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Free boundary limits of coupled bulk-surface models for
receptor-ligand interactions on evolving domains

Amal Alphonse, Diogo Caetano, Charles M. Elliott,
Chandrasekhar Venkataraman

Abstract

We derive various novel free boundary problems as limits of a coupled bulk-surface reaction-
diffusion system modelling ligand-receptor dynamics on evolving domains. These limiting free
boundary problems may be formulated as Stefan-type problems on an evolving hypersurface.
Our results are new even in the setting where there is no domain evolution. The models are of
particular relevance to a number of applications in cell biology. The analysis utilisesL∞-estimates
in the manner of De Giorgi iterations and other technical tools, all in an evolving setting. We also
report on numerical simulations.

1 Introduction

In this paper we obtain a sequence of novel free boundary limits of a system of reaction-diffusion
equations holding on time-evolving bulk-surface domains by sending parameters in the equations to
zero. The limit problems have unknown moving boundaries on the given evolving surface of the evolv-
ing bulk domain. The final example of these problems that we derive can be written as a degenerate
parabolic equation similar to a Stefan or Hele-Shaw problem holding on an evolving hypersurface as-
sociated with a Dirichlet-to-Neumann map. Indeed, it consists of a function u ≥ 0 which is harmonic
on the evolving domain Ω(t) coupled through its normal derivative and a monotone inclusion to a
surface quantity v ≤ 0 that satisfies a parabolic equation on a portion Γ(t) of the boundary ∂Ω(t):

∆u = 0 in Ω(t),

∂•v + v∇Γ ·Vp +∇Γ · (JΓv) = −∇u · ν on Γ(t),

v ∈ β(u) on Γ(t).

Here the graph β is such that the last line essentially encodes a complementarity condition of the form
uv = 0 on Γ(t). This type of problem is related to earlier works by two of the coauthors on degenerate
equations posed on an evolving surface [1, 2]. Full details of all of these notations and concepts will,
of course, be expounded upon in the course of the paper.

1.1 Mathematical setting

For each t ∈ [0, T ], let D(t) ⊂ Rd+1 be a smooth domain containing a C2-hypersurface Γ(t) which
separates D(t) = I(t) ∪ Ω(t) into an interior region I(t) and an exterior Lipschitz domain Ω(t)
(see Figure 1). We suppose that the surface Γ(t) and the outer boundary ∂D(t) both evolve in time
through prescribed kinematic normal velocity fields V and Vo respectively. Motivated by a model of
ligand-receptor dynamics we consider a system of reaction advection-diffusion equations. Within the
evolving bulk domain Ω(t) there is a concentration field u subject to the diffusive and advective flux

qu := −∇u+ uVΩ
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Figure 1: A sketch of the geometry.

and within the evolving surface domain Γ(t) there are concentration fields w, z that are subject to the
diffusive and advective fluxes

qw := −δΓ∇Γw + wVτ
Γ, qz := −δΓ∇Γz + wVτ

Γ.

Here VΩ and Vτ
Γ are prescribed advective velocity fields satisfying

VΓ := V+Vτ
Γ, (VΓ(t)·ν(t))ν(t) = V(t) on Γ(t), and (VΩ(t)·ν(t))ν(t) = Vo(t) on ∂D(t),

with ν(t) denoting the unit outward-pointing normal vector on ∂Ω(t). Here Vτ
Γ can be understood as

the tangential component of VΓ.

Balances of mass and reaction kinetics on the surface Γ(t) lead to the following non-dimensional
system:

δΩ(ut +∇ · (uVΩ))−∆u = 0 in Ω(t),

∇u · ν − δΩu (VΩ −VΓ) · ν =
1

δk′
z − 1

δk
g(u,w) on Γ(t),

∇u · ν = 0 on ∂D(t),

∂◦w + w∇Γ ·V +∇Γ · (wVτ
Γ)− δΓ∆Γw =

1

δk′
z − 1

δk
g(u,w) on Γ(t),

∂◦z + z∇Γ ·V +∇Γ · (zVτ
Γ)− δΓ′∆Γz =

1

δk
g(u,w)− 1

δk′
z on Γ(t),

(1)

where ∂◦w = wt + ∇w · V is the normal time derivative (see [9, 15]), ∇Γ = ∇Γ(t) and ∆Γ =
∆Γ(t) denote the tangential gradient and Laplace–Beltrami operator respectively on Γ(t) (for ease of
reading, we omit the dependence on time and simply write∇Γ and ∆Γ), the dimensionless constants
δΩ, δΓ, δΓ′ , δk and δk′ are positive and g : R2 → R is a given function satisfying Assumption 2.4
below. We endow the system above with non-negative and bounded initial data:

(u(0), w(0), z(0)) = (u0, w0, z0) ∈ L∞(Ω0)× L∞(Γ0)2 and u0, w0, z0 ≥ 0,
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Free boundary limits of coupled bulk-surface models on evolving domains 3

where Ω0 := Ω(0) and Γ0 := Γ(t). In terms of the biological application we have in mind, the
quantity u represents the concentration of ligands in the domain, w the concentration of receptors
on the surface and z the concentration of the complex formed by ligand-receptor binding (see [20, 5]
and references therein for more details). The system (1) is a reaction-diffusion system on an evolving
domain and details of its derivation can be found in Appendix C. Regarding g, there are two important
examples to have in mind:

g(u,w) = uw (2)

and

g(u,w) =
unw

1 + un
for n > 1, (3)

representing the biologically relevant cases of quadratic binding and cooperative (Hill function or
Michaelis–Menten) binding respectively.

The various parameters appearing in (1) correspond to rates of reaction or diffusion. The purpose of
this paper is to derive various limit problems that exhibit free boundary features on the evolving surface
Γ(t) by sending combinations of the parameters δΩ, δk, δ

−1
k′ , δΓ, δ

′
Γ to zero. Let us highlight some of

the difficulties:

� Due in part to the nonlinear nature of g, it become necessary to obtain L∞-estimates on the
solutions of (1). This is non-trivial because of the bulk-surface coupling and the Robin boundary
condition for u. We overcome this with De Giorgi arguments along the same vein as in [5].

� As (uniform) estimates on the time derivatives of the solutions is an issue, lack of compactness
causes difficulties. We work around this by deriving estimates on difference quotients on pulled
back equations (which are essentially parabolic PDEs with time-dependent coefficients).

� In the δk → 0 limit the diffusion coefficients for the two surface quantities w and z are generally
different (the system (1) is of cross-diffusion type); this means that one cannot simply add the
two equations in order to ‘cancel out’ the right-hand sides to derive estimates. Instead, we utilise
a duality approach.

� The geometry involved in the problem is non-standard: Ω(t) is an annular domain and the
interface Γ(t) is only one part of ∂Ω(t), which sometimes leads to complications in the analysis.
Furthermore, the domain is evolving in time, calling for the use of special time-evolving Bochner
spaces and related theory in the spirit of [3, 6].

It is worth writing the system in the case where there is no movement or evolution of the domain:

δΩut −∆u = 0 in Ω, (4a)

∇u · ν =
1

δk′
z − 1

δk
g(u,w) on Γ, (4b)

∇u · ν = 0 on ∂D, (4c)

wt − δΓ∆Γw =
1

δk′
z − 1

δk
g(u,w) on Γ, (4d)

zt − δΓ′∆Γz =
1

δk
g(u,w)− 1

δk′
z on Γ, (4e)

(u(0), w(0), z(0)) = (u0, w0, z0). (4f)

We emphasise that the results of this paper are new even in this case where there is no evolution.
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1.2 Outline of paper and our contributions

In Section 1.3 we detail some background on the biological motivation behind the system (1). We then
set up the function spaces and define some notation in Section 1.4. Our main results are set out in
the subsections of Section 2. We present in Section 2.1 the system that arises in the δk → 0 limit,
in Section 2.2 the δk = δΓ = δΓ′ → 0 limit, and in Section 2.3 the δΩ = δk = δ−1

k′ = δΓ =
δΓ′ → 0 limit. In Section 2.3.1, we replace the Neumann condition on the outer boundary ∂D(t) with
a Dirichlet condition and study the same limit as Section 2.3. In Section 2.4, we give free boundary
reformulations of the limiting systems that we derived as degenerate parabolic equations on evolving
surfaces. Section 2.5 presents our results as applied to the stationary, non-evolving setting (which
is the usual setting in much of the literature), i.e., to the system (4). We explore in Section 2.6 the
implications of our results in the context of the biological application that motivated this work.

Regarding the rest of the paper, in Section 3 we give some L2- and L∞-estimates on solutions of
the heat equation on evolving domains and surfaces. Section 4 contains various estimates related
to (1) that we shall need in obtaining the existence of limits of the solutions as well as that of other
related quantities. From Section 5 to Section 7, we prove the results on each of the limits that were
stated in Section 2.1—Section 2.3.1. We conclude the paper proper by presenting some numerical
simulations illustrating our theory in Section 8. We collect in Appendix A some useful identities related
to integration by parts on evolving spaces, in Appendix B results related to the function g, and in
Appendix C we justify our initial model and our motivation for taking limits by nondimensionalisation.

Let us briefly situate our work. This paper is closely related to [5, 20]. In [20] singular limits of a sim-
plified system (where z is neglected) are studied on a non-evolving domain. The paper [5] considers
the well posedness of (7) in an evolving domain but not the limiting behaviour. Note that in both works
the choice g(u,w) = uw is fixed; here we allow for greater generality in that too. See, as mentioned,
[5] for existence results in the case of g(u,w) = uw and [8] for existence results for a larger class of
g (but with a different geometric setup).

1.3 Biophysical background

A number of recent theoretical and computational works seek to model receptor-ligand interactions
using coupled bulk-surface systems of PDEs in the context of cell biology, employing models which
are similar in structure to those considered in this work typically on fixed domains e.g., [23]. Models
with similar features arise in the modelling of signalling networks coupling the dynamics of ligands
within the cell (e.g., G-proteins) with those on the cell surface [31, 29, 26, 44, 38, 50, 22]; these
again have primarily been considered on fixed domains. The rigorous derivation of reduced models
based on biologically relevant asymptotic limits of coupled bulk-surface models on fixed domains in the
context of cell biology has been the subject of a large number of recent works applied to phenomena
such as pattern formation [49, 7], lipid raft formation [24], cell signalling [39, 48], and polarisation [33,
34, 35]. In most applications however, the motion of cells necessitates the consideration of evolving
domains. For example, in chemotaxis the motion of cells has been conjectured to act as a barrier
to successful gradient sensing that must be overcome [21], possibly via the ability of cells to create
their own chemotactic gradients, i.e., to influence the bulk ligand field [40, 42, 41]. We note the recent
computational works in this direction [36, 37]. We also mention [43] for a framework and theoretical
study of bulk-surface systems (among other problems) and their relationship to Onsager systems.
Recently, existence and well posedness theory has been developed for bulk-surface systems in the
evolving domain setting [5, 8]. There are however, to our knowledge, no corresponding results on
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asymptotic limits of bulk-surface systems on evolving domains. Motivated by this need, in this work
we focus on understanding asymptotic limits of theoretical models for receptor-ligand dynamics in
cell biology consisting of a coupled system of bulk-surface partial differential equations on evolving
domains.

Whilst our focus is on receptor-ligand dynamics in biological cells, problems of a similar structure arise
in fields such as semiconductors [25] and, in particular, in ecology where one considers populations
consisting of two or more competing species [27]. Such an ecological scenario can be modelled by
so-called spatial segregation models and the corresponding asymptotic limits have been the subject
of much mathematical study, e.g., [11, 12, 13, 28]. Although domain evolution may be less relevant in
this setting, our results are new even on fixed domains, and hence potentially relevant.

A number of Stefan-type free boundary problems have been derived as fast-reaction limits of systems
of parabolic equations in fixed domains, for a survey see [46, Chapter 10]. We further note that free
boundary problems of Stefan or Hele-Shaw type arise as singular limits of models for tumour growth
[47].

1.4 Notation and functional framework

It is convenient to parametrise the evolving geometric domain and function spaces defined on it using
a continuously differentiable velocity field Vp : [0, T ] × Rd+1 → Rd+1 for which there exists a flow
Φ: [0, T ]× Rd+1 → Rd+1 such that

(i) Φt := Φ(t, ·) : Ω0 → Ω(t) is a C2-diffeomorphism with Φt(Γ0) = Γ(t) and Φt(∂D0) =
∂D(t),

(ii) Φt solves the ODE

d

dt
Φt(·) = Vp(t,Φt(·)),

Φ0 = Id.

Note that
(Vp · ν)ν = V on Γ(t) and (Vp · ν)ν = Vo on ∂D(t). (5)

Functions on the evolving domain are paramerised over the initial domain in the following way. We
define the mapping φ−t acting on a function u : Ω(t) → R by φ−tu := u ◦ Φt; this is a linear
homeomorphism (its inverse will be denoted by φt) between the spaces Lp(Ω(t)), H1(Ω(t)) and the
reference spaces Lp(Ω0), H1(Ω0) respectively [6, 4, 1]. The same holds for the corresponding Lp

and Sobolev spaces on Γ and ∂D [1] for φ−t given by the same expression. If we also assume

(i) Φt := Φ(t, ·) : Γ0 → Γ(t) is a C3-diffeomorphism,

(ii) Φ(·) ∈ C3([0, T ]× Γ0),

then the above property also holds for the fractional Sobolev space H1/2(Γ(t)) [4, §5.4.1]. We may
then define the Banach spaces LpLq(Ω), L

2
H1(Ω), L

p
Lq(Γ), L

2
H1(Γ), L

2
H1/2(Γ)

, which are Hilbert spaces
for p = q = 2; these are the evolving versions of the usual Bochner spaces to handle (sufficiently
regular) time-evolving Banach spaces X ≡ {X(t)}t∈[0,T ]. To be precise, the notation LpX stands for

LpX :=

u : [0, T ]→
⋃

t∈[0,T ]

X(t)× {t}, t 7→ (û(t), t) | φ−(·)û(·) ∈ Lp(0, T ;X0)


DOI 10.20347/WIAS.PREPRINT.3122 Berlin 2024
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where for each t ∈ [0, T ], the map φ−t : X(t) → X0 is a given linear homeomorphism satisfying
certain properties; the corresponding norm is (identifying û with u)

‖u‖LpX :=

(∫ T

0

‖u(t)‖pX(t)

) 1
p

(with the obvious modification for p =∞). We also define, for k ∈ N∪{0}, the space Ck
X of k-times

continuously differentiable functions on [0, T ]:

Ck
X =

η : [0, T ]→
⋃

t∈[0,T ]

X(t)× {t}, t 7→ (η(t), t) | φ−(·)η(·) ∈ Ck([0, T ];X0)

 .

For a sufficiently smooth quantity u defined in Ω(t) its (classical or strong) parametric material deriva-
tive is given by

∂•Ωu = ut +∇u ·Vp (6)

(see [6, 3, 4] and references therein). This derivative takes into account that spatial points x = x(t)
also depend on time and that their trajectory has been parametrised by the velocity field Vp. For a
sufficiently smooth quantity w defined on the evolving surface Γ(t), the classical parametric material
derivative has the expression

∂•Γw := ∂◦w +∇Γw ·Vp.

The paper [3] (see also [6]) also defines a weaker version of the above-introduced parametric material
derivative (i.e., a notion of a weak time derivative in an evolving space) which we can call the weak
parametric material derivative. This generalises (6): a function u ∈ L2

H1(Ω) has a weak parametric

material derivative (or weak time derivative) ∂•Ωu ∈ L2
H1(Ω)∗ if and only if∫ T

0

〈∂•Ωu(t), η(t)〉H1(Ω(t))∗,H1(Ω(t)) = −
∫ T

0

∫
Ω(t)

u(t)∂•Ωη(t)−
∫ T

0

∫
Ω(t)

u(t)η(t)∇ ·Vp

holds for all functions η that are smooth and compactly supported (in time) with values in H1(Ω(t)),
where ∂•Ωη(t) is given by the formula (6). A similar definition with the right modifications defines the
weak parametric material derivative ∂•Γw ∈ L2

H−1(Γ) for a function w ∈ L2
H1(Γ):∫ T

0

〈∂•Γw(t), η(t)〉H−1(Γ(t)),H1(Γ(t)) = −
∫ T

0

∫
Γ(t)

w(t)∂•Γη(t)−
∫ T

0

∫
Γ(t)

w(t)η(t)∇Γ ·Vp.

We shall not use the notation ∂•Ω, ∂
•
Γ further but will simply write the weak parametric material deriva-

tive as ∂•. With this in hand, we define the evolving versions of Sobolev–Bochner spaces:

W(H1(Ω), H1(Ω)∗) :=
{
u ∈ L2

H1 (Ω) | ∂•u ∈ L2
H1(Ω)∗

}
W(H1(Ω), L2(Ω)) :=

{
u ∈ L2

H1(Ω) | ∂•u ∈ L2
L2(Ω)

}
(and similarly the corresponding spaces on {Γ(t)}) and more generally

W(X, Y ) =
{
u ∈ L2

X | ∂•u ∈ L2
Y

}
given families of time-evolving Banach spacesX and Y . We alternatively sometimes use the notation

H1
Y := W(Y, Y ).

We do not give the precise technical details and properties of these spaces here but refer to [6] (and
also [3, 4, 1]) for the interested reader. At this point note that in Appendix A we collect some useful
integration by parts identities that will be used throughout the paper.
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2 Free boundary problems on moving domains as limit systems;
main results

From (1), by adding and subtracting the parametrised velocity Vp (see Section 1.4), we obtain the
model

δΩ(∂•u+ u∇ ·Vp +∇ · (JΩu))−∆u = 0 in Ω(t), (7a)

∇u · ν − δΩju =
1

δk′
z − 1

δk
g(u,w) on Γ(t), (7b)

∇u · ν = 0 on ∂D(t), (7c)

∂•w + w∇Γ ·Vp − δΓ∆Γw +∇Γ · (JΓw) =
1

δk′
z − 1

δk
g(u,w) on Γ(t), (7d)

∂•z + z∇Γ ·Vp − δΓ′∆Γz +∇Γ · (JΓz) =
1

δk
g(u,w)− 1

δk′
z on Γ(t), (7e)

(u(0), w(0), z(0)) = (u0, w0, z0). (7f)

In the above we use the notation

JΩ := VΩ −Vp, JΓ := VΓ −Vp and j := (VΩ −VΓ) · ν = JΩ|Γ · ν. (8)

Observe that j is the jump in the normal velocities on Γ and that due to the compatibility conditions,
JΓ = Vτ

Γ −Vτ
p has no normal component, i.e., JΓ · ν = 0 on Γ, and we also have JΩ · ν = 0 on

∂D.

Remark 2.1. The system is independent of the choice of Vp provided (5) holds. The analysis uses
function spaces (introduced in Section 1.4) that do depend on Vp. Introducing this velocity field may be
convenient in applications. For example in numerical simulations it may be used to avoid degenerate
meshes [15, 18].

Remark 2.2. The mass of w+ z is conserved: using the equation satisfied by w+ z and the fact that
JΓ is purely tangential, we can show

d

dt

∫
Γ(t)

w + z = 0.

In a similar way the mass of δΩu+ z is conserved:

d

dt

(
δΩ

∫
Ω(t)

u+

∫
Γ(t)

z

)
= 0.

In the following, we will take various limits in (7) and end up with systems that resemble this system.
We do not, in this work, consider the well posedness of the problem (7) but instead we will assume it.
In fact, we make the following standing assumption.

Assumption 2.3 (Standing assumption). Regarding (7), we take non-negative initial data u0 ∈ H1(Ω0)∩
L∞(Ω0) andw0, z0 ∈ H1(Γ0)∩L∞(Γ0), and we will assume the existence of a unique non-negative
solution

u ∈ L2
H1(Ω) ∩H1

H1(Ω)∗ and w, z ∈ L2
H1(Γ) ∩H1

L2(Γ)

with
g(u,w) ∈ L2

L2(Γ).

DOI 10.20347/WIAS.PREPRINT.3122 Berlin 2024



A. Alphonse, D. Caetano, C. M. Elliott, C. Venkataraman 8

Note in particular that we assume non-negativity of solutions; this is reasonable for the application
we have in mind and can be proved under (the assumed) non-negative initial data, uniqueness of
solutions and reasonable assumptions on g (see [8, Theorem 1.1]); in particular

g(u, 0) ≤ 0 and g(0, w) ≤ 0 ∀u,w ≥ 0

would be sufficient. Indeed, we may replace the reaction terms in (7) by 1
δk′
z+− 1

δk
g(u+, w+) and by

testing the resulting system with the negative parts of the solutions, we can show that its solutions are
non-negative under the condition on g above. By uniqueness, it follows that the solution of (7) is also
non-negative.

We state an assumption on the function g.

Assumption 2.4 (Assumptions on g). Throughout the paper, the function g : R2 → R satisfies

u,w ≥ 0 =⇒ g(u,w) ≥ 0.

When viewing g as a superposition operator, we will in different theorems use one of the following
assumptions as and when needed:

un ⇀ u in L2
H1/2(Γ), vn → v in L2

L2(Γ), g(un, vn)→ 0 in L1
L1(Γ) =⇒ g(u, v) = 0 (9)

un → u in L2
L2(Γ), un

∗
⇀ u in L∞L∞(Γ), vn

∗
⇀ v in L∞L∞(Γ), g(un, vn)→ 0 in L1

L1(Γ)

=⇒ g(u, v) = 0 in L1
L1(Γ) (10)

Proposition 2.5. Both choices of g in (2) and (3) satisfy assumptions (9) and (10).

In order not to break the flow of the section, the proof of this result has been placed in Appendix B.
Now, to write down the limiting systems that we obtain, let us first introduce the space of test functions:

V :=
{
η ∈ L2

H1(Ω) ∩H1
L2(Ω) : η|Γ ∈ L2

H1(Γ) ∩H1
L2(Γ)

}
(11)

where by the restriction above we mean in the sense of the Sobolev trace, applied pointwise a.e. in
time:

(η|Γ)(t) := τtη(t)

with τt : H1(Ω(t)) → H1/2(Γ(t)) the trace operator. We will usually omit explicitly writing the trace
operator in what follows.

2.1 The δk → 0 limit

We first consider the fast binding limit δk → 0.

Definition 2.6. We say that (u,w, z) ∈ L2
H1(Ω) × (L2

H1(Γ))
2 is a weak solution of the problem

δΩ(∂•u+ u∇ ·Vp +∇ · (JΩu))−∆u = 0 in Ω(t), (12a)

∇u · ν = 0 on ∂D(t), (12b)

∂•w − δΓ∆Γw + w∇Γ ·Vp +∇Γ · (JΓw) = ∇u · ν − δΩju on Γ(t), (12c)

∂•z − δΓ′∆Γz + z∇Γ ·Vp +∇Γ · (JΓz) = −∇u · ν + δΩju on Γ(t), (12d)

g(u,w) = 0 on Γ(t), (12e)

(u(0), w(0), z(0)) = (u0, w0, z0), (12f)

DOI 10.20347/WIAS.PREPRINT.3122 Berlin 2024



Free boundary limits of coupled bulk-surface models on evolving domains 9

if for every η ∈ V with η(T ) = 0,

−
∫

Ω0

u0η(0) +
1

δΩ

∫
Γ0

w0η(0)−
∫ T

0

∫
Ω(t)

u∂•η +
1

δΩ

∫ T

0

∫
Γ(t)

w∂•η +
1

δΩ

∫ T

0

∫
Ω(t)

∇u · ∇η

− δΓ

δΩ

∫ T

0

∫
Γ(t)

∇Γw · ∇Γη +

∫ T

0

∫
Ω(t)

∇ · (JΩu)η − 1

δΩ

∫ T

0

∫
Γ(t)

∇Γ · (JΓw)η

−
∫ T

0

∫
Γ(t)

juη = 0, (13a)

−
∫

Ω0

u0η(0)− 1

δΩ

∫
Γ0

z0η(0)−
∫ T

0

∫
Ω(t)

u∂•η − 1

δΩ

∫ T

0

∫
Γ(t)

z∂•η +
1

δΩ

∫ T

0

∫
Ω(t)

∇u · ∇η

+
δΓ′

δΩ

∫ T

0

∫
Γ(t)

∇Γz · ∇Γη +

∫ T

0

∫
Ω(t)

∇ · (JΩu)η +
1

δΩ

∫ T

0

∫
Γ(t)

∇Γ · (JΓz)η

−
∫ T

0

∫
Γ(t)

juη = 0, (13b)

g(u,w) = 0 in L1
L1(Γ). (13c)

Our notion of solution is very weak in the sense that we put temporal derivatives onto the test function
and the normal derivative of u has to be understood also in a very weak sense (see Remark 2.9).

In Section 5, we will prove the following. The result requires a restriction on the dimension because we
need an L∞-estimate on w (see Corollary 4.6). The said L∞ estimate can be obtained in a different
(easier) way for the other limits, hence no restriction on the dimension is needed in those limiting
regimes.

Theorem 2.7 (The δk limit). Assume (9) and let d ≤ 3. As δk → 0, the solution (uk, wk, zk) of (7)
converges to a weak solution (u,w, z) ∈ L2

H1(Ω) × (L2
H1(Γ))

2 of the problem (12).

Remark 2.8. Note that z is uncoupled from the other quantities; indeed we can solve for u and define
z as the solution of (12d) along with z(0) = z0 in some sense. Both u and w are linked through the
complementarity condition (12e).

Remark 2.9. The normal derivatives appearing in (12c) and (12d) are to be understood in a formal
sense; they are not even weak normal derivatives (we would need ∆u in L2(Ω(t)) for that).

2.2 The δk = δΓ = δΓ′ → 0 limit

In this section we look at the fast binding, vanishing surface diffusion limit δk = δΓ = δΓ′ → 0.

Definition 2.10. We say that (u,w, z) ∈ L2
H1(Ω) × (L2

L2(Γ))
2 is a weak solution of the problem

δΩ(∂•u+ u∇Γ ·Vp +∇ · (JΩu))−∆u = 0 in Ω(t), (14a)

∇u · ν = 0 on ∂D(t), (14b)

∂•w + w∇Γ ·Vp +∇Γ · (JΓw) = ∇u · ν − δΩju on Γ(t), (14c)

∂•z + z∇Γ ·Vp +∇Γ · (JΓz) = −∇u · ν + δΩju on Γ(t), (14d)

g(u,w) = 0 on Γ(t), (14e)

(u(0), w(0), z(0)) = (u0, w0, z0), (14f)
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if for every η ∈ V with η(T ) = 0,

−
∫

Ω0

u0ψ(0) +
1

δΩ

∫
Γ0

w0ψ(0)−
∫ T

0

∫
Ω(t)

u∂•η +
1

δΩ

∫ T

0

∫
Γ(t)

w∂•η +
1

δΩ

∫ T

0

∫
Ω(t)

∇u · ∇η

+

∫ T

0

∫
Ω(t)

∇ · (JΩu)η +
1

δΩ

∫ T

0

∫
Γ(t)

wJΓ · ∇Γη −
∫ T

0

∫
Γ(t)

juη = 0, (15a)

−
∫

Ω0

u0ψ(0)− 1

δΩ

∫
Γ0

z0ψ(0)−
∫ T

0

∫
Ω(t)

u∂•η − 1

δΩ

∫ T

0

∫
Γ(t)

z∂•η +
1

δΩ

∫ T

0

∫
Ω(t)

∇u · ∇η

+

∫ T

0

∫
Ω(t)

∇ · (JΩu)η − 1

δΩ

∫ T

0

∫
Γ(t)

zJΓ · ∇Γη −
∫ T

0

∫
Γ(t)

juη = 0, (15b)

g(u,w) = 0 in L1
L1(Γ). (15c)

Note that we have weakened the spatial regularity for w and z from Theorem 2.7 even further: the
divergence of the jump terms are satisfied in a weak sense, i.e., the test function carries the derivatives.
The next theorem will be shown in Section 6.

Theorem 2.11 (The δk = δΓ = δΓ′ limit). Assume (10). As δk = δΓ = δΓ′ → 0, the solution
(uk, wk, zk) of (7) converges to a weak solution (u,w, z) ∈ L2

H1(Ω)× (L2
L2(Γ))

2 of the problem (14).

2.3 The δΩ = δk = δ−1
k′ = δΓ = δΓ′ → 0 limit

Finally, we study the fast binding, vanishing surface diffusion, quasi-steady bulk, slow unbinding
limit δΩ = δk = δ−1

k′ = δΓ = δΓ′ → 0.

Definition 2.12. We say that (u,w, z) ∈ L2
H1(Ω) × (L2

L2(Γ))
2 is a weak solution of the problem

∇u ≡ 0 in Ω(t), (16a)

∂•w + w∇Γ ·Vp +∇Γ · (JΓw) = 0 on Γ(t), (16b)

∂•z + z∇Γ ·Vp +∇Γ · (JΓz) = 0 on Γ(t), (16c)

g(u,w) = 0 on Γ(t), (16d)

(w(0), z(0)) = (w0, z0), (16e)

if for every η ∈ V with η(T ) = 0,

∇u = 0 in L1
L1(Ω),∫

Γ0

w0η(0) +

∫ T

0

∫
Γ(t)

w∂•η + wJΓ · ∇Γη = 0,∫
Γ0

z0η(0) +

∫ T

0

∫
Γ(t)

z∂•η + zJΓ · ∇Γη = 0,

g(u,w) = 0 in L1
L1(Γ).

The proof of the following theorem can be found in Section 7.

Theorem 2.13 (The δΩ = δk = δ−1
k′ = δΓ = δΓ′ limit). Assume (10). As δΩ = δk = 1

δk′
= δΓ =

δΓ′ → 0, the solution (uk, wk, zk) of (7) converges to a weak solution (u,w, z) ∈ L2
H1(Ω)×(L2

L2(Γ))
2

of the problem (16).
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We can show that in fact the masses of w and z are conserved:

Lemma 2.14. We have ∫
Γ(t)

w(t) =

∫
Γ0

w0 and

∫
Γ(t)

z(t) =

∫
Γ0

z0.

Proof. Taking η = ξ where ξ ∈ C∞c (0, T ) as a test function in the weak form for w:∫ T

0

ξ′(t)

∫
Γ(t)

w(t) = 0 ∀ξ ∈ C∞c (0, T ),

hence by the du Bois-Reymond lemma we obtain∫
Γ(t)

w(t) = c for a.e. t ∈ (0, T )

where c ≥ 0 is a constant. Let us now determine the value of c. If we select η = ξ ∈ C∞c ([0, T )) in
the weak form for w, then we have

−
∫

Γ0

w0ξ(0) = c

∫ T

0

ξ′(t) = −cξ(0)

which finally yields c =
∫

Γ0
w0. The argument for z is similar.

We can also prove that u is in fact the zero function under a reasonable assumption on the initial
condition for w, and for a large class of reaction terms g.

Lemma 2.15. If g is such that g(u,w) = 0 implies uw = 0, and if∫
Γ0

w0 > 0,

then u ≡ 0.

Proof. Since ∇u(t) ≡ 0, u(t) is constant in space for a.e. fixed t, so we can write the complemen-
tarity condition as ∫ T

0

u(t)

∫
Γ(t)

w(t) = 0.

This implies from above that if
∫

Γ0
w0 > 0, then

∫ T
0
u(t) = 0, which given the non-negativity of u

yields u ≡ 0.

Since the assumption of the previous lemma is very reasonable and it leads us to the trivial solution
u ≡ 0, we shall also consider a modification of (7) where we replace the Neumann boundary condition
(7c) by a Dirichlet one in the next subsection.
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2.3.1 The Dirichlet case of the limit

We consider here the problem (7) with a Dirichlet boundary condition on the outer boundary instead
of the Neumann condition:

δΩ(∂•u+ u∇ ·Vp +∇ · (JΩu))−∆u = 0 in Ω(t), (18a)

∇u · ν − δΩju =
1

δk′
z − 1

δk
g(u,w) on Γ(t), (18b)

u = uD on ∂D(t), (18c)

∂•w + w∇Γ ·Vp − δΓ∆Γw +∇Γ · (JΓw) =
1

δk′
z − 1

δk
g(u,w) on Γ(t), (18d)

∂•z + z∇Γ ·Vp − δΓ′∆Γz +∇Γ · (JΓz) =
1

δk
g(u,w)− 1

δk′
z on Γ(t), (18e)

(u(0), w(0), z(0)) = (u0, w0, z0), (18f)

where uD ∈ C0
H1/2(∂D)

∩ L∞L∞(∂D), uD ≥ 0 is a given non-negative function. Define the space

H1
d(Ω(t)) := {v ∈ H1(Ω(t)) : v|∂D(t) = uD}.

Like before, we will eschew the details of well posedness for this system and simply assume the
existence of a unique non-negative solution

u ∈ L2
H1
d(Ω) ∩H

1
H1
d(Ω)∗ and w, z ∈ L2

H1(Γ) ∩H1
L2(Γ)

with

g(u,w) ∈ L2
L2(Γ).

Note that the weak formulation for (18) is obtained by testing the u equation with a test function from
the space L2

H1
e (Ω) and asking for the trace of u(t) on ∂D(t) to coincide with uD(t).

Now, we have to change the space V to take care of the Dirichlet data and this can be done with first
defining

H1
e (Ω(t)) := {v ∈ H1(Ω(t)) : v|∂D(t) = 0}

and then

Ve :=
{
η ∈ L2

H1
e (Ω) ∩H1

L2(Ω) : η|Γ ∈ L2
H1(Γ) ∩H1

L2(Γ)

}
.

Definition 2.16. We say that (u,w, z) ∈ L2
H1(Ω) × (L2

L2(Γ))
2 is a weak solution of the problem

∆u = 0 in Ω(t), (19a)

u = uD on ∂D(t), (19b)

∂•w + w∇Γ ·Vp +∇Γ · (JΓw) = ∇u · ν on Γ(t), (19c)

∂•z + z∇Γ ·Vp +∇Γ · (JΓz) = −∇u · ν on Γ(t), (19d)

g(u,w) = 0 on Γ(t), (19e)

(w(0), z(0)) = (w0, z0), (19f)
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if for every η ∈ Ve with η(T ) = 0,∫ T

0

∫
Ω(t)

∇u · ∇η +

∫
Γ0

w0η(0) +

∫ T

0

∫
Γ(t)

w∂•η + wJΓ · ∇Γη = 0, (20a)∫ T

0

∫
Ω(t)

∇u · ∇η −
∫

Γ0

z0η(0)−
∫ T

0

∫
Γ(t)

z∂•η + zJΓ · ∇Γη = 0, (20b)

u|∂D = uD in L2
H1/2(∂D), (20c)

g(u,w) = 0 in L1
L1(Γ). (20d)

In Section 7.3, we show the following.

Theorem 2.17 (The δΩ = δk = δ−1
k′ = δΓ = δΓ′ limit in the Dirichlet case). Assume

un ⇀ u in L2
H1/2(Γ), un

∗
⇀ u in L∞L∞(Γ), vn → v in L2

H−1/2(Γ), g(un, vn)→ 0 in L1
L1(Γ)

=⇒ g(u, v) = 0 in L1
L1(Γ).

(21)

As δΩ = δk = 1
δk′

= δΓ = δΓ′ → 0, the solution (uk, wk, zk) of (18) converges to a weak solution

(u,w, z) ∈ L2
H1(Ω) × (L2

L2(Γ))
2 of the problem (19).

Proposition 2.18. The choice g(u,w) = uw satisfies assumption (21).

The proof is in Appendix B.

2.4 Reformulation as free boundary problems on evolving surfaces.

We shall now formulate the limiting problems we have derived as free boundary problems. We make
the following standing assumption (which clearly holds for the two exemplars (2) and (3)) for this
section.

Assumption 2.19. Suppose g has the property that g(u,w) = 0 if and only if uw = 0.

Define the maximal monotone graph β : R ⇒ R by

β(r) :=


∅ : r < 0

(−∞, 0] : r = 0

0 : r > 0.

If we define v := −w we can recast the complementarity condition g(u,w) = 0 on Γ(t) as

v ∈ β(u) on Γ(t).

Remark 2.20. Alternatively, defining

α(r) :=


0 : r < 0

[0,∞) : r = 0

∅ : r > 0,

we can rewrite g(u,w) = 0 on Γ(t) as u ∈ α(v) on Γ(t).
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Define a map P : L2
H1/2(Γ)

→ L2
H1(Ω) as the solution map u 7→ U of

δΩ(∂•U + U∇ ·Vp +∇ · (JΩU))−∆U = 0 in Ω(t),

∇U · ν = 0 on ∂D(t),

U = u on Γ(t),

U(0) = u0 on Ω0,

and define the associated Dirichlet-to-Neumann map A : L2
H1/2(Γ)

→ L2
H−1/2(Γ)

by

A(u) := ∇P (u) · ν

as the normal derivative on Γ. Finally, we set v0 := −u0 as the initial data.

The δk limit. We can rewrite the problem (12) as: find (u, v) ∈ L2
H1/2(Γ)

×W(H1(Γ), H1(Γ)∗)
with u ≥ 0, v ≤ 0, such that

∂•v − δΓ∆Γv + v∇Γ ·Vp +∇Γ · (JΓv) + A(u) = δΩju on Γ(t),

v ∈ β(u) on Γ(t),

v(0) = v0.

The δk = δΓ = δΓ′ limit. Regarding the second limiting problem (14), we can write it as: find
(u, v) ∈ L2

H1/2(Γ)
×W(H1(Γ), H1(Γ)∗) with u ≥ 0, v ≤ 0, such that

∂•v + v∇Γ ·Vp +∇Γ · (JΓv) + A(u) = δΩju on Γ(t),

v ∈ β(u) on Γ(t),

v(0) = v0.

The δΩ = δk = δ−1
k′ = δΓ = δΓ′ limit in the Dirichlet case. As done in [20], we shall separate the

two Dirichlet conditions for u (coming from uD and u|Γ(t)) into two separate equations. To do so, let
us first define a map E : L2

H1/2(Γ)
→ L2

H1(Ω) as the solution map u 7→ U of

∆U = 0 in Ω(t),

U = 0 on ∂D(t),

U = u on Γ(t),

and define the associated Dirichlet-to-Neumann map AD : L2
H1/2(Γ)

→ L2
H−1/2(Γ)

by

AD(u) := ∇E(u) · ν

as the normal derivative on Γ. We refer to [4, §5.4.2] for more rigorous details about these maps in a
similar setting.

Define also the element h by
∆h = 0 in Ω(t),

h = uD on ∂D(t),

h = 0 on Γ(t).
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We can rewrite the problem (19) as: find (u, v) ∈ L2
H1/2(Γ)

×W(L2(Γ), H−1/2(Γ)) with u ≥ 0,
v ≤ 0, such that

∂•v + v∇Γ ·Vp +∇Γ · (JΓv) + AD(u) +∇h · ν = 0 on Γ(t),

v ∈ β(u) on Γ(t),

v(0) = v0.

(22)

This is an example of a Stefan-type free boundary problem on an evolving surface and is related to
[1], where the existence and uniqueness of a Stefan problem on an evolving surface was proved.

2.5 The non-evolving setting

For convenience, let us write down the limiting problems we get in case there is no domain evolution.

Theorem 2.21 (The δk limit). Assume

un ⇀ u in L2(0, T ;H1/2(Γ)), vn → v in L2(0, T ;L2(Γ)), g(un, vn)→ 0 in L1(0, T ;L1(Γ))

=⇒ g(u, v) = 0,
(23)

and let d ≤ 3. As δk → 0, the solution (uk, wk, zk) of (4) converges to a weak solution (u,w, z) ∈
L2(0, T ;H1(Ω))× (L2(0, T ;H1(Γ)))2 of the problem

δΩu̇−∆u = 0 in Ω, (24a)

∇u · ν = 0 on ∂D, (24b)

ẇ − δΓ∆Γw = ∇u · ν on Γ, (24c)

ż − δΓ′∆Γz = −∇u · ν on Γ, (24d)

g(u,w) = 0 on Γ, (24e)

(u(0), w(0), z(0)) = (u0, w0, z0). (24f)

When g(u,w) = 0 implies uw = 0, the (u,w) system above corresponds directly to the limiting
system obtained in [20, Theorem 5.3].

Theorem 2.22 (The δk = δΓ = δΓ′ limit). Assume

un → u in L2(0, T ;L2(Γ)), un
∗
⇀ u in L∞(0, T ;L∞(Γ)), vn

∗
⇀ v in L∞(0, T ;L∞(Γ)),

g(un, vn)→ 0 in L1(0, T ;L1(Γ)) =⇒ g(u, v) = 0 in L1(0, T ;L1(Γ)).
(25)

As δk = δΓ = δΓ′ → 0, the solution (uk, wk, zk) of (4) converges to a weak solution (u,w, z) ∈
L2(0, T ;H1(Ω))× (L2(0, T ;L2(Γ)))2 of the problem

δΩu̇−∆u = 0 in Ω, (26a)

∇u · ν = 0 on ∂D, (26b)

ẇ = ∇u · ν on Γ, (26c)

ż = −∇u · ν on Γ, (26d)

g(u,w) = 0 on Γ, (26e)

(u(0), w(0), z(0)) = (u0, w0, z0). (26f)
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When g(u,w) = 0 implies uw = 0, uniqueness for this system follows from uniqueness for the (u,w)
system (as z can be treated as uncoupled), which was shown in [20, Theorem 6.3]. There, the authors
proved uniqueness by essentially taking the difference of the weak formulations for two solutions and
testing with an integral over time of the difference of the two solutions (note that such an approach
would not work directly in the evolving space setting since the spatial points are time-dependent too).

Theorem 2.23 (The δΩ = δk = δ−1
k′ = δΓ = δΓ′ limit). Assume (25). As δΩ = δk = 1

δk′
= δΓ =

δΓ′ → 0, the solution (uk, wk, zk) of (4) converges to a weak solution (u,w, z) ∈ L2(0, T ;H1(Ω))×
(L2(0, T ;L2(Γ)))2 of the problem

∇u = 0 in Ω, (27a)

ẇ = 0 on Γ, (27b)

ż = 0 on Γ, (27c)

g(u,w) = 0 on Γ, (27d)

(w(0), z(0)) = (w0, z0). (27e)

Theorem 2.24 (The δΩ = δk = δ−1
k′ = δΓ = δΓ′ limit in the Dirichlet case). Assume that uD ∈

C0([0, T ];H1/2(∂D)) ∩ L∞(0, T ;L∞(∂D)) and

un ⇀ u in L2(0, T ;H1/2(Γ)), un
∗
⇀ u in L∞(0, T ;L∞(Γ)), vn → v in L2(0, T ;H−1/2(Γ)),

g(un, vn)→ 0 in L1(0, T ;L1(Γ)) =⇒ g(u, v) = 0 in L1(0, T ;L1(Γ)).
(28)

As δΩ = δk = 1
δk′

= δΓ = δΓ′ → 0, the solution (uk, wk, zk) of (4) with (4c) replaced by

u = uD on ∂D

converges to a weak solution (u,w, z) ∈ L2(0, T ;H1(Ω))× (L2(0, T ;L2(Γ)))2 of the problem

∆u = 0 in Ω, (29a)

u = uD on ∂D, (29b)

ẇ = ∇u · ν on Γ, (29c)

ż = −∇u · ν on Γ, (29d)

g(u,w) = 0 on Γ, (29e)

(w(0), z(0)) = (w0, z0). (29f)

2.6 Biological implications

For the representative forms of g given in (2) and (3), the reason the fast reaction nature of the limits
(δk → 0) leads to interesting free boundary problems is because of the complementarity nature of the
resulting limit

u ≥ 0, w ≥ 0, uw = 0 on Γ(t).

In regions on Γ(t) where w > 0 the upshot is that the boundary condition for the ligand corre-
sponds to a zero Dirichlet condition whilst in regions on Γ(t) where w = 0 the boundary condition for
the ligand corresponds to a zero Neumann condition (total flux, i.e., diffusive plus advective is zero).
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These two boundary conditions are referred to in the biological literature as perfectly absorbing and
perfectly reflecting/monitoring respectively and have been widely studied as relevant simplifications of
receptor-ligand interactions; see e.g., [21] and references therein. This work, therefore, gives a rig-
orous justification for the consideration of these boundary conditions as singular limits of models for
receptor-ligand interactions.

The numerical results of Section 8 illustrate the significance of domain evolution, both in terms of
generating spatial heterogeneity and effects that arise due to differences between the material velocity
of the cell membrane (VΓ) and the material velocity of the extracellular medium (VΩ). Such aspects
have received limited computational investigation [36, 37] however; symptotic limits of models in cell
biology (which have been derived in a number of contexts) have been focused solely on the fixed
domain setting. This work provides a framework for extending these analyses to the evolving domain
setting thereby increasing their applicability to understanding biological problems.

Furthermore, this work suggests that models for receptor-ligand dynamics on evolving domains in-
volving fast reaction kinetics can be derived using classical elements of free boundary methodology
as components of the modelling.

3 Preliminary results on PDEs on evolving spaces

To study the limiting behaviour of the system (7), we need a number of uniform estimates. In this sec-
tion we derive various technical results and estimates for equations on evolving domains and surfaces
that will be used later on for this purpose.

3.1 Estimates on the heat equation on evolving surface

Proposition 3.1. Let g ∈ L2
L2(Γ) and b ∈ L∞L∞(Γ) satisfy m ≤ b ≤ M a.e. for given constants

m ≤M . The problem

∂•y(t)− b(t)∆Γy(t) + JΓ · ∇Γy(t) = g(t) on Γ(t),

y(0) = 0 on Γ0,
(30)

has a unique solution y ∈W(H1(Γ), L2(Γ)) with ∆Γy ∈ L2
L2(Γ) satisfying the estimates

‖y‖L∞
L2(Γ)

+ ‖∂•y‖L2
L2(Γ)

≤ C(M,m−1) ‖g‖L2
L2(Γ)

and

‖∇Γy‖L∞
L2(Γ)

+
√
m ‖∆Γy‖L2

L2(Γ)

≤ C(m−1) ‖g‖L2
L2(Γ)

.

Proof. We approximate b by {bρ} where φ−(·)bρ ∈ C2([0, T ]×Γ0) satisfiesm ≤ bρ ≤M . Consider
the problem

∂•yρ(t)− bρ(t)∆Γyρ(t) + JΓ · ∇Γyρ(t) = g(t) on Γ(t),

yρ(0) = 0 on Γ0.
(31)

Arguing similarly as in [1, Lemma 2.13] and with the aid of the existence and regularity result of [3,
Theorem 3.13], we obtain a unique solution yρ ∈ W(H1(Γ), L2(Γ)) with ∆Γyρ ∈ L2

L2 of (31). It
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follows that the equation holds pointwise and we also have the weak formulation∫ T

0

∫
Γ(t)

∂•yρ(t)η(t)−
∫ T

0

∫
Γ(t)

bρ(t)∆Γyρ(t)η(t) +

∫ T

0

∫
Γ(t)

JΓ · ∇Γyρη(t) =

∫ T

0

∫
Γ(t)

g(t)η(t)

(32)

for all η ∈ L2
H1(Γ). Let us obtain some estimates:

(i) Multiply the equation with ∆Γyρ(t), integrate over time and manipulate (see Lemma A.2) to give

−1

2

∫
Γ(t)

|∇Γyρ(s)|2 +
1

2

∫ t

0

∫
Γ(s)

∇Γyρ(s)
TH(s)∇Γyρ(s)−

∫ t

0

∫
Γ(s)

bρ(s)|∆Γyρ(s)|2

+

∫ t

0

∫
Γ(s)

JΓ · ∇Γyρ(s)∆Γyρ(s) =

∫ t

0

∫
Γ(s)

g(s)∆Γyρ(s)

which we further manipulate to get∫
Γ(t)

|∇Γyρ(s)|2 + 2m

∫ t

0

∫
Γ(s)

|∆Γyρ(s)|2 ≤ (C1 +
‖JΓ‖∞

2ε2

)

∫ t

0

∫
Γ(s)

|∇Γyρ(s)|2

+

∫ t

0

∫
Γ(s)

1

2ε1
|g(s)|2 + (2ε1 + 2ε2)|∆Γyρ(s)|2

where we used Young’s inequality with ε1 and ε2. Choosing ε1 = ε2 = 1
4
m,∫

Γ(t)

|∇Γyρ(s)|2+m

∫ t

0

∫
Γ(s)

|∆Γyρ(s)|2 ≤ (C1+
2 ‖JΓ‖∞

m
)

∫ t

0

∫
Γ(s)

|∇Γyρ(s)|2+
2

m

∫ t

0

∫
Γ(s)

|g(s)|2,

and applying Gronwall’s inequality gives∫
Γ(t)

|∇Γyρ(s)|2 ≤
C2(m−1)

m

∫ t

0

∫
Γ(s)

|g(s)|2.

Plugging this back above, we get a similar bound on the Laplacian and we have shown

‖∇Γyρ‖2
L∞
L2(Γ)

+m ‖∆Γyρ‖2
L2
L2(Γ)

≤ C3(m−1) ‖g‖2
L2
L2(Γ)

.

(ii) By simply rearranging the equation, we have

‖∂•yρ‖L2
L2(Γ)

≤ ‖g‖L2
L2(Γ)

+M ‖∆Γyρ‖L2
L2(Γ)

+ ‖JΓ‖∞ ‖∇Γyρ‖L2
L2(Γ)

≤
(
1 +MC4(m−1) + C5(m−1)

)
‖g‖L2

L2(Γ)

.

(iii) Testing the equation with yρ and integrating leads to

1

2

d

dt

∫
Γ(s)

yρ(s)
2 =

∫
Γ(s)

g(s)yρ(s) +

∫
Γ(s)

bρ(s)∆Γyρ(s)yρ(s) +

∫
Γ(s)

yρ(s)
2∇Γ ·Vp

−
∫

Γ(t)

JΓ · ∇Γyρyρ
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from where∫
Γ(t)

yρ(t)
2 ≤

∫ t

0

∫
Γ(s)

g(s)2 + C1

∫ t

0

∫
Γ(s)

yρ(t)
2 +M2

∫ t

0

∫
Γ(s)

|∆Γyρ(s)|2 + C2

∫ t

0

∫
Γ(s)

|∇Γyρ|2

≤
(

1 +
C2M

2

m2
+
C3

m

)∫ t

0

∫
Γ(s)

g(s)2 + C1

∫ t

0

∫
Γ(s)

yρ(s)
2,

and Gronwall’s inequality yields

‖yρ‖2
L∞
L2(Γ)

=

∫
Γ(t)

yρ(t)
2 ≤ C

(
1 + C2(m−1)M2 + C3(m−1)

) ∫ t

0

∫
Γ(t)

g(s)2.

Due to these estimates being uniform in ρ, we obtain a limit function y ∈ L∞H1(Γ) ∩ L2
H1(Γ) with

∆Γy, ∂
•y ∈ L2

L2(Γ) such that

yρ
∗
⇀ y in L∞H1(Γ), ∆Γyρ ⇀ ∆Γy in L2

L2(Γ), ∂•yρ ⇀ ∂•y in L2
L2(Γ),

and by compactness we have the stronger convergence

yρ → y in L2
L2(Γ).

It is then immediate to pass to the limit in the weak form (32) (the Laplacian term can be handled by an
argument involving the Dominated Convergence Theorem, making use of the uniform boundedness
of bρ and the pointwise a.e. convergence of φ−(·)bρ to φ−(·)b) to conclude that the limit function y
satisfies for every η ∈ L2

H1(Γ),∫ T

0

∫
Γ(t)

∂•y(t)η(t)−
∫ T

0

∫
Γ(t)

b(t)∆Γy(t)η(t) +

∫ T

0

∫
Γ(t)

JΓ · ∇Γyη(t) =

∫ T

0

∫
Γ(t)

g(t)η(t),

i.e., it is a weak solution to (30) with y(0) = 0. The proof for the initial condition follows as usual by
making use of the stronger convergence yρ → y in L2

L2(Γ).

Consider the following parabolic inequality

∂•y −D∆Γy + y∇Γ ·Vp +∇Γ · (JΓy) ≤ g on Γ(t),

y(0) = y0 on Γ0,
(33)

for a given constantD > 0, initial data y0 ∈ L∞(Γ0) and source term g ∈ L∞L2(Γ). By arguing directly
as in [5, Lemma 3.1], we obtain the next result.

Lemma 3.2. If d ≤ 3, the weak solution of the equation (33) given y0 ∈ L∞(Γ0) and g ∈ L∞L2(Γ)

satisfies
‖y‖L∞

L∞(Γ)
≤ e(‖∇Γ·VΓ‖∞+D)T

(
‖y0‖L∞(Γ0) + CD−1 ‖g‖L∞

L2

)
.

3.2 L∞-estimate on the heat equation on an evolving domain with Robin bound-
ary conditions

Define the two quantities

‖u‖Q(Γ) := max
t∈[0,T ]

‖u(t)‖L2(Γ(t)) + ‖∇Γu‖L2
L2(Γ)
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and
‖u‖Q(Ω) := max

t∈[0,T ]
‖u(t)‖L2(Ω(t)) + ‖∇u‖L2

L2(Ω)

.

Let us recall the following interpolation inequality (see [5, Lemma B.2]).

Lemma 3.3. For r∗ ∈ [2,∞] and q∗ ∈ [2, 2d/(d− 1)] satisfying

1

r∗
+

d

2q∗
=
d+ 1

4
,

we have
‖u‖Lr∗

Lq∗ (Γ)
≤
√
CI ‖u‖Q(Ω) .

The proof of the next result is very similar to what is presented in [5, §3.3] (which itself was based
on [45, Proposition 3.1]), but we give it here adapted to a slightly more general equation. Note that a
similar result is given in [8] but there the geometric set up is different and here we need to keep track
of how the bound depends on the coefficients and data of the problem.

Lemma 3.4. Let y ∈ L∞L∞(Γ), a0 ∈ L∞(Ω0) and let a be the nonnegative solution to

∂•a+ a∇ ·Vp −D∆a+∇ · (JΩa) = 0 in Ω(t),

D∇a · ν − aj = y on Γ(t),

∇a · ν = 0 on ∂D(t),

a(0) = a0 in Ω0.

Then a ∈ L∞L∞(Ω) and

a(t) ≤ C1e
‖∇·VΩ‖∞T+D−1C2

(
1
2
‖y‖L∞

L∞(Γ)
+2‖j‖∞

)2

T
max

(
1, ‖a0‖∞ ,

1

2
C3 ‖y‖L∞

L∞(Γ)

)
× (min(1, D)−

1
2κ
− 1

2 + C4)

where C1, C2, C3 and C4 are constants independent of all relevant parameters.

Proof. With the transformation A := ae−λt for a λ to be fixed later, we have

∂•A+ A(∇ ·Vp + λ)−D∆A+∇ · (JΩA) = 0 in Ω(t),

D∇A · ν − Aj = Y on Γ(t),

∇A · ν = 0 on ∂D(t),

A(0) = a0 in Ω0,

where Y (t) := y(t)e−λt. Testing the equation for A with Ak := (A− k)+ for a constant k, using the
boundary condition as well as (57), we obtain

1

2

d

dt

∫
Ω(t)

A2
k −

1

2

∫
Ω(t)

A2
k∇ ·VΩ +

∫
Ω(t)

AAk(∇ ·VΩ + λ) +D|∇Ak|2 +
1

2

∫
Γ(t)

A2
kj

=

∫
Γ(t)

(Y + jA)Ak.

Define the set
Bk(s) := {x ∈ Γ(s) : Ak(s) ≥ 0}.
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Taking k ≥ 1, using AAk = A2
k + kAk ≤ 3

2
A2
k + 1

2
k2 and Ak = 1

k
kAk ≤ 1

k
(k

2

2
+

A2
k

2
) we get that

the difference of the two integrals over Γ(t) can be written as∫
Γ(t)

(Y + jA)Ak −
1

2
A2
kj ≤

∫
Bk(t)

‖Y ‖L∞
L∞(Γ)

1

k

k2

2
+ ‖Y ‖L∞

L∞(Γ)

1

k

A2
k

2
+ ‖j‖∞

3

2
A2
k + ‖j‖∞

1

2
k2

+
1

2
‖j‖∞A

2
k

≤
∫
Bk(t)

1
2
‖Y ‖L∞

L∞(Γ)

k
k2 +

(
1

2
‖Y ‖L∞

L∞(Γ)
+ 2 ‖j‖∞

)
A2
k +

1

2
‖j‖∞ k

2.

(using k ≥ 1 on the second term above)

Now we apply the interpolated trace inequality to bound the second term above as∫
Γ(t)

(
1

2
‖Y ‖L∞

L∞(Γ)
+ 2 ‖j‖∞

)
A2
k ≤

D

2

∫
Ω(t)

|∇Ak|2 +D−1K1

(
1

2
‖Y ‖L∞

L∞(Γ)
+ 2 ‖j‖∞

)2 ∫
Ω(t)

A2
k

where K1 is a constant independent of all relevant quantities. Picking

λ := ‖∇ ·VΩ‖∞ +D−1K1

(
1

2
‖y‖L∞

L∞(Γ)
+ 2 ‖j‖∞

)2

,

usingAAk = A2
k+kAk ≥ A2

k, supposing that k ≥ ‖a0‖L∞(Ω0) and plugging the last two inequalities
back in the equation above, we get with m := min(1, D),

m

2
‖Ak‖2

Q(Ω) ≤

( 1
2
‖Y ‖L∞

L∞(Γ)

k
+

1

2
‖j‖∞

)
k2

∫ t

0

∫
Bk(s)

. (34)

Now, take exponents r and q such that
1

r
+

d

2q
<

1

2

and define κ, r∗ and q∗ by

1

r
+

d

2q
=

1

2
− κ(d+ 1)

2
, r∗ =

2(1 + κ)r

r − 1
, and q∗ =

2(1 + κ)q

q − 1

(note that κ > 0). By Hölder’s inequality,
∫ T

0

∫
Bk(s)

≤ C1 ‖χBk‖
2(1+κ)

Lr∗
Lq∗ (Γ)

where we set C1 :=

|Γ|1/qT 1/r. Hence (34) becomes

m

2
‖Ak‖2

Q(Ω) ≤

( 1
2
C1 ‖Y ‖L∞

L∞(Γ)

k
+

1

2
C1 ‖j‖∞

)
k2 ‖χBk‖

2(1+κ)

Lr∗
Lq∗ (Γ)

.

Taking further

k ≥ max

(
1, ‖a0‖∞ ,

1

2
C1 ‖Y ‖L∞

L∞(Γ)

)
(35)

and setting C2 :=
(
1 + C1

2
‖j‖∞

)
, we deduce

m

2
‖Ak‖2

Q(Ω) ≤ C2k
2

(∫ T

0

|Bk|r∗/q∗
)2(1+κ)/r∗

. (36)
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Define for a sufficiently large N the sequences {kn} and {zn} via

kn := (2− 2−n)N and zn :=

(∫ T

0

|Bkn(t)|r∗/q∗
)2/r∗

.

Now, we have from the above

‖Akn‖
2
Q(Ω) ≤ 2C2m

−1k2
nz

1+κ
n . (37)

On Γ(t), |Akn|2 = |(A− kn)+|2 ≥ (kn+1 − kn)2χBkn+1
, which implies that

2−2(n+1)N2zn+1 ≤

(∫ T

0

(∫
Γ(t)

|(A(t)− kn)+|q∗
)r∗/q∗)2/r∗

≤ CI
∥∥(A− kn)+

∥∥2

Q(Ω)

with the last inequality by the interpolation inequality of Lemma 3.3. Therefore, using (37) and k2
n ≤

N2(22 + 2−2n),
zn+1 ≤ 26m−1C2CI4

nz1+κ
n .

Now if we take k̂ such that it satisfies (35), for N > k̂, we calculate

(N − k̂)2z0 =

(∫ T

0

(∫
Γ(t)

(N − k̂)q∗χBk0
(t)

)r∗/q∗)2/r∗

≤

(∫ T

0

(∫
Γ(t)

|(A(t)− k̂)+|q∗
)r∗/q∗)2/r∗

(since |(A− k̂)+|2 ≥ (N − k̂)2χBk0
because k0 = N )

≤ CI

∥∥∥(A− k̂)+
∥∥∥2

Q(Ω)

≤ 2C2m
−1CI k̂

2C3 (using (36))

where we defined C3 := |Γ|2(1+κ)/q∗T 2(1+κ)/r∗ . Picking N = k̂(
√
C32

1
2

+ 3
κ

+ 1
κ2 (m−1C2CI)

1
2κ

+ 1
2 +

1), we have

z0 ≤ (26m−1C2CI)
−1/κ4−1/κ2

.

By [30, II, Lemma 5.6], we get zn → 0 as n → ∞. Since kn → 2N , we obtain from (37) that
A(t) ≤ 2N almost everywhere on Ω(t). Putting everything together, we find the stated bound.

4 Uniform bounds

In this section, we aim to get a variety of bounds on the solutions of (7) and related quantities that we
can use later on. Note that all of these bounds do not explicitly depend on δk but do depend on Lp

norms of z and w.

Lemma 4.1. We have

1

δk

∫ T

0

∫
Γ(t)

g(u,w) ≤ 1

δk′
‖z‖L1

L1(Γ)
+ δΩ‖u0‖L2(Ω). (38)
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Proof. Utilising the transport theorem and the equation for u, we derive

d

dt

∫
Ω(t)

u =

∫
Ω(t)

∂•u+ u∇Γ ·Vp

= −
∫

Ω(t)

∇ · (JΩu) +
1

δΩ

∫
Ω(t)

∆u

= −
∫

Γ(t)

ju+
1

δΩ

∫
Γ(t)

∇u · ν (using the divergence theorem)

=
1

δΩδk′

∫
Γ(t)

z − 1

δΩδk

∫
Γ(t)

g(u,w),

thus

1

δΩδk

∫ T

0

∫
Γ(t)

g(u,w) =
1

δΩδk′

∫ T

0

∫
Γ(t)

z +

∫
Ω0

u0 −
∫

Ω(T )

u(T ),

which implies the result.

Lemma 4.2 (Energy estimate on w). We have

‖w‖2
L∞
L2(Γ)

≤ e
T ( 1

δk′
+‖∇Γ·VΓ‖∞)

(
1

δk′
‖z‖2

L2
L2(Γ)

+ ‖w0‖2
L2(Γ0)

)
,

2δΓ ‖∇Γw‖2
L2
L2(Γ)

+
2

δk

∫ T

0

∫
Γ(t)

g(u,w)w ≤ 1

δk′
(‖w‖2

L2
L2(Γ)

+ ‖z‖2
L2
L2(Γ)

) + ‖∇Γ ·VΓ‖∞ ‖w‖
2
L2
L2(Γ)

+ ‖w0‖2
L2(Γ0) .

Proof. Test the equation for w by w (and use the integration by parts identity (62)) to obtain

1

2

d

dt

∫
Γ(t)

w2 + δΓ

∫
Γ(t)

|∇Γw|2 +
1

2

∫
Γ(t)

w2∇Γ ·VΓ +
1

δk

∫
Γ(t)

g(u,w)w =
1

δk′

∫
Γ(t)

zw

≤ 1

2δk′

∫
Γ(t)

z2 + w2.

Integrate now over [0, t] and manipulate to obtain∫
Γ(t)

w(t)2 + 2δΓ

∫ t

0

∫
Γ(s)

|∇Γw|2 +
2

δk

∫ t

0

∫
Γ(s)

g(u,w)w ≤ 1

δk′

∫ t

0

∫
Γ(s)

z2 + w2

+

∫ t

0

∫
Γ(s)

w2|∇Γ ·VΓ|+
∫

Γ0

w2
0

and here we use Gronwall’s lemma.

Lemma 4.3 (Energy estimate on u). We have

‖u‖2
L∞
L2(Ω)

≤

‖z‖2
L2
L2(Γ)

δΩδk′
+ ‖u0‖2

L2(Ω0)

 e

1
δΩ

C
 1

δk′
+δΩ‖j‖∞

2

+δΩ‖∇·VΩ‖∞

T
, (39)

‖∇u‖2
L2
L2(Ω)

+
2

δk

∫ T

0

∫
Γ(t)

g(u,w)u

≤
‖z‖2

L2
L2(Γ)

δk′
+

(
C

(
1

δk′
+ δΩ ‖j‖∞

)2

+ δΩ ‖∇ ·VΩ‖∞

)
‖u‖2

L2
L2(Ω)

+ δΩ ‖u0‖2
L2(Ω0) .
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Proof. Testing the equation for u by u (and using the integration by parts formula (59)), we get

1

2

d

dt

∫
Ω(t)

u2 +
1

δΩ

∫
Ω(t)

|∇u|2 +
1

2

∫
Ω(t)

u2∇ ·VΩ ≤
1

δΩ

(
1

δk′

∫
Γ(t)

1

2
z2 +

1

2
u2 − 1

δk

∫
Γ(t)

g(u,w)u

)
+

1

2

∫
Γ(t)

u2j.

Re-arranging and integrating over [0, t] leads to, denoting

θ :=
1

δk′
+ δΩ ‖j‖∞ ,

the expression

δΩ

∫
Ω(s)

u(t)2 + 2

∫ t

0

∫
Ω(s)

|∇u|2 +
2

δk

∫ t

0

∫
Γ(s)

g(u,w)u

≤
‖z‖2

L2
L2(Γ)

δk′
+ θ

∫ t

0

∫
Γ(s)

u2 + δΩ ‖∇ ·VΩ‖∞
∫ t

0

∫
Ω(s)

u2 + δΩ

∫
Ω0

u2
0.

Now by the interpolated trace theorem we have

θ

∫
Γ(s)

u2 ≤ Cθ2

∫
Ω(s)

u2 +

∫
Ω(s)

|∇u|2.

Inserting this above, we find

δΩ

∫
Ω(s)

u(t)2 +

∫ t

0

∫
Ω(s)

|∇u|2 +
2

δk

∫ t

0

∫
Γ(s)

g(u,w)u

≤
‖z‖2

L2
L2(Γ)

δk′
+
(
Cθ2 + δΩ ‖∇ ·VΩ‖∞

) ∫ t

0

∫
Ω(s)

u2 + δΩ

∫
Ω0

u2
0.

Gronwall’s inequality now finally implies the result.

The equation for the sum v = w + z is

∂•v + v∇Γ ·Vp − δΓ′∆Γv +∇Γ · (JΓv) = (δΓ − δΓ′)∆Γw,

v(0) = w0 + z0.

Now that we have a bound for∇Γw, we can test the above equation with v and use Young’s inequality
on the right-hand side and the above bound on w to get a bound independent of δk. Though we
do already have Lemma 4.2, the following is useful because it shows the influence of the diffusion
constants and implies in particular the corollary following the result.

Lemma 4.4 (Energy estimate on v). We have

‖v‖2
L∞
L2(Γ)

≤ e‖∇Γ·VΓ‖∞T
(
|δΓ − δΓ′ |2

δΓ′
‖∇Γw‖2

L2
L2(Γ)

+ ‖v0‖2
L2(Γ0)

)
,

δ′Γ ‖∇Γv‖2
L2
L2(Γ)

≤ |δΓ − δΓ′ |2

δΓ′
‖∇Γw‖2

L2
L2(Γ)

+ ‖v0‖2
L2(Γ0) + ‖∇Γ ·VΓ‖∞ ‖v‖

2
L2
L2(Γ)

.
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Proof. From the equation for v and Young’s inequality, we get

1

2

d

dt

∫
Γ(t)

v(t)2 + δΓ′

∫
Γ(t)

|∇Γv|2 +
1

2

∫
Γ(t)

v2∇Γ ·VΓ ≤
|δΓ − δΓ′ |

2ε

∫
Γ(t)

|∇Γw|2

+
ε|δΓ − δΓ′ |

2

∫
Γ(t)

|∇Γv|2,

and choosing ε = δΓ′/|δΓ − δΓ′ |, we obtain

d

dt

∫
Γ(t)

v(t)2 + δΓ′

∫
Γ(t)

|∇Γv|2 ≤
|δΓ − δΓ′ |2

δΓ′

∫
Γ(t)

|∇Γw|2 + ‖∇Γ ·VΓ‖∞
∫

Γ(t)

v2.

Gronwall’s inequality gives the claim.

Corollary 4.5. We have

‖w‖2
L∞
L2(Γ)

+ ‖z‖2
L∞
L2(Γ)

≤ C

(
|δΓ − δΓ′ |2

δΓ′
‖∇Γw‖2

L2
L2(Γ)

+ ‖v0‖2
L2(Γ0)

)
.

Proof. This follows directly from Lemma 4.4 and the non-negativity of z and w.

Now we look for an L∞-estimate on w.

Corollary 4.6. If d ≤ 3 and w0 ∈ L∞(Ω0), we have

‖w‖L∞
L∞(Γ)

≤ e(‖∇Γ·VΓ‖∞+δΓ)T

(
‖w0‖L∞(Γ0) +

C

δΓδk′
‖z‖2

L∞
L2(Γ)

)
.

Proof. This follows from the De Giorgi estimate in Lemma 3.2.

Corollary 4.7. We have

δ′Γ ‖∇Γz‖2
L2
L2(Γ)

≤ 2

(
|δΓ − δΓ′ |2

δΓ′
‖∇Γw‖2

L2
L2(Γ)

+ ‖v0‖2
L2(Γ0) + ‖∇Γ ·VΓ‖∞ ‖v‖

2
L2
L2(Γ)

)
+

2δΓ′

δΓ

(
1

δk′
(‖w‖2

L2
L2(Γ)

+ ‖z‖2
L2
L2(Γ)

) + ‖∇Γ ·VΓ‖∞ ‖w‖
2
L2
L2(Γ)

+ ‖w0‖2
L2(Γ0)

)
.

Proof. This is due to z = v − w and the gradient bounds in Lemma 4.2 and Lemma 4.4.

4.1 A more refined bound

The most obvious way to get uniform L2 bounds on w and z is to test the w and z equations with
the respective solutions as done in the previous section. There we saw that for w, we need to control
1
δk′

∫
Γ(t)

zw and so we would need a bound on z. The z equation however would require us to control
1
δk

∫
Γ(t)

g(u,w)z; to do this we need more refined bounds. Hence, let us try a different approach in
which we can essentially‘cancel’ the right-hand side terms.
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Recall that v = w + z solves the equation

∂•v + v∇Γ ·Vp − δΓ′∆Γv +∇Γ · (JΓv) = (δΓ − δΓ′)∆Γw,

v(0) = w0 + z0.

A different form of this equation is useful here because to get a bound on v by testing the above
equation with v (as would be the natural first step), we would need control of the gradient of w; but to
do that we would (see Lemma 4.2) need to control

∫
Γ(t)

zw in an appropriate way.

Define the measurable function

a(t, x) :=

{
(δΓw + δ′Γz)/(w + z) : w + z > 0

1 : w + z = 0.

Note that
m ≤ a(t, x) ≤M

where
m =: min(1, δΓ, δ

′
Γ) and M := max(1, δΓ, δ

′
Γ),

so the coefficient is bounded away from zero and infinity. We see that v solves the equation

∂•v + v∇Γ ·Vp −∆(a(t)v) +∇Γ · (JΓv) = 0,

v(0) = w0 + z0.
(40)

We have

‖v‖L2
L2(Γ)

= sup
ϕ∈L2

L2(Γ)

‖ϕ‖L2(L2)=1

∫ T

0

∫
Γ(t)

vϕ.

For each such ϕ, take η to be the solution of the backwards heat equation

∂•η(t) + a(t)∆Γη + JΓ · ∇Γη = ϕ on Γ(t),

η(T ) = 0 on Γ(T ).
(41)

Then the above becomes

‖v‖L2
L2(Γ)

= sup
ϕ∈L2

L2(Γ)

‖ϕ‖=1

∫ T

0

∫
Γ(t)

v(∂•η(t) + a(t)∆Γη + JΓ · ∇Γη)

= sup
ϕ∈L2

L2(Γ)

‖ϕ‖=1

−
∫

Γ0

v(0)η(0) +

∫ T

0

∫
Γ(t)

−∂•vη − vη∇Γ ·Vp + ∆Γ(a(t)v)η −∇Γ · (JΓv)η

(using the divergence theorem identity (60))

= − sup
ϕ∈L2

L2(Γ)

‖ϕ‖=1

∫
Γ0

v(0)η(0) (since v solves (40))

≤ ‖w0 + z0‖L2(Γ0) sup
ϕ∈L2

L2(Γ)

‖ϕ‖=1

‖η(0)‖L2(Γ0)

≤ ‖w0 + z0‖L2(Γ0) sup
ϕ∈L2

L2(Γ)

‖ϕ‖=1

‖η‖C0
L2(Γ)

. (42)

Hence we need to estimate the above norm of η. First, let us study (41).

DOI 10.20347/WIAS.PREPRINT.3122 Berlin 2024



Free boundary limits of coupled bulk-surface models on evolving domains 27

Lemma 4.8. We have η ∈W(H1(Γ), L2(Γ)) and

‖η‖L∞
L2(Γ)

+ ‖∇Γη‖L∞
L2(Γ)

+ ‖∆Γη‖L2
L2(Γ)

+ ‖∂•η‖L2
L2(Γ)

≤ C ‖ϕ‖L2
L2(Γ)

where C = C(M,m−1).

Proof. By reversing time, i.e. setting J = −JΓ(T − t), ϑ(t) = η(T − t), b(t) = a(T − t) and
g(t) = −ϕ(T − t), and defining the family of surfaces

Γ̂(t) := Γ(T − t)

and the parametric material derivative

∂̂•ϑ(t) := ϑt(t) +∇ϑ(t) · V̂(t), V̂(t) = −V(T − t),

the problem (41) is equivalent to

∂̂•ϑ(t)− b(t)∆Γϑ(t) + J · ∇Γϑ = g(t) on Γ̂(t),

ϑ(0) = 0 on Γ̂0,

with b ∈ L∞
L∞(Γ̂)

and g ∈ L2
L2(Γ̂)

. The claim follows from Proposition 3.1.

We finally come to the bound, which is uniform in δk and δk′ (but does depend on the diffusion coeffi-
cients).

Lemma 4.9. The following bound holds

‖v‖L2
L2(Γ)

+ ‖w‖L2
L2(Γ)

+ ‖z‖L2
L2(Γ)

≤ C(M,m−1) ‖w0 + z0‖L2(Γ0)

where m := min(1, δΓ, δ
′
Γ) and M := max(1, δΓ, δ

′
Γ).

Proof. Using simply the continuous embedding W(H1(Γ), H1(Γ)∗) ↪→ C0
L2(Γ) and the estimate of

Lemma 4.8, we easily derive

‖η‖C0
L2(Γ)

≤ C ‖ϕ‖L2
L2(Γ)

where C = C(M,m−1). Utilising this and the characterisation in (42),

‖v‖L2
L2(Γ)

≤ C ‖w0 + z0‖L2(Γ0) ,

so that v and hence w and z are bounded in L2
L2(Γ) uniformly in δk and δk.

4.2 Bound on the difference quotients of w

In the previous sections we established bounds forw and z inL2
L2(Γ) which are independent of both δk

and δ′k, but dependent on the diffusion coefficients δΓ and δ′Γ. These should enable us to obtain bounds
on the difference quotients for the pullback of w; this will come in use to obtain strong convergence by
application of the Aubin–Lions–Simon compactness theorem, see Theorem 5.1.
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We introduce the following positive-definite (with a constant that is uniform in time) matrix and its
determinant

At := (DΓ0Φt)
TDΓ0Φt + ν0 ⊗ ν0, at := detAt.

Its inverse has the expression [10, Proposition 4.1])

(At)
−1 = φ−t((DΓ(t)Φ

t
0)(DΓ(t)Φ

t
0)T ) + ν0 ⊗ ν0,

which is utilised in the following expression for the pullback of the gradient of a sufficiently smooth
function y : Γ(t)→ R:

φ−t
(
∇Γ(t)y

)
= DΓ0Φt(At)

−1∇Γ0 (φ−ty) .

Lemma 4.10. The pullback w̃ := φ−(·)w of w satisfies∫
Γ0

w̃′ψ + δΓ

∫
Γ0

[B(t)∇Γw̃] · ∇Γψ + Jtψ[B(t)∇Γw̃] · ∇Γ(1/Jt) +

∫
Γ0

w̃ψφ−t(∇Γ ·VΓ)

+

∫
Γ0

φ−t(JΓ) ·C(t)∇Γw̃ψ =

∫
Γ0

(
z̃

δk′
− g(ũ, w̃)

δk

)
ψ

for all ψ ∈ H1(Γ0) where

B(t) := (At)
−T (DΓ0Φt)

TDΓ0Φt(At)
−1 and C(t) := DΓ0Φt(At)

−1.

Proof. The weak formulation for w can be written as∫
Γ(t)

∂•wη + δΓ

∫
Γ(t)

∇Γw∇Γη +

∫
Γ(t)

wη∇Γ ·VΓ + JΓ · ∇Γwη =

∫
Γ(t)

(
z

δk′
− g(u,w)

δk

)
η

for every η ∈ L2
H1(Γ). Setting w̃ := φ−(·)w, supposing that η = φtϕ̃ for arbitrary ϕ̃ ∈ H1(Γ0), and

defining Jt := |DΓ0Φt|, we can pull back the integrals onto Γ0:∫
Γ0

w̃′ϕ̃Jt + δΓ

∫
Γ0

φ−t(∇Γw∇Γη)Jt +

∫
Γ0

w̃ϕ̃φ−t(∇Γ ·VΓ)Jt + φ−t(JΓ · ∇Γw)ϕ̃Jt

=

∫
Γ0

(
z̃

δk′
− g(ũ, w̃)

δk

)
ϕ̃Jt.

Thus with C(t) := DΓ0Φt(At)
−1 and writing∇Γϕ̃ = ∇Γ(ϕ̃Jt/Jt),∫

Γ0

w̃′ϕ̃Jt + δΓ

∫
Γ0

Jt[B(t)∇Γw̃] · ∇Γ(ϕ̃Jt/Jt) +

∫
Γ0

w̃ϕ̃φ−t(∇Γ ·VΓ)Jt + φ−t(JΓ) ·C(t)∇Γw̃ϕ̃Jt

=

∫
Γ0

(
z̃

δk′
− g(ũ, w̃)

δk

)
ϕ̃Jt.

Now since ϕ̃ is arbitrary and multiplication by Jt is an isomorphism from H1(Γ0) to itself, we obtain∫
Γ0

w̃′ψ + δΓ

∫
Γ0

Jt[B(t)∇Γw̃] · ∇Γ(ψ/Jt) +

∫
Γ0

w̃ψφ−t(∇Γ ·VΓ) + φ−t(JΓ) ·C(t)∇Γw̃ψ

=

∫
Γ0

(
z̃

δk′
− g(ũ, w̃)

δk

)
ψ ∀ψ ∈ H1(Γ0).

Expanding the term ∇Γ(ψ/Jt) = (1/Jt)∇Γψ + ψ∇Γ(1/Jt), we get the desired weak formulation.
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Lemma 4.11. Set J0(t) := φ−t(JΓ(t)). For h < T , we have

1

h

∫ T−h

0

∫
Γ0

|w̃(t+ h)− w̃(t)|2

≤ 2

δk′
‖z̃‖L2(0,T ;L2(Γ0)) ‖w̃‖L2(0,T−h;L2(Γ0)) +

2

δk
‖g(ũ, w̃)‖L1(0,T ;L1(Γ0)) ‖w̃‖L∞(0,T ;L∞(Γ0))

+ CδΓ‖∇Γw̃‖2
L2(0,T ;L2(Γ0)) + C(δΓ + ‖J0‖∞) ‖w̃‖L2(0,T ;L2(Γ0)) ‖∇Γw̃‖L2(0,T ;L2(Γ0))

+ C ‖w̃‖2
L2(0,T ;L2(Γ0))

where C is independent of relevant parameters.

Proof. We have, for h > 0,

∫
Γ0

|w̃(t+ h)− w̃(t)|2

=

∫ h

0

d

ds

∫
Γ0

(w̃(t+ h)− w̃(t))(w̃(t+ s)− w̃(t)) ds

=

∫ h

0

〈w̃′(t+ s), w̃(t+ h)− w̃(t)〉 ds

=

∫ h

0

∫
Γ0

(
(δ−1
k′ z̃(t+ s)− δ−1

k g(ũ(t+ s), w̃(t+ s))
)

(w̃(t+ h)− w̃(t)) ds

−
∫ h

0

∫
Γ0

δΓB(t+ s)∇Γw̃(t+ s)∇Γ(w̃(t+ h)− w̃(t)) ds

−
∫ h

0

∫
Γ0

δΓJt+s(w̃(t+ h)− w̃(t))B(t+ s)∇Γw̃(t+ s)∇Γ(1/Jt+s) ds

−
∫ h

0

∫
Γ0

w̃(t+ s)(w̃(t+ h)− w̃(t))V0(t+ s) ds

−
∫ h

0

∫
Γ0

J0(t+ s) ·C(t+ s)∇Γw̃(t+ s)(w̃(t+ h)− w̃(t)) ds,

where we set V0(t) := φ−t(∇Γ ·VΓ(t)) and J0(t) := φ−t(JΓ(t)). Now, we can integrate this over

t ∈ (0, T − h) and interchange the integrals
∫ T−h

0

∫ h
0

ds dt =
∫ h

0

∫ T−h
0

dt ds on the right-hand
side. Estimating then the resulting right-hand side, we see first of all that the first term becomes

∫ h

0

∫ T−h

0

∫
Γ0

(δ−1
k′ z̃(t+ s)− δ−1

k g(ũ(t+ s), w̃(t+ s)))(w̃(t+ h)− w̃(t)) dt ds

≤ h

δk′
‖z̃(·+ s)‖L2(0,T−h;L2(Γ0)) ‖w̃(·+ h)− w̃(·)‖L2(0,T−h;L2(Γ0))

+
h

δk
‖g(ũ(·+ s), w̃(·+ s))‖L1(0,T−h;L1(Γ0)) ‖w̃(·+ h)− w̃(·)‖L∞(0,T−h;L∞(Γ0)) .
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To conclude we now estimate the remaining integral terms:∫ h

0

∫ T−h

0

∫
Γ0

δΓB(t+ s)∇Γw̃(t+ s)∇Γ(w̃(t+ h)− w̃(t)) dt ds

+

∫ h

0

∫ T−h

0

∫
Γ0

δΓJt+s(w̃(t+ h)− w̃(t))B(t+ s)∇Γw̃(t+ s)∇Γ(1/Jt+s) dt ds

+

∫ h

0

∫ T−h

0

∫
Γ0

w̃(t+ s)(w̃(t+ h)− w̃(t))V0(t+ s) dt ds

+

∫ h

0

∫ T−h

0

∫
Γ0

J0(t+ s) ·C(t+ s)∇Γw̃(t+ s)(w̃(t+ h)− w̃(t)) dt ds

≤
∫ h

0

CδΓ‖∇Γw̃‖2
L2(0,T ;L2(Γ0)) + CδΓ ‖w̃‖L2(0,T ;L2(Γ0)) ‖∇Γw̃‖L2(0,T ;L2(Γ0)) + C ‖w̃‖2

L2(0,T ;L2(Γ0))

+ C ‖J0‖∞ ‖w̃‖L2(0,T ;L2(Γ0)) ‖∇Γw̃‖L2(0,T ;L2(Γ0)) ds

≤
(
CδΓ‖∇Γw̃‖2

L2(0,T ;L2(Γ0)) + C(δΓ + ‖J0‖∞) ‖w̃‖L2(0,T ;L2(Γ0)) ‖∇Γw̃‖L2(0,T ;L2(Γ0))

+ C ‖w̃‖2
L2(0,T ;L2(Γ0))

)
h.

5 The δk → 0 limit

We denote the solutions of the problem (7) as (uk, wk, zk) where k is supposed to represent the
parameter δk. By examining the estimates stated in Lemma 4.2, Lemma 4.3 and Lemma 4.4, we see
that we need a bound on ‖zk‖L2

L2(Γ)

uniform in δk in order to get uk, wk and zk bounded in the energy

spaceL∞L2∩L2
H1 . The duality approach result of Lemma 4.9 provides exactly such a desired bound on

zk. With such an estimate in place, we can then obtain an L∞ bound on wk by Corollary 4.6. Hence,
we have the existence of functions

u ∈ L∞L2(Ω) ∩ L2
H1(Ω), w ∈ L∞L∞(Γ) ∩ L2

H1(Γ), z ∈ L∞L2(Γ) ∩ L2
H1(Γ),

such that

uk ⇀ u in L2
H1(Ω) and uk

∗
⇀ u in L∞L2(Ω) (43)

and
wk ⇀ w in L2

H1(Γ) and wk
∗
⇀ w in L∞L∞(Γ),

zk ⇀ z in L2
H1(Γ) and zk

∗
⇀ z in L∞L2(Γ).

(44)

Bearing in mind the assumptions on g in Assumption 2.4, we see that these weak convergences are by
themselves not enough to obtain the complementarity condition (12e). We need a strong convergence,
for which the following standard result comes in use.

Theorem 5.1 (Aubin–Lions–Simon, [51]). Let {ϕk} be a bounded sequence of functions inLp(0, T ;B),
where B is a Banach space and 1 ≤ p ≤ ∞. If in addition

(i) the sequence {ϕk} is bounded in Lp(0, T ;X) where X ⊂ B is compact,
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(ii) as h→ 0, ∫ T−h

0

‖ϕk(t+ h)− ϕk(t)‖2
B dt→ 0 uniformly in k,

then there exists ϕ ∈ Lp(0, T ;X) such that, up to a subsequence,

ϕk → ϕ in Lp(0, T ;B).

Making use of the L1 bound on δ−1
k g(uk, wk) in Lemma 4.1 and the L∞ bound on wk, we can then

bound the difference quotients of the pullback of wk uniformly via Lemma 4.11. This estimate on
the difference quotients allows us, via the Aubin–Lions–Simon Theorem 5.1, to obtain the stronger
convergence

wk → w in L2
L2(Γ).

5.1 Passage to the limit

Taking η ∈ V (recall the definition of this space from (11)) with η(T ) ≡ 0, using the equation for uk
and its boundary condition, we derive∫ T

0

〈∂•uk, η〉+
1

δΩ

∫ T

0

∫
Ω(t)

∇uk · ∇η +

∫ T

0

∫
Ω(t)

ukη∇Γ ·Vp +∇ · (JΩuk)η −
∫ T

0

∫
Γ(t)

jukη

=
1

δΩ

∫ T

0

∫
Γ(t)

(
1

δk′
zkη −

1

δk
g(uk, wk)η

)
. (45)

Substituting the equation for zk on the right-hand side, we obtain∫ T

0

〈∂•uk, η〉+
1

δΩ

∫ T

0

∫
Ω(t)

∇uk · ∇η +

∫ T

0

∫
Ω(t)

ukη∇Γ ·Vp +∇ · (JΩuk)η −
∫ T

0

∫
Γ(t)

jukη

+
1

δΩ

∫ T

0

〈∂•zk, η〉+
δΓ′

δΩ

∫ T

0

∫
Γ(t)

∇Γzk · ∇Γη +
1

δΩ

∫ T

0

∫
Γ(t)

zkη∇Γ ·Vp +∇Γ · (JΓzk)η = 0.

We now integrate by parts on the integrals involving the time derivatives, obtaining

−
∫

Ω0

u0η(0)−
∫ T

0

∫
Ω(t)

uk∂
•η +

1

δΩ

∫ T

0

∫
Ω(t)

∇uk · ∇η +

∫ T

0

∫
Ω(t)

∇ · (JΩuk)η −
∫ T

0

∫
Γ(t)

jukη

− 1

δΩ

∫
Γ0

z0η(0)− 1

δΩ

∫ T

0

∫
Γ(t)

zk∂
•η +

δΓ′

δΩ

∫ T

0

∫
Γ(t)

∇Γzk · ∇Γη +
1

δΩ

∫ T

0

∫
Γ(t)

∇Γ · (JΓzk)η = 0,

(46)

and using the convergences in (43) and (44), passing to the limit δk → 0 is immediate and leads to

−
∫

Ω0

u0η(0)−
∫ T

0

∫
Ω(t)

u∂•η +
1

δΩ

∫ T

0

∫
Ω(t)

∇u · ∇η +

∫ T

0

∫
Ω(t)

∇ · (JΩu)η −
∫ T

0

∫
Γ(t)

juη

− 1

δΩ

∫
Γ0

z0η(0)− 1

δΩ

∫ T

0

∫
Γ(t)

z∂•η +
δΓ′

δΩ

∫ T

0

∫
Γ(t)

∇Γz · ∇Γη +
1

δΩ

∫ T

0

∫
Γ(t)

∇Γ · (JΓz)η = 0,

which is precisely (13b). We can in a similar way derive the equality (13a) relating u and w if we use
the equation for w on the right-hand side of (45).
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5.2 Complementarity condition

Note that we have uk ⇀ u in L2
H1(Ω) and thus by continuity of the trace operator we also obtain

uk ⇀ u in L2
H1/2(Γ)

. Rewriting (38) as

∫ T

0

∫
Γ(t)

g(uk, wk) ≤ Cδk

and therefore letting δk → 0 gives g(uk, wk)→ 0 in L1
L1(Γ). This along with (9) immediately implies

that g(u,w) = 0 and we conclude the proof of Theorem 2.7.

6 The δk = δΓ = δΓ′ → 0 limit

In this section we assume δΓ = δΓ′ = δk, which creates new dependencies on k. As such, the a
priori estimates we previously established need to be revisited. As before, denote the solutions of the
problem as (uk, wk, zk) where k is supposed to represent the parameter δk.

(i) First of all, note that we cannot use Lemma 4.9 like we did in the previous section because the
bounds of the cited lemma are not uniform in the diffusion coefficients.

On the positive side, because δΓ = δΓ′ , we can avail ourselves of the estimate in Corollary 4.5,
which gives boundedness of zk and wk in L∞L2(Γ). This we can feed back into Lemma 4.1 and
Lemma 4.3 to obtain

‖u‖2
L∞
L2(Ω)

+ ‖∇u‖2
L2
L2(Ω)

+
1

δk

∫ T

0

∫
Γ(t)

g(u,w)u+
1

δk

∫ T

0

∫
Γ(t)

g(u,w) ≤ C.

(ii) From Lemma 4.2 and Corollary 4.7 we obtain the estimate

δk‖∇Γzk‖2
L2
L2(Γ)

+ δk‖∇Γwk‖2
L2
L2(Γ)

≤ C (47)

(note that we no longer get uniform gradient estimates on wk or zk), which will come in use
later.

(iii) We no longer get a uniform L∞ bound for wk from Corollary 4.6 but we can get one easily
(thanks to δΓ = δΓ′) from Lemma 6.1 below.

(iv) Since we do not have a bound for ∇Γwk, we also do not get uniformly bounded difference
quotients for wk from Lemma 4.11 (unless we assume additional conditions, see Remark 7.1;
we will not need this in this section). This means that we no longer can get a strong convergence
for wk.

We now establish new estimates to overcome the obstacles described above. What we will do is to
get a strong convergence now for uk like we did for wk in the previous section. This will require us to
get an L∞-estimate for z, which is dealt with in the next lemma. In it, note that there is no need for the
De Giorgi arguments of Lemma 3.2 since v solves the homogeneous problem.
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Lemma 6.1. If w0, z0 ∈ L∞(Γ0) and δΓ = δΓ′ , then

‖w‖L∞
L∞(Γ)

+ ‖z‖L∞
L∞(Γ)

≤ C,

where C is independent of all parameters.

Proof. With v = w+z as before, the fact that δΓ = δΓ′ implies that v is a solution to the heat equation

vt − δΓ∆Γv + v∇Γ ·Vp +∇Γ · (JΓv) = 0,

and therefore boundedness of v is a consequence of boundedness of v0 using the standard argument.
Since w, z ≥ 0, the conclusion follows.

Boundedness for u is more complicated because we are dealing with two sets (Ω(t) and its boundary)
due to the Robin boundary condition. Consider the following

∂•a+ a∇ ·Vp − δ−1
Ω ∆a+∇ · (JΩa) = 0 in Ω(t),

δ−1
Ω ∇a · ν = δ−1

Ω δ−1
k′ z + ja on Γ(t),

∇a · ν = 0 in ∂D(t),

a(0) = u0.

(48)

This is almost the same equation for u, but the non-positive term −g(u,w) (which formally speaking
can be thought of as entering as a source term) is omitted, thus we expect that a ≥ u. The next
lemma shows that this is indeed the case.

Lemma 6.2. We have u ≤ a.

Proof. Define U := ue−λut so that ∂•u = eλut∂•U + λuu. The equation for U is

∂•U + U(∇ ·Vp + λu)− δ−1
Ω ∆U +∇ · (JΩU) = 0,

δ−1
Ω ∇U · ν = δ−1

Ω (δ−1
k′ e

−λutz − δ−1
k e−λutg(u,w)) + jU,

∇U · ν = 0,

U(0) = u0.

In a similar way, the equation for a can be transformed via A := ae−λut to

∂•A+ A(∇ ·Vp + λu)− δ−1
Ω ∆A+∇ · (JΩA) = 0,

δ−1
Ω ∇A · ν = δ−1

Ω δ−1
k′ e

−λutz + jA,

∇A · ν = 0,

A(0) = u0.

Define Y := U − A which satisfies

∂•Y + Y (∇ ·Vp + λu)− δ−1
Ω ∆Y +∇ · (JΩY ) = 0 in Ω(t),

δ−1
Ω ∇Y · ν = −δ−1

Ω δ−1
k e−λutg(u,w) + jY on Γ(t),

∇Y · ν = 0 on ∂D(t),

Y (0) = 0.
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Test this with Y + to obtain

1

2

d

dt

∫
Ω(t)

|Y +|2 − 1

2

∫
Ω(t)

|Y +|2∇ ·Vp +

∫
Ω(t)

(∇ ·Vp + λu)|Y +|2 + δ−1
Ω |∇Y

+|2 +
1

2
|Y +|2∇ · JΩ

+
1

2

∫
Γ(t)

j|Y +|2

=

∫
Γ(t)

−δ−1
Ω δ−1

k e−λutg(u,w)Y + + j|Y +|2

≤
∫

Γ(t)

j|Y +|2.

Simplifying,

1

2

d

dt

∫
Ω(t)

|Y +|2 +

∫
Ω(t)

(∇ ·VΩ + λu)|Y +|2 + δ−1
Ω |∇Y

+|2 ≤ ‖j‖∞
2

∫
Γ(t)

|Y +|2

≤ ‖j‖∞
2

∫
Ω(t)

Cε|Y +|2 + ε|∇Y +|2

where we used the interpolated trace inequality. Rearranging terms, choosing ε carefully and applying
Gronwall’s lemma (and using Y +(0) = 0), we get the result.

Lemma 6.3. We have

‖u‖L∞
L∞(Ω)

≤ C1e
1
2
‖∇·VΩ‖∞T+δΩC2

(
1
2
δ−1
Ω δ−1

k′ ‖z‖L∞L∞(Γ)
+2‖j‖∞

)2

T
max

(
1, ‖u0‖∞ ,

1

2
C3δ

−1
Ω δ−1

k′ ‖z‖L∞
L∞(Γ)

)
× (min(1, δ−1

Ω )−
1

2κ
− 1

2 + C4).

Proof. We can use Lemma 3.4 to obtain an L∞ bound on the solution a of (48). Using the previous
lemma, we get the result via

0 ≤ u ≤ a ≤ ‖a‖L∞
L∞(Ω)

.

Using the extra results above we can argue as in the proof of Lemma 4.11 to establish an estimate on
the difference quotients now for u.

6.1 Bound on the difference quotients of u

In a similar way to Section 4.2, let us first write down the weak formulation that the pullback of u
satisfies. Let DΦt be the Jacobian matrix of Φt and let Jt := detDΦt be its determinant. Define
ωt := |(DΦt)

−Tν0|, where ν0 is the outward normal to Γ0.

Lemma 6.4. Set V0(t) := φ−t(∇ ·VΩ), J0 := φ−t(JΩ), j0 := φ−t((VΩ −VΓ) · ν̃), and

B(t) := (DΦt)
−1(DΦt)

−T .
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The pullback ũ := φ−(·)u of u satisfies

〈ũt, ψ〉+

∫
Ω0

δ−1
Ω B(t)∇ũ∇ψ + δ−1

Ω ψJtB(t)∇ũ∇(1/Jt) + ũψV0 + J0 · (DΦt)
−T∇ũψ

=

∫
Γ0

1

δΩ

(
z̃

δk′
− g(ũ, w̃)

δk

)
ψωt + j0ũψωt ∀ψ ∈ H1(Ω0).

(49)

Proof. Pulling back the weak form of the u equation gives (see [14, Chapter 9, §4.2] for the boundary
integral)

〈ũt, Jtϕ̃〉+

∫
Ω0

δ−1
Ω JtB(t)∇ũ∇ϕ̃+ ũϕ̃V0Jt + JtJ0 · (DΦt)

−T∇ũϕ̃

=

∫
Γ0

1

δΩ

(
z̃

δk′
− g(ũ, w̃)

δk

)
ϕ̃Jtωt + j0ũϕ̃Jtωt.

Now, again using that multiplication by Jt is an isomorphism, this becomes

〈ũt, ψ〉+

∫
Ω0

δ−1
Ω JtB(t)∇ũ∇((J0

t )−1ψ) + ũψV0 + J0 · (DΦt)
−T∇ũψ

=

∫
Γ0

1

δΩ

(
z̃

δk′
− g(ũ, w̃)

δk

)
ψωt + j0ũψωt.

Expanding JtB(t)∇ũ∇((1/Jt)ψ) = B(t)∇ũ∇ψ + ψJtB(t)∇ũ∇(1/Jt), integrating by parts in
time and relabelling, we obtain (49).

Lemma 6.5. We have

1

h

∫ T−h

0

∫
Ω0

|ũ(t+ h)− ũ(t)|2 ≤ C

(
1

δΩ

+ 1

)
‖∇ũ‖2

L2(0,T ;Ω0) + C ‖ũ‖2
L2(0,T ;Ω0)

+ 2δ−1
Ω δ−1

k′ ‖z̃‖L2(0,T ;L2(Γ0)) ‖ũ‖L2(0,T ;L2(Γ0))

+
2

δΩδk
‖g(ũ, w̃)‖L1(0,T ;L1(Γ0)) ‖ũ‖L∞(0,T ;L∞(Γ0)) + 2 ‖ũ‖2

L2(0,T ;L2(Γ0)) .
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Proof. Beginning as in the proof of Lemma 4.11, we have

∫
Ω0

|ũ(t+ h)− ũ(t)|2

=

∫ h

0

〈ũt(t+ s), ũ(t+ h)− ũ(t)〉

= − 1

δΩ

∫ h

0

∫
Ω0

B(t+ s)∇ũ(t+ s) · ∇(ũ(t+ h)− ũ(t))

− 1

δΩ

∫ h

0

∫
Ω0

Jt+s(ũ(t+ h)− ũ(t))B(t+ s)∇ũ(t+ s)∇(1/Jt+s)

−
∫ h

0

∫
Ω0

ũ(t+ s)(ũ(t+ h)− ũ(t))V0(t+ s)

−
∫ h

0

∫
Ω0

J0(t+ s) · (DΦt+s)
−T∇ũ(t+ s)(ũ(t+ h)− ũ(t))

+

∫ h

0

∫
Γ0

1

δΩ

(
z̃(t+ s)

δk′
− g(ũ(t+ s), w̃(t+ s))

δk

)
(ũ(t+ h)− ũ(t))ωt

+

∫ h

0

∫
Γ0

j0(t+ s)ũ(t+ s)(ũ(t+ h)− ũ(t))ωt.

We now integrate over (0, T − h) and switch integrals like in Lemma 4.11 and use (39) to obtain for
the inner integrals

1

δΩ

∫ T−h

0

∫
Ω0

B(t+ s)∇ũ(t+ s) · ∇(ũ(t+ h)− ũ(t))

+
1

δΩ

∫ T−h

0

∫
Ω0

Jt+s(ũ(t+ h)− ũ(t))B(t+ s)∇ũ(t+ s)∇(1/Jt+s)

+

∫ T−h

0

∫
Ω0

ũ(t+ s)(ũ(t+ h)− ũ(t))V0(t+ s)

+

∫ T−h

0

∫
Ω0

J0(t+ s) · (DΦt+s)
−T∇ũ(t+ s)(ũ(t+ h)− ũ(t))

≤ C

δΩ

‖∇ũ‖2
L2(0,T ;L2(Ω0)) + ‖ũ‖L2(0,T ;L2(Ω0)) ‖∇ũ‖L2(0,T ;L2(Ω0)) + ‖∇ũ‖2

L2(0,T ;L2(Ω0))

+ C ‖ũ‖2
L2(0,T ;L2(Ω0))

≤ C

(
1

δΩ

+ 1

)
‖∇ũ‖2

L2(0,T ;Ω0) + C ‖ũ‖2
L2(0,T ;L2(Ω0))
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and ∫ T−h

0

∫
Γ0

1

δΩ

(
z̃(t+ s)

δk′
− g(ũ(t+ s), w̃(t+ s))

δk

)
(ũ(t+ h)− ũ(t))ωt

+

∫ T−h

0

∫
Γ0

j0ũ(t+ s)(ũ(t+ h)− ũ(t))ωt

≤ δ−1
Ω δ−1

k′ ‖z̃‖L2(0,T−h;L2(Γ0)) ‖ũ(·+ h)− ũ‖L2(0,T−h;L2(Γ0))

+
1

δΩδk
‖g(ũ(t+ ·), w̃(t+ ·))‖L1(0,T−h;L1(Γ0)) ‖ũ(·+ h)− ũ‖L∞(0,T−h;L∞(Γ0))

+ ‖ũ(t+ ·)‖L2(0,T−h;L2(Γ0)) ‖ũ(·+ h)− ũ‖L2(0,T−h;L2(Γ0))

≤ 2δ−1
Ω δ−1

k′ ‖z̃‖L2(0,T ;L2(Γ0)) ‖ũ‖L2(0,T ;L2(Γ0))

+
2

δΩδk
‖g(ũ, w̃)‖L1(0,T ;L1(Γ0)) ‖ũ‖L∞(0,T ;L∞(Γ0)) + 2 ‖ũ‖2

L2(0,T ;L2(Γ0)) .

Using the previously established uniform bounds (including the L1
L1(Γ) bound for δ−1

k g(u,w) and the
L∞L∞(Ω) bound for u from Lemma 6.3), we are led to∫ T−h

0

∫
Ω0

|ũ(t+ h)− ũ(t)|2 ≤ C

(
1

δΩ

+ 1 +
1

δΩδk′

)
h

where C is independent of δk.

6.2 Passage to the limit

Using the estimates in the previous section we have limit functions

u ∈ L∞L∞(Ω) ∩ L2
H1(Ω), w ∈ L∞L∞(Γ), z ∈ L∞L∞(Γ),

such that
uk

∗
⇀ u in L∞L∞(Ω) and uk ⇀ u in L2

H1(Ω),

wk
∗
⇀ w in L∞L∞(Γ) and zk

∗
⇀ z in L∞L∞(Γ).

As a result we also get
uk

∗
⇀ u in L∞L∞(Γ).

The estimate on the difference quotients for uk allows us by Theorem 5.1 to obtain the stronger
convergence

uk → u in L2
L2(Ω),

and by [20, Lemma 3.9] we deduce the same for the trace of u:

uk → u in L2
L2(Γ).

Taking again η ∈ V with η(T ) = 0 and recalling the weak formulation relating uk and wk in (46),
bearing in mind now that δk = δΓ = δΓ′ , we have

−
∫

Ω0

u0η(0)−
∫ T

0

∫
Ω(t)

uk∂
•η +

1

δΩ

∫ T

0

∫
Ω(t)

∇uk · ∇η +

∫ T

0

∫
Ω(t)

∇ · (JΩuk)η −
∫ T

0

∫
Γ(t)

jukη

− 1

δΩ

∫
Γ0

z0η(0)− 1

δΩ

∫ T

0

∫
Γ(t)

zk∂
•η +

δk
δΩ

∫ T

0

∫
Γ(t)

∇Γzk · ∇Γη +
1

δΩ

∫ T

0

∫
Γ(t)

∇Γ · (JΓzk)η = 0.
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Now, we must use (60) and integrate by parts on the divergence of the jump term since we cannot
control the gradient of zk; doing so yields

−
∫

Ω0

u0η(0)−
∫ T

0

∫
Ω(t)

uk∂
•η +

1

δΩ

∫ T

0

∫
Ω(t)

∇uk · ∇η +

∫ T

0

∫
Ω(t)

∇ · (JΩuk)η −
∫ T

0

∫
Γ(t)

jukη

− 1

δΩ

∫
Γ0

z0η(0)− 1

δΩ

∫ T

0

∫
Γ(t)

zk∂
•η +

δk
δΩ

∫ T

0

∫
Γ(t)

∇Γzk · ∇Γη −
1

δΩ

∫ T

0

∫
Γ(t)

zkJΓ · ∇Γη = 0.

(50)

The estimate (47) implies

δk‖∇Γwk‖L2
L2(Γ)
≤ C

√
δk and δk‖∇Γzk‖L2

L2(Γ)
≤ C

√
δk,

so that δk∇Γzk (and δk∇Γwk) converges to 0 as δk → 0. Passing to the limit using the convergences
obtained above yields

−
∫

Ω0

u0η(0)−
∫ T

0

∫
Ω(t)

u∂•η +
1

δΩ

∫ T

0

∫
Ω(t)

∇u · ∇η +

∫ T

0

∫
Ω(t)

∇ · (JΩu)η −
∫ T

0

∫
Γ(t)

juη

− 1

δΩ

∫
Γ0

z0η(0)− 1

δΩ

∫ T

0

∫
Γ(t)

z∂•η − 1

δΩ

∫ T

0

∫
Γ(t)

zJΓ · ∇Γη = 0.

The w case follows similarly.

6.3 Complementarity condition

The complementarity condition in this case can be obtained in the same way as before, first by obtain-
ing that g(un, wn)→ 0 as previously and now by using (10).

7 The δΩ = δk = δ−1
k′ = δΓ = δ′Γ → 0 limit

Now, we have the following:

(i) Since δΓ = δ′Γ, Lemma 6.1 is still useful as it gives uniform bounds for wk and zk in L∞L∞(Γ).

(ii) For the gradients, we have (47) still:

δk‖∇Γw‖2
L2(L2) + δk‖∇Γz‖2

L2(L2) ≤ C, (47)

and for g(u,w), note that the estimate (38) implies

1

δΩδk

∫ T

0

∫
Γ(t)

g(u,w) ≤ ‖z‖L1
L1(Γ)

+ ‖u0‖L2(Ω). (51)

(iii) Examining Lemma 4.3, we obtain bounds on u in L∞L2(Ω) and its gradient in L2
L2(Ω) because

δ−1
k′ = δk and due to the boundedness of z. In fact, the gradient estimate in Lemma 4.3 implies

1

δΩ

‖∇u‖2
L2
L2(Ω)

≤
‖z‖2

L2
L2(Γ)

δΩδk′
+

(
C

δΩ

(
1

δk′
+ δΩ ‖j‖∞

)2

+ ‖∇ ·VΩ‖∞

)
‖u‖2

L2
L2(Ω)

+ ‖u0‖2
L2(Ω0) (52)
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and the right-hand side is bounded uniformly.

Looking at Lemma 6.3, we also get a uniform bound for u in L∞.

(iv) Lemma 6.5, after making use of the estimates (51) and (52) in combination with the L∞-
estimate, provides a bound on the difference quotients of u.

In summary, we obtain

uk ⇀ u in L2
H1(Ω) ∩ L∞L∞(Ω), wk

∗
⇀ w in L∞L∞(Γ), zk

∗
⇀ z in L∞L∞(Γ).

By (52), we have

∇uk → ∇u ≡ 0 in L2
L2(Ω).

By continuity of the trace operator we also have

uk ⇀ u in L2
H1/2(Γ),

and by the compactness result of Theorem 5.1 (with X = H1(Ω0) and B = L2(Ω0)), we conclude
the stronger convergence

uk → u in L2
L2(Ω),

and we again have

uk → u in L2
L2(Γ).

Note that these are exactly the same convergences we obtained in Section 6 but here we additionally
have∇uk → 0.

Remark 7.1. If JΓ ≡ 0, the difference quotient estimate for wk remains uniform: in the estimate given
in Lemma 4.11, we see that the term J0 would vanish. Then the estimate (47) is sufficient to bound
the difference quotient uniformly:∫ T−h

0

‖w(t+ h)− w(t)‖2
L2(Γ) ≤ Ch.

By Theorem 5.1 with X = L2(Γ0), B = H−1/2(Γ0) we would get wk → w in L2
H−1/2(Γ)

.

7.1 Passage to the limit

Multiplying through (50) by δΩ, we get

− δΩ

∫
Ω0

u0η(0)− δΩ

∫ T

0

∫
Ω(t)

uk∂
•η +

∫ T

0

∫
Ω(t)

∇uk · ∇η + δΩ

∫ T

0

∫
Ω(t)

∇ · (JΩuk)η

− δΩ

∫ T

0

∫
Γ(t)

jukη −
∫

Γ0

z0η(0)−
∫ T

0

∫
Γ(t)

zk∂
•η + δΩ

∫ T

0

∫
Γ(t)

∇Γzk · ∇Γη

−
∫ T

0

∫
Γ(t)

zkJΓ · ∇Γη = 0.
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As in the previous limit, due to (47), the integral involving∇Γzk converges to 0 as δk → 0. In the limit,
we obtain

−
∫

Γ0

z0η(0)−
∫ T

0

∫
Γ(t)

∂•ηz −
∫ T

0

∫
Γ(t)

zJΓ · ∇Γη = 0.

A similar argument gives

−
∫

Γ0

w0η(0)−
∫ T

0

∫
Γ(t)

∂•ηw −
∫ T

0

∫
Γ(t)

wJΓ · ∇Γη = 0.

7.2 Complementarity condition

Using (51), we have g(uk, wk)→ 0 in L1
L1(Γ) and assumption (10) implies that g(u,w) = 0.

7.3 The Dirichlet limit

Let us finally address Theorem 2.17. We still obtain the same estimates on wk and zk as in Section 7.
We now look for an L∞-estimate on u, which we recall satisfies

∂•u+ u∇ ·Vp −
1

δΩ

∆u+∇ · (JΩu) = 0 in Ω(t),

∇u · ν =
1

δk′
z − 1

δk
g(u,w) + δΩju on Γ(t),

u = uD on ∂D(t),

u(0) = u0.

We need a preliminary result for a related equation. The following lemma essentially modifies the
L∞-estimate of Lemma 3.4 to allow for the Dirichlet boundary condition.

Lemma 7.2. Let y ∈ L∞L∞(Γ), h ∈ L∞L∞(∂D) ∩ L2
H1/2(Γ)

with h ≥ 0, a0 ∈ L∞(Ω0) and let a be the
nonnegative solution to

∂•a+ a∇ ·Vp −D∆a+∇ · (JΩa) = 0 in Ω(t),

D∇a · ν − aj = y on Γ(t),

a = h on ∂D(t),

a(0) = a0 in Ω0.

Then a ∈ L∞L∞(Ω) and

a(t) ≤ C1e
‖∇·VΩ‖∞T+D−1C2

(
1
2
‖y‖L∞

L∞(Γ)
+2‖j‖∞

)2

T
max

(
1, ‖h‖L∞

L∞(∂D)
, ‖a0‖∞ ,

1

2
C3 ‖y‖L∞

L∞(Γ)

)
× (min(1, D)−

1
2κ
− 1

2 + C4)

where C1, C2, C3 and C4 are constants independent of all relevant parameters.
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Proof. With the transformation A := ae−λt for a λ to be fixed later, we have

∂•A+ A(∇ ·Vp + λ)−D∆A+∇ · (JΩA) = 0 in Ω(t),

D∇A · ν − Aj = Y on Γ(t),

A = H on ∂D(t),

A(0) = a0 in Ω0,

where Y (t) := y(t)e−λt and H(t) := he−λt. Take a constant k ≥ ‖h‖L∞
L∞(∂D)

, then defining (like

in Lemma 3.4) Ak(t) := (A(t)− k)+, we see that

Ak(t)|∂D(t) = (A(t)− k)+|∂D(t) ≤
(
H − ‖h‖L∞

L∞(∂D)

)+

= 0

and hence Ak is a valid test function because Ak(t) ∈ H1
e (Ω(t)). Testing the equation for A with

Ak := (A− k)+, we obtain that Ak satisfies exactly the same equality as in the proof of Lemma 3.4
and the proof carries through if we adjust (35) in the obvious way.

Lemma 7.3. We have

‖u‖L∞
L∞(Ω)

≤ C1e
1
2
‖∇·VΩ‖∞T+δΩC2

(
1
2
δ−1
Ω δ−1

k′ ‖z‖L∞L∞(Γ)
+2‖j‖∞

)2

T

×max

(
1, ‖uD‖L∞

L∞(∂D)
, ‖u0‖∞ ,

1

2
C3δ

−1
Ω δ−1

k′ ‖z‖L∞
L∞(Γ)

)
× (min(1, δ−1

Ω )−
1

2κ
− 1

2 + C4).

Proof. Consider the following

∂•a+ a∇ ·Vp − δ−1
Ω ∆a+∇ · (JΩa) = 0 in Ω(t),

δ−1
Ω ∇a · ν = δ−1

Ω δ−1
k′ z + ja on Γ(t),

a = uD on ∂D(t),

a(0) = u0

By arguing almost identically as in Lemma 6.2, we get that a ≥ u. Using this and the non-negativity
of u, the claim follows from Lemma 7.2.

We need the following version of Lemma 4.1 to bound δ−1
k g(u,w) in L1

L1(Γ). There, we used the
equation for u; here we replace it by using the w equation.

Lemma 7.4. We have

1

δk

∫ T

0

∫
Γ(t)

g(u,w) ≤ 1

δk′
‖z‖L1

L1(Γ)
+ ‖w0‖L2(Ω).

Proof. This follows from
d

dt

∫
Γ(t)

w =

∫
Γ(t)

∂•w + w∇Γ ·Vp

= −
∫

Γ(t)

∇ · (JΓw) + δΓ

∫
Γ(t)

∆Γw +
1

δk′

∫
Γ(t)

z − 1

δk

∫
Γ(t)

g(u,w)

=
1

δk′

∫
Γ(t)

z − 1

δk

∫
Γ(t)

g(u,w).
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The energy estimate for u given in Lemma 4.3 no longer applies because we cannot test the u equa-
tion with itself, as the space of test functions is different. We modify it as follows.

Lemma 7.5. Let uD ∈ L∞L∞(∂D) ∩ C0
H1/2(∂D)

. With

L1 := ‖∇ ·VΩ‖∞ + ‖∇Γ ·Vp‖∞ + ‖∇ · JΩ‖∞ + ‖JΩ‖∞ ,
L2 := (‖∇Γ ·Vp‖∞ + ‖∇ · JΩ‖∞) ‖û‖2

L2
L2(Ω)

+ ‖JΩ‖∞ ‖∇û‖
2
L2
L2(Ω)

,

K := δΩL2 + C(δ−1
k′ + δΩ ‖j‖∞)2 ‖û‖2

L2
L2(Ω)

+ ‖∇û‖2
L2
L2(Ω

+ δΩ ‖u0 − ũ‖2
L2(Ω0) ,

we have

‖u− û‖2
L∞
L2(Ω)

≤

‖z‖2
L2
L2(Γ)

δΩδk′
+
K

δΩ

 e
1
δΩ

(δΩL1+2C(δ−1
k′ +δΩ‖j‖∞)2)T ,

1

2
‖∇u‖2

L2
L2(Ω)

+
2

δk

∫ t

0

∫
Γ(t)

g(u,w)u ≤ 1

δk′
‖z‖2

L2
L2(Γ)

+
(
δΩL1 + C(δ−1

k′ + δΩ ‖j‖∞)2
)
‖u− û‖2

L2
L2(Ω)

+ δΩL2 + C(δ−1
k′ + δΩ ‖j‖∞)2 ‖û‖2

L2
L2(Ω)

+ ‖∇û‖2
L2
L2(Ω)

+ δΩ ‖u0 − ũ‖2
L2(Ω0) .

Proof. Define ũ ∈ H1(Ω0) as the solution of the harmonic extension problem

∆ũ = 0 in Ω0,

ũ = 0 on Γ0,

ũ = uD(0) on ∂D0.

From this, we construct
û(t) := φtũ

which satisfies
∂•û = 0 in Ω(t),

û = 0 on Γ(t),

û = uD on ∂D(t),

with the first line because û is the pushforward of a constant-in-time object and the last because trace
operators and the pushforward maps commute. It follows that û ∈W(H1(∂D), H1(∂D)∗) because
φ−tû belongs to the associated reference space corresponding to ∂D0. Test the equation for u with
u− û (note that u(t)− û(t) ∈ H1

e (Ω(t))):

〈∂•u, (u− û)〉+

∫
Ω(t)

u(u− û)∇Γ ·Vp +
1

δΩ

∫
Ω(t)

∇u∇(u− û) +

∫
Ω(t)

∇ · (JΩu)(u− û)

=
1

δΩ

∫
Γ(t)

u∇u · ν

using that û = 0 on Γ(t). This is

〈∂•(u− û), (u− û)〉+

∫
Ω(t)

(u− û)2∇Γ ·Vp + û(u− û)∇Γ ·Vp +
1

δΩ

∫
Ω(t)

∇u∇(u− û)

+

∫
Ω(t)

∇ · (JΩ(u− û))(u− û) +∇ · (JΩû)(u− û) =
1

δΩ

∫
Γ(t)

u∇u · ν,
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giving, using the identity (59),

1

2

d

dt

∫
Ω(t)

(u− û)2 +
1

2

∫
Ω(t)

(u− û)2∇ ·VΩ +

∫
Ω(t)

û(u− û)∇Γ ·Vp +
1

δΩ

∫
Ω(t)

∇u∇(u− û)

+

∫
Ω(t)

∇ · (JΩû)(u− û) =
1

δΩ

∫
Γ(t)

u∇u · ν − 1

2

∫
Γ(t)

u2j.

Multiplying by 2δΩ and with the same manipulations as in the proof of Lemma 4.3 to deal with the
boundary terms, we can write this as

δΩ
d

dt

∫
Ω(t)

(u− û)2 + δΩ

∫
Ω(t)

(u− û)2∇ ·VΩ + 2δΩ

∫
Ω(t)

û(u− û)∇Γ ·Vp + 2

∫
Ω(t)

∇u∇(u− û)

+ 2δΩ

∫
Ω(t)

∇ · (JΩû)(u− û) ≤
∫

Γ(t)

1

δk′
z2 + θu2 − 2

δk
g(u,w)u

where

θ :=
1

δk′
+ δΩ ‖j‖∞ .

Using Young’s inequality we can bound

2δΩ

∫
Ω(t)

∇ · (JΩû)(u− û) = 2δΩ

∫
Ω(t)

∇ · JΩû(u− û) + JΩ · ∇û(u− û)

≤ δΩ ‖∇ · JΩ‖∞
∫

Ω(t)

|û|2 + (u− û)2 + δΩ ‖JΩ‖∞
∫

Ω(t)

|∇û|2 + (u− û)2

where we have taken ‖JΩ‖∞ = supi ‖[JΩ]i‖∞. Thus the lower order terms can be estimated by

δΩ(‖∇ ·VΩ‖∞ + ‖∇Γ ·Vp‖∞ + ‖∇ · JΩ‖∞ + ‖JΩ‖∞)

∫
Ω(t)

(u− û)2

+ δΩ(‖∇Γ ·Vp‖∞ + ‖∇ · JΩ‖∞) ‖û‖2
L2(Ω(t)) + δΩ ‖JΩ‖∞ ‖∇û‖

2
L2(Ω(t)) .

Let us define
L1 := ‖∇ ·VΩ‖∞ + ‖∇Γ ·Vp‖∞ + ‖∇ · JΩ‖∞ + ‖JΩ‖∞

(as above) and

L̂2(t) := (‖∇Γ ·Vp‖∞ + ‖∇ · JΩ‖∞) ‖û‖2
L2(Ω(t)) + ‖JΩ‖∞ ‖∇û‖

2
L2(Ω(t)) .

For the gradient term, we can estimate simply by Young’s inequality:∫
Ω(t)

∇u∇(u− û) =

∫
Ω(t)

|∇u|2 −∇u∇û ≥ 1

2

∫
Ω(t)

|∇u|2 − |∇û|2.

We have then

δΩ
d

dt

∫
Ω(t)

(u− û)2 +

∫
Ω(t)

|∇u|2 ≤
∫

Γ(t)

1

δk′
z2 + θu2 − 2

δk
g(u,w)u+ δΩL1

∫
Ω(t)

(u− û)2

+ δΩL̂2(t) +
1

2
‖∇û‖2

L2(Ω(t)) .

Now by the interpolated trace theorem we have, for ε > 0,

θ

∫
Γ(s)

u2 ≤
∫

Ω(s)

C

2
θ2u2 +

1

2
|∇u|2 ≤ Cθ2

∫
Ω(s)

(u− û)2 + |û|2 +

∫
Ω(s)

1

2
|∇u|2.
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Inserting this above, defining L2(t) :=
∫ t

0
L̂2(s)

δΩ

∫
Ω(t)

(u− û)2 +
1

2

∫ t

0

∫
Ω(t)

|∇u|2 +
2

δk

∫ t

0

∫
Γ(t)

g(u,w)u ≤ 1

δk′
‖z‖2

L2
L2(Γ)

+
(
δΩL1 + Cθ2

) ∫ t

0

∫
Ω(t)

(u− û)2 + δ̂ΩL2(t) + Cθ2 ‖û‖2
L2
L2(Ω)

+ ‖∇û‖2
L2
L2(Ω

+ δΩ ‖u0 − ũ‖2
L2(Ω0) .

Thus applying Gronwall’s inequality, we end up with, denoting L2 = L2(T ) and setting

K := δΩL2 + Cθ2 ‖û‖2
L2
L2(Ω)

+ ‖∇û‖2
L2
L2(Ω

+ δΩ ‖u0 − ũ‖2
L2(Ω0) ,

the estimate

‖u− û‖2
L∞
L2(Ω)

≤

‖z‖2
L2
L2(Γ)

δΩδk′
+
K

δΩ

 e
1
δΩ

(δΩL1+2Cθ2)T .

Note that we no longer get a uniform bound on u in L∞L2(Ω) (fortunately Lemma 7.3 takes care of this)
because of the presence of the ∇û term in the definition of K , but we do get one on its gradient. In
summary, we obtain

uk ⇀ u in L2
H1(Ω) ∩ L∞L∞(Ω), wk

∗
⇀ w in L∞L∞(Γ), zk

∗
⇀ z in L∞L∞(Γ).

By continuity of the trace operator we have

uk ⇀ u in L2
H1/2(Γ) and uk ⇀ u in L2

H1/2(∂D),

the latter of which immediately gives u|∂D = uD.

We lack a uniform estimate on (1/δk)∇uk (akin to (52)) and therefore we do not obtain uniform
estimates on the difference quotients of uk via Lemma 6.5. However, if we assume that JΓ ≡ 0, as
explained in Remark 7.1, we do get an estimate on the difference quotients of wk, and so

wk → w in L2
H−1/2(Γ).

We also retain the estimate (51) on the gradients of wk and zk. To pass to the limit, we begin with
taking η ∈ Ve with η(T ) = 0 and recalling the weak formulation relating uk and zk from above:

− δΩ

∫
Ω0

u0η(0)− δΩ

∫ T

0

∫
Ω(t)

uk∂
•η +

∫ T

0

∫
Ω(t)

∇uk · ∇η + δΩ

∫ T

0

∫
Ω(t)

∇ · (JΩuk)η

− δΩ

∫ T

0

∫
Γ(t)

jukη −
∫

Γ0

z0η(0)−
∫ T

0

∫
Γ(t)

zk∂
•η + δΩ

∫ T

0

∫
Γ(t)

∇Γzk · ∇Γη

−
∫ T

0

∫
Γ(t)

zkJΓ · ∇Γη = 0.

Sending δΩ → 0 yields∫ T

0

∫
Ω(t)

∇u · ∇η −
∫

Γ0

z0η(0)−
∫ T

0

∫
Γ(t)

z∂•η −
∫ T

0

∫
Γ(t)

zJΓ · ∇Γη = 0.
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Recall that we actually assumed that JΓ ≡ 0; we now argue to remove this assumption. Take an
arbitrary parametrisation velocity V̂p satisfying the same properties as Vp in Section 1.4, with corre-

sponding parametrised material derivative ∂̂•. We have, by adding and subtracting the same terms to
the above equality,∫ T

0

∫
Ω(t)

∇u · ∇η −
∫

Γ0

z0η(0)−
∫ T

0

∫
Γ(t)

z∂̂•η −
∫ T

0

∫
Γ(t)

z(VΓ − V̂p) · ∇Γη

+

∫ T

0

∫
Γ(t)

z∂̂•η +

∫ T

0

∫
Γ(t)

z(VΓ − V̂p) · ∇Γη −
∫ T

0

∫
Γ(t)

z∂•η = 0.

Note that we can write ∂̂•η = ∂◦η +∇Γη · V̂p and similarly ∂•η = ∂◦η +∇Γη ·VΓ, so the terms
on the left-hand side of the last line above become∫ T

0

∫
Γ(t)

z∂̂•η +

∫ T

0

∫
Γ(t)

z(VΓ − V̂p) · ∇Γη −
∫ T

0

∫
Γ(t)

z∂•η

=

∫ T

0

∫
Γ(t)

z(∂̂•η − ∂•η) +

∫ T

0

∫
Γ(t)

z(VΓ − V̂p) · ∇Γη

=

∫ T

0

∫
Γ(t)

z∇Γη · (V̂p −VΓ) +

∫ T

0

∫
Γ(t)

z(VΓ − V̂p) · ∇Γη

= 0.

Setting ĴΓ := VΓ − V̂p, we have shown that∫ T

0

∫
Ω(t)

∇u · ∇η −
∫

Γ0

z0η(0)−
∫ T

0

∫
Γ(t)

z∂̂•η −
∫ T

0

∫
Γ(t)

zĴΓ · ∇Γη = 0

for an arbitrary parametrised velocity V̂p. It remains to show that u,w, z belong to the corresponding

function spaces defined using V̂p and the associated maps Φ̂ and φ̂. Writing φ̂−tz = z ◦ Φ̂t =

z ◦ Φt ◦ Φt ◦ Φ̂t = (φ−tz) ◦ Φt ◦ Φ̂t and using the fact that the composition of diffeomorphisms is a
diffeomorphism,∫ T

0

∫
Γ0

|φ̂−tz(x)|2 =

∫ T

0

∫
Γ0

|(φ−tz) ◦ Φt ◦ Φ̂t(x)|2 =

∫ T

0

∫
Γ0

|(φ−tz)(y)|2φ̂−t(J t)Ĵt

≤ C
∥∥φ−(·)z

∥∥
L2(0,T ;L2(Γ0))

and hence φ̂−(·)z ∈ L2(0, T ;L2(Γ0)), giving, by compatibility, that z ∈ L̂2
L2(Γ). The other quantities

can be tackled by a similar argument.

7.3.1 Complementarity condition

The complementarity condition follows by the assumption (21) and Lemma 7.4 (which implies that
g(uk, wk)→ 0 in L1

L1(Γ). Thus we have shown existence for (19).

8 Numerical experiments

We now present some numerical simulations of (1) that support the theoretical results of the previous
sections and illustrate a robust numerical method for the simulation of coupled bulk-surface systems
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of equations on evolving domains. Our approach is based on a parametric finite element method on
moving triangulations that approximate the evolving domain. We employ a piecewise linear coupled
bulk-surface finite element method for the approximation. The method is based on the coupled bulk-
surface finite element method with an evolving surface finite element method for the approximation
of the surface PDEs and an ALE finite element method for the bulk equation c.f., [15, 16, 19, 17] for
details on the design and analysis of the numerical methods.

8.1 Domain evolution and discretisation

For all the simulations of this section, we assume the same continuous geometry and use the same
discretisation of the geometry. We assume D(t) is a sphere of radius 2 centred at the origin and
that the outer boundary of Ω satisfies ∂D(t) = ∂D(0), i.e., the outer boundary is stationary (the
method employed below can be straightforwardly extended to the case of a moving outer boundary).
Furthermore, for all the simulations we assume the interior surface Γ(t) that corresponds to the cell
membrane is given by the zero level set of the function

φ(x, t) =
(
x1 + tanh(5t)

(
0.7− x2

2

))2
+ x2

2 + x2
3 − 1,

then

ν(x, t) = − ∇φ(x, t)

|∇φ(x, t)|
and V (x, t) = − φt(x, t)

|∇φ(x, t)|
(53)

define the normal to Γ(t) (pointing out of Ω(t)) and the normal velocity. For simplicity we assume the
material velocity of Γ, VΓ=V, i.e., it has no tangential component. For the material velocity VΩ of Ω,
we will either assume VΩ = 0 or that VΩ = E(V Γ) where E(VΓ) is the harmonic extension of the
velocity of the boundary into the interior of Ω, where we recall that the velocity of the outer boundary
is zero.

We partition the time interval [0, T ] as 0 = t0 < t1 < · · · < tN = T , with uniform (for simplicity)
timestep τ = tn+1 − tn, n = 0, 1, . . . , N − 1. We define initial computational domains Ω0

h and Γ0
h

by requiring that Ω0
h is a polyhedral approximation to Ω(0) and we set Γ0

h = ∂Ω0
h \ ∂Dh, i.e., Γ0

h

is the interior boundary of the polyhedral domain Ω0
h. We assume that Ω0

h is the union of tetrahedra
and hence the faces of Γ0

h are triangles. We define T 0
h to be a triangulation of Ω0

h consisting of closed
simplices. Furthermore, we assume the triangulation is such that for every k ∈ T 0

h , k∩Γ0
h consists of

at most one face of k. We construct an initial triangulation Ω0
h which consists of 19642 tetrahedra with

4135 vertices with a higher resolution in the neighbourhood of Γ0
h; the induced surface triangulation of

Γ0
h consists of 1948 triangles withNΓ = 976 vertices. As we shall consider Dirichlet conditions on the

outer boundary, we denote by NΩ the number of vertices of T 0
h that do not lie on the outer boundary

∂D0
h. We evolve the nodes of the surface triangulation with the normal velocity defined in (53). The

nodes of the bulk triangulation are evolved with the harmonic extension of this velocity into the interior.
Figure 2 shows the resulting surface triangulation at a series of time points shaded by V = V Γ ·ν. To

Figure 2: Snapshots of the surface triangulation shaded by V = V Γ · ν at times
0, 0.1, 0.2, 0.3, 0.4, 0.8 and 1.0 reading from left to right.

define the triangulations T nh of Ω at each time, tn, n ∈ [1, N ], we compute the harmonic extension
of the velocity of Γnh into Ωn

h and use this velocity to evolve the nodes of the triangulation of Ωn
h.
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8.2 Evolving coupled bulk-surface finite element method

For the approximation we define bulk and surface finite element spaces

Vn
h := {Φh ∈ C(Ωn

h) : Φh|∂Dh = 0,Φh|k ∈ P1(k) for each k ∈ T nh } , (54a)

Vn
h,UD

:= {Φh ∈ C(Ωn
h) : Φh|∂Dh = UD,Φh|k ∈ P1(k) for each k ∈ T nh } , (54b)

Vn
Γ,h := {Φh ∈ C(Γnh) : Φh|s ∈ P1(s) for all k ∈ T nh with s = k ∪ Γnh 6= ∅} . (54c)

For n ∈ [0, N ] we denote by χnj , χ
n
Γ,jΓ

, j = 1, . . . , NΩ, jΓ = 1 . . . , NΓ the nodal basis of Vn
h and

Vn
Γ,h respectively.

The numerical scheme we employ to approximate the solution of (7) reads as follows: for n =

1, . . . , N , given (Un−1
h ,W n−1

h , Zn−1
h ) ∈

(
Vn−1
h,UD
×
(
Vn−1

Γ,h

)2
)

find (Un
h ,W

n
h , Z

n
h ) ∈

(
Vn
h,UD
×
(
Vn

Γ,h

)2
)

such that for j = 1 . . . , NΩ and for jΓ = 1 . . . , NΓ,∫
Ωnh

δΩ

(
Un
hχ

n
j − τUn

hJ
n
Ω,h · ∇χnj

)
+ τ∇Un

h · ∇χnj dx+ δΩτ

∫
Γnh

JnhU
n
hχ

n
j ds

= δΩ

∫
Ωn−1
h

Un−1
h χn−1

j dx+ τ

∫
Γn−1
h

1

δk′
Zn−1
h χn−1

j − 1

δk
g(Un−1

h ,W n−1
h )χn−1

j ds (55a)∫
Γnh

W n
h χ

n
Γ,j + τδΓ∇ΓW

n
h · ∇Γχ

n
Γ,jds

=

∫
Γn−1
h

(
W n−1
h + τ

(
1

δk′
Zn−1
h χn−1

Γ,j −
1

δk
g(Un−1

h ,W n−1
h )

))
χn−1

Γ,j ds (55b)∫
Γnh

Zn
hχ

n
Γ,j + τδΓ′∇ΓZ

n
h · ∇Γχ

n
Γ,jds

=

∫
Γn−1
h

(
Zn−1
h + τ

(
1

δk
g(Un−1

h ,W n−1
h )− 1

δk′
Zn−1
h χn−1

Γ,j

))
χn−1

Γ,j ds (55c)

where Jn
Ω,h is an approximation to JΩ and Jnh an approximation to JΩ|Γ · ν. For the approximation of

the initial condition we take the interpolant of the initial data into the respective finite element space.

8.3 Simulations approximating the δΩ = δk = δ−1
k′ = δΓ = δΓ′ → 0 limit.

For the simulation results reported on in this subsection, we take δΩ = δk = δ−1
k′ = δΓ = δΓ′ = 0.01

and hence the results can be interpreted as an approximation of the limiting problem stated in Sec-
tion 2.3. We set g(u,w) = uw to contrast the results we present here in the evolving domain setting
with those of [20] for fixed domains. We take constant initial and Dirichlet boundary data for u with
u0 = uD = 1 and constant initial conditions for w and z with w0 = 1 and z0 = 0. We consider
the domain evolution described in Section 8.1 with VΓ as defined therein and VΩ = 0. We take
Jn

Ω,h ∈ Vn
h and define its nodal values such that JnΩ,h(X

n
j ) = −(Xn −Xn−1

j )/τ, j = 1, . . . , NΩ.

For the windshield effect term we take Jnh = InΓ,h

(
− φt(x,t)
|∇φ(x,t)|

)
with IΓ,h the linear Lagrange inter-

polant.

Figure 3 shows the results of a simulation. We observe an initial rapid transition in which the trace of u
on Γ vanishes to satisfy the condition g(u,w) = 0. The evolution of the domain causes the concen-
tration ofw to become spatially heterogenous and by t = 0.25 we have a region on Γ wherew is zero
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which corresponds to the region where the most protrusion has occurred and hence the concentration
of w has been reduced. The region where w is zero grows over time and in this region the trace of
u on Γ approaches 1 exhibiting the free boundary problem satisfied by the limiting equation. We note
that the simulations reported on in this subsection can be interpreted as approximations of the free
boundary problem given in (22). In Figure 4 we show corresponding approximations to the position of
the free boundary at various times which we approximate as the level set given by w = 0.1.

(a) t = 0 (b) t = 0.002 (c) t = 0.05

(d) t = 0.15 (e) t = 0.25 (f) t = 0.4

(g) t = 0.6 (h) t = 0.8 (i) t = 1

Figure 3: Simulation results of Section 8.3 approximating the δΩ = δk = δ−1
k′ = δΓ = δΓ′ → 0

limit of Section 2.3 (see Section 8.3 for details of the parameters). In each subfigure the top left-hand
panel indicates the surface shaded by the concentration of w and the bulk domain shaded by the
concentration of u with half of the bulk domain made transparent. The bottom left-hand panel indicates
the surface shaded by the concentration of z and the bulk domain shaded by the concentration of u
with half of the bulk domain made transparent. The top right-hand panel indicates the values of the
trace of u (blue), w (red) and z (black) on the curve on Γh with x3 = 0 and the bottom right-hand
panel indicates the values of the approximation j = −VΓ · ν on the curve on Γh with x3 = 0.
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Figure 4: Simulation results of Section 8.3 approximating the evolution of the free boundary in (22)
(see Section 8.3 for details). In each snapshot the level curve on which w = 0.1 (black line) is shown
with the surface coloured yellow for w > 0.1 and red for w < 0.1. The snapshots are shown from
t = 0.12 to t = 0.84 at uniform steps of 0.06 reading from left to right and top to bottom.

8.4 Simulations approximating the δk = δΓ = δΓ′ → 0 limit.

For the simulation results reported on in this subsection, we take δk = δΓ = δΓ′ = 0.001 and take
δΩ = δk′ = 1, hence the results can be interpreted as an approximation of the limiting problem stated
in Section 2.2. We set g(u,w) = u2w

1+u2 . We take constant initial and Dirichlet boundary data for u with

u0 = uD = 1 and for the initial condition for the surface species we set w0(x) = e−6(1−x2
1) and

z0(x) = 0.

To illustrate the influence of the so called windshield effect, we consider the domain evolution described
in Section 8.1 with the windshield effect being present in the case VΩ = 0 and absent in the case
VΩ = E(VΓ) as in the latter case the (inner) boundary of Ω moves with the same velocity as the
surface Γ. We take the timestep τ = 10−6.

Figure 5 shows the results of the simulation with VΩ = 0. We take Jn
Ω,h ∈ Vn

h and define its nodal
values such that Jn

Ω,h(X
n
j ) = −(Xn −Xn−1

j )/τ, j = 1, . . . , NΩ. For the windshield effect term

we take Jnh = InΓ,h

(
− φt(x,t)
|∇φ(x,t)|

)
with IΓ,h the linear Lagrange interpolant. We see a rapid initial

evolution such that the supports of the trace of u on Γ and w become close to disjoint and then a
slower evolution as w is depleted an u increases. We see u is larger near regions of the surface
where j is largest with the maximum value of u exceeding 1 and that u is smaller near regions where
j is smallest, thus, demonstrating the windshield effect.

Figure 6 shows the results of the simulation with VΩ = E(VΓ), i.e., the harmonic extension of the
velocity of the surface. In this case Jn

Ω,h = 0 and and Jnh = 0, i.e., the scheme is Lagrangian. We see
a rapid initial evolution such that the supports of the trace of u on Γ andw become close to disjoint and
then a slower evolution as w is depleted and u increases. The absence of the windshield effect results
in u not exceeding 1 throughout the evolution and the profiles forw and z remain broadly similar to the
case considered in Figure 5. The fact that the surface species exhibit similar dynamics with or without
the windshield effect may have implications to biological phenomena such as chemotaxis [21, 36].

A Integration by parts identities

We collect some technical facts that are used in the paper. Here and below, Ω ⊂ Rd+1 is a sufficiently
smooth bounded domain with ∂Ω = Γ ∪ ∂D.

DOI 10.20347/WIAS.PREPRINT.3122 Berlin 2024



A. Alphonse, D. Caetano, C. M. Elliott, C. Venkataraman 50

(a) t = 0 (b) t = 0.004 (c) t = 0.024

(d) t = 0.06 (e) t = 0.2 (f) t = 0.4

Figure 5: Simulation results of Section 8.4 approximating the δk = δΓ = δΓ′ → 0 limit of Section 2.2
with VΩ = 0 illustrating the windshield effect (see Section 8.4 for details of the parameters). In each
subfigure the top left-hand panel indicates the surface shaded by the concentration of w and the bulk
domain shaded by the concentration of u with half of the bulk domain made transparent. The bottom
left-hand panel indicates the surface shaded by the concentration of z and the bulk domain shaded
by the concentration of u with half of the bulk domain made transparent. The top right-hand panel
indicates the values of the trace of u (blue), w (red) and z (black) on the curve on Γh with x3 = 0 and
the bottom right-hand panel indicates the values of the approximation j = −VΓ · ν on the curve on
Γh with x3 = 0.

A.1 Bulk identities

Let J : Rd+1 → Rd+1 be a vector field satisfying

J · ν = 0 on ∂D.

For sufficiently regular functions a : Ω → R and b : Ω → R, we have from the product rule and the
divergence theorem∫

Ω

(J · ∇a)b+ (∇ ·J)ab =

∫
Ω

∇ · (aJ)b =

∫
Ω

∇ · (aJb)− aJ · ∇b =

∫
Γ

abJ · ν−
∫

Ω

a(J · ∇b).

From this we can deduce several expressions that will be useful throughout the paper:∫
Ω

∇ · (aJ)b =

∫
Γ

abJ · ν −
∫

Ω

aJ · ∇b,∫
Ω

(J · ∇a)a =
1

2

∫
Γ

a2J · ν − 1

2

∫
Ω

a2∇ · J, (56)
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(a) t = 0 (b) t = 0.004 (c) t = 0.024

(d) t = 0.06 (e) t = 0.2 (f) t = 0.4

Figure 6: Simulation results of Section 8.4 approximating the δk = δΓ = δΓ′ → 0 limit of Section 2.2
with VΩ = E(VΓ), resulting in no windshield effect, and everything else as in Figure 5 (see Sec-
tion 8.4 for details of the parameters). In each subfigure the top left-hand panel indicates the surface
shaded by the concentration of w and the bulk domain shaded by the concentration of u with half of
the bulk domain made transparent. The bottom left-hand panel indicates the surface shaded by the
concentration of z and the bulk domain shaded by the concentration of u with half of the bulk domain
made transparent. The top right-hand panel indicates the values of the trace of u (blue), w (red) and
z (black) on the curve on Γh with x3 = 0 and the bottom right-hand panel indicates the values of the
approximation j = 0 on the curve on Γh with x3 = 0 (included simply for comparison with Figure 5).

and with ak := (a− k)+ for a number k ∈ R,∫
Ω

∇ · (Ja)ak =

∫
Ω

(∇ · J)aak +
1

2

∫
Γ

a2
kJ · ν −

1

2

∫
Ω

a2
k∇ · J. (57)

Here, we used that∇a = ∇ak in supp{ak} to write∇ · (Ja)ak = (∇ ·J)aak + (J · ∇ak)ak. Now,
using (57), we can derive∫

Ω(t)

∇ · (JΩa)a+ =
1

2

∫
Ω(t)

|a+|2∇ · JΩ +
1

2

∫
Γ(t)

j|a+|2 (58)

if we recall that j is the jump of the velocities as defined in (8).

Now if a, b ∈W(H1(Ω), H1(Ω)∗), we have the transport formula

d

dt

∫
Ω(t)

ab = 〈∂•a, b〉H1(Ω(t))∗,H1(Ω(t)) + 〈∂•b, a〉H1(Ω(t))∗,H1(Γ(t)) +

∫
Ω(t)

ab∇ ·Vp

and thus

〈∂•a, a〉 =
1

2

d

dt

∫
Ω(t)

a2 − 1

2

∫
Ω(t)

a2∇ ·Vp.
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Using the fact that the identity (56) implies∫
Ω(t)

∇ · (JΩa)a =
1

2

∫
Ω(t)

a2∇ · JΩ +
1

2

∫
Γ(t)

a2j,

we may deduce

〈∂•a, a〉+

∫
Ω(t)

a2∇ ·Vp +

∫
Ω(t)

∇ · (JΩa)a =
1

2

d

dt

∫
Ω(t)

a2 +
1

2

∫
Ω(t)

a2∇ ·Vp

+
1

2

∫
Ω(t)

a2∇ · JΩ +
1

2

∫
Γ(t)

a2j

=
1

2

d

dt

∫
Ω(t)

a2 +
1

2

∫
Ω(t)

a2∇ ·VΩ +
1

2

∫
Γ(t)

a2j.

(59)

A.2 Surface identities

Recall the divergence theorem1 ∫
Γ

∇Γ · J = −
∫

Γ

HJ · ν

on closed surfaces [15, Theorem 2.10] where H denotes the mean curvature. We derive for a suffi-
ciently smooth function a : Γ→ R the identities∫

Γ

(J · ∇Γa)a = −1

2

∫
Γ

a2HJ · ν − 1

2

∫
Γ

(∇Γ · J)a2,∫
Γ

∇Γ · (Ja)ak =

∫
Γ

(∇Γ · J)aak −
1

2

∫
Γ

a2
kH(J · ν)− 1

2

∫
Γ

a2
k∇Γ · J.

We note the identity ∫
Γ

∇Γ · (JΓa)η = −
∫

Γ

aJΓ · ∇Γη, (60)

which follows by the divergence theorem and the expansion formula

∇Γ · (JΓaη) = ∇Γ · (JΓa)η + (JΓ · ∇Γη)a

bearing in mind JΓ · ν = 0 (since Vp and VΓ have the same normal components). Hence∫
Γ(t)

∇Γ · (JΓa)a+ =
1

2

∫
Γ(t)

|a+|2∇Γ · JΓ. (61)

Remark A.1. The equalities (58) and (61) also hold when a+ is replaced with a−.

1Bear in mind that we have defined ν(t) as the unit normal pointing into Γ(t), hence the minus sign in the formula.
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Note that, using again the divergence theorem and remembering JΓ · ν = 0,∫
Γ

∇Γ · (JΓa)a =

∫
Γ

a2∇Γ · JΓ + aJΓ · ∇Γa

=

∫
Γ

a2∇Γ · JΓ +
1

2
JΓ · ∇Γ(a2)

=

∫
Γ

a2∇Γ · JΓ −
1

2
∇Γ · JΓa

2

=
1

2

∫
Γ

a2∇Γ · JΓ.

For a, b ∈W(H1(Γ), H1(Γ)∗), we have the formula

d

dt

∫
Γ(t)

ab = 〈∂•a, b〉H−1(Γ(t)),H1(Γ(t)) + 〈∂•b, a〉H−1(Γ(t)),H1(Γ(t)) +

∫
Γ(t)

ab∇Γ ·Vp

and thus we can conclude like before that

〈∂•a, a〉+

∫
Γ(t)

a2∇Γ ·Vp +

∫
Γ(t)

∇Γ · (JΓa)a =
1

2

d

dt

∫
Γ(t)

a2 +
1

2

∫
Γ(t)

a2∇Γ ·VΓ. (62)

Lemma A.2. For all a ∈W(H2(Γ), L2(Γ)), we have∫ t

0

∫
Γ(s)

∂•a(s)∆Γa(s) =
1

2

∫
Γ0

|∇Γa(0)|2 − 1

2

∫
Γ(t)

|∇Γa(t)|2 +
1

2

∫ t

0

∫
Γ(s)

∇Γa(s)TH(s)∇Γa(s).

Proof. Take functions a, b ∈ C∞H2(Γ). By integrating by parts and using the formula (see [15, Equation
(5.8)])

d

dt

∫
Γ(t)

∇Γa · ∇Γb =

∫
Γ(t)

∇Γ∂
•a · ∇Γb+∇Γa · ∇Γ∂

•b+∇Γa
TH(t)∇Γb,

we get ∫
Γ(t)

∂•a(t)∆Γa(t) = −
∫

Γ(t)

∇Γa(t)∇Γ∂
•a(t) = −1

2

d

dt

∫
Γ(t)

|∇Γa(t)|2

+
1

2

∫
Γ(t)

∇Γa(t)TH(t)∇Γa(t),

giving∫ t

0

∫
Γ(s)

∂•a(s)∆Γa(s) =
1

2

∫
Γ0

|∇Γa(0)|2 − 1

2

∫
Γ(t)

|∇Γa(t)|2 +
1

2

∫ t

0

∫
Γ(s)

∇Γa(s)TH(s)∇Γa(s).

SinceC∞H2(Γ) ⊂W(H2(Γ), L2(Γ)) is dense (see the proof of Lemma 2.14 in [1]) and usingW(H2(Γ), L2(Γ)) ↪→
C0
H1(Γ), it follows that the above equality also holds for a ∈W(H2(Γ), L2(Γ)).
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B Verification of assumptions related to g

Proof of Proposition 2.5. We split the proof by the two choices of g.

(i) Let us first address the case (2) where g(u,w) = uw. Since at least one of the sequences
converges strongly and the other converges weakly in L2

L2(Γ) (from continuous embeddings) by hy-
pothesis, (9) and (10) are trivially met.

(ii) Now we focus on the case of (3) where we have g(u,w) = unw/(1 + un) for n > 1. Let us
consider the condition (9) first. By pulling back onto the initial surface, we have (by hypothesis) that∫ T

0

∫
Γ0

g(ũk, w̃k)J
0
t → 0

where J0
t is the determinant of the transformation. Instead of writing the tildes, we will abuse notation

and write simply uk and wk for simplicity. Since J0
t is strictly positive and g and uk, wk are non-

negative, the above implies that for a subsequence (which we relabel), we have

g(uk(y), wk(y))→ 0 pointwise a.e. y ∈ (0, T )× Γ0,

i.e., the convergence holds for all y ∈ (0, T )×Γ0 \N1 whereN1 is a null set. By the assumed strong
convergence, we have (again for a subsequence that has been relabelled)

wk → w pointwise a.e y ∈ (0, T )× Γ0,

i.e., the convergence holds for all y ∈ (0, T )× Γ0 \N2 where N2 is a null set.

We have the identity B = B ∩ A ∪B ∩ Ac for any two sets A and B, hence

{w 6= 0} = {w 6= 0} ∩ (N1 ∪N2) ∪ {w 6= 0} ∩ (N c
1 ∩N c

2).

The first intersection on the right-hand side is a null set since it is an intersection with null sets, hence,
we have

{w 6= 0} = {w 6= 0} ∩ (N c
1 ∩N c

2)

up to sets of measure zero.

Take y∗ ∈ {w 6= 0}. Then recalling the definition of g and the above decomposition,

uk(y
∗)nwk(y

∗)

1 + uk(y∗)n
→ 0 and wk(y

∗)→ w(y∗).

Since w(y∗) 6= 0 and w ≥ 0, we can find a K(y∗) such that k ≥ K(y∗) implies that wk(y∗) > 0
for all k ≥ K(y∗). It follows from the above displayed equation (by dividing by wk(y∗) and taking the
limit) that

uk(y
∗)n

1 + uk(y∗)n
→ 0

and hence uk(y∗)→ 0. This holds for all y∗ ∈ {w 6= 0}. It follows that

ukχ{w 6=0} → 0 pointwise a.e. in (0, T )× Γ0.
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By the continuous embedding, uk ⇀ u in L2((0, T ) × Γ0), and because the characteristic function
is bounded, ukχ{w 6=0} ⇀ uχ{w 6=0} in the same space. Because the pointwise a.e. and weak limit
coincide, we must then have

uχ{w 6=0} = 0,

and hence u = 0 on {w 6= 0}. It follows that uw = 0, which implies g(u,w) = 0. This shows that
(9) holds.

For (10), this is much simpler because we have an L∞ bound and strong convergence for u (and
hence strong convergence of the nonlinear part of g(u,w)).

Proof of Proposition 2.18. If g(u,w) = uw, we can manipulate and use the strong and weak conver-
gences:∫ T

0

∫
Γ(t)

g(uk, wk) =

∫ T

0

〈wk, uk〉H−1/2(Γ(t)),H1/2(Γ(t)) →
∫ T

0

〈w, u〉H−1/2(Γ(t)),H1/2(Γ(t))

=

∫ T

0

∫
Γ(t)

uw.

C Nondimensionalisation

Inspired by [23] as in [20, 5], consider the system

∂•u+ u∇ ·VΩ −DΩ∆u = 0 in Ω(t),

DΩ∇u · ν + u(VΓ −VΩ) · ν = koffz − konuw on Γ(t),

∂•w + w∇Γ ·VΓ −DΓ∆w = koffz − konuw on Γ(t),

∂•z + z∇Γ ·VΓ −DΓ′∆z = −koffz + konuw on Γ(t).

(63)

Introducing suitable scaling parameters, we define the dimensionless variables

u =
u

U
, w =

w

W
, z =

z

Z
, x =

x

L
, t =

t

S
, Vi =

sVi

L
, i = Ω or Γ,

we obtain the following dimensionless system (where we drop the bars for notational simplicity)

∂•u+ u∇ ·VΩ − δ−1
Ω ∆u = 0 in Ω(t),

∇u · ν + δΩu(VΓ −VΩ) · ν = δ−1
k′ z − δ

−1
k uw on Γ(t),

∂•w + w∇Γ ·VΓ − δΓ∆w = µ(δ−1
k′ z − δ

−1
k uw) on Γ(t),

∂•z + z∇Γ ·VΓ − δΓ′∆z = µ′(−δ−1
k′ z + δ−1

k uw) on Γ(t),

(64)

where we have introduced the dimensionless variables

δΩ =
L2

DΩS
, δΓ =

DΓS

L2
, δΓ′ =

DΓ′S

L2
, δk =

DΩ

konLW
, δ−1

k′ =
koffZL

DΩU
, µ =

SUDΩ

LW
,

µ′ =
SUDΩ

LZ
.
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Parameter Value Source
L 7.5 · 10−6 m [23]
U 1.0 · 10−3 mol m−3 [23]
W 2.3 · 10−8 mol m−2 [23]
Z 2.3 · 10−8 mol m−2 limited by total receptor concentration
DΩ 1.0 · 10−11 m2 s−1 [32]
DΓ 1.0 · 10−15 m2 s−1 [32]
DΓ′ 1.0 · 10−15 m2 s−1 [32]
kon 1.0 · 103 m3 mol−1 s−1 [23]
koff 5.0 · 10−3s−1 [23]

Table 1: Parameters used for rescaling equations. The values for U and W are extreme values taken
from within a physical range from [23].

Taking values from Table 1, we infer that

δΩ = (5.6 s) · S−1, δk = 5.7 · 10−2, δ−1
k′ = 8.7 · 10−2,

δΓ = δΓ′ = (1.8 · 10−4 s−1) · S, µ = µ′ = (5.7 · 10−2 s−1) · S.

We see δk � 1 motivating the consideration of the limit δk → 0. For S = L2/DΩ = 5.6 s, i.e., the
timescale such that δΩ = 1 we have

δΩ = 1, δΓ = δΓ′ = 1.0 · 10−3 � 1, µ = µ′ = 3.2 · 10−1 ≈ 1,

motivating the limit δk = δΓ = δΓ′ → 0. Alternatively, taking S = 102 s, i.e., a timescale such that
µ, µ′ ≈ 1, we have

δΩ = 5.7 · 10−2 � 1, δΓ = δΓ′ = 1.8 · 10−2 � 1, µ = µ′ = 5.7 ≈ 1,

motivating the limit δk = δ−1
k′ = δΓ = δΓ′ = δΩ → 0.
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