On the acoustic w aves in tw o-component linear poroelastic materials

K RZYSZTOF W ILMANSKI

1. Preliminaries

The problem of propagation of acoustic waves in porous materials has been first considered for the purpose of evaluation of the seismic measurements of soils. The pioneering work of M. A. B IOT ([1956], [1962, 1,2]) has revealed the important new feature of such media that a small dynamical disturbance creates at least three acoustic waves: the usual shear wave and two, instead of one, longitudinal waves. The faster one of the latter corresponds to the classical longitudinal wave in elastic solids and it is called, in theories of porous materials, a P1-wave. The slower one is characteristic for multicomponent systems and it is called a P2-wave (also called the Biots´s wave).

Below, we quote from T. B

OURBIE , O. C

OUSSY and B . Z

INSZNER [1987] (after the work of T. J. P

LONA ) a few examples of the velocities of those three waves in porous and granular materials, fullysaturated with water.

Porosity U

P1

U shear

U

P2 sintered glass 0.283

4.05 ´ 10 3 m / s

2.37 ´ 10 3 m / s

1.04 ´ 10 3 m / s porous steel 0.480

2.74 ´ 10 3 m / s

1.54 ´ 10 3 m / s

0.92 ´ 10 3 m / s porous titanium 0.410

2.72 ´ 10 3 m / s

1.79 ´ 10 3 m / s

0.91 ´ 10 3 m / s porous inconel 0.360

2.12 ´ 10 3 m / s

1.15 ´ 10 3 m / s

0.93 ´ 10 3 m / s coors (ceramics) 0.415 3.95 ´ 10 3 m / s

2.16 ´ 10 3 m / s

0.96 ´ 10 3 m / s

M. A. Biot has obtained the above mentioned three waves within his linear viscoelastic model of porous materials. He has also found that the attenuation of P2- waves is much stronger than this of P1-waves. He has attributed this attenuation to the damping through the relative motion of components, and to the viscosityof the skeleton.

The latter was needed to explain the attenuation in the case of emptypores.

Similar results were later obtaine d for various modifications of the Biot´s model (e.g.

R . D

ZIECIELAK [1980], [1995], [1996], R. I. N IGMATULIN [1990], R. I. N

IGMATULIN , A.

A. G

UBAIDULLIN [1992], A. A. G

UBAIDULLIN , O. Y. K

UCHUGURINA [1995]).

The high attenuation of P2-waves was indeed conf irmed byexperiments on porous and granular materials (e.g. T. J. P

LONA [1980], D. L. J

OHNSON , T. J. P

LONA [1982], T.

B OURBIE , O. C

OUSSY , B Z

INSZNER [1987]). However, the amplitude of reflected P2- waves maybe in some cases even higher than the amplitude of P1-waves.

Simultaneously, as we see further, the P2-waves deliver much more data on the porous materials than the P1-waves do. For this reason it is important to know what sort of information one can expect to obtain bymeasuring such waves, and how to develop the software (in particular, for the purposes of the medical diagnosis, where the large deformations of biological tissues playan important role) which would be capable to sort out the relevant part of the signals from the useless noice.

In this w ork, we present some results for the propagation of sound waves in porous materials, described bya new multicomponent model. The most fundamental feature of this model is the balance equation for porosity. This equation describes the microscopic relaxation processes through the presence of the source term as well as the transport processes of porosity. The latter yields the description of important couplings between components which influence the speeds of propagation of sound waves. However, for the conditions of the propagation of monochromatic waves, it is even more important to have the former propertyof the model. This is due to the fact that the relaxation of porosity yields naturallythe attenuation of waves. It is not necessaryanymore to introduce the viscosityof the skeleton which, in manycases of practical bearing - like sintered glass, seems to be rather artificial.

It should be mentioned that the new model does not contain anyconstraints which were typical for manyearlier models of porous materials. It can be shown (e.g. K.

W ILMANSKI [1995, 2]) that such constraints eliminate at least one of the longitudinal waves - the set of field equations is not hyperbolic anymore. The results for the sound waves in such models do not seem to correspond to anyobserved phenomena. For instance, the models based on the so-called incompressibilityof real components, introduced byR. M. Bowen, yield the unnatural coupling of amplitudes and speeds of propagation (see: R . DE B OER , Z HANFANG L IU [1995]).

We organize the paper in the following manner. The next section and the third one contain the governing equations of the new model for isothermal processes in twocomponent poroelastic materials. In the fourth section, we present the propagation condition for the linear model. In the fifth section, we derive the dispersion relation for plane monochromatic waves. The sixth section contains the discussion of this relation.

In particular, we discuss the influence of the variation of the new material parameters on the phase velocities and on the attenuation.

The references to an extensive literature are rather scarce and reduced solelyto a few representative examples. A critical presentation of various approaches to the subject of sound waves in porous and granular materials shall be contained in the forthcoming review paper.

2. Balance laws

We consider the class of isothermal processes in the two-component porous material whose skeleton is elastic, and the fluid component is ideal. It means that the solid material is elastic in the case of the porosityequal to zero (lack of space for the fluid component) and the fluid is ideal, in the case of the porosityequal to one (lack of the skeleton). The set of fields in the Eulerian description, for which we formulate later the governing set of linear equations, is as follows

( )

{ }

" Î Î Î x x v u

%

7

9

t t

F F S t t n

, : , , , , ,

8 1 (2.2) where % Ì Â 3 denotes the reference configuration of the skeleton and

( )

( )

( )

r r F t

F S F F S

S S S S S

J t t t J Grad

= ¢ =

= = =

, , , ,

, , det , ,

x v X x X F F

(2.3) i.e. the mass density r F of the fluid refers to the unit volume of the skeleton in the reference configuration, the velocityfield of the fluid is defined on the reference configuration of the skeleton, S denotes the deformation function of the skeleton and F S is the deformation gradient of the skeleton.

The field equations for the fields (2.2) follow from the balance equations of mass, momentum and porosity(see: K . W

ILMANSKI [1996, 1,2])

( ) ( )

( )

( )

( )

¶ r

¶

r

¶

¶ r

¶

¶

r r

¶

¶

r

¶

¶

F

F F F S F S S

S

F

F

F F F F F F

S

S

S S S S S F

F

t

Div t

t t

Grad Div t

Div n t

Div n

+ ¢ = ¢ º ¢ - ¢ ¢ º

¢

+ ¢ ¢

æ è

ç

ö ø

÷ = + +

¢

= + + + =

+ ¢ =

- X X F x x x X x x X P p b x

P p b p p

X

0

0

1

0

, , , ,

� ,

� , � � ,

� . F

(2.4)

In these equations, the tensors P F and P S denote the Piola-Kirchhoff partial stress

tensors in the fluid and in the skeleton, respectively. Both of them refer to the same

reference configuration % . The vectors � , �p p F S describe the exchange of momentum

between the components and b F , b S are the external mass forces. The scalar F

0

describes the flux of porosityand �n is the intensityof the source of porosity. Both these

quantities are described in details in myearlier papers (e.g. see: K. W ILMANSKI

[1996,

1,2,3]).

As alreadymentioned, we use further the Eulerian description of motion. It is easyto

show that the above balance equations have, in this description, the following form

( )

( )

( )

( ) [ ]

¶ r

¶ r

r

¶

¶ r

r

¶

¶ r

¶

¶ j t

F

t

F F

t

F

F

F F F S F

t

F

t

S

S

S S S S S

t

S S

S

S S F S S t div

t grad div J

t grad div J

nJ

t div nJ n J

+ =

+ æ

è ç ö

ø

÷ = + +

+ æ

è ç ö

ø

÷ = + +

+ + - =

-

-

-

- - v

v

v v T p b

v

v v T p b

v v v

F

0

1

1

1

1 1

,

� ,

� ,

� ,

(2.5)

where

( ) ( )

r r j

t

S S S S S S S

S S S ST F S F ST

J t t J

J J

= = ¢ =

= =

- - -

- -

1 1

0

1

1 1

, , , , ,

, .

v x x

T P F T P F

F

(2.6)

The number of balance equations (2.5) is identical with the number of unknown

fields (2.1). It remains to close them bymeans of constitutive relations. We shall do so

in the next section.

3. Governing equations

Apart from the assumptions that the porous medium has an elastic skeleton and that

the fluid component is ideal which we have mentioned before, we assume in addition

that the medium is uniform and isotropic and the processes deviate not too far from the

thermodynamical equilibrium state. The last assumption should be understood in the

following manner.

The set of constitutive variables, on which depend the constitutive functions of our

problem, is as follows

{ }

& = = = - = - r t

F S

E

S S ST F S

E

n n n

, , , ; , , , , B w B F F w v v D D (3.1) where the dependence on n

E

is parametric. The argument n

E

is the constant value of porositywhich is approached byn as

�n ® 0 and w ® 0. These states, for which the

source of porosityvanishes and the relative velocity w is also zero, are called the states

of the thermodynamical equilibrium. It can be shown (see : K.W

ILMANSKI

[1996, 2]) that

the dissipation approaches its minimum (zero) value in these states. Consequently, the

small deviation from the thermodynamical equilibrium means that we assume the

constitutive relations to be linear functions of D and w .

The exploitation of the second law of thermodynamics yields then the following form

of constitutive relations

( )

( )

T 1 B B 1

T 1 1

p p w

S S S

E

F F F F

t

F

E

S S S F n

n

n J J

= Á + Á + Á + =

= - - =

= - = - = > > >

-

-

- -

0 1 1

1

1 1 0 0 0

D

D

D j

t j j

j

t r

t p t p

0

S

0

S S

0

, ,

, , ,

� , � � , , , ,

(3.2)

where the material parameters Á

0

, Á

1

, Á

-1

, t , p and 0 maybe still the functions of

invariants of the deformation tensor B S and of the equilibrium porosityn

E

.

Bythe choice of the constitutive variables (3.1), it is also convenient to write the

balance equation for porosity(2.5)

4 in the following form

( ) ¶

¶ j

t

D

D

D

t grad J div

S S F + × + - = - v v v S . (3.3)

In the case of small deformations of the skeleton the above set of equations simplifies

considerably. The problem of propagation of monochromatic waves, which we consider

further in this work, shall be limited solelyto such cases of small deformations. Namely,

if we make the assumption

( )

sup sup , , ,

, t x

S S S

S S t for all

J tr

Î Î

- × Ä < < = º -

Þ » +

%

e n n n n e 1 B e

1 1

1

1

2

1

(3.4) then the first three terms in the constitutive relation for the partial stress tensor T S reduce to the classical Hooke´s law and we obtain

( ) ( )

T e 1 1 e 1 e u u S S S S S S S T S grad grad = × + + = + l m t

2 1

2

D j

0

, , (3.5) where the effective Lamé parameters l S and m S as well as the other material parameters j , t and 0 are now solelyparametricallydependent on n

E

.

Bearing in mind the above considera tions, we can now choose the following fields

{ } r t

F F S S

, , , , ,

v v e D (3.6) where the single field of displacement u S has been replaced bythe fields v S and e S in order to have the field equations in the form of the set of the first order partial differential equations.

This set of field equations can be written in the following form

( )

( ) ( )

( )

( )

( )

¶ r

¶

r r

¶

¶

j t

p r r

¶

¶

l

j t

m p r

¶

¶

¶

¶

j t

t

F t

F F t

F

F

F F F F S t

F

S

S

S S S S F S S S

S

S T S

S F

t

div t

grad grad t

grad tr div t

grad grad t

grad div

+ =

+

æ è

ç

ö ø

÷ = - +

æ è

ç

ö ø

÷ - - +

= +

æ è

ç

ö ø

÷ + + - +

= +

+ × + - = -

v v v v v v b v e e v v b e v v v v v

F

S

0

2

1

2

,

,

,

,

.

S

0

0

D

D

D

D

D

(3.7)

We have left out the non-linear contributions of the fields, describing the skeleton in the same wayas it is done in the classical linear theoryof elasticity. The equation (3.7)

4 is the integrabilitycondition which yields the existence of the displacement field u S .

Let us make in passing the following remark concerning the transport coefficient j . If we multiplythe equation (2.5)

4

bya constant r FR and require r r t

F S FR nJ n = º - 1 0 , � , (3.8) then this equation becomes identical with the mass balance equation (2.5)

1

provided

F

0

=n. In such a case the field of porosityis controlled bythe mass densityof the fluid r F t

- the porosityn satisfies the constitutive relation (3.8)

1

rather than its own field equation. Consequently, the field equations reduce to the set with one equation less than before. The theoryreminds now the theoryof two-component miscible mixtures. Most likelythe above simplifying assumption requires, apart from the small deformations of the skeleton, the small changes of the mass densityof the fluid component as well. It is obvious that the assumptions (3.8) demand that there is no spontaneous relaxation of porosity. The first relation (3.8) with the constant �true mass densitŷ r FR reminds these theories of porous materials which are based on the constraint of �incompressible^ true components. In the present case, there is, certainly, no constraint and no reaction force on this constraint. In addition, the assumption on the form of flux F

0

cannot be fulfilled exactlybecause it can be shown to be contradictorywith the second law of thermodynamics. However, it mayhold as an approximation in the case of small changes of porosityand small volume changes of the skeleton (J S » 1). Bearing the relation (2.6)

3

in mind, we can write then approximatelyfor such a case j g g » = n const

E

, . (3.9)

The constant g is of the order of magnitude of the unity. In anycase, it shall be assumed to be positive.

4. Propagation condition

We consider the propagation of the sound wave front through the porous material, described bythe set of equations (3.7). Such a front is assumed to be the moving surface of the weak discontinuity. It means that the limits of fields and their first time derivatives are finite on both sides of this surface and that the fields are continuous, i.e.

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ]

[ ] [ ] ( ) ( )

{ }

r

¶ r

¶

¶

¶

¶

¶

¶

¶

t

F F S S t

F

F

F

S

S

F S

r t t t

D t r D

= = = = = º

é ë

ê

ù û

ú

é ë

ê ê

ù û

ú ú

º

é ë

ê

ù û

ú

é ë

ê ê

ù û

ú ú

º

é ë

ê

ù û

ú

é ë

ê ê

ù û

ú ú

º

é ë

ê

ù û

ú

é ë

ê

ù û

ú º - < ¥ + -

0 0 0 0 0

, , , , ,

, , , ,

, max , , , .

v v e a

v a

v a a

D

D

� � �

(4.1)

Hence, the brackets [[ ... ]] define the difference of limits on both sides of the surface.

This is, certainly, the jump of the corresponding quantityacross the singular surface.

The kinematical compatibilityrelations yield then the following jumps of the

gradients

[ ] [ ] [ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ] c grad r c grad

c grad c grad D

c grad

t t

F F F

S S

S

S r

¶

¶

= - = - Ä

= - Ä = -

= - é

ë ê ù

û ú é

ë ê

ê ù

û ú

ú

Ä n v a n

v a n n

e e

n

, ,

, ,

,

D (4.2 )

where c denotes the finite speed of propagation of the wave front and n is the outwart

unit normal vector to this surface.

Simultaneously, the limits of the equation (3.7)

4 on both sides of the wave front give

rise to the following relation

( )

c

t t

S

S S

S ¶

¶

¶

¶ e

a n n a e é

ë ê ù

û ú é

ë ê

ê ù

û ú

ú

= - Ä + Ä Þ é

ë ê ù

û ú é

ë ê

ê ù

û ú

ú

< ¥

1

2

. (4.3)

Consequently

[ ] [ ] ( )

c grad

S S S 2

1

2 e a n n n a n

= Ä Ä + Ä Ä . (4.4)

Now it is easyto construct the similar jump conditions for the remaining equations

(3.7). We obtain

( )

( ) ( )

, c D

, c r

S F F

F F

t

F

n a n a n v n a n v

× - × j = × -

× r = × -

(4.5)

1

( )

( )

, D c

, D r c

S S S S S 2 S

F

t

F

F F F

t

n a n n a a n n a n v

S

0

0

S

t j

- m + × m + l = r t j

+

r ¶

¶

= × - r

(4.5)

2

where the bodyforces were assumed to be absent.

Within the frame of the present linear model, it is also reasonable to assume that the

mass densityof the fluid r F

t deviates onlya little from the initial value r F

0 and that the

normal particle velocities v F × n and v S × n are much smaller that the speed of propagation

c, i.e.

( )

c F S

t

F F F > > × × - < < max , , .

v n v n r r r

0 0

(4.6)

The general non-linear case has been considered in mywork [1995, 2].

Bearing the above assumptions in mind, we obtain

( )

r

c

D

c

F F S = × = × - ×

1 1

a n a n a n , . j (4.7)

It means that the amplitudes of the mass density r F

t and of the changes of porosity D are

determined bythe normal components of the amplitudes of partial accelerations. The

latter satisfythe following set of equations

c

c

F

t

F F

F

F

S

F

F

S S

S

S

S S

S

2

0

2

0

2

0

2

0

2

2

0

0

1 n n n n a n n a

n n a 1 n n 1 n n a

- Ä - Ä æ

è ç

ç ö

ø

÷

÷

+ Ä æ

è ç ö

ø

÷ =

Ä æ

è ç ö

ø

÷ + -

+

Ä - - Ä æ

è ç ö

ø

÷ =

¶

¶ r j

t r j

t r

j

t r l m

r m

r j

t r

S

0 0

0 0

,

,

(4.8)

where

( ) ¶

¶ r

¶

¶ r r r

S S F

t

F

F

t

F t

F F

E n

0

0 º = ; . (4.9)

This is, certainly, the reduced eigenvalue problem for the matrix of coefficients of the

set (3.7) with c 2 - the eigenvalues and ( a F , a S ) - the six-dimensional eigenvectors.

It is seen immediatelyf rom the first equation that the amplitude a F has solelythe

normal component

a a n n F F = × . (4.10)

On the other hand, if we separate the normal and tangential parts in the second

equation, we obtain j

t r l m

r j

t r

m

r

2

2

2

2

2

0

0

0 0 S

F

S S

S S

S

S

S

S S S S c

c a n a n

a a a a n n

× + -

+

- æ

è ç ö

ø

÷ × =

- æ

è ç ö

ø

÷ = º - ×

^ ^

,

, .

(4.11)

The latter relation describes the S-wave which, apart from the dependence on the

porosityn

E

, does not differ from the classical shear wave.

The equations (4.8)

1 and (4.11) yield now the following propagation condition

c c

F

t

F F

S S

S S F

F

S

2

0

2

0

2

2 2

0

2

0

2

0 - - æ

è ç

ç ö

ø

÷

÷

-

+

- æ

è ç ö

ø

÷ - æ

è ç ö

ø

÷ =

¶

¶ r j

t r l m

r j

t r j

t r r

r

S

0 0 0

. (4.12 )

Let us notice that the lack of stress coupling (e.g. for j º 0) would yield the following

solutions of this equation

c U or c U S

S S

S

F

F

t

F

2 2 2 2

0

2

= º

+

= º l m

r

¶

¶

S

. (4.13)

These are the classical relations for the speeds of propagation of longitudinal waves in

the elastic solid and in the ideal fluid as if the second component was absent and the

material properties were described byeffective material constants rather than these for

the porosityequal to one or zero, respectively.

In our case, the biquadratic equation ( 4.12) yields also two different speeds of

propagation of longitudinal waves even though theyare different from (4.13). Namely

c U U

U U

F

F

S

S

F

F

S

S F

F

S

2 2

2

0

2

2

2

2

0

2

2

2

2

0

0

1

2

4

= + æ

è ç ö

ø

÷ ì

í ï

î ï

+ + æ

è ç ö

ø

÷ ±

± + æ

è ç ö

ø

÷ - + æ

è ç ö

ø

÷ é

ë ê

ê ù

û ú

ú

+ æ

è ç ö

ø

÷ ü

ý ï

þ ï j

t r j

t r

j

t r j

t r j

t r r

r

0 0

0 0 0

.

(4.14)

These two waves are called P1- and P2-waves in the porous materials.

It is easyto check that the speeds of propagation are real if

l m

r

¶

¶ r j

t r r

r

S S

S

F

t

F F F

F

S S U U

+

> > > - + æ

è ç ö

ø

÷

-

2

0 0

1 1

0

2

0

2

0

2

1

, , .

S

0

(4.15)

These conditions yield the hyperbolicity of the system of field equations (3.7). Let us

notice that the inequalities

t > > 0 0 , , 0 (4.16) required in myearlier works on thermodynamics of the model, are sufficient for (4.15)

3

to hold provided the first two inequalities (4.15) are satisfied.

5. Plane monochromatic waves

We proceed to consider the propagation of plane monochromatic waves in the porous

material described bythe linearized model presented in the third section. The waves are

assumed to propagate in the direction of the x-axis and the amplitudes of the velocities

and of the displacement of the skeleton are also assumed to have solelythe x-direction.

Consequently, we can expect to find onlythe longitudinal waves.

The set of unknown fields is now reduced in the following manner

( )

{ }

x t v v e

t

F F S S , , , , , � r D (5.1)

where v S , v F are the components of partial velocities in the direction of the x-axis and e S

denotes the small extension of the skeleton in the x-direction.

The field equations for these fields follow from (3.7) and have the form

( )

( ) ( )

( ) ( )

( )

¶ r

¶

¶

¶ r

r

¶

¶

¶

¶

¶

¶ g

t p r

r

¶

¶ l m

¶

¶ g

t

¶

¶ p

¶

¶

¶

¶

¶

¶

¶

¶ g

¶

¶ t t

F

t

F F

t

F

F F

F F E F S F F

t

F

E

S

S

S S

S

E F S

S S

S

E

F S t x v

v

t v

x v

x n

v v n

t e

x n

x v v

e

t v

x

t v

x n v v

x

+ =

+ æ

è ç ö

ø

÷ = - + æ

è ç ö

ø

÷ - - =

= + + + -

=

+ +

-

= -

0

2

,

, , ,

,

,

,

S

0

S S

0

D

D

D D D v

(5.2)

where the relation (3.9) has been used.

We seek the solution of the above set of equations in the form of the small

disturbance of the uniform static initial state, i.e.

( ) ( )

( ) ( )

( ) r r e w e w

e w e w

e w e t

F F F

F F S S

S S

R i t k x D i t k x

v V i t k x v V i t k x

e E i t k x

= + - = -

= - = -

= - < < <

* *

* *

*

0

0 1 exp , exp ,

exp , exp ,

exp , ,

D

(5.3)

where w is the (given) frequencyof the disturbance, R F , D, V F , V S , E S are the constant

amplitudes of the disturbance, r F

0 is the constant initial value of the mass densityof the

fluid component and e is the small parameter. The coefficient k* can be complex k k i * = + a , (5.4)

with the real part k describing the wave number and the imaginarypart a being the

attenuation coefficient.

Substitution of the relations (5.3) in the equations (5.2) yields the following set of

algebraic relations for the amplitudes of the disturbance

( ) ( )

( )

( )

R V k

D i i V V n k

E V k

V R U k D n

k i V V

V E U k D n

k i V V

F F F

F S

E

S S

F F F

F

E

F

F S

F

S S S E

S

F S

S w r

w g

w

w

r g

t r p

r

w g

t r p

r t

- =

+ - - =

+ =

- - - - =

+ + + - =

*

*

*

* *

* *

0

1

2

0 0 0

2

0

0

0

1

0

0

,

,

,

,

.

0

0

(5.5)

The above homogeneous set of equa tions yields non-trivial solutions if the

determinant vanishes. This condition leads to the following dispersion relation

( )

( ) ( ) i U k n i

i k i U k

n i

i k n

i k

F

F

S

S E

F

F

S F

F

E

F F

E

F

F

S p w

r r

r w g wt

wt t r r

r p w

r w

g wt

wt t r p w

r g wt

wt t r r

r

0

0 2 2 2

2 2

0

0 2

0

2 2 2

2 2

0

2

0

2 2

0

2

2

0

1

1 1

0

- + +

+ æ

è ç

ç ö

ø

÷

÷

´ - + æ

è ç +

+

+ ö

ø

÷

÷

+ +

+ æ

è ç

ç ö

ø

÷

÷

=

* * *

* *

0

0 0

.

(5.6)

Obviously, the lack of coupling between the components would give the biquadratic

dispersion relation for k* which predicts two classical longitudinal waves (compare:

section 4)

( ) ( )

g p w w º Ú º Þ - - = * * 0 0 0

2 2 2 2 2 2

U k U k S F . (5.7)

Consequently, one class of monochromatic waves would propagate with the phase

velocityU S independentlyof the frequency w and the other class would propagate with

the phase velocityU F independentlyof the frequency w . Both waves would not be

attenuated ( Im k* º 0).

In general, the dispersion relation (4.6) remains the biquadratic equation for k* but its

solutions are complex and theydepend on the frequency w in the non-linear manner.

Hence, the phase velocities are not identical for different frequencies and we have the

attenuation of the monochromatic waves defined bythe imaginarypart a of k*. We

proceed to investigate these solutions in relation to the material parameters of the model.

6. Parameter analysis of the dispersion relation

Let us introduce the following dimensionless quantities

k U k

G n

U

P

S

E

F S F

* * º º

º º º t w wt

g

t r p t

r h t

t

0 0

2 2

0

2

0

0 0

, ,

, , ,

0

(6.1)

where t

0 is an arbitraryreference relaxation time. Then the dispersion relation (5.6) has

the following form

w r

r w h w h

w h r

r w

w w h w h

w h w

w w h w h

w h r

r

2 2 0

2 2

2 2

2 0

2

2

2

2

2 2

2 2

2

2 2

2 2

2

2

0

1

1

1

0

- -

+

+

- æ

è ç ö

ø

÷´

´ - -

+

+

- æ

è ç ö

ø

÷ -

- +

+

+ æ

è ç ö

ø

÷ =

* *

* *

* k G i

k P i

U

U k G i

k P i

P i G i

k

F

S

F

S

F

S

F

S

.

(6.2)

Consequentlythe solutions of this equation depend onlyon the five combinations of

material parameters

k k G P

U

U

F

S

F

S

* * = æ

è ç ö

ø

÷ w h r

r

; , , , , . 0 (6.3)

This is, certainly, the artefact following from the one-dimensional character of plane

monochromatic waves. In spite of this propertyit is worthwhile to investigate this

dependence, in particular for the parameters G, h and P. Theycontain the new material

constants t , t 0 , g of the present model. We shall investigate the phase velocityV

ph and

the attenuation coefficient a defined bythe relations

( )

V

k k

U U

ph

S S = = = =

* *

* - * w w

a t

Re Re

Im Im , . k k

0

1

(6.4)

In the previous papers, (K. W

ILMANSKI

[1995,2], [1996,2,4], [1997]) the following

data have been attributed to the material constants

U U

o

n

s

S m

s

F m

s

S kg

m

F kg

m

E

F s

m

kg

m s

= ´ =´

= ´ =´

= =´

= ´ =´

-

-

3 1 10 0 9 10

2 4 10 23 10

0 23 7 347 10

2 602 10 3 7 10

3 3

3

0

3

0

8

9 6

3 3

2

2

3

. , . ,

. , . ,

. , . ,

. , . .

r r

t r

p t

0

(6.5)

Theycorrespond roughlyto the data of measurements on the Massillon sandstone

quoted byT. B

OURBIE

, O.C

OUSSY

, B.Z

INSZNER

[1987]. However it should be born in

mind that the measurements were not done in the conditions corresponding exactlyto

the problem we consider in this work. Therefore, the numerical results which we present

below, have a rather qualitative character.

If we choose t

0

=10 -6 s then the parameters appearing in (6.3) have for this case the

following values

G P

U

U

F

S

F

S

= = = = = 0 03555 11 31304 0 29032 0 09583 3 7 2 0 . , . , . , . , . . g r

r h (6.6)

As we have alreadyargued, the parameter g has approximatelythe value 1.0.

However, we shall varyit in much broader limits using it as the control parameter for

the combination of material constants G. Consequentlyit should be understood as

reflecting the changes of g as well as the changes of 0 . In order to see its influence on

the results, we show in Figures 1-2 the attenuation coefficient a for different values of g .

Quite clearly, the changes of attenuation of P1-waves are rather small for the values of g

between 0 and 5.0, i.e. for those values of g and 0 which do not differ considerably

from one and from the data quoted in (6.5), respectively. On the other hand the

attenuation of P2-waves is dependent on g much stronger and, in this respect, the P2-

waves can be used to determine the constant G for a particular multicomponent system.

Figure 1: Attenuation of P1- waves vs. frequency for different values of g

Figure 2: Attenuation of P2 -waves for the same values of g as in Fig.1

The similar conclusion can be drown from the diagram for the phase velocities shown in Figures 3 and 4. The phase velocityof P1-waves is not influenced bythe changes of g and, consequentlybythe changes of G at all. Simultaneously, the influence of G on the phase velocityof P2-waves is quite dramatic. The relative small values of g yield rather small changes of this velocity(Figure 3) but the large values of g provide unreasonable results shown in Figure 4. We can roughlysaythat the values G>0.889

(i.e. g =5 Þ G ~ 0.03555 ´ 5 2 ) are, for other parameters given by(6.5), not acceptable any more.

Figure 3: Phase velocities vs. frequency for g =0, 0.5, 1.0, 2.0

Figure 4: Phase velocities vs. frequency for g =5.0, 10.0, 20.0

In Figure 5, we show in details the phase velocityof the P1-wave for g =2.0. This example has been chosen to show that the phase velocityof P1-waves maypossess a maximum as the function of frequencies. This propertyseems to be observed in some experiments on granular materials (J. K

UBIK

, private communication ).

Figure 5: Phase velocity vs. frequency for P1 -wave for g =2.0

The attenuation, for this value of g , is shown for P2-waves in Figure 6, and for P1- waves in Figure 7, respectively.

Figure 6: Attenuation of P2- waves for g =2.0

Figure 7: Attenuation of P1 -waves for g =2.0

We proceed to the presentation of the sensitivityof the model on the changes of the relaxation time t . The attenuation of P1-waves is veryweaklyinfluenced bythe change of the relaxation time. In the case of P2-waves a bigger sensitivityof the attenuation appears in the case of short relaxation times than for long times. This is seen in the

Figure 8. For the above quoted data the changes of the relaxation time in the range above 10 -2 sec. yield almost no changes of the attenuation anymore. Consequentlyfor the materials with the shorter relaxation times the measurements of the attenuation of

P2-waves can be used to find the relaxation time of porosityfor a given porous material.

Figure 8: Attenuation for P2 -waves , g =5 and the relaxation times t =: 10 -10 , 10 -7 , 3.7 ´ 10 -6 , 10 -4 , 10 -2 sec.

We proceed to demonstrate one more propertyof the model connected with the sensitivityto the changes of the permeability p which is represented bythe parameter P.

In Figure 9, we show the attenuation for the P2-waves in the case of lack of permeability

(i.e. p =0 which corresponds, for instance, to the case of emptyor almost emptypores - weak interactions of components due to the relative motion). Comparison with Figure 6 shows that the attenuation of P2-waves is caused primarilybythe relative motion of components. However the influence of the pore relaxation yields still a considerable and measurable effect which can be used to determine the relaxation time.

Figure 9: Attenuation of P2- waves for p =0, t =3.7 ´ 10 -6 sec. and g =2

The above numerical example shows clearlythat the P2-waves supplythe most important data concerning the properties of microstructure of porous materials. These features of acoustic waves have been recognised byexperimentalists to the verysmall extent as yet.

It should also be pointed out that the method of diagnosis bymeans of the sound waves, as indicated in this work, can playa particularlyimportant role in the case of the static background of large deformations. This is, for instance, the case in the ultrasound devices used for the medical purposes. Such problems shall be considered in the forthcoming paper.

References

[1956] M . A. B IOT ; Theoryof Propagation of Elastic Waves in a Fluid-Saturated

Porous Solid. I. Low-FrequencyRange, J. Acoust. Soc. Amer., 28 , 168-178. II. Higher

FrequencyRange, J. Acoust. Soc. Amer., 28 , 179-191.

[1962] M. A. B IOT ; Mechanics of Deformation and Acoustic Propagation in Porous

Media, J.Appl.Phys., 33 , 1482-1498.

[1962] M . A. B IOT ; Generalized Theoryof Acoustic Propagation in Porous Dissipative

Media, J. Acoust. Soc. Amer., 34 , 1254-1264.

[1980] R. D

ZIECIELAK ; Propagation of Acceleration Waves in a Fluid-Saturated Porous

Viscoelastic Solid, Studia Geotechnica et Mechanica , 2 , 2, 13-23.

[1980] T . J. P

LONA ; Observation of a Second Bulk Compressional Wave in a Porous

Medium at Ultrasonic Frequencies, Appl. Phys. Lett., 36 (4), 259-261.

[1982] D. L. J

OHNSON , T. J. P

LONA ; Acoustic Slow Waves and the Consolidation

Transition, J.Acoust.Soc.Amer., 72 , 2, 556-565.

[1987] T. B

OURBIE , O. C

OUSSY , B. Z

INSZNER ; Acoustics of Porous Media, Editions

Technip, Paris.

[1990] R. I . N

IGMATULIN ; Dynamics of Multiphase Media, Hemisphere Publ. Corp.,

Washington.

[1992] R. I. N

IGMATULIN , A. A. G

UBAIDULLIN ; Linear Waves in Saturated Porous

Media, Transport in Porous Media , 9 , 135-142.

[1995] R. DE B OER , Z HANFANG L IU ; Propagation of Acceleration Waves in

Incompressible Liquid-saturated Porous Solids, Transport of Porous Media , 21 , 163-

173.

[1995] R. D

ZIECIELAK ; The Influence of a Porous Medium Structure on the Behaviour of Acceleration Waves, in: J.L. W

EGNER , F.R.N

ORWOOD (eds.), Nonlinear Waves in

Solids , ASME, #AMR 137, 386-391.

[1995] A. A. G

UBAIDULLIN , O. Y. K

UCHUGURINA ; One-dimensional Longitudinal and

Transverse Waves in Saturated Porous Media, in: Festschrift zum 60. Geburtstag von

Prof. Dr.-Ing. Reint de Boer , Beiträge zur Mechanik , Forschungsbericht aus dem

Fachbereich Bauwesen, #66, Universityof Essen, 135-144.

[1995] Z

HANFANG L IU ; Acceleration Waves in Saturated Poroelastic Solids, in:

Festschrift zum 60. Geburtstag von Prof. Dr.-Ing. Reint de Boer , Beiträge zur

Mechanik , Forschungsbericht aus dem Fachbereich Bauwesen, #66, Universityof Essen,

271-282.

[1995] K. W

ILMANSKI ; Lagrangean Model of Two-Phase Porous Material, J.Non-

Equilibrium Thermodyn ., 20 , 50-77.

[1995]

K. W

ILMANSKI ; On Weak DiscontinuityWaves in Porous Materials, in: M.

M ARQUES , J. R

ODRIGUES (eds.), Trends in Applications of Mathematics to Mechanics ,

71-83, Longman, Essex.

[1996] R. D

ZIECIELAK ; The Behaviour of Acceleration Waves in a viscoelastic Porous

Medium with a Structure. I. Propagation Conditions and Growth Equations,

J.Theor.Appl.Mech ., 3, 34 , 521-531, II. Linear Viscoelastic Fluid-Saturated Porous

Solid, J.Theor.Appl.Mech ., 3, 34 , 533-546.

[1996] K. W

ILMANSKI ; Porous Media at Finite Strains, in: K . M

ARKOV (ed.), Continuum

Models and Descrete Systems CMDS 8 , 317-324, World Scientific.

[1996] K. W

ILMANSKI ; Porous Media at Finite Strains - the New Model with the

Balance Equation of Porosity, Arch. Mech. , 48 , 4, 591-628.

[1996] K. W

ILMANSKI ; The Thermodynamical Model of Compressible Porous Materials with the Balance Equation of Porosity, J.Non-Equilibrium Thermodyn ., 21 (to appear).

[1996] K. W

ILMANSKI ; Dynamics of Porous Materials under Large Deformations and

Changing Porosity, in: R . C. B

ATRA , M. F. B

EATTY (eds.), Contemporary Research in the Mechanics and Mathematics of Materials , 343-356, CIMNE, Barcelona.

[1997] K. W

ILMANSKI ; Thermomechanics of Continua, Springer, Berlin (to appear).