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Polynomial Volterra processes

Eduardo Abi Jaber, Christa Cuchiero, Luca Pelizzari, Sergio Pulido, Sara Svaluto-Ferro

Abstract

We study the class of continuous polynomial Volterra processes, which we define as solutions to stochas-
tic Volterra equations driven by a continuous semimartingale with affine drift and quadratic diffusion matrix
in the state of the Volterra pro- cess. To demonstrate the versatility of possible state spaces within our
framework, we construct polynomial Volterra processes on the unit ball. This construction is based on a
stochastic invariance principle for stochastic Volterra equations with possibly singular kernels. Similarly to
classical polynomial processes, polynomial Volterra processes allow for tractable expressions of the mo-
ments in terms of the unique solution to a system of deterministic integral equations, which reduce to a
system of ODEs in the classical case. By applying this observation to the moments of the finite-dimensional
distributions we derive a uniqueness result for polynomial Volterra processes. Moreover, we prove that the
moments are polynomials with respect to the initial condition, another crucial property shared by classical
polyno- mial processes. The corresponding coefficients can be interpreted as a deterministic dual process
and solve integral equations dual to those verified by the moments themselves. Additionally, we obtain a
representation of the moments in terms of a pure jump process with killing, which corresponds to another
non-deterministic dual process.

1 Introduction

Polynomial processes in finite dimensions, introduced in [28]] and [40], constitute a class of time-homogeneous
It6-semimartingales which are inherently tractable: conditional moments can be expressed through a determin-
istic dual process which is the solution of a linear ODE. This is the so-called moment formula. They form a
rich class that includes Wright-Fisher diffusions ([48]) from population genetics, Wishart correlation matrices
([9D), and affine processes ([35]), just to name a few. Notably, polynomial diffusions offer greater flexibility than
affine diffusions, accommodating more general semialgebraic state spaces, including in particular bounded
state spaces; see [40] and [49] for a systematic analysis. The computational advantages due to the moment
formula in the polynomial setting (see, e.g., [8] and [41]) have led to a wide range of applications, in particular
in population genetics and mathematical finance. Indeed, in population genetics dual processes associated to
moments and their interpretation in view of coalescent theory play an important role: the Wright-Fisher diffusion
with seed-bank component (see, e.g., [23] and the references therein) is for instance an important example of a
recently investigated two-dimensional polynomial process in this field. In mathematical finance, polynomial pro-
cesses comprise a plethora of highly popular models, ranging from the famous Black Scholes model over certain
jump-diffusions to Jacobi-type processes, which have been used for stochastic volatility models, life insurance
liability modeling, variance swaps, and stochastic portfolio theory (see, e.g., [8, 22, 26 139]).

All these models share a finite dimensional Markov property which sometimes may not be adequate, for in-
stance, for modeling volatility where path-dependence is crucial (see, e.g., [25] and [45]). This has motivated
the emergence of numerous models in the literature based on stochastic Volterra equations, where the speci-
fication of the kernel offers greater flexibility to align with market data ([5}, 7} 134, [42] |44, 145] 52]). In particular,
the singular fractional kernel is important in view of rough volatility models [42]. To obtain models such as the
rough Heston model [36], the important class of affine processes has been extended to the Volterra framework.
In particular, existence and uniqueness of solutions to the associated equations, invariance over certain do-
mains, and formulas for the Fourier-Laplace transform have been established within the affine paradigm, see
e.g., [6l 32! 124]. Note that Volterra-type processes are not only used in the realm of volatility modeling but also
to model phenomena exhibiting short and long range dependence and self-similarity. For instance, they have
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been applied in web-traffic [51] 57] and energy markets (see, e.g. [11} [12]). In the latter, so-called Brownian
semistationary processes, introduced in [16], as well as volatility modulated Volterra processes, first considered
in [15], play an important role. All these processes can be embedded into the large class of ambit processes,
pioneered in [14] to model turbulence and tumour growth. We also refer to the monograph [13] for a far reaching
analysis of these processes.

In analogy to continuous affine Volterra processes as studied in [6], we shall define continuous polynomial
Volterra processes as solutions X of stochastic Volterra equations driven by a continuous semimartingale 2
depending on X in a way that resembles the structure appearing in the classical framework. More precisely,
Z has an affine drift and a quadratic diffusion matrix in X. To derive moment formulas in this setting, we
draw inspiration from recent works on infinite-dimensional polynomial processes. While there is already a vast
literature on finite dimensional polynomial processes, a systematic analysis of the infinite dimensional case
was only recently provided in [29, 30, 27, [18]. The articles [29, [27] treat probability and non-negative measure-
valued processes, which include the famous Fleming-Viot and the Dawson-Watanabe superprocess (see [37] for
an introduction to superprocesses and [50] for measure-valued branching Markov processes). To accommodate
these and also function space valued processes, a common unifying framework that establishes in particular
the moment formula in a generic infinite dimensional setting has been built in [30]. Related concepts have also
been in considered [18] and in [17].

Our work is the first systematic study extending the theory of polynomial processes to the Volterra setting and
contributes to the existing literature on Volterra processes in multiple ways. In what follows, we describe the
organization of the paper and our main contributions.

In Section 2] we set the stage by defining continuous polynomial Volterra processes and by recalling moment
estimates and existence of solutions to the associated stochastic Volterra equations from [6]. To illustrate the
versatility of possible state spaces, even in the Volterra case, we construct in Theorem [2.5] the first non-trivial
example of a polynomial Volterra process with possibly singular kernels that remains confined to the unit ball.
Notably, when restricted to the one dimensional case, our results provide the construction of Jacobi Volterra pro-
cesses, see Corollary[2.6] This construction relies on a more general result in Theorem [5.1] showing existence
of general Volterra processes confined to the unit ball under structural assumption on the drift and diffusion
coefficient of the driving semimartingale Z. Note that solutions to Volterra equations that remain within a convex
set have so far been constructed and studied for domains with no curvature, such as the non-negative orthant
Ri, see [6, Theorem 3.6] and the extensions in [2, [10]. The primary challenge in constructing a solution X
that remains within a given convex set with curvature arises from the potential singularity of the kernel. This
singularity could push the process X outside the domain, if the volatility does not vanish on the boundary. This
difficulty has already been observed in the construction of Volterra Wishart processes [1}132].

Section (3 is dedicated to an analysis of the moments of polynomial Volterra processes. In particular, in Sec-
tion [3.1] we establish an extension of the moment formula for polynomial Volterra processes. This is the main
moment formula in our work. It shows that the moments are the unique solutions to a system of deterministic
integral equations, which reduce to a system of ODEs for classical polynomial diffusions; see Theorem In
the terminology of [30] this formula corresponds to the bidual moment formula. In contrast to the generic infinite
dimensional framework of [30] we can here actually prove existence and uniqueness of the system of determin-
istic integral equations. Using a variation of constants technique, our arguments can be applied to deduce more
explicit expressions for the first and second-order moments and for all moments in the affine case, see Sec-
tion Moreover, we elucidate in Section[3.3]a crucial structural property, shared also by classical polynomial
diffusions, namely that the moments are polynomials with respect to the initial condition. The corresponding
coefficients can be interpreted as deterministic dual process and solve integral equations dual to those verified
by the moments themselves; see Theorem In the terminology of [30] this corresponds to the dual moment
formula, where we can again prove existence and uniqueness of the corresponding equations (which had to be
assumed in the general framework of [30]). Additionally, in Section [3.4] we illustrate how our results and argu-
ments can be applied to the moments of the finite-dimensional distributions. Our considerations then also lead
to a novel result regarding the uniqueness in law for solutions to stochastic Volterra equations in the polynomial
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framework, as proved in Theorem[3.12

In Section |4} we get inspiration from the work on classical Flemming Viot processes and general infinite dimen-
sional polynomial processes as considered in [30] to show that the moments of a polynomial Volterra process
can be expressed in terms of expectations of a functional of a (finite dimensional) pure jump process with killing.
Indeed, we consider a function valued lift to the so-called Filipovi¢ space [38], denoted by B, and then apply
the ‘dual process’ approach. Denote the infinitesimal generator of the function valued lift by A and consider
polynomials f : B x R¥ — R, (A, z) — A(x1) - - - A(1). Then we show that in the case of bounded kernels
there exists a k-dimensional pure jump process with killing, denoted by U, with generator £ such that

AfCx)(N) = LF(A, ) (). (1)

Modulo several technical conditions, e.g., stated in [31, Lemma A.1], it then holds that

E)\o [f()\ta x)] - EY():x[f()‘07 Ut)] (2)

As the evaluation of A at 0 corresponds to the Volterra process, we get a representation of the kth moment by
settingx = Yy =0 € R, For the homogeneous case with linear drift and volatility this formula is rigorously
proved in Propositionand Propositionfor the multivariate case. Since for \g = X we have f(\g, z) =
Xé“, we also see that the kth moment of the Volterra process is a monomial of degree k& in the initial value,
which is thus a special case of Theorem For the general non-homogeneous case we retrieve also a similar
formula, see Remark[4.6] In this context, let us also mention that the results of Section [3.3] can be seen from a
similar duality point of view, here with £ corresponding to the dual operator in the terminology of [30], giving rise
to a system of deterministic PDEs. From a numerical perspective the jump representation can sometimes have
advantages as it is easy to simulate from a pure jump process and then compute the right hand side of (2) via
Monte Carlo.

Section [5| provides the proof of Theorem Appendix |A| contains the main results necessary to guarantee
existence and unigueness of solutions to the equations presented in Section [3] namely the integral equations
verified by the moments of polynomial Volterra processes and by the coefficients in the expression as polynomial
with respect to the initial condition.

Notation: We denote polynomials on R of degree less than or equal to n by Poln(Rd). N is the set of natural
numbers and Ng = N U {0}. For a multi-index o = (g, . . ., ag), with o; € No, we write |a| = Zle a for
the sum of its components. For a vector 2 € R™, x; is its i-th coordinate. For a matrix A € RdXd, we denote
by |A| = \/Tr(AT A) its Frobenius norm. I is the d x d identity matrix. For any ¢ > 0, we use the symbol
E; to denote the conditional expectation given the o-algebra F;. We sometimes use the convolution notation

(f*g)( fo f(t—s)g(s)ds for functions f and g, and (f * L)( fo f(t—s)L(ds) for a measure L.

2 Definition and existence of polynomial Volterra processes

Fix a dimension d € N and consider a filtered probability space (2, F, (F)¢>0, P), where (Fy)>o satisfies
the usual conditions and JF is the trivial o-algebra on ). A continuous polynomial Volterra process of con-
volution type is a d-dimensional adapted process X with continuous trajectories solving a stochastic Volterra
equation of the form

t
Xt = golt / K(t—s)b(Xs)ds + / K(t—s)o(Xs)dWs, t>0, (3)
0
where

B W is a d-dimensional Brownian motion,

W the initial condition go: R, — R%isin C(R,,R%),
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B the convolution kernel K : R — R%>isin L2 (R, R4*9),

B the map b: R — R? has components in Pol; (]Rd), and 0: R? — R%*? is a continuous map such
that a(z) = o(z)o(x) " has entries in Poly(R?). More precisely,

d d d
b(x) = by + Z bizi, a(x)= A+ Z Aixi + Z Agjrix; (4)
i=1 =1 1,j=1

for some b; € R% and A;, A € Rdxd,

Observe that if all Aij = 0, X is an affine Volterra process as in [6]. As for stochastic differential equations, we
speak of weak solutions to (3) whenever the filtered probability space and the underlying Brownian motion are
not fixed a priori and they are part of the solution. In this case, with a slight abuse of terminology, we say that X
is a weak solution to (3).

If we define the d-dimensional semimartingale Z as

t t
7y :/ b(Xs)ds+/ o(Xs)dWs, (5)
0 0

then the stochastic Volterra equation (3) can be recast as
t
X =go(t) + / K(t — s)dZs.
0

The following proposition provides a priori estimates on the moments of any solution to (3).

Proposition 2.1 Let X be a continuous solution to (3). Then, foranyp € N andT > 0,

sup E[|XyfP] < ¢ (6)
0<t<T

for some constant c which depends only on supy<;<r |90(t)|, . Ko7, bi, Ai, Aij, and T

The initial curve go is continuous and hence bounded on compacts. In addition, by (4), the drift function b and
the volatility function o are continuous and have linear growth. Therefore, to prove this result we can follow the
same argument as in the proof of [6, Lemma 3.1].

The following theorem guarantees the existence of solutions to (3). The next assumption is needed to state the
result.

Assumption 1 There exists a constant v € (0, 2] such that foh |K(t)|?dt = O(hY) and fOT |K(t+ h) —
K(t)|>dt = O(h") forevery T < oo.

Theorem 2.2 (Existence of polynomial Volterra processes) Suppose that Assumption(|holds. Then, for any
a < /2, (3) admits a weak solution X such that X — go has a-Hélder continuous trajectories.

This result is a consequence of |6, Theorem 3.4] and its proof, which can be adapted to the framework of an
initial continuous deterministic curve gg instead of a constant initial condition Xy € R?. The main difference
is that the proof presented in [6] relies on the existence of a resolvent of the first kind for the kernel K. This
hypothesis is not necessary because the same tightness argument to construct the weak solution in [6] can be
adapted by considering the integrated form of the equation

t t t
/ Xsds = / go(s)ds-l-/ K(t — s)Zsds (7)

0 0 0
with Z as in (B) instead of the form L x (X — go) = Z with L the resolvent of the first kind of K. The integrated

form of the stochastic Volterra equation (3), which is suitable for stability results as illustrated in [2, Section
3], can be obtained using an argument based on the stochastic Fubini theorem as shown in [2, Lemma 3.2].
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Example 2.3 Assumption is satisfied for the (possibly singular) fractional kernel K (t) = t"=1/2 with H
(0,1). In particular, the corresponding polynomial Volterra process fails to be a semimartingale whenever
H#1)2.

2.1 Polynomial Volterra processes on the unit ball

In this section, we construct polynomial Volterra processes (3), that remain in the unit ball of R? defined by
B={zecR: 2"z <1}

For the rest of this section, we will assume that the kernel K is scalar K : Ry — R, and we use the so-called
resolvent of the first kind, which is a measure L on R of locally bounded variation such that

K«xL=LxK=1, (8)

see [43] Definition 5.5.1]. Some examples of resolvents of the first kind are given in [6, Table 1]. A resolvent of
the first kind does not always exist. For the main result of this section, we need an additional assumption for the
kernel.

Assumption 2 K is nonnegative, not identically zero, non-increasing and continuous on (0, 00), and its resol-
vent of the first kind L is nonnegative and non-increasing in the sense that s — L([s, s + t]) is non-increasing
forallt > 0.

Example 2.4 If K is completely monotone on (0, c0) and not identically zero, then Assumption@ holds due
to [43, Theorem 5.5.4]. Recall that a function f is called completely monotone on (0, c0) if it is infinitely dif-
ferentiable with (—1)* f*)(t) > 0 for allt > 0 and k > 0. This covers, for instance, any constant positive
kernel, the fractional kernel t" —1/2 with H € (0,1/2], and the exponentially decaying kernel e =Pt with 8 > 0.
Moreover, sums and products of completely monotone functions are completely monotone.

The next theorem provides the weak existence and uniqueness of a 3-valued polynomial Volterra process. The
construction follows from a more general result for 3-valued stochastic Volterra equations given in Theorem|5.1

Theorem 2.5 (Existence and uniqueness of polynomial Volterra processes in the unit ball) Fix a scalar ker-
nel K : [0, T] — R that satisfies Assumptions and@ Assume that b and o are such that

b(x) =bo+ Bz, o(x)=cV1—-aTaljlyep, € RY,

where 14 is the d x d identity matrix, c € R, and by € R< and B € R gre such that
z' (bp+ Bz) <0 z € dB. 9)
For any Xy € B, there exists a unique continuous weak solution X to (@) such that X; € B a.s. for every

t €10,T7.

Straightfoward application of Theorem and Theorem below.

By restricting to the one-dimensional case, Theorem allows the construction of Jacobi Volterra processes
on general compact intervals as shown in the next corollary.

Corollary 2.6 Leta; < g, b € [a1, 2], A > 0 and ¢ > 0. Fix a scalar kernel K : [0, T] — R that satisfies
Assumptions and@ Then, there exists a unique weak [al, ag] -valued solution to the equation

t t

Yi =Yo+)\/ K(t—s)(b—Ys)ds—i—c/ K(t— s)v/(Ys — a1)(ag — Yy)dWs, (10)
0 0

Yo € [on, a2], (11)

that we call Jacobi Volterra process on [a, aia].
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We note that in dimension d = 1 we have that B = [—1, 1]. In this case, the specification of Exampleyields
an [—1, 1]-valued Volterra Jacobi process in the form

Xi = Xo + /Ot K(t — s)Mb— X,)ds + /OtK(t — e/ (T — X5)(1 1 X5)dWs,

XO € [_17 1]7

forany b € [—1, 1]. Indeed, in this case it is straightforward to check that (9) is satisfied since

~ {)\(b—l)go z=1 i2)

Ab— ) = ;
OO = 1) <0 2= 1

Taking b such that b = %‘6 + 91192 we readily get that

Y:az—@1X+a1+a2
2 2

is a Jacobi Volterra process on [a, o] that satisfies (T0).

Remark 2.7 In [40] the authors study stochastic invariance of polynomial diffusions, that is solutions to for
the trivial kernel K = 1, for more general state-spaces E C R%. In the case of E = B, choosing Q = 1 and
¢ = 0 in [40, Proposition 6.1] essentially corresponds to Theorem|2.5 for the trivial kernel. In contrast with the
diffusion case, where a tagential diffusive behaviour of the volatility component o is possible on the boundary,
here we restrict to vanishing volatility at the boundary. Because of the possible singularity of the kernel at 0, we
expect that any tangential diffusive behavior of the volatility o at the boundary will push the process outside the
ball B.

3 Moments of polynomial Volterra processes

Our aim is to find moment formulas for a continuous Volterra process X solving (3). More precisely, we want to
obtain formulas for expressions of the form

E[X7] =E[X7} - X59], t>0, (13)

with o = (ai)?zl € Ng a multi-index. One of the difficulties to characterize these moments, compared to the
classical framework when the kernel K is equal to I, stems from the fact that X is not necessarily a Markovian
semimartingale. To circumvent this complication, and inspired by previous works such as [3| 24, 47 55], for
each T' > 0, we consider the process (indexed in time by t)

t
0(T) = golT) + / K(T - $)dZ,, t<T, (14)
0

for Z as in (B). The following lemma shows that we can control the moments of the process g.

Lemma 3.1 Suppose that X is a continuous process solving (3) and define the processes g as in (14). Then,
foranyp € Nand0 < T < T,

E| sup |g:(T)P| <c (15)

0<t<T

for some constant c which depends only on supg<;<7+ |90(t)|, p, Ko7, bi, A, Aij, and T".
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It is sufficient to prove the inequality for p > 2. Given T' > 0, thanks to the Burkholder-Davis-Gundy and
Jensen’s inequalities

LE‘SET/ K= sjo(x)aws| | < CE </0T|K(T_S)\2|a(Xs)|d8>§]
<o(f wora) g s Elaxplf] oo

ya
2

T’ P
gc(/ |K<t>\2dt> sup Efja(X)[3]
0 o<t<T’

for some constant C' > 0. Similarly, multiple applications of Jensen’s inequality yield

p T’ g
<sup / KT 5) >ds> < ()} (/ |K<t>|2dt) sup E[B(X)P. (1)
o<t<T 0 0<t<T”

Since the functions b and a have the form (4), and together with Proposition [2.1]yield ({5).

Notice that g7 (7") = X and more generally
T
a(T) =E, [XT — / K(T — s)b(Xs)ds] , t<T, (18)
¢

because — as a result of the proof of Lemmaabove and in particular — the process M; = fot K(T —
s)o(Xs)dWs, t < T, is a martingale. Moreover, for each T' > 0, g;(T') is a semimartingale with dynamics

dgy(T) = K(T — t)dZ, = K(T — )b(X,)dt + K(T — t)o(X;)dW,, t<T. (19)

To study the moments of X in (13), we need to understand the behavior of more general moments of the (infinite
dimensional) processes g defined in (14). To this end, we consider expressions of the form

H it

wherep € N,0 < ¢t < min{T},...,Tp},w = (in)?_; € {1,...,d}?, and g;, +(T,) is the i,,-th coordinate
of g¢(T},). If d = 1, we can omit the argument w and write m®) (¢, T}, . . . ,T) for p € N. We shall use the
convention m(®) = 1.

mP (t,Ty,. .., Ty w) = (20)

Notice that
m® (¢, .. tw) = E[X)] 21)

where a(w) is the multi-index given by ag(w) = #{n : i, = k}, k =1,...,d. In particular, |a(w)| = p.

3.1 The main moment formula

The main result of this section is a characterization for the functions m defined in (20), which in view of
determine the moments. More precisely, we will see in Theorem below, that for some fixed level N, the
vector-valued function

(t,T1,...,Ty) = {m® (¢, Ty, ..., Tp;w) :pe{0,...,N}andw € {1,...,d}"} (22)

is the unique continuous solution to a specific integral equation. Referring to the terminology of [30], this thus
gives an existence and uniqueness result for the bidual moment formula (which had to be assumed in the

DOI 10.20347/WIAS.PREPRINT.3098 Berlin 2024



E. Abi Jaber, C. Cuchiero, L. Pelizzari, S. Pulido, S. Svaluto-Ferro 8

generic infinite dimensional setting of [30]). In order to give a precise statement, we have to fix some notations.
Given N € N, we define the set

W) = {(p,w) :p€ {0,1,...,N}andw € {1,...,d}"}. (23)

Let Dy be the cardinality of the set ZW) | Notice that Dy = N+ 1ford =1and Dy = Zévzo dP =
(dNFTt —1)/(d —1)ford > 1.For T > 0, let

DY) = {(t,Th,...,Tw) € [0, TN -t < min{T, ..., Tn}}, (24)

and let 7 be an enumeration of Z("). As we will see in Theorem below, the function in belongs to the
following space.

Definition 3.2 Let X}N) be the space of RPN -valued bounded functions f on D(TN) such that the 7(p, w)-th
component £..(,, .,y only depends on the variables (t,T1, . .., T,) for any (p,w) € W) and fro0 =1

Given f € X}N), define the function M(TN)f on D%N) as follows: (M%N)f)w(w) =0, and for (p,w) € W)

with1 <p < Nandw = (i,)?

n=1’

P t
(M;N)f)ﬂ'(pﬂu) (t, Tla s 7TN) = Z/O EZLK(T" - T)bofﬂ'(p_lvwfn)(r’ (Tm)min)dr
n=1

p d t
+>> / e K (T = )bif i (17, (Ton)mogn)dr
n—=1;=1"0 "
¢
+ Z / eZLK(Tn — 1) A K (T — T)Teimfw(p—zw,n,,m)(?"a (T1)1£m,n)dr (25)
1<n<m<p 0

d t
LD IRD O AR SC RN VC A RS

I )(Tv T, (ﬂ)l;ﬁm,n)dr
1<n<m<p j=1 o

d t
+ Z Z /0 ei K(Ty, —r)AjK (T — r)Teime(pvw]-,k )(r, 7,75 (T1)1£m,n ) AT

—n,—m
1<n<m<p j,k=1

In @5), e; is the i-th canonical vector in R?, w_,, is the vector obtained by erasing the n-th coordinate of
W, W_p,—m is the vector obtained by erasing the n-th and m-th coordinates of w, w]_n is the vector whose
first coordinate is 5 and the other coordinates are given by w_,,, and wf’;’,m is the vector whose first two
coordinates are j, k and the other coordinates are given by w_,, _,,. Notice that thanks to the local square-
integrability of K the right side of is well-defined for f € X;N) and, moreover, M(TN)f € XéN).

The following theorem provides formulas for the moments defined in (20). In view of (21), this result also estab-

lishes relations between the moments of X in and the moments of the process g.

Theorem 3.3 (Main moment formula) Fix N € N andT' > 0. Define m : D(TN) — RP~ py m g =
m(©® =1, and for (p,w) € T with1 < p < N, my (o) (t, Th, ..., Tn) = mP)(t, Th, ..., Ty w) asin
(20). Thenm € X}N) (see Definition and m solves the integral equation

N N
m(t,Ty,...,Ty) = m(0,Ty,...,Ty) + MY m)(t, Tv,..., Ty), &Ti,...,Tv) € DLV, (26)
with MgFN) as in (25). Furthermore, m is the unique solution in X;N) of (26) with initial conditionm (0, T1, ..., Tx),

. ) N
and m is continuous on D(T ).
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Polynomial Volterra processes 9

To prove that m € Xj(ﬂN) it is enough to show that m is bounded on D%N). This is a consequence of Hoélder’s

inequality and Lemma 3.1} Indeed, by Lemma[3.1] for any i), € {1,...,d},pe N,andt < T,, < T,

Ellgi, t(T)[P) < E | sup |gi, «(Tn)["| < ¢

0<t<Ty

where c is constant depending only on sup<;<7 |90(t)], p, Kljo,77, bi, Ai, Aij,and T

We now prove (26). Clearly this equation holds by definition over the coordinate (0, (). We consider then
(p,w) € TM™) such that 1 < p < N and w = (i,)2_,. It&'s formula, together with (T9), yields

The local martingale part in is a true martingale thanks to (9), (@), the fact that X, = g,(r), and Lemma
The finite variation part can be written as

P
ST el KTy =)o [ [ gimr (@) | dr
n=1 m#n
p d
T Z Z GZLK(TTL —7)bj X H iy (Tin) | dr
n=1j=1 m#n

+ > el K(Ty— 1) AK (T —1)"ei, | T 9ir(TV) | dr

1<n<m<p l#m,n
d
+ Z Ze;K(Tn — P AK (T —7) e, X\ H gi,r(T7) | dr
1<n<m<p j=1 l#m,n
d
+ Z Z eiTnK(Tn — 1) AR K(Ty, — ) e, Xjr X H gi,r(T7) | dr.
1<n<m<p j,k=1 l#m,n

Since g;,, »(r) = X, r, integrating on [0, t], taking expectation, using Fubini’s theorem — which can be applied
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thanks to Lemma[3.1]— and by the definition of m in (20), we obtain

p
m@P ¢, Ty, ... Ty w) = [] gin0(Tn)
n=1
p t
+ Z/ ej K(T, — r)bom® =Y (r, (Ty) mopn; W )dr
n=1 0

p d t .
+ Z Z/O e;-l;K(Tn — r)bjm(p) (7”, r, (Tm)m;én; wj—n)dr
n=1 j=1
(28)

t
+ Y /O e; K(Ty, —r)AoK (T — 1) "ei,m®P2 (1, (1)) 12 Wy ) dr

1<n<m<p

d t .
+ Z g / el-TnK(Tn — 1) A; K (T, — ) es, m®= Y (r p, (T 1mn; Wy, _p)dr
0

1<n<m<p j=1

d t .
+ Z Z / e;K(Tn — 1) A K (T — 1) Teg, m® (1, 7, (Tl)l;,gm,n;wfi’,m)dr.
0

1<n<m<p j,k=1

This is precisely the coordinate 7(p, w) of the identity (26), which concludes the proof of (26). The uniqueness

of solutions in XéN) of the integral equation and the fact that m is continuous on D(TN) are a consequence

of Corollary [A.2]in Appendix Al

Remark 3.4 If we define the function
m(t,z1,...,zy) =m(t,t +x1,...,t +zn), (29)

fort,x1,...,xny > Osuchthatt +x; <T,i=1,...,N. Then, Theorem|3.3 implies that the functionm is
a mild-solution to the following non local PDE

8tﬁ7r(p,w) (t’ xl) ceey xp) = (8I1 + P —|— axp)mﬂ.(p’w) (t, 1'1, P 7$p)

p
+ Z eZLK(l‘n)boﬁﬂ'(pfl,w,n) (t, (l‘m)m#n)

n=1

p d
—|— Z Z €;K(xn)bjﬁﬂ_(p7w]' )(ta 07 (xm)m;én)

—n

n=1j=1

+ Z 6;';K(J}n)AoK(ZL‘m)Teimﬁw(p_zwinﬁm) (¢, (wl)l;ém,n) (30)
1<n<m<p

d
+ Z Z 82;K(xn)AjK(xm)Teimﬁw(p_ij )(t, 0, (xl)lim,n)

1<n<m<p j=1 e
d
Y D e K@) ApK (o) Ter, M ik (80,0, (20)m,0)-
1<n<m<p j,k=1 ’
Indeed, this can be deduced using the change of variables T, = t + x,, in together with the definition of
the function m in (29).

Remark 3.5 In the classical polynomial processes framework, where K = 14 and gy = X € R, the process
g defined in coincides with X, i.e. gt(T) = X,. Hence, in this case, the function m in Theorem does
notdepend onTh, ..., Tx. Consequently, the function m defined in does notdependonx1, ...,xN and
the PDE reduces to a linear ODE with constant coefficients. When d > 1, the dimension of this linear
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Polynomial Volterra processes 11

ODE — which is Dy = (dN*1 — d)/(d — 1) in the framework of this study — can be reduced to ("%). This
dimension reduction is possible because, as it can be seen from [21), multiple w € {1,...,d}?,1 <p < N,
yield the same moments of X . The solution to this linear ODE can be expressed in terms of an exponential
matrix. This observation establishes a relation, when K = 1;, between Theorem|3.3 and the classical moment
formula for polynomial processes as stated in [40, Theorem 3.1].

In the next subsection, using Theorem [3.3] we establish an alternative moment formula using a variation of

constants technique. This moment formula is useful to characterize the first and second order moments of a
polynomial Volterra process, and the moments of affine Volterra processes, namely when A;; = 0 for all ¢, j in

4).

3.2 Moment formula using a variation of constants technique

Let B be a matrix with columns equal to by, . . ., by and let R be the resolvent of — K B, i.e. the solution to the
linear equation KB * Rg = KB 4+ Rp. Thanks to [6, Lemma 2.5], (3) is equivalent to the integral equation

Xo=anlt)~ [ Ralt— shn(s)ds + (/ t Ba(s)ds ) b+ [ Bp(t — s)o(X.)dW,

where Ep = K — Rp * K. Applying Theorem [3.3] to this reformulation of the stochastic Volterra equation
yields alternative moment formulas. Indeed, let

G:(T) = Go(T) + /0 t Ep(T — 8)o(X,)dWs = E/[X7], t<T, (31)

where go(t) = go(t fo Rp(t — s)go(s)ds + (f(f EB(S)ds> bo. Define further, for (p,w) € ZWN), with
1§p§Nandw:(zn)p

n=1’

m® (¢, Ty, Tyw

H Gint(

Adopt as before the convention m(®) = 1. Theoremshows that for (p,w) € ZW), with 1 < p < N and

w = (in)zzl’

AP0 T T Hglm
+ Z /6 EB _T)AOEB( ) €; m(p 2)( (T’l)lyém,n;wfn,fm)dr
1<n<m<p

(32)

+ Z Z/ € EB _T)A EB( ) elmﬁi(p_l)(rv T, (Tl)limﬂ;w];n,—m)dr

1<n<m<p j=1

+ Y Z / el Ep(Tn — 1) ApEp (T — 1) " ei, m® (r, 1,7, (1) 1m,ni W _ 0 )dr

1<n<m<p j,k=1
The following two remarks present two important consequences of (32).
Remark 3.6 This formulation of the moment formula yields more explicit expressions for the first and second

order moments. Indeed, the definition of g in provides directly a formula for the first order moments m(1).
Regarding the second order moments, observe that by takingp = 2 andt = Ty = T» in (32), we obtain a
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linear system of integral convolution equations for the functions fr.( ., (t) = m@ (¢t tw), w = (in)’_; €
{1,...,d}2. More precisely,

2 t
t) = H @'n,o(t) + /0 €ZEB(t — T)A()EB(t — T)Teier

+ Z/ EB t—r)A;Ep(t—r) eum( )(r r; w] m)dr

+ Z / €; EB t—r)A kEB(t—r) emf( Wk )(T)dr-

—n,—m
J:k=1

This linear system of convolution equations can be solved using the resolvent of the associated (matrix) kernel.
In addition, thanks to (26), all the second order moments m®) can be expressed in terms of mY) and the
functions £y.(2 .y, w € {1,...,d}*.

Remark 3.7 If X is an affine Volterra process, i.e. Aji, = 0, then provides a recursive algorithm to find
the moments m®) of any order p € N.

Remark[3.5] explained how the moment formula in Theorem [3.3] extends the moment formula from the classical
to the Volterra framework. The next subsection elucidates that there is one important structural property that is
common to the classical and Volterra settings.

3.3 Moments of polynomial Volterra processes are polynomials

For a polynomial diffusion X starting at X, i.e. when K = I; and gg = X in our framework, [40, Theorem
3.1] gives the following explicit formula for the moments of X

Elp(X:)] = H(Xo) e'“p, p € Pol,(RY), t > 0. (33)

In 33), H(z) is a vector whose components are elements of a basis for Pol,,(RY), G is the matrix of the
infinitesimal generator of X restricted to Poln(Rd), and p’are the coordinates of the polynomial p with respect
to the basis in H(x). As a consequence, the moments of a polynomial diffusion X with initial value X are
again polynomials in the variable Xg. More precisely,

EXfl= > ca()Xy, (34)
BENE,|BI<|al

for some deterministic and time-dependent family of coefficients {Cﬁ : B € Nd, , which can be
computed explicitly from (33). It turns out that this structural property still holds for the moments m® in
of a polynomial Volterra process X starting at X, i.e. when go = Xy in (3). Furthermore, by an application
of Theorem [3.3] the coefficients can be obtained by solving an integral equation similar to (26). Indeed, for
p = |a| = 0 this trivially holds true. Forp = 1 and w = i1 € {1,...,d}, we have
T
m W, T w) =B[X;, 1] —ef | KT —s)b(E[X])ds, 0<t<Ti, (35)

1
t

where we used and the fact that b € Pol; (R?). Plugging the identity into yields
T T

mM (¢, Ty w) = e (Id Rp(s)ds — |  K(Ty —s)B <Id - /0 RB(u)du> ds> Xo

0 t

T T s
+e;, ( Ep(s)ds— [  K(Th —s) <Id +B / EB(u)du> ds) bo.
0 t 0
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Polynomial Volterra processes 13

This readily shows the representation of the form for first-order moments. In the following theorem we exploit
the moment-formula in Theorem to generalize this result for higher order moments.

Before stating the theorem, we recall the notation at the beginning of Subsectionand observe that forp € N
andw = (in)?_; € {1,...,d}P

m® (0,71, ..., Tp;w) = Xo™, (36)
where a(w) is the multi-index given by o (w) = #{n : i, =k}, k=1,...,d.

Theorem 3.8 (Moments are polynomials) Suppose that X is a continuous solution to (3) with go = X and
fix T > 0. Then, forallp € Ny and allw € {1, ...,d}?, we can express the functions m®) jn @20) as

w (T, ey = Y CP( T, )Xy, (6T, T,) € DY, (37)
BENG,|B|<p
where the functions C’ép )(-, ey nw) el (Dg? ),R) are independent of X .

In particular, for any o € N, there exists a family {cp} BeNE,|8I<]al of real-valued continuous functions on
[0, T'], independent of X, such that

EXfl= > cs)Xy, t>0. (38)
BENG,|BI<|al

Furthermore —forany p € N, w = (i,,)?_, € {1,...,d}?, and 3 € N¢ with | 3| < p — we have

CP (T, ..., Tyw) = £7 (1, Th, ..., Ty w)

+ Z Z/O eiTnK(Tn - r)bjc/(ip) (r, 7, (T ) mtns win)dT

(39)
d t .
+ Z Z / ei K(Tp — 1) AjuK (T, — T)TeimC’ép) (ry v, (17)1£m,n; wfﬁ’,m)dr.
1<n<m<p j,k=1"0

where

p t
£ (8,11, Ty w) = Lgmaquyy + D /O ei K (T — )boCY ™ (1, (Tn) ot w—n) drrL 51y
n=1

t
—2
+ Z /0 e;K(Tn — T)A()K(Tm — T)TeimCép )(7“, (Tl>l;ém,n; w_n,_m)drl{w@_l}

1<n<m<p

d t '
+ Z Z/ eZLK(Tn —1)A;K(T, — T)Te,;mC[gp_l)(r, 7, (11)1£m w{n,,m)drl{‘ﬁkp}.
1<n<m<p j=1"0
(40)

Remark 3.9 Referring to the terminology used in [30], provides a unique solution to the dual moment
formula and (Cép ) (t,T1,...,Tp;w))elo,r) can be interpreted as deterministic dual process.

Notice that, thanks to (21), directly follows from after taking t = 717 = --- = T},. The arguments
before the statement of the theorem show that holds for p € {0, 1}. Reasoning by induction, assume that

foreach 1 < g < p we have constructed continuous functions C[(_}q)(‘, .., w) on Dg?) such that holds
with p replaced by g. Corollaryin Appendixshows that, for any 3 € N& such that | 3| < p, the system of
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equations (39) — seen as a system indexed over the elements w € {1, ..., d}? — with initial condition (40), has
a unique solution such that Clgp)(‘, W) € C(Dg))).

It is straightforward to check that the family of functions on Dg,?) defined as
WO T, Tyw) = Y. CYET,. . TiwX,, (¢.w) €IW),
BENG,|B1<q

are a continuous solution (in X}p)) to the moment-equation (26), with IV replaced by p and with initial conditions

Xg‘(w) for each (¢, w) € ZP). Notice that the initial conditions are the same for the moments m(?) by (38).
Since by Theorem[3.3]the solution to this moment equation is unique, we conclude that m = n and holds.

Remark 3.10 Observe that the integral equations verified by the coefficients Cﬂ in resemble the equations
satisfied by the moments in (26). This structural property is well-known for classical polynomial processes.
Indeed, in the classical case the coefficients of the moments in are given in terms of the exponential matrix
e!C which solves a linear ODE as well. We could have vectorized the equations for the coefficients as
we did it for the moments in (26). We opted, however, to not use the vectorization at this point for clarity of
exposition.

3.4 Moments of the finite dimensional distributions and uniqueness in law

In this section we explain how the previous ideas can be extended to characterize moments of the finite dimen-
sional distributions of a weak solution to (3). These considerations will allow us to prove a result concerning the
uniqueness in law for solutions to (3).

FixT > 0,0 < t; < T and o! a multi-index. Define

N .
DN = {(ta, T, ..., Tn) € [t1, TN ity < min{T1,..., Tw} .
Consider the RPN -valued function f on Défv% givenby £ 09y = 1and,for1 <p < Nandw = (in)h_4,

al
fﬁ(p,w) (t27 Th,. .. 7TN) = fw(p,w) (t27 Ty, ... an) = E[th Giy to (Tl) T Gip it (Tp)]

Then - by the same considerations as in the proof of Theorem — f is a bounded function on ng% satisfying

the integral equation

al
fTr(p,w) (tg, T, ... ,Tp) = E[X L 9i1ta (Tl) e Gip (Tp)]
P to
+ Z/ e;l;K(TTL - T)bofﬂ(p—l,wfn)(n (Tm>m;£n)d7a
n=1"1
pod g
+ Zl z; /t 1 i K (T = 1)L, i 3 (7, (L))
n=1 j=
to
+ Z / e;l;K(Tn - T)AOK(Tm - T)Teime(p—Q,w,n7,m)(7“7 (T’l)l;ém,n)dr
1<n<m<p 't

d to
+ ) > /t ed K(Tn =) A K (T =) Tei £ 1 i (0, (T, )dr

—n,—m
1<n<m<p j=1""

d to
+ Z Z /t GZLK(Tn — 1) A K (T — T)Teimfﬂ_(p7wj,k )(7“7 7, (17) 12m,n ) dr

1<n<m<p j,k=1"1 S
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Polynomial Volterra processes 15

where 1 < p < N and w = (i)"_,. The same arguments as in Appendix |A| show that, for given inputs
(K, b,a), this equation has a unique bounded solution with initial condition E[Xf;lgihtl (T1) - Giptr (Tp)]-
Since we already know that this initial condition only depends on (K, b, a), i.e. it is the same for any weak
solution X to (3), we conclude that f only depends on (K, b, a). In particular, the mixed moments of the form

]E[Xf{lef] are the same for any weak solution X to ().

Remark 3.11 It is not surprising that the function £ defined above solves an integral equation similar to (26),
with initial condition expressed in terms of simple moments at time t1. Indeed, consider the classical case where
K = 1,4. Then, the tower property of the conditional expectation and the classical conditional moment formula
yield

E[XP X'] = EIX{ H (X, )Jel2 =G5

where we use the same notation as in (33) withn > |a2 , and where p are the coordinates of the monomial
2 1
2" with respect to the chosen basis. Observe that E[X{ H (X3, )]e®2~1) solves a linear ODE with initial

condition atty given byE[Xfil H(Xy,)]

A recursive argument, following the same lines as the above mentioned considerations, proves that all weak
solutions X of (3) have the same moments of the form

1 l
E[X2 - X{]

1

forl € N, times t; < --- < t; and multi-indices o, . . . ,al. Using this observation and arguing as in the proof

of [40, Lemma 4.1], we deduce the following result.

Theorem 3.12 (Uniqueness in law for polynomial Volterra processes) Suppose that for any weak solution
X to @) and for anyt > 0, the law of X is determined by its moments. Then uniqueness in law holds for (3).

Remark 3.13 As explained in the proof of [40, Lemma 4.1], the hypothesis of Theorem|3.14 holds for instance
if for any weak solution X to (8) andt > 0, there is € > 0 such that E[exp(e| X;|)] < oo. For example, this is
the case if any such solution X is bounded.

Remark 3.14 Theorem|3.12 constitutes a new result regarding uniqueness in law for solutions to stochastic
Volterra equations. For affine Volterra processes [6] provide uniqueness in law via the Fourier-Laplace transform.
Pathwise uniqueness for stochastic Volterra equations has been established for Lipschitz coefficients e.g., in
[21] and, for certain coefficients in the one-dimensional case, when the kernel K is regular [4,53] and when the
kernel is singular in [46, 56].

4 Jump representation of polynomial Volterra processes
Let X be the Volterra process introduced in (3) whose dynamics are given by
t t
X = Ao(t) + / K(t — s)b(Xs)ds + / K(t —s)o(Xs)dWs, te[0,T].
0 0

In this section we consider a different lift, denoted by A that will provide an alternative representation of the
moments of X, namely in terms of a dual process which is a pure jump process with killing. For this reason we
also call the initial condition \q instead of gg.
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4.1 One-dimensional case

For the reader’s convenience we consider first the one dimensional case setting d = 1. Let ()‘t)te[O,T] be a
solution (in a sense made precise in Proposition [4.1]below) of

(@) = Molz) + /O Do)+ /0 K@) [BOW(O)du + oM (0)AIT], do=Xo € R, (a1)

forz € R.. Similarly as in [32] Section 5] and as argued in Remark[4.2]below it holds that A¢(0) = X and that
A actually corresponds to the Musiela parameterization of the processes (gt(T))te[()’T] considered in Section

As a first step we introduce an appropriate space for the function-valued process (At)te[O,T}- As in [19] 120],
we let o : Ry — [1,00) be a nondecreasing C''-function such that o= € L!(R..). The so-called Filipovi¢
space is then defined by

B={yc AC(Ry,R): [[y[la < oo},

where AC(R,R) denotes the space of absolutely continuous functions from R to R and

2 _ 2 - /.%' 204 X ax.
19112 = [4(0) +/0 (@) Pa(z)d

By [19, Lemma 3.2] we also know that B C R + Cp(RR.), namely the space of bounded continuous functions
with continuous continuation to infinity. Furthermore, let (St)te[o,T] denote the left-shift semigroup on B, i.e.,
Sty = y(t+-). Then (St)ie(o,77 is the Co-semigroup generated by the operator 0, (see Filipovi¢ [38, Theorem
5.1.1]).

To ease technicalities and the exposition we make the following assumptions throughout this section (unless
otherwise stated).

Assumption 3 1 We assume that the kernel K satisfies K € B.

2 Both b and o in are linear maps. We thus set b(y) = b1y and o(y)? = Ai1y? for constants
bl, A11 e R.

With the shift semigroup at hand we can now define the notion of a mild solution to (47) as in [33, Section 7.1]:

A predictable B-valued process (At);c(o,1), is said to be a mild solution to if for every t € [0, T

t
P [/ [ Xs|%ds < oo} =1,
0

and
t t
At = Si)do + / Stqublku(O)du + / Si— K/ All)\u(O)qu, P-a.s. (42)
0 0

Proposition 4.1 (Existence and moment bounds for solutions of (41)) Under Assumption [3 there exists a
unique mild solution to which has a continuous modification. Moreover, for every k > 1, we have

E[ sup [ Adll5] < Crpos (43)
te[0,T]

where CT7 k,\o iS @ constant that depends on T, k and \o. This solution is also an (analytically) weak solution
in the sense of [33, page 161].
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We apply [33, Theorem 7.2] for the Hilbert space H = B and Uy = R. We thus need to verify the conditions of
[33, Hypotheses 7.1]. As stated above 0, generates the strongly continuous right shift semigroup (St)te[o,T]-
Moreover, all measurability criteria are satisfied. Furthermore, since the point evaluations at 0 are bounded
linear functionals and the fact that X' € B we have

15019(0) = Kb1h(0)||a + |1/ A119(0) — K/ A11h(0)[|a < Cllg — hlla, Vg,h € B,

and of course also the linear growth condition. This implies the existence and uniqueness of a mild solution (42).
Concerning the moment estimate we apply [33 Equation 7.7] stating that for p > 2

E[ sup [ \d[5] < Crp(1+ E[l|A]2]),
te[0,7

By the initial condition A\g = X € R we get a constant on the right hand side. Moreover, since for 1 < k < 2
andp > 2
k
[Aella < 1+ (Al

we obtain

E[ sup [[Acfl&] < 1+E[ sup [INE] < Orponos
t€[0,T] te[0,T)

and we get the assertion for all £ > 1. The last assertion concerning the (analytically) weak solution follows
from the same arguments as in [33, Theorem 6.5] since

e[ [ VA Oz <o

Remark 4.2 Since under Assumption@ (At)tefo,) is @ mild solution to with values in B we immediately
get from by evaluating at some fixed x that

t t
(x) = olt + 2) + / K(t+ 2 — u)bi Ay (0)dut + / Kt + 2 — u) /AT A (0)dIW,.
0 0
From this we see that \¢(x) = g:(t + x) where the process g was the defined in (T4), implying that A just

corresponds to the Musiela parameterization of the processes g. Moreover, (A¢(0)) ;e [0,7] /s the unique solution
to the Volterra equation

t
X =Xo+ / K(t — u)(leudu + vV AllXuqu)
0
where uniqueness is a consequence of the linearity and thus Lipschitz property of the coefficients.

We are now ready to state in Proposition [4.3]the expression of the moments of the polynomial Volterra process
in terms of a functional of a pure jump process with killing. In the proof, we use the notation )\®k(:e) to denote
the product (1) - - - A(wg) for @ = (21, ..., z1) € RE.

Proposition 4.3 (Jump representation of one-dimensional polynomial Volterra processes) Fixk > 1 and
let (Y1)¢c[o,r) be the [0, T¥-valued process generated by G, with domain D(Gy,) = AC(]0,T]*,R) given by

Guf(z) = 1TV f(z) + / () — f()l, de),

for
k
v(z,) =b Z K(aji)CS(xl,~~~7$i—170ami+17~~~7$k)
=1
k
+ An Z Z K(xi)K(xj)6(901,m,xi—l,0,931'4-17~~~7$j—170@j+17~~,zk)’

i=1 i<j
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andYy = (0,...,0). Suppose that Assumption@ is in force and assume that the mild solution (\¢)cjo,1) to
additionally satisfies
E[ sup [Ai(z1)Ae(wa) - Ae(xp)]] < o00. (44)
z€[0,Tk

Then for each t € [0,T] it holds

E[XF] = X}E [exp ( /0 K(YT)drﬂ ,
where
k k
() =b1 Y K(z)+An Y > K(z:)K(x;).
i=1 i=1 j<i
Set

My f(x) = Grf(2) + r(2) f (),

for each f € D(Gy). Observe that by Ité’s formula and (since (At);ejo,7) is also an analytically weak
solution), we have

t t
2ok (1) = X + / MEAER () du + / QNZF (2)d WV,
0 0
for

k
Qf(z) = An ZK(SEi)f(fUh s i1, 0, Ty, -, Tg).
i1

Since

E[ sup [A¢(z1)Ae(22) - ()] < o0
te[0,7

due to and as K € B the third term is a true martingale and we thus have

ENPF(z)] = XE + / t E[MAEF (2)]du.
0

Set then my () = E[]AP*(x)] for each z € [0, T]*. Since holds, Leibniz rule and Fubini yield
Mumi(z) = 1TVEDEHC)) + [ NP, de)
_E[TVARH(0)] 4 E [ [enta, d@] ,
proving that M my(z) = E[MpAE¥ (2)] and thus that

t
my(z) = XE +/ Mimy,(z)du.
0

Note that since ms € D(Gy) for each s € [0, T], by 1td’s formula we get
dms(Yz) = Gem(Ye)dt + dM;(my),
for .
M) = [ [ (1€ = 500 Gl ) = v(vi. deya)
where (i, is the jump measure corresponding to Y. Fixing now ¢ € [0, T'] we thus get that

dmt—s(}fs) = _asmt—s(}/s)dS + gkmt—s(yis)ds + dMs(mt—s)
= _Mkmt—S(YtS)dS + gkmt—s(Yé)dS + dMs(mt—s)7
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and similarly for Z; = exp( [y £(Y7)dT)m;—s(Ys) we get

dZs = —exp (/ KZ(YT)dT) Mimy—s(Ys)ds
0

+ exp ( /0 ) /@(Yf)d7'> Grmi—o(Ya)ds + exp < /O ) K(YT)dT> dM(my_s)

T R(¥a) exp ( A Ii(mm) me_s(Ys)ds

~ exp ( /0 | H(mdf) AM(mq—),

showing that (Zs).c(o,4 is @ local martingale. Since sup, (o 77 [mt(z)| < oo and K is bounded we can
conclude that

E [exp (/Ot R(YT)dT) X{;} = E[Z] = E[Z] = m4(0,...,0) = E\P¥(0,...,0)] = E[X}].

Example 4.4 Note that for K = Ao = 1 we get that X = Xo&((b1t ++/A11W})se(0,17)- The corresponding
representation yields

t
1
E[X}] = X5 exp (/ bik+ Ank(k — 1)dT> = XY exp((b1k + S Auk(k = 1)),
0
as expected.

Remark 4.5 Observe that Proposition [4.3 shows that in the current homogeneous case where both b and
o are //near funct/ons, the kth moment of the Volterra process is just a monomial in X(’f with coefficient

Elexp fo Y;)dT)]. This is thus a special case of Theorem Note that the proof of Propositionn also
shows that

EDo(m1) - (o) = EDFH ()] = By {exp ( / t nmw) MY - Aom,o] ,

so that we also get a jump representation form(t,t +x1, ...t + ) (where we apply the notation of Section
. If A\g = Xy, we obtain again a representation that involves only X(lf and thus again a special case of
Theorem[3.8

Let us also explicitly draw the connection to the dual process approach outlined in the introduction via (). The
infinitesimal generator A of the process \ applied to cylindrical functions f(A) = g({a1, \), ..., (ag, A))
where g € C*(R¥) and ay, . . ., a are continuous linear functionals is given by

k
= Zaig«ab A)s oo an, M) (0 A + KbiA(0), aq)

k
+% Z 8ijg(<a1,)\) . ak, K\/AH)\ ai><K\/A11>\(O) a

ij=1
Letting g(y) = Hle y; and {a;, \) = \(z;), i.e. the point evaluations for some fixed z = (x1,...,xy), we
thus obtain
AX(z1) - M)
k
= Z A1) - M) M @ip1) - Mag) (0 A () + K (2;)b1A(0))
i=1
1
+3 Z Aar) - Azim )M @) - Maj—) A @j41) - Aag) K (23) K (27) A A (0).
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This is exactly the same as L in {@) with L\ (x1) - - - M(xg) = GeA(21) - - - Mag) + k() A (z1) - - - M2x) and
the process U from the introduction corresponds to the process Y killed at rate k.

Remark 4.6 We illustrate now how the proposed method works without supposing the homogeneity condition
of Assumption@ Consider coefficients by, by, Ao, A1, A11 such that b(z) = by + bz and o(z)? = Ag +
A1z + A Fixk > 1 and let (Yy)seq0,7) be the ([0,T] U {+})¥-valued process generated by the linear
operator Gy, with domain
D(Gr) ={f : ([0, T) U {t})* = R: f is symmetric,
fly oo, ,T,...,T)|OT]z c AC([0,T)",R), i € {1,...,k}, f(1,...,1) =1}
A k—z
and given by
Gu1() = 1TV 1 )+ [ (5(6) ~ Tl do).

for Vg, f(1) =0, K(f) =0,

k k
V(y7 .) = bo Z K(yi)(s(ylw"vyi—l7Tay’i+17""yk) + bl Z K(yi)5(y1a“wyi—1707yi+1r“7yk)

=1 =1
+AOZZK yZ (y17 Yi— 17T Yit1s--Yj— 171‘ Yj+1s-- 7yk)
=1 j<i
+ AIZZK yi) K yJ 5(1/1, Yim 10,94 1Y — 1T Y5410 Uk)
=1 j#i
+A1122K Yi) K (Y5) 0y, 10,Yit 1y Ui 1,0,05 415Uk )
=1 j<1

andYy = (0,...,0). Suppose that Assumption holds true and assume that the mild solution (/\t)te[o,T] to
additionally satisfies

E[ sup [X(y1)Ae(y2) - Ae(yw)]] < o0
yE[O,T}k

Then for each t € [0,T] it holds

E[X}] =E [exp </0tﬁ(YT)dT> XZZ e ”é”] :

k k
r(y) = b(1) Z K(y:) +o(1?) ) K(y)K

i=1 j<i

where

Observe that there is a direct connection between this representation and Remark[3.4. Indeed, given a solution
(ft)tefo,1) of
O fe(y) = Grfe(y)

we obtain that My, ) (¢, 21,...,7p) = fi(z1,...,2p,1,...,1), p = 0,...,k solves (30). Moreover,
noting that

= Zk:E{exp (/Ot IQ(YT)CZT> ‘ Zk: Livi £y = j]P<Zk: Loy, ity = j>X
=0 i=1 i=1

we can also establish a direct connection with Theorem|[3.8 and in particular equation (38).
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4.2 Multivariate case

We move now to the d-dimensional setting, letting again X be the process defined in (). In this case we
consider a solution (A¢);c(o,7) of the SPDE given by

t d d
Ae(z,7) = Xo4 +/ Au(z,3)du + § el K()bjAy(0,7)du
0 dx =

. (45)
+ Z \/)‘u(o’jl))‘u(oan)e;rK(x) \% Ajlequ,
J1,j2=1
forz € Ry andi € {1,...,d} and where e; denotes the canonical basis vectors. The Hilbert space for the

corresponding function-valued process (/\t)te[o,T] is given by
By={f:Ry x{1,...d} = R: f(-,i) € B},

with

lyl

d oo
La= Y (w0 + [ W @iPats).

=1

We first start by establishing the analog of Proposition Even though we believe that existence of an an-
alytically weak solution can be proved via the martingale problem approach we here just focus on the case
Ajm = 0 whenever j; # jo so that we only have linear terms in the diffusion part and can apply similar
arguments as in Proposition[4.1]

For completeness we recall the notion of a mild solution in the current setting when A;, ;, = 0 for j1 # jo. A
predictable B-valued process (A¢):c[o,7]. is said to be a mild solution to if for every ¢t € [0, T]

t
P [/ ]2 ads < oo} =1,
0

and forevery i € {1,...,d}

d d
A5 8) = Sido(8) + > Sicue] Kbjru(0,5)du+ Y Siue! K\/AjjAu(0,5)dWy, Pas. ()
?X,O,i_/ = =

Throughout this section we shall assume the following condition on K.
Assumption 4 We assume that K satisfies K;; € B foralli,j € {1,...,d}.

Proposition 4.7 (Existence and moment bounds for solutions of (45)) Let Assumption[4 hold true and sup-
pose that A; j, = 0 for j1 # j2. Then there exists a unique mild solution to which has a continuous
modification. Moreover, for every k > 1, we have

E[ sup [[IAll%a] < Crexo (47)
te[0,T]

where C 1, x, is a constant that depends onT', k and X. This solution is also an (analytically) weak solution
in the sense of [33, page 161].

We again apply Theorem [33] Theorem 7.2] for the Hilbert space H = By and Uy = R<, Verifying the
conditions of [33 Hypotheses 7.1] is completely analogous to the one dimensional case and we obtain existence
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and uniqueness of a mild solution to (46). The moments estimates and the assertion concerning the weak
solution also follow analogously.

In the next proposition we establish the jump representation in the multivariate case. Here, we also allow for
Aj, j, # 0when ji # jo. Note that all the assumptions in Propositionexcept of are satisfied under the
conditions of Proposition

Proposition 4.8 (Jump representation of d-dimensional polynomial Volterra processes) Fix k > 1 and
let (Y1);e(o,7] be the ([0, T]x{1, ..., d})*-valued process generated by Gy, with domain D(Gy,) = AC(([0, T x

{1,...,d})*,R) given by

Guf(2,1) = 1TV, f(, i) + / (F(6.0) — (. i)(z, ), (€, 0),

for
k d
.
=D > e K (@m)bid((@yin)n(05),(rin)}
m=1 j=1
k d
+) el K(@m)Aj K (20) €0 00(@1,01)0es(010) (02 (i)}
m=1 n<mj1,j2:1
and

Yo = ((0,1)...,(0,1),(0,2),...,(0,2),...,(0,d),...,(0,d)).

k1 -times ko -times kq-times

Suppose that Assumption holds true and assume that ( )‘t)te[O,T] is a Bgy-valued (analytically) weak solution
fo satisfying

E[ sup |A(x1,i1) - Ae(@n, ix)|] < oo and
te[0,T,

E[ sup [(OzAe(z1,01))Ae(22,02) - - - Ade(@p, ix)|] < 00 (48)
z€[0,T)* i

Then for each t € [0,T] and each multi-indexk = (ki, . .. kq) with |k| = k, it holds

LK) = ELXS - x) = XEE [exp /Otnm)ch)],

where
k d k d
k(z,1) = Z ZeiTmK(wm)bj + Z Z Z e;K(mm VA i K (20) e,
m=1 ]:1 m=1 n<mj1,j2:1

Set
My f(x,i) = G f(x,i) + k(x, i) f(z,1),

for each f € D(Gy) and observe that by 1t6’s formula it holds
t t
A (1) = Xo, - Koy +/ MG (2, 6)du +/ QNY* (w, §)dW,.
0 0

for

k d
i) = Z Z GZ@K(*TM) \% Ajijo

m=1 j1,j2=1

X \/f((.fb'l,il), ey (O,jl), ceey (a:d,id))f((a;l, il), ey <O,j2), ey (a?d,id)).
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Since the third term is a true martingale, we have
ENF (2,4)] = Xo,, -+ - Xo,, + /0 tE[Mk)\f?k(x,i)]du.
Set then my(z,7) = E[AP*(x,1)]. Since holds, Leibniz rule and Fubini yield
Mimy(z,i) = 1TVLEDNR ()] (2) + /E[&“(S%)]V((ﬂfai),d(fl))
— BT 0] + B | [ AP (o)l 0)
proving that Mmy (z, i) = E[MpAE¥ (2, )] and thus that
my(x,i) = Xo, - Xoi, + /Othmu(x,i)du.

Since m lies in the domain of Gy, for each s € [0, T'] proceeding as in the one dimensional case we get that

the process (Zs) se[o, for
Zs = exp (/ ’%(YT)dT> mt—s(YS)
0

e oo ( [ t (7)) | = mi() = BN ) = BLXHL

is a true martingale and thus that

Example 4.9 Observe that for K = 15, Ao = (1,...,1), b; = Bie;, Aij = az-TojeiejT for some 3; € R,
o; € R? we get that

d
X =E((Bit + Z O'ithj)tE[O,T})'

j=1
In this setting
k d
T
V(($ i Z Ze nLBJe.](S{ 7.7 }+ Z Z Z U 0-.726717ne.]16]2€l"16{ ( 7]1)7"'7(07j2)7"'}
m=1 j=1 m=1n<m ji,jo=1
k k
T
=) Bin it T D D T Cin O Oim)rrs (O}
m=1 m=1n<m

showing that the second component of each Y; is constant over time. Since

k k k
zﬁmz > o= Y Bty Y ohow =Y oo,
m=1

m=1n<m m=1 m,n=1

the corresponding representation yields

d d
E[X¥|\o] = exp ((Z ki B; + Z Binkinofos = kol o)1),
j=1

jl J2=1
as expected.

Remark 4.10 Note that in analogy to Remark[4.6| also in the multivariate setting the non-homogeneous case
can be treated. This can be done by adding zero indices in the definition of k and v, i.e. including by, and
Api = Ajp = A; fori =0,1,...,d, and changing the corresponding jumps to (T, 0) (instead of (0, j) as it is
thecaseforj =1,...,d).
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5 Volterra processes in the unit ball

In this section, we are interested in constructing general Volterra processes (3), that remain in the unit ball B of
R<. To achieve this, structural conditions on the coefficients b : R% — ]Rd, o : R — R9%d gnd the kernel

K € L2, are needed. In a first step, we consider more general continuous coefficients with linear growth

b(z)| V |o(x)| < e(1+|z]), =eR< (49)

It follows from [6, Theorem 3.4] that under Assumption[f]and (49), there exists a weak solution to (3) with values
in RY. For the rest of this section, we will assume that the kernel K is scalar K : R; — R.

The next theorem provides the existence of a B-valued solution to the stochastic Volterra equation (3) under
structural conditions on the coefficients (b, o) and the kernel K. We denote by 918 the boundary of 13, that is

OB={rxecR: 2"zx=1}.

Theorem 5.1 (Existence of Volterra processes in the unit ball) Fix a scalar kernel K : [0,T] — R that
satisfies Assumptions[|and[2 Assume that b and o are continuous, with linear growth and

z'b(x) <0ando(z) =0, xcdB. (50)
For any X € B, there exists a continuous weak solution X to (3) such that X; € B a.s. foreveryt € [0,T].

The proof is given in Section [5.1] below.

Remark 5.2 Theorem allows the construction of Volterra processes living in the more general domain {x €
Re:zTQx < 1}, for some positive definite d x d matrix Q). Indeed, it suffices to construct a weak solution X
for the unit ball and setY = Q~1/2X.

5.1 Proof of Theorem 5.1l

[Proof of Theorem[5.1]For any n € N consider the coefficients b™ and o™ by

b (z) = b(lji/n) (i—1/n) ] <1—-1/n
b(ﬁ) - ﬁ7 else
x <1-1
O'n(x) = g (1—1/n) ) ‘.fL'| /7’L
0, else.

By the assumptions for b and o, it follows that b™ and ™ are continuous, and they satisfy the linear growth condi-
tion (49) uniformly in 12, with common constant C. Denote by X™ a continuous weak solution to (3) with respect
to (0™, 0™), obtained from [6, Theorem 3.4]. Applying tightness and stablllty results for stochastic Volterra equa-
tions, see for instance [6, Lemma A.1 and A.2], we have X" — X, where X solves (3) with coefficients
b(z) = 1g(x)b(z) + 1ge(x)b(z/|z]) and 6(z) = 13(z)o(z). If we can prove that X™ € BB aimost surely
foralln € N, then X € BB almost surely and since I;\B = band 7|3 = o, the claim follows.

Fix n € N and denote X = X™. Note that the coefficients (b", c™) satisfy the stronger conditions

o™z)=0 and z'b"(y) <0, |y||z]>1—1/nand|z—y| <e, (51)
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for some € depending on n and the constant from the linear growth condition. Indeed let y such that |y| >
1 —1/n and denote by y = y/|y| € OB, then

0" (y) =y " (y) + (@ —y) " () = |yl(5 " 6(H) — (1/n)i" ) + (. —y) " (y)
<|yl(@"b(@) — (1/n)g"9) + |z — y| (|b(7)| + 1/n)
< lyl(@"o(@) — (1/n)§"§) + | — y|(2C + 1)
1

(n—1)
<0,
whenever |z —y| < ﬁ = ¢, where we used Cauchy-Schwarz for the second inequality with C' denoting

the linear growth constant of b, and the assumption for the third inequality.

Now consider the stopping time 7 = inf{¢t > 0 : X; ¢ B}, we aim to prove that P(7 < oo) = 0. Ap-
plying similar reasoning to [6, Theorem 3.6], under Assumption for any stopping time 7 and h > 0 we have

Xopn = (1= (A + L)(7)) Xo + (ApK % L)(0)Xr + (d(AK * L) * (X))(7)

+ / L) (8) K (T + h — 5)b"(Xs)ds
0

52
" ( / () (B s)a“(&)dws) ()
t=r
=:ag(h) + ai(h) + az(h).
Now for €’ > 0, we define the events
Q' = {T <00, XJb"(X,) <0ando™(X,) =0 Yu,s € [r,7+ 6’[} .

On the event Q¢ for all b € (0, ¢'), we have ag(h) = 0, and for 9 (t) = | X, 44|

Y(h)? = X (ao(h) + ar(h)) < ¢(h)]ag(h)| + X[ par(h), (53)

where we simply applied Cauchy-Schwarz for the inequality. An application of Lemma below yields that
lag(h)| < 1. Moreover, by the definition of Q¢ and the fact that & is nonnegative, it follows that

T+h
/ K(r+h— s)XT, 0" (X,)ds < 0.
-
Therefore we can conclude
Y(h)* < Y(h)lao(h)| + Xy pa1(h) < (h),
which readily yields ¢ (h) < 1, and thus X,y € Bforall h € (0,€) on Q€. On the other hand, by the

definition of 7 and continuity of X, there exists i € (0, ¢) such that X, & B on Q€ . But this readily shows
P(Q") = 0 for all €. On the other hand, by and continuity of XX, it follows that

P(r<o0) =P U Q| =o.
€'€(0,6)NQ

The two following lemmas where used in the proof.
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Lemma 5.3 Let K satisfy (2). Then,
(AR K * L)(t) is nondecreasing in t, (54)

as well as
0 < (ARK * L)(t) < (K * L)(t) = 1. (55)

The proof of and can be found in the proof of [6, Theorem 3.6], see (3.9) and (3.10) therein.

Lemma 5.4 Let K satisfy @) and f : [0,t] — B be continuous such that f(t) € OB for some t. Then, the
quantity

ao(h) = (1= (MK * L)(£)) F(0) + (AnK * L)) £(£) + (d(ALK * L) = )(), h >0,

satisfies
ag(h)ag(h) <1, h>0.

We first notice that, thanks to the Cauchy-Schwarz inequality, we have
vy <VaTa/yTy<1, z,yeb. (56)

We expand

ao(h) Tao(h) = ( 0) " £(0) + (ALK  L)(0)*f(t) " f(£)+
+ (d(ApK L) * f)(t)

2 ARK + L)(0)£(0) " f(t)

2 (0)" (d(ARK * L) = f)(t)

2(AnK % L)(0)f(t) " (d(AnK * L) % f)(t)

(1 — (ALK + L)(t))* 4+ (ALK = L)(0)%+
n

2

2

2

= (

=

L (ALK # L)(1))?
d(AK L) * f)(t

=

—~

(
(L — (Apk = L)(t)
(1

®))
— (ApK * L)(1))

A+ + +
~

(d(ALK * L) % 1)(t)
(1= (ApK = L)(t)) (ApK = L)(0)
(1= (ApK * L)(1)) (d(ApK = L) * 1)(t)
ARK + L)(0)(d(ApK = L) * 1)(¢)

1— (ARK % L)(t)) + (ARK * L)(0) + (d(ARK * L) * 1)(t))?

)
)

+ + +

(

(

where for the second inequality, we used combined with and (55). Finally, observing that
(d(ARK * L) x 1)(t) = (ALK = L)(t) — (ARK = L)(0)

yields the desired claim.

A Well-posedness for Volterra-type integral equations

In this section we study existence and uniqueness of solutions to a certain class of integral equations, in-
cluding all the equations appearing in Section [3| for the characterization of moments. Fix N, D € N and
T > 0, and consider the domain D(TN) as in (24). Denote by C(DgFN),RD) the space of continuous, vector-
valued functions on the compact set D;N). Moreover, consider the families of kernels {A?’i}lgnSN;lgiSQ,
and {A3"™ }1 < m<N.1<j<3, such that

AP0, T) — RPXP | AZ™T 210, T) x [0,T] = RP*P 1< n,m<N,1<i<21<j<3.
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We will make the following integrability assumptions for the matrix-norm of the kernels:
AT € LH[0,T]),  [AZ™ (¢, 9) < 167 (B)] - 1G5 ()], (57)

for some G"™, Gy"™ € L2([0,T]), forall 1 < n,m < N,1 <4 < 2,1 < j < 3.Finally, forall f €
C(D(TN), RP) we define

(E)(t, Ty,..., Tn) = Y / APHT = )E(r, 7, (Ti) k)
1<n<N

Z / ATy — ) (r, (Th)hn, 7)dr

1<n<N

t

+ Y / AN Ty — 1, Ty — 1)E(ry 7, 7y (T ko ) (58)
1<n<m<N /0

+ Z / 'An e 2 - m - T‘)f(?“, T, (Tk)k7é”:m’ T)d?“
1<n<m<N

n,m,3
+ Z /0 A" (T — 1, T — )E(r, (Th) kestmm, 7 7) d.

1<n<m<N

Proposition A.1 Suppose that (57) holds. Then, for any function fy € C([0,T]",RP) there exists a unique
solutionf € C (D P ,RP) to the integral equation

N

F(t,Th,...,Tn) = fo(Ty, ..., Tw) + (UE)(t, T, ..., Tw), (tTh,...,Tn) € D). (59)
For A > 0 we introduce the norm ||f|| ) oc = SUD(, 7 1e)en) e ML, Ty, ..., Ty)|, - | denotes
the Euclidean norm on R”. One can check that | - || » « is equivalent to the sup-norm, and (C(D&N), RP), || -
HA,OO) is a Banach space. Following a standard proof pattern, we wish to prove that the operator

Tf =fo() + (PF)(), fe Dy, RP),

is invariant and contracts. For the invariance, we only need to show that (¢, 71, ..., Tn) — (Tf)(¢t,T1,...,TN)
is continuous. By assumption, f is continuous, and for z = (¢,71,...,Tn) and 2’ = (¢/,T7},..., T} ), with

t < t', we have

|(E)(t, Ty, ..., Tn) — (WE) (', T, ..., Ty)| < |(WE) (¢, Ty, ..., Tn) — (WE) (¢, 11, ..., Ty)|
+ |(UE) (¢, T, ..., Ty) — () (¢, T7,...,Ty)|.

The second term converges to zero as ¢t — t’ by dominated convergence and (7). For the first term we only
analyze the first and third components of Uf as the others behave similarly. Notice thatforany 1 < n,m < N

/ AT, — (1, (T i) — AT — )8, (T o)
< / A (T — )] - £y (T)isn) — £, 1, (T )
0

t
4 /0 AT, — 1) — AQ(T, — )] - £, (TL) )i
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and
/Ot \Ag’m’l(Tn — 1, T — ) (r, vy (Th) ktnm) — Ag’m’l(T,’L —r, T}, — r)E(r, 7, (T} ) ktnm) | dr
< /0 t JAS™ N (T — 1y T — 7)) - |ECry 7y (T bnm) — £(ry 77y (T benm) |
+ /Ot |Ag’m’1(Tn —r, T — 1) — Ay (T, —r, Ty, — )| - £ (ry vy, (T ktnm) AT

In the expressions on the right of the two previous inequalities, the first integrals converge to zero as x —
by (57), dominated convergence and the fact that f is continuous. For the second integrals, we can take ||f||~
out of the integral, and then use (57) and the fact that the translation of LP-functions is continuous, see [54,
Proposition 1.6.13], to show that both terms converge to zero as =’ — . Applying similar arguments to the
other components of Uf, we conclude that T'f & C(D(TN), RP).
Finally, denoting by d the metric induced by the norm || - || x o, We want to show that 7" contracts for \ large
enough, that is

d\(T£,Tg) < qdx(f,g), VE.ge C(DY) RD) (60)

for some ¢ < 1 and A > 0. By definition

e M(TE)(t, Ty, ..., Tn) — (Tg)(t, T, ..., TN)|

<3 / e AT (T, — )BTy (T )ien) — &0 7, (T ko)

1<n<N 70

¢
+ Z /eM|A’f’2(Tn—T)Hf(h(Tk)k;ém?”)—g(h(Tk)k#mT)\dT
1<n<N“0

t
+ Z / G_At\Ag’m’l(Tn — 1, T — 7)|[E(r, 7,7y (Th) ktmym) — (1,757 (Th ) kotm,m ) [ d
0

1<n<m<N

t
o / e AL (T — 7, Ty — ) |E(r 7 (T ksms ) — &0 Ty (Th) kotrnms )|
0

1<n<m<N
t
+ Z / e_At‘A;l’m’g(Tn -, Tm - T‘)Hf(?", (Tk)k;zén,m, T, T) - g(?“, (Tk)k;én,my T, ’I”)’d?“
1<n<m<nN Y0
< d)\(fv g) X

t ) t .
> /0 MDA, — )ldr 4+ S /0 e MDA (T, — r, Ty — )| dr

1<n<N 1<n<m<N
1=1,2 7=1,2.3

Ca(t,T1,...,TN)
(61)

We claimthatforall1 <n,m < N,1<:¢<2,and1 < j < 3, we have

t ) t .
sup / e—A(t—r)|_A711,2(T1 —r)|dr, sup / e‘A(t‘T)\AS’m’J (Ty — r, Ty — r)|dr >\—>_<><>> 0.
0<t<Th<T J0 0<t<T1, To<T JO
(62)

Indeed, using a change of variable s = ¢t — r, for any § > 0 we can write the first integral as

t ) ) . tVo .
/ e"\s|A71”(T1—t+s)]ds§/ e_’\s\AT”(Tl—t—i—s)\ds—l—/ N AT Ty — £+ 8)|ds
0 0 1)

<A ey -0 + € NAT L1 o.17)-
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Since A?’i € LY([0,T]) by assumption (57), for any ¢ > 0, we can choose & small enough, such that
ATl Lt (i —¢,11 —t+6)) < €/2, uniformly in (¢, T} ). Choosing A > 0 such that e_)‘5||.A?’7’||L1([07T}) < €/2,
we obtain

t .

sup / 67)‘8|A71M(T1 —t4+ S)’ds <.
0<t<T1<T JO

Similar considerations can be applied for the second term using the assumptions in (57). Indeed, for some

g™, Gy™ € L2([0,T)) we have

t
—)\s n,m,j n,m,i 2 —\J n,m| 2
/0 e Ay (T —t+s, Ta—t+s)|ds < e 1G; " 1Ly —t 1 —t40)) e ax 1G; " 172(0,17)>

and we conclude with the same arguments as before, that we can find A large enough such that

t .
sup / e AT 4D (T — Ty — 1) |dr < .
0<t<Ty,75<T' JO

Hence, holds and we can choose A large enough, such that

sup C\(t,Th,...,Ty) < 1,
(t,Tl,...,TN)ED;N)

with C as in (61). This implies for some ¢ < 1 and A > 0. Banach fixed point theorem yields the
conclusion.

Corollary A.2 The function m defined in Theorem is the unique solution in X}N) of with initial condi-

tionm(0, 77, ...,Tx), and m is continuous on D(TN).

We start by observing that M%N) can be defined for bounded functions f on D%N) by inserting r (one or

multiple times) as the last arguments of the function £ in the first, third and fourth addends in (25). Furthermore,
this extension of the operator M(TN) restricted to the subspace C(D;N), RD) has the structure of the operator
Y in with D = Dy (the cardinality of the set ZW) in ([23)), and the hypothesis holds. In addition,
since go is continuous then m(0, 71, . . ., T is continuous as well. By Proposition |A.1|there exists a solution
m' ¢ C’(D(TN), RP) to the equation with initial condition m(0, 773, ..., Tx), where instead of MEFN) we
consider the above mentioned extension of the operator. Furthermore, the proof of in Proposition also

holds for bounded functions f, g. Hence, uniqueness also holds over the space of bounded functions on DTN).
These observations imply unigueness of the solutions in X}N) of with initial condition m(0, 77, ..., Tx),

and that the function m defined in Theorem|[3.3has to coincide with m’ and in particular it is continuous.

Corollary A.3 Fix 3 € Ng and p € N such that | 3| < p. Suppose that that for each 1 < q < p and any
w e {l,...,d}q, C[gq)(-, ..., w) is continuous on Dé?). Consider the system of equations in Theorem

— seen as a system indexed over the elements w € {1,...,d}P — with initial condition fép )(- csw),
w € {1,...,d}?, asin [@0). Then foreachw € {1,...,d}?, fép)(- - sw) isin C(Dgf’),]R) and has a
unique solution such that C’ép)(-, ce W) € C(Dg), R).

The continuity of fép)(- -+ ;w) can be shown in the same way that we showed in the proof of Proposition
that T'f was continuous for f continuous. By taking D = dP, i.e. the cardinality of {1,...,d}?, and N = p,
equation has the structure of the equation in Proposition[A.1]and hence the claim follows.
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