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Solvability and optimal control of a multi-species
Cahn-Hilliard—Keller-Segel tumor growth model
Pierluigi Colli, Gianni Gilardi, Andrea Signori, Jirgen Sprekels

Abstract

This paper investigates an optimal control problem associated with a two-dimensional multi-
species Cahn—Hilliard—Keller—Segel tumor growth model, which incorporates complex biological
processes such as species diffusion, chemotaxis, angiogenesis, and nutrient consumption, result-
ing in a highly nonlinear system of nonlinear partial differential equations. The modeling derivation
and corresponding analysis have been addressed in a previous contribution. Building on this foun-
dation, the scope of this study involves investigating a distributed control problem with the goal of
optimizing a tracking-type cost functional. This latter aims to minimize the deviation of tumor cell
location from desired target configurations while penalizing the costs associated with implement-
ing control measures, akin to introducing a suitable medication. Under appropriate mathematical
assumptions, we demonstrate that sufficiently regular solutions exhibit continuous dependence on
the control variable. Furthermore, we establish the existence of optimal controls and characterize
the first-order necessary optimality conditions through a suitable variational inequality.

1 Introduction

This paper investigates an optimal control problem associated with a multi-species Cahn—Hilliard—
Keller—Segel tumor growth model in a two-dimensional spatial domain £ C R? over a given final time
T > 0. The problem we aim to analyze consists of a distributed optimal control problem associated
with an initial-boundary value problem:

Orp — Ap+ Xp,An = —mp + h(p) in@ :=Qx(0,7), (1.1)
—Ap+ F'(p) =p in @, (1.2)
oa — Aa + X, div(aVeo) = a —a® +u in (), (1.3)
on — An — X,n =5, in @, (1.4)
0,0 — Ao — Xza =S, inQ, (1.5)
On@ = Oppt = Opa = Opn = 0,0 =0 onX =00 x (0,7), (1.6)
©(0) = o, a(0) =ag, n(0)=ng, o(0) =09 InC. (1.7)

The primary variables in the system are ¢, i, a, n, and o. These represent the density of tumor cells
, the chemical potential 1, an angiogenetic phase composed of tumor-induced new vasculature
with volume fraction a, a nutrient or signaling molecule n, and a concentration o affecting tumor
growth dynamics. The positive constants X, and X, represent chemotaxis parameters quantifying the
sensitivity of biological entities to chemical gradients. In the second equation (1.2), F” denotes the
derivative of a configuration potential /' characterized by a double-well shape. Prototypical choices
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P. Colli, G. Gilardi, A. Signori, J. Sprekels 2

for this latter include the so-called classical regular potential and the logarithmic potential defined as
follows:

Freg(r) = 2 r2(r—1)2, reR, (1.8)

Fiog(r) :=rlnr+ (1 —r)In(l —r) +cor(l —7r), re€(0,1), (1.9)

where ¢, ¢, are two positive real coefficients. The mass of the tumor, represented by ¢, is not con-
served, as indicated by the presence of a source term —mp + h(y) on the right-hand side of the
first equation, where Th represents a smooth real function and m is a positive constant. Chemotaxis
is modeled via a Keller—Segel type (cf., e.g., [20]) coupling, specifically through the nonlinear term
X, div(aVa) in the third equation. The logistic source term a — a? in for the nutrient vari-
able a is a common choice in Keller—Segel models to prevent solution blow-up in finite times, see,
e.g., [12,/18,19,[25}]29] and the references therein. Finally, ¢q, ag, 1o, and oy denote prescribed initial
data for these variables, whereas S,, and .S, stand for suitable source terms depending on the solution
variables, details of which will be provided later on.

The model (1.1)—(1.7) originates from variational principles and was introduced in [2]. The postulated
free energy of the system, which is defined as the internal energy minus the entropy, is given by

E(p,a,n, o) = /(lna—l) X/mp x/
w3 [0k g [ Vo5 [1VeR+ [ Pl o

In [2], the modeling derivation and numerical simulations (cf. [1]) aim to optimize model parameters
and support clinical decision-making, whereas the corresponding mathematical analysis is addressed
in [3], where the existence of weak solutions was shown in two and three dimensions, and regularity
results and uniqueness of regular enough solutions were proved in the two-dimensional setting. Here,
we aim at considering an optimal control problem, where the distributed control © enters in the form
of a source term in (1.3). The minimization problem we want to study consists in minimizing a suitable
cost functional that we postulate to be of tracking type form, and expressed by

b b b
wimg [lo-vaP+z [le@ el +2 [P
Q Q Q

where the coefficients b; are given nonnegative numbers, with b3 > 0, and ¢ and ¢q are given
functions on () and {2, respectively, representing clinical targets. Besides, we constrain the control
variables to belong to the set of admissible controls defined by

Upq := {ueu:: L®(Q) : 0 < u < Upyay ae.in Q}, (1.12)

where Uy, € L°°(Q) is a prescribed nonnegative function. Then the control problem under investi-
gation can be formulated as follows:

Minimize H(go, u) subject to u € U.q and to the constraint that
(¢, i, a,n, o) is the solution to the system (T.7)—(1.7). (1.13)

Tumor growth models based on the phase field approach have gained significant popularity. While
not exhaustive, we refer interested readers to [4,(10,/15}/16] and the references therein. Several stud-
ies within this framework consider the influence of velocity effects on the mixture dynamics, utilizing
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Solvability and optimal control of a multi-species Cahn—Hilliard—Keller—Segel tumor growth model 3

Darcy’s law and the Brinkman equation. For detailed discussions on these topics, see [7}/13][15]/21].
The incorporation of chemotaxis, particularly through the Keller—Segel coupling, represents a rela-
tively recent advancement in phase field models. This coupling has been explored in studies such
as [2,/18},25]. Finally, regarding the optimal control problem, we refer readers to [5,(819,/14,(17./27,28]
for comprehensive discussions and analyses.

The plan of the paper is as follows. In the next section, we state the problem in a precise form and
present our results. The existence and the uniqueness of the solution to the state system, as well as
proper stability and continuous dependence estimates, are proved in Sections [3| and |4} A technical
result is given in Section 5, preparing the study of the control problem made in the last two sections,
where we prove the existence of an optimal control and we establish first-order necessary conditions
for optimality in terms of the solution to the adjoint problem.

2 Statement of the problem and results

Throughout the paper, €2 is a bounded open subset of R? having a smooth boundary I' := 9€). The
symbols |€2| and 0,, denote the measure of €2 and the derivative in the direction of the outward unit
normal vector . on I', respectively. With a prescribed final time 7" > 0, we set

Q:=Qx(0,T), L:=TIx(0,T). 2.1)

Given a Banach space X, we denote by || - || x both its norm and the norm in any power of X, with the
exceptions of the space H introduced below and of the Lebesgue spaces L”(€2) (1 < p < 400), for
which we use the symbol || - ||,. Sometimes, this symbol also denotes the norm in L”(()). Moreover,
in order to simplify the notation, we still write X (i.e., we avoid the exponent) when dealing with some
power of X . Then, we introduce the shorthands

H:=L*Q), V:=H"(Q) and W:={ve H*(Q):0,v=0ae.onl'}, (22

and endow these spaces with their natural norms. For simplicity, we write || - || instead of || - || .
Moreover, we denote by VV* and ( -, - ) the dual space of V" and the duality pairing between V* and V/,
respectively, and we identify H with a subspace of V* in the usual way, i.e., such that (w, v) = fQ WU
for every w € H and v € V. Hence, we have the continuous, dense, and compact embeddings

Ve H<—=V",
yielding that (V, H, V*) is a Hilbert triple.

At this point, we are ready to introduce our assumptions on the structure of the state system which
involve, in particular, a specific choice of the functions .S,, and S, that appear in equations (1.4)
and (1.5). We assume that

m € (0,400), Xy, Xq € (0,1), cp,Cn,C0,¢0 €R, (2.3)
h: R — Rissuchthath € W*>(R),

Sy = cpp+cepn+co0+cy, Syi=1—0—ao.

As for the potential F', we confine ourselves to some conditions that generalize the cases of the
classical and logarithmic potentials (1.8) and (1.9). In particular, we ignore the possibility of extending
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P. Colli, G. Gilardi, A. Signori, J. Sprekels 4

the latter to [0, 1] by continuity and prescribe suitable regularities on F' in the open interval that is taken
as the domain D(F’) in any case and is actually the effective domain of the derivative F”. We assume:

Either D(F') =R or D(F) = (0,1), and it holds that
F = F| + Fy with functions Fy, Fy: D(F) — R of class C*,

where F} is convex and F} is Lipschitz continuous. (2.6)
If D(F) =R, then F satisfies | ‘lim r2F(r) = +oo; (2.7)
r|—+00

if D(F')=(0,1), then li{% F'(r) = —o0, li/r;i F'(r) = +o0, andthereis
a constant C'p such that |FY'(r)| < eSFIFIOHD for all - € (0, 1). (2.8)

We notice that these assumptions imply that /' is bounded from below and also ensure the existence
of some 7y € R satisfying

ro € D(F) and Fi(ro) =0. (2.9)

As the reader can directly check, it turns out that the growth condition in (2.8) is satisfied by the convex
part of the logarithmic potential in (1.9).

For the control variable u, we assume that
u € L>®(Q) satisfies 0 <u < Upax ae.in@, (2.10)

where

Umax € L(Q) is nonnegative. (2.11)

To introduce our assumptions on the initial data, we use the following general notation for the mean
value: we set

1
6::—/1) forv € L1(Q). (2.12)
9] Jo

The same symbol will be used in the sequel even for time-dependent functions. Then, denoting by
() the positive and negative parts, we assume that

©o € W with range in D(F'); moreover, ¢o € H*(Q) if D(F) =R,
wo € H* () and pp := —Ay + F'(po) € W it D(F) = (0,1). (2.13)
ro — (o —r0)”— R and 7o + (@0 — 70) "+ R belong to D(F),

1
where R := —sup |h(r) — mro|. (2.14)
reR
ag €V and ag>0 ae.in(. (2.15)
ng, 00 €W and 0<oy<1 in€). (2.16

Of course, the assumption in (2.74) yields a restriction only in the case when D(F’) is bounded.

Finally, we are in a position to introduce our formulation of the state system. Even though some of the
equations could be written in the strong form used in the Introduction, we prefer to present the whole
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Solvability and optimal control of a multi-species Cahn—Hilliard—Keller—Segel tumor growth model 5

problem in a variational framework. We look for a quintuple (¢, 1, a, n, o) with the properties

w €Yy :=H'0,T;V)NL®0,T;W N H* Q) NCQ)

and p € D(F) ae.in@, (2.17)
pE€Yy = L0, T; V)N L*0,T; W N H*(Q)), (2.18)
a€Ys:=H(0,T;H)NL®0,T;V)N L*0,T; W)

and a>0 ae.in@, (2.19)
n€Yy:=HY0,T;V)NL®0,T;W)n L*0,T; H*(Q)) N Z

where 2 := W40, T; L*(Q)) N LY 0, T; W24(Q)), (2.20)
c€Yy and 0<o<1 aein@, (2.21)

that solves the variational equations

/3tg0v+/Vu-Vv—X¢/Vn-Vv:—m/gov+/lh(<,0)v, (2.22)
Q Q Q Q Q
/V@-Vu+/F/(g0)v:/uv, (2.23)
/atav—i-/Va Vv —X /aVJ VU—/(a—a2+u)v, (2.24)
/8tnv+/Vn Vv —X /gpv—/Sv

where S, = ¢, + c,n + co0 + o, (2.25)

/Qatawr/ﬂva-w:/Q((l—a)Jra(xa—a))v, (2.26)

for every v € V and a.e. in (0,7"), and satisfies the initial condition
(p,a,n,0)(0) = (po, ag, ng, 0p) a.e.in€l. (2.27)

Remark 2.1. We notice that the regularity properties and imply that both @ and Vo are
L* functions (see the forthcoming (2.36)), so that all of the terms occurring in are meaningful.
We also point out that by virtue of (2.17)—(2.21) all of the above equations may be written in their
strong form. From (2.17) we also have that

0 € L>(0,T; H*(Q))), whence Vy € L™(Q), (2.28)

with the corresponding norms that are estimated by a constant like K; below.

For convenience, we set the state space as (cf. (2.17)—(2.21))
Y=Y x Yo x Yz xYsxYy (2.29)
Our first result regards well-posedness and stability of system (1.1)—(1.7).

Theorem 2.2. Assume (2.3)—(2.8) on the structure, and (2.70)—(2.11) and (2.13)—2.16) on the data.
Then there exists a unique quintuple (p, i, a,n, o) that satisfies (2.17)—(2-27) and solves problem
(2.22)—2.27). Moreover, the stability estimate and separation property

”(907”70’7”70-)”‘3 < Kl; (2.30)
r-<e<r, aein@, (2.31)
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P. Colli, G. Gilardi, A. Signori, J. Sprekels 6

hold true with constants K1 > 0 and r. € D(F') that depend only on 2, T, the structure of the
system, the initial data, and u...x. In particular, they are independent of u.

Next, we have the following continuous dependence result.

Theorem 2.3. Suppose the assumptions of Theorem regarding the structure and the initial data
are fulfilled, and let u;, i = 1,2, satisfy (2.10) and (¢, i, ai,ni,0;) € Y be the corresponding
solution. Then the inequality

H901 - <P2HHl(o,T;v*)mLoo(o,T;V)rm?(o,T;W) + H,Ul - M2HL2(0,T;V)
+ |lar — a2l g1 o,mv=ynLes (0, m)nL20,m3v) F [0 — 12| 510, YA Lo (0,13 L20,75W)
+ |lov = o2l a0, mynze o, yne2orwy < Ko llur — ual| L2011 (2.32)

holds true with a constant K5 > 0 that depends only on (), T', the structure of the system, the initial
data, and Uy x.

Once well-posedness is established, we can deal with the control problem presented in the Introduc-
tion (see (1.11)—(1.13)). Let us refer to the last two sections for the precise statements. Here, we just
mention that we first prove the existence of an optimal control, i.e., of an element u* € U,q4 that
satisfies

(™, u") < J(p,u) forevery u € Uyq (2.33)

where ¢* and ¢ are the first components of the solutions corresponding to u* and u, respectively.
Then, we derive a first-order necessary optimality condition for a given u* € U,q to be an optimal
control in terms of a suitable variational inequality. Namely, ©* is an optimal control whether it fulfills

/ (p3 + bsu™)(u —u*) >0 forevery u € Uyg, (2.34)
Q

where ps3 is the third component of the solution to the adjoint problem introduced and discussed in
Section

In performing our proofs, we often make use of Hélder’s inequality, as well as of Young’s inequality
5 ]. _ // /
yz < —|y[f + =07 /P|z[" foreveryy,z € Rand 0 > 0, (2.35)
p p

with 1 < p, p’ < oo conjugate exponents, i.e., p+p’ = pp’. Moreover, we recall the two-dimensional
embeddings

V s LP(Q) forp € [1,+00), W — C°(Q),
and L>(0,T; H) N L*(0,T;V) — L*(Q), (2.36)

and the corresponding inequalities

|vll, < Caypllv|ly foreveryv € V., ||v|le < Collv|lw foreveryv € W

and ||v]|zaq) < Car ||v] Lo (0.1:m)nL20,1:v)
forevery v € L>(0,T; H) N L*(0,T;V), (2.37)
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Solvability and optimal control of a multi-species Cahn—Hilliard—Keller—Segel tumor growth model 7

where Cq depend only on 2 and Cq, ,, and Cq 1 depend on p and 7', in addition. Furthermore, since
the embeddings V' C H and H C V* are compact, we obtain from Ehrling’s lemma the compactness
inequality

[oll < a Vol + Cs lv]

with some C's > 0 that depends only on €2 and ¢. We also account for the Poincaré—Wirtinger inequal-
ity, an inequality from the elliptic regularity theory, and the two-dimensional Ladyzhenskaya inequality.
Namely, we sometimes owe to

v+ foreveryv € Vandd > 0, (2.38)

|lv —=7|| < Cql||Vv| foreveryv eV, (2.39)
Vol < Cq (JJv]| + ||Av]]) forevery v € W, (2.40)

[olli < Callvl vl foreveryv € V,
and ||Vv|3 < Cqllvllv (|Jv]| + ||Av||) forevery v € W, (2.41)

with the same constant Cy, as before, without loss of generality. We aim to point out that v — ||v]| +
|| Av|| provides a norm in TV which is equivalent to the standard norm in H?(£2).

We conclude this section by stating a convention that regards the constants appearing in the proofs
of the forthcoming sections. The small-case symbol ¢ denotes a generic constant that depends only
on the structure of the system, €2, T, the initial data, and . (see (2.11)). In particular, the values
of ¢ are independent of u. Notice that the meaning of ¢ may vary from line to line and even within the
same line. We use capital letters for precise constants we could refer to.

3 Existence and stability

This section is devoted to the existence of a solution (¢, pt, a,n, o) to problem (2.22)—(2.27) that
satisfies estimates and (2.31). We mention that the well-posedness of a similar system can be
compared with the analysis developed in [3]. The system studied there has a slightly more general
structure, but it does not contain the control variable u, acting as a source term. The authors of [3]
prove the existence of a (unique regular) solution, satisfying the restrictions on the values of a and
o given in our statement, by means of a proper argument based on regularization, truncation and
discretization (see [3, Theorems 2.8-2.11]). On the other hand, here we construct our argumentation
without giving the full detail of approximation and just perform formal a priori estimates on the solution
(¢, p, a,n, o) to motivate the expected regularity and the stability estimates. In particular, we point
out the treatment of the new terms involving the control u, which do not appear in the paper [3]. In
agreement with the specific form of the energy € in (1.10), we assume in the following the component
a to be positive.

Boundedness property. We first prove that o attains its values in [0, 1]. To this end, we fix a mono-
tone C! function G : R — R that grows linearly at infinity and satisfies G(r) < 0 for r < 0,
G(r) =0forr € [0,1],and G(r) > O for r > 1, and we test by G(o). It G is the antideriva-
tive of GG that vanishes at zero, we obtain that

%% ) @(g) + /QG’(J)|VJ|2 = /Q((l —0)+a(X, —0))G(0) ae.in(0,T).

Since a is nonnegative and X, € (0, 1), the right-hand side is nonpositive. We then integrate over
time and observe that our assumptions on oy (see (2.16)) imply that G(o¢) = 0. Since both G and

DOI 10.20347/WIAS.PREPRINT.3118 Berlin 2024



P. Colli, G. Gilardi, A. Signori, J. Sprekels 8

G’ are nonnegative, we conclude that @(0) vanishes identically, entailing that

0<o<1 aein@. (8.1)

Control of the mean value. The next estimate regards the mean value of . We test (2.22) by the
constant 1/|€2| and obtain that

d
p7id P+mp=79, where g:=h(p). (3.2)
In addition, recalling we note that the constant function v(t) = ¢ fulfills the equation
d
%v—i—mfu—mro in (0,7) (3.3)

and the initial condition v(0) = . Hence, taking the difference between (3.2) and (3.3), and solving
the resulting Cauchy problem for ¢ — v, we easily find that

t
P(t) — 10 = (g —10) e ™ + / e (=9 (G(s) — mrg) ds forevery t € [0,T].
0

Since [g(s) — mro| < sup,cp |h(r) — mrg] = mR forall s € [0,T] (see (2:14)), we easily
conclude that

ro — (o —10) — R<®(t) <rg+ (po—1)"+ R foreveryt € [0,T]. (3.4)

Finally, by recalling (2.14), we claim that there are positive constants dy and C} such that
F{(r)(r —r) = éo | Fi(r)| = Co
forevery r € D(F)and 1’ € [ro — (o — 10)”— R, 70 + (o — 70) T+ R]. (3.5)

This is a generalization of the inequality proved in [23, Appendix, Prop. A.1] in the case of a fixed 7.
However, the proof also works in the present case with only minor changes since the values of 7’ we
are considering belong to a compact subset of the open interval D(F').

At this point, we start performing the estimates in the direction of the expected regularity of the solution.
In each step, we test our equations at the time ¢ by suitable test functions evaluated at the same time ¢.
However, we do not write the symbol ¢ for simplicity, and it is understood that the equalities we obtain
hold a.e. in (0, T"). For the reader’s convenience, we recall the definition of the energy & (see (1.10))
related to the system

E(go,a,n,a):/a(lna—l)—Xsa/ngp—Xa/aa
Q Q Q

1
+§/(|V¢|2+|Vn|2+|VU|2)—l—/F(gp) (3.6)
Q Q
and notice that its time derivative is given by
d
E(p,a,n, o)
/&ta Ina—X /@ngp X /natgo X, /(‘Zaa— /a@ta
d
2, 2,

+ 5 (Ve +19nR +19) + & [ Flo). @)
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Solvability and optimal control of a multi-species Cahn—Hilliard—Keller—Segel tumor growth model 9

First a priori estimate. We test (2.22) by ;2 and —Xn to obtain the equalities

/atsou+/IVW—X@/Vn'vuz/(—mswr]h(w))u

Q Q Q Q

—X@/ﬁtgon—Xw/Vu.anLXi/|Vn|2:chm/gpn—X¢/]h(gp)n.
Q Q Q Q Q

Now, we recall the definition of R in (2.14) and set

Moo=t (mR+1), (3.8)
do

where ¢ is the same as in (3.5). We notice at once that the value of M depends only on the structure
of the original system, so that it can be absorbed in the notation c¢ for the generic constants in per-
forming estimates. Thus, we keep M explicitly only when it is needed. Then, we test by 0,0,
M (v — ), and mp — h(y) to infer that

33 1w+ 5 [P = [ now.
M/QIVsOIQ+M/QF'(w)(w—@IM/Qu(@—E),
m/QIVSOIQ—/Qﬂl’(cp)\VwIQer/ﬂF’(SO)so—/QF’(@M@Z/Qu(mso—ﬂl(so))

Next, we test (2.24) by Ina — X,0. By noting the identity Va — X,aVo = aV(lna — X,0), we
have that

/&a lna—Xa/8taa+/a]V(lna—Xaa)\2:/(a—a2+u)(lna—Xaa).
Q Q Q Q

Finally, we test (2.25) and (2.26) by 9;n and 0,0, respectively, leading to

8n2+——/ Vn|? — /goan——/Snan,
/Q|t | 2 dt [Vl t Q t
(902—1———/ Vol|? — /aaa—/ 1—0)—aoc)o0o.

At this point, we add all the above equalities to each other and to the sides of the resulting identity the
equal terms % fQ \n|2 and 2 fQ ndyn, respectively. Notice that four terms cancel out and that nine of
the contributions on the left-hand side yield those of the time derivative of the energy. By also
rearranging terms, we conclude that

d
Geana) s [ Va2 [ vaP
+M/QIV<P!2+M/QF{(sO)(sD—@Hm/Q\VsO\Q

Im / Fi(0) (¢ — o) + / o[V (Ina — X,0)?

d
+/ |8m\2+/|8ta\2+/a2(lna—xa0)+d—/|n|2
Q Q Q tJo
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=2X /w Vn — X /(]h(@) me)n

—M/F’ (o — 90+M/ e — )
+/Qh’(sﬁ)\vwl“r/QF{(sO)(—mroJrh(w)) +/QF2/(%0)(—W<P+]11(%0)>
+/Q(a—|—u)(lna—Xaa)+/QSn3tn

+/Q((1—0)—a0)8t0+2/9n@n. (3.9

We consider the terms on the left-hand side of (3.9) that involve F]. The second one is nonnegative,
since [ is monotone and vanishes at . As for the other, we recall (3:4) and apply (3-5) to obtain that

MAHMW—@ZM%LWWWﬂ- 3.10)

Since X, € (0, 1) and (3:7) holds, we have that

/ag(lna—Xaa) 2/&2(1na—1)7
Q 0

and we notice that the last integrand is bounded from below.

Let us come to the right-hand side of (3.9), where just some terms need an accurate treatment. Since
( — @ has zero mean value, by also applying the Poincaré—Wirtinger inequality and recalling (3.4), we

derive that
M [ o =9 =M [ (=R -9)

1 o1
SZ/WMI”C/MO-@OIQSZ/IVMZJrC/IwI”C.
Q Q Q Q

As for the term involving F7, we recall (2.74) and observe that

| Fi(@) (=mro + 1) < sup 1) = mna| [ Fi(e)] = mP [ |

Thus, due to the choice (3.8) of M, this term can be absorbed on the left-hand side. By (3.10), we
have indeed

M/QF{(sO)(so—@—/QF{(@(—WOJFM%O))

;NM%—mm[y«wwc:mem—a

The integral involving a and wu is treated by recalling that a, o, and u are nonnegative and that u is
bounded by u,,x. Namely, we have that

/Q(a—l—u)(lna—Xaa)g/Q(a—i-u)lnagi/ﬂaz(lna—l)ch
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Solvability and optimal control of a multi-species Cahn—Hilliard—Keller—Segel tumor growth model 11

Finally, we observe that
/((1 —0) —ao)do < /(1 + a)|0;0]
Q Q

1 1 1
g—/|8tc7]2+/|a|2—|—c§—/]8t0]2+—/a2(1na—1)+c
2 Ja 0 2 Jo 4 Ja

By recalling the definition of .S,, given in (2.25), that both F% and h are Lipschitz continuous, and that
lh is even bounded, the other terms on the right-hand side of can easily be treated using Young’s
inequality. Hence, collecting all the above estimates and itself, and ignoring some nonnegative
terms on the left-hand side, we conclude that

d 1
Geana) s [ VP + [ F@l+ [ a¥(na- o)

1 ), 1 T 1 d/ )
+2/]8m\ /\8t0| / (Ina 1)+2dt In|
/\Vg0|2+c/|g0|2+c/\Vn|2+c/|n|2—|—c

At this point, we integrate the resulting inequality over (0, t), where t € (0,T) is arbitrary. The left-
hand side contains two terms with no prescribed sign, specifically those of € involving the products
n and ao. Consequently, we cannot directly apply the Gronwall Iemma We therefore move them to
the right-hand side and estimate them. To this end, recall that X, € (0,1)andthat0 < o < 1.
Moreover, we observe that

2< ~F(r)+c foreveryr € D(F). (3.11)

N | —

This readily follows from (2.7) in the case of regular potentials, and it is trivially satisfied in the case of
potentials satisfying (2.8). Hence, we have that

% [ np® +xa [ o) < [ @F + [ 1ewF + [ at
<5 [ m@F+5 [ P+ 5 [ a@mat -1+,

and this can be absorbed on the left-hand side. Moreover, there is one more term on the right-hand
side to be treated, namely, the term arising from the time integration of fQ ||, This latter can be
estimated by using once more. Now recall that our assumptions on [ imply that F' is bounded
from below. We therefore can apply Gronwall’s lemma, owing also to the assumptions on the initial
data, and conclude that

el zo 0,77y + [1F (@) oo 0,301 ) + IV el 220,750
+ |la(lna — 1)\|Loo(0,T;L1(Q)) + Haz(lna — 1)HL1(Q) + Hal/QV(lna — XQO-)HLQ(Q)

+ 10l o.1mnnee 0,75y + 1ol o 15mmynL= 07y < c- (3.12)
The bound in also implies that

llall Lo (0,01 (@))nz2(Q) < C- (3.13)

DOI 10.20347/WIAS.PREPRINT.3118 Berlin 2024



P. Colli, G. Gilardi, A. Signori, J. Sprekels 12

Consequences. At this point, it is rather straightforward to infer that
10kl 20,5+ + 10l 220,03y + o]l 20wy < c. (3.14)

Indeed, for the first of these estimates, one tests (2.22) by any v € L2((), T; V), integrates over (0,7,
and accounts for (3.12), to obtain that

T
/ (Orp(t),v(t)) dt < c||v][L2rv) -
0
By rewriting (2.25) and (2.26) as partial differential equations

on — An = X, + cop +cpn+co0 + ¢y ae.in @, (8.15
0o —ANo=(1—0)+a(X,—0) aein@, (3.16)

and comparing the terms, we infer from (3.12), (3.13) and (3.1) that
AR z20,0,m8) + [|A|L200.0:m) < €,
whence we obtain (3.14) with the help of the elliptic regularity theory.

Second a priori estimate. We test (2.23) by ¢ — © and owe to (3.10) divided by M. By also
accounting for the Poincaré—Wirtinger and Young inequalities and (3.4), we obtain that

o [ IR < [ Fele-p+es [ D6l + [ Fioio-9)+c

——/QF(@)(so 90)+/Qu(<p—<p)+c
i/ﬂww—@+/w—mw—@+c
Q Q
SQLWP+ANMM¢—WH«. 317)

Now we square, integrate over (0, 7"), and apply (3.12). This yields that
IFY ()|l 20r:ri ) < ¢, whence |[FY(9)]l 20 < c.
Therefore, by testing by 1/|€2| and comparing, we infer that
1Bl z20,m) < c.
By combining with (3.12), and using once more inequality (2.39), we conclude that
el 20y < c. (3.18)
Consequence. Now, we consider (2.23). By splitting /' as F' = F} + F5, moving the term involving
F} to the right-hand side and applying a usual argument based on the monotonicity of F] (i.e., one

can test (2.23) by F(y)), we deduce that both F7(¢) and A are estimated in H by the H norm of
the right-hand side. Therefore, we conclude from elliptic regularity that

el 20,0y + 1 FL (@) 20,0 < €. (3.19)
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Solvability and optimal control of a multi-species Cahn—Hilliard—Keller—Segel tumor growth model 13

Third a priori estimate. We take v = ain (2.24) and, using the positivity of a and Young'’s inequality,

we have that
1d
3 gillall+ [ 1vaP+ [ jaf

3 1
SXﬁ/aVUWM+§WmL+?WmMQML (3.20)
Q

Now, in order to deal with the first integral on the right-hand side, we invoke Hdélder’s inequality and
the Ladyzhenskaya inequalities in (2.41), and find out that

Y / aVo - Va < [[ala| Vol Vall;
Q

1/2 1/2
< cllallllall*llo (ol + 1 Aal) " ally
1/2 1/2) 13/2
< cllal 012 13 all?
1
< sllally +elloflivllall®, (3.21)
where and the Young inequality (2:35), with exponents 4/3 and 4, have been exploited. Note
that the function ¢ — ||o'(¢)||% is known to be bounded in L' (0, T') by (3-14). Then, combining

and (3.27), we can integrate the resultant over (0, ¢) with the help of the initial condition for a, see
(2.27) and (2.15). Next, we apply the Gronwall lemma and deduce that

||a/||Loo(O’T;H)QLQ(O’T;V)QLZS(Q) < ¢, whence also (cf. (2.37)) ||CLHL4(Q) <c. (3.22)
Regularity for two variables. We set g := (1 — o) + a(X, — o) for a while. Then, we have that
g € L*Q) by (8:7) and (3.22). Moreover, since

Vg=—-Vo+Va(X,—0)—aVo

and Vo € LYQ) by (38:12), (3.14), and (2.36), we see that Vg € L*(Q), so that g belongs to
L?(0,T;V) as well. We also recall the property oy € W from (2.16). Therefore, on the one hand, a

comparison in (3.16) and maximal parabolic regularity (see [11, Thm. 2.1]) yield that

||J”W1v4(O,T;L4(Q))QL4(0,T;W2’4(Q)) <c. (3.23)

On the other hand, by the abstract regularity theory for parabolic problems contained, e.g., in [22], we
also infer that

HUHHl(O,T;V)mCO([O,T];W)mLZ(o,T;m(Q)) <c. (3.24)

In view of (2.16) and (3.15), a similar conclusion holds for 1 since the right-hand side (X<KJ + cw)go +
Cal + Co0 + o is bounded both in L4(Q) and in L2(0,T; V) due to (3.12). Thus, we have that

[ |lwra 0,78 @)nps0,mw24@)) + |0l 51 0,757 )nco (o, mw)nL2 0,1 m3 () < C- (3.25)

Fourth a priori estimate. From (2.24) and integration by parts, it follows that

/&av—i—/Va-Vv:—Xa/(Va.Va—i—aAa)v—l—/(a—a2+u)v (3.26)
Q Q Q

Q
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P. Colli, G. Gilardi, A. Signori, J. Sprekels 14

for every v € V, a.e.in (0, 7). Note that the first integral on the right-hand side makes sense since
Vo is bounded in L*(0,T; L>(Q)) by and the Sobolev embedding W?24(Q) C L>(0Q),
whereas a and Ao are bounded in L*(Q)). We formally take v = d;a in and, by the Holder and
Young inequalities, we easily obtain

1d 9
5 7 IVal

< IVall|Volwldral + llallsllAclallall + lla = a® + ull2]| Ol

10eall® +

1
< Sl + ellolliyza@ I Vall® + cllalzagllollivzsq + e(lallzae +1)- (3.27)

Then, in view of (3:22) and (3.23), we are allowed to integrate over (0,¢) and apply the Gronwall
lemma as ¢ > [|o(t)[}2.4qy) is bounded in L*(0, T') to conclude that

||a||H1(0,T;H)ﬂL°°(O,T;V) <c. (3.28)
Then, going back to (3.26) and emphasizing that now the whole term Va - Vo + a/Ao is bounded in
L*(0,T; H), by comparison and elliptic regularity we infer that

HCLHLQ(O,T;W) <c. (3.29)

Fifth a priori estimate. We proceed formally and take v = 0, in (2.22). Coincidently, we differenti-
ate (2.23) and test the resulting equation by 0;. Then, we sum up, noting that a cancellation occurs,
and integrate also by parts over (0, ¢). We obtain

1 !
3 [P+ [ 190k + [ Pl
Q Q¢ Q¢

_ %/Q|Vu(0)|2+X¢/QVn(t)-Vp(t)—X¢/S2VnO-Vu(O)
- / Vom - Vi + / (h(p) — me) ()(t) — / (o) — mgo)u(0)

- / ((0) — m)dhpp — / FY(0) 0o, 330)

where we employed the notation ); = € x (0, ). We point out that the third term on the left-hand
side is nonnegative due to the monotonicity of F7. About the value 14(0), we recover it from (2.23) and

realize from (2.13) that 1(0) = 1 is bounded in V. Then, recalling also (2.16) and (2.4), it is clear
that the first, third and sixth terms on the right-hand side of (3.30) are under control. The second one
can be easily treated as

1 1
Xw/Vn(t)-W(t) < —/ Vu@®)]* + clinl e ) < —/ [Vu®)]® +c

by the Young inequality and (3.25). The fourth term on the right-hand side of (3.30) is already bounded
due to (3:25) and (3:18). On the other hand, as the functions ' and F; are bounded, by virtue of the
Young inequality, the compactness inequality (2.38), and (3.14), we deduce that

- / (1 () — m)Op p — / Rl < e | ol

1 1
<c+ 5/ [Vop|* + ||8t90||%2(0,T;V*) <c+ 5/ Vol
Q¢ Qe
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Solvability and optimal control of a multi-species Cahn—Hilliard—Keller—Segel tumor growth model 15

Now, in (3.30) it remains to control one term, for which we use the boundedness of h and the esti-
mate (3.12), along with the Poincaré—Wirtinger inequality (2.39) and, once more, the equation (2.23)
with v = 1/|Q]. It follows that

/Q(h(so) —mp)(t)u(t) < cllp@®)]l < cllu(t) = TO| + c[n()]
< e[ Vu)ll + C/Q [EY ()] + clle®)]l + c.
Now, we recall and arrive at
| o) = mpem

< el a1+ o)) = 20) +ellell + e < g [ 1V +

Then, collecting the above computations in and invoking lead to the estimate
IVl omsy + 10pll 20wy < € (3.31)

Hence, recalling again, at this point we can infer that

1Y (0) || o= 072102y < ¢,

whence, testing (2:23) by 1/|€2| and comparing, it holds that ||7i||~,r) < ¢, and, consequently,
using once more inequality (2.39), we conclude that

|1l oo, mvy < e (3.32)
Moreover, by (3.31) and a comparison of terms in the strong form of (2.22), i.e.,
0o — A — Xpon) = —my +h(p) ae. in Q, (3.33)

we find out that A(u — X,n) is bounded in L*(0, T'; V'), whence, by elliptic regularity, i — X,n is
bounded in L*(0, T; W N H3(2)) and, consequently, in view of (3.25), it holds that

HHHLQ(QT;WmHi%(Q)) <c. (3.34)
Now, we can argue in the same way as for and find as well that
el o 0.mw) + [1F1(0) || oo 0,750y < (3.35)

The information given by the estimates (3.31) and (3.35) is enough to conclude that ¢ € CO(@) SO
that the values assumed by ¢ range in a compact subset of R, and in the case D(F') = R we have
already proved the separation property (2.31).

Further estimate. From now on, we restrict ourselves to the case D(F') = (0, 1) and argue simi-
larly as in the proof of [6, Proposition 2.6] in order to obtain the estimate

lllwroe 0. mynm 0wy + |1l L) < . (3.36)
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In fact, the technique is as follows. From (2.22), considered at the initial time ¢ = 0, and (2.13), (2.16)
we recover that

9rp(0) = A(po — Xyno) — mepg + (o)

is bounded in H. Next, we differentiate both (2.22) and (2.23) and test by J,¢ and —A(J;), respec-
tively. Then, we sum up and integrate by parts and over (0, t), paying attention to the cancellation of
two terms. The integrals on the right-hand side

Xy | VO -Vop+ / (W' (¢) — m)|dsp|?
Qt t

are readily controlled thanks to (3.25) and (3.37). Then we arrive at some inequality similar to [6}

formula (5.16) and following]. From this point we can proceed along the same line as in [6, pp. 2160-

2162], by exploiting the inequality in (2:8), which gives a control for F}’, along with the Trudinger

inequality (see, e.g., [24])

2
/ el < cqelPlv foreveryv e V,
Q

which holds in two dimensions. Let us omit the full proof here: this proof permits to arrive at the
estimate

10spl| oo 0,7y + ([ A(0e0) | L2(0,7,m) < €
from which by the elliptic regularity theory and (3.31), (3.35) we achieve the estimate (3.36) for the
term involving ¢. Next, a comparison argument in (3:33) reveals that A(u — Xwn) is bounded in
L>(0,T; H), whence by elliptic regularity and (3-25), 1 is shown to be bounded in L>(0,7; W) C
L*(Q), which completes the proof of (3.36).

Separation property. Up to now, we have completely proved the stability estimate (2.30), which
holds true with a constant K| satisfying the properties given in the statement, since the constants ¢
we have introduced in the various steps enjoy these properties. We still have to check the separation
property in the case D(F') = (0,1). To this aim, we start from the bound for p in L>(Q)
in (3.36). Then, a Moser type procedure in provides a bound for F7 (). Let us sketch this
argument by proceeding formally and acknowledging that a truncation argument would suffice to obtain
a rigorous proof. To simplify notation, we set ¢ := F{(¢) and g := p — F}(). The argument just
deals with the elliptic equation at the time ¢, which however is not written for simplicity. We take any
p > 2 and test by |1|P~21) to obtain that

o=1) [ 1o 9ek+ [ o = [ glop o

By the Young inequality (2.35) we deduce that

_ _ ;1 1
[ S/Q\g\ [P~ < lglly 11l = gl 10157 < 5 lglly =2 1115

By rearranging, we infer that ||1||, < ||g||,- Then, letting p tend to infinity, we conclude that ||?||», <
|9l o0, which entails || F}(p(t))|lco < ||p2(t) — F(p(t))]|s fora.a.t € (0,T), whence

I ET (@) 2o (@) < Ml = F(@)|lze(q) < c.

By accounting for assumption (2.8), we deduce that (2.31) holds true with some values 1 as in the
statement. O
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4 Uniqueness and continuous dependence

In this section, we prove the uniqueness part of Theorem and the continuous dependence es-
timate (2.32). We just prove the latter for arbitrary solutions corresponding to the control variables,
so that uniqueness follows as a consequence of the case of the same control. In this direction, we fix
u; € Uaq, © = 1,2, and any two corresponding solutions (¢, ft;, a;, n;, 0;) with the regularity and the
properties stated in Theorem in particular, the separation property (2.31). We set for convenience

Ui=Up — U2, P=1— P2, B H1— 2,
a=a —ay, M:=MN1 —MNg, O . =01 —03.

Then, we write all the equations (2.22)—(2.26) for both solutions and take the differences to obtain that

/Gtgov+/Vu-Vv—X¢/Vn-Vv:—m/gov—l—/(lh(gol)—lh(gog))v, (4.1)
0 0 0 0 0

/Vso Vv+/(F'(901) F’(wz))'U://w, (4.2)
Q
/@av—i—/Va Vv —X /(aVUl—l—aQVJ) Vv—/(a—(a1+a2)a+u)v, (4.3)

/@nv%—/Vn Vv —X /apv—/ Cop + Cp + Coo ) 5 (4.4)
/8tav+/Va~Vv:/(—J+Xaa—a01—a20)v, (4.5)
Q Q Q

forevery v € V and a.e.in (0,7).

Remark 4.1. In our computations, we allow the values of the generic constants c to also depend on
the solutions we are considering. However, at the end of the proof, since uniqueness follows as a con-
sequence as already said before, one realizes that the solutions taken into account are exactly those
provided by the already proved existence part of Theorem[2.2] This implies that the norms of the solu-
tions considered in the present proof are bounded by the constant K of the stability estimate (2.30),
and thus they depend only on €2, T', the structure of the system, the initial data, and .

First estimate. We test the above equations by ©, —Ayp, a, Oyn, and 0,0 — Ao, respectively.
More precisely, we test and as said, while we write (4.2), and in their strong
form, multiply them by —Agp, d;n, and 0;c — Ao, and integrate over {2. Notice that the regularity
(2.17)—(2.21) for both solutions allows this procedure. After some rearrangement, we obtain that

2dt/|so|2+m/|sol2 /QVM'VQO—FXw/QVmVaer/Q(]h(%)—h(gpz))<p,
L 186k == [ (Fen = Flen) (a0) + [ V-9,
2dt/|a|2 /|v@y2 /(aVal—l—aQVU) Va+/ﬂ(a — (a1 + as)a’® + ua) ,

/ |Om|? + = —/ |Vn|? = / ©Om + / (cop + can + co0) O,

/|8t0\2 d/|V0]2 /|A0|2:/(—U+Xaa—a01—aga)(ﬁta—Aa).
Q Q
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At this point, we take the sum of these identities. Moreover, we add

2dt/|n|2 and L /W

to the left-hand side of the resulting equality and the same terms, written in the form fQ ndyn and
2 fQ 00,0, 1o its right-hand side. The new left-hand side then becomes

2 2 2 2 2
35 14 +m/|s0| + [1aek+5 5 [laP+ [ va

+ [0 +5 5 [ (i + 190P)

d
+/ |8t0|2+—/(|0|2+|V0]2) +/ Aol
Q dt Jo Q

and we have to estimate the terms on the corresponding right-hand side. However, two of them cancel
each other, and most of the others can be simply dealt with by means of Young’s inequality, possibly
on account of the Lipschitz continuity of both h and F” in the interval [r_, ], considering that we
want to apply (after time integration) the Gronwall lemma. Hence, we only estimate the terms that
need some treatment. On account of (2.40), we have that

1
% [ VT < IVl Vil < ¢ [ (6P + 186P) +c [ VP,
Q 4 Jq Q
As for the terms involving the product of three factors, we first employ (2.20) to find that

X / Vo1 - Va < Jall| Vo]l [[Valls

<5 [ 1VaP + clloaleora lall Gl + 1Val) < 7 [ 194 + cllal?.

Moreover, using the Sobolev inequality in (2.37) and the second Ladyzhenskaya inequality in (2.41)
after Young'’s inequality, we have that

X, / ;Yo - Va < ||| Vol [ Val:
Q

IN

1
Z/QIWI2 +cllazll lollv(lloll + 1Aa])

1 1
< 1/ ‘Va‘2+C”a2"z21"U“%/+Z/ [Ac|* + clasll3 [lofl7 .
Q Q

and we observe that the function ¢ — ||as(t)]|4 belongs to L*(0, T) (cf. 2.19) and 2.37)). In addition,
it is clear that

1
- /Q(al +az)a” < Jlay + azlla flallallallz < - llally + cllar + 2§ [lall3

where the function ¢ — ||(a1 + a2)(t)||4 belongs to L*(0, T'). The terms involving ac; and azo are
treated in a similar way. Finally, from Young’s inequality it follows that

1/21/2
ua < — al® 4+ = ul”.
/Q 5 |15 [
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Therefore, collecting all these inequalities and those we have omitted, we estimate the right-hand side
we are considering in a form that is suitable for the application of the Gronwall lemma. After time inte-
gration, using the assumptions on the initial data as well as elliptic regularity theory, we conclude that

||‘;0||L°°(O,T;H)OL2(O,T;W) + ||@||Loo(0,T;H)mL2(o,T;V) + ||n||H1(O,T;H)ﬂL°°(O,T;V)

+ ol m 0.7 mnze o rvync2 0wy < cllullr2orm) - (4.6)
Notice that this implies that
lallza@) + Vol < cllull2or:m) (4.7)
thanks to the third inequality in (2.37).

Consequence. A comparison argument in equations (4.4) and (4.2), along with elliptic regularity
theory, thus yields that

7l 220wy < cllullzormm) and  ||pllzzo.rm < cllullz2o,mm) - (4.8)

Second estimate. We test (4.1) by p and by 0, and add the resulting equalities. Noting a
cancellation, we have that

/Q\Vu|2+§@/lvwl2 /QVn'Vu—m/Qsou
+ [ (o) == [ (Fle) = Fle)ore. 9

and just the last term needs some attention as the others can be easily controlled using Young’s
inequality. To deal with it, we recall the Lipschitz continuity of F in the interval [r_,r,] and test (1)
—(F'(¢1) — F'(p2)). We obtain that

- /Q(F'(sol) — F'(02)) O
= [TV (F o) = Flen) + X [ An(Flo) - Fe)
+ [ (mg = (o) = () (Fo1) = (). (4.10)
In view of and (4.8), and using Young’s inequality and the Lipschitz continuity of both lh and F”
on [r_, ], we easily conclude that the sum of the second and third terms on the right-hand side is

bounded by cHuH%Q(O 7.7y~ Regarding the first term on the right-hand side, we recall the regularity of
1 and 9 given by Theorem[2.2/and (2.28), to infer that

|9 v(E o) = Fie) = [ Vi (') = P2 Vo1 + Pl V)
< e[ Vals (cllelle Vo1l + 1" wz)lloo 1V6lle) < e IVal (el + V).

Now, by combining it with (4.9) and (4.10), then applying the Young inequality and integrating over
(0,t), we arrive at

1
Vil + 5 [ I9eOP < [ (1902 + A0 + 1o + Vo)
Qt Q Q1
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so that, in view of and (4.8), we conclude that
IV ull 20 + 1Vl oo o,13m) < cllull 2o -

From this, (4.6) and (4.8), we deduce that

el L20,mv) + 1@l o0y L200,w) < elull 2o, - (4.11)

Consequence. A comparison argument in equation (4.1) then readily yields that

10cpl L20,mv+y < cl|ull20,7:m) - (4.12)

Third estimate. Next, we take an arbitrary v € L?(0,T;V), test (4.3) by v, and integrate over
(0,T). We have that

/8tavz—/Va-Vv
Q Q

+ Xa/ (aVoy + asVo) - Vo + / (a— (a1 + a2)a+ u)v.
Q Q
Just some of the terms on the right-hand side need some treatment. The first one is the following:
Xa/ aVoy -V < |lallrsg) Vol VU2 < cllullrzomm [[vllz20mv) »
Q
where the last inequality is due to the regularity of o; and (4.7). For analogous reasons we have that
Xa/ a;Vo -V < las]|paq) [VollLiq) VUl @) < ellullzomrm 10l 2oy
Q
as well as

— / (a1 + az)av < |la; + a2||L2(0,T;L4(Q)) ||a||L°°(0,T;L2(Q)) ||U||L2(0,T;L4(Q))
Q
< cllay + azll20,1vy llal| oo o,y |Vl 220,70y < e lwllz2o,mmy (|0l 220,00 -

Since the other terms on the right-hand side can be estimated in a straightforward way, we conclude
that

T
/ drav = / (Dra(t), v(t)) dt < c|ull 2oz 0] 2oy
Q 0
whence, due to the arbitrariness of v, this entails that
10kall 20,7 < cllullz20,m) - (4.13)

By recalling Remark [4.7] we see that the proof of the uniqueness part of Theorem[2.2]and of (2.32) is
complete. O
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5 An auxiliary result

This section is devoted to stating and proving an auxiliary result that will be used twice in the sequel.
In the following sections, we will repeatedly analyze systems related to the state system (1.1)—(1.7).
Since these share a very similar mathematical structure, we have decided to introduce an abstract
result that encompasses both cases to be analyzed later. Theorem [5.7] proved below, will be used
to show the well-posedness of the linearized system and the Fréchet differentiability of the solution
operator. We fix some u* satisfying and the corresponding solution (*, u*, a*, n*, o*) given
by Theorem and we recall at once that ’(¢*) and F"(*) are bounded, since ¢* satisfies the
separation property (2.37). Moreover, we fix

91,91, 95 € L*(Q), g2 € L*(0,T;V) and g, € (L*(Q))*, (5.1)

and we notice that g5 is a vector-valued function. Nevertheless, we often prefer to write g3 (i.e., we do
not use the boldface character) for uniformity. Then, we look for the solution (¢, 1, a, n, o) to the prob-
lem stated below. We remark that the notation (¢, 1, a, n, o) adopted in this section is unrelated to
the original problem (2.22)—(2.27). We look for a quintuple (¢, 1, a, n, o) with the regularity properties

0 € Xy :=H'0,T; V)N L>(0,T; V)N L*0,T; W), (5.2)
pe Xy = L*0,T;V), (5.3)
a € Xs:=H(0,T;V*)NL>0,T; H) N L*(0,T;V), (5.4)
n € Xy:=H(0,T; H)NL>0,T; V)N L*0,T; W), (5.5)
o€ Xy, (5.6)

that solves the variational equations

(Orp,v) + /V,u Vv —X /Vn Vv

:—m/gov+/1h' gov—l—/glv (5.7)
/V@-Vv:—/F’/(go*)gpv+/uv+/922;, (5.8)
Q Q Q Q
(Oa, U>+/VG~VU—XG/(GVJ*+CL*VO')‘VU
Q Q

—/ VU—I—/(a—Za a)v+/g4v (5.9)
/&nv—l—/Vn Vo —X /gov—/ Cop + Cpn + Co0), (5.10)
/atO'U—i-/VO"VU:/(—O'—FX@CL—CLO'*—a*U)U—l-/g5U, (5.11)
Q Q Q Q

for every v € V and a.e. in (0,7"), and satisfies the initial condition

(p,a,n,0)(0) =(0,0,0,0) a.e.in). (5.12)

Let us introduce the space (cf. (6.2)—(5.6))
X = :X:1X:X2XX3X:X:4XX4 (5.13)

for the solutions to (5.7)—(5.12).
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Theorem 5.1. Let the assumptions of Theorem|2.2 and (5.7) be fulfilled, and assume that u* satisfies
@0) and (p*, u*,a*,n*, o*) is the corresponding solution. Then the problem (5.7)—5.12) has a
unique solution (o, i1, a,n, o) satisfying (5.2)—(5.6), and the estimate

5
1(p, 1, a,m, 0)[|lx < K3 (ZHQZ‘||L2(Q) + ||V92||L2(Q)) (5.14)
i=1

holds true with a constant K3 > 0 that depends only on 2, T', the structure of the original system,
the initial data, and U, ax-

Proof. To establish existence, we just prove formal estimates for the solution, but those computations
do suggest that the same estimates can be performed on the solution to the k-dimensional system ob-
tained from the Faedo—Galerkin scheme constructed by using the first k& eigenfunctions of the Laplace
operator with homogeneous boundary conditions. These bounds can then be used to pass to the limit
as k tends to infinity and to construct a solution to the problem satisfying (5.2)—(5.6) and (5.14).

First a priori estimate. We test the above equations (5.7)—(5.11), in the order, by ¢, —Ayp, a, ;n
and 0,0 — Ao, respectively. We obtain that

2dt/!<ﬂ|2 /Vu V90+m/!<p\2
%, [ Vn Ve [Wel+ [,
Q Q Q
/\AW=/F”(w*)soAsDﬂL/QVu-Vso—/ngAso,
al® + /VaQ—Xa/ aVo* +a*o)-Va
3 | laP+ [ 19l = [ )
= [1aP =2 [ @l = [ g5-Va+ [ ma.
Q Q
/\&nﬁ—l—ia/ Vn|? = /gp@tn—l—/(c@go—l—cnn—ircga)@tn,
Q Q Q

/\8,50\2—1— —/ Vol + /may?

= /(—a + Xqa —ac* — a*0) (00 — Ao) + / g5 (0o — Ao) .
Q Q

Then, we take the sum of these identities and add (1/2)d/dt [, |n|* and d/dt [, |o|? to the left-hand
side of the resulting equality and the same terms, written in the form fQ nd;n and 2 fQ 00,0, to the
right-hand side. The left-hand side then becomes

2 2 2, -9 2 2
35 L1l m [1ek+ [ 100k + 3% [ jaf+ [ vl

/|amy2+§E (Inf? + Vnf?)

d
+/ |8t0|2+—/(|0\2+|V0|2)+/ Aol
Q dt Jo Q
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and we have to estimate the terms on the corresponding right-hand side. However, two of these cancel
each other, one is nonpositive, and most of the others can be easily dealt with using Young’s inequality.
So, we discuss only the most delicate terms. As usual, we intend to apply Gronwall’s lemma after time
integration. The first term we consider is the following:

* * 1 *
% [ aVo' - Va< als |90l [ Vall < § [ VaP + |90 [ Jaf.
Q Q Q
To deal with the next one, we owe to the second inequality in to find that
* * 1 *
% [ @0 Va < a1 Vel | Val < § [ 9o + o’ Vol
I *
<1 [ 1VaP + 1@l Il (Il + 1A0])
1 1 . .
<5 [ Vel 5 [ 1a0P 4 (ol + ') o
Q Q

We notice that the functions ¢ — ||[Vo*(t)||2, and t — (||a*(¢)||3 + ||a*(¢)||]) belong to L(0,T).
The last integral we consider is the following:

/ a*o(0 — Ao) < |[a”[|4 |lofls (9o l2 + [[Ac]]2)
Q
1 *
<5 [ (00 +180F) + el o}
By collecting, rearranging, and applying the Gronwall lemma, we conclude that

[l Lo 0,7;mnr20,mw) + lall oo mmnzzo.rv) + 1l 0 mnze=0mv)
5

+ HUHHl(o,T;H)mLoo(o,T;V)mL?(o,T;W) <c ZHgiHL?(Q) . (5.15)
i=1

Consequence. Notice that (5.15) also yields an estimate for a and Vo in L*(Q), thanks to (2.37).
Moreover, by comparison, first in (5.10) and then in (5.8), and elliptic regularity, we derive estimates
for n and p. In conclusion, we have that

5

lallza@ + IVollLi@) + Inll 2wy + il 2oz < ¢ D lgill 2 - (5.16)
i=1

Second a priori estimate. We test (5.9) by an arbitrary v € L*(0,T’; V') and integrate over (0, 7T')
to obtain that

/OT@a(t),v(t))dt:—/q)va.vv+xa/cg(ava*+a*va)_Vv

—/gg-Vv+/(a+g4)v—/2a*av.
Q Q Q
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Just some of the terms on the right-hand side need a treatment. We have that
X, / (aVo* +a*Vo) - Vv
Q

< lall 2@ IVo™ |2 IVVl 22(0) + la™ || L2y IV ol La) [ VUl 2
5

< clollzoryy D N9z

=1
and we similarly obtain that

5

—/ 2a*av < c||v|| 20,137 ZH%HLQ(Q)
Q

=1
Hence, it turns out that
5

T
/0 (Da(t), (1)) dt < clloll oy D llgillz) -

=1
and, since v is arbitrary in L?(0, T’; V), this means that

5
|sall 207y < €D Ngill 2@ - (5.17)
=1

Third a priori estimate. We test (5.7) by both 1 and go — F”'(¢*) . At the same time, we test (5.8)
by ;. We obtain that

/atWH/WMQ:XW/V”'V“_m/QWJF/Qh'(w*)WJr/ng,
/aﬂ@ (92 = F"(¢")p) = /( Vi +X,Vn) - V(g — F'(¢%))

/ (—me+ 1 () + 1) (g2 — F" (")) ,

2dt/|v90|2 /g]“at‘P*/( — F"(¢") @) Osp -

At this point, we add these equalities to each other and notice several cancellations. The left-hand

side then becomes
C/LQ—F—— CQOZ 5.18

and we need to estimate the terms on the correspondlng right-hand side. However, we only treat the
most delicate of them, since the others are simple to handle. By recalling, in particular, that V™ is
bounded owing to the regularity in (2.28), we have that

/Q(—V,u + X@Vn) . V(gg — F”(gp*)(p)

1 " * * /! *
<5 [1VaP e [19np e [ VP +e [ o PO e [ 1)V
Q Q Q Q Q
1
< [1up e [vnt e [ [9al e ok e [ Vel
Q Q Q Q Q
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and we account for (5.15). By combining it with the already proved estimates, we conclude that

5
el 202y + llllieoryy < ¢ lgilleg + Vel - (5.19)
i=1

Conclusion. Now that i is estimated in L?(0,7T; V'), a comparison argument in (5.7), using also
(5.19), yields a similar estimate for O, in L?(0,T; V*), and the existence part of the proof is com-
plete.

Uniqueness. By linearity, we consider only the homogeneous problem. We want to come back to
the proof of (6.15) and show that the procedure used there can be made rigorous. On account of the

regularity (5.2)—(5.6), we notice that the equations (5.8), (5.10), and (5.11), can be written in strong
form. For instance, (5.8) with go = 0 becomes

—Ap=—F"(p")p+p aein@. (5.20)

Hence, instead of testing (5.8) by — A, we can multiply (5.20) by — Ay and integrate over 2. There-
fore, we can still arrive at (5.15), which yields (p, a,n,o0) = (0,0,0,0), from which, (5.20) implies
that © = 0 as well. O

6 The control problem

In this section, we give the first result on the control problem presented in the Introduction. For the
reader’s convenience, we recall the definitions of the cost functional J and of the set U,4 of the

admissible controls:
bs
=5 [ le—val+ /|so ~ ol + 2 [ 1P
Q

forp € C°([0,T); H) and u € L*(Q (6.1)
Uaq := {u €U:0<u< Upax a.e.in Q}, where U := L™(Q). (6.2)
We make the following assumptions:
b € [0, +00) fori =1,2,3, with b3 > 0; g € L*(Q), ¢q € V. (6.3)
Umax € L(Q) is nonnegative. (6.4)

Then the control problem is given by:

Minimize J(p,u) subjectto u € U,q and to the constraint that
(¢, i, a,n, o) is the solution to the system (2:22)—(2:27). (6.5)

In the remainder of the paper, it is understood that the above assumptions are in force, as well as those
on the structure and the data (with the same u,,,,x as here, of course) that ensure well-posedness for
the state system (see Theorem[2.2). We therefore do not recall them in any of the following statements.
Besides, by virtue of Theorem we can introduce the control-to-state operator 8 as

S :=(81,89,83,84,85) mapping u € U,q into (¢, ,a,n,0) €Y,

where Y is the regularity space defined in (2.29). The same operator is Lipschitz continuous from U,q
into the space X specified by (5.13), in the sense of the continuous dependence estimate (2.32).
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Theorem 6.1. The control problem (6.5) has at least one solution, that is, there exists at least one
u* € U,q that satisfies
(™, u") < J(p,u) foreveryu € Uyq, (6.6)

where ©* and ¢ are the first components of the solutions to the state system (2.22)—[2.27) corre-
sponding to u* and u, respectively.

Proof. We use the direct method of the calculus of variations. To begin with, we recall and
observe that J(¢, u) is bounded from below as it is nonnegative. Thus, we term A the infimum of
the cost functional under the constraints of the control problem and fix a minimizing sequence {u }
and the sequence of the corresponding solutions (¢x, fix, ax, Nk, o) € Y as given by Theorem
Namely, we have that

lim J(gr, ur) = A.
k—o0

Now, U,4 is bounded in L>°((Q), and all of the solutions (¢x, ik, ax, Nk, 0 ) satisfy the stability esti-
mate (2.30). Hence, we can use well-known compactness results to obtain that, possibly for a nonre-
labeled subsequence, as k — 00,

ur — u* weakly starin L>(Q), (6.7)
(P fk, Qs g, O%) — (9, 1", a",n",0") weakly starin Y, (6.8)

for some limiting functions u* and ¢*, u*, a*, n*, o*. At this point, strong convergence properties
are needed, and we apply [26, Sect. 8, Cor. 4] several times. First, we notice that {¢y } weakly star
converges in Y, that is compactly embedded in CO(Q). We thus infer that, as £ — oo,

©r — ¢ strongly in C°(Q), whence also
F'(pr) = F'(¢) and h(py) — h(g") strongly in C°(Q),

since the functions (. satisfy the separation property and F’ and h are Lipschitz continu-
ous in the interval [r_,r]. Moreover, (cf. (2.19)) implies that aj converges to a* strongly in
C°([0,T]; H) N L2(0,T; V). In view of (2.37), we deduce that, as k — oo, a; — a* strongly in
L*(Q) and consequently

(ag)® — (a*)* strongly in L2(Q) .

Next, from and it follows that, as k — oo,
or — o strongly in C°(Q) N L*(0, T; WH4(Q)),
whence
apor — a*oc® and ayVop — a*Vo* strongly in L?(Q) and L*(Q)?.

Collecting all this information, and passing to the limit in the variational equalities (2.22)—(2.26) written
for (¢k, ik, ag, Nk, 0k ), we deduce that (¢*, u*, a*, n*, o) solves the state system corresponding
to u*. This shows that (¢*, u*, a*, n*, 0*) is actually 8(u*). Thus, we have that

I(p*, u*) < liminf J(op, u) = A,
k—o0

so that J(¢*, u*) = A and u* is an optimal control. O
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7 Necessary conditions for optimality

To obtain significant necessary optimality conditions, we prove some differentiability property of the
control-to-state operator 8. To this end, recall the definitions of the spaces Y, and X;, 7 = 1, ..., 4,

given in 2.17)—(2.27) and (5.2)—(5.6), respectively. Notice that Y; — X; for every i = 1,...,4. We
then recall the definition (5.73) of X and consider the mapping & : U,q — X by observing that

foru € Uag, S(u) = (p, 1, a,n, o) is the solution to (2.22)—(2.27). (7.1)

Often, it is possible to extend S to an open subset of U and prove the differentiability of this extension.
However, we cannot develop this idea in our scenario. Indeed, although the constraint © < w5 could
be replaced by ||[u]|s < K (with any prescribed K > ||tmax||o0) Without any significant change in
our previous proofs, we cannot avoid the constraint . > (. Therefore, we can only prove some kind of
sectorial differentiability that is close to Fréchet differentiability but intrinsically involves a constraint for
the increments. Also in the present case, a crucial role is played by the linearized system we introduce
at once. To this end, we fix u* € U,q and (¢*, u*, a*,n*, o*) := §(u*). By accounting for the
separation property and for the smoothness of F on the interval [r_, ], we infer that

FO(p*) € L®(Q) and [|[FP(¢")]lw < K] forj € {0,.... 4}, (7.2)

where K is similar to the constant K appearing in (2.30).

Let us come to the linearized problem associated with u*. For a given h € L*(Q)), it consists in
looking for a quintuple (1, 1, o, v, w) with the regularity

(V.m,a,v,w) € X (7.3)

that solves the variational equations
(Op),v) +/V77'VU—X@/ Vv -V
Q Q
_ _m/ wo+ / (%) vo, (7.4)
Q Q

/ Vi - Vo + / F"(¢*) v = / nv, (7.5)
0 0 0
(Oycr, v) + / Va - Vv —X, / (aVo* 4+ a*Vw) - Vv

Q Q

= /(a—?a*a)v+/hv, (7.6)
Q Q

/@Vv—l—/V%VU—X@/wv:/(cww—l—cnu%—caw)v, (7.7)

Q Q Q Q

/ Owv + / Vw- Vv = /(—w + Xpa — o™ — a*w)v, (7.8)
Q Q Q

forevery v € V and a.e. in (0, 7'), and satisfies the initial condition

(¥, o, v,w)(0) = (0,0,0,0) . (7.9)

We have the following result concerning well-posedness.
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Theorem 7.1. Letu* € U,q be given and (¢*, u*,a*,n*, o*) := 8(u*). Then, forevery h € L?*(Q),
problem (7.-4)—(7.9) has a unique solution (v, n, cv, v, w) satisfying (7.3), and the estimate

(¢, m, a0, v, w)|x < Kz ||h||z2(q) (7.10)

holds true with a constant K5 > 0 that depends only on €2, T', the structure and the data of the state
system, and U ax.

Proof. It suffices to apply Theorem Indeed, problem (7.4)—(7.9) is the particular case of problem
(6.7)—(6.12), where g, = hand g1 = g = g3 = g5 = 0. O

Let us move to prove some differentiability property of the solution operator 8. As said before, we
cannot speak of Fréchet differentiability. However, the above result implies that the linear mapping
h — (¢,n,a,v,w) is continuous from L?(Q) into X, and we are now going to see that it plays a
similar role as a Fréchet derivative. Indeed, we can prove the following result.

Theorem 7.2. Letu* € U.q and (¢*, u*, a*,n*, o*) := 8(u*). Foreveryh € L*(Q), let(¢,n, o, v, w)
be the solution to the corresponding linearized system (7.4)—(7.9). Then we have that

18(u” +h) —8(u”) — (¥, n, @, v, w)|lx
12|22 (@)
as ||h||r2(q) tends to zero under the constraint that u* + h € Usq. (7.11)

tends to zero

Proof. We assume that u* + h belongs to U,q and introduce (¢, u”, a n" oh) := §(u* + h) and
the quintuplet (¢, p, v, A, §) € X defined by

¢3:¢h—<ﬁ*—?/), pizuh—,u*—n, vzzah—a*—a,
A=n"—n*—v and {:=0"—0"—w, (7.12)

so that
S(u*+h) = 8(u") — (¥, 0, , v,w) = (b, 0,7, A, ) -

Then, (¢, p, 7, A, §) satisfies the variational equations
(O, v) /Vp Vo — X /V)\ \)
_ hy *\ T (A%
=—m [ oo+ [ (") =) <1 ()] o 7.13
/V(b-Vv:/pv—/ [F'(") = F'(¢") = F"(¢" )] v, (7.14)

Oy, v) / V~v-Vou — / [ "o —a*Vo* —aVe* — a*Vw} - Vo

= / YU — / [(a")* = (a*)* — 2a%a] v, (7.15)
Q Q
/at)\U—F/V)\'VU—XSO/QﬁJ:/(C¢¢+Cn’7+cgf)v, (7.16)
0 Q Q 0

/8t£v+/V§'Vv:/(—£+Xa’y— [ahah—a*a*—aa*—a*w})v, (7.17)
Q Q Q
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all for every v € V and a.e. in (0, T"), and the initial condition
(6,7, A,6)(0) =(0,0,0,0) ae.inf. (7.18)
We transform some terms on the right-hand sides, using Taylor expansions in three cases. We have that
h(p") = h(p") = b'(¢")y = W' (") ¢ + Ru(¢" — ¢")?
with Ry = /01(1 — s)h"(p* + s(¢" — %)) ds,
F'(¢") = F'(¢") = F'(¢" ) = F"(¢") ¢ + Ra(9" — 0)?
with Ry = /1(1 — 8)F"(p* + s(¢" — %)) ds,
a"Voh — a*VUO* —aVo* —a*Vw = (a" — a*)(Vo" — Vo*) +yVao* +a*V§,
(a")? — (a*)* = 2a*a = 2a*y + Rs(a" — a*)?
with R3 = /1(1 —8)2(¢* + s(" — ©*)) ds,
0

h __h

a"o" —a*o* — ac* — a*w = (a" — a*) (o"

—0")+yo" +a*€. (7.19)

We notice that both ¢* and cph satisfy the separation condition (2.31), so that the same holds for
©* + s(p" — ¢*) for every s € [0, 1]. Hence, the quantities under the above integrals over (0, 1)
are bounded, and all the remainders R, ..., R3 are uniformly bounded. At this point, we notice that

problem (7.13)—(7.18) takes the form (5.7)—(5.12) with

=R =), = —Ra (¢ — "), g3 = —Xo(a" —a*)V(o" —0%),
g1 = —R3(a" —a*)? and g5 = —(a" —a*)(c" —0c").

Hence, we can apply Theorem to infer that

5
16,011, 8)llx < K (D lloll ez + IV oall @) - (7.20)
=1

Thus, it remains to estimate the right-hand side of (7.20). In doing this, we also account for Theo-
rem|[2.3/and apply @32) to (¢", u", a”, n", o) and (¢*, u*, a*, n*, o*), possibly combined with the
last inequality in (2.37). We have that

11 + l02laq < € /Q o — o1 < el

1951720 S/Qlah—a*|2|V(ah — )2

< Hah - Cf“%éﬁ(@) HV<0h - U*)|‘%4(Q) <c Hh”iQ(Q) )

1922 < /Q 0" — ' < el|hlta .

95220 < / d" — a*P|o" — o*?

< [la" = a"[[Z(g) llo" — 0" [|Zs(q) < cl1hll12(q) -
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Finally, since it turns out that |V Ry| < ¢(|V*| + |[V¢"|) < ¢, we also have that

IVgallizq) = (" — %) VRa + 2Ra(¢" — ") V(" — ") 112
<c (||90h - 90*”%4(@) + ”90h - 90*||%4(Q) HV(%Oh - 90*)H%4(Q) <c ”h”iQ(Q) :

Therefore, (7.20) implies that

16, 2.7, X, ) llx < e llhllZ2q) -

and (7.11) readily follows. O

Thanks to the above result and the convexity of U,q, a standard argument leads to the following
necessary condition for an element ©u* € U,4 to be an optimal control:

b1/Q«o*—¢Q>w+b2/ﬂ<w*<T>—goQ)w(THbg/u*(u—u*) >0

Q
forevery u € U,q, (7.21)

where 1) is the first component of the solution to the linearized problem (7.4)—(7.9) corresponding to
h := u — u*. However, this condition is problematic, since it requires to solve the linearized problem
infinitely many times because u is arbitrary in U.4. As usual, this trouble is overcome by introducing a
proper adjoint problem associated with a given u* € U,q. In order to simplify its presentation, we use
some abbreviations: for some pairs (, ), with 4, j € {0, ..., 5}, we define f; ; as follows:

fio=bi(¢" —¢q), it =m =0 ("), fia=F"(¢"), fia=—Xo— ¢y, (7.22)
f3z3=—1, fzs=0"—Xq, (7.23)
fsa=—Co, f55=1, (7.24)

and put to zero all the other cases. We notice that f1 o € LZ(Q) and that every other f; ; is a bounded
function. At this point, we can write the adjoint problem associated with u*. It consists in looking for a
quintuple (p1, pe, Ps, P4, Ps) with the regularity properties

p1 € HYO, T; V)N L>®(0,T; V)N L*0,T; W N H*(Q)), (7.25)
pe € L*(0,T;V), (7.26)
ps € HY(0,T; H)N L>(0,T;V) N L*(0,T; W), (7.27)
ps € HY0,T; V)N L*(0,T; W N H*(Q)), (7.28)
ps € HY(0, T; V)N L>*(0,T; H) N L*(0,T;V), (7.29)
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that solves the variational equations
5
_<atp17v>+/VP2'VU+Z/f1,jij:/fl,Ova (7.30)
Q A Q Q
7j=1

/Vpl-Vv:/pgv, (7.31)
Q Q

—/@pgv—i—/Vpg-Vv—Xa/(Va*-Vpg)v
Q Q Q
5
+/2a*p3v+2/f3,jpjv:0, (7.32)
Q o e

—/atp4v+/Vp4'Vv—X<p/Vp1-Vv—cn/pu):O, (7.33)
Q

— (s, ) / Vps - Vo — X / 0" Vpy - Vo

+/a*p5v+2/ fsupj v =0, (7.34)

for every v € V and a.e. in (0, T"), and the final conditions

pi(T) = by (‘P*(T) - SOQ) and (ps,ps,ps)(T) = (0,0,0). (7.35)

Theorem 7.3. Letu* € U.,q4. Then, the adjoint problem (7.30)—(7.35) has a unique solution satisfying
(7.25)—(7.29).

Proof. As for the existence of a solution, also for this problem one can start from a Faedo—Galerkin
scheme constructed by means of the eigenfunctions of the Laplace operator with homogeneous Neu-
mann boundary conditions. However, for brevity, we just perform the relevant formal estimates.

First a priori estimate. We test the above equations by p1, p1 — p2, P3, P4, and ps, respectively. In
addition, we test (7.32) by —Aps. We obtain the identities

—5%/|p1|2 /Vp2 Vpl—i‘Z/fl,JpJpl /f1o]917

/|Vp1|2—/vp1'vp2+/|p2|2=/ﬂp2p1>

5
—55/\293\2 /\Vps — X, /(Va*-Vps)ngr/Q?a* \p3\2+;/ﬂf3,jpj293=0’

—5%/|p4\ +/WP4| - X /Vpl Vp4—cn/\p4\

—§£/\p5\ +/\Vp5|2 /a Vps - Vp5+/9a* !p5!2+;/ﬂf5,jpjp5=0
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— 5 [ vmP e [ 18 [ (o T
—/2G*P3AP3—Z/f3,ijAP3:0-
0 = Ja

Now, we sum up, notice some cancellations, and rearrange a little. Then we obtain the left-hand side

1d
— = — [ (Ips” + |ps* + [Vps|* + Ipaf* + [ps]°)
2. dt Jg
+/(|Vp1|2+|pz|2+|Vp3|2+|Ap3|2+|Vp4|2+a* ps|* + [Vps]?) | (7.36)
Q

where we recall that a* is nonnegative. We now have to estimate the terms of the corresponding
right-hand side, with the intention of applying the (backward-in-time) Gronwall lemma. However, since
for many of them it suffices to apply Young’s inequality, we just deal with the ones that need some
other treatment. We consider only one of the easy integrals, using the assumption that X, € (0,1):

we have 1
/ Vpy - Vs < / Vpil? + / Vpal?,
(9]

and the last two integrals are dominated by the corresponding expressions occurring in (7.36). As for
the nontrivial terms, we recall the regularity for Vo™ ensured by and that * € L*(Q), which
implies that the function ¢ — ||a*(t)]|4 belongs to L*(0, T"). We also account for the second inequality
in (2.41). Hence, we have that

% [[(90" Vs < V0 (9l Ioall < el o ([ (958 + [ 9P,
Q Q Q

X“/ " Vps - Vps < [la”lla [Vpslla [ Vps]2
Q
1 *
= §/Q|Vp5‘2 + clla®|3 lIpsllv (Ipsll + 1Aps])
1
<3 /!Vp5\2+c|!a 12 Ilpsl|Z + ¢lla*]1? ||ps]lv || Aps]|

<! /|Vp5|2 /|Ap3|2+c<||a 12+ Jla® ||)/Q<|p3|2+|w3|2>,

X, / (Yo" - Vps)Aps < V0"l [Vpslls [15p5]lo
Q

1 *
<5 [ 180+ clo* By [ 190
Q Q

By combining the above estimates, observing that the function ¢ Ha*(t)H?{S(Q) is bounded in
L! (0,T), integrating over (¢, T) with respect to time, and applying Gronwall’s lemma, we conclude that

\p1 || Lo 0.1,y L2 0,y + P2l 220,00y + || P3| Lo (0.0 " L2075

+ P4l oo (0,03 1) L20,03v) + ||P5| Lo (0,732 0,730 < €, (7.37)

and a comparison in (7.31) and in (7.32), along with elliptic regularity, yields that also

HP1HL2(0,T;W) + Hp3||H1(O,T;H) <c. (7.38)
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Second a priori estimate. We test (7.30) by p, and (7.37) by —0;p; and sum up. Since a cancella-
tion occurs, we obtain that

1d >
2 1 d 2 _ _ L
/Q|Vp2| 2dt/Q|Vpl‘ jEZl/Qfl,]pgpz—i‘/QfLoPQ-

By virtue of the last assumption in (6.3), we notice that p;(7") € V. Thus, integrating with respect to
time, and applying the Gronwall lemma, we immediately infer that

V1l o,r.my + IVP2|l L200.1:) < -
Therefore, we can conclude from that

11| oo 0,mv) + NP2l 200,70y < €. (7.39)

Consequences. Next, we recall that p;(7") € V and p4(T") = 0. Hence, we can first compare in
(7.31), and then apply the parabolic regularity in (7.32) and (7.33), to see that

o1l 20,7130 + P3| 10,1y + [[Pall 12 0.0y A20,m5 3 02)) < € (7.40)

Further a priori estimates. Finally, we test (7.30) and (7.34) by a generic v € L*(0,7;V) and
integrate over (0, T"). Owing to the previous estimates, we easily conclude that

101 || 20,75v+) + 1|Oeps ]| 220,70y < €. (7.41)

We just comment on a term involved in the second test: we have that
Xa/ a*Vps - Vv < [[a*[| 4@ [[Vpsllzs) Vol 2@ < ellvllzzomvy -
Q

This concludes the formal proof of the existence of a solution (p1, p2, ps, Pa, ps) satisfying (7-25)—
(7.29).

Uniqueness. By linearity, we just have to consider the homogeneous problem, i.e., we replace fi o
by zero and assume p;(7") = 0 in place of the first terminal value condition in (7-35). Once more, we
make one of the formal estimates rigorous. Namely, we come back to the derivation of (7.37), where we
have tested by —Aps. Instead of doing this, we account for the regularity of the solution, write
(7.32) in its strong form, multiply it by —Aps, and integrate over ). Then, the same estimates can be
performed. After applying the Gronwall lemma, we conclude that (p1, p2, p3, P4, p5) = (0,0,0,0,0).

O

Our final result is the first-order necessary optimality condition, expressed in the following theorem.

Theorem 7.4. Letu* € U,q be an optimal control, and let (p1, p2, P3, P4, Ps) be the solution to the
associated adjoint problem (7.30)—(7.35). Then, there holds the following variational inequality:

/ (p3 + bsu™)(u —u*) >0 foreveryu € Uanq . (7.42)
Q

In particular, being bz > 0, the optimal control u* is the L*-orthogonal projection of —p3/bs on U,q.
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Proof. We fix u € U,q, set h := u — u*, and consider both the linearized problem (7.4)—(7.9)
associated with ©* and h and the adjoint problem. We test the equations of the former by p1, pa, ps,
p4 and ps, respectively, and those of the latter by —, —n, —a, —v and —w, respectively. By also

recalling (7.22)—(7.24), we have that
(O, p1) + / V- Vp, — X<p/ Vv-Vp = —m/ Y1+ / W' (") 1,
Q Q Q Q
/ V- Vpy + / F'(¢")¢pe = / np2,
Q Q Q
(Opax, p3) + / Va-Vps — Xa/<OéVO'* +a*Vw) - Vps = /(a —2a*a+ h)ps,
Q Q Q
/ O pa + / Vv - Vpy — Xgo/ Vs = /(Cgﬂ/} + cpl + cow)pa
Q Q Q Q
/ Oyw ps + / Vw-Vps = /(—w + X, — ac® — a*w)ps ,
Q Q Q
and
(Op1, ¥ / Vps - Vi) — / m — W' (©"))p1 + F" (") p2 — (X + ¢)pa) ¥

b [ (¢ = o).

/Vp1 Vn——/pzn,
Q
/&pga—/Vp3~Voz+Xa/(Va*'Vp3)a
Q Q Q
—/2a*p3a—/(—p3—|—(U*—Xa)p5)oz:0,
Q Q
/8tp41/—/Vp4-V1/+X¢/Vpl-Vl/+cn/p4l/:0,
Q Q Q Q
<0tp5,w>—/Vp5~Vw+Xa/a*Vpg-Vw—/a*p5w—/(—cop4+ps)w:0.
Q Q Q Q

At this point, we take the sum of all these identities. Just a few terms do not cancel out. Namely, we
find that

<at¢>P1> + <atp17 W + <ata7p3> + <atp37 Oé) + <8ty7 p4> + <atp4> V>
Oyw, Ops,w) = | hps—0b *— i
+ (Ow, p5) + (Oips, w) /Q D3 1/()(@ Q) Y

Now, we integrate over (0,7") and apply the well-known integration-by-parts formula for functions
belonging to H'(0,7;V*) N L?(0,T; V). On account of the initial and final conditions (7-9) and
(7.35), and recalling the choice of h, we then conclude that

bz/ﬂ(so*(T)—sm)@b(T)Z/Q(U—U*)ps—bl/Q(sO*—wQ)@/}-

Combining this identity with (7.21), we obtain (7.42), and the proof is complete. O
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Remark 7.5. Since the optimal control problem under study is nonconvex, it may have many local
minima. We claim that the variational inequality has to be valid also for all such locally optimal
controls. In this connection, recall that a control u* € U,q is termed locally optimal in the sense of
LP(Q) for 1 < p < oo if and only if there exists some € > 0 such that

J(u*,81(u")) < I(u,81(u)) forall u € Uyg with ||u — u*||zr(g) < €.

Note also that every locally optimal control in the sense of L?((Q)) for some 1 < p < oo is also locally
optimal in the sense of L>°(Q). Now, it is easily seen that any locally optimal control in the sense of
L*>(Q) satisfies the variational inequality (7-27). Hence, by the same argument as in the preceding

proof, it must satisfy also (7.42).
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