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Generalized bootstrap in the Bures—Wasserstein space

Alexey Kroshnin, Vladimir Spokoiny, Alexandra Suvorikova

Abstract

This study focuses on finite-sample inference on the non-linear Bures—Wasserstein manifold
and introduces a generalized bootstrap procedure for estimating Bures—Wasserstein barycenters.
We provide non-asymptotic statistical guarantees for the resulting bootstrap confidence sets. The
proposed approach incorporates classical resampling methods, including the multiplier bootstrap
highlighted as a specific example.

Additionally, the paper compares bootstrap-based confidence sets with asymptotic confidence
sets obtained in the work of [Kroshnin et al.|[2021], evaluating their statistical performance and
computational complexities. The methodology is validated through experiments on synthetic
datasets and real-world applications.

1 Introduction

Optimal transport (OT) seeks the most efficient way to transform one distribution into another, given a
transportation cost. This allows one to define geometrically meaningful distances between probability
measures [Ambrosio et al., {2008, \Villani, [2009, \Santambrogio, 2015].

OT provides a powerful framework for modeling and analyzing objects and processes, with applications
spanning diverse fields. These include machine learning |Arjovsky et al.,|2017], information geometry
[Khan and Zhang|, 2022], image processing and computer vision [Bonneel and Digne, [2023], economics
[Galichonl 2018], and bioinformatics [Schiebinger et al., 2019]. OT-based distances also play an
important role in statistical inference [Del Barrio et al., [2015| [Rippl et al., 2016l del Barrio et al., 2017,
Bobkov and Ledoux| 2019, Panaretos and Zemel, 2020, [Heinemann et al., 2022, |Chewi et al., [2024].

Beyond their intrinsic interest, OT distances facilitate the definition of a new type of averaging, known
as the Wasserstein barycenter, distinct from the classical notion of the mean. Barycenters have a broad
spectrum of applications, such as image processing [Simon and Aberdam, 2020], time series modeling
[Cheng et al.,|2021], modern energy technologies [Larvaron et al., [2024], economics [Levantesi et al.,
2024], machine learning [Mallasto and Feragen, 2017, [Muzellec and Cuturi, 2018], among others.

Bhatia et al.|[2019] established a connection between OT and quantum information theory and intro-
duced the Bures—Wasserstein distance and corresponding barycenter that are the focus of the current
study. Recent works [Haasler and Frossard, [2024] [Maretic et al.| [2022alb] have demonstrated the
applicability of this concept to graph alignment and averaging. In particular, Haasler and Frossard
[2024] present a novel approach to analyzing graph-structured data and then show the usability of the
Bures—Wasserstein barycenter of graphs.

This study considers the statistical framework for barycenters, assuming the observed data is random.
Within this setting, numerous studies have addressed the consistency of barycenters and their variations
[Bigot et al., 2012} |Le Gouic and Loubes| 2017, |Cazelles et al., 2017]. Additionally, explicit convergence
rates, concentration inequalities, and large deviation results have been of significant interest [Ahidar{
Coutrix et al., 2020, Brunel and Serres| 2024 [Le Gouic et al., [2022, |Jaffe and Santoro, [2024]. In some

DOI 10.20347/WIAS.PREPRINT.3145 Berlin 2024



A. Kroshnin, V. Spokoiny, A. Suvorikova 2

cases, the Central Limit Theorem has been established [Kroshnin et al., |2021, |Carlier et al., |2021].
It is noteworthy that some classical results apply to the barycenter setting because barycenters are
M -estimators [Van De Geer, |2006].

Some of the results mentioned above can be used to build asymptotic confidence sets for barycenters. A
fundamentally different mechanism for constructing confidence sets is based on the bootstrap approach.
Since their introduction in the seminal paper by |[Efron|[1979], bootstrapping techniques have attracted
much attention due to their algorithmic simplicity and computational tractability. Spokoiny and Zhilova
[2015] apply multiplier bootstrap to construct likelihood-based confidence sets. Chen and Zhou| [2020]
investigate the case of heavy-tailed data. [Naumov et al.|[2019] validate bootstrap approximation for
spectral projectors in the case of Gaussian data. Cheng and Huang| [2010] provides approximation
rates for multiplier bootstrap for M-estimators in semi-parametric models. |Lee and Yang [2020] propose
a resampling procedure for M-estimators for non-standard cases. For more examples, we recommend
an excellent survey by Mammen and Nandi [2012].

The current study develops a generalized bootstrap procedure [Van Der Vaart et al., [1996] tailored for
Bures—Wasserstein barycenters and provides non-asymptotic statistical guarantees for the resulting
bootstrap confidence sets.

1.1 Brief introduction to optimal transport

We begin with a particularly important case, the 2-Wasserstein distance. It stands out due to its rich
geometric structure. Let R? be equipped with L2-norm. Then the distance between distribution 1 and
12 on R? with finite second moments is defined as

W) = _int [ o~ ylBdn(z.y
R xRd

(i1, 12) = {w e PR x R | [ ww)dy = (o). [ rte)ie =u2(y)},

with P(R¢ x R?) being the set of all probability measures on R? x R?. The 2-Wasserstein distance is
of high practical interest; see, e.g., [Courty et al., [2016), [Bistron et al., [2022].

The case of the 2-Wasserstein distance for Gaussian distributions [Takatsu et al.l [2011] is particularly
interesting due to its analytical tractability. The 2-Wasserstein distance between Gaussian distributions,
p1 = N(my, X1) and piy = N(may, Xs), is

2 2 1/2 1/2 1/2
W5 (1, p2) = ||ma — mal|3 + tr Xy 4+ tr Xy — 2tr (21 3930 ) : (1.1)

It is important to note that a similar concept—the Bures distance [Bures, [1969]—arises in quantum
information geometry. For any pair of positive-definite Hermitian operators 2y and X, s.t. tr 2, =
tr 2y =1 (i.e., X' and X5 are density operators), the Bures distance is defined as

1/2
B=2 (1 - (23%2}”) > .

Bhatia et al. [2019] combined the concept of the Bures distance with the 2-Wasserstein distance for
Gaussian distributions (as defined in (1-1)) and introduced the Bures—Wasserstein distance. Let H(d)
be the space of all d x d Hermitian matrices, with H, (d) and H., , (d) representing its subspaces of
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Generalized bootstrap in the Bures—Wasserstein space 3

positive semidefinite and positive definite matrices, respectively. The Bures—Wasserstein distance on
H, +(d) is defined as

def

W2Q, ) W trQ +tr S — 20 (S42QSY2)"* | S,Q € H,(d).

The 2-Wasserstein barycenter—introduced by |[Agueh and Carlier| [2011]—is a Fréchet mean in the
Wasserstein space. It aggregates probability measures in a geometrically meaningful way and reduces
data variability. Given a set of probability distributions 1, pa, . .., 1, defined on R¢, and a set of
non-negative weights wy, ws, . . ., w, with Z?zl w; = 1, the 2-Wasserstein barycenter 7z is defined
as the probability measure that minimizes the weighted sum of squared 2-Wasserstein distances:

7 def argmin Z wiwg(m Mi)a
I/GPQ(Rd) i=1

where P (R?) is the set of probability measures on R? with finite second moments.

In particular, this provides a geometrically meaningful method of averaging Gaussian distributions.
Specifically, consider a set of d-dimensional Gaussian measures i3 = N(mq, X1), ..., 1, =
N(ma, X,,)./Agueh and Carlier [2011] showed that their 2-Wasserstein barycenter i = N(m, X)) is
Gaussian distribution as well with

n

1 Zn ) Z T2 5 512 1/2
n v (1.2)

i=1

Note that X is the unique solution of the fixed-point equation (1.2) [Agueh and Carlier, [2011]. The
works by Alvarez-Esteban et al.| [2016] and (Chewi et al. [2020] discuss the computational aspects.

Bhatia et al.| [2019] showed that the result similar to (1.2) holds for non-negative Hermitian opera-

tors. Namely, for fixed weights w1, . .., w,, s.t. Zz w; = 1, one can define the Bures—Wasserstein
barycenter of positive semi-definite Hermitian operators S1, ..., .S, € H, (d) as
n n 1/2
B = argmin Zwiwz(Si,Q), B = Zwi (Bl/QSZ-Bl/Q) ) (1.3)
QeH 4 (d) i=1 i=1

1.2 Generalized bootstrap

Let M (H++(d)) be the space of non-zero finite Borel measures on H, , (d) endowed with the Borel
o-algebra induced by the topology of weak convergence.

We define the barycenter mapping from M (H.. (d)) to H, . (d) as

B:pu— B, & argmin / W2(Q, S)du(S). (1.4)
QEH 4 (d)
Hy 4 (d)

Recall that B3 is uniquely defined (see Theorem 2.1 in [Kroshnin et al., 2021]). Thus, according to
Corollary 5 in [Le Gouic and Loubes)|, 2017] it is continuous w.r.t. the 2-Wasserstein metric on the
subspace of probability measures P (H.,; (d)) € M (H.(d)). Hence, by homogeneity B(11) =

B (W). Thus, B is measurable on M (H.(d)).
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Let ({2, F,P) be a probability space and p € M (]I-]I++(d)) be a random measure with distribution P.
Respectively, B, is a random matrix. Let B = B(IE 1). The goal is to approximate the law of W(B,,, B)
to construct a confidence set around the observed B,,. We use a generalized bootstrap approach: we

d
will show that W(B, B,,) =~ W(B,,, B;,) for a properly selected random i € M (H++(d)) depending
on /i

The main result (Theorem claims that under suitable assumptions on P and /i with probability at
least 1 — Ce™* (with C being a generic constant), it holds

sup|P{W(B,,, B) < z} —P{W(By, B,) < z | u}| < I'(t), (1.5)

z>0

where P{-|1} stands for probability conditioned on 1. This setting covers the classical resampling
techniques, including the multiplier bootstrap.

1.3 Multiplier bootstrap

We consider an i.i.d. sample S, ..., S, where .S; x P, with P supported on H, , (d). The empirical

distribution 1 is defined as:
1
=P, =— Js,,
im0

with d¢ being the Dirac measure. Correspondingly, P defined in represents the law of empirical
distributions constructed from i.i.d. samples of size n drawn from P.

We define [i as a reweighted empirical distribution
. 1
fri= Py, = Ezwzgsm
(2

where wy, . .., w,, are non-negative i.i.d. weights independent of the data. Specifically, we assume

iid
w; ~W, E,w;, =1, Var,w; =1.

It is noteworthy that the total mass /i(H  (d)) might be not equal 1. This flexibility is inherent to the
generalized bootstrap framework

Finally, B = B(P). Collecting the results above, we have

B:B(P)7 Bn:B(Pn)a Bw:B(Pw>a (1.6)
where B, B,,, and B,, represent the population barycenter, the empirical barycenter, and the reweighted
empirical barycenter, respectively.

The generalized bootstrap result ensures that the law of v/nW(B,,, B,,) approximates the law of
VnW(B, B,,). Consequently, one can utilize /nW(B,,, B,,) to construct non-asymptotic confidence
sets for B,,. We will show in Theorem 5.1]that if P and TV are sub-exponential, the approximation rate
I'(t) (see ({.5)) is of order n~/2 up to a logarithmic factor.

1.4 Contribution of this paper

This study addresses the challenge of finite-sample inference on the non-linear Bures—Wasserstein
manifold. The primary contribution is developing a generalized bootstrap procedure [Van Der Vaart
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et al.,[1996] for the Bures—Wasserstein barycenters and providing non-asymptotic statistical guarantees
for bootstrap confidence sets.

One of the central results of this study is the derivation of relative approximation bounds for the
Bures—Wasserstein distance and the Bures—Wasserstein barycenters. These bounds, presented in
Section |2} form the foundation for analyzing the generalized bootstrap procedure.

To validate the proposed bootstrap framework, the study establishes Gaussian approximation results
for W(B,,, B) and W(B;,, B,,) (see Section . Specifically, under mild assumptions and for properly
chosen centered Gaussian vectors Z, and Z,,, it holds

d d
W(BWB) ~ HAZHF7 W(B[L?BM> ~ HAZMHF7

where A is a scaling operator encapsulating the geometric structure of the Bures—Wasserstein space
(see (2.1)). These approximations are formulated as non-asymptotic bounds on the Kolmogorov
distance between the corresponding distributions.

To illustrate the framework’s versatility, the study considers the multiplier bootstrap as a specific case.
In this context, we demonstrate how one can use model assumptions about the distribution of observed
data to establish the necessary conditions for the generalized bootstrap’s validity.

Furthermore, we show the procedure’s applicability using graph-structured data, including a weighted
stochastic block model and human brain connectomes (comprehensive maps of neural connections in
the brain). Finally, the study compares the computational complexity of the proposed procedure with
that of constructing asymptotic confidence sets as described in [Kroshnin et al., [2021]. The results
demonstrate that the bootstrap procedure exhibits greater numerical efficiency than the asymptotic
approach, making it a more practical choice for applications requiring computationally scalable inference
methods, especially in high dimensions.

Organization of the paper and accepted notations

The paper is organized as follows. Section 2 presents approximation bounds in the Bures—Wasserstein
space. In Section 3] we derive Gaussian approximation results, which are crucial for proving the
generalized bootstrap. Section [4] presents the main theoretical result concerning non-asymptotic
statistical guarantees for bootstrap confidence sets. Section[5]focuses on the case of multiplier bootstrap.
In Section [6] we evaluate the performance of the proposed method on both synthetic and real datasets.
In particular, we compare approximations constructed using the multiplier bootstrap with those derived
from asymptotic results of[Kroshnin et al.|[2021]. Additionally, we analyze the computational complexities
of both methods.

Table [f]lists the notations used throughout the text.

2 Approximation bounds in the Bures—Wasserstein space

We begin collecting some facts that are crucial for generalized bootstrap validation. We will often
quantify the closeness of matrices or operators S = 0 (S = 0)and ) > 0 (Q > 0) as

Q S dﬁf HQ 1/25@ 1/2 I ’ T(Q,S) déf ||Q71/25Q71/2 _IH

with ||-|| being the operator norm, I standing for the d x d identity matrix and I being the identity
operator.
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A. Kroshnin, V. Spokoiny, A. Suvorikova 6

H(d) d x d Hermitian operators

H,(d),H,(d) d x d positive semi-definite and positive definite Hermitian operators
X Matrices or vectors

X Operators

Amax (X)s Amin (X) Largest and smallest eigenvalues

X X e (1X s (12X e Operator, Frobenius, 1-Schatten, 1,-Orlicz norm
(X,Y) Inner product associated to Frobenius norm
k(X)) =X -1 X7 Condition number of an operator or a matrix

® Tensor product

log(x) log(z) = max {1, In(z)}

r(X,A) r(X,A) = || XV2AX Y2 — |

C Generic constant

2 Closeness in distribution

Table 1: List of accepted notations.

Now, we recall the concept of the optimal transportation (OT) map, one of the key concepts in OT. Of
note, it is often referred to as the optimal push-forward.

For any Q,S € H,,(d) we denote the OT map as T = Q Y/2(QY2SQY*)M*Q~' Itis
differentiable in Fréchet sense (see Lemma A.2 by Kroshnin et al.| [2021]),

Toix =T5 +dT5(X) +o(|X])) as|X]| =0, X €H(d),

where dTé2 : H(d) — H(d) is a negative semi-definite operator.

The first result in this section establishes a connection between W((Q, S) and the Frobenius norm of

the difference || — S||;- From now on, we fix some B € H., ; (d) and introduce an auxiliary operator
A1

def 1 1/2
A= (_5d:rg) . (2.1)

The properties of A are investigated in Lemma|A.2
Lemma 2.1. Let@,S € H (d) bes.t. r(B,Q) < 1/2andr(B,S) < 1/2. Then

A 9.~ 1’ < 4r(B,Q) +2r(B,9).

The proof is technical, so we postponed it to Appendix

Now, for a measure . € M (H++(d)), by analogy with the barycenter mapping B(1) (see (1.4)), we
introduce the 7 (1) mapping and F () mapping,

T:p—T,= / (T — 1) du(S); (2.2)
Hit(d)
Fip— F,=— / dT5du(S). (2.3)
Hi ot (d)

DOI 10.20347/WIAS.PREPRINT.3145 Berlin 2024



Generalized bootstrap in the Bures—Wasserstein space 7

The following lemma connects 3, and 7},. Let F' be some fixed positive-definite operator acting from
H(d) to H(d). Denote

r &t r(B,B,)+r(F,F,), p def 2/ k(F)r, (2.4)
with k(X)) = || X - || X || being the condition number of X
Lemma 2.2. Letr < % then the following approximations hold:

||Bu — B — FﬁlTuHF
[ F g 7

[AFT, |, V(B

1

with A coming from (2.7).

Proof. First, we introduce an auxiliary operator D,,. Let B, = tB, + (1 — t)B, t € [0, 1]. We set

1

D, - / / AT dt | du(S). (2.7)

Hy4(d) LO
Proof of (2.5) We write the Taylor expansion for B, in the neighbourhood of B in integral form (see
Theorem 2.2 by Kroshnin et al.|[2021]), B, — B = D;lT#. This ensures
B,—B—F'T,=(D,'F -1I)F'T,
with I being the identity operator. We set B := B, — B and get

|Ba— F'T, g
[E Tl

< |Dy'F 1.

The bounds on D,, from Lemma [A.4]yield

1-r)F'xD'<(1+2r)F

m

Therefore,
|D,'F —1I| <+/k(F)r(D,",\F~") <p.
The claim follows. The proof of is similar. We postpone it to Appendix [A] O

Now we fix some /i € M (H,(d)) and define

P (B, By +r(F,Fy), p% 2v/k(F) (2.8)

Corollary 2.3. Ifr < % andr < % then the following bounds hold

By = By = FH(Tp = T < 4

F YT =T+ (p+p)||F T, (29

|W(B[M Blt) - HAF_I(T/J - T;L)HF‘ (2.10)
< 6r(A) (p+p) |[AF ™ (Tp = T,)le +4 (5 + p) | A F Tl
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The proof is postponed to Appendix The next result estimates the proximity of 13, and B in terms of
[ Tlle-

Lemma 2.4. For X € H(d) we denote

def

€(X) 1e! Bl/2F (Bl/2XBl/2) Bl/2,

and set

aet 4] B
B =
)\min(é)

and || T, ||y < 5. Then

. 2.11)
Assume thatr(F, F,) < 5

HBil/QBuBilﬂ - [HF < || Tullg-

Proof. First, we set

1
.00 = BB (BXB) B, = b B en e
min\Spu
Provided that {,, < 2, Lemma B.1 by Kroshnin et al,[2021] ensures
—1/2 ~1/2 Cu
|B-Y2B,B2 1|, < =Ty <2,

Now we show that condition ¢, < 2 holds. Assumption 7(F', F,) < 3 implies r(£,£,,) < 3. This

yields )\min(éu) > AT“(Q Therefore, the assumptions of the lemma ensure

CB 2
?HT#HF < g

This finishes the proof. O

Cu <

3 Gaussian approximation

This section presents the general Gaussian approximation result. It is the key ingredient for bootstrap
validity. The first lemma contains an auxiliary term (- ). To avoid breaking the logic of the presentation,
we will define () immediately after the lemma. Moreover, from now on, we will denote generic absolute
constants as C.

Lemma 3.1 (GAR). Let X, Y € R, be random variables satisfying the following assumptions:

There exist constants m,§ > 0, p € [0, 3] s.t.

P(|X —Y|<pY +m)>1-04. (GAR-I)

There exists a centred Gaussian vector G ~ N(0, K) taking values in a Hilbert space H, and a
constant A € (0, 1), s.t.

sup|P{Y < 2z} — P{||G||u < 2}| < A, (GAR-I)
2>0
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Generalized bootstrap in the Bures—Wasserstein space 9

with ||-|| ir denoting the norm induced by the scalar product in H. Then

sup|P{X <2} —P{|Gllg <2} <A+ +Cy(K) | ——u 1],
z2>0 tI‘(K)

with ~y(K') coming from (3.2).

Now we define 7(-). Let K be a positive semi-definite Hilbert-Schmidt operator. We assume its
eigenvalues {\; }; are arranged in non-increasing order. We define

(K) S (A A,) 717 with 42537 A2 wherer = 1,2. (3.1)

k>r

Lemma|B.1]investigates the properties <(K). Let
def
Y(K) = »#(K)tr(K). (3.2)

Note that the function v(K) is dimension-free (i.e., scale-invariant). Moreover, v(K') > 1. This follows
from the fact that for any > 1 it holds A2 < (37, Ak)g < (tr(K))*.

Proof of Lemmal3.1l The union bound ensures
P{X<zp<P{y <ol iP{x—V|>pW+m}<P{y<znlis

P{y <52l <P{X <2} +P{IX — Y| > p¥ +m} SP{X <2} +4.

Thus

P{ng;jj}—5<1@{x<z}<zp>{y< Z+m}+5

Assumption (GAR-I) yields
P{IGIn < 52} -6 - A<P{X <2} <P{|Gu < $2} +5+ A

Now one has to bound]P’{HGHH < ZHm} and]P’{HGHH Z+m}-

The assumption of the lemma p € [O, 5} together with Lemmayield

P{IGl < 553} 2 P{IGIn < 35} - 1) s,
P{IGl < 523} <P{IGl < 125} + 1) s

Now we consider a Gaussian r.v. aG with some o > 0. Note that by definition s(0?K) = L (K).
To compare GG and oG we use Corollary 2.3 by \Gotze et al.| [2019)]. This ensures for any z > 0

P{lIG|lx < 2} —P{||G|la < z}| < C((K) + »#(c’K)) || K — ’K]||,
=C(1+ L)1 —a’[x(K) tr(K).

Setting & = 1 + p and taking into account that p € [0, ] we obtain

PLIGHH < 55} > PLIGIn < 2} - cy(K)p.

In a similar way,

P{IGIIn < 1%} <P{IGIn < 2} + Cy(K)p.

Collecting all the bounds, we get the result. O

DOI 10.20347/WIAS.PREPRINT.3145 Berlin 2024
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3.1 Gaussian approximation for generalized bootstrap
We remind that both 1 ~ P (P is supported on M(H,, (d)) ) and 1 € M(H, ,(d)) are random.

So, Gaussian approximation is essential for validation of (1.5). Specifically, we will show that, given two
independent centred Gaussian vectors Z and Z,,,

d d
W(B/MB) ~ HAZ||F7 W(B[“BM) ~ HAZH”Fv

with A coming from (2.). To get these results, we impose some restrictions on 1, Z, ji and Z,,.

Assumptions on ;. We assume there exist functions e7(x) > 0 and er(x) > 0, sit.,

P{Tully > er(x)} < Ce™, (T)
P{r(F,F,) > cp(x)} < Ce ™™, (F)
Let Z ~ N(0, Z) be a centred Gaussian matrix s.t.,
su%)‘IP’{“F*lTNHF <z} =P{|Z||lp < 2}| < ec- (G)
z>
We denote ot
e(x) = 6V/k(F) (cper(x) +er(x))
with ¢ coming from (2.11).

Lemma 3.2 (Gaussian approximation for W(B,,, B)). Denote Z' ' AZA. Let Assumptions @, (£)

and (G) be fulfilled. Then

sup|P {W(B,., B) < =} ~ P{||AZ|lr < z}| <&,

220

£ eq+cinf {e+ VrBE)®], XL {X e(x) < ﬁ@} |

The proof is in Appendix [B.1]

Assumptions on /i We recall that /i is a non-zero random measure that might depend on . We
assume there exists a Borel set A; C M(H,, (d)), st. P{u € A;} > 1 — Ce™"). The following
assumptions hold on this event.

We assume there exist functions é7(x,t) > 0 and £p(x,t) > 0, sit.,
P{IITs = Tullg > ér(x,t) [ n} < Ce™, @)

P{r(F,F,) > ér(x,t) | p} < Ce™, (F)

Let Z, ~ N(0,Z,,) be centred Gaussian matrix s.t.,

sup|P {[| P~ (Ti = T < 2 |1} = P{|Zulle < 2| n}] < Ea(t). (@)

We denote

e(x,t) ¥ 6\/k(F) (cpér(x, t) + £r(x, 1))

DOI 10.20347/WIAS.PREPRINT.3145 Berlin 2024



Generalized bootstrap in the Bures—Wasserstein space 11

Lemma 3.3 (Gaussian approximation for W(B,,, B)). Denote:’ o AZ A LetAssumpt/ons

and (G) be fulfilled. Then, on the event {u €A, p< } it holds that

12«/5(3)
SupIP{W(Bs, By) < 2 |} = P{IAZulle < = | n}] < E(1),
N er . . —_ . A F_lT
g(t) d:f SG<t) +C- 1r}f e X 4 7(:‘“) H(B) (p + S(X, t)) H ”” #”F 1 ’
xeX(t) tr(E’L)
X(t) © < x: &(x,t) < 1
124/Kk(B)

The proof is in Appendix [B.1]

4 Bootstrap validity

d
To complete the proof, one has to ensure |AZ||, = [AZ,||. The approximation relies on the
following assumption,

P{IE-Z., > e=(x)} < Ce™, ©)

with ||-||1 being 1-Schatten norm.

Theorem 4.1 (Bootstrap validity). Let all Assumptions (T) — (2) be fulfilled. Denote =' A=A and
lett > 0 be s.t.

(=)

e=(t) <C -
N

(4.1)

Then with probability at least 1 — Ce ™,
Sup[PAW(By, B) < 2} = PAW(By, By) < 2 [} < I'(t),
I'(t) = Cx(=) || AlPe=(t)+
+eq+Ceinf {e—x (D) m(B)e(x)} +

+ég(t) +C- inf {ex +v(Z)VE(B) (e(t) + &(x, 1)) (“‘”%”'@(t) + 1) } :

xeX(t) tr(Z')

where

def

X—{ £(x) GJ__} ﬂ@“{w E(x,t) < w¢*_}

The proof is in Appendix[C| We note that a similar result for || B — B,,||r and || B; — B,||r can be
easily obtained.
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5 Multiplier bootstrap

To illustrate the method, we consider the setting presented in Section We assume that both the
data distribution P and the weight distribution 1/ are sub-exponential.

Let ||-|| ., be the Orlicz 1,-norm. In what follows, we consider only the cases o = 1, 2. Recall that
| X ||y, < C and || Xy, < C characterize sub-exponential and sub-Gaussian random variables,
respectively.

Let Sy, ..., S, € Hi(d) be i.id. random observations, where S; " P. We assume that
HtrSinfl =vp < 00, (P)
We also assume that the bootstrap weights are independent of the data. Specifically, let w+, . . ., w,, be

i.i.d. random variables, where w; S w satisfying
w~W, flw—1f[, =v, <o, Ew=Varw=1. (W)
Some specific examples are the exponential, the Poisson, or the Bernoulli weights.

Following the accepted notations, we define:

€ 1 def « 1
p, ==Y 65, Pu=i=— wds,. 5.1
p=- : Sis p=- w;0g, (5.1)
Consequently, we define:
BYB(P), B,Y¥ B,=B(P,), B,% B,=B(P,). (5.2)

We note that in the case of Bernoulli or Poisson weights, it is possible for ) . w; = 0, which would
result in B,, = 0. This introduces an additional term in the approximation bound 1(t).

By definition (see (2.3)) F = F(P) = — EdT5". We set

= %F‘l [E(T5 ~1) e (T —1)] F~\.

Theorem 5.1. Let Assumptions (P) and (W) be fulfilled. Let p, be the probability of observing w; = 0,
ie., po = Py {w; = 0}. Then, with h.p.

S;gg\P {VAW(B,, B) <z} =P {V/nW(By, B,) < z | p}| < I'(t) + pg.

2 A
Moreover, denote 02 = I || T1||%, 02 & HE (dT3 — F) ‘ ,andletC.,Cp,Cg > 0 be dimension-
free constants. Then, for sufficiently large n (depending on t),

C 12 é nd CT
I(t) < a3y =& =OAI|FY| o2 e log — e 2
(t) < d*y/ . + k(@A F] o7 L o8 LV (t+d?)

)

Appendix @ contains the proof. The explicit expressions of constants C'g, Cr, Cq can be found in
(D.10), and (D.9), respectively. The explicit condition on the sample size n is in (D.T1).

Remark 5.2. The rate j—% is due to the technique used in the proof of the Gaussian approximation

results (see Lemma and . Specifically, we get d° instead of d°/? because the results are in the
space of d x d matrices.
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5.1 Ideas behind the proof

The proof of the theorem relies on verifying all the assumptions outlined in Section [3|and Section
The following lemma plays a crucial role in this validation.

Lemma 5.3. Let Assumption (P) be true. Then for fixed B € H., . (d) and S ~ P it holds for some
constants vg, vy, vp > 0, that

s, <es. WZElel, <vr 4Tl <ve

We explicitly estimate the bounding terms from all Assumptions (T) — (Z) and summarize them in Tab.
[2land Tab. 3] For the sake of simplicity, we omit the explicit constants. However, they can be tracked in

the proofs in Appendix D}

Assumptions validating GAR

Assumption (P) ensures that

Assumptions (P) and (7)) ensure that

Assumption holds due to Lemma

ep(x) S O'T\/g

Assumption dﬂ) holds due to Lemmam

erit) Sory X

Assumption (F) holds due to Lemma

_ x + logd
er(x) S |1 F 7 lowy ===

Assumption dEb holds due to Lemmam

er(x,t) S (IF Hop +1)x

/x+t+logd
X e —
n

Assumption (G) holds due Lemma

Egsdg —
n

Assumption de holds due to Lemmam

C
fo(t) S d*y[=7

The result is due Lemma|D.1 1|,

The result is due Lemma D.12[,

c
< d .
© 55d%/%+7(5’),/%1og”— Eit) S d® Ce
n - n
C. d
SRICANIATES <t + logg )
def tr(E')
M, =1+ -
K tr(;L)

Table 2: Assumptions for GAR and GAR
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Assumption (Z) holds due Lemma|D.10
t + d?
c=(t) S HIF B Cr
n

Table 3: Covariance comparison

Cov. comp.

6 Experiments on graph-structured data

The aim of this section is twofold. First, drawing on the ideas from [Haasler and Frossard| [2024],
we demonstrate how the multiplier bootstrap performs on both synthetic and real graph-structured
data, specifically related to brain connectomes. Second, we compare the approximating distribution
constructed via multiplier bootstrap with the asymptotic distribution presented in Corollary 2.1 of
Kroshnin et al. [2021]. The code supporting our experiments is available at https://github.
com/asuvor/bw_paper/.

6.1 Bures—Wasserstein barycenters of graphs

Haasler and Frossard [2024] propose a novel framework for defining and computing the mean of a set
of graphs using the Bures—Wasserstein distance. In the following, we adhere to this setting and present
it for completeness.

The authors focus on aligned graphs, meaning graphs with the same number of nodes, with each
node corresponding to a specific node in the other graphs. For instance, each vertex might represent a
specific area of the head where an electrode is placed to capture EEG signals. Section [6.2|introduces
this setting in more detail.

Let G be an undirected weighted graph with d nodes without self-loops. In the following, we assume
the weights to be positive. The adjacency matrix and degree matrix of (G are denoted as Ag and D¢,

respectively. The graph Laplacian of G is defined as
LY Dg— Ag.

Denote by G(d) the set of aligned positive-weighted and connected graphs with d nodes. The Bures—
Wasserstein distance between G € G and G, € §(d) is

W9 (Gb GQ) = W(LL L;),
where LT, L; are the pseudo-inverses of their graph Laplacians.

Consider a population of graphs G1,...,G, € G(d). Let the corresponding graph Laplacian be
Ly, ..., L,. The authors reduce the problem of finding the barycenter of the graphs to the problem of
finding the barycenter of their inverted graph Laplacians.

Since all GG; are connected, L1, ..., L, share the same kernel, span(ld), where 1, € R% is the
vector of all ones. Thus, it suffices to restrict the Laplacians to the orthogonal complement of the kernel
and then compute the barycenter.

In what follows, we denote restricted inverse graph Laplacians as

def

S, Ul Livy, = (U] LUy,) (6.1)
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with Uy, € R%*(@=1) peing a matrix of an orthonormal basis on span(ld)L. By construction, S; €
Hy(d—1).

In many practical problems, observed graphs are supposed to be i.i.d., G; S P. Consequently, the
corresponding graph Laplacians L; and their inverted restrictions S; are i.i.d. (S; s P).

6.2 Data used in experiments

Brain connectomes are complex networks representing the connections between different brain regions.
These connections include the physical links between neurons (nerve cells) and the functional con-
nections between brain regions, which are determined by patterns of neuronal activity. Understanding
its structure and function is crucial for uncovering how the brain processes information and produces
behavior [Bullmore and Sporns|, 2009, [Fornito et al., |2016al].

A connectome can be represented as a graph. The nodes correspond to individual brain regions, and
the edges correspond to connections, pathways, or interactions. This representation serves as the
foundation for all subsequent investigations into the organization of the network [Fornito et al., 2016Db].
To illustrate bootstrap performance, we use two data sets related to connectomes.

Synthetic data To generate the synthetic data, we use the weighted stochastic block model. It is
well suited for describing natural phenomena. For example, [Faskowitz et al.|[2018] applied it to human
connectomes.

Real data To illustrate the performance on real-world data, we use the EEGBCI dataset documented
by |Schalk et al. [2004]. This dataset contains electroencephalographic (EEG) recordings intended for
brain-computer interface (BCI) research.

6.3 Experiments on synthetic data: bootstrap vs. asymptotic confidence sets

This section compares asymptotic confidence sets with the non-asymptotic ones introduced in |Kroshnin
et al.| [2021]. We briefly recall the concept of asymptotic confidence sets, followed by a detailed
presentation of the data-generating model and the simulation results.

Asymptotic confidence sets Let S;,...,S, beiid., S; 2 P, with P satisfying Assumption (P).
Let P, be an empirical counterpart of P (see (5.1)). Recall that

B =B(P), B,=DB(P,).
Further, we set the scaling operator F}, and the empirical covariance of Tg; to be

RS arg, 2, LS (15 1) e (T5 - D). :2)

%

And let Z be a centered Gaussian vector, Z ~ N(0,Z,,) with =, o F '3, F. . Corollary 2.1 by

Kroshnin et al.|[2021] ensures that

VIW(B,, B) & | BY2dT g (2)|

[ as n— oo. (6.3)
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We aim to compare this confidence set with the one presented in Section |5, For completeness, we
recall it here.

Given the distribution T/ of the bootstrap weights wy, ..., w,, w; i W, we construct P, =
% > ; wids, and the bootstrap barycenter B,, = B(P,,) (see (5.2)). TheoremHensures

VAW(B,, B) & v/iW(B,, By). (6.4)

Computational aspects. We use the iterative algorithm proposed by |Alvarez-Esteban et al. [2016] to
compute the barycenters. The computation complexity of a barycenter can be estimated as follows. Let
I denote the average number of iterations in the iterative algorithm. Thus, computing the barycenter
requires O (I -n- KC(d)) operations, where KC(d) is the complexity of matrix operations (matrix inversion
and matrix square root computations).

The best-known complexity for matrix inversion is approximately O(d*3%). Moreover, to the best
of our knowledge, the complexity of computing the square root of a matrix is O(d3). Therefore,
K (d) = O(d?), resulting in a total computational complexity of O (1 - n - d).

Thus, the computational complexity of the multiplier bootstrap is O(M - I - n - d®), where M is the

number of resamplings.

To measure the computational complexity of estimating the asymptotic distribution, we note that
the operator dT75 (X ) admits an explicit representation; see Lemma A.2 by Kroshnin et al.| [2021].
Specifically, computing each entry in its matrix representation requires O(dz) operations. Since

the operator’s dimension is d(dTH), the total complexity of constructing the matrix representation is

O(d? - (d?)?) = O(d").

Therefore, computing the representation of F,, (see (6.2)) requires O(n - dG) operations. Additionally,
sampling a Gaussian matrix Z involves O(d4) operations. Thus, the total complexity can be estimated
as O(n - d° + M - d*), where M is the number of resamplings.

Therefore, for large d, estimating the asymptotic distribution can be significantly more resource-intensive
compared to the bootstrap method.

Weighted stochastic block model (WSBM) We use WSBM data to compare non-asymptotic and
asymptotic confidence sets.

Each generated graph (G has d nodes divided into two non-overlapping groups (communities). The size
of each group is random: the first group contains d; = g — Unif{—2, 2} nodes, and the second group
contains ds = d — d; nodes.

The corresponding adjacency matrix A € R%*? has a block structure
A — Cll C(12
C121 C22 ’
where C'1 and Cs, represent intra-group connections and C'o = C;Fl represents inter-group connec-

tions.

The probabilities of observing a non-zero edge between each pair of nodes within the corresponding
blocks are p1; = 0.8, pas = 0.7, p12 = pa1 = 0.3. The weights within each block are i.i.d. Poisson,
PO(QO) for a € 011,
a~ ¢ Po(15) for a € Cy,
Po(6) for a € Cg, Coy.
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To ensure that a generated graph is connected, we consider A + ¢ F, with ' being d x d matrix of all
ones. In the experiments, we set ¢ = 1.

Experiments We consider two scenarios with dimensions d = 8 and d = 40. We generated
N = 8000 d x d WSBM adjacency matrices to model the population and constructed .S; as in (6.7).
This experimental setup aligns with the framework introduced in Section

The population barycenter B is computed using the entire dataset. We estimate the empirical barycenter
B,, for different sample sizes n. € {10, 30, 100}.

To estimate the empirical cumulative distribution function (ECDF) of \/n'W(B,,, B), we subsample n
observations with replacement from the entire population. For estimating the ECDFs of \/ﬁW(Bn, By),
we employ the multiplier bootstrap method as described in and set the bootstrap weights to be
Poisson, w; ~ Po(1). To compute the asymptotic confidence sets, we utilize the procedure outlined in

(6.3).

Figures [1] and [2] present the results for d = 8 and d = 40, respectively. The dark-blue ECDF
represents the distribution of \/n'W(B, B,,). The light-blue ECDFs correspond to the distributions of
VnW(B,,, By) (upper panel), while the orange ECDFs depict the distributions of HB}/QdTgf 2|l
(middle panel). For each sample size n and each case, we generate 100 independent curves.

Finally, to evaluate the quality of the approximations provided by (6.4) and (6.3), we compute the
Kolmogorov distance between the ECDF of v/nW(B, B,,) and the realizations of \/n'W(B,,, B,,) and
| B,/ *dT (2)

The lower panel illustrates the distributions of the Kolmogorov distances: the light-blue curves corre-
spond to the bootstrap case, while the orange curves represent the asymptotic case.

, respectively.

For each dimension d, sample size n, and approximation method, the mean Kolmogorov distance and
its standard deviation are displayed at the bottom right corner of the corresponding subplot.

6.4 Experiments on connectomes

The EEGBCI dataset contains EEG recordings from 64 electrodes from 109 participants. Each partici-
pant completed 14 sessions, corresponding to a distinct motor imagery task, i.e., a task associated
with imagined movements.

Each electrode captures electrical activity from a particular region of the scalp and the underlying brain
regions when a person fulfills an imagery task. From these recordings, functional connectomes were
constructed.

Functional connectomes are networks that show how different brain regions connect and interact
based on EEG data. Each node corresponds to a particular brain region. Edge weights represent the
interactions between these regions, quantified using some chosen connectivity metric.

To construct the connectomes, we used EEG signals from 3 tasks (imagining moving the left hand and
the feet). The edge weight between two nodes is the envelope correlation between the EEG signals
from the corresponding pairs of electrodes.

Thus, we got 109 connectomes of size 64 x 64. We convert them to projected graph Laplacians as
described in Section

Using the entire population, we computed the true barycenter B of the observed restricted graph
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Figure 1: WSBM data, d = 8. Empirical cumulative distribution functions (ECDFs) of /n'W(B, B,,)
(dark blue), v/nW(B,, B,,) (light blue), and ||B£/2dT§:(Z)H (orange) are shown. All ECDFs are
computed using 1000 observations. The lower panel shows the distribution of the Kolmogorov distance
between the true ECDF and the bootstrap curves (light blue), as well as between the true ECDF and
the “asymptotic” curves (orange).

Laplacians Si, ..., Sig. To estimate the distribution of \/nW(B, B,,) (for n = 10,50, 70), we
sampled with replacement from the population. To estimate the distribution of v/nW(B,,, By), we
employed the multiplier bootstrap approach as outlined in (6.4) , using Poisson-distributed weights
w; ~ Po(1).

Figure (3) presents the result.

For each sample size n, the mean Kolmogorov distance and its variance are displayed in the bottom-
right corner of the corresponding subplot.
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Figure 2: WSBM data, d = 40. Empirical cumulative distribution functions (ECDFs) of /n'W(B, B,,)
(dark blue), v/nW(B,,, B,,) (light blue), and ||B£/2dT§:(Z)|| (orange) are shown. All ECDFs are
computed using 1000 observations. The lower panel shows the distribution of the Kolmogorov distance
between the true ECDF and the bootstrap curves (light blue), as well as between the true ECDF and
the “asymptotic” curves (orange).
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Figure 3: EEGBCI data, d = 64. Empirical distribution functions for \/nW(B,,, B,,) (light-blue) and
VnW(B,, B) (dark-blue). To compute B,,, we use the Poisson weights, w ~ Po(1).
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Appendix A Approximation bounds in the Bures—Wasserstein
space

This Section relies on the results from |Kroshnin et al.|[2021]. For the sake of completeness, we provide
Lemma A.3 from there.

Statement A.1. Forany S € H,(d), @ € H, (d), the properties of operator dTQS are following:
() itis self-adjoint;
(ll) it is negative semi-definite;

(lll) it enjoys the following bounds:

Q72X Q2|2

1/2 1/2/)Ql/2
(TS (X), X) < A (S2 QSY?)
1/2 (q1/20)q1/2

Q™2 XQ2|I3;
(IV) it is homogeneous w.r.t. ) with degree —3 and w.rt. S with degree %, i.e. dTy, = a~*/*dT};
and dTijS = al/szg forany a > 0;

(V) it is monotone w.rt. SY/2QSY? (once range S is fixed): AT < dTS' in the sense of
Qo Q1

self-adjoint operators on H(d) whenever Sé/2QOSé/2 < 511/2Q1511/2 and range(Sy) =
range(S1) ; in particular, dT;; is monotone w.r.t. Q) € H. (d) for fixed S.

Let @ € H,, (d) and define
e 1o 1/2
€
Lemma A.3 by [Kroshnin et al.|[2021] ensures its existence.

Lemma A.2 (Properties of of Ag). The following equalities hold

1
Apll = ———— A = 240/ M nax . A1l
| Ag| ) A = 2v (Q) (A1)

Moreover, let U(H(d)) be the set of unitary operators on H(d). There exists a unitary operator
Uy € U(H(d)) s.t. forany X € H(d) holds

(UgAg)X = QTS (X). (A.2)

Proof. Firstwe prove (A:2). Without loss of generality, let () be a diagonal matrix, i.e. Q = diag(q, - . ., qaq)-
It is enough to consider diagonal (), because for any unitary U

Tiou- = UTSU™.

Moreover, X € H(d) is a matrix as well: X = (X;;) with 7,5 € {1,...,d}.

DOI 10.20347/WIAS.PREPRINT.3145 Berlin 2024



Generalized bootstrap in the Bures—Wasserstein space 25

Using the explicit expression for dTg(X) (see formula (A.2) by |Kroshnin et al.|[2021]), we get

. x. d X \2
—{(dTS(X), X ) = LXii= ) (gi+g ( - )
< a(X) > i;qﬁqj ;( 2 ¢+ q
d Y. \2 o )
—9 G ) :2”@1/%1’[ X H
> (v g,

1,j=1

Then [[Ag(X)|p = HdeTg(X) H . Thus, these operators are unitary equivalent.
F

Now we prove (A.1). The above chain of equations ensures

d 2

1 X

Ao Xf ==y —2

[4q0llE =5 30 =5

3,7=1 J

This yields

1 2 2 1 2
— | X||& < |Ap(X < — | X 5.
Dy I < 14 < —s X

One can show in the same way as in the proof of Corollary A.2 by Kroshnin et al.|[2021] that these
inequalities are sharp. The result follows immediately. O

Lemma A.3 (Local Lipschitz continuity of A). Let B,Q € H . (d). Ifr(B,Q) < 1/2,

|Ap — Aqll <r(B,Q) - |Agl.

Proof. Let ) = B~'/2QB~1/2. Lemmaensures that the mapping QQ — dTé2 is monotone and
(—1)-homogeneous. Then @ — A, is antimonotone and (—3)-homogeneous. This entails

1 1
1— —T(B,Q)) Ap x ———=Ap < Ag,
( 2 /\maX(Q,)
1
Ag s ——=Ap < (1+7(B,Q)) Ap.
)\min(Ql>
This yields the result. 0

Now we are ready to prove Lemma[2.1]

Proof of Lemmal2dl For simplicity, we denote

Sp=Q P5Q'? Q=B QB ?  SL:=BP5BV2

Lemma A.6 by |[Kroshnin et al.|[2021] ensures

1+ Ai{;x(séﬂ)Q (478(5 - Q).5- Q) <WHS.Q)

oy 109
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Due to the monotonicity and homogeneity of the operator dT7; (see (IV) and (V) in Lemma |A.1), it
holds that

o _ Amax(Q’z)B 5
dIg < 4T, e = 5,0y 415

dTg = a9 — 4T},
Amin(@B)B T\ L (Q) P
Combining these inequalities with (A.2), we get
4| Ap(S - Q)3
H B( Q)HF S < WQ(S, Q) (A.3)
A (@) (14 Al () )
4 As(S — Q)

M @) (1 A2(5))
The last step is to get the bounds on Ay (Q'5) and Apax (Q's). Let

rg:=1r(B,Q), rs:=r(B,S).

It holds
1 =79 < Anin(Qp) < Anax(Qp) < 1+ 7.

Assumption rg < 1 yields

1
Ml (@) = 1= Srg, A’ (Qp) < 14 2rg.

Further, assumptions rg < 5 and rs <5 yleId
Amin(sl ) AmaX(S/ )
Anin(Sg) > T220hy = 1= 10 =75, Amax(Sg) < $225P5 < 1+2rq + 2rs.
Then 1 1
2
2 S 2 <
1+)‘Iln/a2x(sé2) Z 1 QT’Q 27’5, 1+)\r1n/li(5' ) = 1 + T’Q -+ rs.

Thus, we obtain

- 1
QAm;‘{f(Q,B) (1 + )\IIII/SX(SIQ)) ' Z ]- - TQ - 57"57

D (Q) (14 MA(SE)) <1+ 4rg +2rs.
Combining these inequalities with (A.3), we get the resuilt. O
In the rest of this section, we will use the following notations,
rg :=7(B,B,), rp:=7r(F,F,), r:=rg+rp, p:=2/cF)r
The next lemma bounds the operator D), defined in (2.7). This result is crucial for the proof of

Lemmalf2.2]
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Lemma A.4 (Bounds on D). Ifr < , then

1 1
F < <
1+2r 7" T 1—7

Proof. Let B, = (1 — t)B + tB,,. Lemma A.4 by Kroshnin et al.|[2021] ensures

1

1
dTs < | dT5 dt < ————dT3.
B / Be 1+ %TB B

1
1—7”3

0

Now recall the definition on the operator F), (see (2.3)). Integrating the above inequality over du(S),

we get
1 1
1+%TBFH% n =

Since rp = || F~Y2F,F~Y/2 — [||, it holds

F,

e

1—7”3

(1—rp)F<F,<x(1+rp)F.

Combining these bounds, we obtain:

1 1-— 1 1
F < 3TFF<D#4 R O
T+2r 1+ 3rp

Proof of Lemmal2.2 To prove (2.6), we use Lemmal[2.1]and set ) = B, S = B,,. This yields

W(B,, B)

—1 S 27"3.
HABAHF ‘

Combining the above line of reasoning with the triangle inequality, we get

|ABA|; |A(Ba— F'T,)|, |Ba— F'T, |, €
— < < k(A \/ K
‘HAF T T R V7Y 2 R A T o Bl

Note that the last inequality holds due to x(A) = \/k(B) (see Lemma . Combining the above
bounds, we get

W(B,, B) ‘ |ABAllg
— = 1| <2rp+ (1 +2rg) | — 1
|AF—'T, ||y |AF=1T |
|ABA||p ‘
<2rp 42| — 1| < 3/ K(B)p.
|AF~1T, ||
The second and the third inequalities rely on r < % and 2rp < p, respectively. O

Proof of Corollary[2.3 Claim (2.9) follows directly from (2.5). Next, we prove (2.10). For the moment
we set
R —1
A:=B,-B,—~F ' (T,-T,),
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and
723 = T’(B,Bﬂ), T’AF = T(F7Fﬂ), f:: 723“‘721?, ﬁZ: 2\/H(F) 72

Lemma [2.1]combined with (2.9) yields

(W(B,,, B,) = |AF~ (T, — Tp)I¥|
< (4rp +27p) |A (B, — B))[lr + || AA[r
= (4rg+2ip) |A (A+ F ' (T, — Tp)) lIr + || AA||
< (4rp +27p) |AF ™ (T, = Ty)lle + (1 + 4rp + 27p) |AA[|e

by [2:9) N _
< (4rp+27p+ p (1 +4rp + 27p)) ||A[||F (T, — T;)||r

+ (L +4rp+275) (p+p) |A|IIF Tl r
< 6k(A)(p+ p)|AF (T, — Tp) || + 4(6 + p) | A |1 F ' T,].

Appendix B Proofs of Gaussian approximations

The first result in this section investigates the properties of s(-) introduced by (3-7).

2
Lemma B.1 (Bounds on »(-)). LetW¥ and & be symmetric operators, s.t. |® — ¥||, < iﬁg”)

|-l be 1-Schatten norm. Then the following bounds hold,

, with

#(P) <2x(P), trd <2t
Proof. Note, that A2 (W) < A2 (@) < ||&|| tr(¥) and therefore,
)
tr (@) <tr(¥)+||® - |, < Ztr(!”).

By the definition of A%(-), A% (®) > A* () — ||¥||||® — P|

1> then
AL (@) A5 (P) = A7 (P) A3 (P) — (A7 (@) + A3 (@) | @[[|® — 2]],.

Then it follows that

1

A2(P)+ N2 (P -
(@) < (@) (1 - B 0| |2 — @)

< o) (1 -2 50| wnl)_l < 2.

I
A3(#)

Lemma B.2 (Anti-concentration). Let G ~ N(0, K') be a Gaussian vector taking values in some
Hilbert space H. Then for any £, x > 0 the following anti-concentration bound holds:

P{z <||Gllg <z +e} < Cv(K)W.
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Proof. Forany x, h,c > 0 it holds that

x2(1+%)2, h <z,
22 +2he + %, h>x.

(x+¢e)? < {
Thus, the union bound and Theorem 2.7 by |(Gotze et al.[[2019] yield
€
P <||Glly <z+c} <P{a? < ||G|% < a® + 2he + €2} +P{x <|Gllu <z (1 v E>}

<Cx(K) (hs + e+ %tr(K)) < Cx(K) (6 tr(K) + 52> :

where the last inequality is ensured by & = v/tr K. The above inequality can be rewritten as

P{z < ||Glu < +e} < CyK) ( tf(K) + tr(gK)> .

Since v(K) > 1 and the probability on the I.h.s. is bounded by 1, it is enough to consider the case
e < y/tr(K). Thus, we obtain

P{z <|Gllg <z +e} < Cv(K)W.

B.1 GAR for bootstrap validity

Before getting the main results, we write down some trivial but useful bounds.

Lemma B.3. Let Assumptions (T) and (F) be fulfilled. Then with probability at least 1 — Ce™™ it holds

r(B,B,) <cger(x) r(F,F,) <ep(x), p<e(x). (B.1)

If Assumptions and hold as well, then, conditioned on any . € A, it holds with probability
1 — Ce™%,

T(B’ B/l) < CBéT(X7t)7 T(Fv F/l) < éF<X’t)7 16 < é<X7t> (B.2)
Proof. The proof is trivial and follows from Lemma[2.4] O

Proof of Lemmal3.2 We set

X =W(B,,B), Y =|AF'T,|,. G=AZ

Assumption (GAR-I) holds due to and (B1):
X = Y| <3V/R(B)pY < 3y/k(B)=()Y,

the last inequality holds with probability at least 1 — Ce™ for all x, s.t. £(x) < —A

6~/ k(B

3

Assumption (GAR-I1) is fulfilled due to Assumption (G). The result follows immediately from Lemma 3.1
O
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Proof of Lemmal3.3. We have to check Assumptions (GAR-I) and (GAR-II). We set

X =W(B;, B,), Y = HAF_I (Th — Tu)‘

G=AZ,

F’
Assumption (GAR-I) is valid due to Corollaryand assumptions r < %, 7 < %
(X =Y <66(A)(p+p)Y +4(p+p) |AIIF Tyl

Note that Lemma ensures k(A) = \/k(B). Using Lemma we get
(X = Y[ <6y/r(B) (p+e(xt)Y +4(p+(x 1) A FTlp.

1

The inequality holds with probability at least 1 — Ce™™ for all x s.t. £(x,t) + p < TR Since by
K
i < —1 3 < —1F
assumption of the lemma p < — 5 e geté(x,t) < N
Assumption (GAR-II) is valid due to Assumption with A = £4(t). The claim follows.
O

Appendix C Generalized bootstrap validity

Proof of Theorem[4. Lemmal3.2]and [3.3|ensure that for all z > 0 with probability at least 1 — Ce™*,
it holds
[P{W(B,, B) < 2} = P{[|AZ]|y < 2} <&,

[P{W(B;, B,) < 2 | p} =P {||[AZ,[|p < = | n}| < E(t).

This yields
[P{W(By, B) < z} = P{W(By, B,) < z | pu}| (C.1)
< |P{|AZ||p < 2} —P{|AZ.|lp < 2 | u}| + E+E(Y).

First, we consider & (t) coming from Lemma

Ay 2 . L - . LANNF T ]lw
E(t) = 2a(t)+C- inf e+ \/k(B)YE,) (p+£(x, 1)) +1
x€X(t) tr(EL)

Lemmaand Assumption (T) ensure with probability at least 1 — Ce™, that
p<e(¥), |F Tl < [Fler(x).

Further, condition and Lemma B.1]ensure

/ =/ = 5 =
#(Z,) <2x(Z), u(Z,) < Ztr (). (C.2)

Taking into account the definition of v(-) (8-7), we get that with probability at least 1 — e,

E(t) < éa(t) +C- inf {e-x +VRBNE) (e(x) +E(x,1) <—”A””F_1”5T(X') + 1) } .

x€X(t) tr(Z)
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Next, we have to bound
P{lAZ]p < 2} —P{IlAZ.]lp < 2| n}|.
Recall that A is self-adjoint. Corollary 2.3 by Gotze et al. [2019] ensures,
sggllP’{HAZHF <z} =P{|AZ < = | n}| (©3)
r—f e/ p—/ =/
<C <% (‘:‘) + %<‘:‘u)) ”‘:‘ - ‘:‘qu'
Taking into account and Assumption (Z), we get with probability at least 1 — Ce™
- = 2= = 2
|2 =2, < IAIFIE -2, < [ AlFe=().
Combining these bounds with and and setting y = x’ = t, we get the result. O
Appendix D Multiplier bootstrap validity
Proof of Lemmal5.3 First, Assumption (P) ensures,
H||Sy|1/2 < H\/trS‘ < +00. (D.1)
P2 ()
Now we recall that 75 = B~1/2 (Bl/QSBl/Q)l/2 B~Y/2. Using (D), we get
Avax(B) | 11
TS| < 222020152,
73l < =2 s
Thus, ||| 75 |7]l¢ < d - vs. Finally, we use the result (11) in Lemmathat ensures
Miee (SY2BSY2) AM2(B
HdTgH < & (2 ) < ! ( ) ||S||1/2
2>\min(B) 2)\min(B)
Combining this fact with (D.1), we get the result. O

Before validating the bootstrap assumptions, we prove two auxiliary lemmas. The first lemma deals
with concentrations of sub-exponential r.v. The first two results are well-known and we provide them for

the sake of completeness.

In the following, we will often use the auxiliary concentration results. For the sake of completeness, we

provide them below. Let (z) = max{0, z} and log(z) = max{1,Inz}.

Statement D.1 (Theorem 2.1 [Kroshnin and Suvorikova, 2024]). Fix > 1. Let X1, ..., X, € H(d)

be independent and [E X; = 0 for all i. Define

def 2 def
K = max||| Xill,,, U*= SO, o*=
i

Y EX;

X X
SJU\/j-i-KZ—,
n n

Then, with probability at least 1 — 2de™,

1
n 2

with ||-|| being the operator norm.
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Statement D.2 (Corollary 3.5 [Kroshnin and Suvorikova, 2024]). Fix o > 1. Let (H,||-||x) be
a separable Hilbert space and assume X1,...,X, € ‘H are independent random variables s.t.
E X; = 0. Define

1/
def def 2 def 2 def U
K Xl 07 XL, o S EIX g = (105

Then forx > 1 with probability at least 1 — e™™

1 X X

— Z Xill Soy/—+Kz—.

n 4 n n
i H

Statement D.3. Fix a > 0. Let X1,...,X,, > 0 be iid. random variables, s.t. 0> = E X%,
v =X, Letz % (log )", Then foranyp > 2 andx > 0 it holds with probabiliy at least

1—2e*

1 P X

— Z XP <o (vz)P? 40P <Zp + (x + log n)5_1> —.

n “ n
Moreover, with probability at least 1 — e™*

max X; < v(x 4 In2n)"°,

Proof. Theorem 2.1 from [Kroshnin and Suvorikova, 2024] ensures that

ya
a

1 %
LA SEAT R4 (o)
n < n EX*) n

4—1}1"(X+lnn)§_1E
n
) vy 2\ 2\ [x v\ & P_q
<o v(log—) +o v(log—) — + P <10g—> + (x+1nn)e
o o n o
< o? (v2)P 2 4P (zp +(x+ lnn)§_1> =
n

To get the second result, we use a well-known line of reasoning,

F {maXXi = t} =F {U {X; > t}} < 2ne” /)7 = =t/

Throughout the rest of the text, we denote

def

T, = Ty — I

We also write down explicitly all the terms. The 7 -mappings are written as

1 1
To=T(P) =Y T, Ti=T({P,)=—> wT,
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and the F-mappings are

F =F(P)=—EdTj, F,=F(P,) ZdTg, F,=F(P, ZdeTS

The vectors used for Gaussian approximation are Z ~ N(0,Z) and Z,, ~ N(0,Z,,), where

= lF "ME(T5-1)® (Ts - 1) F,

_ et 1 1 | | .
z, < _F! [nZ(ng—I)e@(ng—I)]Fl,

n ,
K]
with ® denoting the tensor product. Throughout this section, we denote

2 def def UT 1 UT

IE’||,I71||F7 CvT

O'T O'T

Lemma D.4 (Assumption (T). Assumption (P) ensures that for allx > 1 andn 2 Crx,
X
er(x) S oy —.
n

Proof. LetT := % > T;. We apply Statementwith «a = 2 and get with probability at least 1 —e ™%,

|T”F < O'T\/s—f— Ut 10g ( )

By substituting the condition on n, we get the result. O

Now, we set

Cw et (v log vy,)?.

Lemma D.5 (Assumption ). Assumptions (W) and (P) ensure that for all x,t > 1

Er(xit) < UT\/f

whenevern 2 C,,Crx(t + logn).

Proof. First, we denote

Note that T is centred in the bootstrap world, i.e. E, 7 = 0. Further, T sub-Gaussian due to
Assumption (V).
We apply Statement|D.2]and get with probability at least 1 — e~

= 1
7] < \m ZHTz‘H%% + max|| || (w; — 1)TZ-||F||wlz2%, (D.2)
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with

Sl (ws = 1T [13,
ZiEwH(wi - 1)TZ||12?

=1 1 X X
< = |12 | ——
ITlle 5 4/, % 173l -+ v log vy max| T s

Now we apply Lemma|D.3|with & = p = 2 and get with probability at least 1 — 2¢~*

) t
—Z||T\|F<UT+UTlog( T)—< 2. 03

oT n

2? = log = log v,,.

Thus,

Moreover, max; || T;||¢ S vry/t + log n.

Thus, one can take

E(x;t) < JT\/E—i— Uy log v, vpy/T + lognE < UT\/E.
n n n

Now, we define the covariance of T; and its empirical counterpart,
SYET 0T, X, = lZT@T
1 1, o n & 7 3
1
with ® being the tensor product. And set

e o (Kr\°. K
s 5, < 15 et (K)o B

Lemma D.6 (Assumption (G)). Under Assumption (P) it holds that

CG

n

€G<d3

Proof. The result follows from Theorem 1.1 by [Bentkus, [2003] applied to X; = X~Y2T; for all
1 =1,...,n. Namely,

1 Kr
< —_E|| =21 < L ek
e wu
by Lemma B.5 from [Kroshnin and Suvorikova, [2024], since IEHE‘lﬂTiHi =dim ¥ < d2. O

Lemma D.7 (Assumption ). Let Assumptions (P) and (W) be true. For sufficiently large n, s.t.

Ko\ 2
n 2 max {(t + log d) K2 log K1, (t + log d)®/ (TT) } : (D.4)

it holds
C.
ealt) < &Py =<,
n
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Proof. We denote X; = wiT:llS;l/gTi. According to [Bentkus| [2005], £(t) can be bounded with

(1 — Ce™*)-quantile of

w 108 Uy
B S = 3 B o= P50 5 SR S e

The last inequality is true because I |w; — 1> < vy, log vy,

Now, our goal is to estimate A (I — X~/23, 3-1/2). We will apply Bernstein inequality to random
matrices I — (X~1/%T;) @ (X~'/2T}). Notice that

|E( - (=m0 (mem)| = B (=m0 (521))" - 1

< HE (Z21) & (2121))°

For simplicity, set Y; = X ~1/2T}. Let ITy, be the orthogonal projector onto span(Y;), so that Y; ®Y; =
|Y;||2 1Ty, Since E||Y;||21ly, = EY; ® Y; = I, by Lemma B.5 in [Kroshnin and Suvorikova, [2024]
we obtain

|E (=21 0 (572m))| = B @ Y|

Kr
= [[E(IYille v, S 157 log 7

= K2log Kr.
[1]]

Bernstein inequality (Theorem 1.4 from Tropp [2012]) yields, with probability at least 1 — e,

t + logd t + logd
Amaxc (I — 2_1/22u2_1/2) < KT\/ﬂ log Kr + &.
n
Condition (D.4) ensures that

Amax(I — X723, 3271/2) < (D.5)

l\DI»—t

thus || 201 < 2]| 21|

Finally, we have to estimate £ >~ | ||2‘1/2T1~H; Note thatEHZ‘_l/QTiHi = dim X < d2. Applying
Statement [D.3|with p = 3 and o = 2, we get

1< K Ko\ 2 t K
NN =T S Ry Jlog —E KR | (log =k ) 4 (6 +logn)? | — < d*Kpy[log —.
n F d d n d

O

Now, we set

< e fars - FY, oo

Lemma D.8 (Assumption (£)). Assumption (P) ensures that for all x > 0 it holds that for sufficiently

largen, n 2, Cr(x + log d)
_ x + logd
er(x) S [F 7 flowy/ ===
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Proof. We set X; = dTgi —E dTgi = dTSi — F'. By construction X1, ..., X, are i.i.d. Moreover,
Lemma 5.3 ensures that || X || is sub-Gaussian with parameter vp. Statement|D.1]ensures that with
probability at least 1 — ™,

Ix+1Ind ) 1/2X—|—1Hd x + log d
”F_FMH SO'F + vp (log—F) ,SJF —g .
n or n n

Taking into account that (A, B) < ||B~!||||A — B|, we get the result. O

Lemma D.9 (Assumption ). Let Assumptions (P) and (W) be true. For sufficiently large n 2,
CwCr(x +logd)(t + logn), it holds

. _ x4+t + logd
Er(x,t) S (IF e + 1)/ ———2=

Proof. We set again X; = dTjy' — EdTj = dTj' — F and consider

1 & 1 & 1 &
F,—F=- dTS — F = = — D)X, +F -~ . —1)+ F,—F.
i n;w B n;(w )X + n;(“’ )+ F,
Thus,
T & 1 &
r(F,F) < ||[F| 5;(%—1)& + Eiﬂ(wi—l) +r(F, F,).

Next, since the weights w; are sub-exponential with Var(w) = 1, Statementyields

X X X
< \/j+ —vy log v, < \/j
non n

The last step is to bound % Yo (w; — 1) X;. We apply Statementand get with probability 1 — e~

n

LS - )

i=1

n

1 Z(wl -1)X;

n <
=1

log d log d
n %

1
w2 X

Statement|D.3|ensures that with probability at least 1 — 2e~*, max;|| X;|| < ve/t + logn.
Now we set Y; = X ? and notice that
(Y~ BY2?) < [EY2) — [E X S rboelog
F

H)\max (1/1 _E}fl S ||HY"1 — HHXlHQle _ U}g?

)l Iy,

Consequently, Statement[D.1]yields with probability at least 1 — ¢~*

1 n
w2 X

The last inequality holds due to the bound on n.

t + logd t + logd
S HEX?H + O’F’UF\/& logU—F —i—v%ilogv—F < o7
n oF n oF
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Consequently,

/ logd logd / logd
<0-F H%_i_vwlogw.vlrw/t_i_lognﬁ%go—}? X—'_%

By Lemma[D.8| r(F, F,) < £p(t), with probability at least 1 — e~". Combining all the bounds, we get
) B x + log d X B x+t+ logd
er(xit) S er(t) + [F ory /2= + \/% S (IF or + 1)y ———2=.

Lemma D.10 (Assumption (Z)). Assumption (P) ensures for all sufficiently large n. 2, tC'r, that

=1

€E<t) ’SO_%HF,1H2 OTt+d2

Proof. First, we notice that )
IZ = Zull, < || F Y12 = Za-

Further, E||Ty ® T3 |3 = E||T1|[5. Thus
BTy T - 2|} SEIT T} =E|T S Tleog—
Moreover,

Ty ® Ty~ Zally, < 121+ [[IT3lw ], < 20170

||FH¢1 = ||FH¢1 < 2“%-

Consequently, Corollary 3.5 from [Kroshnin and Suvorikoval, [2024] ensures that, with probability at least

1—et,
t (%A 9 t
|2, — X SE|X, — X + orvry/ —log — + viz—,
n or n
where
zzlogU—T < logU—T.
oTUT logg—z or
Further,

1
E|| S, — £ < dE| S, - 22 < dy/E| 5, - |3 = d\/ﬁ E|L @ T - 5|

1 1 1 .

or

Combining all the bounds, we get

/1 [t t + d?
| X, — X1 S doror —log—+JTUT —log—+ 21g——<aTvT + log—
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Denote C. ' k(B)k(F) (cgor + | F~Y|or)>.
Lemma D.11 (Gaussian approximation for W(B, B,,)). Set

N ¥ max{Cr, Crlogd, C. log d}.

C C nd
< B3] 2E =),/ & log —
ES A= +EN/ 08 &

Proof. Recall that the GAR bounding term is

Letn 2 N, then it holds that

. x — e 1
ESeq+ irelafc {e + (=) R(B)S(X)}, x ¢ {x: e(x) < 6—} . (D.6)

For the sake of completeness, we also recall that

e(x) & 6y/k(F) (cper(x) + er(x)),

with ¢ coming from (2.17). Using Lemma D.4]and [D.6} we get for any z > 1

£(x) S V/w(F) (cBo—T\/g i ||F1||0F\/%1Ogd> < \/ K(%)n(x—i—logd).

Taking x = % log clg and using assumption on n, we ensure that

K(B)e2(x) < % (1ogcﬁ +log d) <1

£

Thus, the condition x € X is satisfied. Substituting £ from LemmaD.6|to (D.6), we get the result. [

Denote
C. = K(B)k(F) (cgor + |F~Hor + 1)2, r = k(B)k*(F),

e K 2
Ce(t) def hax {(t +log d) K7 log K, (t + log d)3/2 7T) } .

Lemma D.12. Let

< def

N(t) % max{CwCTt,(JwC’Ft log d, C.(t +logd),C’G(t),C’Tt},

then forn > N (t) with probability 1 — Ce™"
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Proof. To get the bound on the random variable ff(t) we note that Lemmaensures with probability
1—Cet

3 é inf (e * =Wk € é(x ECY1E il .
E(t) < 2a(t) + f){ T (EL)VRB) (1) + <,w>( - @)+1>},<Dn

V tr(‘—’,u)

oy def ) 1
X(t) = {X. E(x,t) < o K(B)}.

First, we use Lemma|D.5|and[D.9]and get

def 6\/ CBgT X, t —|—€F(X t))

_ +t+logd C.
SVMH(@@V§+WﬂFN+Dwi—gﬂi)§¢MQJwﬁ+bm)

Condition on n yields

(E)

A[E~ ] 1|| ||A||||F i \/j tr X _ [t
ey T e Nm4wmnu~'~ (=)
Next, according to the proof of Lemma|D.11} £(t) < , /H(%E)nt < ’/,fTEmt-

Taking x = 1 log &, we obtain that

R(B)(e(t) +E(x;t))* <

%(X+t +logd) <

hence x € X(t), and

E(t) < éqlt) + v(Z,) <1 + tt;((;;:))) \/% (t + log gj)

Before proving the theorem, we collect some definitions used throughout the text below for completeness.
The constants from lemmata that ensure GAR,

2
Co ™ (vlogun)’, O Tiog T 6, w(B)(F), ™ Ll (g
€ e K 2 K
o el < 1, o (5 kK o

Moreover, the constants coming from Lemma|(D.1{]and Lemma|[D.12]
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C. = k(B)(F) (cpor + | For)®,
def

C. @ K(B)k(F) (cpor + || F Y|or + 1), (D.10)
. K\ 2
Co(t) ¥ max {(t +log d) K2 log K, (t + log d)?/ (%) } .
In the following, we assume that
n > max{N, N(t),tCr} (D.11)

NY max{Cr, Crlogd, C.logd}
S def

N(t) = max {C’wCTt, C,Crtlogd, C’E(t +logd), C’G(t), C’Tt} )

Proof of Theorem[5.1l If W is s.t. P,,{w = 0} = 0, the proof is trivial and reduces to validation of all
assumptions in Theorem [4.1]

Now we consider the weight generating law W, s.t. P,,{w = 0} = po. Let an auxiliary measure /i be
Z}: = Zwi55i7 S.t. sz 7£ 0,
i i

and set, w.l.o.g., B(0) ' By with By € H, ; (d) being some fixed matrix.

We aim to show that

[P{W(Bg, By) < z|u} = P{W(By, B,) < z[u}] < pg. (D.12)

We will use the following facts,

P{AnN B} 1
“Fiy PP ()
P{A|B} —P{A} >P{AN B} —P{A} > — (1-P{B}).

P{AB} —P{A} = P{B} —P{A} <1-P{Bj},

Thus, for a fixed set 51, ..., .5,,

P, {W(Bﬂ, B,) <=z

> wi # 0} ~ P, {W(Bz, B,) < 2}

S]P’w{Zwi:()} =Dy-

Now, we notice that the condition ZZ w; = 0 is equivalent to v = 0. Thus, (D.12) follows from

[P{W(Bg, B.) < z|u} — P{W(Bg, By) < z[u}]
=[P{W(Bg, B,) < z|u} = P{W(Bz, B,) < 2|, i # 0}

<P{i=0lu} =P, {Zwizo} = 1.

Further, Lemma being applied to ;i (instead of /i) together with the above bound, yields for all
z>0
IP{W(B;, By) < z | u} = P{IlAZullr < 2 [ 3] < E(t) + 15
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Thus, the resulting bound is written as

sup|P{W(B,, B) < z} —P{W(B;,B,) < z | u}| < I'(t) + p§.

z>0

Finally, to get the asymptotic bound on I"(t) + py for large n, we summarize all auxiliary results from
this section.

To get the second result, we recall Theorem [4.1]and notice that
L(t) € #(E)|Al*e=(t) + € + £(1).

First, we recall Lemma|[D.12

E(t) < éq(t) + v(E)) (1 + tr(=) ) \/% (t + log gd)

tr(Z,) n i

Assumption on 1 ensures 7(Z,) < v(Z'), tr(Z),) < try(Z) (see . Using Lemmata

, and the fact that by definition (:‘5 > (., we get

C, . [C. nd — _ C
FOs &= H<‘>\/ e+ 10g 20) 4 @ APIE Pody e+ ),

] n
Finally,
WE) = #(Z) trZ < (@) AIPIF | tr 2 = (Z)[|A|*|| F~ (P07

Combining the bounds, we get the result. O
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