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A globalized inexact semismooth Newton method for nonsmooth
fixed-point equations involving variational inequalities

Amal Alphonse, Constantin Christof, Michael Hintermdlller,
loannis P. A. Papadopoulos

Abstract

We develop a semismooth Newton framework for the numerical solution of fixed-point equa-
tions that are posed in Banach spaces. The framework is motivated by applications in the field
of obstacle-type quasi-variational inequalities and implicit obstacle problems. It is discussed in a
general functional analytic setting and allows for inexact function evaluations and Newton steps.
Moreover, if a certain contraction assumption holds, we show that it is possible to globalize the al-
gorithm by means of the Banach fixed-point theorem and to ensure g-superlinear convergence to
the problem solution for arbitrary starting values. By means of a localization technique, our New-
ton method can also be used to determine solutions of fixed-point equations that are only locally
contractive and not uniquely solvable. We apply our algorithm to a quasi-variational inequality
which arises in thermoforming and which not only involves the obstacle problem as a source of
nonsmoothness but also a semilinear PDE containing a nondifferentiable Nemytskii operator. Our
analysis is accompanied by numerical experiments that illustrate the mesh-independence and
g-superlinear convergence of the developed solution algorithm.

1 Introduction

This paper is concerned with the design, analysis, and numerical realization of semismooth Newton
methods for fixed-point equations of the type

Find Z € X such that 7 = H (%) (F)

that are posed in a real Banach space X and involve a Newton differentiable operator H: X — X.
A main focus of our work is on the case where the map H can be written as the composition

H=50d® (1)

of two Newton differentiable functions S and ®, with a special emphasis on the situation where S is
the solution map of an elliptic variational inequality (V1) with pointwise constraints. Our main motivation
for considering this kind of structure is that it arises naturally when studying elliptic quasi-variational
inequalities (QVIs) of obstacle type, i.e., variational problems of the form

Find u € K(®(u)) suchthat (—Au — f,v —u)y-1(0) m10) = 0 Vv € K(P(u)),

with K (®(u)) := {v € Hy(Q) | v < ®(u) + P a.e.in 0}, @

where Q C R< for d € N denotes a nonempty open bounded set, the Sobolev space H}(2) is
defined as in [11, §5.1], : Hj(Q) — H}(Q) is a given operator, f and ®, are given functions,
and the symbols A and (-, ‘)H_I(QLH&(Q) denote the distributional Laplacian and the dual pairing in
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A. Alphonse, C. Christof, M. Hintermiller, I. P. A. Papadopoulos 2

H&(Q), respectively (seefor the precise setting). Indeed, if we define .S to be the solution
operator S: HJ(2) — H}(Q2), ¢ — u, of the classical obstacle problem

Find u € K(¢) suchthat (—Au — f,v — u)g-1(q)uie) = 0 Vv € K(¢), 2)

then (@) can clearly be recast as u = H(u) with H := S o ®: H}(Q) — H} (), and thus (Q) can
immediately be seen as a fixed-point equation of the form (F).

Note that the salient feature of QVIs of the type is that the solution u enters the problem not only
via the Laplacian but also via the obstacle ®(u) + ® defining the pointwise constraint in /(P (u)).
This creates a variational structure in which the set of admissible test functions depends implicitly
on the problem solution and which distinguishes quite drastically from standard partial differential
equations (PDEs) and Vls. In applications, the dependence of the admissible set K (®(u)) of on
u allows to incorporate feedback effects into the problem formulation that reflect, for instance, how
the obstacle ®(u) + P, interacts with u in zones of contact. Because of the ability to capture such
an interplay between the problem solution and the constraints, QVIs have proved to be important
instruments for modeling processes in various areas of physics and economics, e.g., thermoforming
[7], sandpile growth [15] |17} 54|, impulse control [19] 20} 21} 43], and superconductivity [53, [16} [57].
Compare also with the classical works [21}, (12,46, (14| in this context.

While the feedback effects in a QVI like are very desirable from the application and modeling
point of view, mathematically, they often pose serious challenges. Establishing the Hadamard well-
posedness of problems of the type (Q), for example, is typically a hard task. In fact, in many situations,
it is possible that a QVI possesses multiple solutions—indeed a whole continuum of solutions—or
no solutions at all. Compare, e.g., with the results on the Lipschitz and differential stability of QVI-
solutions in [7} 8, 27} [10, 6} [61}, |9] in this context, and in particular with the examples in [27, §6.1]
and The implicit relationship between the problem solution and the set of test functions
also causes the numerical solution of QVIs to be a very delicate topic. As far as problems posed in
infinite-dimensional spaces are concerned, the algorithmic approaches that are currently used for this
purpose in the literature are primarily based on fixed-point arguments or regularization/penalization
techniques—and, as a consequence, are either slow or inexact. See, for example, [18, Chapter 1V], [8,
§2.1], |7} §6.4], [39, §5], [62], and the references therein for particular instances of such algorithms.

A main goal of the present paper is to show that recent advances in the field of generalized differ-
entiability properties of solution maps of obstacle-type VIs make it possible to set up and analyze
semismooth Newton methods for the numerical solution of QVIs of the type and, thus, to solve
obstacle-type quasi-variational inequalities in function space with superlinear convergence speed.
More generally, we develop a semismooth Newton framework for fixed-point equations of the type
(F) that is tailored to applications in the field of obstacle-type QVIs. A main feature of our semismooth
Newton method for (F) is that it is provably locally g-superlinearly convergent, robust with respect to in-
exactness, and mesh-independent. Moreover, if a certain contractivity assumption holds, the algorithm
can be made globally convergent; see [Theorems 2.4 and Note that the inclusion of inexactness
is of special importance in the context of obstacle-type QVIs as evaluations of the outer map S in
arising in the context of are typically subject to numerical errors due to a discretization of (2)) or the
introduction of an easy-to-evaluate surrogate model .S;; see

To the best of our knowledge, this paper is the first to develop a semismooth Newton method that
is suitable for the solution of unregularized obstacle-type QVls in the infinite-dimensional setting and
provably g-superlinearly convergent. For related approaches in finite dimensions, we refer the reader
to [|31} |44, |47, [38] and the references therein. We remark that the example that we construct in
ftion 4.3|to obtain an instance of a (generalized) thermoforming QVI with multiple solutions is also of
independent interest as it provides an important benchmark problem for numerical solution algorithms.
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As we conduct our convergence analysis in a general Banach space setting and for the abstract fixed-
point equation (F), the results that we prove in this paper are, of course, not only applicable to QVls
but also to other problems with comparable continuity and contractivity properties. We mention exem-
plarily Vls and PDEs with semilinearities, implicit VIs, and operator equations that arise as optimality
conditions of optimal control problems with H&(Q)-controls; see [28, §5].

1.1 Main results

The main results of this paper are concerned with the convergence of semismooth Newton methods
for the solution of fixed-point equations of the type and the applicability of the developed abstract
theory to QVIs of the form (Q). For the highlights, we refer the reader to:

[ which establishes the global ¢-superlinear convergence/finite convergence to a
given tolerance of an inexact globalized semismooth Newton method (Algorithm 2) for the solu-
tion of (F). This result relies on the assumption that /7 : X — X is Newton differentiable and

globally contractive, i.e., y-Lipschitz for some v € [0, 1); see |[Assumption 2.2
| which localizes|[Algorithm 2| by means of a projection onto a nonempty closed con-

vex set B C X. This result makes it possible to apply our convergence analysis to equations
(F) that satisfy a contraction assumption only locally and have multiple solutions, a structure
that is prevalent in many QVI-applications; cf. [7, 161} (9, 10, 6, 8]. For the precise setting for this

result, see
| and [8.12] which demonstrate that obstacle-type QVIs of the form are

indeed covered by our general abstract semismooth Newton framework provided the involved
quantities are sufficiently well behaved (see [Assumptions 3.1]and [3.8).

We remark that the numerical realization of semismooth Newton methods for obstacle-type QVls is
also an interesting field on its own, in particular as the residue function R(z) := x — H () arising
in the context of problems like involves the solution map S of the variational inequality and
since the Newton derivatives that appear depend on the active, inactive, and strictly active set of the
current Newton iterate. For a detailed discussion of how we tackle these challenging problems in our
numerical implementation, we refer the reader to [Section 4]

1.2 Notation and basic concepts

Throughout this paper, we denote by || - || x the norm of a (real) normed vector space X. For the
closed ball of radius > 0 centered at a point ¢ € X, we write B (c). A sequence {z,} C X is
said to converge g-superlinearly to z € X if x, — z and ||z,+1 — z||x < o(1)||z,, — z||x hold
for n — oo, where the Landau notation o(1) represents a term that vanishes in the limit. Given two
normed spaces X and Y, we use the symbol £(X,Y") to denote the space of linear and continuous
functions from X to Y. We write X* := L(X, R) for the topological dual space of X . The evaluation
of an element z* € X* at x € X is denoted by the dual pairing (z*, z) x« x. For the identity map,
we use the symbol Id. If X is Hilbert, then (-, -) x denotes the inner product of X, V- stands for the
orthogonal complement of a closed subspace V' of X, and Pg(z) := argmin, ||z — 2|/ x is the
metric projection onto a closed convex nonempty set B C X.
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Given mappings F': X — Y and G: Y — Z between normed spaces X, Y, and Z, the composi-
tion of G and F'is denoted by G o F': X — Z. In the case of linear operators, the symbol o is often
dropped. The image of aset D C X under F'is denoted by F'( D). Recall that a function F': D — Y
defined on a nonempty subset D of a normed space X with values in a normed space Y is called
Newton differentiable with (Newton) derivative Gp: D — L(X,Y) if

L IF@ ) = F(z) = Grlw + Wby

0<||h||x =0, HhHX
r+heD

=0 VzxeDl. (3)

We remark that Newton derivatives are often defined as set-valued mappings in the literature; see,
e.g., [28] Definition 2.11]—we make a slight abuse of notation and assume G is the realization of
one of the elements in the set.

Given a nonempty open set  C R?, d € N, we denote by C(£2), C>°(2), and C™(Q2) for m € N
the usual subspaces of the space C'(€2) of real-valued continuous functions on €2. For the boundary,
Lebesgue measure, and diameter of 2, we use the symbols 02, |€2|, and diam(£2), respectively. The
real Lebesgue and Sobolev spaces on € are denoted as usual by LP(2), W™P(2), and H™ ()
form € N, p € [1,00]. If 2 is bounded, then we define H;(f2) to be the closure of C>°() in
(H' (), 1]l 1 () and endow it with the norm [[v]| 1) = [|[Vo|l|z2(@). Here, V denotes the
weak gradient and | - | the Euclidean norm. We write H!(Q) for the dual space of H}(f2). The
(distributional) Laplacian and the (weak) normal derivative are denoted by A and d,,, respectively. For
d = 1, derivatives are denoted by a prime. We use C'p({2) to denote the constant in the Poincaré—
Friedrichs inequality [|v[| 22 () < Cp(Q)[v]l g1 (o) for v € Hy ().

Given a locally Lipschitz continuous function g: R — R, we define Lip(g, [a, b]) := min{c > 0:
lg(s1) — g(s2)| < c|s1 — s2| Vs1, 52 € [a, b]} to be the Lipschitz constant of g on [a, b], a < b. In
this case, we further write J.g(z) C R for Clarke’s generalized differential of g at x in the sense of
[29, §2.1]. If g is globally Lipschitz, then Lip(g) denotes the Lipschitz constant of g on R.

2 Semismooth Newton methods for fixed-point problems
In this section, we develop an inexact semismooth Newton framework for the obstacle-type QVI[[Q)]

by addressing the more general fixed-point equation [(F)|

2.1 Vanilla inexact semismooth Newton method

We begin with [Algorithm 1| which constitutes a standard inexact semismooth Newton method for solv-

ing[(F)] and its convergence properties are stated in Throughout this paper, we use the
symbol R to denote the residue function

R: X — X, R(z) ==z — H(x),

of the equation (F).
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Algorithm 1 Vanilla inexact semismooth Newton method for the solution of (F)
1: Input: Initial guess xy € X, tolerance tol > 0, and sequence {p;} C [0, c0).
2: Output: 2* € X satisfying || R(z*)||x < tol, where R(x) := z — H(z).
3:for:=0,1,2,3,...do

4 if||R(z;)|x <tol then

5: Set x* := x; and stop the iteration (convergence reached).

6: else

7: Compute z; € X that satisfies R(x;) + Gr(z;)z; =~ 0 in the following sense:
[1R(z:) + Gr(z:)zilx < pil Rz x-

8: Setz; 11 1= x; + 2.

9: end if

10: end for

Theorem 2.1 (Local convergence of |Algorithm 1). Consider the fixed-point equation involving a
Banach space X andamap H: X — X.LetR: X — X, R(z) := x — H(x), denote the residue
function of (F). Suppose that the following holds:

i) B C X is an open set containing a solution T of (F), i.e., © = H(Z);
i) R: X — X is Newton differentiable on B with Newton derivatives G g(x) forx € B;
i) R: X — X is L-Lipschitz on B for some L € [0, ), i.e.,

|R(21) — R(z2)|lx < Ll|z1 — 2f|x Va1, 20 € B; (4)

iv) Gr(x) is invertible for all = € B and there exists a number M € [0, co) such that

|Gr(x <M VzeB;

)_1 HL(X,X)

v) {p:} satisfies {p;} C [0, p*| for some p* € [0, 00) with M Lp* < 1.

DOI 10.20347/WIAS.PREPRINT.3132 Berlin 2024



A. Alphonse, C. Christof, M. Hintermiller, I. P. A. Papadopoulos 6

Then there exists r > 0 such that the standard semismooth Newton method, i.e.,[Algorithm 7|, satisfies
the following for all o € B (Z):

i) Iftol > 0 holds, then|Algorithm 1| terminates after finitely many steps.
i) Iftol = 0 holds, then[Algorithm 1| produces iterates that converge finitely or g-linearly to .

i) Iftol = 0 holds and p; — 0 for1 — o0, then|Algorithm 1| produces a sequence of iterates
{z;} that converges finitely or q-superlinearly to Z.

Since the proof is relatively standard, we give it in A few remarks:

B Selection principle. We assume that a selection principle has been applied for the Newton
derivative and hence G'g(;) is not set-valued.

B Implementation of step [7] of The realization of step [7] (evaluating R(z;) and

computing the action of Gr(z;) or Gr(x;)~", respectively) is dependent on the precise form
of R, Gg, and X. In[Section 4.1] we detail how to implement step [7| for a piecewise (bi)linear
finite element discretization for a particular instance of the obstacle-type QVI (Q).

B Measure of inexactness. Expressing the accuracy requirements on the update steps in terms
of the norm of the residue is common practice in the analysis of inexact Newton methods; cf.
[30] and [59, §3.2.4]. We remark that, in the context of obstacle-type QVls, ensuring that the
iterates are sufficiently accurate can be a delicate matter. For details on this topic, we refer to
Section 4l

B Choice of the forcing sequence { p; }. Some choices for the forcing sequence {p;} are
pi = |l =zl x or  p; =min(|lz; — x|y, i),

where {a;} C (0, 00) is a sequence satisfying oi; — 0 used for safeguarding.

Note that the forcing sequence {p; } must be chosen carefully to avoid oversolving. If it decays
too quickly, then the convergence rate does not justify the computational cost whereas decaying
too slowly will impair the g-superlinear convergence.

B Globalization. [Algorithm {|only guarantees convergence if the initial guess is sufficiently close
to the solution. Globalizing semismooth Newton methods is a delicate topic and there is often
a tradeoff between the assumptions a particular globalization technique requires and its com-
putational cost. A globalization will likely require many more evaluations of A which might be
prohibitively expensive. For example, in the context of obstacle-type QVls each evalua-
tion of H requires the solve of an obstacle problem. In the next subsection, we explore a cheap
globalization technique that requires a contraction assumption. We also consider a globalization
based on a merit function and an Armijo linesearch [48, 32] in

2.2 Global g-superlinear convergence for contractive equations

In this subsection, we show that if (F) satisfies a contraction condition, then a small modification of
Algorithm 1| will guarantee global convergence. Consider the following assumptions:

Assumption 2.2 (Global contraction assumptions).

DOI 10.20347/WIAS.PREPRINT.3132 Berlin 2024
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i) Xis a Banach space;

i) H: X — X is a Newton differentiable function with Newton derivative G : X — L(X, X)
and the residue function R: X — X is endowed with the Newton derivative Gr := Id — G g;

iii) there exists y € [0, 1) such that H: X — X is globally y-Lipschitz, i.e.,

|H(z1) — H(z2)||x < vl|lz1 — 22||x Vi, 22 € X, (5)
and
sup [|Ga ()| £ x,x) < - (6)
rxeX

Note that the contraction conditions in point|iii)] of[Assumption 2.2|are restrictive in general applications.
However, in the field of QVIs, they are assumed anyway in many situations to guarantee the Hadamard

well-posedness of the problem; see [7, [61] (9, [10, 6l [8]. Regarding (6), it should be noted that, in
practice, the uniform ~y-bound on G’ () is often a direct consequence of the Lipschitz estimate (5).

In[Section 2.3} we discuss techniques for localizing the contractivity assumption (5).

We begin our analysis by noting that, in the situation of|[Assumption 2.2} the existence and uniqueness
of solutions of (F) are immediate consequences of the Banach fixed-point theorem.

Lemma 2.3 (Unique solvability of (F)). Suppose that[Assumption 2.2 holds. Then the problem (F) has
a unique solution x € X.

The globalized semismooth inexact Newton method that we propose for the solution of (F), under the
assumptions (5) and (6), is stated in

Algorithm 2 Globally convergent inexact semismooth Newton method for the solution of (F)
1: Input: Initial guess =y € X, arbitrary constant 7* € [0, 0], tolerance tol > 0, and sequences
{r:} C[0,00) N[0, 7*],{p:} C [0, 00) satisfying 7; — 0, p; — 0.
2: Output: z* € X satisfying | R(z*)||x < tol.
3 for:=0,1,2,3,...do

4 if|R(z)|lx < tol then
5: Set x* := x; and stop the iteration (convergence reached).
6: else
7: Compute zp € X that satisfies x5 &~ H (x;) in the following sense:
lep — H(z:)|x <7l R(x:)]|x- (7)
8: Compute z € X that satisfies R(z;) + Gr(z;)(zn — x;) = 0 in the following sense:
[R(2:) + Grlzi)(xn — )l x < pil[R(z:)]|x- (8)
o: if [R(zn)|lx < ||R(zp)|x then
10: Set Tiy1 ‘= TN-
11: else
12: Setx;41 := xp.
13: end if
14: end if
15: end for

Before we state the convergence properties of |Algorithm 2| a few remarks:
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M Vanilla semismooth Newton. By choosing a very large constant 7*, a sequence {7; } that goes
to zero very slowly, and trial iterates x5 with large residues ||R(x )| x, one can essentially
switch off the safeguarding by means of the fixed-point iterates in If run in such
a configuration, effectively behaves like a vanilla semismooth Newton method in
numerical experiments, i.e., like |Algorithm 1]in[Section 2.1]

B Choice of the sequence {;}. The proof of [Theorem 2.4| on the convergence of |Algorithm 2

below hinges on the fact that, either for all or for all sufficiently large ¢, one has 7; +v+~vy7; < 1,
where -y is the contraction factor. If, when solving a particular problem, the value of «y is known,
then one can simply choose the constant sequence 7; = (A — 7)/(1 + ) for an arbitrary
A € (7, 1) to ensure this inequality and then the property 7; — 0 is not needed.

B Mesh-independence. Note that the bound on the iteration index in (9) below is independent of
discretization quantities. This is a strong indicator for mesh-independence.

Theorem 2.4 (Finite and global g-superlinear convergence of [Algorithm 2). Suppose that[Assump]
holds. Let vy € X and 7* € [0,00| be arbitrary. Let {7;} C [0,00) N [0,7*] and
{pi} C [0, 00) satisfy ; — 0 and p; — 0.

i) Iftol > 0 holds and 7* satisfies 7% < (A — 7)/(1 + ) for some A € (v, 1), then the
termination criterion in line[4 of[Algorithm 2 is triggered for an iteration index i € N satisfying

0 i || R(x0)||x < tol,
0 <7< 9 [meo)-n(lR@Ix)]
| ARl ||| ()| x > tol,

In(A

)

and the last produced iterate * = x; satisfies

tol
|R@)|lx <tol and la* —z|lx < fy.

Here, [-]: (0,00) — N denotes the operation of rounding up to the nearest larger integer.

i) Iftol = 0 holds, then[Algorithm 2 either terminates after finitely many steps with the solution
x* = T of (F) or produces a sequence of iterates {x;} that satisfies

xr; — T q-superlinearly in X and  R(x;) — 0 qg-superlinearly in X .

The proof of is a careful intertwining of the convergence proofs of a fixed-point iteration
and a semismooth Newton method. We defer it to

2.3 Localization of the contraction assumptions and multiple solutions

Next, we discuss possibilities to localize the contraction conditions in [Assumption 2.2jii)| whilst still
retaining global convergence. The assumptions of this subsection are motivated by results on QVIs
with multiple, locally stable solutions (see [7, |61} 9, |10, |6} |8]) and they make it possible to apply our
Newton framework also to fixed-point equations that are not uniquely solvable. We consider the
following setting.

Assumption 2.5 (Local contraction assumptions).

i) X is a Hilbert space;

DOI 10.20347/WIAS.PREPRINT.3132 Berlin 2024



A globalized inexact SSN method for nonsmooth fixed-point equations involving Vis 9

i) H: X — X is a Newton differentiable function with Newton derivative G : X — L(X, X);

iii) there exist a nonempty closed convex set B C X and a number~ € [0, 1) such that

| H(z1) — H(zo)[|x <7[|z1 — 22f|x Vai,20 € B (10)
and
sup |G (@) £ox x) < 7 (11)
z€B
iv) the metric projection Pg: X — B in (X, || - ||x) onto B is Newton differentiable with Newton

derivative G p,: X — L(X, X) and it holds |G p, ()| o x x) < 1forallz € X.

We will show in below that|Assumption 2.5jv) holds in particular if B is a closed ball in X .

Remark 2.6. It is possible to drop the requirement that X is Hilbert in |Assumption 2.5, If this is
done, however, one needs additional assumptions on X and B to ensure that the projection Pg is
well defined, single-valued, and Lipschitz continuous; see [5] and the references therein. (Note that
projections are typically not one-Lipschitz in the Banach space setting; cf. [33, Example 6.1].) We focus
on the Hilbert space case in this subsection because it simplifies the presentation, covers almost all
practical applications, and yields easier-to-track estimates due to the non-expansiveness of Pg.

The main idea of the following analysis is to resort to the global situation studied in by
composing the function H in (F) with the projection Pg. That is, instead of (F), we consider the fixed-
point equation

Find € X such that & = Hp(Z), (Fioc)

where Hg: X — X is defined by Hg := H o Pg. Note that this approach only works because
our algorithm is able to handle nonsmooth functions. As we will see below, by applying
to the modified equation (Fi,c), we obtain a numerical method that is able to determine precisely
the intersection of the solution set {x € X | + = H(x)} of the fixed-point equation (F) with the
set B. In practical applications, the set B in could, for example, be a closed ball in which the
estimates in and can be proven to hold; see [Section 4.3] If one is interested in an abstract
local convergence result similar to the classical one discussed in then one can also
assume that B is a closed ball BX(Z) that is centered at an isolated solution T of (F). In the latter
case, the conditions and take a form that is also often encountered in the sensitivity analysis
of obstacle-type QVIs; cf. [7,|61} 110]. That|Assumption 2.2| holds for the composition Hg = H o Pg
is proven in the following lemma.

Lemma 2.7 (Properties of H). Suppose that[Assumption 2.5 holds. Then:

i) Hp is Newton differentiable with Newton derivative Gy, (x) := Gy (Pg(2))Gp, ().

i) It holds

|Hp(x1) — Hp(w2)||x < Allor — 22|l x Vo, 2 € X (12)
and
SUp||Girr, (2)l| ) < (13)
re
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A. Alphonse, C. Christof, M. Hintermiller, I. P. A. Papadopoulos 10

Proof. Assertion[i)]follows from the conditions in[Assumption 2.5 the chain rule for Newton derivatives

(see |Lemma A.1), and the global one-Lipschitz continuity of Pp. To prove i), we first note that (10),
(again) the one-Lipschitz continuity of Pg, and the definition of H g imply

|Hp(21) — Hp(w2)||x < ||Pp(21) — Pp(w2)||x < vllwr — 22| x Vi, 20 € X,

This establishes (T2). Similarly, we obtain from assertionof this lemma, (1), and the bound [|G'p,, ()| £ x x) <
1 that

1G5 ()| o x x) = Gr(P(2)) Gy ()] £x x) < N Gr(PB(0))]| 2x.30) 1G5 (2) | 2 x) <

holds for all x € X. This implies and completes the proof. O

shows that is covered by the semismooth Newton framework of This

allows us to deduce the following from[Theorem 2.4

Theorem 2.8 (Convergence in the localized setting). Suppose that|[Assumption 2.5 holds. Let o € X
and 7" € [0, 00] be arbitrary. Let {1;} C [0,00) N[0,7*] and {p;} C [0, c0) satisfy 7, — 0 and

pi; — 0. Thenl|Algorithm 2, applied to the fixed-point problem with parameters xy, tol =0, 77,
{7}, and {p;}, converges finitely or q-superlinearly to a point & € X and the following is true:

i) If £ € B holds, then (F) possesses precisely one solution x in B and it holds = = .

i) Ifx ¢ B holds, then (F) does not possess a solution in B.

If, in addition, H satisfies H(B) C B, then only caseli] occurs.

Proof. As the results of [Section 2.2] are applicable to (F,.) by [Assumption 2.5/ and [Lemma 2.7] we
obtain from|Lemma 2.3|and|[Theorem 2.4|that there is a unique & € X satisfying & = Hp(%) and that
[Algorithm 2)with tol = 0 converges finitely or g-superlinearly to & when applied to (Fi,d). Suppose
now that = € B holds. Then we have & = Pg(Z) and 7 is also a solution of (F). Moreover, (F) cannot
possess any further solutions  # % in B as those would also solve which is uniquely solvable
by This proves i)} The assertion in i) is obtained along the same lines. That only case |i)]
occurs if H(B) C B holds follows from the structure of (Fjo0). O

Note that [Theorem 2.8| expresses that, if a sufficiently nice set B C X (e.g., a ball) satisfying
and is given, then [Algorithm 2—applied to (F;,J)—is able to determine precisely whether
possesses a solution in B and, in the case of its existence, identify the unique solution of (F) in B with
superlinear convergence speed. In applications in which it is important to decide whether solutions
are present in certain sets or to determine distinguished solutions of (F) (e.g., maximal and minimal
solutions), this type of localization of the framework in offers an attractive alternative to
classical localization approaches; see [25, Proof of Theorem 3.4] and [59, Proof of Theorem 3.13],

and compare also with[Theorem 3.12/and the experiments in

We conclude this subsection by establishing that balls BX (c), 7 > 0, ¢ € X, in X indeed satisfy
the conditions in [Assumption 2.5iv)l The proof of the following result relies heavily on the chain and
product rule for Newton derivatives. We recall these calculus rules in[Appendix Al of this paper for the
convenience of the reader.
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Lemma 2.9 (Projections onto closed balls). Letc € X andr > 0 be given. Define B := BX(c).
Then the projection Pg: X — X is Newton differentiable with Newton derivative

h il —clly <,
G%@m;{EﬁEV—(ﬁﬁ;@XfﬁJ il —cll >
and it holds
\w%<wqu<mm(Lm;%T) Ve X, (1)
X

Proof. Due to the chain rule in|Lemma A.1}, it suffices to prove the claim for ¢ = 0, i.e., B = BX(0).

For such a set B, we have
T it || x <,
Pg(z) = {r x (15)

el if Hx“X >,
and, thus, Pp(z) = g(||lz||5)z with g: [0,00) — R, g(s) := rmax(r, s"/2)~". Note that g is
piecewise C'* with a single kink at s = 72. This implies that g: [0, 00) — R is Newton differentiable

with Newton derivative
0 if0<s'/2<r
Gg(s) = { . ’
25372

it sY/2 > p:

see [49, Proposition 2.1]. (This Newton differentiability can also be checked directly by a simple cal-
culation.) As the function X > z + ||z|% € [0, 00) is smooth and locally Lipschitz continuous, it
follows from the chain rule of[Lemma A.1[that f: X — R, z — g(||z||%), is Newton differentiable
with derivative

it 0 <|z]|y <,

G(a)h = 4" -
ARG B (@b ifflally >

As f is continuous, the product rule ofLemma A2 withU = X,V =R, W = X, Z =
() = Id, and a as the multiplication with a scalar in X') now yields that the map Pg(x) =
Newton differentiable with Newton derivative

Gy () {h 10 < lally <,
P T = r(z,h) rh r " . ) (16)
el L1 Telx — \wxh_<wmjoxm§]'Wﬂu>ﬂ

This proves the assertion on the Newton differentiability of Pz and the formula for GpB. To obtain
(14), it suffices to note that the expression in the square brackets on the right-hand side of is
the projection of h onto the orthogonal complement of the line Rx C X and, thus, bounded in the
X-norm by ||1]| x. This completes the proof. O

X, P=F,
fz)zis

Remark 2.10. /f X is merely Banach (and not necessarily Hilbert), then one can still proceed along
the lines of the proof of[Lemma 2.9 to establish that the radial projection given by the formula is
Newton differentiable, provided the norm of X is C' ! away from the origin. If this is done, however,
then one cannot bound the L( X, X )-norm of the Newton derivatives G p,, (x) by the right-hand side
of but only by a worse constant; cf. the Lipschitz estimate proven in [33, §6.1]. In combination with
the lost non-expansiveness of Pg, this makes it necessary to impose more restrictive assumptions on
the number y in and if a Banach space setting is considered.
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2.4 Composite fixed-point equations

With the general convergence theory of [Sections 2.1|to [2.3 at hand, we can turn our attention to the
special case that the function H in (F) is of the type S o ®, i.e., that the considered fixed-point equation
has the form

Find Z € X suchthat 7 = S(®(z)). (Fe)

As discussed before, this problem formulation is motivated by the structure of the QVI which can be
recast as an equation of the type by means of the solution operator S of the variational inequality
and the inner obstacle map P; see the concrete examples in and [4) and the discussion
in The next three corollaries make precise under which assumptions on the functions S

and @ the problem is covered by the convergence results in [Theorems 2.1} [2.4] and Their
proofs boil down to applications of the chain rule for Newton derivatives (Lemma A.1) and elementary
estimates and are thus omitted.

Corollary 2.11 (Local convergence of for (FJ)). Suppose that the following assumptions
are satisfied:

i) X andY are real Banach spaces, and D C Y is a nonempty set;

i) @: X — D is a Newton differentiable function with Newton derivative Go: X — L(X,Y)
and, for every x € X, there exist constants C', e > ( satisfying

|®(z +h) = @()lly < Cllallx Vh € BX(0);

i) S: D — X is a Newton differentiable function with Newton derivative Gs: D — L(Y, X)
and, for every y € D, there exist constants C', ¢ > ( satisfying

sup  [|Gs(w) HE(Y,X) <C;
weDNBY (y)

iv) there exist a nonempty open set B C X andz € B suchthatz = S(®(z));

v) there exists a number L € [0, 00) such that R = 1d — S o ®: X — X is L-Lipschitz on B,
ie.,

|R(21) — R(x2)|lx < Lljz1 — 22f|x Va1, 20 € B;

vi) Gr(z) = 1d — G5(®(2))Ge(z) € L(X, X) is invertible for all z € B and there exists a
number M € [0, 00) with

HGR(a: <M Vze B;

-1
) Hc(X,X)
vii) {p;} satisfies {p;} C [0, p*] for some p* € [0, c0) with M Lp* < 1.

Then the convergence result in[Theorem 2.1| applies to (FJ). In particular, the sequence of iterates

{z;} produced by |Algorithm 1| converges finitely/q-superlinearly to T if x is sufficiently close to T,
tol is chosen as zero, and the forcing sequence {p;} satisfies p; — 0.

Corollary 2.12 (Global convergence of [Algorithm 2|for with global contraction). Suppose that the
following assumptions are satisfied:
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) X,Y,D,S, and ® satisfy the conditions in points|i) toliii) of[Corollary 2.11];
ii) there exists v € [0, 1) such that S o ®: X — X is globally y-Lipschitz, i.e.,

[S(®(21)) = S(@(22))lIx < Allzr — 32l|x V1,72 € X, (17)
and it holds
U |Gis(@(2)) G (@) ) < 7 (18)
T€

Then all of the results in apply to with H := S o ®. In particular, [Algorithm 2 applied
to satisfies the finite and global q-superlinear convergence result of[Theorem 2.4,

Corollary 2.13 (Global convergence of [Algorithm 2| for with local contraction). Suppose that the
following assumptions are satisfied:

i) X,Y,D,S, and ® satisfy the conditions in points|i) toliii) of[Corollary 2.11];
ii) X is additionally a Hilbert space;

iii) there exist a nonempty closed convex set B C X and a number~ € [0, 1) satisfying

[S(@(z1)) — S(P(x2))|lx < yllv1 — 22| x V1,72 € B (19)
and
Slelg HGS((I)(I))G@(J/’)HL(KX) < (20)

iv) the metric projection Pg: X — B in (X, || - ||x) onto B is Newton differentiable with Newton
derivative G'p,: X — L(X, X) and it holds |G p, ()| ;(x x) < 1forallz € X.

Then the results of [Section 2.3 apply to (FJ). In particular, applied to the fixed-point
problem with H = S o ®, satisfies the convergence result in

We conclude this section with a remark on inexact function evaluations in the context of (F).

Remark 2.14. In practice, one typically cannot evaluate the composition H(xz;) = S(®(x;)) (and,
as a consequence, the residue R(z;) = x; — S(®(x;))) exactly, as required, e.g., in steps[4 and|7]
of[Algorithm 1| Instead, one only has access to approximations H. = Sc o ®.: X — X, e > 0, of
the function H = S o ®: X — X. If, for example, S is the solution map of the obstacle problem
(as in the case of the concrete application (Q)), then S, might be the solution map of a PDE-
approximation of obtained via penalization; see [37, 58, 42]. In the presence of such an inexact
oracle H,, one can still easily ensure the accuracy requirements in and|[d, provided
the error H — H._ is controllable by means of an a-priori estimate. If we assume, for example, that
|H(x;) — He(z;)||x < Ce holds for z; with a known constant C' > 0, then the triangle inequality
implies that the following holds for the condition in (7)):

|25 — He(wi)||x < 7illzi — He(zi)||[x — (1 +7:)Ce
= |lep — H(z;)||x — Ce < 7||w; — H(xy)||x + 7:Ce — (1 + 713)Ce
= |lzp — H(z:)||x < 7l R(z:)]|x-

This shows that, by determining x g and € with ||xp — Hc(z;)||x < 7||xi — He(z;)||x — (1 +7;)CE,
one can calculate a trial iterate x g satisfying (7) without having precise access to H and R.
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3 Elliptic obstacle-type QVis

We are now in a position to prove the convergence of [Algorithms 1|and [2 applied to the obstacle-type
QVIs [([Q)} Recall that elliptic QVIs of obstacle type correspond to fixed-point equations of the form
that involve as the map S the solution operator S: Hi(2) — H{(S2), ¢ — u, of the unilateral
obstacle problem

Find u € Hy(2) such that u € K(¢), (—Au — f,v — u)g-1(o),ai) = 0Vv € K(¢), (21)

where K (¢) := {v € H}(Q) | v < ¢+ Pyae. inQ}. In below, we show that the so-
lution operator S' of satisfies the Newton differentiability and Lipschitz continuity requirements of
[Corollaries 2.11|to[2.13] Here, we also specify the properties that the obstacle function ¢ has to pos-
sess in the context of (Q) so that[Algorithms 1]and[2|can be applied; see[Theorem 3.7] In[Section 3.2
we then establish that obstacle mappings ® arising from semilinear elliptic PDEs satisfy the require-
ments on the inner function ® in|Corollaries 2.11|to[2.13| Finally, in|Section 3.3} we demonstrate that
our results can also be employed in the context of nonlinear and implicit obstacle-type Vls.

3.1 The solution operator of the obstacle problem

Throughout this subsection, we consider the following situation.

Assumption 3.1 (QVI-assumptions).

i) Q C R? d €N, is a nonempty open bounded set;
ii) p is a given exponent satisfying max(1,2d/(d + 2)) < p < oo;
iii) f € LP(Q2) is a given function;

iv) ®g: Q@ — (—o00, 0] is a quasi-lower semicontinuous, Borel-measurable function such that
there exists w € H} () satisfying w < ®¢ a.e. in ) and such that, for every v € H}(Q), it
holds v < ®q a.e. in ) ifand only ifv < ®( quasi-everywhere (q.e.) in §2;

v) Y, is the space defined by Y,, := {v € H}(Q) | Av € LP(Q)} and equipped with the norm

[olly, = vl o) + 1A0] o). (22)

Note that (Y}, || - ||y,) is a Banach space in the above situation (as one may easily check). For the
precise definitions of the terms “quasi-lower semicontinuous” and “quasi-everywhere” and details on
the related notion of H} ({2)-capacity, we refer to [23, §6.4.3]. We remark that |Assumption 3.1jv)|is
automatically satisfied if {2 is a bounded Lipschitz domain and @, an element of C'(Q2) N H(£2) with
a nonnegative trace.

Lemma 3.2 (Well-definedness of S). Suppose that|Assumption 3.1| holds. Then has a unique
solution S(¢) := u for all § € H}(S2). The associated solution map S: Hi(Q2) — HL(Q), ¢ — u,
satisfies

15(¢1) = S(d2)llmacey < Nl — dallmaey Vo, b2 € Hy(9). (23)
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Proof. We know that g + ¢ > w + ¢ € Hj(2) holds for all ¢ € Hj(2), where w € H}(Q) is
the function from |Assumption 3.1jv)l Thus, K (¢) # () for all ¢ € H}(£2). The unique solvability of
for all ¢ € H3(€2) now follows immediately from [56, Theorem 4:3.1]. Let us now assume that
b1, o2 € H(Q) are given. Define u; := S(¢;), j = 1,2. Then it holds u1 — ¢1 + @2 < P2 + Py
and us — ¢9 + P71 < 91 + P a.e. in €2 and we obtain from the Vls satisfied by u; and u, that

0 <(=Auy — f,(ug — ¢a + é1) — ur)g1(q)ui() + (—Auz — f, (w1 — @1 + d2) — Us) 1), m1(02)

< —fjuy - U2||§{3(Q) + ||lur — U2HH3(Q)||¢1 - ¢2HH§(Q)-

This yields and completes the proof. O

Note that, via a simple variable transformation, we can shift the function ¢ in K (¢) into the source
term of and, thus, rewrite S in terms of the solution map Sp: H () — H3(Q), w > u, of the
variational inequality

Find u € H} () such that u € K(0), (—Au—w,v — u) g1 @)ai) = 0 Yo e K(0). (24)
Indeed, we have:
Lemma 3.3. Suppose that[Assumption 3.1| holds. Then
S(¢) = ¢+ So(f +Ad) Vo€ Hy(Q). (25)

Proof. Let ¢ € H}(€2) be given. Define u := S(¢). Then @ := u — ¢ satisfies u € K(0) and, by
‘)

(=AU — f—Ad,v — ) gy mi) = (—Au— f,o+ ¢ —wy1@q)me >0 Yve K(0).

As is uniquely solvable by [56, Theorem 4:3.1], this yields So(f + A¢) =1 = S(¢) —¢. O

Due to (25), the function .S inherits various important properties from S. To formulate these properties,
we require some notation. First, we define the active set associated with via

A(¢) == {z € Q| S5(¢)(z) = ¢(z) + Po(x)}. (26)

(This set is also known as the coincidence set.) Following the lines of [41, §1] and [55, §2.2], we
interpret the identity in the sense of capacity theory, i.e., we define A(¢) up to polar sets and
w.r.t. quasi-(lower semi)continuous representatives. Note that, due to the quasi-lower semicontinuity
of ®( and the inequality S(¢) < ¢ + Py, this implies that A(¢) is a quasi-closed set. Its complement,
the quasi-open set 2\ A(¢), is called the inactive set and denoted by I (¢) in the following. The quasi-
openness of I(¢) makes it possible to sensibly define the space HJ (I(¢)) C H} () of all elements
of H}(2) that vanish in A(¢); see again [55, §2.1] or [41}, §2]. If () is open in the classical sense,
then HJ (I(¢)) coincides with the closure of C>°(1(¢)) in H} (£2); see [4, Theorem 9.1.3]. By means
of I(¢), we can introduce:

Definition 3.4. We denote by Zs: H} () — L(H1(Q), Hi()), ¢ — Zs(), the map defined
by

Zs(d)g = = ifandonly if  z € Hy(I(4)), (—Az —9,V)g-1(q)ui() = 0 Vv € Hi(1(9))
for given g € H='(Q) and ¢ € HA(Q). We further define G's: HY(Q) — L(HY(Q), H}()) via

Gs(d)h = h+ Zs(¢)Ah  Vh,¢ € HL(Q). (27)
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Informally speaking and modulo an extension by zero to the whole of €2, the operator Zs(¢) defined
above can be interpreted as the solution map of the Poisson problem with homogeneous Dirichlet
boundary conditions on the inactive set I(¢), i.e., z = Zg(¢)g can be characterized as the solution
of the boundary value problem

—Az=ginI(¢), z=00nd(I(9)).

As the notation suggests, the function Gs provides a Newton derivative G5 for .S. Indeed, we have:

Lemma 3.5 (Newton differentiability of S). Suppose that|Assumption 3.1| holds. Then the operator S
is Newton differentiable as a function from'Y), to H 2(€) when endowed with the derivative Gg := G,
Gs: Y, = LIH(Q), HY ().

Proof. Let ¢ € Y, be given. Then it holds

[S(¢ + h) — S(¢) — Gs(¢ + h)h| g ()

0 < limsup

0<[lly, -0 2]y,
. 1S0(f + Ad + Ah) = So(f + Ad) — Zs(¢ + h)Ah| ma e

= limsup

0<[lAlly,—0 12lly, 28
- limsup [S0(f + Ad + Ah) = So(f + Ad) — Zs(¢ + h)Ah| ma o
T 0<|| AR Lp (@) —0,hEY, | AR|| Lo ()

. [So(f + A+ g) — So(f + Ad) — Hyl my (e

< limsup sup .

0<Ilgll L () —+0 HED3} So(f+Ad+g) g/l zr (o)

Here, we have used|Lemma 3.3, the definition of |- ||y, , and the fact that Zg(¢+h) is an element of the
so-called strong-strong Bouligand differential 03 So(f + A¢+ Ah) of Sy at f + A¢p+ Ah € LP(2)
by [55, Theorem 4.3] (and a trivial direct argument in the case d = 1). See [55, Definition 2.10] for the
precise definition of 0% Sy. From the Newton differentiability properties of Sy proven in [26, Theorem
4.4] and the inclusions in [55| Proposition 2.11], we obtain that the right-hand side of is equal to
zero. This completes the proof. O

For convenience, we drop the tilde in G’S everywhere in the following. From (27), we obtain:

Lemma 3.6 (Boundedness of (G5). Suppose that|Assumption 3.1| holds. Then, for every ¢ € H(}(Q),
it holds || G s (&) | £(m (), m3 () < 1-

Proof. Let ¢ € H} () be given. Due to its definition, —Zs(¢)A: Hy(Q) — H(Q) is precisely
the H{ (£2)-orthogonal projection onto HJ (I(¢)). This implies that Gs(¢)h = h + Zs(¢)Ah is the
H{ (€2)-orthogonal projection onto Hi(1(¢))*. The assertion now follows immediately from the fact
that projections in Hilbert spaces are non-expansive. O

If we combine[Lemmas 3.2} [3.5/and[3.6|and compare with the requirements of the convergence results
in[Corollaries 2.11|to[2.13] then we arrive at the following main theorem.

Theorem 3.7 (Convergence of and [ for[(Q)). Suppose that[Assumption 3.1 holds and
P: Hy(Q) = Y,,v€10,1),and B C H}(S2) are given such that the following is true:

i) @ is Newton differentiable from Hg () to'Y,, with derivative G : HJ(Q2) — L(H(2),Y,);
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ii) ® is locally Lipschitz continuous from Hg () to Y,;
iii) B is a closed ball of radius r > 0 in Hj () (not necessarily centered at zero) or B = H}();
iv) © satisfies || ®(v1) — ®(v2)||gr) < Vllvi — v2llny(q) for allvy, v2 € B;

v) Go satisfies ||Ga (V)| (a1 (),m1(q) < 7 forallv € B.

Then the QVI

Findu € Hy(Q) such thatu € K(®(u)), (—Au— f,v — u) g-1(a),Hi ) = 0Vv € K(P(u)),
with K (®(u)) := {v € Hy(Q) | v < ®(u) + ®g a.e. inQ},
Q)
is equivalent to the fixed-point equation u = S(®(u)) and the following is true:

I) If B = H(Q) holds, then the assumptions of [Corollaries 2.11| and [2.12 are satisfied with

X = H}(Q),Y =D =Y, and G as in 7). In particular, the results of|Section 2.2 apply
to (@), possesses a unique solution t € HJ(S2), and u can be identified by means of

and|[3, with the convergence guarantees in[Theorems 2.1| and|2.4, respectively.

Il) If B has finite radius, then the assumptions of|Corollary 2.13 are satisfied (with the same X,

Y, ete. as in[l)), and the results of] apply to (Q). In particular,|Algorithm 2, applied to
the fixed-point problem u = S(®(Pg(u))) satisfies the convergence result in

Proof. The assertions of the theorem follow immediately from and [3.6} the

assumptions on ®; and the fact that [|v[| g1 () < [|v[|y, holds for all v € Y, O

In the context of the QVI (Q), the Newton derivative G appearing in steps [7| and 8] of |Algorithms 1
and[2] respectively, is given by

Gru)h = (Id — Go(u))h — Zs(®(u))AGe(u)h  VYu,h € Hy(Q).

Details on how this and related objects can be realized numerically are given in

Note that[Theorem 3.7]leaves considerable freedom regarding the precise form of ¢ and also covers
cases in which the pointwise-a.e. constraint in is only imposed in certain parts of €2 as [Assump-
ltion 3.1jv) allows to consider functions @ that take the value +o0c. In what follows, we focus primarily
on the case that P is the solution map of a (potentially nonsmooth) PDE.

3.2 Solution operators of semilinear PDEs as obstacle maps

Next, we show that solution operators of certain semilinear PDEs give rise to obstacle maps & that
satisfy the assumptions of and, thus, yield obstacle-type QVIs that are covered by the
general semismooth Newton framework of [Section 2| The operators ¢ that we focus on in this sub-
section are given by

O (u) := T with T' as the solution of kT — AT = g(Vy + YT —u)inQ, 9,7 = 0on 0.
(29)

Assumption 3.8.
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i) Q C R d e N, is abounded Lipschitz domain;
i) ¢ € C*(Q) is a given function satisfying o = 0 on O€2;
i) k > 0 is a given constant;
iv) Wy is a given function satisfying Wy € L**¢(Q2) for some & > 0;

v) 1 € L>(Q) is a given function satisfying 1) > 0 a.e. in §);

vi) g: R — R is locally Lipschitz continuous, nonincreasing, and Newton differentiable with a
derivative G,: R — R that is Borel-measurable and satisfies G 4(s) € 0.g(s) forall s € R;

vii) Yy is defined by Yo := {v € H}(Q) | Av € L*(Q)} and equipped with the norm || - ||y, from
22).

Note that, as the choice g(s) = —s satisfies |[Assumption 3.8Vi)| also covers linear elliptic PDEs
with homogeneous Neumann boundary conditions. We remark that the arguments that we use in the
following can be extended easily to, e.g., more general differential operators and Dirichlet boundary
conditions; cf. the general assumptions in We focus on because this setting covers
QVIs such as thermoforming problems [7, §6]. We first consider for arbitrary d € N in the next
result. (We later consider d = 1 as a special case.)

Theorem 3.9 (Properties of (29)). Assume, in addition to|Assumption 3.8, that the function g: R — R
is globally Lipschitz continuous. Then the PDE in (29), i.e.,

KT — AT = g(Vo + 9T —u)inQ, 9,7 = 00nde, (30)

possesses a unique (weak) solution T € H'(Q) for allu € H} (). This solution satisfies ¢T € Y.
Furthermore, the operator ®: Hj () — Ya, u — T, possesses the following properties:

i) It holds

1@ (ur) = (us) [ mye)

< Cp(Q) Lip(g) (llelle@b ™2 + IVelllo@b™) lun — uall gy Vur,uz € Hy(Q).
(31)

ii) There exists a constant C' > ( satisfying

12(ur) = @(u2) v, < Cllus —walliggiy  Vuur, uz € Hy(Q). (32)

ii) LetGg: H3 () — L(HJ(9),Y>) be defined by G (u)h = ¢&, with &), as the weak solution
of

kgh—Afh—Gg(\Do—f—wT_u)wfh - —Gg(\po—F@bT—u)h in Q, al,fh =0on 89, (33)

and T as the solution of (30). Then ® is Newton differentiable as a function from H} () to Y,
with derivative G and, for allu € H} (), it holds

|G (W)l 2emp @),y < Cr(§2) Lip(g) (HSDHLW(Q)IC_U2 +IVlllo@k™) . (34)
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Proof. From Young'’s inequality and our assumptions on ¢, W, 1, and €2, it follows that

/ |g(Vo+pv—u)|*dr < 2/ 19(0))?+Lip(9)?*|Vo+pv—ul’dz < 0o Vv € HY(Q) VYu € Hy(9).
Q Q

(35)
Thus, g(Wo + v —u) € L*(Q) forallv € H(Q2) and u € H} (1), and we obtain that the operator

Ay HY(Q) — HY(Q), (Au(v), W) 1y () = /Qk:vw—i—Vv-Vw—g(\Ifo—va—u)wdx,

is well defined for all u € H&(Q). Due to the global Lipschitz continuity and monotonicity of g and the
nonnegativity and essential boundedness of v, we further have

[ Au(v1) = Au(v2)[| 1.0
< max(k, 1)[|vr — v2| g1 + [[9(¥o + Yv1 — u) — g(Vo + Yv2 — u)||2(0)
< (max(k, 1) + Lip(g) || (@) [lor = v2ll i) Yor,v2 € HY(Q) Yu € Hy(Q)
and

(Au(vi) = Au(v2), v1 = v2) g1y 11 (@)
> / k(vy —v2)* + |V (v — v2) 2 = (9(Wo + pv1 — u) — g(Vg + vg — u)) (v — vo)da
Q

> k‘”’Ul — UQH%Q(Q) + |||V(’Ul — U2)|||%2(Q) Vvl,vg S HI(Q) Yu € H&(Q)
(36)
This shows that A,,: H'(2) — H'(Q)* is globally Lipschitz continuous and coercive and, by [56)
Theorem 4:3.1], that the equation A, (7)) = 0 is uniquely solvable for all u € Hj (). Due to the
definition of A,,, the latter shows that (30) possesses a unique solution 7' € H'(Q) forallu € HJ ().
That this solution satisfies o7 € H}(Q) and A(pT) € L*(Q) forallu € H} () follows immediately
from the properties of ¢, the definition of A, (30), and (35). Thus, ©1" € Y5 as claimed.

It remains to prove points and To this end, let us assume that uq, us € HOI(Q) are given and
that 71, Ty € H'(2) are the associated solutions of (30). Then yields

KIITy = Tall 72y + IIVTL = V|1 7200) < (Au (Th) = Au (T2), Ty = To) g1 0y a1

= (g(Vo + 9T —uy) — g(Wo + PTh — ug), Th — TQ)Lz(Q)
< Lip(g)[Jur — uall 2@ [Ty — Lol r2(0)-
This implies
Ty = To| 20y < Lip(g)k™"Jus — s || 20 (37)
and
IIVTy = VT 120y < Lip(9)k™"?[lur — ual|12(@). (38)
In combination with the definition of ®, we now obtain
[@(u1) = ©(u2) || ) < @l IVTL = VI3[ 12¢0) + [[[Volll o) I T7 — T2l 220
< Lip(g) (el k™ + IIVelll @b ™) llur — uall 2@
< Cp() Lip(g) (lelle@k "> + 11Vl L@k ") llur — uall 1 e)-

This proves To prove we note that (37), the PDEs satisfied by 77 and 75, and the global Lipschitz
continuity of g imply that

”ATl — AT2||L2(Q) = ||]{7T1 — kZTQ + g(\If() + wTQ — UQ) - g(\ljg + ¢T1 — UI)HLQ(Q)

< k||Ty — Tal|r20) + Lip(g) ([[¢]| 2@ |1 T1 — T2l 20y + lur — sl 22(0))
< Cllur — vl g
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holds with some constant C' > 0. In combination with the assumptions on ¢, (37), and (38), this yields
(32) (with a potentially larger constant C' > 0). It remains to prove i)} To this end, let us denote the
solution map of the PDE (30) by P: H(Q) — H'(2), u — T. We claim that

[Puth) = Plu) = Gelut Wbllme) oy e gy @9

0<||h||H6(Q)HO ||h||H3(Q)
and
AP(u+h) — AP(u) — AG + h)h
VAP 2 APW = AGeut hle@) _ oy e i) o)
0<||h||Hé(sz)H0 ||h||H3(Q)

hold, where Gp: H}(Q) — L(H (), H'(Q)) is defined by Gp(u)h := &, forallu,h € H} ()

with &, being the solution of (33). To establish and (40), let us assume that u € H}(Q) is

fixed. From the PDEs solved by P(u + h), P(u), and Gp(u + h)h, we obtain that the function
on = P(u+h) — P(u) — Gp(u+ h)h € H() satisfies
ko, — Aoy, — Gg(\po -+ wP(u + h) —Uu— h)wéh

=g(Yo+vYPu+h)—u—nh)—g(Vo+ »P(u) —u) (41)

= Gy(Vo+¢P(uth) —u—h) (PP(u+h) = P(u) = h) =: pn
in Q2 and 9,0, = 0 on 0N forall h € H}(S). Due to and and our assumptions on v, Wy,

and €2, we further know that there exist constants C', ¢ > 0 such that ¥, € L2+5(Q) holds, such that
H'(€2) embeds continuously into L?*¢(£2), and such that, for all h € H} (), we have

[ P(uth) = P(u)=h| 2= 0) < [l | Puth)—Pu) || 2@+ All 12+ 0) < CllR]|m0)-

In combination with the properties of g and [59, Theorem 3.49], the above entails that

gt +n) = g(@) = Gyl + i

lim sup thnﬂ < C limsup 2@ _

0<2l g1 () 0 1]l e300 0<1ll 22 g0 12| 2+ ()

holds, where @ is defined by % := Vo + ¢ P(u) — u and h has been used to replace the perturbation
YP(u + h) — ¥ P(u) — h appearing in the definition of p,. By choosing J;, as the test function in
the weak form of (@T)—keeping in mind that G4(s) € 0.¢(s) C [—Lip(g), 0] holds for all s € R by
|Assumption 3.8)i)| and that %) is nonnegative—we now obtain that

k?||5h||%2(9) + |||V5h|||%2(9) < | onll z2@)ll0n |l 220 h e HYQ)\ {0}

121l 2782 1]l 273 2

and, after applying Young’s inequality, that there exists a constant C' > 0 satisfying

16n ]| 710 ol 20

lim sup < C limsu = 0. (42)

0<lhl g1y 0 [1Bllige) ™ 0<linllyy g0 1hllm(e)

By revisiting and by exploiting that |G| is bounded by Lip(g), it now also follows that

| Adn ]| L2 ()

k + Li . ) +
limsup limsup ( ip(9) |||l Loe)) 110n | 22¢) + ol 20 o

0<[lAl 73 () =0 17l 222 ) 0<I|Al ;31 0 1Al a2 )

(43)
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Due to the definition of d;, the estimates and establish and (40). Since ®(u) = pP(u)
holds with ¢ satisfying o € C%(Q) and ¢ = 0 on 912, this yields that ® is Newton differentiable as a
function from H} (£2) to Y5 with derivative Gg(u)h := oG p(u)h as claimed. It remains to prove the
bound in (34). To this end, we note that, forall u, h € H} (), we can choose &, = G p(u)h as the test
function in the weak form of (33) to obtain k”th%Z(Q) + [ V&n] H%Q(Q) < Lip(9)|1&nll 2@y | 2l 20)-
Here, we have again exploited that G, maps into the interval [—Lip(g), 0] and that ¢ is nonnegative.
From the exact same arguments as in (37) and (38), we now obtain ||£, || 12y < Lip(g)k ||l 120
and ||| V& || 22y < Lip(g)k~"?||h||12(q) for all u, h € H}(S2) and, as a consequence,

1Ga(W)hllmye) < lellee@IVElllz2@) + Vel L@ 1€nl 2@
< Lip(g) (lollze@ k™2 + [V olll @k~ 12l r20)
< Cr(Q) Lip(g) (loll @k ™" + Vel Lm@k™") 1Al ny(0)-

This establishes and completes the proof. O

Remark 3.10. /(2 is contained in an open cube with sides of length [, then the Poincaré constant sat-
isfies Cp(€2) < I, see [24, Theorem 1.5]. For d = 1, one easily checks that Cp(2) = diam () /.

By comparing [Theorem 3.9|with [Theorem 3.7} we arrive at:

Corollary 3.11. Suppose that g is globally Lipschitz continuous and that
7 1= Cp(Q) Lip(g) (el e@k ™ + |Vl |1@k™") € [0,1),

Then the map ®: H{(2) — Y» in[Theorem 3.9 satisfies the conditions|i] to|v) in[Theorem 3.7 with

the derivative Go: Hj(Q2) — L(Hy(2),Yz) in|Theorem 3.9iii) p = 2, and B := H ().

In the special case d = 1, we can exploit that H*({2) embeds into L>({2) to obtain the following
variant of[Theorem 3.9|that only requires g to be locally Lipschitz continuous.

Theorem 3.12 (Properties of when d = 1). Assume, in addition to|Assumption 3.8, that d = 1
and ¥y = 0. Then possesses a unique (weak) solution T € H'(Q)) for allu € HL(QY). This
solution satisfies ¢T € Ys. If, further, we define Ny := |Q|'/2R/2 = diam(Q)'/2R/2 and

_ _ _ ) 2N
Mp := Ng + [¢] L= () (9] V2Tl 4192k 1/2) (Llp(ga [—Ng, Ng))=—2 + |g(0)|> Q'

™
(44)
for all R > 0, then the following statements are true for the operator ®: H}(Q)) — Y, u > T

1
) Forall R > 0 and alluy, uy € BLo“)(0), it holds

19 (ur) = (ua)l[ (e

. - 1y 19
< Lip(g, [~ Mp, M) (lell=@k ™" + 1/ =@k ™) = llur = ol -

i) Forall R > 0, there exists a constant C'r > ( satisfying

1
(1)~ D(ua)lys < Caller —wollgey Yoo € B (0).
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iii) Let G¢ be defined as in[Theorem 3.9ii)l Then ® is Newton differentiable as a function from
H3 () to Ys with derivative G and, for every R > 0, it holds

|Go(u) ||L(H3(Q),H5(Q))

. . _ | 1
< lim Lip(g, [t,1]) (llell e @k ™2 + ||| i)k~ K gy ¢ B (),
tN\Mp T

(46)
Proof. Let R > 0 be arbitrary and suppose that v € B}’;’é(“)(o) is given. Define
g(—MR> if s S —MR,
g(s) == ¢ g(s) if s € (—Mg, Mg), Vs € R,
g(MR) if s Z MR,
and consider the differential equation
KT —T" = (T —u)inQ, 9,7 = 0on 0. (47)

Then g is globally Lipschitz continuous with Lipschitz constant Lip(g) = Lip(g, [~ Mg, Mg]) and we
obtain from|Theorem 3.9|that has a unique (weak) solution 7" € Hl(Q). Note that, by proceeding
along the lines of (36), we obtain
FIT G2 + 1T 17200y < KT = T" = (0T = u) + §(~), T @y ey = (9(—), D).
Analogously to and (38), this yields

T 2@ < k7 G(—u)llr2y  and ||l r2) < K2 1G(—w) || r2oy-

From the mean value theorem and the fact that elements of H'(2) possess a C'(Q)-representative
for d = 1, we further obtain that there exist z, = € () satisfying

. L - 1 )
|T|| ooy = |T'(2)| and T(z) = _/de.
122 Jo

Due to the inequality of Cauchy—Schwarz and the fundamental theorem of calculus, this yields

1 / R .
=|— [ Tdx —|—/ T'dx
o 7o+ |
In combination with the (sharp) estimate [|v|| L) < |Q"?||v|| g1 (q)/2 for all v € H}(Q) (that is
easily established by variational calculus), u||Hé(Q) < R, and|Remark 3.10} it now follows that
1 20y < 192 INT N 2@ + QYT 220
< (1217267 + 19122 [lg(—w)l| 2@

< (191725 4 (0] 2 172) (Lip(3, [llull= @, ol [l 2 + 1500) 2o

. 2N,
< (191725 4 (0] 2 72) (Lip(3, [~ Na, Na) 2 + 19(0)]) 272,

™

T(z) +/ T'de < QT2 Tz + 10T | 20

1720y =

and, due to the identity Lip(g, [—Ng, Ng]) = Lip(g, [ Ng, Ng]), that

T — ull e < 6l @l Tl + Nullzm@) < 1 lm 1 Tl + Na < Ma.
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As g coincides with g on [—Mpg, Mp]|, the last estimate implies that T is also a solution of (30).
Since can have at most one solution (as one may easily check by means of a contradiction
argument), this shows that is uniquely solvable for all u € H}(€2). Note that, if we denote by
P: HX(Q) — HYQ), u — T, the solution operator of 30), by Pr: HE(Q) — HY(Q), u — T,
the solution operator of (@7), and by ®, r: H} () — H}(Q) the functions ®(u) := pP(u) and
Or(u) := @Pgr(u), respectively, then it follows from the above considerations that P(u) = Pg(u)
and ®(u) = ®p(u) hold for all u € Hy(Q) with |[ul| 1) < R Asapplies to ®p for
all R > 0 and since Lip(g) = Lip(g, [—Mg, Mg]), it now follows immediately that p P(u) € Y3
holds for all u € H}(2) and that ® satisfies the assertions in and [iii), (Note that, in and

(46), we have used the identity C'p(£2) = diam(Q2) /7 = |Q|/7 obtained from|Remark 3.10} and that
the limit in is necessary since 0.G(s) = 0.9(s) is only true for s € (—Mpg, Mg).) O

Remark 3.13. [Theorem 3.12 can be extended straightforwardly to the case ¥y € L>°(2). We have
assumed that Wy = 0 holds for the sake of simplicity and to avoid additional technicalities.

Corollary 3.14. Suppose thatd = 1 holds, that Vo = 0, and that R > 0 is a number such that

: : _ _1n 92
VR = t{I(IAI}R Lip(g, [—t,t]) (@]l Lok 1z 4 16| ook ™) % €[0,1),

where Mp, is defined as in ([@4). Then the map ®: H}(Q) — Y, u — T, in|Theorem 3.1
satisfies the conditions|i) to|v} in with the derivative Go: H}(Q2) — L(H(Q),Y3) in

Theorem 3.14ii), p = 2, and B := Bgo (Q)(O).

As we will see in[Section 4.3| [Theorem 3.72|and[Corollary 3.14] cover examples of obstacle-type QVls

that possess several solutions and, as a consequence, can only be studied within the localized
framework of

3.3 An alternative application: semilinear Vis

We conclude this section by demonstrating that the semismooth Newton framework developed in
can also be applied to variational problems that are not of QVI-type. To this end, we
consider the semilinear variational inequality

Find u € H, () such that u € K, (—Au — by (u)by(u) — f,v — u)g-1(0),ai Q) = 0Vv € K,
(48)
with K := {v € H}(Q) | v < $ga.e.in Q} and with by (u)by(u) as the pointwise-a.e. product of
two Nemytskii operators induced by (potentially nonsmooth) functions b1, b : R — R.
Variational inequalities of the type and their PDE-counterparts —Au = by (u)be(u) + f in €,
u = 0 on 0f), are prototypical examples of nonlinear variational problems that are widely studied
in the literature. The existence of solutions to such problems is typically established by proving that
a linearization of the solution mapping is contractive on a suitably chosen fixed ball. The localization
assumptions in [Corollary 2.73] ask for precisely this kind of contraction property. Hence, working with
(and, in particular, with the smallness condition iii)]in this corollary) is very natural when
studying these kinds of nonlinear variational problems.

Throughout this subsection, we work with the following setting:

Assumption 3.15.

DOI 10.20347/WIAS.PREPRINT.3132 Berlin 2024



A. Alphonse, C. Christof, M. Hintermiller, I. P. A. Papadopoulos 24

i) QC RY deN,d<5,isanonempty open bounded set;

i) ® is as in|Assumption 3. fiv);

iii) p is an exponent satisfying max(1,2d/(d + 2)) < p < oo and, in the case d > 3, p <
d/(d—2);

iv) f € LP(Q) is a given function;

v) by,bo: R — R are globally Lipschitz continuous and Newton differentiable with derivatives
Gy, : R — R, i = 1,2, that are Borel-measurable and satisfy Gy, (s) € 0.b;(s) for all s € R.

Note that the condition d < 5 arises naturally from the requirements on p in [Assumption 3.15jii)|
and that the assumptions on b; and b, allow to model nonsmooth semilinearities in (48) with lin-
ear/quadratic growth (e.g., max(0, u)(u + cos(u)) with by (s) := max(0, s), ba(s) := s + cos(s)).
Recall further that standard Sobolev embeddings imply that H}(€2) is continuously embedded into
L4(Q) for all

<o ifd=1,
1<¢{<c0 ifd=2,
2d

In combination with |Assumption 3.15jii)} this yields that H({2) embeds continuously into L?((2),
that L (£2) embeds continuously into H ~*(2), and, since the Hélder conjugate p’ := p/(p — 1) of p
satisfies p’ < 2d/(d — 2) for d > 3, that H{ (2) embeds continuously into L*'(2).

To see that is equivalent to a fixed-point problem of the form (F.) and, thus, covered by the analysis
of [Section 2.4, we have to study the mapping H; () 2 u — by(u)ba(u) + f € LP(S2) which we
shall denote by P, i.e.,

O: Hy(Q) — LP(Q),  ®(u) := by(u)by(u) + f. (49)

Lemma 3.16. Suppose that|Assumption 3.15 holds. Then the function ®: H}(Q) — LP(Q) in (49)
is well defined and Newton differentiable with the derivative Gg: H}(Q) — L(H}(Q), LP(Q)) given

by

Go(u)h := by (u)Gpy (u)h + by(u)Gy, (u)h  Yu,h € H} (). (50)

Further, it holds

G0,y < (L0000 N0y + L) 1) ) Nl
(51)
forallu € Hy () and

1@ (ur) = D(u2)l Lo

: : (52)
< (Lip(B)1bau2)] vy + Lin(ba) b1 (2) | v ) Wz Loy, c2ecoplln = wall g o

for all uy,uy € HE(Q), where 1o, € L(HL(Q), L?**(Q))) denotes the embedding of H} (L) into
L (Q).
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Proof. From Hélder’s inequality, the triangle inequality, our assumptions on p, the Lipschitz continuity
of by and by, and the Sobolev embeddings, we obtain that

101 (w)ba(w) + fll oo
< Ny + 1101 ()l 200y [102(w)[| 20 )

< ||f||LP(Q) + (Lip(bl) ||U||L2P(Q) + ||b1(0)||L2P(Q)> (Lip(b2) ||u||L2P(Q) + ||b2(0)||L2P(Q)>
2

< ooy + T (Liv(60 izl ey zonian gy + 15:0) e
i=1

holds for all u € Hj(f2). This shows that @ is well defined as a function from H{(f2) to LP(€2).
Consider now an exponent ¢ > 2p that satisfies ¢ < oo inthe case d < 2 and g < 2d/(d —2) inthe
case d > 3. (Such a q exists by [Assumption 3.15jii)l) Then it follows from [59, Theorem 3.49] that the
maps F;: L9(Q) — L*(Q), u — b;(u), i = 1,2, are Newton differentiable with Newton derivatives
Gr,(u)h = Gy, (u)h. In combination with[Lemma A.2| (applied to U = L1(Q), V = W = L*(),
Z =17(Q),anda: L*(Q) x L*(Q) — L?(Q) as the pointwise-a.e. multiplication), this yields that
the function F': L9(Q2) — LP(Q2), u — by(u)be(u), is Newton differentiable with Newton derivative
Gr(u)h = by (u)Gy, (w)h+by(u) Gy, (u)h. That ® is Newton differentiable as a function from H; ()
to LP(2) with the derivative in now follows immediately from the Sobolev embeddings and the
sum rule for Newton derivatives. Note that is an immediate consequence of the estimate

|G (u) ”L(H&(Q),LP(Q))

= sup 101 () Gy (u) o =+ by (1) G, (u) ]| 1o
< sup (Hbl(u)Hmp(Q) Lip(b2) + ||b2(“)”L2p(Q) Lip(b1)> ||hHL2p(Q)

hEH& (Q)7||h||H(1) (Q)Sl

< (Lip(o0) 1020 | oncy + Lip () 161 W)l v ) i, oneyy Vo € H(Q).
Similarly, we also obtain
[P (u1) — ©(u2)| 1oy
= [ (u1)ba(ur) = ba(ur)ba(uz) + by (ur)ba(uz) — bi(u2)ba(u2)l| 1o,
< 101 (ua) | 2oy 1D2(ur) = ba(uz) || 20 () + 102(u2) | 120 () 11 (1) = b1(u2)| f2n (o
< (Lip(bz)||b1(U1)HL2p(Q) + Lip(bl)Hbz(uz)||sz(Q)> [ty — ual 120
< (Lip<b2)||bl(u1)HL2P(Q) + Lip(bl)|\b2(u2)||m(g)> [e2pll a2 (), z2e () llUr — ull g q)

for all uy, us € Hg(§2). This establishes and completes the proof. O

Recall that our assumptions on p imply that L?(£2) embeds continuously into H! (€2). In combination

with[Lemma 3.76} this allows us to recast the semilinear VI in the form
Find u € Hy(S2) such that u = So(®(u)), (53)

where ®: H}(Q) — LP(R) is defined as in and So: H*(Q) — H}(Q) again denotes the
solution map of (24), i.e., the function that maps a source term w € H () to the solution u of

Findu € Hy(Q) suchthatu € K, (—Au —w,v — u)g-1),ai) =0 Yo € K. (54)
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From [26), 128], we (again) obtain that S is Newton differentiable as a function from L?(Q) to H} ().
For the convenience of the reader, we restate this Newton differentiability property in a way that fits to
the application context of (48).

Lemma 3.17. Suppose that|/Assumption 3.1 holds. Then the solution map Sy: H~'(Q2) — H}(Q),
w +—> u, of the obstacle problem (54) is well defined. Further, Sy is Newton differentiable as a function
from LP(S2) to H}(S2) with the Newton derivative G, : LP(Q) — L(LP(Q2), H}(S2)) defined by

Gs,(w)h =z ifandonlyif z¢€ Hy(I(w)), (—Az—h, V)1 (@),HL @) = 00U € Hy(I(w))

for allw, h € LP(2). Here, [(w) := Q\ {z € Q| So(w)(z) = Po(x)} denotes the inactive set
associated with w, defined in the same sense as in (26). Moreover, it holds

1Gso (Wl 1w, < Nl @y Y € LP(Q) (55)

and
[So(wi) = So(wa2)ll gy < lewll 2z, @pllor —wall o) Ywr,we € LP(2),  (56)
where p' := p/(p — 1) denotes the Hélder conjugate of p and v,y the embedding of H () into

LY (Q).

Proof. That .Sy is well defined again follows from our assumptions on ®(, and [56, Theorem 4:3.1]. That
Sy is Newton differentiable as a function Sy: LP(2) — H}(Q) with derivative Gg, is a consequence
of [565, Theorem 4.3], the inclusions in [55, Proposition 2.11], and [26, Theorem 4.4]; cf. the proof of

The estimate follows trivially from
1Gso (WAl 51 0y = (R Gy (W)) 10y, m3 () < Il 2oy | G (w)h| o o
< pr’HL(Hg(Q),LP’(Q))HhHLP(Q)HGSo(w)hHHg(Q)

for allw, h € LP(£2). The Lipschitz estimate is obtained along the exact same lines by choosing
So(w1) as the test function in the VI for Sy(ws), by choosing Sp(ws) as the test function in the VI for
So(w1), and by adding the resulting inequalities. O

From|[Lemmas 3.16|and[3.17] it follows immediately that the VI (48)—or, more precisely, its reformula-
tion (53)—is covered by the analysis of

Corollary 3.18. Suppose that|Assumption 3.15 holds and define

TR = ||L2p||L(H5(Q),L2p(Q)) [y ||£(H01(Q),LP’(Q))
sup (Lip (B 102 (0l o) + LD (2151 (02)l| gy ) VR € (0,00],
viEHg(Q),||vi||H(1)(Q)§R,i:1,2

where 15, and 1,y denote the embeddings introduced in|Lemmas 3.16 and|3.17, Let R € (0, 00) be
given such that yr € [0, 1) holds. Then the maps ®: H}(Q) — LP(Q) and Sp: LP(Q) — HJ ()
from|[Lemmas 3.76| and[3.17] satisfy the assumptions of[Corollary 2.13 with

X=HYQ), Y=D=1I7Q), S=S5, B=B59Y0) and v=qr 7

Furthermore, if v, € [0, 1) holds, then ®: H}(Q) — LP(Q2) and Sy: LP(Q2) — HA(Q) satisfy the
assumptions of|Corollary 2.13 withy := v, and X, Y, D, and S as in (57).
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Proof. The assertions of the corollary follow straightforwardly from [Lemmas 2.9} [3.16] and [3.17] by
comparing with the assumptions of [Corollaries 2.12and[2.13] O

From [Corollary 3.18] we obtain that is amenable to [Algorithm 2| provided the Lipschitz constants

and the growth behavior of the functions b, and b are suitable; analogously to the obstacle-type QVls
in[Carollaries 3.11land

4 Numerical experiments for obstacle-type QVls

If we combine the results of and then we obtain that the analysis of
applies to obstacle-type QVIs of the form

Find u € H} (1) satisfying
u< g+ P(u), (—Au—fv—u)g1quie =0Ve H(Q),v < Do+ D(u),
with ®(u) given by ®(u) := ¢T and T as the solution of
KT — AT = g(Vo+¢T —u)inQ, 0,7 =00n0Q,
58
provided the quantities €2, ®q, f, ¢, k, g, Vo, and ¢ in satisfy the conditions inIAssumptions(3.1)|
and [3.8|for p = 2 and the data is such that and [3.6| and [Theorems 3.9| and [3.12]

allow to establish the conditions and (or and (20), respectively) for X = H} (). Note
that covers the so-called thermoforming problem [7, §6] as a special case.

Remark 4.1 (Thermoforming QVI). Ford = 2, (58), with Uy = ®( and 1) = ¢, provides a simple
model for the problem of determining the displacement v of an elastic membrane, clamped at the
boundary OS2, that has been heated and is pushed by means of an external force f into a metallic
mould with original shape ®, and deformation ®(w). The deformation is due to the mould’s tempera-
ture field T" which varies according to the membrane’s temperature. The function g then models how
the temperature 'l is affected by the distance between the membrane and the mould. For more details
on the thermoforming problem, we refer to [7, §6] and the references therein.

In the present section, we provide several examples of QVIs of the type for which all necessary
assumptions are satisfied and present the results that are obtained when and[2)are ap-
plied. Our goal is in particular to demonstrate the g-superlinear convergence and mesh-independence
of our semismooth Newton method. We begin with a detailed description of how we realized and

implemented [Algorithms 1]and[2)in the situation of (58).

4.1 Implementation details

Data availability and packages used: We implement our experiments in the open-source language
Julia [22]. Our implementation makes use of the Gr i dap package for the finite element discretization
of the variational problems [13,|60] as well as the NLsolve [1]and LineSearches [2] packages,
for the solution of the (smooth) nonlinear equations that arise when evaluating, e.g., the solution map
of the obstacle problem by means of a regularization approach. For the sake of reproducibility,
the scripts used to generate the tables and plots depicted in the following subsections can be found in
the SemismoothQVIs package [51]. The version of SemismoothQVTIs runin our experiments
is archived on Zenodo [52]. A Python implementation of and [2 is also available with
Firedrake [35] as the finite element backend; cf. [50].
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Evaluation of S o ®: The semismooth Newton methods in|Algorithms 1|and [2| require the computa-
tion of the quantity S(®(u;)) in each iteration. (Here and in what follows, we write u; etc. instead of
x; etc. to conform with the notation in (58).) The computation of S(®(u;)) can be split into two steps:

(E1) Given u;, compute ®(u;). (E2) Given ¢, compute S(¢).

For the QVI is equivalent to the solution of a (potentially nonsmooth) semilinear PDE and
hence [(ET)|can be realized by means of a (semismooth) Newton method.

The evaluation of .S in is equivalent to solving the obstacle problem (21). As this is a classical
problem, a myriad of algorithms exist for its numerical solution. In this paper, we opt for a path-following
smoothed Moreau—Yosida regularization (PFMY) [3] followed by a feasibility restoration by means of
iterations of the primal-dual active set (PDAS) method [36]. By combining these algorithms, we find
that the number of iterations needed for the evaluation [(E2) does not grow uncontrollably as the mesh
width goes to zero and the feasibility of S(P(u;)) is guaranteed.

Recall that the PFMY-algorithm for the solution of the obstacle problem relies on the Huber-type func-
tiono,: R — R defined by

0 if u <0,
op(u) == qu?*/(2p) f0O<u<p, forp>0. (59)
u—p/2 ifu>p,
A PFMY-algorithm for approximating the solution u = S(¢) of for given f, ¢, and ®( chooses

a sequence of Moreau—Yosida parameters pg > p; > ... > p; > 0 and solves for each j the
subproblem

Up; € Hi (), (Up,s V)mp () + (pj_lg'pj (Uup, — ¢ — Do) — f, U)LQ(Q) =0 Yve Hi(Q). (60)

When v, is computed, it serves as the initial guess for the iterative solution of the subsequent sub-
problem with parameter p; 1. In our implementation, all the subproblems that appear were solved by
means of a classical Newton algorithm. The last PFMY-iterate u,,, is used as the initial guess for the
PDAS-method in our solver which restores the feasibility of the solution.

Action of Gr(u;)~': Next, we detail how to compute the Newton iterate u in steps [7| and [g] of

and [2| respectively. In view of [Lemma B.1Ji)| given the previous iterate u; and ug :=

S(P(u;)), to determine u, one has to (approximately) solve the linear system

for du, and set uy := u; + duy. In order to realize the composition Gs(P(u;))Ga(u;) in (61), we
introduce the auxiliary variables 1 := Gg(u;)0ux and p := Gg(P(u;))n —n = Zs(P(w;))An,
where Zg is defined as in As discussed in [Theorem 3.9jii), 7 then satisfies n = &
with & € H'(Q) as the solution of with h := duy. From [Definition 3.4] we further obtain that
1 is the weak solution of —Ap — An = 0in I;, u = 0in 2 \ I;, where I; and A; denote the
inactive and active set associated with the iterate u;, respectively, i.e., A; = A(P(u;)) = {z € Q |
up(z) = Oo(x) + P(u;)(z)} and I; = 2\ A;. By rewriting all of these PDEs in variational form and
substituting, it follows that can be recast as:

Find (dun, &, 1) € Hy () x HY(Q) x Hy(I;) such that

(dun — p— 9§, v)2(0) — (Up — ui, V) r2(0) = 0 Yo € Hy(Q), (62)
(VE, V) 120) + (kE + Go(Vo + UT; — w)(duny — 9€), () r2) =0 V¢ € H'(Q), (63)
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where T; € H'(Q) denotes the solution of with 4 = wu;. Note that the system |(62) is
linear in duy, &, and i and, therefore, reduces to a linear system solve after discretization. The act
of encoding the inactive set in in the discretized linear system is discretization dependent. How
this is achieved for a piecewise (bi)linear finite element discretization is discussed at the end of this
subsection.

Comparison methods: In our numerical experiments, we compare and [2 with three
alternative approaches for the numerical solution of (58), namely:

(C1) a pure fixed-point method;

(C2) a Newton method applied to a smoothed Moreau-Yosida regularization of the QVI with
fixed p;

(C3) [Algorithm 1| but with a backtracking Armijo linesearch applied to each Newton update. We
use the backtracking Armijo linesearch as described in [48, §3.5] and implemented in the
LineSearches package [2] with the merit function || R(u;) || g1 (-

The iterates of the fixed-point method are defined by ;11 = S(P(u;)) fori = 1,2,..., where
S(P(u;)) is computed as described above. If the map .S o @ is contractive, then this type of algorithm
can be expected to converge linearly to the QVI-solution.

For a given p > 0, a smoothed Moreau—Yosida regularization of the QVI[(58)|corresponds to replacing
the solution operator S of the obstacle problem by the solution map S, of the mollified problem
wherever it appears. For the inner solver, this means that up = S(®(u;)) is approximately
calculated by replacing with its Moreau—Yosida regularization and by subsequently applying
Newton’s method. In (61), we then approximate the update formula uy = u; + duy via uy, =
w; + dun, ,, Where duy , is obtained by solving the system

Find (Jun.,, &, w) € Hy(2) x H'(Q) x Hy(€2) such that

(Oun,p, — w,v) 2 — (U — Ui, V) 20) = 0 Vv € Hy(Q), (65)
(VE, V)12 + (k€ + Gy(Vo + UT; — w;) (Suny, — €), 2y =0 V¢ € HY(Q), (66)
(Vw,Vq) 2@ + p! (Gap(ui — @) — T;) (w — ©§), Q)L2(Q) =0 Vg € Hy(Q). (87)

Here, T; € H'() again denotes the solution of with u = u; and G, : R — R the derivative
of the function o, in (59). The key difference between [(65)H(67)| and [(62)H(64)| is that [(65)H(67)] does
not contain an active set. In particular, does not require the semismoothness results that we
derived in this paper for the map S o ®. However, we shall see that this regularization is unfavourable.
In particular, the approximated QVI-solution is dependent on the Moreau—Yosida parameter p and is
typically infeasible. Moreover, the convergence of the algorithm is slower than when computing du
via [(62)H(64)| directly, and the convergence rate degrades in the limit p — 0 due to ill-conditioning;

see [Figure 3(d) in[Section 4.4

Finite element discretization: To discretize the variational problems, we consider uniform subdivi-
sions of the domain (2 into intervals and quadrilateral cells, respectively, depending on whether the
dimension is one or two. In one dimension, we discretize with a continuous piecewise linear finite ele-
ment P; and in two dimensions we choose the tensor-product of the one-dimensional basis P; x P;
and define the mesh size h as the length of the edge of a cell. This discretization applies to u, T, and
the auxiliary functions &, 7, i, and w.
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Discretization of the active set: The choice of a P;-, respectively, P; x P;-discretization means
that the active sets in the PDAS-algorithm for the obstacle problem as well as the sets A; and I; in
may be found by examining the coefficient vectors of the involved finite element functions with
respect to the nodal basis. In particular, enforcing for allg € H(}(]i) simplifies to deleting the
rows and columns in the corresponding finite element matrices and the rows in the right-hand side
vector that are associated with nodal basis functions that belong to active nodes. More explicitly, let
ug, &, i, duy, r, and © € RM denote the coefficient vectors of the finite element functions UBh,
Eny I, 5uN,h, up — U p, and <I>0,h ~+ Ty, respectively, that correspond to the quantities in the
system Let My, = {1,2,..., M} be the index set of the set of the degrees of freedom and
denote the discrete active set by 2, = {z €M, | ug; = @i}. Denote further the discrete inactive
set by J, = I, \ A, and suppose that the finite element linear system (before removing the active

set) induced by ((62)H(64)|is given by

K Ko Kis ouy —r
Koy Ko O 13 =10, (68)
0 Kz Kz © 0

where K;; € RM*M for i, j € {1,2,3}. Then modifying such that it corresponds to a discretiza-
tion of |(62) with € H{(I;) and test functions ¢ € H{(I;) is equivalent to deleting the rows
and columns in K33, the columns in K13, and the rows in K35 and g whenever the row or column
index is an element of 2y,. In other words, [(68)| gets reduced to

K K [Klg]fnh,jh ouy
Koy Ky O, 3, E | =0, oy =0
th,mh [K32]3h,‘ﬂh [K33]3h,3h My, th

Note that the realization of [(64)| for higher-order discretizations is a far more delicate topic. We leave
the study of such higher-order finite elements for future research.

4.2 Test 1: a one-dimensional QVI with a known solution

We are now in position to present our numerical experiments. We begin with a simple one-dimensional
instance of the QVI which is covered by the global framework of and possesses a
unique solution that is known in closed form. We choose the quantities in the QVI as follows:

Q2=(0,1), Po(r) =max(0,|z — 0.5 — 0.25),

1
f(z) = 7*sin(7z) + 100 max(0, —|z — 0.625| +0.125),  ¢(x) = — sin(7z), (69)
aq

1 1-—
k=1, g(s):a1+arctan(—min( 2871—8)), Uy =1, P = .
e%)

Here, a1, s > 0 are parameters that will be fixed later. Note that the conditions in |[Assumptions 3.1|
and are trivially satisfied in the situation of (with p = 2). Using direct calculations and
mark 3.10} it is furthermore easy to establish the following lemma.

Lemma 4.2. In the situation of (69), the QVI possesses the solution i(z) = sin(nz), T = ay.
For the solution (1, T'), the inactive set, the strictly active set, and the biactive set are given by

{z € Q| alz) < Bo(x) + (@) (z)} = (0,0.25) U (0.75, 1),
{x€Q|alx) = o(z) + (@) (x), 7" (x) — f(z) £ 0} = (0.5,0.75),
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and
{z € Q|u(z) = Do(z) + (a)(z), —a"(z) — f(z) = 0} = [0.25,0.5] U {0.75},

respectively. Here, the function evaluations are defined w.r.t. the continuous representatives of u Py,
®(u), and —u" — f. The function Wy + )T’ — u takes values only in the set of points of nondifferen-
tiability of g. Further, the constant appearing in and satisfies

147
iyesyes) '

Cp(Q) Lip(g) (ol + ¢/ =@k ") = (70)
Recall that the solution operator of the obstacle problem is Gateaux differentiable if and only if strict
complementarity holds; see [55, Lemma 2.6]. In combination with the fact that the function ¥, —H/)T —
u takes values only in the set of nondifferentiable points of g, this means that the solution (i, T)
corresponds to a worst-case example. From (70), and the global Lipschitz continuity
of g, it follows further that the mapping ®: Hj(Q2) — H}(2) appearing in in the situation
of satisfies the conditions [i)] to [v)| in whenever a1, as > 0 are chosen such that
1+ 71 < ajay holds (with p = 2, the Newton derivative G defined in and
v = (1 + 7)(majaz)™h). In particular, the QVI is uniquely solvable for 1 + 71 < ajas, (4, T) is

its unique solution, and the assertions of hold when we apply |Algorithm 2

The results that are obtained when our globalized semismooth Newton method is applied to the QVI
in the situation of (or, more precisely, to the operator equation u = S(®(u)) that the QVI
may be recast as) can be seen in|Figure 1

Here, we considered two different parameter choices: (1) (v, ) = (1 + 7~1,101/100) and (1)
(a1, ) = (1072,1072). Note that, for choice (1), we trivially have 1 + 7~ < «;a, so that[Theo-
is applicable and global g-superlinear convergence to the problem solution @ is guaranteed.
For (Il), we have 1 + T > 0y = 10~%. We use this second configuration to investigate how
our algorithm behaves in situations that are beyond the scope of our analysis. In addition, we also
considered two different choices for the initial guess ug, namely, ug = 0 and ug = (—A)71f.
a) shows the behavior of and the pure fixed-point method [(C1)| for the two different
starting values in configuration (l). It can be seen that both algorithms are able to identify the solution
u of the QVI up to the discretization error for both choices of uy. The semismooth Newton method
requires far fewer iterations, however, and exhibits g-superlinear convergence speed, as predicted by
This is also confirmed by the experimental orders of convergence (EOCs) given by the

formula
_ _ ~1
[ w; —UHHol(Q) i1 _U”Hg(sz) .
EOC,; := log log , 1> 2. (71)
)

[tz = | g3 )

We remark that, in this test case, [Algorithm 2] always chooses the iterate u in step[9]

[Figure T|b) shows the convergence behavior of the two algorithms for the parameter choice (ll). It can
be seen here that both [Algorithm 2|and the fixed-point method stagnate/converge very slowly. For this
configuration, [Algorithm 2] always chooses x5 in step[9|for ¢ > 2, and the lack of contractivity of the
composition .S o ® results in a very poor convergence performance. [Figure 1}c) shows what happens
in (1) with [Algorithm T]with and without a backtracking linesearch As can be seen, both methods
are able to identify u with superlinear convergence speed even in the absence of contractivity. Notably,
[Algorithm 1] without a linesearch achieves convergence with the fewest number of iterations and with
a significantly smaller computational cost since the backtracking linesearch requires many evaluations
of S. This highlights that it is worth to consider our semismooth Newton approach for the solution of
QVIls even in those situations where a rigorous convergence analysis is not possible.
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oy =1+ 71,y =101/100 a, =102 0y = 1077
=] ]
103 F —e@— Fixed Point u, =0 10 F —e@— Fixed Point u, =0
—@— Algorithm 2 u, = 0 —@— Algorithm 2 ;=0
—@ — Fixed Point u, = (—A) ']/ —@ — Fixed Point u, — (—A) 'f
10t @ — Algorithm 2 u, = (-4)" f _10tF £ — Algorithm 2w, — (—A) "' f
ot [ =
£ o) =0r0*0=0+-0+0=0+00
_mag! _ =m0t
] 'S
lQ 103+ |~ 1073+
= 107 = 107} 0.0 1.0 1.0 1 1.0 1.0 1.0 1.0 1.0
—7 o —0—0—0 —~7
107+ 107k
0.689 | I I I I I I I I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Iterations ¢ Iterations ¢
(a) [Algorithm 2]and [[CT)|in test configuration (1) (b) [Algorithm 2]and [(CT)|in test configuration (11)
-2 -2
a; =10 ", a, =10 1.00 f
103 —@— Algorithm 1 u, =0
\ —y— Algorithm 1 + backtracking u, =0
\ @ — Algorithm 1 u, = (—A)"' f 0.75 +
101 \ —V — Algorithm 1 + backtracking w, (—A)"f )

0.50

0.25

= Membrane u
= Mould &, + ¢T

0.00 ! i T L 1
0 > T 6 s 10 12 14 16 18 0.00 0.25 0.50 0.75 1.00
Iterations i x
(c) Vanilla & backtracking SSN iterations in test case (ll) (d) The solution « and its mould ®( + goT.

Figure 1: (Test 1) Convergence behavior and results of the fixed-point method [[CT)| and [Algorithm 2|
for the parameter choices (1) and (Il) as well as[Algorithm 1]and [(C3)] (Algorithm 1| with a backtracking
linesearch), for the parameter choice (Il) with the initial guesses ©y = 0 and ug = (—A)_lf in the
situation of (69). The mesh size was chosen as h = 5 X 10~%. The numbers next to the graphs are
the EOCs in (71).

4.3 Test 2: a one-dimensional QVI with two known solutions

Next, we consider the QVI in a situation in which there are several solutions and in which the
localized setting of has to be employed. We choose the data in as follows:
107% sin(mx)
5 — cos(2mz)’

572 sin(mx)

Q=1(0,1), @ =0, flz)=aon’sin(mz), o) =a
(72)

4
k=n? s) = — min(0, s)? Uy =0 xr) = .
) g( ) oy ( ) ) ) 0 ; ¢( ) 5—COS(27T33)
Here, oy > O and a, > 1 are again parameters that can be chosen arbitrarily. Note that the conditions
in[Assumptions 3.1]and 3.8 are all satisfied in the situation of (72) (with p = 2) and that, in contrast to
the example in[Section 4.2|, the function g in (72) is only locally Lipschitz continuous (but C1). Similarly
to[Cemma 4.2] we obtain:

Lemma 4.3. In the situation of (72), the QVI possesses (at least) the two solutions

'L_LlEO, T150
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and . 5
Uy(7) := agsin(nz),  Th(x) = al%w
If M is defined as in[Theorem 3.12, then it holds
1 10(1
MR:_R_|_MR? (73)
2 371'061
and Q)
Lip(g, [~ M, Mr]) (el + &'k ~) =
O
= lim Lip(g, [t (k2 i) A
Jim Lip(g, [=,1]) (lell =@k ™ + 1]l =0 ) = (74)
20 20(1
30[1 371'@1
Furthermore, the right-hand side of is an element of the interval [0, 1) if and only if
3oy (bag +8)m2 +81 7
R< R, o = — = 75
ver =I5 1 ) \/ 800z 1 7o

Proof. To see that (u1,T;) solves in the situation of (72), it suffices to plug everything in
and the formulas @; = 0, T} = 0 into (58). That (uz, T%) is another solution is proved analogously.
Note that, to see that the differential equation in (58) is satisfied for (s, Tg), one has to employ the
double-angle-formula for the cosine, i.e.,

AT~ 7 = (o D)) A con)

1072 1072

ﬂ(l — cos(2mz)) = a; sin(rx)?

=g <—% sin(wm)) = g(Uo + YTy — ).

To check that My is given by in the situation of (72), it suffices to note that |Q2|*/? = 1 holds
for © = (0, 1), to calculate that ||¢)|| =) = 572/6, to note that the function g in satisfies
Lip(g, [~t,t]) = 8t/ay forall t > 0, and to plug into (44). To obtain (74), one proceeds analogously,
using that || || oo (@) = Saem?/3 and ||¢'|| L) = Saam® /2. The estimate finally follows from
an application of the pg-formula. O

That the QVI possesses two solutions in the situation of shows that this test case is beyond
the scope of the analysis of and that problems of the type may indeed possess
several solutions if the conditions in and are violated. To see that we may apply the results
of [Section 2.3] we first note that the spaces X = H{}(Q), Yo = {v € H}(Q) | v" € L*(Q)} =
H(2) N H?(2), the set D = Y5, the solution operator S: H}(Q2) — H}(Q) of 21), and the map
¢: HYQ) — Ysin satisfy the conditions in points |i)| and fii)| of in the situation
of by and [3.6) and It remains to find a set B with the properties in
pointsand of To this end, let us suppose that B is a closed ball in H&(Q) (not

necessarily centered at zero) that is contained in {v € Hj(Q) | ||v||H3(Q) < Ray.an ) With Ry, o,
defined by the formula on the right-hand side of (75). From [Lemma 2.9 it follows that the projection
Pp: HY(Q) — Bin H(f2) onto B satisfies all of the conditions in point jv)| of [Corollary 2.13] From
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Theorem 3.12, the properties of R, ,, and and (3.6, we further obtain that there exists

~vg € [0, 1) such that

[S(@(u1)) = S(P(u2)) | mp ) < [[P(ur) — P(u2) o) < vBllur — u2llgr) Vur,us € B
(76)
and

Slelg HGS(‘I)(U))Gfb(U)||£(H3(Q),H3(Q)) < S‘ég ||G<I>(U)H,C(Hg(m,Hg(Q)) < VB-

Putting everything together, it follows that the conditions in|Corollary 2.13|are all satisfied for B in the
situation of (72). In particular,[Theorem 2.8]is applicable and we may employ [Algorithm 2|to determine
the intersection of the solution set {u € H}(Q) | u = S(®(u))} of with B by solving the
localized fixed-point equation

Find z € X suchthatz = S(®p(2)), (77)

where ®p := ¥ o Pg. (This is just for H = S o ®.) Observe that since we already know
that %; = 0 solves the QVI (58), we obtain from [Theorem 2.8 that our algorithm should converge
g-superlinearly to u; if 0 € B and to a point & ¢ B if 0 € B when applied to (77).

To put these predictions to the test, we have implemented for the solution of in the
situation of for the case that B is a closed ball B(0) of radius R > 0 in H}(Q2) centered at
the origin. As it turns out, for this configuration, there are two distinct regimes: (I) as = 1 and (ll)
ay > 1. In regime (1), the biactive set of the second solution (s, TQ) is the whole domain, i.e., it
holds iy = (—A)~'f = ®y + T, in . For this case, the solution (i, T3) is highly unstable
with respect to perturbations of the data. Furthermore, the QVIs obtained from the discretization of
apparently do not possess any discrete solutions that approximate (s, Tg). The outcome is that,
after a discretization, the second closed-form solution (7?@, Tg) cannot be discovered by any method
considered in this work, even if the interpolant I, i, of i is used as the initial guess and the mesh
width A is very small; see [Figure 2

oy =10, a, =1, uy = I,u,

—@— Fixed Point
—W/— Algorithm 2
—l— Algorithm 1
<— Algorithm 1 + backtracking

0 25 50 75
Iterations i

Figure 2: (Test 2) Divergence behavior of the fixed-point method [(CT)} [Algorithm 2] and [Algorithm 1
with and without a backtracking linesearch in the situation of the QVI with setup and
(a1, ) = (10, 1). No projection is used and the initial guess is (the Lagrange interpolant of) @s. The
mesh size is h = 5 x 107, It can be checked that the pure fixed-point method actually converges
to w; although it is initialized as close to uy as possible. [Algorithm 2| and [Algorithm 1] both with and
without a backtracking linesearch stagnate/enter a cycle and are unable to reduce the residue below
1076 in this test case—a bound much larger than observed in the other experiments; cf. This
indicates that, on the discrete level, there is no solution corresponding to ..

DOI 10.20347/WIAS.PREPRINT.3132 Berlin 2024



A globalized inexact SSN method for nonsmooth fixed-point equations involving Vis 35

Note that this observation is also of independent interest as it shows that, for s = 1 and the data in
(72), the QVI is ill posed; cf. [7, 61} 9, 10, 6, |8]. In the second regime (ll), the solution (EQ,TQ)
satisfies (—A) 7L f =y < ®g + ¢Ty in (0, 1) and the active set of @i, is empty. Here, the numerical
identification of uo works without problems; see below.

For our numerical experiments in regime (1l), we considered the parameters (a1, az) = (10,3/2)
and the initial guess uo(x) = 100(1 — x)z. With this choice of «; and e, we have Ry, o, ~ 0.3136
and ||tz || g3 (0,1) = V507 ~ 22.21. In particular, the g-superlinear convergence of to Uy
is guaranteed by our analysis for all R < 0.3136. Note that, due to (76), we also immediately obtain
that the fixed-point method [(C1)] converges to 1, for all R < 0.3136 when applied to (77).

When running [Algorithm 2] and the fixed-point method in this configuration, one observes that
both algorithms converge in one iteration to (g, T3) for all R > +/507. This effect is caused by the
inactivity of w5 in regime (11). The behavior for 1/100 < R < /50 is tabulated in Table 1

R \ 0.01 \ 2.477 \ 4.944 \ 7.411 \ 9.879 \ 12.346 \ 14.813 \ 17.28
(C

4 7 9 12

(1.91) | (2.01) | (2.0) | (2.01) ) ) ’ ’
. 2 6 8 11

(1.56) | (2.01) | (2.0) | (2.01) ) ) ' '

. 2 3 3 3 3 3 3
(1.56) | (6.91) | (9.16) | (11.29) | (13.59) | (16.42) | (20.26) |

= 2 3 3 3 3 3 3
(C3) (1.56) | (6.91) | (9.16) | (11.29) | (13.59) | (16.42) | (20.26) |

Table 1: (Test 2) Number of iterations needed by the pure fixed-point method [[C1)} [Algorithms 1]and[2]
and [(C3)| (Algorithm 1] with a backtracking linesearch) to converge to %, for the QVI-problem
with setup and (g, ae) = (10,3/2) in dependence of the projection radius R. The bracketed
numbers are the largest EOC-values measured for the respective regime. We chose a mesh size
of h = 5 x 10™* and terminated the algorithm when willzi0,0) < 10713, A dash implies that
the algorithm stagnated without convergence. All of the considered algorithms failed to converge for

17 < R < /50m.

As can be seen, the number of iterations that and the fixed-point method need

to approximate u; in H&(Q) up to the tolerance 10! grows as the projection radius increases.
Interestingly, both methods still converge to the zero solution for R < 9 despite R being greater than
the critical radius R, «,- For larger 12, both methods stagnate without convergence. This behavior is
caused by the loss of contractivity on Bg(0) for large projection radii R; cf. the behavior in[Section 4.2}

As can be seen in[Table 1] [Algorithm 1] with and without a backtracking linesearch converges to , for
all R < 15. Similarly to they both handle the lack of contractivity for large R far better
than [Algorithm 2| and the fixed-point method [[CT)|and both converge in a maximum of three iterations
when R < 15. To allow for a comparison of convergence speeds, also shows the largest
EOC-values that were measured for the four algorithms during each run (defined as in (71)). As can
be seen, |Algorithm 2| and |Algorithm 1] with and without a backtracking linesearch exhibit superlinear
convergence speed. However, in contrast to the example in this time we also observe ¢-
superlinear convergence for the fixed-point method[(C1)} The reason for this effect is that the Lipschitz
constant Lip(g, [—t,t]) = 8t/ay of the nonlinearity in goes to zero for 0 < t — 0. (Note that,
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for[Algorithm 1]and[(C3)| the number of iterations is so small that the EOC-values in should be
taken with a grain of salt.)

4.4 Test 3: the thermoforming QVI in two dimensions

As a third test case, we consider the QVI in the following situation:

Q=(0,12 ®g(x1,72) =1 —2max(|z; — 0.5], |z, — 0.5]), f =25,
o(x1,x9) = sin(mzy) sin(rxe), k=1,  VYo=&5, Y=o,

1/5 if s < 0, (78)
g(s) =< (1—s)/5 f0<s <1,
0 otherwise.

Note that the above setting corresponds to an example of the thermoforming problem described in
From the application point of view, it models the situation that a hot thin square plastic
sheet is pushed by a constant pressure into a pyramidal metal mould. For the data in (78), one can
check that the conditions in[Assumptions 3.1]and[3.8|are satisfied with p = 2. From a straightforward
calculation and we further obtain that

I+

Cp(Q) Lip(g) (lollz=@k™ 2 + [[Velll =@k ™) < F ~ 08283 <1

In combination with [Corollary 3.71] and [Theorems 3.7] and this shows that the setting is
covered by the analysis of and that our global convergence result for applies.
In particular, (58) possesses a unique solution (%, T') in the case of (78) by

The results that we have obtained in the situation for the QVI can be seen in and
Table 2| [Figure 3|shows surface plots of the membrane @ and the mould ®, + ¢ T as well as a slice
of the membrane, mould, temperature T, and mould deformation gof at xry = 1/2. It also depicts
the convergence behavior of [Algorithm 2| the fixed-point method and the Moreau—Yosida-based
regularization method[(C2)|for various choices of p. We see that[Algorithm 2|converges the fastest and
that the fixed-point method[(CT)|is the slowest, exhibiting linear convergence speed (as expected). For
the regularization method the convergence degrades for p — 0. Recall that p must be driven
to zero in[(C2)|in order to get an approximate solution close to the true QVI-solution. This, however,
causes ill-conditioning effects that reduce the convergence speed.

shows the number of outer semismooth Newton steps as well as the overall number of in-
ner semismooth Newton iterations, PFMY-iterations, and PDAS-feasibility restoration steps that [Algo-|
requires in the situation of (78) for various mesh widths h to drive the residue || R(u;)|| g1 (q

below the tolerance 10~ '2. As can be seen, the number of semismooth Newton steps that
needs is four or fewer for all considered mesh widths h. This shows that—on the level of the solver for
the fixed-point equation (FJ)J—we observe mesh-independence for our semismooth Newton method.
This very desirable property is characteristic for solution algorithms whose convergence can be estab-
lished not only for the discrete problems obtained from a discretization but also on the function space
level; see Note that, for the inner semismooth-Newton solver used for the evaluation of
® (i.e., the solution of the nonsmooth semilinear PDE in (58)), we also observe a mesh-independent
convergence behavior. For the hybrid PFMY-PDAS-algorithm used for the evaluation of the solution
map S of the obstacle problem, a mild form of mesh-dependence is present that, however, is man-
ageable. Note that the mesh-dependence of solution algorithms for the obstacle problem is a known
problem. Nevertheless other experimentally mesh-independent solution methods, for the evaluation of
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S, exist than just the one considered in this paper [40, [34]. The fact that [Algorithms 1] and [2| reduce

the number of outer iterations and, thus, required evaluations of S to a minimum is a main advan-
tage of our semismooth Newton approach in comparison with fixed-point-based methods that have to
evaluate S far more often due to their slow convergence speed; cf. [Figure 3(d).

Membrane u 1.00 Mould &, + ¢T

1.00
2 ors
8

< 0.50

0.25

1.0 0.0 z ~ 1000

0

(a) The membrane @ (b) The mould &g + T

—@— Fixed Point
—— Algorithm 2
—W— MY-Newton (p = 0.01)
—¥ — MY-Newton (p = 0.0001)
—V- - MY-Newton (p = 1.0e-6)
—V- - MY-Newton (p = 1.0e-8)

Membrane
— — Mould
7 N Temperature
—— — Mould Deformation

1.00

0.75

0.25

p—— T —
—_— \\\ —15 |
_ - - 10
— ~ -
0.00 L L

L
0.00 0.25 0.50 0.75 1.00

Ly

Iterations

(c) Slice at zg = 1/2 (d) Convergence behavior

Figure 3: (Test 3) Surface plots of the membrane (a) and corresponding mould (b) together with a slice
plot at x5 = 1/2 (c) for the thermoforming setting (78). Figure (d) depicts the outer loop convergence
of [Algorithm 2| the fixed-point method and the regularization method for h = 0.02 and
various p. The residue depicted for[[C2)|is that of the smoothed system. It can be seen that[Algorithm 2|
converges the fastest and that the convergence speed of the Moreau—Yosida-based method [[C2)]
degrades for p — 0 due to ill-conditioning effects.

4.5 Test 4: a nonlinear VI

Finally, we briefly consider the nonlinear VI-example of We omit conducting detailed
numerical experiments along the lines of to [4.4] here to avoid overloading the paper and
simply present a short feasibility study for a particular instance of (53); see [Table 3| and [Figure 4] It

can be observed that [Algorithm 2 behaves similar for the semilinear VI as for the QVI-examples
in [Sections 4.2/to 4.4l

We remark that, analogously to the approach presented in|Section 3.3} one can also establish that the
analysis of [Section 2.4] covers nonsmooth semilinear and quasilinear partial differential equations (for
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‘ Outer loop ‘ Inner solver to evaluate ® | Inner VI-solver to evaluate S

h ‘ Semismooth Newton ‘ Semismooth Newton ‘ PFMY PDAS

0.04 4 (4) 13 (9) 293 (159) 17 (10)
0.02 4 (4) 13 (9) 340 (185) 31 (17)
0.01 3(3) 12 (8) 277 (150) 20 (11)
0.00667 | 3 (3) 12 (8) 283 (158) 17 (11)
0.005 3(3) 12 (8) 285 (158) 29 (17)
0.004 3 (4) 11 (8) 289 (199) 29 (21)
0.00333 | 3 (4) 10 (7) 262 (184) 29 (21)

Table 2: (Test 3) Number of iterations of the outer loop and cumulative number of iterations for the
inner loops when [Algorithm 2| and [Algorithm 1] (in brackets) are applied to in the situation of
for various mesh widths h. The algorithm is terminated once || R(u;)||g1 ) < 107! We observe
that the number of outer loop iterations and the number of inner semismooth Newton steps needed for
the evaluation of ® are mesh-independent and that the number of PFMY- and PDAS-iterations does
not grow in an uncontrollable manner.

1.0

0.5 r

0.0

=05

—-1.0 }

0.00 0.25 0.50 0.75 1.00
T

Figure 4: (Test 4) Solution of the semilinear VI in the situation of The mesh size is
h =1.56 x 1074

which, as mentioned, contraction assumptions of the type used in are standard tools in
existence proofs). A further interesting application area for the framework of [Section 2.4]is the study
of fixed-point problems in which both .S and ® arise from a variational inequality. We leave both
these topics for future research.

Appendix A Calculus rules for Newton derivatives

The following calculus rules are well known and can be found in various variants in the literature; see,
e.g., [59, §3.3.7] for a version of the chain rule in Lebesgue spaces.

Lemma A.1 (Chain rule for Newton derivatives). Let (U, ||-||;), (V,||-|l\/), and (W, ||-||y/) be real
normed spaces and let E C V' be nonempty. Suppose thatV: U — FE andT: E — W are New-
ton differentiable functions with Newton derivatives Gy : U — L(U,V) and Gp: E — L(V, W),
respectively. Suppose that, for every u € U, there exist constants C, e > 0 such that

19 (u+h) = ¥(u)|lv < Cllhlly YR e BI(0), (79)
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‘ Outer loop | Inner VI-solver to evaluate S
h | Semismooth Newton | PFMY PDAS
0.02 4 (5) 205 (136) 10 (7)
0.01 4 (4) 248 (142) 17 (9)
0.005 3 (4) 210 (152) 7 (5)
0.0025 | 4 (4) 264 (149) 9 (5)
0.00125 | 4 (4) 296 (166) 17 (9)
0.00062 | 4 (4) 314 (176) 9 (5)
0.00031 | 3 (4) 262 (188) 7 (5)
0.00016 | 3 (4) 269 (194) 7 (5)

Table 3: (Test 4) Number of iterations of the outer loop and cumulative numbers of iterations for the
inner loops when|Algorithm 2|and|Algorithm 1| (in brackets) are applied to for various mesh widths
h. The data was chosen as 2 = (0,1), f(x) = 50sin(27z), by (s) = max(0, s), ba(s) = s+cos s,
and ¢, = 1. The initial guess was o (z) = 0. The algorithm was terminated once || R(u;) || g1 (o) <
10719 It can be seen that the algorithms converge and that the number of outer loop semismooth
Newton steps and inner PFMY-/PDAS-iterations does not grow in an uncontrollable manner; similarly
to the results in

and that, for every v € F, there exist constants C', e > 0 such that

sup “GT(w)“L(V,W) <C (80)
weENBY (v)

Define K: U — W by K := T' o W. Then the function K is Newton differentiable with Newton
derivative G : U — L(U, W), Gk (u) := Gp(V(u))Gy(u).

Proof. If u € U is fixed and {h,, } C U is an arbitrary sequence satisfying ¥ (u + h,,) — ¥(u) # 0
foralln € Nand 0 < ||h,|ly — 0 for n — oo, then, for all large enough n, we have

. | K (u+ hy) — K(u) — Gr(u+ hyp)hn||lw
- 1Pnllu
_ T+ ) = TV (w) = Gr(W(u+ hn))Gu(u + ) hn[lw
1nllu

< T (u+ hy)) = T(V(w)) = Gr((u A+ 7)) (V(u+ hn) = V(w))|lw
- W (w+ hn) = W (u)lv

[V (A hn) = (u)lv

1ol

NG (U + hn))llevwy

19 (u+ hy) — O(u) — Gy (u+ h)halv
1nler

< T A ) = T(¥(w) = Gr(¥(u+ ha))(T(u+ hn) = (w))llw
- W+ hn) = U(u)llv
Lot ) = U(w) = Gy (u+ hn)hnllv.

[1Fon s

Here, we have used and in the last step. Due to the Newton differentiability of 7" and W,
the right-hand side of goes to zero for n — oo. By adjusting the estimates in slightly, we
also obtain this convergence for sequences satisfying W (u + h,,) — WU (u) = 0 for some/all n. In
combination with the arbitrariness of {h,,} and u € U, this proves the lemma. O
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Lemma A.2 (Product rule for Newton derivatives). Let (U, ||-||;), (V, [||l,)), (W, ||lw,), and (Z, ||-]| ;)
be normed spaces and let a: V' x W — Z be a bilinear and continuous mapping, i.e., it holds
la(v,w)||, < Collv||v||w|w for all (v,w) € V x W with a constant C, > 0. Assume that

P:U — VandQ: U — W are Newton differentiable with Newton derivatives Gp: U — L(U, V)
andGg: U — L(U, W), respectively. Suppose that P and () are continuous with one of them being
locally Lipschitz. Then the function K : U — Z, K (u) := a(P(u),Q(u)), is Newton differentiable
with derivative

Grk:U— LU, Z), Gg(uh:=a(P(u),Gg(u)h) + a(Gp(u)h,Q(u)) Yu,h e U.

Proof. Forallu € U and h € U \ {0}, we have

K(u+h)— K(u) — Gr(u+h)h
=a(P(u+h),Q(u+h)) —a(P(u), Qu)
—a(P(u+ h),Go(u+ h)h) —a(Gp(u+ h)h,Q(u+ h))
( (u+h) = P(u) = Gp(u+ h)h, Q(u+ h))
+a(P(u+h),Q(u+h)—Q(u) — Gg(u+ h)h)
a(P(u) = P(u+h),Q(u+h) — Q(u)),

and, thus,
|K(u+h) — K(u) — Gg(u+ h)h|,
17l

S CaHQ(u + h)HW

[P(u+h) = P(u) — Gp(u+ h)h|ly,

[ 2
+ ClP(u+ h, 1L = Q(!TQH; Galu+ Mhlly
1P+ 1) = P(u)lly |Q(u+h) = Qu)llw

+C,

172/l

Due to the Newton differentiability and continuity properties of P and (), the right-hand side of
tends to zero for 0 < ||h||y — 0. This proves the assertion; see (3). O

Appendix B Convergence of semismooth Newton methods

Proof of[Theorem 2.1. The proof is standard; see, e.g., [45, Theorem 3] but we give it here for the
sake of completeness. The openness of B and the Newton differentiability of R on B imply that, for
every € > (), there exists r > 0 such that BX(z) C B and

v € B} () = ||R(z) - R(Z) — Gr(x)(z = T)llx < ellz —llx. (83)
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Choose € > 0 such that o := Me + M Lp* < 1 holds and let r > 0 be such that (83} is satisfied for
this €. Let z; € B;X(T) be arbitrary and let z; ;1 and 2; be as in steps [7]and|g|of[A Then

[z — 2
= ||z — 2 — Gr(z;)) 'R(z;) + Gr(x;) " (Gr(w:)z + R(z;) HX
= ||Gr(z:) ' Gr(z:) (2 — Z) — Grlz;) ' R(z;) + Gr(z:) " (Gr(zi)z + R(;) HX
< ||GR<xi>71||[:(XX (IR(x:) — R(z) — Grla:) (2 — D)l x + [|Grlzi)zi + R(xi)| x )
M (eljxi — 2l x + pill B(x)] x)
< (Me+ MLp;)||z; — 7|

< allz; — [ x -
(84)
Th|s shows that 2;1, € BX(Z) holds and, after a trivial induction, that the iterates produced by

satisfy [|z; — Z||y < of||zo — 2|y for all 2y € BX(Z) and all i. The assertions inj)

and [ii)] follow immediately from this estimate and (4). The g-superlinear convergence inlii)|is obtained
by revisiting the estimates in with the knowledge that z; — . O

Next, we wish to prove concerning the convergence of [Algorithm 2| We first require the
following lemma on the properties of the residue function R of (F).

Lemma B.1 (Properties of R). Suppose that|Assumption 2.2 holds. Then the function R: X — X
satisfies the following:

i) R is bijective and its inverse R~': X — X satisfies

IR (z1) — R (22)| x <

1
— ’nyl — %2“){ \V/l’l,l'g € X (85)

and
21— @olx < (L +Y)|R(21) — R (z2)l[x Vi, 22 € X, (86)

ii) R is Newton differentiable on X with Newton derivative G g(z) := Id — Gy (x).

iii) Foreveryx € X, the inverse G r(x)~" exists and it holds ||GR(x)71||g(X,X) <(1—7)t

Proof. To prove [), suppose that y € X is given. Then y = R(x) is equivalent to the fixed-point
equation x = y + H (z), which possesses a unique solution 2 := R~!(y) by the Banach fixed-point
theorem. Thus, R is bijective and R~': X — X exists. Consider now some z;, 75 € X. Then it
holds z; = R(R™*(z;)) = R~ *(z;) — H(R *(z;)), j = 1,2, by the definition of R. Thus, by the
triangle inequality and (5),
IR (21) = R (@2)llx = lloy — 22+ H(R™ (21)) — H(R (22))lx
< lzr = z2llx +A|R™(21) — R (22) | x-

This establishes (85). The second estimate follows from

lz1 = z2llx = [R(R™(21)) = R(R™H(22))llx < (L+7)IR(21) — B~ (22) 1 x-

This proves [i)} The assertion of [i)] follows from the sum rule for Newton differentiable functions and
the Newton differentiability of H. To finally establish |iii)} it suffices to note that the £(X, X )-norm of

the operator Gy () appearing in the definition of G'r(x) is bounded by v € [0,1) due to [Assump]
tion 2.2jii)|and to use Neumann’s series. This completes the proof. O
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Using the properties in we can now prove [Theorem 2.4]

Proof of[Theorem 2.4. Let x; € X be given and let xg, zxy € X be chosen such that (7) and
hold. Then the 7-Lipschitz continuity of H in (§), (7), the triangle inequality, and the definition of R
imply that

min (|| R(zg)|x, [[R(zn)|x) < [[R(zs)| x
= ||lzp — H(x;) + H(z;) — H(zp)||x
< 7l|R(z:)||x + llw: — H(x:) + H(z:) — 2plx
< (7 + 7 +m) | Rzl x
= Bil R(x:) | x

holds, where 3; := 7; +~ + ;. Due to the acceptance criterion in|Algorithm 2} the above yields that,
if|Algorithm 2|does not terminate in the iterations ¢ = 0,1, ..., n — 1, n € N, then x,, satisfies

[R(zn)llx < OnallR(zo)llx (87)

with enfl = ﬁOﬁl T ﬁnfl-

Let us now first consider the situation in|i), i.e., the case tol > 0and 7* < (A — 7)/(1 + ~) for
some A € (v, 1). Then we have

A—7 -
=T+ Y+ ST Y+ T S ——F+ 7+ y—— =X € (7,1) Vie Ny,
5 v+ Y4+ T T T (7, 1) 0

and we obtain from that || R(x,)||x < A"||R(x¢)|x holds when the termination criterion
|R(z;)||x < tol in step[dis not triggered for i = 0,1,...,n — 1, n € N. That
has to terminate after the number of iterations in (9) follows immediately from this estimate. From (85),
we further obtain that the iterate =* that[Algorithm 2returns in this situation satisfies

lo* = Zllx = |R™(R(z")) = R™H(R())|lx

1
< EHR@*) — R(z)||x
1 88
= 1A 0
tol

1—~

This completes the proof of [i)|

Let us now assume that tol = 0 holds and that [Algorithm 2| does not terminate after finitely many
iterations. Then it follows from the inequality || R(z;)||x < 6;—1||R(x¢)]|x foralli € N, the definitions
0; := Bofy - - B and B; := T;+7+T;, the convergence 7; — 0,and v € (0, 1), that 3; converges
to 7, that 6; goes to zero, and that || R(z;)||x — 0 holds for i — oo. In combination with the estimate
lz; — Z||x < (1 —7)7Y|R(z;)| x, that is obtained along the exact same lines as (88), this yields

that 0 < ||x; —Z||x — 0fori — oo. From (8), the properties in[Lemma B.1} the acceptance criterion
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in[Algorithm 2| and the convergence p; — 0, we further obtain that

[R(ig1) ]l x

< [[R(en)lx

= [[R(zn) — R(7)]|x
< (@ +)lleny —2lx

< T2 Gala)an =)l

s%éﬁm@w4mm+aa@x Dl + L IR() + Gl o — )l
L+ |R(@) = R(zi) + Grlz)(wi = D)lx, 14+

<2 i o = allx + Lol A
L+ [|B(@) - R(wi) + Grl@) (@i —2)|x ) pe y 1+7

< — IR = R@)lx -+ 1 R

=o()||R(z;)||x Vi€ Ny,

where the Landau notation o(1) refers to the limit ¢ — oo. This proves that || R(x;)||x converges
g-superlinearly to zero. To obtain that the convergence ||x; — Z||x — 0 is g-superlinear too, it suffices
to note that the same arguments as in and the estimates and imply

1 _ _
=l < TRl < o(DIRG)x = o )| Ale) ~R@)lx < oDllri—7x
for i — oo. This establishes [i)|and completes the proof of[Theorem 2.4 O
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