A Thermodynamic Model of Compressible Porous Materials w ith the Balance Equation of Porosity

K RZYSZTOF W ILMANSKI

(Weierstrass Institute for Applied Analysis and Stochastics, Berlin)

Keywords : porous media, continua with microstructure, changing porosity, hyperbolic field equations.

Summary

T he paper is devoted to the construction of a thermodynamic continuous model of porous media with changing porosity. It is shown that these changes are described bya balance equation. T he flux in this equation is connected with a relative motion of components and the source describes a spontaneous relaxation of microstructure. Deformations of the skeleton can be arbitraryand a consistent Lagrangian description of motion of all components is applied.

1. Introduction

The subject of the continuum theories of compressible porous materials belongs to the class of theories of multicomponent systems. Simultaneouslyporous materials are characterized bya geometrical microstructure of almost macroscopic dimensions. This means that the continuous description must be applied to such systems with a certain caution. We assume that the microstructure of systems under considerations admits the simplest continuous description bya single scalar field called the porosity . This quantityis equivalent to a volume fraction of skeleton which is equal to the unityminus the porosity. Physicallythe porosityconsidered in this paper is identical with an effective porosityrefering solelyto these pores of material which are interconnected by channels.

Another microstructural variable which mayhave an equallyimportant bearing in the macroscopic description (e.g. for heterogeneous chemical reactions) is the microscopic surface of pores and channels. We return to this subject in a forthcoming paper.

The main aim of this paper is to develop thermodynamic foundations of the continuous model of two-component porous material in which the porosityis a nontrivial thermodynamic field. This is different from manyother papers on this subject in which the porositywas consider to be driven byother fields of the model. For instance,

M. A. B IOT [1] proposed an equation for porosityin which the flux was identified with the relative velocityand the source (relaxation) was absent.

The non-trivialityof porosityfield means that the porositypossesses its own field equation and it mayrelax spontaneouslyto the thermodynamic equilibrium. This yields an additional dissipation. Such an equation is derived in the section 3 of the paper from semimicroscopic geometrical considerations. The considerations are semimicroscopic because the image analysis used in this derivation is based on the continuityassumption for the microstructure. This means in turn that the microstructure cannot be so fine that the molecular effects would influence the considerations. The balance equation of porosityhas been alreadyanticipated in myearlier papers and it has been shown that manymeasurable effects connected, for instance, with the propagation of sound waves are indeed predicted through this equation. Most important of them is the attenuation of acceleration waves. Similar results follow from the model of R.M. B

OWEN who proposed an evolution equation for porosity[2] i.e. a balance equation without flux. Let us mention that an extension of the status of porosityto a field can be achieved byanother type of balance equation following from the so-called balance of equilibrated forces introduced byM. A. G

OODMAN and S . C. C

OWIN [3]. In contrast to a rather unclear energetical justification of the latter approach the balance equation of porosityof the present work is motivated solelybysemimicroscopic changes of geometryof the skeleton.

In the section 4 we present the fields of the new model describing isothermal processes in two-component porous materials. It is assumed that the skeleton is elastic for porosityequal to zero and the fluid is ideal for porosityequal to one. In the formulation of field equations we relyon the Lagrangian description which has been introduced in mypaper [4].

Sections 5,6 and 7 contain a thermodynamic analysis of constitutive relations. It is shown that the balance equation of porosity, in contrast to the Bowen´s evolution equation, yields essential couplings between components.

Section 8 has a special character. It contains a verysimple example illustrating the opinion that continuum models of porous materials such as the one presented in the paper do not give usuallyanydirect information on the real �true^ semimicroscopic quantities. Therefore the questions frequentlyasked what in the continuous model describes, for instance, the true pore water pressure are meaningless. In this section as well as in section 9 we indicate possibilities of the reasonable identification of fields of continuous models and some connections with real macroscopic measurements.

However the latter problem is not discussed in anydetails in the present work. From the matematical point of view these inverse problems are usuallyill-posed.

2. Fields in the multicomponent continuous models of porous materials

Continuous models of porous materials must account for semimicroscopic geometrical structure of components ( immiscible mixtures ) and different kinematics of components ( diffusion ). Particularlythe coupling of those problems yields many questions and misunderstandings. The two most important points which must be cleared are the number and character of additional macroscopic fields describing the semimicroscopic geometryand the interpretation of these fields in terms of real microstructural quantities. Some hints maybe expected from statistical models. These are not yet developed to such an extent as in the case of statistical theories of gases but theyare sufficient to indicate the structure of the macroscopic model. An excelent presentation of such a procedure for the porous materials can be found in the classical book of J. B EAR [5] (in particular, sections 4.5.-4.8.).

K. Wilmanski; A T hermodynamic Model 3

In this work we proceed along the classic al line of the argument adopted alreadyby

C. T

RUESDELL

[6] in the theoryof mixtures of miscible components. Two essential differences arise due to the presence of a compact solid skeleton as one of the components. On the one hand side this yields the necessityto describe the deformation of solid component in the same wayas it is done in the continuum mechanics of solids - bymeans of a deformation tensor and not onlybychanges of the mass density. On the other hand the microscopic geometrical properties induced bythe skeleton should be reflected byan appropriate macroscopic field. In the simplest case of isotropic microstructure it is assumed that this is the scalar field of porosity .

The above remarks indicate that the skeleton of the porous materia l has a special character among components. It forms a deformable confinement for the motion of fluid components. In the case of large deformations it is customaryto use then the Lagrangian description for this component. All other components are assumed to be fluids and their description is similar to this of the classical mixture theoryof miscible components. By means of a simple transformation we can also use the common Lagrangian description for all components, induced bythe motion of the skeleton. This has been proposed for a two-component system in mywork [4,7] and extended on the multicomponent systems in [9,10].

We choose the configuration

% Ì Â 3 of the skeleton at an initial instant of time t

0 as

the reference configuration for the Lagrangian description. Then the motion of skeleton

is described bythe following function

( ) ( )

x X x X 3 = Î Ì Â Î Î º

S S , t , t

, , , , % %

7 , t t t

f 0

(2.1)

where the point x is the current position of the material point X of skeleton. The instant

of time t

f can lie in infinity. The function of motion S is assumed to admit the

existence of the derivatives

( ) ( )

¢ = = º > x X F X F S

S

S S S

t t Grad t J

¶

¶

, , , , det , S 0 (2.2)

which define the velocityfield ¢ x S and the deformation gradient F S of skeleton.

Obviously F 1 S = in the reference configuration % .

The above description of motion of skeleton is, certainly, macroscopic - as the whole

continuous model of the porous materials. This means that we cannot transform directly

these relations onto the semimicroscopic level of observation. For example macroscopic

changes of the volume of skeleton, described bythe changes of the determinant J S may

appear in the case of lack of anyvolume changes of the real skeleton, and vice versa , the

changes of the true volume of skeleton on the semimicroscopic level maybe

compensated bythe changes of porosityand macroscopic changes of J S maynot appear

at all. These differences between the micro- and macrodescriptions yield, of course, the

additional couplings between the components. For instance the compensation of

changes of the microscopic volume bythe changes of porositymust induce some

processes in fluid components.

K. Wilmanski; A T hermodynamic Model 4

Further in this work we consider a two-component model of the porous material.

However, in order to clear the notion of the skeleton as the confinement of motion of

fluid components we consider in this section the kinematics of an arbitrarynumber of

these components, i.e. we assume the porous material to consist of A fluid components.

In the classical theoryof mixtures the description of their motions is given bythe

Eulerian velocityfields

( ) ( )

v v x x a a a = = Î , t , t S , , . . . , . , 1 A % (2.3)

We transform these fields into the material description of the skeleton

( )

( )

( ) ¢ = = ¢ = x v X x X a a a a S , t , t

, , , . . . , . t A 1 (2.4)

These fields can serve alreadythe purpose of consistent description of all components

on the common domain % . However the formulation of partial balance equations

requires the transformation of these fields onto the reference configuration of skeleton.

This problem has been discussed in mypapers [4,7,8]. The pull-back transformation by

means of the deformation gradient of skeleton yields the following velocities of images

of fluid components across the reference domain %

( )

( )

¢ = ¢ - ¢ = - X X F x x 1 a a a , , , . . . , . t S S A 1 (2.5)

We call these fields the Lagrangian velocity fields of fluid components. The

Lagrangian velocities replace the usual relative velocities of mixture theory. They

describe the relative motion of fluid components with respect to the skeleton in contrast

to those in the classical mixture theoryof miscible components in which the relative

motion is described with respect to local centers of gravitywhose velocityfield is called

the barycentric velocity(see: [11]).

We are now in position to define the thermomechanical process of our model. It is

the set of mappings

( ) ( )

( )

" Î Î ¢ ¢ X X X X X % 7 , : , , . . . , , , , , , . . . , , , , . . . , , t t n t

A S A S A

� , (2.8)

- the momentum balance equations for the fluid components r

¶

¶

r a a

a a a a a a a

¢

+ ¢ ¢

ì í î

ü ý þ

= + + =

x x X P b p t

Grad Div A � , , . . . , , 1 (2.9)

- the energybalance equation of the skeleton

( )

¶ r e

¶

r r e

S S S

S S S S

x t

Div Div r

+ ¢

é ë ê

ù û ú

+ = ¢ + × ¢ + +

1

2

2

Q P x b x S ST S S S

� , (2.10)

- the energybalance equations for the fluid components

( )

¶ r e

¶

r e r r e a

a a a a a a a a a a a a a a a a

+ ¢

é ë ê

ù û ú

+ + ¢

é ë ê

ù û ú

¢ +

ì í î

ü ý þ

= ¢ +

+ × ¢ + +

1

2 1

2

2

2

x t

Div x Div r

X Q P x b x

T

= 1, . . . , . A � ,

(2.11)

In the above equations we use the following notation. The tensor P S denotes the

Piola-Kirchhoff partial stress tensor in skeleton with respect to the configuration % , b S is the mass force for this component and �p S is the intensityof momentum source in the skeleton relative to the reference configuration. In the whole work we use inertial reference frames which means that b S contains solelythe action of the external world on the skeleton. The tensors P a denote the partial Piola-Kirchhoff stress tensors of the fluid components a with respect to the configuration % , b a are the partial mass forces for these components and �p a are the intensities of the momentum sources for the a - components per unit volume of the reference configuration

%� . The scalar e S is the

specific partial internal energyof skeleton per unit mass, Q S is the partial heat flux in

the material description, r S is the energyradiation per unit mass and � e S is the intensity

of energysource in the skeleton per unit reference volume. Finally e a , Q a , r a and � e a

denote the specific partial internal energy, the partial heat flux, the energyradiation per

unit mass and the energysource per unit reference volume of % all for the a -component,

respectively. The source terms must fulfil the conditions

K. Wilmanski; A T hermodynamic Model 6

� � ,

� � , p p S

= 1 = 1

+ = + = å å a

a a

a e e

A

S

A

0 0 (2.12)

which follow from the bulk conservation laws of momentum and energy.

As usual we have to add the constitutive re lations in order to turn these equations

into the field equations for quantities (2.6). This problem is discussed further in this

work for a certain limited class of porous materials.

However, even if those constitutive relations were given, we are still missing one

equation. This is due to the additional field - porosity- describing the microstructure of

porous medium. In the next section we present a solution of this problem which is based

on a heuristic argument guiding this work that the skeleton is the confinement for the

motion of fluid components.

3. Geometrical properties of the microstructure

The basis for the macroscopic description of the semimicroscopic geometryis the

assumption that solelythe volume contribution of pores to the typical microscopic

domain bears a hand in the distinction between the miscible and immiscible mixtures.

This is in the spirit of confinement of the space of motion for the fluid components by

the skeleton. We consider the true configurations of the real porous material to be

embedded in the three-dimensional Euclidean space. In order to describe the local

changes of these configurations we choose a control domain

P

X

of the microstructure

(representative volume element) which we attach to the macroscopic point X of the reference configuration % . Let us denote the position vector of an arbitrarypoint of this domain by y . Then the control domain in anyother point X´ Î % is assumed to be defined bythe following shift

( ) ( )

( ) { }

P P

¢

= + - ¢ Î

X

S S

X

y y X X

, , .

t t (3.1)

Consequentlyall control domains can be considered to be isomorphic three-dimensional vector spaces.

In order to describe the microstructure in the Lagrangian waywe transform the above set bymeans of the inverse function of motion of the skeleton. We define

( )

{ }

" Î = - = º - Î

X Y Y X Z Z y X y %

0 P : , t ,

X

S

X e e , . (3.2)

The positive parameter e is of the same order of magnitude as the ratio of the

characteristic linear dimension of the microstructure to a characteristic macroscopic

lenght. It is assumed to be much smaller than the unity. In such a case the lengths of

vectors X and Z is of the same order of magnitude. This scaling allows to introduce a

certain perturbation procedure which we use in the sequel. Further we shall always use

the notion of the control domain in its Lagrangian description (3.2).

We show schematicallythe image 0

X of such a control domain in the Figure 1. It is

the part of the space limited bythe boundary ¶ 0

X of the magnifying glass.

K. Wilmanski; A T hermodynamic Model 7

We proceed to discuss the distribution of the real skeleton within the control domai n.

It is assumed that geometrical properties of real skeleton can be described in the same

wayas it is done in continuum mechanics.

We are interested in the volume fraction of control domain which is occupied bythe

skeleton. This is obviouslygiven bythe following relation

( ) ( ) ( )

1

1 1

0

- = º = =

Î

Ï ì

í ï

î ï ò ò n t

V t V V V const t for

for

c c

X

S

X

S

X Y Y

Y

Y

, , , . , ,

,

,

+ +

0

0

0 0 X X d d (3.3)

where 0

X

S is the part of the control domain occupied bythe skeleton. The scalar

quantityn shall be, of course, identified with the porosity.

Figure 1: The geometrical notions within the microstructure 0

X

at the point X of the porous body

T he parts with the pattern correspond to the microscopical domain 0

X

S

of the skeleton

We proceed to investigate time changes of the porosity. The most import ant

observation is that the time changes of the image 0

X

S are determined solelybythe

velocityof points of the boundary ¶ 0

X

S . The relative velocityof these points with

respect to a chosen macroscopic point X , i.e. the difference of the microscopic velocity

and the velocity

( ) ¢ x X S t , , is denoted by V S

micro

. Let us notice that this is a true velocity

of the material points of the true skeleton because we have made the continuity

assumption for the semimicroscopic level of observation. This means that material

points of the skeleton which happen to be located on the boundary ¶ 0

X

S at the initial

instant of time must remain boundarypoints forever. Consequentlyif we were able to

solve a full boundaryvalue problems on the semimicroscopic level the velocity V S

micro

0 0

Y V n , . d d

X

(3.4)

The surface integral on the right-hand side can be approximatelywritten as the integral

over the closed surface. Namely

d d d

A A A

X

S

X micro X

S A

= -

Ç ò ò ò

0 0 0 ¶ ¶

, (3.5)

where

( )

A

micro X

S

X

S

X º È Ç ¶ ¶ 0 0 0 . (3.6)

Certainlythe surface 0 0

X

S

X

Ç ¶ contains the points of the true skeleton which

instantaneouslycoincide with the boundaryof the control domain 0

X

. We assume that

an area of this surface, i.e. the second integral on the right-hand side of (3.5) is much

smaller than the area of ¶ 0

X

S . Physicallyit means that microscopic channels have a

small diameter compared with the length within the control domain. There is also a

positive contribution of a tortuosityto this assumption.

Simultaneouslythe velocityof points on the surface 0 0

X

S

X

Ç ¶ is of the same

order of magnitude as V s

micro because this is also the velocityof material points of the

true skeleton. Hence

( )

¶

¶ n

t V

A

V div V

V t div V c micro

S

A c

Y micro

S

c

Y micro

S micro x

S

X

» - × = - =

= - ò ò

ò

1 1

1

V n V

Y V d d

d

0

0

+ , .

(3.7)

The divergence in the above formula is calculated with respect to the variable Y . We

can write the right-hand side in the following form

( ) ( )

[ ]

( )

- = - +

+ × ò ò

ò

1 1

1

V t div V

V div t V

V grad t V c

Y micro

S

c

Y micro

S

c micro

S

Y

X X

X

+ +

+

0 0

0

Y V Y V

V Y

, ,

, .

d d

d

(3.8)

The gradient in (3.8) describes, of course, the Dirac d -distribution with the support

identical with ¶ 0

X

S . It reduces to n d ( z ) in the local coordinates with the variable z

measuring the distance from this surface. Consequently

( )

[ ] ¶

¶ n

t V div t V

V

A

c

Y micro

S

c micro

S

A X micro

» - + × ò ò

1 1

+

0

Y V V n , . d d (3.9)

Substitution in (3.7) yields finally

( )

[ ] ¶

¶ n

t V div t V

c

Y micro

S

X

= - ò

1

2

1

+

0

Y V , . d (3.10)

The velocityfield in the square brackets is defined on the whole control domain - in

contrast to the field V S

micro

. It depends on the location of the point Z within the control

domain as well as on the choice of the point X Î % . This dependence can be used to

approximate semimicroscopic properties because the microstructure introduces the

small parameter e . We proceed to describe this procedure.

It is clear from the above considerations that the existence of microstructure yields

two different types of spatial changes of an arbitrarymicroscopic function of the

variable Y . One type is connected with changes of the variable Y whose order of

magnitude related to the characteristic macroscopic length is much larger than the

parameter e . These are macroscopic changes. Another type is connected with the

changes of the variable Y whose order of magnitude estimated in the same wayis much

smaller than the parameter e . These are microstructural changes. Consequentlywe can

consider two different scales of spatial changes . For this reason we change the

interpretation of variables X and Z . Namelywe consider them as the two independent

variables. The function of these two variables which we have to consider is a vector

function V ( X , Z ,t). This function is called the extension of the microscopic velocityiff

( )

( ) ( )

V X Y Z Y Y V Y

= = = , , , .

e t t S +

micro

, t (3.11)

This type of multiscaling is well-known in the kinetic theoryof gases where it is

used for different time scales. Some details of the general procedure can be found in the

paper of G. S

ANDRI

[1 2]. For the multiphase flows it was also recentlyused by

Z HANGXIN C HEN [13]. In this paper one can find as well a veryextensive presentation of

literature on related topics within theories of multicomponent systems.

Now the extension V is assumed to be approximated bya truncated regular

perturbation series

( ) ( ) ( )

V X Z V X Z V X Z , , , ,

, t , t , t = +

0 1 e (3.12)

which is assumed to satisfythe extension of the equation (3.10). Namelywe have for

X = Y and Z = Y / e

( ) ( )

div Div div

Y Z

V V V V V

= + + +

0 1 0 1

1

e

e e , (3.13)

where div

Y is the divergence with respect to the variable Y , Div is the divergence with

respect to the variable X and div

Z is the divergence with respect to the variable Z . The

Equation (3.10) becomes

( ) ( )

¶

¶ e

e e n

t V

Div V

V div V

c

Z

c

Z Z

X X

» - + - + ò ò

1

2

1 1 1

2

1

0 1 0 1

V V V V

0 0 d d . (3.14)

The volume integration over the microstructure 0

X is, certainly, the integration with

respect to the �fast^ ( fine grained ) variable Z which is indicated by d V

Z

.

The application of the perturbation procedure to (3.14) yields for two subsequent

powers of e

e

e

¶

¶

- ò

ò ò

=

= - -

1

0

0

0 1

0

1

2

1 1

2

1

: ,

:

.

div V

n

t V

Div V

V div V

Z Z

c

Z

c

Z Z

V

V V d

d d

0

0 0

X

X X

(3.15)

Higher order terms are not reliable anymore due to the form of the truncation (3.12).

The first relation (3.15) limits the dependence of V

0 on the microscopic variable Z .

Let us introduce the notation

( )

( )

J X V

X V

, ,

� , .

t

V

V

n t

V div V c

Z

c

Z Z

X

X º

º - ò

ò

1

2

1

1

2

1

0

1

0

0 d

d

(3.16)

Then the equation (3.15) has the form

¶

¶ n

t

Div n + = J � . (3.17)

This is the balance equation of porosity which supplements our set of macroscopic

field equations.

The relations (3.16) yiel d a simple semimicroscopic interpretation of the flux J and

the source �n . It is obvious that the flux J is primarilyconnected with the bulk

micromotion of microstructure through the control domain 0

X

, i.e. it describes the in-

and out-flow of the material of true skeleton to and from the domain of observation

connected with the macroscopic point X Î % . Simultaneouslythe source �n is produced

bythe micromotion within the control domain, i.e. it is primarilyconnected with the

relaxation processes within the pores.

Let us finallynotice that the above motivation of the balance equation of porosity

(3.17) is solelybased on the image analysis . It bears no information on a constitutive

K. Wilmanski; A T hermodynamic Model 11

character of true components such as the distribution of true mass densities. It is not

even required that the pores carryanyfluid components at all. The latter is connected

with the assumption that it is the solid component - the true skeleton which

geometricallydetermines the changes of porosity.

However, the dependence on the material properties is hidden in the macroscopic

constitutive form of J and �n and it is solelythe structure of the equation (3.17) which

has the above presented geometrical motivation.

4. Constitutive assumptions for the two-component model - isothermal processes

We are now in the position to formulate the complete set of field equations for the

fields (2.6). In order to expose the most important features of the new equation for

porositywe shall investigate solelythe simplest two-component model of the porous

material. We assume as well all processes to be isothermal. Consequentlythe list of

fields (2.6) reduces to the following one

( ) ( ) ( )

" Î Î ¢ X X X X % 7 , t F : , , , , , , t n t F S � r (4.1)

where r F denotes the mass densityof the single fluid component and ¢ X F is the

Lagrangian velocityof this component.

The balance equations (2.7-11), (3.17) reduce to the following set

( ) ¶ r

¶ r

¶

¶

r

¶

¶ r

r

¶

¶ r

F

F F

S S

F

F

F F F F F t

Div n

t

Div n

t

Div

t

Grad Div

+ ¢ = + =

¢

= + +

¢

+ ¢ ¢ ì

í

î ü

ý

þ

= + -

X J

x

P b p

x

x X P b p

S

0 , � ,

� ,

� .

S

S (4.2)

In all quantities for the fluid components in the relations (2.7), (2.9) and (2.10) the

running index a has been replaced bythe index F for the single fluid component. The

energybalance equations do not appear at all because the processes are assumed to be

isothermal. The momentum source appears without anyindex because we have made

use of the condition (2.12)

1 for the case of two components.

As usual we have to close the set (4.2) bymeans of the constitutive relations. Under

the condition of the material frame indifference (material objectivity) these relations

must be chosen for the following set of the constitutive quantities

( )

= = = J F P F P F p

, n , S - 1 S S - 1 S ST

� , , � . (4.3)

Hence we have to formulate constitutive laws not onlyfor the usual quantities of partial stress tensors and for the source of momentum (diffusion force) but for the flux of porosity J and for the source of porosity �n as well. We have mentioned this constitutive problem deriving the balane equation for porosityin section 3.

K. Wilmanski; A T hermodynamic Model 12

In this paper we consider the class of materials for which the above constitutive quantities are functions of the following constitutive variables

{ }

& = ¢ º r F S F S , , , , , n ST S C X C F F (4.4)

where C S denotes, of course, the right Cauchy-Green deformation tensor of the skeleton.

The constitutive relations are then assumed to have the form

( )

= = & & = = , Î Â Î Â 11 19 , , (4.5)

and all these functions are assumed to be twice continuouslydifferentiable with respect

to all arguments.

If these relations were give n the set (4.2) of two scalar and two vector balance

equations would be the set of field equations for two scalar and two vector fields (4.1).

This is usuallynot the case and for this reason we check the thermodynamic

admissibilityof formallychosen constitutive relations (4.5). This is the subject of the

next three sections of this work.

The skeleton of the porous material described bythe constitutive variables (4.4) is

said to be elastic and the fluid of this material is said to be ideal (inviscid). This,

certainly, does not mean that processes in such a porous material are reverssible. As we

see further there are two sources of dissipation for the material described bythe above

constitutive relations - the diffusion with its force of relative motion �p and the pore

relaxation with the source �n . The terminologyis solelyindicating that if the porosity

was identicallyequal to zero the skeleton would behave as a one component nonlinear

elastic solid and if the porositywas identicallyequal to one the fluid component would

behave as a one component ideal fluid.

The field equation for porositywhich follows from the balance equation (4.2)

2 by

means of the substitution of constitutive relations differs from the evolution equation

proposed byR.M.B OWEN

[2], as we have alreadymentioned, byto the presence of the

flux J . Both approaches yield spontaneous pore relaxation processes which have been

indicated in section 3. We shall discuss some of their properties further in this work.

Consequentlyboth models, the present one and this of Bowen, give the porositythe

status of the non-trivial thermodynamic variable. However the Bowen´s model yields

the behaviour typical for internal variables - namelytheycannot be controled by

boundary(external) conditions. This is not the case in the present model. In some

particular cases these additional boundaryconditions maynot be needed. This is, for

instance, the case for processes yielding small deviations from the thermodynamic

equilibrium. However, in the general case such an additional control appears in this new

model. This point has been discussed in a general framework byG. A. M AUGIN and W.

M USCHIK

[14]. In section 5.2. of this work theypoint out that the control of internal

variables through ^external forces~ maybe limited to some small boundarylayers.

Beyond these regions, the additional field maybehave as a ^true~ internal variable. We

refer to this paper for further details concerning the location of porosityfield equation

among possible ways of describing the deviation from the thermodynamic equilibrium

bymeans of internal variables. In terms of the paper [14] the porosityof the present

model would fulfil the evolution-diffusion equation. It should be pointed out that the

K. Wilmanski; A T hermodynamic Model 13

presence of the flux of porosity J (^diffusivitỹ of the internal variable) yields in any

case, boundaryconditions or not, the essential coupling effects between components.

Further in this work we discuss the latter problem (coupling) but not the former

(boundaryconditions).

Let us also mention that the balance equation of porosity yields an important

contribution to interactions appearing in steadystate processes. This would not be the

case within the models of Biot and Bowen. The problem is extensivelydiscussed for a

cylindrical filter in the paper of B. A LBERS and K. W ILMANSKI

[15].

We shall skip here also the problem of the remaining boundaryconditions needed for

the construction of solutions of the above set of field equations. Some aspects of this

problem have been discussed in mywork [4] and in the paper of W. K EMPA

[16].

5. Thermodynamical admissibility

We derive the thermodynamic restrictions for the constitutive relations (4.5) in the

waywhich since some years is alreadystandard for models within continuum

thermodynamics. Foundations and examples of this procedure can be found in the book

of I. M ÜLLER

[17] (see also: K. W ILMANSKI

[18], where porous materials are discussed).

For isothermal processes in two-componen t porous materials in the Lagrangian

description (e.g. see: [5,11]) it can be formulated as follows. Anysolution of field

equations must satisfyidenticallythe following inequality

r

¶

¶ r

¶

¶

¶

¶

S

S

F

F

F F

S

S

F F ST F t t

Grad

t

Grad

Y Y

Y + + ¢ × æ

è ç ö

ø

÷ -

- × - × ¢ - × ¢ £

X

P

F

P x F p X� ,0

(5.1)

where Y S , Y F denote partial Helmholtz free energies of the skeleton and of the fluid

component, respectively. These are assumed to be constitutive quantities, i.e.

( ) ( )

Y Y Y Y

S S F F = = & & , . (5.2)

The inequality(5.1) follows easilyfrom the entropyinequalityand the energy

conservation law under the condition of constant temperature. It is the main part of the

second law of thermodynamics. In the sequel we consider some other conditions

imposed bythis law on the constitutive relations.

The limitation of the inequalityto solutions o f the field equations can be eliminated

bythe method of Lagrange multipliers. We skip here the technical details of this method

and present the final results.

Bearing this in mind we substitute the constitutive relations (5.2) in (5.1) and

eliminate constraints of the mass balance (4.1)

1 and the balance of porosity(4.1)

2 by

means of the Lagrange multipliers L r and L n , respectively. Momentum balance

equations are assumed to make no contribution due to the presence of arbitraryexternal

bodyforces. It can be shown that this additional assumption yields sufficient conditions

for thermodynamic compatibility. It can be avoided on the cost of simplicity yielding

undesired generality.

K. Wilmanski; A T hermodynamic Model 14

Making use of the chain rule of differentiation we arrive at the following

thermodynamic admissibility conditions

L

Y Y

L

Y Y

Y

L

Y

L

Y Y r r

¶

¶ r r

¶

¶ r r

¶

¶ r

¶

¶

r

¶

¶ r

¶

¶ r r

¶

¶

¶

¶

r

¶

¶ r

¶

¶

= + = +

¢ + = ¢ - =

¢

+

¢

=

S

S

F

F

F

F n S

S

F

F

S

S

F

F n

F

F

F

F n

S

S

F

F

F

F n n

n n

, ,

, ,

,

X

J

X

J

X X

0 0

0

(5.3)

and

P P F

C C

F P 1

X

X

J

X

P X F

C

X

J

C

S F S S

S

S

F

F

S

ST F F F

F

F

F n

F

T

F F S F

F

S

F n

S

T

sym

+ = + æ

è ç ö

ø

÷

= - +

¢

Ä ¢ -

¢ æ

è ç ö

ø

÷

Ä ¢ - Ä ¢ - æ

è ç ö

ø

÷ é

ë ê

ê ù

û ú

ú ì

í ï

î ï ü

ý ï

þ ï

=

2

2 0 23

13 r

¶

¶ r

¶

¶

r r

¶

¶

¶

¶

r

¶

¶

¶

¶ r

Y Y

L

Y

L

Y

L

,

,

.

(5.4)

There remains the residual inequaliy which describes the disspation density

’

’ º × ¢ - ³

F p X ST F n n � � . L 0 (5.5)

We return to the dis cussion of the identities (5.3) and (5.4) in the next section.

However we comment on the inequality(5.5).

The structure of dissipation density ’ shows that the irreversibilityof processes described bythe present model is due to two mechanisms - the diffusion and the pore relaxation. The former is absent if there is no relative motion of components: ¢ = X F 0 .

The latter source of dissipation vanishes with the vanishing source of porosity: � .n = 0 In such a case the balance equation of porosity(4.2)

2

becomes the conservation law - the changes of porosityare driven byother fields of the model and one can introduce a constitutive relation for porosityas it has been done in mywork [4].

A thermodynamic state in which both sources of dissipation vanish simultaneouslyis called the state of thermodynamical equilibrium . Clearlythe dissipation density ’ maynot onlybe equal to zero in this state. However, according to the inequality(5.5), it reaches a minimum in this state. This means that we have to impose additional conditions on the constitutive functions appearing in (5.5) which are called the thermodynamic stability conditions . We shall discuss them in the section 7 of this work.

6. Isotropy

K. Wilmanski; A T hermodynamic Model 15

We proceed to inves tigate the thermodynamic admissibilityconditions (5.3) and (5.4) under an additional assumption of isotropy . This means that constitutive quantities are invariant with respect to an arbitraryorthogonal transformation in reference configuration. Consequentlywe have for scalar constitutive quantities

( ) ( )

( ) ( )

( ) ( )

" Î ¢ = ¢

¢ = ¢

¢ = ¢

O C X OC O O X

C X OC O O X

C X OC O O X

2UWK :

F S F F S T F

F S F F S T F

F S F F S T F

Y Y

Y Y

S S

F F n n

n n

n n n n r r

r r

r r

, , , , , , ,

, , , , , , ,

� , , , � , , , ,

(6.1)

and for vector constitutive quantities

( ) ( )

( ) ( )

" Î ¢ = ¢

¢ = ¢

O OJ C X J OC O O X

OF p C X F p OC O O X

2UWK :

F S F F S T F

ST F S F ST F S T F r r

r r

, , , , , , ,

� , , , � , , , , n n

n n

(6.2)

where

{ }

2UWK º - = - O O O T sec .

ond rank tensor 1 (6.3)

We shall not quote here the relations for isotrop ic tensors of the second rank. There

would be needed for partial stress tensors but these are given in terms of scalar and

vector functions through thermodynamical admissibilityrelations.

It can be easilyshown that the scalar functions Y S , Y F and �n satisfythe relations

(6.1) if and onlyif theydepend on their arguments solelythrough the following

invariants

{ }

( )

( ) ( )

&

ISO

S S2 S

F F S F F S2 F F

I º

= × = - × = º

= ¢ × ¢ = × ¢ Ä ¢ = × ¢ Ä ¢ r F

S n I II III IV V VI

I II III J

IV V VI

, , , , , , , ,

, , det ,

, , .

1 C 1 C C

X X C X X C X X

1

2

2 2 (6.4)

On the other hand the vector functions must have the following general

representation

( )

( )

J 1 C C X

F p 1 C C X

=

=

0

S S2

0

S S2

F F F

+ + ¢

+ + ¢

1 2

1 2

F

ST F

,

� , p p p

(6.5)

where the coefficients are the isotropic scalar functions

( ) ( ) F F

D D D D

& &

D = =

ISO ISO

= 0,1,2 . , , p p (6.6)

Substitution of the above representations in the thermodynamic identities (5.3.)

3,4

yields (see: Appendix)

K. Wilmanski; A T hermodynamic Model 16

r

¶

¶ r r

¶

¶ r

¶

¶

¶

¶ r

r

¶

¶ r

¶

¶ r

¶

¶

¶

¶

S

S

F

S

S

F

F

F

F

F

S

S

F

F n n

n n n n

Y Y Y F

Y Y Y F

+ + æ

è ç ö

ø

÷ =

- + æ

è ç ö

ø

÷ =

0

0

0

0

,

.

(6.7)

These relations expose the rule played bythe flux of porosity J in the description of

�static^ couplings between components. If the function F

0 was independent of the

porositythan the partial Helmholtz free energy Y F would have to be independent of the

porosityas well. This would eliminate coupling of processes in the fluid component

with the skeleton due to the changes of the confinement of motion of the fluid

component to pores of the skeleton. Simultaneouslyif the function F

0 was independent

of the mass densityof the fluid component than the partial Helmholtz free energy Y S

would have to be independent of the mass densityof the fluid. This would eliminate the

coupling between volume changes of the fluid and corresponding reaction stresses in the

skeleton. Solelythe coupling through the diffusive forces in momentum balance

equations would remain in the model.

We proceed to make use of the identities (5.4)

2,3

. In addition to these identities we

use the symmetryof the partial Cauchystress tensor in the fluid which yields

P F F P

F ST S FT = . (6.8)

This is the consequence of the moment of momentum conservation for the fluid

component. The similar symmetrycondition for the partial Cauchystress tensor in the

skeleton follows then identicallyfrom the relation (5.4)

1

.

Apart from the above condition we make the simplifying assumtion concerning the

identity(5.4)

3

. We assume namelythat it is not onlythe symmetrical part with respect to

the last two indicies which must be zero but that the whole tensor of the third rank

vanishes. There is a strong indication that it is not necessaryto make this assumption in

order to obtain the results which we present further in this section. However Ihave not

been able to prove this statement.

Bearing in mind the above remarks we obtain (see: Appendix for the details)

F F F

1 2 0

0 0 = = Þ = ¢ , . J X F (6.9)

This important result simplifies immenselyall thermodynamic admissibility

relations.

First of all we see that the flux of porosity J must be colinear with the Lagrangian

(relative) velocity. This propertyallows to consider steadystate processes in the

microstructure, in particular changes of porosity, as driven byvolume changes of both

components [15].

Secondlythe rem aining identities can be jointlywritten in the following compact

form

K. Wilmanski; A T hermodynamic Model 17

J

V

V

V

V J

J

S

n

F F F

F

S

F

S d d d d d

F F

L

Y

Y

L 0

S J æ

è ç ö

ø

÷ - = - - æ

è ç ö

ø

÷ é

ë ê

ê ù

û ú

ú

¶

¶ r r

¶

¶ r

r 0

1

. (6.10)

where L r and L n are the multipliers given bythe relations (5.3)

1,2

.

The formula (6.10) is the generalization of the classical Gibbs relation and , in

contrast to the latter, contains contributions of nonequilibrium quantites, connected with

diffusion and relaxation of porosity.

It is easyto see that it is solelythe dependence of the flux function F

0 on the

invariant V, i.e. on the magnitude of the Euclidean relative velocity: V º ( x´ F - x´ S ) × ( x´ F -

x´ S ) , which is not determined bythe partial Helmholtz free energyfunctions. If this

dependence was known we could find the flux of porosityup to a constant. The

experimental data would be needed solelyto determine this constant. Such cases have

been alreadyconsidered (e.g. [7,9]) in the wave analysis. Incidentally, the dependence of

F

0 on V must be at least quadratic and, consequentlyit would not appear in the case of

processes near the thermodynamic equilibrium.

In addition the scalar constitutive functions Y S , Y F , F

0 are thermodynamically

admissible if theysatisfythe following conditions

r

¶

¶ r

¶

¶

S

S

F

F

IV V VI

Y Y