo it holds
L(p,j) = 0.

Proof. If L(u,]j) = oo, there is nothing to show. Assume L(,j) < oo. Thanks to the chain rule from Proposition [3.12]
we get for (u,j) € CE solving the identity

S E(u) = ~(~TE (). v + (- VEL(p). i

> —ZIve(p) = Rve(w,)) — Z(p) — Ru(p,j) (3.30)
== > KON w) = D0 D R T W) = D 19(0) = YR )
veV ecE(v) veV ecE(v) eckE ecE
An integration in time finishes the proof. O

Next, we show that the zero locus set of £ indeed corresponds to weak solutions to the system (1.3).

Corollary 3.14 (Energy dissipation balance). Let (u1,j) € CE with £(1(0)) < oo. It holds L (1, j) = 0 if and only if pu
satisfies in the sense of distributions and j is given by (3.12).

Proof. Let L(u,j) = 0. Then, we have that all inequalities in (3:30) are in fact equalities. This implies that (3:72) must
hold, which in conjunction with the continuity equation yields (T.3).

Conversely, let us assume that holds true. In particular, we have (u,j) € CE and (8.12) is satisfied. This, yields
equality in (3:30) and hence L(u,j) = 0. O

Corollary provides only a characterization of solutions and we will ensure existence by a finite dimensional approxi-
mation result via EDP convergence in the sense of Definition Nevertheless, we can already conclude uniqueness of
any global minimizer of the energy dissipation functional L.

Theorem 3.15 (Uniqueness). ForanyT > 0 and any i € P(M) with E(f1) < oo, there exists at most one gradient flow
p € AC(0,T; P(M)) in the sense of Definition[2.3 starting from 11(0) = [i.
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Gradient flows on metric graphs with reservoirs: Microscopic derivation and multiscale limits 17

Proof. We use Lemma[3.11]along u°, u* € AC(0,T;P(M)) two solutions with £(10,i%) = 0 = L(u',j!) starting
from f with (u,j%), (u',j') € CE. Then, for the convex combination (u*,j*) € CE, we get from for any
A € (0, 1) the estimate

£, < (1= ML, ) + ALt i) = 0 (331)
which is a contradiction to the non-negativity of £ shown in Corollary [3.13] O

4 Microscopic derivation from pure jump process

In this section we introduce a microscopic model, which provides a finite dimensional Markov chain approximation to the
evolution on the metric graph. We show EDP-convergence of the associated gradient flows structure in the sense
of Definition [2.5]from Section 2] which provides existence for the gradient structure of the metric-graph-system defined in
Section[3

4.1 Microscopic model

We discretize the metric graph as follows. For e € E, n € N we define the grid length hy, := (¢ /n, sets of internal vertices
V, ={vi =hi(k—1/2):ec E,k=1,...,n}, and sets of all vertices V,, :== V U V,,.

The set of internal edges is given as E,, == = {vivi,: Vi Vil € V.. }. We further define E,, := {w§ : v§ € V,,,e =
vw} U {véw : v& € V,,,e = vw} and we denote E,, := E,, UE,. Next, fore € E,n € N, and a € [1,n) we define

intervals

I5 0 = [(o — D)hS, ahf)

n,

and the internal discrete vertex measures w,, := (Jf‘ )eeE as

Wy, = (@, ) =1 With @y, =715 ). (4.1)

F [ 4 F 4

0 v§ v vy (e

Figure 4.1: Sketch of the discretization of the edges into new vertices. Blue: Intervals I

We combine these with the vertex measures of the limiting model and introduce w,, = w + @, € P(V,). For any
probability measure y € P(V,,), we set ¥ := y|y and 7 := y|y

We continue by introducing appropriate free energy and dissipation functionals on these quantities. For every n € N
we define the discrete energies &, : P(V,,) — R and dual dissipation potentials R : P(V,,) x RE» — [0, o0) for
&= ((£0)ecEp=1,..n-1, (& )eeE,veV) by

5n(V) = H(y|wn),

8= 3 SR LA )+ Y[R (6,506 + (RS (56 . 5]

eckE k=1 e=vweE
(RE.0)"(3,€) = 0% (35, 4541)CT(&5),  where o5 (a,b) = d°n*Vab.

Similar to Definition [3.6]before, we introduce the relaxed dual dissipation potentials

n—1
=GR+ X [0 + 6 GE W)

ecE k=1 e=vwcE
with
Vg1
IrL k(fYka’Yk—i-l) _20 (Vlivryk-&-l \/ \/ -
nk+1
el e . e(xe = rykr
Iv(p |V7/7V) T 2O—v (ka')/v) ~e
wn,k
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and o¢(a,b) = kv ab.

Furthermore, in analogy to &, we use the discrete flux measures f = ((f,‘:)eegykzl,”_yn,l, ( _\,G)eeE,vev) € RE» and
introduce the primal dissipation potentials R, : P(V,,) x RE» — [0, 00) by

n—1
Rn(yaf) = Z Z sz,k(ﬁ/zfs/li-i-lvflg) + Z [RS(:YS?:YV’ ff) + R\i/(:y’rem:ywa f\f/):|7

ecE k=1 e=vwecE
O PRI TS g .
" ! " o5 (V6 Vir1)

Finally, we define the graph gradient operators V : RY» — RE» and the graph divergence operators div : RE» — RV»
by
(Vo)w = @w — @, and (divf), = Z fow — Z fo-

w:vweE, w:wveE,

They give rise to the continuity equation
v +divf=0. (4.2)

We denote by CE,, the set of pairs (v,f) € P(V,) x RE» satisfying in the sense of distributions. Similar to
Lemma|[3.4] if f is integrable in time, then y € AC(0, T; P(V,,)) and since V,, is finite, we can understand in the
strong sense.

For each n € N and each pair (v,f) € CE,,, the discrete analogue of the dissipation functional defined in (3.26) then
reads as

T
Do(y.1) = / Ry, £) + Zo(y)] . (43)

The associated energy dissipation functional of the curve (v, f) € CE,

For any fixed n € N this model falls in the class considered in [PRST22]. In particular, from [PRST22, Section 5] the
following two results follow.

Proposition 4.1 (Chain rule inequality). Foralin € N andall (v, f) € CE,, suchthat&,(y(0)) < oo andD(y,f) < oo,
it holds

L,(y,f) > 0.

Theorem 4.2 (Existence of solutions). For eachn € N letyg € P(V,,) such that €, (yo) < oco. Then, there exists an
ODE solutiony € AC(0,T;P(V,)) of withy(0) = yo. Furthermore, there exists a flux f : [0, T] — RE» such
that (v,f) € CE, and L,,(v,f) =0, i.e,, (v, 1) is an EDP solution in the sense of Definition

4.2 Statement of EDP convergence and existence of solutions

So far we have constructed a discrete gradient system satisfying the chain rule inequality and with as its gradient
flow. Our next goal is to show that families of these discrete gradient systems indeed converge to the gradient system
introduced in Section[3] which will directly imply the existence of gradient flow solutions for (1.3). We begin by constructing
appropriate embeddings to connect @n and CE.

Definition 4.3 (Embedding). Fory € P(V,,), the embedded measures are defined by

pe(dz) = 1,7%(dz) ==n Z Yillre , (z)dz,
Pt (4.5)

Tnyv = ln W = W
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and the embedded fluxes by

1n—1

i fO(da) = / kaé e (z)dsde, (4.6a)
0 k=1
wfi =15 (4.6b)

Furthermore, on V,, the dual coarse graining operator . for o € C(L) is defined by

b —ZZ / pdz

e€cE k=1

Next we check that the embedding maps solutions to the discrete continuity equation to those defined on the metric
graph in the sense of Definition

Lemma 4.4. It holds (y,f) € CE,, ifand only if ,,(y,f) € CE.

Proof. We introduce the shift operators S given for ¢ € C([0,£°]) and z € [0, W] by SXp°(z) = ¢°(x+ %)

and S%p¢(z) = @°(£°) for z € (L= a) , £¢]. With this notation, we have for all zz € (0, “7;7_1)) the identities
ge 1 Ze Ze 1 ,
Spet(x) — () = — / Drp® (sc + S) ds = — [ 820,¢°(x)ds. (4.7)
n Jo n n Jo

Thus, we can carry out the following calculation

n—1
(F,Vine) = k|: / ¢ dw*n/ @dx}
ecE k=1 n,k+1 "k
n—1 ~
:ZZ ,j/ / S2 0% (x) ds dx
€E k=1
n—1 ~
_ ;ee/ / e (2)S30.9° (x) ds dr
e€E k=1 0 Jo

e 1n—1
= / 0%(x) / Z fellpe . (x)dsdz,
0 0 k=1 ’

which thanks to shows (f, V%) = (1, f, Vo)L where we used notation (3.70). The graph part of the continuity
equation is trivially embedded, which shows the claimed equivalence. O

We state the EDP convergence result of this section in the sense Definition

Theorem 4.5 (EDP convergence). Let (Y, fn)nen such that for all n € N it holds that (v,,f,) € CE, satisfy the
uniform bounds
sup sup Ep(yn(t)) < oo and sup Dy, (Yn,fn) < 00. (4.8)
neNte(0,T) neN
Then, the embedding t,,(Yn,f,) € CE is relatively compact (in the sense of Proposition below) and along every
converging subsequence with limit (11, 7) € CE, the lower limit inequalities

lirginf Enlyn) > E(w),  forallt € [0,T]; (4.9a)
liminf D, (yn, £.) > D(w,]) (4.9b)
n—oo

hold for the functionals defined in and (3:25).

If in addition the initial data are well-prepared, i.e., if €, (v, (0)) — £(u(0)) asn — oo, it follows

liminf £, (vn, £,) > L(u,]).

n—oo
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Proof. The relative compactness of the embedded curves is content of Proposition (4.7). The lower limit of energies and
dissipation functionals is shown in Proposition4.11 O

Corollary 4.6 (Existence of solutions). Let u° € P(M) be such that £(11°) < occ. Then, there exists an EDP solution (in
the sense of Definition to the system with initial datum uo, where the corresponding gradient system in continuity
equation format (in the sense of Definition[2.2) is (V x L, (V x E) x L, V, &, R*) as introduced in Section[3

Proof. The result follows directly from Theorem[4.2]and Theorem [4.5]upon constructing well-prepared initial data.

To this end, we recall that ©¢ , = m(I¢ ;) and set (37)§, = n@¢ ;. [, % dz and (72)¢ == (7°)<. The constructed
’ ’ Lk

family of initial data indeed satisfies lim sup,, . £,(Y2) < (uP). For the terms containing (7°)¢, this is immediate.
For the edge terms we apply Jensen’s inequality to the convex function Ag(r) = rlogr — r + 1 and use that each 7¢

has a continuous Lebesgue density to obtainfore € Eand k =1,...,n
0 0 0 1
)\B<(7n) ) nk_/\B< / pd$>@;k§n@;k/ AB(&)de/ /\B(p )7Td$+0< )
Wnk :zkﬂ- ] ’ Ii,k T e . n

A summation of these terms yields the limsup-estimate. The full convergence of initial data then follows from (#.9a). O

4.3 Proof of the EDP limit

The compactness result of this section is as follows.

Proposition 4.7 (Compactness after embedding). Consider (Yy, £, )nen such that for alin € N it holds (v, f,) € CE,
and the uniform bounds [@.8) are satisfied. Then, there exist (11, j) € CE such that

() tnfn(t, ) dzdt —* j(t, ) dz dt weakly-* in M([0,T] x L);
(ii) 1y fr(t) dt —* 7(t) dt weakly-* in M([0,T] x V);

(iii) tnYn(t) = p(t) narrowly in P(M) for alit € [0,T);
(V) LnYn —  strongly in L1 (0, T; L*(M));

~e
and 1mn s 28

e e
v wn,n ™ Iw

(Vi) Vatn\/Fn/@n — V/p/m weakly in L*(0,T; L*(L));

(v) Foralle = vw € E it holds = ’Y" L

e

weakly in L* (0, T');

where V,, : PC(L) — PC(L) is defined by V,,p°(x) = H[O,ZEQ]W for PC(L) denoting the
piecewise continuous functions on L.

Proof. The proof is split into Lemma[4.8] Lemma[4.9] and Lemma[4.10} below. O

Having established compactness, next we prove the corresponding lower limit inequality, which is the second step in
establish the EDP convergence result (see Definition |2.5).

We first prove statements ((i}) and ({ii)) from Proposition 4.7}

Lemma 4.8 (Compactness of fluxes). Consider~(yn, fn)neN such that for all n € N it holds (Vn, n) € C and the
uniform bounds are satisfied. Denote by J¢ € M([0,T] x [0,£¢]), JS(A x B) = [, [5info(x)dzdt the
time-integrated embedded fluxes.

Then, there exists for a.e. t € [0,T) a family j(t) € M(L) such that J given by J*(A x B) = [, 7 4 J°(t, B)dt is the
weak-" limit of J,, in M([0,T] x L) and a family j(t) € M(L) such that J given by J¢(A x B) = [, Lnfve t,B)dtis
the weak-* limit of .J,, in M([0,T] x L).

Proof. Observe that

1n—1 n 1|

Te e ’ re|pe _ [peN2 |
|Jn\(A><[O,£])§/A/O /Okzﬂsz IlI;Hs(a:)dsdxdt—(E)/A il g (4.10)

1

?r‘ml

=~
Il
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Due to the energy bound we have that H < Cforalln € Nk =1,...,n. Hence, for A € B([0,T]),

ecE,neNandk =1,...,nitholds

e ,}/’ﬂ ryn
Z/ (Voo V1) dt—Z/ den? | J@F 1, @F ) 1 =g
nk:wn k+1
< Cden?2( Cde 2 A e =n?C2Y(A
—= n Z nk:’ nk+1 ( )Z(w”7k+wn»k+1)_n ( )

k=1

n,k
el o.m)

(4.11)

Next, we denote ﬁ'e( ) = Zk 1 A k dt and argue as in [HT23| Lemma 4.4]. Jensen'’s inequality yields

~ ne1 -
C( F21(A) ><C< it JalF ot )
Zk 1JA n(ﬁynk’fynk-‘rl)dt Zk 1JA ?’L(’ynk’fynk-‘rl)dt
|75 il ~ -
Zk 1 Ao—n(’y k’:n k+1)gi(7z7kaf}/’2’k+1)dt
Zk:l fA oy 7§,k»:/fz,k+1)dt

(4.12)

1 n—1 |f
< e =)o (ks V1) At
Zk 1Ja n(rynk77nk+1)dt k_l/A <U7e%(7n,k’7ft,k’+l)> e

n—1
! > / ¢ (v fdt.

B Zk 1 a5 G s V1) At =1 A

Since for all b > 0 the map a ~ aC(b/a) is monotone decreasing on (0, c0) (see e.g. [HT23, Lemma 3.4]), (¢:12) and
(4.17) together imply the for some C' > 0, we have the bound

C(%J(ﬁ)) = n2é;zl(A) :Zi/A

Inverting C, using the uniform bound on D,,, and applying the estimate C~*(a) < %(a + C*(b)) for all a,b > 0 (see
e.g.[HT23| Lemma 3.4]), this yields for every b > 0

i|ﬁs|<A>gnésel<A>cl<ngcgl Z / n (i f )S"ég’fl“"“(mgm)
0
L)

Setting b = s/n and using the bound C*(£) < &2 cosh(&) (see e.g. [HT23, Lemma 3.4]), that n > 1, and (@.10), we
obtain for every s > 0 the n-uniform estimate

C -
< —
< nb+nCSB (4)

|J¢|(A x [0,¢¢]) < c< +<2 (A)scosh(s))

Choosing s large enough and &Pl(A) small enough, the right-hand side can be made smaller than any § > 0. Hence, it
holds sup,,cy|J¢|(- % [0, 0] < 2! and, choosing A = [0, T, we find that sup,,cy|J¢|([0, 7] x [0, £¢]) < oo. This
implies that (|J¢|)nen has a subsequence converging weakly-* in M ([0, T x [0, £¢]) to some J¢ € M([0,T] x [0, £¢])
with J¢(- x [0,£¢]) < £ for all e € E. By the disintegration theorem, there exist 7¢(¢t) € M(]0,¢¢]) such that
Je=[jdt

Regarding the boundary fluxes fve, the compactness follows from a similar (even simpler, due to the absence of the factor
1/n) argument. O

Lemma 4.9 (Strong compactness of curves). Let (Y, fn)nen such that for alln € N it holds (v, f,) € CE, and the
uniform bounds are satisfied.

Then, there exists ;1 € L*(0,T; WH1(M)) such that 1,,y,, — pu strongly in L* (0, T'; L*(M)).

Proof. We want to apply an Aubin-Lions-Simon-type argument. To obtain the required spatial regularity, we first introduce
a second embedding, for which the improved regularity is obtained via a Sobolev embedding. Then, we will show that the
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distance of the different embeddings vanishes in L' (0, T; L' (M)) as n — co. We begin by defining the affine embedding
of the density

n

po(de) = 1,7°(d) = Y [(1 - af, (@))% + a5, x(2)F5 lnldr (@) de,
k=1

ﬁ/n,v = lnW = Y

where we set o,  (z) = nx /€ + 1 — k and 75, ; = 7y,- Next, we introduce the coarse graining

e =2 [Z / (1= 5 (@) (@) + @)oo~ e /myaz [ (o) dx],
e€E Lk=1 15 n
where we use the affine functions <pe(a:) = 0 for z < 0. Then, a quick calculation shows that
20 n
| wor =Y ot
0 k=1
Step I: Spatial regularity.
Noticing that 9y, ;, = n /¢ and that £ (I, ;) = £°/n, we obtain for all e € E
n—1 |~ ~
/ \8p|dx<zhk+l :”Z\%‘;’Hf’yi\
v 1/n = 1/n
_ _ = — 273
— Vi V|
Z (Vo1 + %) 1 (4.13)
k=1 k=1 /n

1

r

V1 /95 k1 = VAR S

n—1
~,€ ~.€
<2 E maX{Wn,kaWn,k+1}
k=1

1/n
Integrating in time, this implies p,, € L'(0, T; W1 1(E)).
Step II: Time regularity. )
Foralln € N, e € E, f¢ € RE», and ¢ € C(E) we have by that
n—1 B — ~e
> @i <2llellere Z il

k=1 k=1

and we have a similar bound (without n) for f¢.

Now let (t,,,)M_,, M € N be any partition of [0, 7']. Then, combining the continuity equation and the uniform flux bound
from the proof of Lemma 48] we obtain

Z / ) - ﬁn(tmfla I)) dz + qu(’?n,v(tm) - ’?n,v(tmfl)) < CH((I))”C“(M)

m=1 vev

Taking suprema with respectto @ € {® € C'(M) : [|®|w1.m) < 1} as well as the partition, we obtain that
suppenl| (Fns Pu)llBv (0,31 2wy ) < 00

Step IlI: Strong compactness and narrow compactness for all times.

By the Aubin-Lions-Simon Lemma, [Sim86, Theorem 5] we have that there exists i = (-, p) € L*(0,T; L*(M)) such
that (along a subsequence) ji, = (Vn, fn) — p strongly in L1 (0, T; L' (M)). We need to show that / is also the strong
limit of the piecewise constantly embedded curves (i, = (Yn, pn)- FOr 7, the strong convergence is immediate, since
V is a finite space. Regarding p,,, we notice that since both embeddings are different interpolations coinciding for every

e € Eonl} ,, wehave
n—1
o = Pullzie) < C Y [F5 s — Fronl
k=1

1

C — ~€ ~e _ ~e ~e 212
SE Z aX{wnk? nk+1} \/,y" k+1/w"kf'/1n \/’Y" k/wnk 1 7
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which after an integration in time concludes the proof.

Finally, Proposition [4.7][{iil)]is a direct consequence of the strong convergence and the additional time regularity obtained
from the convergence of fluxes and the continuity equation. In particular, this convergence ensures that the limit pair indeed
solves the continuity equation, i.e., that (u, j) € CE. O

Lemma 4.10 (Compactness of finite differences). Let (Yy, £, )nen such that for alln € N it holds (v, f,) € CE, and
the uniform bounds are satisfied. Let (u, j) € CE be the limit of 1, (Yn, ). Let the square root densities be given

by

-y ’Vnknje d v= Y2

ecE k=1 ecE
as well as the difference quotient operators mapping

@°(z +£9/n) — p°(x)
1/n ’

Vi PC(L) = PC(L) with Vyp9®(2) =g pen=,

where PC(L) denotes the piecewise continuous functions on L. Then, v¢ € L?(0,T; H*(0,¢¢)) and (along a subse-
quence) V& — v° weakly in L*(0,T; L*(0,£¢)) and V,,v& — Vv© weakly in L*(0,T; L*(0, £¢)).

Additionally, for all e = vw € E it holds =&+ ot 7’; and =" 7" T 7’:—6 ,, weakly in L*(0,T).

Proof. Note that by definition we have

Zz(\/%k/wnk 1>{jik+1/®i,k+1) Z/

e e 2
( zin(arw/n)) da
ecE k=1 ecE /n

p
—Z/ | =V (2 |d:v

ecE

Ken 1

Exploiting that 7 has a continuous density, using the uniform bound on the dissipation, we thus obtain from the a priori
bound that fOTanI/,Z|‘L2(07T;L2(07ge)) <(C < ooforale € E.

The bound sup,, ey SUPejo, ) En(p5(t)) < C < oo and Pinsker's inequality yield for every p € [1, 0] a n-uniform
bound of (%), in LP(0,T}; L2(0 £9)). In particular, there exists v € L?(0,T; L?(0,£¢)) and a not renamed subse-
quence along which ¢ — v weakly in L2(0,T'; L2(0, £¢)).

On the other hand, since sup,,cn|| Va5l £2(0,7;22(0,6¢)) < C, we have (along a not renamed subsequence of the

previous subsequence) that V,,v5 — v weakly in L?(0,T; L?(0, £¢)) for some v € L2(0,T; L*(0,¢¢)). This v is
—1

the weak gradient of v°. Indeed, for all ¢ € C°([0,T] x (0,£°)) we have W/, pe) (2 )( i 7¢) — —0y and

]1[07@3%—1]90 — @ strongly in L2(0,T; L?(0,£¢)) as n — oc. Therefore, it holds (along the above subsubsequence) for

everye € E
( C(t,z+£¢/n) — vi(t,x)

/OT /Oeﬂ Ve (t, 2)p(t, z) dxdt:nlingo/ / i )(p(t’x) ot
- nlgrolo,/o /ee/n vu(t, @) <<p(t7 — 661//7:3 —ett x)) da dt
—/OT /Ole ve(t, ©)dpp(t, ) dz dt.

In particular, it holds v¢ € L?(0,T; L?(0,¢¢)) and (along the suitable subsubsequence) V,v¢ — Vv¢ weakly in
L2(0,T; L2(0,£9))

With this, we recall 7 is bounded away from zero and hence so is w. This implies vy, =

we have ¢, 0f — 7€ strongly L>°(£¢) as n — co. Since Lemmain particular implies strong L?-convergence of /Pn
to \/p, we have v,, — \/g strongly in L2(0,T; L?(L)), i.e., it indeed holds v = \/g. The latter strong convergence is
implied by 7 having positive and bounded density thanks to Assumption [3:7]
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To show the convergence towards the traces, we first recall that the interpolations p,, from Lemma converge to p
weakly in L1 (0, T; W11(L)). In particular, we have for each e € E, v € V(e) that p¢ |, — p¢|, weakly in L'(0,T). On
the other hand, by definition it holds for each e = vw € E, n € Nthat o}, |, = n7;, 1 and pf, |v = n7;, ..

For the reference measures we have (also by definition) that nw;; ; = n [, 7°dz — 7(0), since 7¢ € C([0,£°])

and hence 0 is a Lebesgue point. By the same argument we also have nw,é: L = 7°(£°). Since all of these values are

strictly positive, we can divide by them to obtain the claimed convergence of quotients. O

Having established the compactness, we now turn to the lower limit inequality.

Proposition 4.11 (Lower limit inequality). Let (Y, ,)nen such that for alln € N it holds (y,,f,) € CE, and the
uniform bounds are satisfied. Let (11, j) € CE be a limit of t,, ('Vn, f,,) in the sense of Proposition[4.7 Then the lower
limit inequalities hold.

Proof. The lower limit of energies follows by Fatou’s Lemma. Indeed, for all ¢ € [0, 7] we have

lim inf &, (v, (+)) = Hm inf H (v (t) | wn) = lim inf H iy (£)|incwn) > H(u(t)|(w, 7))

n—oo
For the dissipation we consider the relaxed slope and the rate individually, showing the lower limit inequality for the former
in Lemmal[4.13]and for the latter in Lemma[4.75] O
Before turning to Lemmas and|4.15| we first show thanks to the fact that m € C'(L), it holds by definition for any fixed

k € N that the embedded reference measures converges strongly.

Lemma 4.12 (Strong convergence of reference measures). Recall thatdn®(z) = exp(—P¢(x)) dx with P¢ € C([0, £°])
foralle € E and thatog == ., m°(I¢ 1)~ By abuse of notation, ¢ also denotes the density of T with respect to 2t
Then, there exist C1, 02 >0st(Cp < e < Oy and for every fixedm € N it holds

(Ln&JﬁSkLn&Je)l/Q — 7 strongly in L°°(0, £°) foreache € E. (4.14)

Proof. Recall for e € E that V¢ € C(]0, £¢]) is bounded and uniformly continuous, hence there exist C1, Cy > 0 s.t.
(1 < ¢ < (5. We want to show for all e € E

e_VE(I) \// e—Vey) dy/ e—VG(y"rzeTm) dy ﬂ[;k({L‘) —0
o ’

uniformly in & as n — o0, where in agreement with the definition of .S]* we extended V¢ by constant values outside of
[0, ¢].

We consider first the case m = 1 and simplify notation by dropping the index for the edge and denote ¢ = e V. we
make use of the following estimate for a, b, ¢ > 0

la* —be| _ lalla = b] + [blla — ¢|
a—vbe| < < :
| ot Vi P

Recalling 'y < ¢ < Cy and denoting by v, the modulus of continuity of ¢, this yields

- ¢
n\// o(y) dy/ @(y + ) dylr, ()
In Ik n
/
—-n / y)dy <ﬂ<y + > dy
n k In, k
max —— r)—mn ) —n e
- ke{el,...,n} 204 v - Pply)ay ® . ply n Y
x n,k

&) )

proving the claim for m = 1. lterating this argument, we obtain the result for any fixed m € N. O
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Lemma 4.13. Let (Y, f,)nen such that for all n € N it holds (y,,f,) € CE,, and such that the uniform bounds
SUPy, e SUPse(0,1) En(Yn(t)) < o0 and sup, ey Dn(Yn,fn) < oo are satisfied. Let (u,j) € CE be a limit of
tn(Yn, fn) in the sense of Proposmon. 4.71 Then, it holds

T T
liminf | Z,(y,)dt > / Z(p) dt.
0

n—oo 0

strongly in L>°(0,£¢) and V,,v& — Vv° weakly in L?(0,T; L*(0, £¢)) from Lemma [4.10} the lower semicontinuity
statement [But89, Theorem 2.3.1] applies and yields

- ~en1/2
Proof. We consider first the internal edge parts. Since for all e € E we have by (4.14) that an,iS}LanfL) 2 e
i

n— oo n—oo
ecE

0
>22d6/ / |VU ‘ dm® dt.

ecE

T T e
lim inf/ Z(An) dt = lim inf 2d° / / (Ln(bfiLSanCIJe) /2(15)\Vn1/f;(x)|2 dx dt
0 0

Setting ¢ = (v°)% and dp¢ = u°dr®, we obtain that a¢ € L1(0,T;W11(0,£¢)) has weak derivative Vii® =
2v¢V e, and therefore

/ (p°)dt = de/ / |V log @€|? dp€ dt = Z2d€// |Vve|? dre dt.
0 ecE ecE

The lower limit for the edge-vertex transition slopes IS directly follows from [Bui89, Theorem 2.3.1] in light of Proposi-

tion A7)} o

For the lower limit of the rate, we follow the proof strategy of [HT23, Theorem 6.2 (i)], first establishing a lim sup-estimate
for the dual dissipation potential with sufficiently smooth test functions.

Lemma 4.14. Let (v, £, )nen such that for alin € N it holds (v, f,) € CE,, and the uniform bounds are satisfied.

Let (u,5) € CE be alimit of L, (Yn, £,) in the sense of Proposition[4.7 Then, for every e € E and ¢¢ € C*([0,£]) it
holds

n—1 £°
11msupz k) (G, Vi) < i/ ﬁe|a$¢e|2dx'
0

n—oo

Proof. Let ¢ € C1([0,¢¢]) and denote by  a modulus of continuity of V. Then, we have for k = 1,...,n — 1 by

the fundamental theorem of calculus
/ o(x)dxr — n/ o(x)dx
Ie e

[ et 1m - o)

()1 = ()i = =n
n,k+1 n,k n,k
1 /1 1], . 1
<|[ o)+ 2o(5) = i@l + (1 )]
Iz,k n n n n
Abusing notation, for k = 1,...,n — 1 define (S17¢)x = Vn.k+1 @nd observe that for each non-negative ¢ €

C([0, €], 10, 00)) with modulus of continuity ¥, it holds

N
S
ES
+
-
—
o~
3 %
<
H
™ML
Q:

+n/ e dx<zzmn/ () da + U(1/n)

ecE k=2

= Z k1 (i) + ¥ (1/n)
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Therefore, assuming ¢,y —* p° as well as the above regularity for ¢, Jensen’s inequality together with an Taylor
expansion of C*(r) = r2 4 o(1) around 0 yields the upper estimate

n—1

n—1
D R ) Gy Vere) = > 0 G i Yoo ) C (Ve o))
k=1

k=1

n—1
=Y 05 V) (G0 i1 = (%))
k=1

n—1
€ Je Je * ]‘ * e ]-
>t [ (5 (ke - (7))
e” 1
:Z\/%/ﬂnkﬂ[V Duip” k|+”< >

f Z ’Yn,k +2’Yn,k+1 |L;(az¢e)k’2 + 0(1)

IA

+ 0(1)}

IA

n—1

d° ’ynk—i_’ynk—&-l o 2
P ]; 2 (|8 ‘I );RLO(D

Exn (1
5 2k ([00e[*) +o01
k=1

de v 2
:5/ %] 00| dz + o(1)
0

| /\

AN

By letting n — oo, we get the upper limit bound by (R¢)*(p, V) = fo p |8ch | dz as defined in O

Now, we are able to prove the lower limit inequality for the rate as second part for the proof of Proposition [4.11

Lemma 4.15. Let (v, £, )nen such that for alin € N it holds (Y, f,) € CE,, and the uniform bounds are satisfied.
Let (i, j) € CE be a limit of 1, (Yy, £, in the sense of Proposition[4.7, Then, it holds

T T
lim inf Ry, f)dt > R(w,j)dt
n—oo Jo 0
Proof. By the duality of C and C*, we have
n—1 n—1 B
Z(V%@ )k nk S [Ui(ﬁ,m’NYfz,kH)C*((VL:L‘Pe)k) =+ C(fﬁ,k|afl(’75,kaﬁ,k+1))]
k=1 k=1
n—1

[( Z,k)*(ﬁmvbz‘p) + sz,k(:yn» fn)]

b
Il
—_

Combining these estimates, the limits 7¢ —* 7¢ and p¢ —* ¢ yield for each ¢© € C'*([0, T x [0, £¢])

Tn—1
/ (/ O dj® — (R®)* (0%, Oz >dt< hm/ / O djs dt — hmsup/ Z k) (s Vi) dt
n—oo n—oo Jo

T n 1
< Timinf / (7 Fut gt — (RE) (G, V)] dt
0

n—00
k=1

Tn—1
< liminf / RS 1. (Fn, fn
mnf | R

With this, the lower semicontinuity follows from the Fenchel-Moreau duality theorem as in the remainder of the proof of
[HT23| Theorem 6.2 (i)] with T = Id. O
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5 Multiscale limits via EDP Convergence

Having established the gradient structure and well-posedness of solutions to (1.3), we are now in the position to study
different multiscale limits of the system.

5.1 Kirchhoff limit

We start with the case in which the size of the reservoir vanishes and simultaneously the mass exchange between edges
and vertices is accelerated. This scaling leads to the system studied in [EEMM22]. In particular, we use a similar continuity
equation defined in duality with test functions being continuous across edges, which share a common vertex. The latter
relation defines an equivalence relation ~ and the according quotient space is denoted with G := L/N. In this way, we
arrive at a weak characterization of the Kirchhoff condition (T.73b).

Definition 5.1 (Limit continuity equation and embedding). The space of pairs (, j) : [0, T] — P(M) x M(L) satisfying
forall o € C(G) N CL(L) with ¢, == ¢°|, forallv € V and e € E(v)

5 [Zdwv +Z/ } Z/ Dap® dj( (5.1)
ecE ecE
fora.e.t € [0,T) is denoted by CE.

Furthermore, the embedding I1 : CE — CE is defined by I(u,j) = (u,7), i.e., the exchange fluxes with the reservoir J
are neglected.

Indeed, choosing in test functions satisfying ¢, = ¢°|, forallv € V and e € E(v), we observe for all (u,j) € CE
that IT¢(u, j) € CE.

The next ingredient is the rescaled dissipation functional and its tentative limit.

Definition 5.2 (Rescaling and limit functionals). Multiplying each of the constants & by e~1 and inserting the rescaled

reference measures w° = m and w® = m into (3.26), the prelimit dissipation functionals read for
1= (7, p) andj = (7, ) with (11,j) € CE as
2
T 2 s
. 1 15° / p°
D.(1,j) = dz +2d4¢ | |o e g
)= [ (Z[Qd/ Fan o [ oo 2| e
7
+Y0Y [ 102(p° v W) + 205 (15, wE Wge wvg Ddt
veV ecE(v)
with 05°¢(a, b) = Z kg ab. The tentative limit dissipation functional is for yi = (v, p) and j with (11, j) € CE given by
2
T 2 £°
, 1 |7 P°
Dolp,j) = d—|—2d6/ Oz —| 7°d
ok, J) /O <Z[2de/0 - |0\ | T
ecE
e/
+> ) X ( fre/||v>>dt.
VEV e,e’€E(v) v

Note that Dy is independent of the component -y in .

We are now in the position to state the main result of this section.

Theorem 5.3 (EDP limit). Consider (u°,j%)>0 C CE satisfying the bounds sup,q Sup;e(o ) €(1°(t)) < oo and
SUP.~o D:(1%,j°) < oo. LetIl: CE — CE be defined by TT1(1,j) = (i, 5)-

Then, there exists (1, ) € CE such that TI(p%,j°) — (p, §) in the sense of Proposition below, and it holds

lim igfé'(,ue(t)) > E(u(t)) foralit €]0,T] and limi(r)lf’DE(,uE,jE) > Do(u,j).
E— e—

In particular, if in addition we have the well-preparedness £ (u(0)) — £(u(0)) ase — 0, then

imi £ ) > ).
hrgrgélfﬁg(u ,i%) > Lo, 7)
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Proof. The compactness is proved in Proposition[5.5] after which the lower limit is established in Proposition[5.6] below. O
Remark 5.4. Since by Proposition we have thatv¢ — 0, the remaining pair (p, j) satisfies for all ¢ € C(G) NC*(L)

the continuity equation
ée 18
d .
m > L/) pedp” = L/) 0y dj*. (5.2)
ecE 0 ecE 0

Furthermore, it suffices to consider Dy as a function of just (p7 J ) Hence, Theorem induces the gradient system
in continuity equation format (L, L,V , &y, Dy) in the sense of Definition where V : C1(L) — CO(L) is just the
standard gradient on each metric edge (see ) and Ey(p) = H(p|m). The corresponding gradient flow equation is
given in [T:13). In particular, we have recovered exactly the metric gradient structure of [EFMM22].

We proceed by establishing the two steps of EDP convergence with embedding (cf. Definition [2.5), starting with the
compactness after embedding.

Proposition 5.5 (Compactness after embedding). Consider (1€, j¢) € CE such that

sup sup E(u(t)) < oo and supD.(p,j%) < .
e>0t€(0,T] e>0

Then, there exists a pair (., j) € CNE such that (along a subsequence) it holds
@) [ je(t)dt —* [ j(t)dtin M([0,T] x L);
(i) p=(t) — (0, p(t)) narrowly in P(M) for allt € [0,T];

(i) ¥ v € V,e € E(v) there exists u, € L'(0,T) such that y/ p;—e‘ — J/uy, weakly in L*(0,T);
(iv) \/ & — /2 weakly in L*(0,T; H'(r)).

us

Proof. Applying from Remarkthe Poincaré inequality, we obtain /2 — \/g weakly in L2(0,T; H'(7)). Thus,

due to continuity of the density of 7, their traces converge weakly in L?(0,7; L>(V x E)) and it holds
T pe,e
jp e

vEV ecE(v)
Furthermore, the bound on the vertex part of the dissipation implies for all v € V and e € E(v)

2
dt < C < . (5.3)

v

T £,e =2
l/ P — ) at<ove
0 ™"y v

Together with , this implies a uniform L2 bound on \/ 3—2 Hence, for all v € V there exists u, such that Z—i — /Uy

weakly in L2(0,7') and y/ &=

Furthermore, the uniform bound on the energy and Pinsker’s inequality yield

— \/uy weakly in L2(0,T) forall e € E(v).

v

W=

1
sup sup > |15(t) —wi| < sup sup 2H(7°(1)|w)]* < sup sup [26(u7(1))]
e>0te[0,T] vev >0 t€[0,T e>0t€[0,T

< 00,

which immediately entails 76 — O for all ¢ € [0,T] and v € V, since w® — 0 by the scaling from Definition 5.2}

l55¢]?

Finally, the uniform bound on fOT f(f p; dx dt and the fact that (u, j¢) € CE imply by standard arguments (cf.
e.g. [DNS09} Section 4]) that there exists 7 € P(V x L) such that (v @ p°)(t) — n(t) narrowly in P(V x L) and
j € M([0,T] x L) such that [ jydt —=* [ jdtin M([0,T] x L). Since we already know that v* vanishes as ¢ — 0,
this implies the narrow convergence of € (t) to (0, p(t)). O

The second step according to Principle [2.5] the lower limit inequality, is shown next.
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Proposition 5.6 (Lower limit inequality). Let (u°,j%). C CE such that u® (t) — p(t) narrowly in P(M) for allt € [O T).
Assume that for every v € V there exists u, € L'(0,T) such that /2= — /u, weakly in L*(0,T)) and

V/ty weakly in L?(0,T) for all e € E(v). Furthermore, assume [ j¢ dt —* . je dt weakly-* in M ([0, T] x L) Then,
it holds

AN

liminf E(p®) > E(p)  and  liminf D (p%,i%) > Do(u, J).
e—0 e—0

Proof. The edge functionals of D, and the energy functional are independent of € and weakly lower semicontineuous (see
e.g. [AFEPQOOQ, Theorem 2.34]). = Uy,
these terms can be dropped to obtain the result. O

5.2 Contraction of metric edges by fast diffusion

By accelerating the diffusion d* — d°/e on each metric edge e € E, the discussion from Sectionsuggest that the
densities p¢ on the metric edges become quasi-stationary in the sense, that p¢(t) = (¢(¢)m® for some time-dependent
edge function ¢ : [0, 7] x E — [0, c0). Thus, we introduce the following tentative limit continuity equation.

Definition 5.7 (Limit continuity equation and embedding). Recall the notationsV = VUE andE = {ev : e € E,v € V(e)}
from {{-17). We denote by CE, the space of pairs (1, ) : [0,T] — P(M) x M(E) with (v, p(L)) € AC(0,T; P(V)),
which satisty for all & = (¢, ) € C(V)

(;it Z ¢v7v(t) + Z @ep(ta [07 ge]) = Z Z (¢v - 956)73(’5) : (5.4)

vev ecE veV e€E(v)

Furthermore, the embedding I1 : CE — CEy; is defined by I1(y,j) = (1, ).

Comparing (5.4) with the weak formulation of CE in (3:6), we indeed observe that IT embeds CE into CEy;. On the other
hand, the weak formulation is equivalent to the system of ODEs given by

Z]V Y eV,

e€E(v)

Z =5 +7% Yww=eckE.
veV(e)

(5.5)

We note that the system is a standard (directed) graph continuity equation on the extended graph (\7, E) as defined

in (T17).

Definition 5.8. Inserting the rescaled diffusivity constants into (3.26)), the prelimit dissipation functionals read

T 2 .t 2
. 5 17 2d¢
D (p,j ::/ / dx + — ¢ dx
(b.3) 0 (;l%e o P e Jo
_ 2
+ Z Z [ Jv|‘7 |V7'YV)) + 207 (¢|y, wy) \/ % 1) dt,

veV ecE(v)
where we recall o¢(a,b) = kE+/ab. The tentative limit dissipation functional is defined by

s [ (G o)

ecE

+Z Z [ (751 (p°Iv, W) + 208 (7€, wy)

veV ecE(v)

pe
O s

W

Wy

v

v
wy

2
pe
/2]
Theorem 5.9 (EDP limit). Consider a family of curves (1%, j¥)e>0 C CE satisfying sup.~.q sup;cpo, 71 € (1°(t)) < o0
and sup, o D: (1%, j¥) < co. LetIl : CE — CEy, be defined by I1(11,j) == (1, J).

\%
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Then, there exists (11, j) € CEy, such that TI(u, i) — (1, ) in the sense of Proposition|5.11, below, and we have

lim iélfé'(,us(t)) > E(u(t)) foralit € [0,T] and hm me (1%,i%) > Do, 7)-
e—
In particular, if in addition we have the well-preparedness £(u®(0)) — £(11(0)) ase — 0, then
liminf £.(1%,j%) > Lo(p, 7).
e—0

Proof. The compactness is proved in Proposition [5.11] after which the lower limit is established in Proposition [5.12]
below. O

Remark 5.10. Theoremcharacterizes the gradient system in continuity equation format (\7 E v & Rg) in the sense
of Deﬁnition Here, we denoted V : C(V) — C(E), (V®)¢ == ¢, — ¢ (see also (5.5)). Moreover, £(p) =
H(pl(w, 7)) and

RO Mv ZX{O} +Z Z V7'Yv C*(g)

ecE veV e€E(v)

This gradient system induces the gradient flow equation (T-16).

We will now prove Theorem in multiple steps, beginning with the compactness.

Proposition 5.11 (Compactness). Let (u°,j%). C CE satisfy the uniform bounds sup,~ D:(u®,j°) < oo and
SUP.~ SUPsefo, 1) Ee (17 (t)) < oo. Then, there exist ( € L*(0, T;RE), v € LY(0,T; Mxo(V)), and a flux

7€ LY(0,T; M(E)) such that ((~,(r), 7) € CE and such that (along a subsequence) we have the convergence

() [ F(t)dt —=* [ 3(t)dt weakly-* in M([0,T] x E);
(i) ps(t) — (y(t), C(t)m) narrowly in P(M) for allt € [0,T);

(iii) 1€ — (v, ¢m) in strongly L'(0,T; L*(M)).

Proof. Step I: Spatial regularity.
Regarding the convergence of 11°, we first note that for all e € E we have

Foreach e € Eand t € [0, T] we define

(1) = (7.‘.5([37 ) /: \/@dﬂe)Z’

and (abusing notation) denote the constant-in-space function with value (%' also by (*:°. Then, and the Poincaré

inequality yield
pa,e
Ve

In particular, using Holder's inequality, we obtain [|p* — (*7|[ 1 (o, 7;w1.1 (L)) — Oase — 0.

£,e
9y 2

< Ce. (5.6)
L2(0,T;L2(x¢))

< Ce
L2(0,T;L2 (7))

On the other hand, Pinsker’s inequality and the uniform energy bound imply that sup, - o[[¢% || - (0,7;re) < 00, so that
there exists ¢ € L>°(0, T’; RF) and a (not renamed) subsequence such that (¢ — ¢ weakly in L>°(0, T'; RF). Since by
definition 7 € W11 (L), this also implies (7 — (7 weakly in L>°(0,T; W11(L)). In total we have p° — (7 weakly
in L*(0,T; WhL(L)). For the vertex densities the energy bound directly yields for each v € V (along a subsequence)
e — 7y, weakly in L (0, T') for some y, € L>(0,T).
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Step II: Convergence of fluxes.
Regarding the fluxes, the calculations from Step 1 also imply for all e € E, v € V that sup€>0H \/ E-

and sup.g H \/ Z—i
Joireniia = [ ostmlomy) 0| 2 dt < Cop(atl ) VETA) = CVETA), 67
A v Wy

A

<C
L2(0,T) —

v

L0 < C'. Consequently, we obtain for A € B([0,77]), e € E, and v € V that
(0,

for some constant C' depending on the L norm of (7, w). Arguing as in the proof of Lemma this yields for every
s>0

el < S 4 oyam ),

S

The right-hand side is independent of € and, choosing s large enough and S£1(A) small enough, can be made smaller
thanany § > 0. Hence, it holds sup,- |J£¢| < %! and, choosing A = [0, T, we find that sup, - o|.J&*¢([0, T1)| < oo.
This implies that (J%).~ has a subsequence converging weakly-*in M ([0, T] x E) to some .J € M([0,T] x E) with
J¢ < 2L oralle € E, v € V. By the disintegration theorem, there exists 7 such that J¢ = [ 7¢ dt.

Step Ill: Strong convergence and narrow convergence for all times.

Arguing as in Step Il of the proof of Lemma we obtain that 1€ — (v, () strongly in L1 (0, T; L*(M)). This strong
convergence, the continuity equation, and the uniform flux bound together also imply narrow convergence for all times,
thereby ensuring that indeed (1, 7) € CEy,. O

Proposition 5.12 (Lower limit inequality). Let (u°,j¢). C CE be such that (u¢,7°)¢ — ((v,{n),7) in the sense of
Proposition[5.71] Then, it holds

liminf E(u®(t)) > E(u(t)) foralit € [0,T7] and  lim i(I)lf De(1%,%) = Do (1, 7).
E—r

e—0

Proof. We estimate

T L° | se,e)2 e I
. € |75 2d
D.(p%,5%) :/ / dr+*/
: 0 ; 2d¢ Jo  p>© e Jo
T
[ X ettt 2t

VEV e€E(v)

[T % e

vEV e€E(v)

pee
0y
ﬂ-e

2
¢ dx] dt

pee
ﬂ-e

=12
_ N g
v Wy

=12
— ]t
v Wy

Both the remaining integral functional and the energy are lower semicontinuous with respect to the convergences of u°
and F* (see e.g. [AFP00, Theorem 2.34]). Thus, since i1 = ((¢¢7®)e, (v )v), We obtain both the claimed lower limits. O

pee
e

05(P€’6|w ’YV)) + 205(7Te|v’ WV)

5.3 Combinatorial graph limit

We have shown in the previous section that the fast edge diffusion limit system is indeed equivalent to the ODE system([1.76|
on the extended graph with extended vertex set V = V U E and extended edge set E = {ev:e € E,veV(e)}.
In this section, we aim to further reduce this system to obtain an ODE system on the original combinatorial graph (V, E)
with vertex set V and edge set E. To this end, we consider another rescaling, where the jump rates of the system
obtained in the Section[5.2]are accelerated to leave the edge nodes (see Figure[T.2). This is done by applying the results
from [PS23| §7], where a similar problem is studied. We first state the result in our notation, before establishing the link
to [PS23| §7].

Definition 5.13 (Limit continuity equation and embedding). The set CE is defined as the space of pairs (,7) : [0, T] —
PV) x M(V x E) withy € AC(0,T;P(V)), which satisty for all p € C(V)

(%va(t) =3 > ). (5.8)

veVv veV ecE(v)

DOI 10.20347/WIAS.PREPRINT.3161 Berlin 2025



G. Heinze, J.-F. Pietschmann, A. Schlichting 32

Remark 5.14. As before, this definition could be written without test functions as ODE: 4 (t) = _ cg(y) J\- However,
the formulation makes it easy to see that is a special case of with the choice ¢ = 0. This ensures that the
map IL(y, 7) := (7, ) is indeed an embedding I : CE, — CE.

Definition 5.15 (Reference measures, energies and dissipations). Fore > 0 (including € = 0) we introduce the rescaled
reference measures

1
o= and W= —w, where 7. = Zw\, + 62#5([0,65])

Ze Z* vev ecE
Moreover, the prelimit and limit energies are given by
Ee(p) = H(u|(ws, 7)), fore >0 and  E(y) = H(v|w"), respectively. (5.9)

For the prelimit dissipations, the dynamics is sped up by replacing k¢ with k¢ /+/< for alle € E, v € V and define
¢ Ry xRy = Ry byoS©(a,b) = RSV ab/\/e and notice that

e e

R
|y, — 00¢ = -0 L/ T vy foreverye = vw € E. (5.10)

05 (1) = -

For every € > ( the rescaled prelimit dissipation functional is given by

)= Z/ { (7l (¢em™ely, 78)) + 205 (75|, w

veV ecE(v)

2
¢e — } , (5.11)

if (11, 7) € CEy and p = (n® for some ¢ : [0,T] — E, setting ﬁe(u,j) = oo, otherwise. The prelimit dissipation
function is defined by L. (i1,7) = E(u(T)) — E(11(0)) + D (i, 7).

The tentative limit dissipation functional is defined for (vy,]) € CE with Je(t) = —75,(t) foralle = vw € E for ae.
t € [0,7T] by

Do(y.0) = . C 7 T v/ 000 + 2 /0G| | e, (5.12)

v vrw \% wo wo
e=vw€eE
e Ha € b ) €
with Ry == rm |Vr(e V), 7w (W, €) and Harm(a,b) := +— fora,b >0, (5.13)
24 /Wy . b

and we setﬁ(’y,j) =00 if(v,]) ¢ CE or ifje # —J, forany e = vw € E and on any subset of [0, T'| with positive
Lebesgue measure.

The energy dissipation functional is then given as Lo (7, 7) = Eo(v(T)) — E(7(0)) + Do (7, 7).
Note that the above definition is chosen such that D is equal to Dg from Definitionand the same holds for the energy,
i.e., the prelimit gradient system of this section is indeed the limit of the previous section.

Theorem 5.16 (EDP limit). Consider a family of curves (i€, J°) >0 C CEy with p° = (°n® satisfying the a priori bounds
SUP.~( SUPe(0, 7] E(uF(t)) < oo andsup,so D (1%, ) < 0.

Then, there exists (v, 7) € CE satisfying 7(t) = —J¢,(t) foralle = vw € E and a.e. t € [0,T], such that

(i) pc(t) — (y(t),0) narrowly in P(M) for allt € [0,T];

(i) [ 7(t)dt —* [ 7(t)dt weakly-* in M(E);

and it holds

~

liminf & (u°(t)) > Eo(v(t)) foralit € [0,T] and  liminf D.(u°,7°) > Do(, 7).

e—0 e—0

In particular, if in addition we have the well-preparedness E. (1 (0)) — E(v(0)) ase — 0, then

~

iminf L. (uf. ) > 7).
liminf Lo (4%, 7°) = Lo(7,])
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Proof. The compactness statements are a consequence of [PS23, Lemma 7.2], which also implies the antisymmetry
property 75 = —J¢, (from the fact, that the graph divergence vanishes on e € E) and that (*'° converges narrowly to a
finite measure (¢ € M([0,T] x E) for all e € E. To obtain the lower limit inequality, we change the order of summation
in and minimize with respect to , for which we don not have any control in the limit, by using the limit structure of
the fluxes ¥ = —J;, for e = vw € E. In this way, arguing as in in the proof of [PS23, Lemma 7.4], we arrive at a lower
limit, which still contains an inner minimization problem:

2

Ik

hm 1nfD (1,7) > Z/ 1nﬂ£ { (C(jﬂ CeUe’e) + 200¢
ecE ¢ + veV(e)
In our situation, the inner optimization problem is exactly the series law for the conductivities and instead of using [PS23,
Lemma 7.3], we can directly apply [PS23| Corollary 3.4] to conclude that lim inf. o D (1,7) > Do(7y,7) as defined
in (6.72), where we note for e = vw € E that

7 _ Harm(00:¢,00%) Harm(kevﬂe‘vwvvﬁ Ve |W"JW) _ Harm(r(e,v)7°|y, r(w, &)7°|w)
v 2 w\?wg 2\/WVWW 2vawW ’

where we used (5.10) to derive the second equality and the definition of ¢, from (1.5) to derive the third equality. O

Ce_

We can recover a limit gradient system in continuity equation format with respect to the standard graph gradient Vv
C(V) — C(E) defined for ¢ : V. — R by Ve = ¢w — ¢y Indeed, for any (v, 7) € CE satisfying 75(t) = —75(t),
the continuity equation can be antisymmetrised as follows

S o= an= Y an+ Y ax= Y (h-si0), 614
vev ecEveV(e) e=vwecE e=wveE e=vwecE

where, for the second sum, we used the identity

Z oy (t) = Z OuJw(t) = Z iy (1)

e=wveE e=wveE e=vweE

Consequently, we can introduce the directed fluxes f : [0,7] — M(E) from v to w by

() =—=75(t), ifvw=e;
fuow(t) = W_(e) _;’( ) ) (5.15)
—JN (t) = w(t)7 ifwv =e
Hereby, we note that 7 corresponds in the prelimit model to the directed flux going from e to v.
The pair (% f) solves the standard graph continuity equation on the directed graph (V, E)
d _
5 2 () = Vouw(t) fu(t) (5.16)
vev vweE
or equivalently in strong divergence form
W)+ (divf()y =0, where (divf)y:i= D> faw— D> fa- (5.17)

weVivweE weV:wveE

In this case, we write (7, f) € CE for such a curve. We use the same bar-notation as in , Which is standard graph

continuity equation on the extended graph (V, E) defined in (T-17). Finally, we notice that the EDP limit Ly has a gradient
structure with respect to this continuity equation.

Remark 5.17. Forany (v,]) € CE with Eo(%j) < 00, it holds (vy, f) € CE with f defined in (5.15) and the identity

Lo(7,7) = L(v, f) = E(A(T)) — &(7(0)) + D(v, f), (5.18)
with )
T
ﬁ(% f) = /0 lc (.fvw (t)lng V w\(,)we\,) + 2%VW\/(*W L((f) — L(t) ] dt. (5.19)

DOI 10.20347/WIAS.PREPRINT.3161 Berlin 2025



G. Heinze, J.-F. Pietschmann, A. Schlichting 34

This defines the gradient system in continuity equation format (V, E, v, &, ﬁ*) in the sense of Definition ‘ where

(V,E, V) induces the continuity equation CE as in (5.16), £ is defined in (5.9), and the dual dissipation potential of
cosh-type is given fory € P(V) andE : E — R by

R'(7,E) = Z Fouw/w) w§,C* (Buw) - (5.20)

vweE

In particular, we recover the gradient flow solution in strong form as
WeV: A(t)+ (dive(t)), =0,

Vww € E: fVW(t) = D2ﬁ*(’77 _vé\/(’y)ﬂvw = kvw\/"W(w - ’Y\/(t)>7

wy

where we used the identity (C*)'(3(logb — loga)) = b — a, since (C*)'(r) = 2sinh(r/2). By recalling the defini-
tions (6.13) and (5.17), we arrive at the limit dynamic (1.19) introduced in Section[1.4

Remark 5.18 (Joint fast edge diffusion and combinatorial limit). We note that the limits considered in Section[5.4 and the
present section are complementary to each other. Indeed, the fast diffusion limit is realized by accelerating the dynamics
along the metric edges, but keeping the reference measures and the jump rates between metric edges and vertex reser-
voirs fixed. In contrast to this, the combinatorial limit is obtained by rescaling the reference measures and jump coefficients.
It is therefore plausible that these limits should commute with each other. In light of the length of this manuscript, we refrain
from adding yet another section to consider this joint limit analytically. Instead we present in Section[6 numerical results
indicating that the two limits may indeed commute.

6 Numerical simulations

We present several numerical examples based on an implementation of the discrete scheme introduced in Section [4]

This implementation is used to investigate the multiscale limits as considered in the analysis of Section |5| Going be-
yond the scope of Section [5, we study the rescaled systems for initial data that are not well-prepared, observing that
the rescaled systems accommodate for this lack of well-preparedness after short times. Furthermore, using relative en-
tropies and Hellinger distances, rescaled prelimit systems and their respective limit systems are compared to each other
for well-prepared initial data. We conclude the section by numerically studying the simultaneous fast edge diffusion and
combinatorial limit mentioned in Remark B, 18l

Due to the scope of the present work, we focus on the case of a single graph (triangular) and fixed reference measures.
The interesting study of different measures, graph topologies or other driving functionals, such as for example nonlocal
interactions, is postponed to future works.

Prelimit system With the notation of Section[4] the (space-)discrete version of reads as

- ~ € ~e - ~ € ~e
&,ﬁzn%i(f“—%)—i—nzdzl(%l S ), k=2,...,n—1,ecE,
k

~e ~e
wn,k-‘rl wn, wn,k—l wn,k

d
dt

as well as

d N Je se ~ ~€
ﬁf:n2d§<l2 _:);1 >+d\?,n<%_~,yl )7 e:VW€E7

€
dt Wy 2 Wy 1 Wy Wi 1
d_ Yo - Yr—1 Y
77’2 = d\‘j\;n T "’en + nQd:L*l ’”en o ~€n ’ £ VAS E7
dt Wy wn,n n,n—1 wn,n

with dj, == d°\ /Wy, Wy g, A, = Ry Jwvwy, o, and dy" = R /ws Wy, where the internal vertex measures wy,

are as in (4.1). The vertex evolution is characterized by

_ oW Yo W
o=y d, (a;@l _ wv) + > @ (a;e _ wv) Wev.
) v

e=vwcE n,1 e=wvcE n,n
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We will perform all simulations with densities as unknowns, which we now introduce. Foralln € N, v € V, e € E and
&Z’“ and u, = Z— Substituting these into the above equations, we obtain
n,k v

k=1,...,nwedefine uj =

d

wn@k = n2d§ (., — ay) +nidi_q(ag_y —af), k=2,...,n—1,e€E, (6.1)
as well as
B 5 = 2 (5 — 05) + 5, (1 — ), e =w e E, 62)
a;,n%ug — 5™ (@y — @8 + n2de_ (@, — i), e—vweE, 6.3)
and
Wity = Y dS, (a5 —a)+ Y o, — ), Wev. (6.4)
e=vw€E(v) e=wveE(v)

The system of ODEs (6.7)—(6.4) will be used for all numerical simulations below and we fix n = 100 in all experiments
except the ones displayed in Figure [6.5]

All experiments are carried out on a triangle with three vertices and three edges as sketched in Figure [.1] We also fix the
length of all edges to one, i.e., £¢* = (2 = {3 = 1. In addition, for the diffusion coefficients as well as the symmetrised
jump rates, we choose d°! = d°* = d® = 1land kR = 1fore = ey, ey, e3 and v = v1, va, Vs, respectively.

()
()
(=)

Figure 6.1: Sketch of the triangular graph used in all numerical experiments.

For the invariant measures, we choose

e z+0.1 ey  Sin(dmr) + 1.1 ey 0822 —1.8z+1.1
z A ’ Z
and
0.1 1.1 1.1
Wy, = 7 Wy, = 7 Wyg = 7

where the normalization factor
3

1
Z = Z(/ ¢ (x)dz + w\,i> =4.47,
i=1 \/0
ensures that the invariant measure on the whole metric graph remains a probability measure. Note that this choice is

continuous not only along the edges, but also at the vertices.

In accordance with Section [4] we obtain discretized quantities on the edges by integrating over patches, see (4.9), i.e.,
@y, = w5 ) with I, = [(a — 1)hy,, ahy) and hy, = £€/n. Here, we stress that both 7} and 7, are measures
(not densities) and to ensure that they form a probability vector on the graph, the sum over all of them needs to be one
(without any additional scaling factors).

On the other hand, from the discrete quantities ;,, we can recover the continuous objects p™ by using the embedding
defined in (4.5), i.e., by applying a piecewise constant interpolation and scaling with n to preserve the total mass.

Finally, unless stated otherwise, we prescribe the initial data

1 B _ B 1
Ve =V =V =z and T =T =M T

which correspond to uniform initial measures in the continuum.

DOI 10.20347/WIAS.PREPRINT.3161 Berlin 2025



G. Heinze, J.-F. Pietschmann, A. Schlichting 36

Regarding the numerical solver, we note that upon rescaling the parameters to study the different limits, the system
becomes stiff, meaning that some of the components evolve on a very different time scale than other. Therefore, a simple
explicit time stepping scheme is no longer appropriate, as for a stable solution very small time steps would be necessary.
Instead, we use an implicit multi-step variable-order (order from 1 to 5) method that is based on a backward differentiation
formula for the derivative, [SR97|, and that is implemented in scipy.

Kirchhoff-limit To obtain discrete limit dynamics for this case, we need to formulate the discrete version of the graph
evolution without the vertex dynamics, ensuring continuity of the measures over the vertices as well as the Kirchhoff
condition to preserve the total mass. To this end, we introduce a discrete patch around each vertex, which can be thought
of as enforcing that all edge degrees of freedom adjacent to this vertex are equal. We denote this patch vertex degree of
freedom by 1i,,.

The dynamics in the interior are then modified as follows, taking into account that the first and last degree of freedom on
each edge is removed:

e d e s~ - = - -
me&ui :nzdi(uZH — a8+ n2d_ (S, —auf), k=3,...,n—2,ecE. (6.5)
On the internal vertices adjacent to the vertex degree of freedom we have
d_ 7n2je(ﬁe—ﬂe)+n2je( 7&6) (6.6)
Wn, 2 dt U 2\U3 2 1 2 .
- d_ _ - 25 - -
wft n—1_ dt Up—1 =1 dn 1( - qu) +n de—Q(qu—Q - ufz—l)? € =VW & E. (67)

Finally, for the vertex patch we use the notation
D R TR DR
e=vw€EE(v) e=wveEE(v)
and obtain
Gop, =y nldias—u)+ Y nidy(i@h, — ), WeV. (6.8)
e=vweE(v) e=wveE(v)
We remark that we expect the system above to converge, as n — 00, to the continuous Kirchhoff system. Yet, the rigorous

proof of this statement would need similar arguments as in Section[d and is postponed to future research.

In Figure we present a comparison of the measures Y* = u®w?® for the (rescaled) system (6.1)-(6.4), i.e., with
WE = ey, /Z° (being Z*¢ a renormalization factor of order 1), £5¢ = &£ /¢, and the Kirchhoff system (6.5)—(6.8).

As expected, we observe that continuity at the vertices is enforced more and more as € approaches zero. Additionally,
the fact that our initial data are not well-prepared leads to the formation of boundary layers at short times, see inlets (b)
and (c). They occur as the rescaled invariant vertex measures together with the rescaled jump rates allow for a very fast
transport of mass off the vertices. For later times, the dynamics on the edges become dominant, driving the shapes of the
profiles towards the invariant (edge) measures. At large times, we see that the rescaled systems almost coincide with the
limit system, while the unscaled systems remains distinct.

Fast edge diffusion limit Next, we consider the fast diffusion limit d*¢ = e~ 1d® = e~ forall e € E. The resulting
limit system on the graph (V, E) introduced in (T-17) reads as

70, £0,C°(t) = Y RV wwy (T(t) — C°(), Ve €E,
veV(e)

Wy Oy (¢ Z hoy/me |va( °(t) — ay), Yv eV,
e€E(v)

(6.9)

where u,, again denotes the quotient -y, /w, and where we kept the notation (¢(¢) from Proposition as it already
denotes a density. Figure [6.3] displays the dynamics of the measures y* = u®w obtained from the (rescaled) system
6.4) and the fast edge system (6.9). Note that we visualize the limit system by presenting the product (7¢ on each
edge.

In this case, no boundary layers occur and the stationary profiles of prelimit and limit coincide, since no rescaling of
the reference measures takes place. We do, however, see that with decreasing ¢ the profile of the respective invariant
measures on the edges in assumed more quickly.
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£ =1.0€+00 = c=10e-02 £=1.0e—05 === Kirchhoff £ =1.0€+00 m—c=1.0e-02 £=1.0e—-05 === Kirchhoff
1%8 e1 V2 e V3 es Vi e1 V2 e V3 es
1.5 15
12 12
0.9 0.9
0.6 0.6
0.3 0.3
00 M M M 00 lL IL llL
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
(at=0 (b) t = 0.005
— £=1.0€+00 = c=1.0e-02 £=1.0e-05 = Kirchhoff — £=1.0€+00 = g=1.0e-02 £=1.0e-05 = Kirchhoff
1% e1 7 e2 V3 es Vi €1 V2 €2 V3 es
15 15
12 12
0.9 0.9
0.6 / / 0.6 \
(
" " \
0.0 L L L 0.0 L “\ L
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
()t =0.01 (dt=0.1
— £=1.00+00 == g=1.0e-02 £=1.0e-05 === Kirchhoff — £=1.00+00 == g=1.0e-02 £=1.0e—-05 === Kirchhoff
Vi €1 V2 €2 v3 €3 Vi €1 V2 €2 v3 €3
15 15
1.2 1.2
0.9 0.9
0.6 0.6
) /\/\./ .
v L m\ L olm] / L i \
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
e)t=1.0 (¢t =40.0

Figure 6.2: Evolution of the measures y© = u®w*® for the prelimit system with rescaling wé = ew, and BRS¢ = RS /e
with different values of € as well as for the discrete Kirchhoff system (6.5)—(6.8).

Combinatorial graph limit We now address the combinatorial graph limit going from (6.9) to the system on original
combinatorial graph (V, E) given by

w0l (t) = Z Foow/wOw (ul, — ul), YWev, (6.10)
vweE, weE
with uy, = Y (t) /w0, tw = Y (t)/wS and where
7 Harm (RS /T wy, R /76w w)
e 2\ /Wy Wy '

W=
N
)
I
Nl

As discussed in Section this limit is achieved by the rescaling £ = ¢~ 2 as well as 7¢ = en®/Z¢ and
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— £=1.0€+00 = c=50e-01 £=1.0e—-01 == Fastedge
1% e v; e % e
05 V1 1 2 2 3 3
0.4
0.3
0.2
0.1
0.0
0.0 05 1.0 0.0 05 1.0 0.0 0.5 1.0
(at=0

= £=1.0e+00 == £=50e-01 £=10e-01 = Fast edge
0.5 YL e1 V2 (7] v3 es
0.4

0.3

0.2

4

0.0

0.0 0.5 1.0 0.0 0.5 1.0
(©)t =0.01
— £ =1.0e +00 — =506 -01 £=1.0e-01 = Fast edge
0.5 Vi €1 V2 €2 V3 es
0.4
0.3
0.2
0.1
0.0
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
©t=1.0

1%
051

0.4

0.3

0.2

0.1

0.0

0.51—

0.4

0.3

0.2

0.1

0.0

0.5 17—

0.4

0.3

0.2

0.1

0.0 1NN

w— £ =1.0€+00 = c=50e-01 £=10e—-01 == Fastedge
e V2 ez V3 es
0.0 05 1.0 0.0 05 1.0 0.0 0.5 1.0
(b) t = 0.005
— £=1.0€+00 == £=50e-01 £=10e-01 = Fast edge
el V2 ez V3 es
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
(dt=0.1
—— £=10e+00 === £=50e-01 £=10e-01 == Fastedge
el V2 e V3 €3
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
()t = 40.0

Figure 6.3: Evolution of the measures Y = u®w for the prelimit system with rescaling d*¢ = e~ 1de° with different values
of £ as well as the for combinatorial system on the extended graph (V, E).

wg = w,/Z°, where we recall Z& = ¢ e ([0, £°]) + >, cy wy in 6.9).

Since both the prelimit and the limit systems are discrete, we refrain from presenting the evolution of their profiles. We
do, however, consider the convergence of the relative entropies and the Hellinger distances for well-prepared initial data.

Indeed, this is discussed next.

Relative entropies and Hellinger distances We now study the relative entropies £(y) = H(y|w) for different values
of € and each of the limits discussed in Section[5] Furthermore, we calculate for each case the time integrals of Hellinger-
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e=1 e=011]e=0.01 | e=0.001
Kirchhoff 4.37 4.18e-1 1.17e-2 5.64e-5
Fast diffusion | 2.14e-3 | 5.43e-4 | 2.2e-5 3.92e-8
Combinatorial | 8.59e-5 | 2.14e-5 | 8.46e-7 8.44e-11

Table 1: Values of the Hellinger distance defined in (6.11) for different values of €. For fast diffusion and combinatorial,
convergence is already observed at ¢ = 0.001.

type distances between the respective prelimit and limit systems. They are given by

1T (o [0 0N Ve [\
H(y1,v2) = 2/0 (;;Q/ 0 \/@Z(t)> d +Z<,/ o wy) >dt, 6.11)

vev

with obvious modifications if we only compare vertex-based quantities. In order to have a reasonable comparison, we use
well-prepared initial data for all these studies. To this end, we chose the initial densities

at =k/n, 0 =1/n, 42 =1—k/n  and v, =0,%, =%, =1

This results in the discrete approximation of a continuous function over the graph, which is necessary to ensure well-
preparedness for the Kirchhoff limit.

The results for the relative entropies for Kirchhoff, fast edge diffusion, and combinatorial limits are displayed in Figure
We observe exponential convergence for all systems, yet with a rates depending on €. In all cases the limit systems
converge faster than the rescaled ones for € > 0, which can be explained by the additional states that are still active (e.g.
¢ in the combinatorial limit) in the prelimit systems and need to be dissipated. What is more, as shown in Section |5, as
e — 0, the entropies converge to the limit entropy. Similarly, we observe that for all cases the Hellinger distances between
prelimit and limit decrease with € as shown in Table[T] Here, we stress that the dependence of the distances on ¢ is not
comparable across different limits, since the role of ¢ is distinct for each limit.

10°
£=1.0e +00 —— €=1.0e+00 101 —— &£=1.0e + 00
£=50e-01 1072 £=5.0e-01 £=5.0e — 01
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Time Time Time
(a) Kirchhoff limit (b) Fast edge limit (c) Combinatorial limit

Figure 6.4: Evolution of the relative entropies (logarithmic axes) as a functions of time for different limits and different values
of e.

Joint fast edge diffusion and combinatorial limit  Recalling Remark[5.78] we now address the joint fast edge diffusion
(d=¢ = £1d¢) and combinatorial (¢ = ¢~ 2RE = £ 2 as well as ¢ = e7®/Z¢ and wE = w,/Z%) limit. In
Figure@] (a) and (b), we observe that as € becomes decreases, there remains a visible difference in the rate with which
entropy decreases, when compared to the limit system. However, we recall that we employ a discrete approximation for the
edge diffusion, i.e., we perform in fact a combinatorial limit in the spirit [PS23| §7]. For finite n, the approximation error of
the discrete approximation of the edge diffusion starts to dominate the total error as € becomes small. Indeed, Figure|6.5
(c) shows that the the Hellinger distances between the prelimit and limit curves decrease as n increases, suggesting a
convergence rate of order 1/n.
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Figure 6.5: (a),(b): Evolution of the relative entropies (logarithmic axes) as a functions of time for different values of ¢ for
n = 50 and n = 400, respectively.

(c): Time integrated Hellinger distances between prelimit and limit curves for different values of n and ¢ (both with logarith-
mic axes).

7 Conclusion and outlook

Incorporating nonlocal interaction energies into the framework As in [EFLS16, [EFMM22] it is likely possible to
generalize the approach to systems satisfying a local detailed balance condition, which relaxes the detailed balance con-
dition as follows: For all u = (7, p) € P(M) there exist jump rates r[u] : VX E — [0, 00), r[u] : EXV — [0, 00)
and a local equilibrium (w[p], 7[p]) € P+ (M) such that it holds

rlu](e,v) Téullv = rlul(v,e) wy[u]  V(v,e) €V X E. (7.1)

A state p1* € P(M) is stationary for the according dynamic with 7 replaced by r[u] and P replaced by — log 7[u]
if and only if u* = (w[p*], w[*]). In particular, this allows to treat nonlocal interaction energies by considering 7[u] =
e Pl with Pe[u)(x) == fOZC K¢(x — y)p°(dz) for some kernel K¢ : R — R for all e € E. In this case, the driving
energy (T.6) has to be redefined such that £/ (i) = log ﬁ and &, (1) = log ﬁ (for details of the construction of the
free energy see [EFLS16, Definition 2.3]).

Scaling limits in the discrete setting The numerical implementation of the combinatorial graph limit suggests that
the rescalings of Section and Section [5.3| commute with each other. It might be interesting to further investigate this
observation.

Numerical studies In Section [6} we restricted our considerations only to a single graph topology, a triangle shape.
It would be interesting to numerically study more complicated graph topologies to develop a deeper understanding of
possible phenomena that do not occur on a triangle-shaped graph.
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