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Local well-posedness and global stability of one-dimensional shallow water
equations with surface tension and constant contact angle

Jiaxu Li, Xin Liu, Dirk Peschka

Abstract

We consider the one-dimensional shallow water problem with capillary surfaces and moving contact
lines. An energy-based model is derived from the two-dimensional water wave equations, where we explicitly
discuss the case of a stationary force balance at a moving contact line and highlight necessary changes to
consider dynamic contact angles. The moving contact line becomes our free boundary at the level of shallow
water equations, and the depth of the shallow water degenerates near the free boundary, which causes
singularities for the derivatives and degeneracy for the viscosity. This is similar to the physical vacuum of
compressible flows in the literature. The equilibrium, the global stability of the equilibrium, and the local
well-posedness theory are established in this paper.

1 Introduction

The shallow water problem is a system of nonlinear partial differential equations that characterizes the motion
of thin fluid layers, considering gravitational, viscous, and Coriolis forces. It is commonly employed to model the
behavior of surface waves in oceans, lakes, and other geophysical flows and was first derived by Saint-Venant
[2]. Here, we consider the one-dimensional shallow water problem for a film height h := h(x, t) and a vertically
averaged horizontal velocity u := u(x, t) in a moving domain x ∈ ω = (a, b) with a = a(t) and b = b(t),
which move together with the flow. About their three-dimensional variants, we call the points a, b contact lines,
see Figure 1. Combining all the unknowns into a state vector q = (a, b, h, u), this system has a Hamiltonian

H(q) :=

∫ b

a

(
1
2h|u|

2 + U(h, ∂xh)

)
dx, U(h, ξ) := g

2h
2 + γ

2 (|ξ|2 + α2). (1)

The first integrand of H is the kinetic energy, and the internal energy U has contributions from gravity and
surface energy. Here, g, γ, α denote the constant of gravity, surface tension, and the contact slope (the tangent
of the contact angle). The height is non-negative and vanishes at the contact lines, i.e. h(x, t) > 0 for a(t) <
x < b(t) and h

(
a(t), t

)
= h

(
b(t), t

)
= 0. The film height is zero outside the domain ω(t). Alternatively, one

can formulate this problem using the momentum p := hu, which vanishes outside the domain ω(t).

ϑ

εh

a bx

z

u

Figure 1: Sketch of fluid film height h = h(x, t), horizontally uniform velocity field u = u(x, t), contact lines a = a(t),
b = b(t), contact angle 0 ≤ ϑ� 1.

Then, for given initial data (h, u)(t = 0) = (h0, u0), a(0) = a0, and b(0) = b0, the free boundary problem
describing the shallow water evolution q(t) is

∂th+ ∂x(hu) = 0, (2a)

∂t(hu) + ∂x(hu2) + h∂xπ − 4µ∂x(h∂xu) = 0, (2b)

ȧ(t) = u
(
a(t), t

)
and ḃ(t) = u

(
b(t), t

)
, (2c)

where π = ∂hU − ∂x(∂∂xhU) = gh − γ∂xxh and ȧ := d
dta, ḃ := d

dtb. Here µ ∈ (0,∞) is a constant.
These equations are satisfied by h, u at time t for all x ∈ (a, b) and ensure conservation of mass (2a) and
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Jiaxu Li, Xin Liu, Dirk Peschka 2

conservation of momentum (2b). At the contact lines a(t) < b(t), we have the following kinematic and constant
contact angle boundary conditions

h
(
a(t), t

)
= 0 and h

(
b(t), t

)
= 0, (2d)

∂xh
(
a(t), t

)
= α and ∂xh

(
b(t), t

)
= −α. (2e)

Note that (2d), upon differentiation with respect to time, is equivalent to kinematic conditions of the form

∂th
(
a(t), t

)
+ ȧ(t) ∂xh

(
a(t), t

)
= 0,

∂th
(
b(t), t

)
+ ḃ(t) ∂xh

(
b(t), t

)
= 0,

(2d’)

which, together with (2a) and (2e), imply (2c). Later, we will show that solutions of (2) with Hamiltonian (1) satisfy
an energy-dissipation balance

d
dtH

(
q(t)

)
= −

∫ b

a
4µh|∂xu|2 dx ≤ 0, (3)

and therefore obtain consistency with the second law of thermodynamics. With (2c) we ensure the conservation
of mass at the contact lines. The constant contact angle in (2e) emerges from a stationary force balance when
taking the derivative of the Hamiltonian H.

A rigorous derivation of viscous shallow water equations without surface tension can be found in [10]. Formal
derivations of shallow water equations including surface tension based on asymptotic expansions can be found
in [16,44,46,48,58]. However, even without surface tension it was realized already by Lynch and Gray [43] that
the shallow water problem is a free boundary problem where wet regions {x : h(x, t) > 0} can advance into
or recede from dry regions {x : h(x, t) = 0}. This has led to the development of more complex numerical
methods to treat the corresponding free boundary problem, cf. [3] and references therein. The class of methods
for the free boundary shallow water problem is mainly divided into Lagrangian and Eulerian methods: In the
Lagrangian approach, the free boundary problem is mapped to a fixed domain and solved there [1]. Such
approaches result in very precise but highly nonlinear partial differential equations, but can be difficult to solve
in higher dimensions and for topological transitions. Eulerian methods solve the shallow water problem on a
fixed domain and then try to maintain good properties using specialized techniques [45], e.g. non-negativity
of the height or density. Length scales L of most geophysical problems are way above typical capillary length
λ =

√
γ/g and thus surface tension can be neglected. Alternatively, the contact angle can be treated by

regularizing the surface energy with a wetting potential [36, 46, 54], which avoids topological transitions and
maintains the global positivity of solutions.

However, for microfluidic wetting and dewetting problems surface tension plays a vital role [6, 13] but the con-
sidered fluids are often very viscous. Any viscous hydrodynamic model needs to address the so-called “no-slip
paradox” discovered by Huh & Scriven and Dussan & Davis [15, 31] for example by modification of the no-
slip boundary condition with an appropriate Navier-slip or free-slip boundary condition. Corresponding formal
asymptotic techniques result in thin-film models [6,48] of the form

∂th− ∂x
[
m(h) ∂x(−γ∂xxh+ ∂hUint)

]
= 0, (4)

where Uint = Uint(h) is an intermolecular potential with a similar role as U in (1) and m(h) = 1
3 |h|

3 + bh2

is a degenerate mobility with Navier-slip length b. The thin-film free boundary problem with moving contact lines
is well-understood mathematically [4, 5, 21,23, 35], in particular regarding the (lack of) regularity near a moving
contact line, e.g. cf. [18, 22, 24]. Numerical algorithms with stationary and dynamic force balance at a moving
contact line have been investigated in dimension d = 1 [51, 52] and d = 2 [53] based on energy-variational
arguments. In particular, the importance of dynamic contact angles [57] based on microscopic arguments and
formulated in a thermodynamic framework should be emphasized [55,56].

Without surface tension, the shallow water problem can be seen as an important special case of the com-
pressible isentropic Navier-Stokes equations (viscous Saint-Venant system). Here, the height is replaced by the
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Local well-posedness and global stability of one-dimensional shallow water equations with surface tension 3

density h ≡ ρ and one assumes a density-dependent viscosity coefficient, such that

∂tρ+ ∂x(ρu) = 0, (5a)

∂t(ρu) + ∂x(ρu2) + ∂xP − 2∂x
(
µ(ρ)∂xu

)
= 0, (5b)

with P = ρ2 and µ(ρ) = µρ. For the general isentropic Navier-Stokes equations one considers P = ρκ and
µ(ρ) = ρα with the adiabatic index κ > 1 and α ≥ 0.

Dry regions {x : h(x, t) = 0} in the shallow water equations correspond to vacuum {x : ρ(x, t) = 0} in
the compressible Navier-Stokes system. There is a large amount of literature about the long-time existence and
asymptotic behavior of solutions to the system (5) in the case µ(ρ) is constant (α = 0). When the initial density
is strictly away from the vacuum, see Kazhikhov [34] and Hoff [28] for strong solutions, Hoff and Smoller [30] for
weak solutions. When the initial density contains a vacuum, this leads to some singular behaviors of solutions,
such as the failure of continuous dependence of weak solutions on initial data [29] and the finite time blow-up of
smooth solutions [33,59], and even non-existence of classical solutions with finite energy [37].

Therefore, one may consider density-dependent viscosity case (α > 0). It is reasonable for compressible
Navier-Stokes equations, see Liu-Xin-Yang [39], a viscous Saint-Venant system for the shallow waters, see
Gerbeau-Perthame [19], and some geophysical flows, see [7–9]. In particular, Didier-Benoît-Lin studied a com-
pressible fluid model of Korteweg type in [9]:

ρt + div(ρu) = 0, (6a)

(ρu)t + div(ρu⊗ u) = div (−P I + 2µρDu) + γρ∇∆ρ, (6b)

see also Danchin-Desjardins [12], Hao-Hsiao-Li [26], Germain-LeFloch [20].

The vacuum-free boundary problem of (5) has attracted a vast of attractions in recent years. In the case that the
viscosity is constant, Luo-Xin-Yang [40] studied the global regularity and behavior of the weak solutions near
the interface when the initial density connects to vacuum states in a very smooth manner. Zeng [61] showed the
global existence of smooth solutions for which the smoothness extends all the way to the boundary. In the case
that the viscosity is density-dependent, the global existence of weak solutions was studied by many authors, see
[60] without external force, and [14,47,62] with external force and the references therein. By taking the effect of
external force into account, Ou-Zeng [49] obtained the global well-posedness of strong solutions and the global
regularity uniformly up to the vacuum boundary. When the viscosity coefficient vanishes at vacuum, Li-Wang-Xin
[38] first establishes the local well-posedness of classic solutions of system (5) without surface tension.

In this paper, we provide the ingredients to combine well-established models for moving contact lines that are
valid on microscopic length scales with the shallow water problem on intermediate scales, where the capillary
length is still relevant. We develop a theory to describe phenomena that combine capillarity, moving contact
lines, and inertia. The major difficulty lies in the moving boundary and the degeneracy near the vacuum. We
first investigate the stability of the stationary equilibrium. In particular, we analyze the linearized system (58) and
find the key energy functional (76), in which the concavity of the equilibrium plays an important role. Then we
move on to investigate the nonlinear stability theory, showing that the weighted, degenerate energy functional
is strong enough to control the nonlinearities globally in time, thanks to Hardy’s inequality. Finally, we sketch the
local well-posedness theory for general initial data.

This paper is organized as follows: In Section 2, we give a brief derivation of system (2) from two-dimensional
viscous water wave equations and summarize our main results in Section 2.5. We recall some weighted em-
bedding inequalities in Section 3. In Section 4, we reformulate the free boundary problem (2) in the Lagrangian
coordinates and state the main results of this paper. Then we present the linear stability and nonlinear stability
in Sections 5 to 7 and therefore finish the proof of asymptotic stability of the stationary equilibrium. Section 8 is
devoted to the local well-posedness theory for general initial data.

2 Shallow water equations with surface tension

DOI 10.20347/WIAS.PREPRINT.3084 Berlin 2023



Jiaxu Li, Xin Liu, Dirk Peschka 4

2.1 Shallow water approximation

In the following, we will provide a systematic derivation of the one-dimensional shallow water equations with
surface tension and moving contact lines from the two-dimensional water wave equations, which we state below.
For the water wave model we follow the mathematical models presented and analyzed, for example, in [25,55].

Let 0 < ε � 1 be the asymptotically small thickness of the liquid film, u := (u,w)(x, z, t) be the two-
dimensional velocity field, p := p(x, z, t) be the pressure potential, and εh := εh(x, t) be the height of the
liquid film. Using the height, similar to Figure 1, we define the time-dependent domain

Ωε(t) := {(x, z) : x ∈ ω(t), 0 < z < εh(x, t)} for ω(t) :=
(
a(t), b(t)

)
.

Additionally, we define the two free boundaries

Γh(t) := {(x, εh(x, t)) : a(t) < x < b(t)} ⊂ Γ(t) and

Γ0(t) := {(x, 0) : a(t) < x < b(t)} ⊂ Γ(t),

i.e. the top and bottom part of Γ(t) = ∂Ωε(t). The outer normal on Γh(t) is

nε(x, z, t) :=
1

(1 + (ε∂xh)2)1/2

(
−ε∂xh(x, t)

1

)
.

With these definitions for a shallow domain, the viscous water wave equations can be written as

∂tu + u · ∇u + div
(
pI2 − µ(∇u +∇u>)

)
= −gεez in Ωε(t), (7a)

divu = ∂xu+ ∂zw = 0 in Ωε(t), (7b)

with kinematic conditions for the evolution of the boundaries Γh(t),Γ0(t)

ε(∂th+ u|z=εh∂xh)− w|z=εh = 0, (7c)

ȧ(t) = u(a(t), 0, t), ḃ(t) = u(b(t), 0, t). (7d)

The stress boundary condition on the moving boundary Γh(t) is(
pI2 − µ(∇u +∇u>)

)
nε = −γε∂x

(
ε∂xh√

1 + ε2|∂xh|2

)
nε. (7e)

On the bottom boundary Γ0(t) we have an impermeability boundary condition and a free slip boundary condition

w = 0 on Γ0(t), (7f)

∂zu = 0 on Γ0(t). (7g)

Instead of free slip (7g), also a Navier-slip condition u − bε∂zu = 0 with slip length bε ≥ 0 in the sense of
[10, 46] are possible boundary conditions on Γ0(t). However, a no-slip boundary condition u = 0 would be
infeasible on Γ0(t) since this generates a logarithmic singularity in the energy dissipation. The final missing
condition for the contact angle 0 ≤ ϑ < π/2 is

ε ∂xh(a(t), t) = tanϑ and ε ∂xh(b(t), t) = − tanϑ. (7h)

Note that this system has the Hamiltonian

Hε :=

∫
Ωε

(
1
2 |u|

2 + gεz

)
dx dz +

∫
Γh

γε

(√
1 + ε2|∂xh|2 − cosϑ

)
dx, (8)
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Local well-posedness and global stability of one-dimensional shallow water equations with surface tension 5

as a driving energy functional for the evolution with d
dtHε ≤ 0. Moreover, in the shallow water regime, we

employ a smallness assumption of the contact slope α of the form

1− cosϑ = 1
2ε

2α2 � 1, (9)

for some givenα = O(1). Then one can check that as ε→ 0, the leading order of Hε is exactly the Hamiltonian
H of the shallow water system, i.e., (1).

For convenience, note that (7a) can be rewritten component-wisely as,

∂tu+ u∂xu+ w∂zu+ ∂x(p− 2µ∂xu)− µ∂z(∂xw + ∂zu) = 0, (10a)

∂tw + u∂xw + w∂zw + ∂z(p− 2µ∂zw)− µ∂x(∂zu+ ∂xw) = −gε, (10b)

and at z = εh(x, t) (7e) can be rewritten using the two components

(p− 2µ∂xu)(−ε∂xh)− µ(∂xw + ∂zu) = −γε∂x
(

ε∂xh√
1+ε2|∂xh|2

)
(−ε∂xh), (10c)

−µ(∂zu+ ∂xw)(−ε∂xh) + (p− 2µ∂zw) = −γε∂x
(

ε∂xh√
1+ε2|∂xh|2

)
. (10d)

We will use an asymptotic scaling for surface tension γε and gravity gε in the shallow water approximation’s final
stages. Guided by [50], we derive shallow water equations with surface tension and moving contact lines from
(7).

Step 1: Re-scaling the vertical variables. Owing to the vertical scale of the shallow domain, it is natural to
introduce the changes of variables

z := εZ and w := εW. (11)

The system (7) can be recast, using (u,W, p) in the (x, Z, t)-coordinates in the rescaled fluid domain Ω(t) :=
{(x, Z) : x ∈ ω(t), 0 < Z < h(x, t)}. Equations (7a)–(7b) transform into

∂tu+ u∂xu+W∂Zu+ ∂x(p− 2µ∂xu)− 1
εµ∂Z(ε∂xW + 1

ε∂Zu) = 0, (12a)

ε2(∂tW + u∂xW +W∂ZW ) + ∂Z(p− 2µ∂ZW )− µ∂x(∂Zu+ ε2∂xW ) = −εgε, (12b)

∂xu+ ∂ZW = 0, (12c)

and the kinematic condition becomes

∂th+ u|Z=h∂xh−W |Z=h = 0. (12d)

Meanwhile, boundary conditions (7e, 7f, 7g) can be rewritten as

(p− 2µ∂xu)(−ε∂xh)− µ(ε∂xW +
1

ε
∂Zu)

= −γε∂x
(

ε∂xh√
1 + ε2|∂xh|2

)
(−ε∂xh) on {(x, Z = h(x, t))},

(12e)

−µ(
1

ε
∂Zu+ ε∂xW )(−ε∂xh) + (p− 2µ∂ZW ) = −γε∂x

(
ε∂xh√

1 + ε2|∂xh|2

)
on {(x, Z = h(x, t))},

(12f)

W |Z=0 = 0, ∂Zu|Z=0 = 0. (12g)

In the following, the barotropic component (vertical average) of an arbitrary function f(x, Z, t) is defined by

f(x, t) :=
1

h

∫ h(x,t)

0
f(x, Z, t) dZ. (13)
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Jiaxu Li, Xin Liu, Dirk Peschka 6

This definition allows for trivial identities of the form

∂t(hf̄) = (∂th)f |Z=h + h∂tf and ∂x(hf̄) = (∂xh)f |Z=h + h∂xf. (14)

Furthermore, for f = u we have an exact continuity equation

∂th+ ∂x(hu) = 0, (15)

for any solution of (7). This follows from the short computation

∂x(hu)
(13)
= ∂x

∫ h

0
u(x, Z, t)dZ = (∂xh)u|Z=h +

∫ h

0
∂xu(x, Z, t)dZ

(12c)
= (∂xh)u|Z=h −

∫ h

0
∂ZW (x, Z, t)dZ

(7f,12d)
= −∂th.

Step 2: Multiscale analysis. The leading ε−2-order of (12a) implies

∂ZZu = O(ε2), (16)

and integrating that in Z using (12g) gives ∂Zu = O(ε2). Integrating (12b) in Z and using (12f) yields that at
the leading order (

p− 2µ∂ZW − µ∂xu
)
(x, Z, t) = −εgεZ + C(x, t) + O(ε2),

where C = εgεh− µ∂xu|Z=h − εγε∂xxh,
(17)

at (x, Z, t). Therefore, integrating (17) in Z from 0 to h(x, t) yields

hp+ µ∂x(hu)− µu|Z=h∂xh = −εγεh∂xxh− µh∂xu|Z=h

+ ε
2gεh

2 + O(ε2),
(18)

where we have used (12c) and (12d). Using (12c) we can rewrite (12a) as

∂tu+ ∂x(u2) + ∂Z(Wu) + ∂x(p− 2µ∂xu)− ε−2µ∂ZZu− µ∂ZxW = 0,

where integration in Z from 0 to h using (12d), (12g), and (12e) yields

∂t(hu) + ∂x(hu2) + ∂x(hp− 2µh∂xu) =
[
(p− 2µ∂xu)∂xh+ µ∂xW + 1

ε2
µ∂Zu

]∣∣
Z=h

+
[
u|Z=h (∂th+ u∂xh−W )|Z=h︸ ︷︷ ︸

=0 via (12d)

]
(12e)
= −εγε(∂xh)∂xxh+ O(ε2). (19)

Substituting hp from (18) into (19) yields

∂t(hu) + ∂x(hu2) + ∂x( ε2gεh
2)− εγεh∂xxxh

= ∂x(2µh∂xu+ µ∂x(hu)− µu|Z=h∂xh+ µh∂xu|Z=h) + O(ε2)

= ∂x(3µ∂x(hu)− 3µu|Z=h∂xh+µh∂xu|Z=h) + O(ε2), (20)

where we have used the identity h∂xu = ∂x(hu)− u|Z=h∂xh.

Step 3: Barotropic approximation. This step will finish the formal derivation of shallow water equations with
surface tension. Thanks to (16), one can derive that

u(x, Z, t) = u(x, t) +

∫ Z

0
∂Zu(x, Z ′, t) dZ ′ − 1

h

∫ h

0

(∫ Z

0
∂Zu(x, Z ′, t) dZ ′

)
dZ

DOI 10.20347/WIAS.PREPRINT.3084 Berlin 2023



Local well-posedness and global stability of one-dimensional shallow water equations with surface tension 7

= u(x, t) + O(ε2).

From this approximation we deduce in particular that u|Z=h = ū+O(ε2) and that u2 = u2 +O(ε2) and thus
(20) yields

∂t(hu) + ∂x(hu2) + ∂x( ε2gεh
2)− εγεh∂xxxh = 4µ∂x(h∂xu) + O(ε2). (21)

Finally, consider a scaling where εgε = g = O(1) and εγε = γ = O(1). Formally passing the limit ε → 0+

in (15) and (21) and renaming u(x, t) := ū(x, t) leads to the shallow water equations with surface tension

∂th+ ∂x(hu) = 0, (22a)

∂t(hu) + ∂x(hu2) + ∂x(g2h
2)− γh∂xxxh = 4µ∂x(h∂xu). (22b)

to be satisfied for x ∈ ω(t), and therefore we have recovered (2a) and (2b). By expanding (7h) for small slopes
we obtain

∂xh(a(t), t) = α and ∂xh(b(t), t) = −α, (22c)

and the kinematic conditions remain as they were. A rigorous derivation of viscous shallow water equations
without surface tension can be found in [10]. A rigorous derivation of system (22) in the case when h > 0, i.e.,
the non-degenerate case, follows similarly.

In this work, our goal is to investigate the case when system (22) degenerates. In particular, we focus on the
case when ω = {h > 0} = ω(t) ⊂ R is a domain evolving together with the flow, and h has compact support.
At the boundary of the support, these equations are supplemented by the boundary conditions (2c,2d,2e), which
were untouched by the shallow water approximation.

2.2 Conservation laws and contact angle

We start by deriving a few conservation laws and energy balances for solutions to the shallow water problem.

Conservation of mass: Taking the time derivative of the volume of the incompressible fluid, i.e. the integral of
h over ω(t), yields

d

dt

∫ b(t)

a(t)
hdx

(22a)
= −hu|ba + h(b)ḃ− h(a)ȧ

(2c)
= 0. (23)

Balance of momentum: Assuming constant contact angle, integrating the momentum p = hu and using the
divergence form of (22b) yields

d

dt

∫ b(t)

a(t)
hudx = −

∫ b

a
γ∂xh∂xxhdx = −γ

2
|∂xh|2

∣∣b
a

= 0. (24)

Balance of energy: Taking the L2-inner product of (22b) with u and integrating by part in the resultant lead to,
thanks to (22a),

d

dt

{
1
2

∫ b(t)

a(t)
h|u|2 + g|h|2 dx

}
− γ

∫ b

a
∂th∂xxhdx+

∫ b

a
4µh|∂xu|2 dx = 0. (25)

Moreover, by applying integration by parts further, one can calculate that

−γ
∫ b

a
∂th∂xxhdx = γ

∫ b

a
∂txh∂xhdx− γ(∂th∂xh)

∣∣b
a

=
γ

2

∫ b

a
∂t|∂xh|2 dx+ γ(u|∂xh|2)

∣∣b
a

=
d

dt

∫ b

a

γ
2 |∂xh|

2 dx+ γ
2 (u|∂xh|2)

∣∣b
a
,

(26)

DOI 10.20347/WIAS.PREPRINT.3084 Berlin 2023



Jiaxu Li, Xin Liu, Dirk Peschka 8

where we have used (2d’) and (2c). At this point, we want to explore the impact of using a constant contact
angle (2e) on the energy balance. For constant contact angle (2e), using (2c) we find

(u|∂xh|2)
∣∣b
a

= (ḃ− ȧ)α2 =
d

dt

∫ b

a
α2 dx. (27)

Next, substituting (26,27) into (25) leads to

d

dt

[
1

2

∫ b

a
h|u|2 + gh2 + γ(|∂xh|2 + α2) dx

]
= −

∫ b

a
4µh|∂xu|2 dx. (28)

This is the energy balance that we stated before in (3). The static contact angle produces a thermodynamic
consistent shallow water model in the sense d

dtH ≤ 0 with the Hamiltonian (1).

Remark 1. Formally, different equivalent variants of boundary and kinematic conditions at a, b are possible for
the water wave equation, i.e. (2e,2d) or (2d’) or combinations thereof. Similar arguments as in [38, remark 2]
show that, classical solution to (22) with moving boundary satisfy

∂xu|x=a,b = 0. (29)

For s ∈ {a, b}, taking the time-derivative of the slope at x = s gives

d

dt
∂xh(s(t), t)

∣∣
s=a,b

= (∂t∂xh+ ṡ∂x(∂xh))
∣∣
s

(22a)
= (−∂2

x(uh) + u∂xxh)
∣∣
s

=
(
− 2∂xh∂xu

)
s

(29)
= 0. (30)

and therefore imposing (29) implies that the contact angle does not change from its initial value. While the rest of
the manuscript centers on a constant contact angle and free slip, we now briefly discuss a more general contact
line model and the impact of a finite Navier slip length bε.

2.3 Dynamic contact angle and Navier slip

Models with dynamic contact angle use a dynamic stress balance at the contact line, a well-established con-
cept in hydrodynamic models using variational arguments and dissipative processes. A general thermodynamic
consistent model for a dynamic contact angle in the spirit of [52, 55] but applied to the shallow water problem
replaces (2e) by

νȧ(t) =
[
α2 −

(
∂xh

(
a(t), t

))2]
and νḃ(t) = −

[
α2 −

(
∂xh

(
b(t), t

))2]
. (31)

For example, in [46] it is shown that a scale bεε
2 = b = O(1) leads to a modified momentum balance, where

instead of (2b) one has

∂t(hu) + ∂x(hu2) + h∂xπ − 4µ∂x(h∂xu) + b−1u = 0, (32)

while all other equations remain as they were. Redoing the previous computation for the energy-dissipation
balance (25) for (32) gives

d

dt

{
1
2

∫ b(t)

a(t)
h|u|2 + g|h|2 dx

}
=

∫ b

a
γ∂th∂xxh− 4µh|∂xu|2 + b−1u2 dx. (33)

Similar as in (27) but now with dynamic contact angle (31) we get

(u|∂xh|2)
∣∣b
a

= ḃ
{

(∂xh)
∣∣2
x=b
− α2 + α2

}
− ȧ
{

(∂xh)
∣∣2
x=a
− α2 + α2

}
(31)
= ν(ȧ2 + ḃ2) + (ḃ− ȧ)α2 = ν(ȧ2 + ḃ2) +

d

dt

∫ b

a
α2 dx.

(34)
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Substituting (26,34) into (33) leads to the energy-dissipation balance

d
dtH = −D where D =

∫ b

a

[
4µh|∂xu|2 + b−1u2

]
dx+ ν(ȧ2 + ḃ2). (35)

By this computation, we have identified two new terms in the dissipation D. Reconsidering the previous conser-
vation of momentum (24) we get

d

dt

∫ b(t)

a(t)
hudx = −

∫ b

a
b−1u dx− γ

2
|∂xh|2

∣∣b
a

= −
∫ b

a
b−1u dx− γν

2
(ȧ+ ḃ).

At least formally, in the limit b−1, ν → 0 we recover the energy and momentum balance for the constant contact
angle, whereas with finite ν,b−1 the momentum is not conserved due to friction with the supporting interface
at z = 0. The shallow water system with dynamic angle (31) is thermodynamic consistent in the sense that
the Hamiltonian (free energy) decreases (35). While it is an interesting mathematical question to consider the
regularity of solutions as x → a, b in the (singular) limits of vanishing or infinite µ, ν,b−1, in the following we
set ν,b−1 = 0.

2.4 Equilibrium

In this subsection, we look for a stationary equilibrium q(x, t) = qs(x) with qs = (as, bs, hs, us) of (22) with
constant/static contact angle (2e), i.e. us = 0 and α > 0. That is

∂x(g2h
2
s )− γhs∂xxxhs = 0 and ∂xhs(bs) = −∂xhs(as) = −α, (36)

in ωs := (as, bs) = {hs > 0}. One can explicitly solve for hs from (36)

hs(x) = αλ

(
e2R/λ + 1− (e(x+R)/λ + e(R−x)/λ)

e2R/λ − 1

)
. (37)

where λ =
√
γ/g is the capillary length and bs = −as = R sets the center of mass to the origin. With

dynamic contact angle, this solution is the unique long-time limit up to translation and the droplet radius R is
determined by the mass of the droplet. For static contact angle, the long-time behavior can be characterized
by translation and by allowing arbitrary constant droplet speeds u(x, t) = ūs ∈ R, h(x, t) = hs(x − ūst),
a(t) = −R + ūst, b(t) = R + ūst. Generic equilibrium solutions for various R are shown in Figure 2. For
R � λ the droplet shape is parabolic hs(x) ≈ αR

2λ

(
1 − ( xR)2

)
, whereas for L � λ it has a pancake shape

hs(x) ≈ αλ away from the contact line.

-15 -10 -5 0 5 10 15
0

0.5

1

Figure 2: Equilibrium solutions hs for increasing R/λ ∈ { 14 ,
1
2 , 1, 2, 4, 8, 16} (blue lines) and parabolic shapes with

same R/λ (red dashed lines).

2.5 Summary of shallow water equations and main results

We summarize the shallow water equations with surface tension in this subsection. To simplify the presentation,
we assume that

g = 2, γ = 2, α = 1, µ =
1

2
. (38)
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Then the shallow water equations (22) with surface tension and constant contact angle, together with (2c,2d,
2e), read

∂th+ ∂x(hu) = 0, in ω(t), (39a)

∂t(hu) + ∂x(hu2) + ∂x(h2)− 2h∂xxxh = 2∂x(h∂xu), in ω(t), (39b)

∂xh
(
b(t), t

)
= −∂xh

(
a(t), t

)
= −1, for t ∈ (0,∞), (39c)

∂xu
(
b(t), t

)
= ∂xu

(
a(t), t

)
= 0, for t ∈ (0,∞), (39d)

ȧ = u
(
a(t), t

)
, ḃ = u

(
b(t), t

)
, for t ∈ (0,∞), (39e)

where ω(t) = (a(t), b(t)). Alternatively, (39b) can be written in the conservative form:

∂t(hu) + ∂x(hu2) + ∂x
[
h2 − 2h∂xxh+ |∂xh|2

]
= 2∂x(h∂xu). (39b’)

The equilibrium is given by

hs(x) =
e2 + 1

e2 − 1
− ex+1 + e1−x

e2 − 1
∀x ∈ (−1, 1), (40)

satisfying
h′′′s = h′s. (41)

Here we have chosen
as = −1, bs = 1. (42)

The main results of this paper can be summarized, in an informal way, as follows:

Theorem 1 (Informal statement of main theorems). (i) Given general initial data (a, b, h, u)|t=0 = (a0, b0, h0, u0),
as long as h0 satisfies some convexity condition, there exists a unique local-in-time strong solution to sys-
tem (39). See Theorem 3, below, in Section 8 for full description

(ii) With small enough perturbation, the equilibrium state (40) is asymptotically stable. In particular, there ex-
ists a global unique strong solution to system (39) near (40), and the solution converges to the equilibrium
state as time goes to infinity. See Theorem 2, below, in Section 4.2 for a full description.

3 Preliminaries

In this section, we recall some weighted embedding inequalities. The following general version of the Hardy
inequality whose proof can be found in [27] will be used often in this paper:

Lemma 1 (Hardy’s inequality, Lp version). Let k and p > 1 be given real numbers, and g be a function with
bounded right-hand side in the following inequalities. Then

� if k +
1

p
> 1, one has

∫ 1

0

(
sk−1g(s)

)p
ds ≤ Ck,p

∫ ((
sk|g′(s)|

)p
+
(
sk|g(s)|

)p)
ds; (43)

� if k +
1

p
< 1, one has

∫ 1

0

(
sk−1(g(s)− g(0))

)p
ds ≤ Ck,p

∫ (
sk|g′(s)|

)p
ds. (44)
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Next, the following weighted Poincare inequality can be found in [17]:

Lemma 2 (Weighted Poincare’s inequality). Let hs be given as in (40). Suppose that g satisfies∫ 1

−1
hsg dξ = 0.

Then one has ∫ 1

−1
hs|g|2 dξ ≤ C

∫ 1

−1
hs|∂ξg|2 dξ (45)

and ∫ 1

−1
|g|2 dξ ≤ C

∫ 1

−1
hs|∂ξg|2 dξ. (46)

4 Lagrangian formulation and main results

4.1 Lagrangian coordinates with reference to the equilibrium profile

To investigate the stability profile (40) of the shallow water equations with surface tension (39), we introduce the
Lagrangian coordinates (ξ, t) in a way that captures the equilibrium profile as coefficients. Define x = η(ξ, t)
by ∫ η(ξ,t)

a(t)
h(x, t) dx =

∫ ξ

−1
hs(x) dx. (47)

In particular, we assume ∫ b(t)

a(t)
h(x, t) dx =

∫ 1

−1
hs(x) dx, (48)

which, thanks to the conservation of mass (23), is a restriction on the initial data. Then taking the space and
time derivatives (∂ξ and ∂t) in the (ξ, t)-coordinates leads to, for ξ ∈ I = (−1, 1),

h(η(ξ, t), t)∂ξη(ξ, t) = hs(ξ), (49)

h(η(ξ, t), t)∂tη(ξ, t) = −
∫ η(ξ,t)

a(t)
∂th(x, t) dx =

∫ η(ξ,t)

a(t)
∂x(hu)(x, t) dx

= h(η(ξ, t), t)u(η(ξ, t), t),

(50)

where (39a) is used. Notably, (50) is equivalent to the Lagrangian flow map [11, 32], and the benefit of (47) is
that it captures the equilibrium [41,42]. Therefore, system (39) can be recast in the (ξ, t)-coordinates as

h(ξ, t) =
hs(ξ)

∂ξη(ξ, t)
, ∂tη(ξ, t) = u(ξ, t), (51a)

hs∂tu+ ∂ξ

(( hs

∂ξη

)2)− 2hs
∂ξ
∂ξη

(
∂ξ
∂ξη

(
∂ξ
∂ξη

(
hs

∂ξη

)))
= 2∂ξ

(
hs

∂ξη

∂ξu

∂ξη

)
,

(51b)

∂ξη|ξ=−1,1 = 1, ∂ξu|ξ=−1,1 = 0, (51c)

where we have used the same notations for the variables h, u in the Lagrangian coordinates as in the original
Euclidean coordinates. Notice that (51c) is equivalent to (39c), which can be seen from Remark 1.
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We consider the solution η to system (51) near the equilibrium ηs(ξ) = ξ. Thanks to (51a) and (51c), we
consider η(ξ, t) as follows:

η(ξ, t) = ξ + θ with ∂ξθ|ξ=−1,1 = 0. (52)

Notice that u = ∂tη = ∂tθ. Then in terms of the perturbation variable θ, system (51) can be written as

hs∂ttθ +

(( hs

1 + θξ

)2)
ξ

− 2
hs

1 + θξ

(
1

1 + θξ

(
1

1 + θξ

(
hs

1 + θξ

)
ξ

)
ξ

)
ξ

= 2

(
hs

(1 + θξ)2
θξt

)
ξ

, with θξ|ξ=−1,1 = 0.

(51’)

or equivalently, in the conservative form

hs∂ttθ +

{(
hs

1 + θξ

)2

− 2
hs

1 + θξ

1

1 + θξ

[
1

1 + θξ

(
hs

1 + θξ

)
ξ

]
ξ

+

[
1

1 + θξ

(
hs

1 + θξ

)
ξ

]2}
ξ

= 2

(
hs

(1 + θξ)2
θξt

)
ξ

, with θξ|ξ=−1,1 = 0.

(53)

4.2 Main result: Asymptotic stability

We now state the main stability result in this paper. For simplicity, we denote I = (−1, 1) in the rest of the paper.
The asymptotic stability of the stationary state of system (51) can be stated in the Lagrangian coordinates as
follows:

Theorem 2 (Asymptotic Stability). Let hs be the equilibrium defined in (40). There exists a constant 0 < ε� 1
such that if the total initial energy E0 defined in (156), below, satisfies

E0 < ε, (54)

then the system (51) admits a unique global strong solution (η, u) in I × [0,∞) with
η, ηξ − 1 ∈ C1([0,∞);L2(I)), ηξξ, hs∂

3
ξη ∈ C([0,∞);L2(I)),

h3/2
s ∂4

ξη ∈ L∞((0,∞);L2(I)), u, uξ, h
1/2
s ut ∈ C([0,∞);L2(I)),

uξt, uξξ, h
1/2
s utt, hs∂

3
ξu ∈ L∞([0,∞);L2(I)),

(55)

Moreover, we have the following asymptotic stability:

ENL(t) , ENL,1(t) + ENL,2(t) < Ce−C1t, (56)

for any t ∈ [0,∞) and some constants C,C1 ∈ (0,∞), where ENL,1 and ENL,2 are defined in (100) and
(101), below, respectively.

Remark 2. For general initial height h0 > 0 in [a, b], we can define a diffeomorphism η0 from [−1, 1] to [a, b]
such that ∫ η0(ξ)

a
h0(x) dx =

∫ ξ

−1
hs(x) dx, (57)

which is agree with (47).

DOI 10.20347/WIAS.PREPRINT.3084 Berlin 2023



Local well-posedness and global stability of one-dimensional shallow water equations with surface tension 13

5 Linear stability analysis

Assuming θ = O(ε) with small ε representing the size of perturbation, from (51’), one can write down the
following linear equation:

hs∂ttθl − 2
(
h2

sθl,ξ

)
ξ

+ 2hsθl,ξ∂ξξξhs + 2hs∂ξ
(
θl,ξ∂ξξhs

)
+ 2hs∂ξξ

(
θl,ξ∂ξhs

)
+2hs∂ξξξ

(
hsθl,ξ

)
= 2∂ξ

(
hsθl,ξt

)
, with θl,ξ|ξ=−1,1 = 0,

(58)

where we have substituted (36) with (38) and (42), i.e.,

∂ξhs = ∂ξξξhs with

∂ξhs(1) = −∂ξhs(−1) = −1 and hs(1) = hs(−1) = 0,
(59)

which can be solved as (40), and satisfies

∂ξξhs = hs −
e2 + 1

e2 − 1
= −e

ξ+1 + e1−ξ

e2 − 1
< 0. (60)

Moreover, one can rewrite the ‘surface tension’ terms as

2hsθl,ξ∂ξξξhs + 2hs∂ξ
(
θl,ξ∂ξξhs

)
+ 2hs∂ξξ

(
θl,ξ∂ξhs

)
+ 2hs∂ξξξ

(
hsθl,ξ

)
= 2∂ξ

(
4hs∂ξξhsθl,ξ − 2|∂ξhs|2θl,ξ + ∂ξ(h

2
sθl,ξξ)

)
.

(61)

Therefore, (58) can be written as

hs∂ttθl − 2∂ξ[(h
2
s + 2|∂ξhs|2 − 4hs∂ξξhs)θl,ξ] + 2∂ξξ(h

2
sθl,ξξ)

= 2∂ξ
(
hsθl,ξt

)
, with θl,ξ|ξ=−1,1 = 0.

(58’)

5.1 L2 stability

Taking the L2-inner product of (58’) with θl,t yields

d

dt

{
1

2

∫
hs|θl,t|2 dξ +

∫
(2|∂ξhs|2 − 4hs∂ξξhs + h2

s )|θl,ξ|2 dξ

+

∫
|hs|2|θl,ξξ|2 dξ

}
+ 2

∫
hs|θl,ξt|2 dξ = 0.

(62)

Moreover, by taking the time derivatives in (58’) and performing the same arguments as above, one can derive
the same estimates as in (62) with θl replaced by ∂kt θl, for any k ∈ N; that is

d

dt

{
1

2

∫
hs|∂k+1

t θl|2 dξ +

∫
(2|∂ξhs|2 − 4hs∂ξξhs + h2

s )|∂kt θl,ξ|2 dξ

+

∫
|hs|2|∂kt θl,ξξ|2 dξ

}
+ 2

∫
hs|∂k+1

t θl,ξ|2 dξ = 0.

(63)

On the other hand, from (58’), one can derive

d

dt

∫
hsθl,t dξ =

∫
hsθl,tt dξ = 0. (64)

Without loss of generality, we assume that∫
hsθl,t dξ = 0 and

∫
hsθl dξ = 0. (65)
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In addition, integrating (58’) from ξ = −1 to ξ yields

2hs∂tθl,ξ − 2∂ξ(h
2
sθl,ξξ) + 2(2|∂ξhs|2 − 4hs∂ξξhs + h2

s )θl,ξ

=

∫ ξ

−1
(hs∂ttθl)(σ) dσ.

(66)

Taking the L2-inner product of (66) with θl,ξ yields

d

dt

∫
hs|θl,ξ|2 dξ + 2

∫
h2

s |θl,ξξ|2 dξ + 2

∫
(2|∂ξhs|2 − 4hs∂ξξhs + h2

s

)
|θl,ξ|2 dξ

= −
∫
hs∂ttθl · θl dξ = − d

dt

∫
hs∂tθl · θl dξ +

∫
hs|θl,t|2 dξ.

(67)

Notice that, thanks to (65), applying (45) imples that∫
hs|θl,t|2 dξ .

∫
hs|∂ξθl,t|2 dξ and

∫
hs|θl|2 dξ .

∫
hs|∂ξθl|2 dξ. (68)

Therefore, there exists a constant c1 ∈ (0,∞) such that, after adding (62) with c1 × (67),

d

dt
E0 + D0 = 0, (69)

where

E0 :=
1

2

∫
hs|θl,t|2 dξ +

∫
(2|∂ξhs|2 − 4hs∂ξξhs + h2

s )|θl,ξ|2 dξ

+

∫
|hs|2|θl,ξξ|2 dξ + c1

∫
hs|θl,ξ|2 dξ + c1

∫
hs∂tθl · θl dξ,

(70)

D0 :=2

∫
hs|θl,ξt|2 dξ − c1

∫
hs|θl,t|2 dξ + 2c1

∫
h2

s |θl,ξξ|2 dξ

+ 2c1

∫
(2|∂ξhs|2 − 4hs∂ξξhs + h2

s

)
|θl,ξ|2 dξ,

(71)

satisfying, thanks to (68),

E0 ≥
1

2

∫
hs|θl,t|2 dξ +

∫
(2|∂ξhs|2 − 4hs∂ξξhs + h2

s )|θl,ξ|2 dξ

+

∫
|hs|2|θl,ξξ|2 dξ + c1

∫
hs|θl,ξ|2 dξ

−c1
(∫

hs|θl,t|2 dξ

)1/2

·
(∫

hs|θl|2 dξ

)1/2

≥ (
1

2
− c1

4σ
)

∫
hs|θl,t|2 dξ +

∫
(2|∂ξhs|2 − 4hs∂ξξhs + h2

s )|θl,ξ|2 dξ

+

∫
|hs|2|θl,ξξ|2 dξ + c1

(∫
hs|θl,ξ|2 dξ − σ

∫
hs|θl|2 dξ

)
& ‖h1/2

s θl,t‖2L2 + ‖θl,ξ‖2L2 + ‖hsθl,ξξ‖2L2 + ‖h1/2
s θl,ξ‖2L2

(72)

and

D0 & ‖h1/2
s θl,ξt‖2L2 + ‖hsθl,ξξ‖2L2 + ‖θl,ξ‖2L2 & E0. (73)

Therefore, (69) yields the exponential decay in time, i.e.,

‖θl(t)‖2L∞ . ‖h1/2
s θl,t(t)‖2L2 + ‖θl,ξ(t)‖2L2 + ‖hsθl,ξξ(t)‖2L2 . e−λ0t (74)

and ∫
eλ0s

{
‖h1/2

s θl,ξt(s)‖2L2 + ‖hsθl,ξξ(s)‖2L2 + ‖θl,ξ(s)‖2L2

}
ds . 1. (75)

for some λ0 ∈ (0,∞).
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5.2 Linear Elliptic estimates

To estimate the nonlinearities in the original equation (51’), it is important to capture the higher-order estimates.
Repeating the same arguments as in (63), one can easily derive that the same estimates of the types (74) and
(75) for θl replaced by ∂kt θl, for any k ∈ N, hold, i.e.,

‖h1/2
s ∂k+1

t θl(t)‖2L2 + ‖∂kt θl,ξ(t)‖2L2 + ‖hs∂
k
t θl,ξξ(t)‖2L2 ≤ Cke−λkt (76)

and ∫
eλks

{
‖h1/2

s ∂k+1
t θl,ξ(s)‖2L2 + ‖hs∂

k
t θl,ξξ(s)‖2L2 + ‖∂kt θl,ξ(s)‖2L2

}
ds ≤ Ck (77)

for some λk, Ck ∈ (0,∞). Without loss of generality, we assume that 0 < λ0 ≤ λ1 ≤ λ2 ≤ · · · .

Next, we aim to show the estimates by shifting the time derivatives to space derivatives, i.e., the Elliptic estimates
of (58’).

Let
ms := 2|∂ξhs|2 − 4hs∂ξξhs + h2

s > 0. (78)

Then (66) can be written as

hs∂tθl,ξ − ∂ξ(h2
sθl,ξξ) +msθl,ξ =

1

2

∫ ξ

−1
(hs∂ttθl)(σ) dσ. (79)

5.2.1 Estimate of θl,ξξξ

Let ε ∈ (0, 1) be an arbitrarily small constant. Unless stated explicitly, are independent of ε.

After rearranging the equation, (79) can be written as

−∂ξ(h2
sθl,ξξ) + 2|h′s|2θl,ξ = (4hsh

′′
s − h2

s )θl,ξ − hs∂tθl,ξ

+
1

2

∫ ξ

−1
(hs∂ttθl)(σ) dσ.

(80)

Thanks to the fact that ∫ 1

−1
hs∂ttθl dξ = 0,

one can write

|
∫ ξ

−1
(hs∂ttθl)(σ) dσ| =

{
|
∫ ξ
−1(hs∂ttθl)(σ) dσ| ξ ≤ 0,

| −
∫ 1
ξ (hs∂ttθl)(σ) dσ| ξ > 0

. hs‖h1/2
s ∂ttθl‖L2 ,

(81)

where the last inequality follows by applying Hölder’s inequality in the two intervals (−1, 0) and (0, 1), and
using the fact that hs(ξ) ' (1 + ξ)(1− ξ).

After dividing (80) with h
1/2
s , taking the square of both sides and integrating the resultant, i.e., ‖ (80)

h
1/2
s

‖2L2 , yield,

thanks to (81),

‖
−∂ξ(h2

sθl,ξξ) + 2|h′s|2θl,ξ

h
1/2
s

‖2L2 . ‖θl,ξ‖2L2 + ‖∂tθl,ξ‖2L2

+‖h1/2
s ∂ttθl‖2L2 .

(82)
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The left hand side of (82) can be calculated as below:

‖
−∂ξ(h2

sθl,ξξ) + 2|h′s|2θl,ξ

h
1/2
s

‖2L2 = 4‖
|h′s|2θl,ξ

h
1/2
s

‖2L2 + ‖
∂ξ(h

2
sθl,ξξ)

h
1/2
s

‖2L2

−4

∫
∂ξ(h

2
sθl,ξξ) · |h′s|2θl,ξ

hs
dξ = 4‖

|h′s|2θl,ξ

h
1/2
s

‖2L2 + ‖h3/2
s θl,ξξξ‖2L2

+4‖h1/2
s h′sθl,ξξ‖2L2 + 4

∫
h2

sh
′
sθl,ξξθl,ξξξ dξ + 4

∫
h2

sθl,ξξ · ∂ξ
(
|h′s|2θl,ξ

hs

)
dξ

= 4‖
|h′s|2θl,ξ

h
1/2
s

‖2L2 + ‖h3/2
s θl,ξξξ‖2L2 + 4‖h1/2

s h′sθl,ξξ‖2L2

−2

∫
h2

sh
′′
s |θl,ξξ|2 dξ + 4

∫ (
2hsh

′
sh
′′
s − (h′s)

3
)
θl,ξθl,ξξ dξ

= 4‖
|h′s|2θl,ξ

h
1/2
s

‖2L2 + ‖h3/2
s θl,ξξξ‖2L2 + 4‖h1/2

s h′sθl,ξξ‖2L2

−2

∫
h2

sh
′′
s |θl,ξξ|2 dξ − 2

∫ (
2hsh

′
sh
′′
s − (h′s)

3
)′|θl,ξ|2 dξ.

(83)

Therefore, (82) and (83) yield

‖h3/2
s θl,ξξξ‖2L2 + ‖h1/2

s θl,ξξ‖2L2 + ‖
θl,ξ

h
1/2
s

‖2L2 . ‖θl,ξ‖2L2 + ‖∂tθl,ξ‖2L2

+‖h1/2
s ∂ttθl‖2L2 .

(84)

On the other hand, after dividing (80) with hs + ε, taking the square of both sides and integrating the resultant,

i.e., ‖ (80)

hs + ε
‖2L2 , yield, thanks to (81),

‖
−∂ξ(h2

sθl,ξξ) + 2|h′s|2θl,ξ

hs + ε
‖2L2 . ‖θl,ξ‖2L2 + ‖∂tθl,ξ‖2L2

+‖h1/2
s ∂ttθl‖2L2 .

(85)

Meanwhile, the left hand side of (85) can be calculated as below:

‖
−∂ξ(h2

sθl,ξξ) + 2|h′s|2θl,ξ

hs + ε
‖2L2 = 4‖

|h′s|2θl,ξ

hs + ε
‖2L2 + ‖

∂ξ(h
2
sθl,ξξ)

hs + ε
‖2L2

−4

∫
∂ξ(h

2
sθl,ξξ) · |h′s|2θl,ξ

(hs + ε)2
dξ︸ ︷︷ ︸

I01

.
(86)

To calculate I01, applying integration by parts yields

I01 = 4

∫
h2

sθl,ξξ · ∂ξ
(
|h′s|2θl,ξ

(hs + ε)2

)
dξ = 4

∫
h2

s |h′s|2|θl,ξξ|2

(hs + ε)2
dξ

+4

∫ (
2h2

sh
′
sh
′′
s

(hs + ε)2
− 2h2

s (h′s)
3

(hs + ε)3

)
θl,ξξθl,ξ dξ = 4

∫
h2

s |h′s|2|θl,ξξ|2

(hs + ε)2
dξ

−4

∫ (
h2

sh
′
sh
′′
s

(hs + ε)2
− h2

s (h′s)
3

(hs + ε)3

)′
|θl,ξ|2 dξ

= 4

∫
h2

s |h′s|2|θl,ξξ|2

(hs + ε)2
dξ + 4

∫ (
−2hs|h′s|2h′′s − h2

s |h′′s |2 − h2
sh
′
sh
′′′
s

(hs + ε)2

+
2hs|h′s|4 + 5h2

s |h′s|2h′′s
(hs + ε)3

− 3h2
s |h′s|4

(hs + ε)4

)
|θl,ξ|2 dξ.

(87)
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Sending ε→ 0, thanks to (59), leads to

lim
ε→0+

I01 = 4

∫
|h′s|2|θl,ξξ|2 dξ

+4

∫ (
−|h′′s |2 − h′shs +

3|h′s|2h′′s
hs

− |h
′
s|4

h2
s

)
|θl,ξ|2 dξ.

(88)

Therefore sending ε→ 0+ in (85) and (86) yields

4

∫ (
−|h′′s |2 − h′shs +

3|h′s|2h′′s
hs

)
|θl,ξ|2 dξ + 4‖h′sθl,ξξ‖2L2 + ‖

∂ξ(h
2
sθl,ξξ)

hs
‖2L2︸ ︷︷ ︸

I02

. ‖θl,ξ‖2L2 + ‖∂tθl,ξ‖2L2 + ‖h1/2
s ∂ttθl‖2L2 .

(89)

Further more, I02 in (89) can be calculated as

I02 = ‖hsθl,ξξξ‖2L2 + 4‖h′sθl,ξξ‖2L2 + 4

∫
hsh
′
sθl,ξξθl,ξξξ dξ

= ‖hsθl,ξξξ‖2L2 + 2‖h′sθl,ξξ‖2L2 − 2

∫
hsh
′′
s |θl,ξξ|2 dξ.

(90)

Therefore, (89) implies

‖hsθl,ξξξ‖2L2 + ‖θl,ξξ‖2L2 . ‖
θl,ξ

h
1/2
s

‖2L2 + ‖∂tθl,ξ‖2L2 + ‖h1/2
s ∂ttθl‖2L2 , (91)

which, together with (84), implies

‖hsθl,ξξξ‖2L2 + ‖θl,ξξ‖2L2 + ‖
θl,ξ

h
1/2
s

‖2L2 . ‖θl,ξ‖2L2 + ‖∂tθl,ξ‖2L2 + ‖h1/2
s ∂ttθl‖2L2 . (92)

To sum up, thanks to (76) and (77) with k = 1, (92) implies

eλ1t
(
‖hsθl,ξξξ(t)‖2L2 + ‖θl,ξξ(t)‖2L2 + ‖

θl,ξ(t)

h
1/2
s

‖2L2

)
+

∫ t

0
eλ1s

(
‖hsθl,ξξξ(s)‖2L2 + ‖θl,ξξ(s)‖2L2 + ‖

θl,ξ(s)

h
1/2
s

‖2L2

)
ds . C1.

(93)

Repeating the same argument with θl replaced by ∂tθl, one can conclude that

eλ2t
(
‖hs∂tθl,ξξξ(t)‖2L2 + ‖∂tθl,ξξ(t)‖2L2 + ‖

∂tθl,ξ(t)

h
1/2
s

‖2L2

)
+

∫ t

0
eλ2s

(
‖hs∂tθl,ξξξ(s)‖2L2 + ‖∂tθl,ξξ(s)‖2L2 + ‖

∂tθl,ξ(s)

h
1/2
s

‖2L2

)
ds . C2.

(94)

In particular, this implies that

‖∂tθl,ξ(t)‖2L∞ . ‖∂tθl,ξξ(t)‖2L2 . C2e
−λ2t, (95)

and therefore the flow map is invertible. Moreover, the linearized system is asymptotically stable.
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5.2.2 Estimate of θl,ξξξξ

From (58’), one can write

h2
sθl,ξξξξ + 4hsh

′
sθl,ξξξ = −(h2

s )′′θl,ξξ + ∂ξ[(2|∂ξhs|2 − 4hs∂ξξhs)θl,ξ]

+(h2
sθl,ξ)ξ + ∂ξ(hsθl,ξt)−

1

2
hs∂ttθl

=
(
−6hsh

′′
s + h2

s

)
θl,ξξ +

(
−4hsh

′′′
s + 2hsh

′
s

)
θl,ξ

+hsθl,ξξt + h′sθl,ξt −
1

2
hs∂ttθl.

(96)

Therefore, after dividing (96) with h
1/2
s and taking the L2-norm of the resultant, one has that

‖
h2

sθl,ξξξξ + 4hsh
′
sθl,ξξξ

h
1/2
s

‖2L2 . ‖h1/2
s θl,ξξ‖2L2 + ‖h1/2

s θl,ξ‖2L2

+‖h1/2
s θl,ξξt‖2L2 + ‖

θl,ξt

h
1/2
s

‖2L2 + ‖h1/2
s ∂ttθl‖2L2 .

(97)

Meanwhile, the left hand side of (97) can be calculated as below:

‖
h2

sθl,ξξξξ + 4hsh
′
sθl,ξξξ

h
1/2
s

‖2L2 = ‖h3/2
s θl,ξξξξ‖2L2 + 16‖h1/2

s h′sθl,ξξξ‖2L2

+8

∫
h2

sh
′
sθl,ξξξθl,ξξξξ dξ = ‖h3/2

s θl,ξξξξ‖2L2 + 16‖h1/2
s h′sθl,ξξξ‖2L2

−4

∫
(h2

sh
′
s)
′|θl,ξξξ|2 dξ = ‖h3/2

s θl,ξξξξ‖2L2

+

∫ (
8hs(h

′
s)

2 − 4h2
sh
′′
s

)
|θl,ξξξ|2 dξ & ‖h3/2

s θl,ξξξξ‖2L2 + ‖h1/2
s θl,ξξξ‖2L2 .

(98)

Therefore, thanks to (76), (77), (93), and (94), (97) and (98) imply

eλ2t
(
‖h3/2

s θl,ξξξξ(t)‖2L2 + ‖h1/2
s θl,ξξξ(t)‖2L2

)
+

∫
eλ2s

(
‖h3/2

s θl,ξξξξ(s)‖2L2 + ‖h1/2
s θl,ξξξ(s)‖2L2

)
ds . C2.

(99)

6 Nonlinear elliptic estimates

In this section, we demonstrate the nonlinear elliptic estimates for the solution to (53), i.e., shifting the temporal
derivative to the spatial derivation. Let

ENL,1 :=
∑

k=0,1,2

{
‖h1/2

s ∂k+1
t θ‖2L2 + ‖hs∂

k
t θξξ‖2L2 + ‖∂kt θξ‖2L2

}
. (100)

We will show that
ENL,2 := ‖h3/2

s θξξξξ‖2L2 + ‖h1/2
s θξξξ‖2L2

+
∑
k=0,1

{
‖hs∂

k
t θξξξ‖2L2 + ‖∂kt θξξ‖2L2 + ‖

∂kt θξ

h
1/2
s

‖2L2

}
,

(101)

i.e, the (weighted) estimates of θξξξξ , ∂tθξξξ , and θξξξ , can be bounded in terms of ENL,1 provided that ENL,2

is small.
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We first rewrite the equation (53), by separating the linear and nonlinear parts. Notice that

1

1 + θξ
= 1− θξ +

θ2
ξ

1 + θξ︸ ︷︷ ︸
=:g1(θξ)

and
1

(1 + θξ)2
= 1− 2θξ +

2θξ + 3

(1 + θξ)2
θ2
ξ︸ ︷︷ ︸

=:g2(θξ)

, (102)

where, for small θξ ,
g1(θξ), g2(θξ) = O(θ2

ξ ). (103)

With these notations, (53) can be written as

hs∂ttθ − 2
[
(h2

s + 2|h′s|2 − 4hsh
′′
s )θξ

]
ξ

+ 2
[
h2

sθξξ
]
ξξ
− 2
(
hsθξt

)
ξ

+
[
N1

]
ξ
− 2
[
hs(−2θξ + g2(θξ))θξt

]
ξ

= 0,
(104)

where
N1 := h2

sg2(θξ)− 4hsθξ
[
h′sθξ + (hsθξ)ξ

]
ξ

−2hs(1− 2θξ + g2(θξ))
{
θξ(hsθξ)ξ + (1− θξ + g1(θξ))[hsg1(θξ)]ξ

+g1(θξ)[hs(1− θξ)]ξ
}
ξ

−2hsg2(θξ)
[
h′s − h′sθξ − (hsθξ)ξ

]
ξ

+
[
h′sθξ + (hsθξ)ξ

]2
+
{

2h′s − 2h′sθξ − 2(hsθξ)ξ + θξ(hsθξ)ξ + (1− θξ + g1(θξ))(hsg1(θξ))ξ

+g1(θξ)[hs(1− θξ)]ξ
}
×
{
θξ(hsθξ)ξ + (1− θξ + g1(θξ))[hsg1(θξ)]ξ

+g1(θξ)[hs(1− θξ)]ξ
}
,

(105)

or, by denoting fi = fi(y) ∈ C∞(−1/2, 1/2), i = 1, 2, · · · , 6,

N1 = h2
s

{
f1(θξ)θ

2
ξ + f2(θξ)θξθξξξ + f3(θξ)θξξθξξ

}
+hsh

′
sf4(θξ)θξθξξ + (h′s)

2f5(θξ)θ
2
ξ + hsh

′′
s f6(θξ)θ

2
ξ .

(106)

To simplify the presentation, hereafter we use

f = f(y) ∈ C∞(−1/2, 1/2) and F = F (y) ≥ 0 ∈ C∞[0,∞) (107)

to denote the smooth functions of the argument, which is different from line to line.

6.1 Embedding inequalities

We summarize the weighted-Lp embedding inequalities used in this section. These inequalities are conse-
quences of Hardy’s inequalities (Lemma 1) and the Sobolev embedding inequalities.

Lemma 3. The following inequalities hold:

‖θξ‖L∞ . ‖θξξ‖L2 . ‖hsθξξξ‖L2 + ‖hsθξξ‖L2 ,

‖θξt‖L∞ . ‖θξξt‖L2 . ‖hsθξξξt‖L2 + ‖hsθξξt‖L2 ,

‖
θξt

h
1/2
s

‖L2 . ‖
θξt
hs
‖L2 . ‖θξξt‖L2 . ‖hsθξξξt‖L2 + ‖hsθξξt‖L2 ,

‖hsθξξ‖L∞ . ‖hsθξξξ‖L2 + ‖θξξ‖L2 ,

‖hsθξξt‖L∞ . ‖hsθξξξt‖L2 + ‖θξξt‖L2 ,

‖h1/2
s θξξ‖L∞ . ‖h1/2

s θξξξ‖L3/2 + ‖h−1/2
s θξξ‖L3/2

. ‖h1/2
s θξξξ‖L2 + ‖θξξ‖L2 .

(108)
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Proof. This is a direct consequence of applying the Sobolev embedding inequalities and Hardy’s inequalities.

Lemma 4. The following inequalities hold:

‖
θξ
hs
‖L4 + ‖θξξ‖L4 . ‖h3/2

s θξξξξ‖L2 + ‖h1/2
s θξξξ‖L2 + ‖θξξ‖L2 , (109)

‖h1/2
s θξtt‖L4 . ‖hsθξξtt‖L2 + ‖θξtt‖L2 . (110)

Proof. Recall that θξ|ξ=−1,1 = 0. Thanks to Hardy’s inequalities and the Sobolev inequalities one has that

‖
θξ
hs
‖4L4 .︸︷︷︸

(44) with k=0,p=4

‖θξξ‖4L4 . ‖hsθξξξ‖4L4 + ‖hsθξξ‖4L4

. ‖h3/2
s θξξξ‖2L∞‖h1/2

s θξξξ‖2L2 + ‖hsθξξ‖2L∞‖hsθξξ‖2L2

.
(
‖h3/2

s θξξξξ‖2L2 + ‖h1/2
s θξξξ‖2L2 + ‖θξξ‖2L2

)2
,

(111)

which proves (109).

To prove (110), applying Hardy’s inequalities and the Sobolev inequalities yields

‖h1/2
s θξtt‖4L4 . ‖hsθξtt‖2L∞‖θξtt‖2L2 . (‖hsθξξtt‖2L2 + ‖θξtt‖2L2)‖θξtt‖2L2 . (112)

This finishes the proof of (110).

6.2 Estimates of θξξξξ

Similar to (96), one can write, from (104), that

h2
sθξξξξ + 4hsh

′
sθξξξ = (−6hsh

′′
s + h2

s )θξξ + (−4hsh
′′′
s + 2hsh

′
s)θξ

+hsθξξt + h′sθξt −
1

2
hs∂ttθ −

1

2

[
N1

]
ξ

+
[
hs(−2θξ + g2(θξ))θξt

]
ξ
.

(113)

Then applying the same arguments as in (97)–(98) yields

‖h3/2
s θξξξξ‖2L2 + ‖h1/2

s θξξξ‖2L2 . ‖
h2

sθξξξξ + 4hsh
′
sθξξξ

h
1/2
s

‖2L2

. ‖h1/2
s θξξ‖2L2 + ‖h1/2

s θξ‖2L2 + ‖h1/2
s θξξt‖2L2 + ‖

θξt

h
1/2
s

‖2L2 + ‖h1/2
s θtt‖2L2

+‖
(N1)ξ

h
1/2
s

‖2L2 + F (‖θξ‖L∞)‖θξ‖2L∞‖
θξt

h
1/2
s

‖2L2

+F (‖θξ‖L∞)‖θξ‖2L∞‖h1/2
s θξξt‖2L2 + F (‖θξ‖L∞)‖θξt‖2L∞‖h1/2

s θξξ‖2L2 .

(114)

To calculate ‖
(N1)ξ

h
1/2
s

‖2L2 , from (106), one can calculate

(N1)ξ = h2
s{f(θξ)θξθξξ + f(θξ)θξθξξξξ + f(θξ)θξξθξξξ + f(θξ)θξξθξξθξξ}

+hsh
′
s{f(θξ)θ

2
ξ + f(θξ)θξθξξξ + f(θξ)θξξθξξ}

+((h′s)
2 + hsh

′′
s ){f(θξ)θξθξξ}+ ((h′s)

2 + hsh
′′
s )′f(θξ)θ

2
ξ .

(115)
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Therefore one has that

‖
(N1)ξ

h
1/2
s

‖2L2 . F (‖θξ‖L∞)

{
‖θξ‖2L∞‖h3/2

s θξξ‖2L2 + ‖θξ‖2L∞‖h3/2
s θξξξξ‖2L2

+‖hsθξξ‖2L∞‖h1/2
s θξξξ‖2L2 + ‖hsθξξ‖2L∞‖h1/4

s θξξ‖4L4 + ‖θξ‖2L∞‖h1/2
s θξ‖2L2

+‖θξ‖2L∞‖h1/2
s θξξξ‖2L2 + ‖h1/4

s θξξ‖4L4 + ‖
θξ
hs
‖2L4‖h1/2

s θξξ‖2L4

+‖θξ‖2L∞‖
θξ

h
1/2
s

‖2L2

}
.

(116)

Consequently, one can conclude from (114)–(116) that

‖h3/2
s θξξξξ‖2L2 + ‖h1/2

s θξξξ‖2L2 . ‖θξξ‖2L2 + ‖θξξt‖2L2 + ‖
θξt

h
1/2
s

‖2L2

+ENL,1 + F (ENL,2)E2
NL,2,

(117)

thanks to (108) and (109).

6.3 Estimates of θξξξt and θξξξ

Integrating (104) from ξ = −1 to ξ yields

2hs∂tθξ − 2∂ξ(h
2
sθξξ) + 2(2|h′s|2 − 4hsh

′′
s + h2

s )θξ

=

∫ ξ

−1
(hs∂ttθ)(σ) dσ +N1 − 2hs(−2θξ + g2(θξ))θξt.

(118)

Then, similar to (80), (118) can be written as

−∂ξ(h2
sθξξ) + 2|h′s|2θξ = (4hsh

′′
s − h2

s )θξ − hs∂tθξ +
1

2

∫ ξ

−1
(hs∂ttθ)(σ) dσ

+
1

2
N1 − hs(−2θξ + g2(θξ))θξt.

(119)

Repeating the same arguments as in (82)–(92) leads to∑
k=0,1

{
‖hs∂

k
t θξξξ‖2L2 + ‖∂kt θξξ‖2L2 + ‖

∂kt θξ

h
1/2
s

‖2L2

}
. ENL,1

+F (ENL,2)E2
NL,2 + ‖N1

hs
‖2L2 + ‖∂tN1

hs
‖2L2 .

(120)

It suffices to calculate ‖∂tN1

hs
‖2L2 . The estimate of ‖N1

hs
‖2L2 follows similarly.

From (106), direct calculation yields

∂tN1 = h2
s

{
f(θξ)θξθξt + f(θξ)θξtθξξξ + f(θξ)θξθξξξt + f(θξ)θξtθξξθξξ

+f(θξ)θξξθξξt
}

+hsh
′
sf(θξ)θξtθξξ + hsh

′
sf(θξ)θξθξξt + (|h′s|2 + hsh

′′
s )f(θξ)θξθξt.

(121)

Therefore one has that

‖∂tN1

hs
‖2L2 . F (‖θξ‖L∞)

{
‖θξ‖2L∞‖hsθξt‖2L2 + ‖θξt‖2L∞‖hsθξξξ‖2L2

+‖θξ‖2L∞‖hsθξξξt‖2L2 + ‖θξt‖2L∞‖hsθξξ‖2L∞‖θξξ‖2L2 + ‖hsθξξ‖2L∞‖θξξt‖2L2

+‖θξt‖2L∞‖θξξ‖2L2 + ‖θξ‖2L∞‖θξξt‖2L2 + ‖
θξ
hs
‖2L4‖θξt‖2L4

}
.

(122)
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Consequently, one can conclude from (120)–(122) that∑
k=0,1

{
‖hs∂

k
t θξξξ‖2L2 + ‖∂kt θξξ‖2L2 + ‖

∂kt θξ

h
1/2
s

‖2L2

}
. ENL,1

+F (ENL,2)E2
NL,2.

(123)

In summary, from (117) and (123), we have shown that

ENL,2 . ENL,1 + F (ENL,2)E2
NL,2. (124)

7 Nonlinear a priori estimates and asymptotic stability

7.1 Energy estimates

We start with rewrite (53) as

hs∂ttθ +

{
h2

s

(1 + θξ)2
+

(h′s)
2

(1 + θξ)4
− 2hsh

′′
s

(1 + θξ)4
+

5

4
h2

s

[(
1

(1 + θξ)2

)
ξ

]2

−2hs

(
1

1 + θξ

)
t

}
ξ

−
{
h2

s

2

(
1

(1 + θξ)4

)
ξ

}
ξξ

= 0,

with θξ|ξ=−1,1 = 0.

(125)

Similar to (102), one has

1

(1 + θξ)k
= 1− kθξ + gk(θξ), i = 1, 2, 3, 4, (126)

where, for small θξ ,
gk(θξ) = O(θ2

ξ ). (127)

Then one can separate (125) into the linear and nonlinear parts, by writing

hs∂ttθ − 2
{

(h2
s + 2(h′s)

2 − 4hsh
′′
s )θξ + hsθξt

}
ξ

+ 2(h2
sθξξ)ξξ

+(M1)ξ + (M2)ξξ = 0,
(128)

where

M1 :=h2
sg2(θξ) + [(h′s)

2 − 2hsh
′′
s ]g4(θξ)

+
5

4
h2

s [(−2θξ + g2(θξ))ξ]
2 + 2hs(g1(θξ))t,

(129)

M2 :=− h2
s

2
(g4(θξ))ξ, (130)

or using (107)

M1 =h2
s{f(θξ)θ

2
ξ + f(θξ)θξθξξ + f(θξ)θ

2
ξξ}+ [(h′s)

2 − 2hsh
′′
s ]f(θξ)θ

2
ξ

+ hsf(θξ)θξθξt,
(131)

M2 =h2
sf(θξ)θξθξξ. (132)

Now we are ready to establish the estimates of ENL,1. In particular, let

Ek :=
1

2

∫
hs|∂k+1

t θ|2 dξ +

∫
(2|h′s|2 − 4hsh

′′
s + h2

s )|∂kt θξ|2 dξ

+

∫
|hs|2|∂kt θξξ|2 dξ + c1

∫
hs|∂kt θξ|2 dξ + c1

∫
hs∂

k+1
t θ · ∂kt θ dξ,

(133)
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Dk :=2

∫
hs|∂k+1

t θξ|2 dξ − c1

∫
hs|∂k+1

t θ|2 dξ + 2c1

∫
h2

s |∂kt θξξ|2 dξ

+ 2c1

∫
(2|h′s|2 − 4hsh

′′
s + h2

s

)
|∂kt θξ|2 dξ.

(134)

Then similar to (72) and (73)

Dk & ‖h1/2
s ∂k+1

t θξ‖2L2 + ‖hs∂
k
t θξξ‖2L2 + ‖∂kt θξ‖2L2

& Ek & ‖h1/2
s ∂k+1

t θ‖2L2 + ‖hs∂
k
t θξξ‖2L2 + ‖∂kt θξ‖2L2 ,

(135)

and therefore ∑
k=0,1,2

Ek . ENL,1 .
∑

k=0,1,2

Ek. (136)

We calculate the estimate of E2. The estimates of E0 and E1 follow with similar arguments.

After applying ∂2
t to (118) and repeating the same arguments as in (62)–(69), one can conclude

d

dt
E2 + D2 =

∫
(M1)ttθξttt dξ −

∫
(M2)ttθξξttt dξ

+c1

∫
(M1)ttθξtt dξ − c1

∫
(M2)ttθξξtt dξ.

(137)

Therefore, it suffices to estimate the right-hand side of (137).

Estimates of
∫

(M1)ttθξttt dξ and
∫

(M1)ttθξtt dξ

Applying Hölder’s inequality yields

|
∫

(M1)ttθξttt dξ|+ |
∫

(M1)ttθξtt dξ|

. ‖(M1)tt

h
1/2
s

‖L2(‖h1/2
s θξttt‖L2 + ‖h1/2

s θξtt‖L2).
(138)

From (131), one can calculate

(M1)tt = h2
s{f(θξ)θξθξtt + f(θξ)θ

2
ξt + f(θξ)θξθξξtt + f(θξ)θξtθξξt

+ f(θξ)θξttθξξ + f(θξ)θ
2
ξtθξξ + f(θξ)θξξθξξtt + f(θξ)θ

2
ξξt

+ f(θξ)θξtθξξθξξt + f(θξ)θξttθ
2
ξξ + f(θξ)θ

2
ξtθ

2
ξξ}

+ hs{f(θξ)θξθξttt + f(θξ)θξtθξtt + f(θξ)θ
3
ξt}

+ [(h′s)
2 − 2hsh

′′
s ]{f(θξ)θξθξtt + f(θξ)θ

2
ξt}.

(139)

Therefore, one can calculate

‖(M1)tt

h
1/2
s

‖L2 . F (‖θξ‖L∞)

{
‖θξ‖L∞‖h3/2

s θξtt‖L2 + ‖θξt‖L∞‖h3/2
s θξt‖L2

+‖θξ‖L∞‖h3/2
s θξξtt‖L2 + ‖θξt‖L∞‖h3/2

s θξξt‖L2 + ‖h1/2
s θξξ‖L∞‖hsθξtt‖L2

+‖θξt‖2L∞‖h3/2
s θξξ‖L2 + ‖h1/2

s θξξ‖L∞‖hsθξξtt‖L2 + ‖hsθξξt‖L∞‖h1/2
s θξξt‖L2

+‖θξt‖L∞‖hsθξξ‖L∞‖h1/2
s θξξt‖L2 + ‖h1/2

s θξξ‖2L∞‖h1/2
s θξtt‖L2

+‖θξt‖2L∞‖hsθξξ‖L∞‖h1/2
s θξξ‖L2

+‖θξ‖L∞‖h1/2
s θξttt‖L2 + ‖θξt‖L∞‖h1/2

s θξtt‖L2 + ‖θξt‖2L∞‖h1/2
s θξt‖L2

+‖
θξ
hs
‖L4‖h1/2

s θξtt‖L4 + ‖θξt‖L∞‖
θξt

h
1/2
s

‖L2

}
.

(140)
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Therefore, (138)–(140) implies

|
∫

(M1)ttθξttt dξ|+ |
∫

(M1)ttθξtt dξ|

. P (ENL,1 + ENL,2)
∑

k=0,1,2

Dk,
(141)

thanks to (108)–(110). Hereafter P is a function of the argument such that

P = P (y) ≥ 0 ∈ C∞[0,∞) and P (0) = 0. (142)

Estimates of
∫

(M2)ttθξξttt dξ and
∫

(M2)ttθξξtt dξ

From (130) and (132), one can calculate

(M2)tt = −h
2
s

2
g′4(θξ)θξξtt

− h
2
s

2
{g′′4(θξ)θξtθξξt + g′′4(θξ)θξttθξξ + g′′′4 (θξ)θ

2
ξtθξξ}︸ ︷︷ ︸

=:M3

.
(143)

Therefore, ∫
(M2)ttθξξttt dξ =

d

dt
Eδ +

∫
h2

s{
1

4
g′′4(θξ)θξtθ

2
ξξtt}dξ +

∫
(M3)tθξξtt dξ, (144)

where

Eδ := −1

4

∫
h2

sg
′
4(θξ)|θξξtt|2 dξ −

∫
M3θξξtt dξ. (145)

Direct calculation yields

Eδ . F (‖θξ‖L∞){‖θξ‖L∞‖hsθξξtt‖2L2

+‖θξt‖L∞‖hsθξξt‖L2‖hsθξξtt‖L2 + ‖θξtt‖L2‖hsθξξ‖L∞‖hsθξξtt‖L2

+‖θξt‖2L∞‖hsθξξ‖L2‖hsθξξtt‖L2} . P (ENL,1 + ENL,2)ENL,1.

(146)

On the other hand, one has that

(M3)t = h2
s{f(θξ)θξtθξtθξξt + f(θξ)θξttθξξt + f(θξ)θξtθξξtt

+f(θξ)θξtθξttθξξ + f(θξ)θξtttθξξ + f(θξ)θξtθξtθξtθξξ

+f(θξ)θξtθξttθξξ}.
(147)

Therefore,

|
∫
h2

s{
1

4
g′′4(θξ)θξtθ

2
ξξtt} dξ +

∫
(M3)tθξξtt dξ|

. F (‖θξ‖L∞)‖θξt‖L∞‖hsθξξtt‖2L2

+F (‖θξ‖L∞){‖θξt‖2L∞‖hsθξξt‖L2 + ‖θξtt‖L2‖hsθξξt‖L∞

+‖θξt‖L∞‖θξtt‖L2‖hsθξξ‖L∞ + ‖h1/2
s θξttt‖L2‖h1/2

s θξξ‖L∞
+‖θξt‖3L∞‖hsθξξ‖L2 + ‖θξt‖L∞‖θξtt‖L2‖hsθξξ‖L∞} × ‖hsθξξtt‖L2

. P (ENL,1 + ENL,2)
∑

k=0,1,2

Dk

(148)

Following similar arguments implies that

|
∫

(M2)ttθξξtt dξ| . P (ENL,1 + ENL,2)
∑

k=0,1,2

Dk. (149)
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Summary

Collecting (137), (141), (144)–(149) leads to

d

dt
(E2 + Eδ) + D2 ≤ P (ENL,1 + ENL,2)

∑
k=0,1,2

Dk. (150)

Repeating the same arguments for E0 and E1, one can conclude that

d

dt
(
∑

k=0,1,2

Ek + Eδ) + (1− P (ENL,1 + ENL,2))
∑

k=0,1,2

Dk ≤ 0. (151)

7.2 Continuity argument and proof of Theorem 2

Now we are at the right place to demonstrate the continuity arguments, which lead to the global stability and
asymptotic stability theory. We first start with the a priori assumption; that is, for some ε ∈ (0, 1), such that for
∀T ∈ (0,∞),

sup
0≤t≤T

{ENL,1(t) + ENL,2(t)} ≤ ε. (152)

Then, for ε small enough, (124) and (151), together with (135), (136), and (146), imply that∑
k=0,1,2

Ek + Eδ ≥ d1

∑
k=0,1,2

Ek, ENL,2 ≤ d2ENL,1, (153)

and
d

dt
(
∑

k=0,1,2

Ek + Eδ) + d3(
∑

k=0,1,2

Ek + Eδ) ≤ 0 (154)

for some constants d1, d2, d3 ∈ (0,∞), and therefore

sup
0≤t≤T

ed3t(
∑

k=0,1,2

Ek(t) + Eδ(t)) ≤ (
∑

k=0,1,2

Ek(0) + Eδ(0)) =: E0. (155)

Here E0 is the total initial energy, i.e.,

E0 :=
∑

k=0,1,2

{
1

2

∫
hs|∂k+1

t θin|2 dξ +

∫
(2|h′s|2 − 4hsh

′′
s + h2

s )|∂kt θin,ξ|2 dξ

+

∫
|hs|2|∂kt θin,ξξ|2 dξ + c1

∫
hs|∂kt θin,ξ|2 dξ

+c1

∫
hs∂

k+1
t θin · ∂kt θin dξ

}
+ Eδ(0).

(156)

where Eδ(0) = Eδ|t=0 is the error term due to the nonlinearity, defined in (145). Here θin and ∂tθin are the
initial data for equation (51’). The higher-order derivatives in time are defined inductively using the equation.

On the other hand, estimates (136), (153), and (155) imply

sup
0≤t≤T

ed3t{ENL,1 + ENL,2} ≤ d4E0, (157)

for some constant d4 ∈ (0,∞). Therefore, for small enough initial data

E0 ≤
ε

2d4
, (158)
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estimate (157) implies

sup
0≤t≤T

ed3t{ENL,1 + ENL,2} ≤
ε

2
, (159)

and consequently, this closes the a priori assumption (152).

With the above a priori estimates with initial data satisfying (158), one can apply standard Galerkin’s method to
construct a local-in-time solution. Furthermore, one can apply the standard continuity argument and conclude
the proof of theorem 2.

8 Local well-posedness for general initial data

8.1 Lagrangian formulation and main theory: Local well-posedness

The goal of this section is to investigate the local-in-time well-posedness theory of system (39) with general initial
data; that is, with initial data not close to the equilibrium given by (40). Indeed, we only assume h0 satisfies some
regularity and convexity condition, see (164), below. To formulate the shallow water equations in the Lagrangian
coordinates with reference to the initial height profile, define x = η(ξ, t) by∫ η(ξ,t)

a(t)
h(x, t) dx =

∫ ξ

−1
h0(x) dx. (160)

Then repeating the derivation from (47) to (51), one can write down the shallow water equations in the (ξ, t)-
coordinates as follows:

h(ξ, t) =
h0(ξ)

ηξ(ξ, t)
, ∂tη(ξ, t) = u(ξ, t), (161a)

h0∂tu+ ∂ξ

((
h0

ηξ

)2)
− 2h0

∂ξ
ηξ

(
∂ξ
ηξ

(
∂ξ
ηξ

(
h0

ηξ

)))
= 2∂ξ

(
h0

ηξ

uξ
ηξ

)
, (161b)

∂ξη|ξ=−1,1 = 1, ∂ξu|ξ=−1,1 = 0. (161c)

Here we have abused the notation and used u = u(ξ, t) = u(η(ξ, t), t) to denote the velocity in both the
Lagrangian and the Euclidean coordinates. Moreover, to be consistent with our estimates, inspired by [9], we
rewrite the surface tension term as follows

−2h0
∂ξ
ηξ

(
∂ξ
ηξ

(
∂ξ
ηξ

(
h0

ηξ

)))
= −∂ξ

(
∂ξ
ηξ

(
∂ξ
ηξ

(
h2

0

η2
ξ

))
− 3

(
∂ξ
ηξ

(
h0

ηξ

))2)
= ∂ξξ

(
2h2

0ηξξ
η5
ξ

)
+ ∂ξ

(
5h2

0η
2
ξξ

η6
ξ

)
+ ∂ξ

( |∂ξh0|2 − 2h0∂
2
ξh0

η4
ξ

)
.

(161d)

Therefore, (161b) can be written as

h0∂tu+

{
h2

0

η2
ξ

+
|h′0|2 − 2h0h

′′
0

η4
ξ

+
5h2

0η
2
ξξ

η6
ξ

}
ξ

+

{
2h2

0ηξξ
η5
ξ

}
ξξ

−2∂ξ

(
h0

ηξ

uξ
ηξ

)
= 0.

(161b’)

Notice that (161b’) is consistent with (125). Notice that, since h0 is no longer the equilibrium profile, compared
to (104), the linear part of (161b’) has an extra term, i.e.,

(h2
0 + |h′0|2 − 2h0h

′′
0)′ = 2h0(h′0 − h′′′0 ) 6= 0. (162)
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Fortunately, this term is O(h0) near the boundary, and therefore the weighted estimates involving negative

power of h0 in section 5.2 (i.e., a weight of h−1
0 or h

−1/2
0 ) are bounded. Therefore one can expect the elliptic

estimates of (161b’) to be similar to those of (104) as in section 6. For the energy estimate, instead of using the
smallness of perturbation, one should use the smallness of time to control the nonlinearities. In particular, we
prove the following local well-posedness result:

Theorem 3 (Local Well-posedness). Suppose the initial data (u0, h0) satisfies

u0 ∈ H3(I), ∂ξu0 ∈ H1
0 (I), (163)

h0 ∈ H4(I), ∂ξξh0 ≤ 0, C1d(ξ) ≤ h0 ≤ C2d(ξ) ∀ξ ∈ Ī , (164)

for some positive constants C1 and C2, where d(ξ) = d(ξ, ∂I) is the distant function from ξ to the initial
boundary. Φ(t) defined in (167) below is a energy functional, suppose Φ(0) ≤ ∞. Then there exist a small
time T ∗ > 0 such that system (51) admits a unique strong solution (η, u) in I × [0, T ], with

η, ηξ ∈ C1([0, T ∗];L2(I)), ηξξ, h0∂
3
ξη ∈ C([0, T ∗];L2(I)),

h
3/2
0 ∂4

ξη ∈ L∞([0, T ∗];L2(I)), u, uξ, h
1/2
0 ut ∈ C([0, T ∗];L2(I)),

uξt, uξξ, h
1/2
0 utt, h0∂

3
ξu ∈ L∞([0, T ∗];L2(I)),

(165)

and
sup

0≤t≤T ∗
Φ(t) ≤ C, (166)

where C depends on ‖h0‖H4 , ‖u0‖H3 and T ∗.

For the completeness of this paper, we will sketch the local-in-time estimates, which lead to the local-in-time
well-posedness theory, in the following.

The energy functional for the solution to (161b’) is defined as

Φ(t) = Φ(u, η, t) :=

2∑
k=0

‖h1/2
0 ∂kt u(·, t)‖2L2 +

2∑
k=0

‖h0∂
k
t ∂

2
ξη(·, t)‖2L2

+

2∑
k=0

‖h0∂
k
t ∂ξη(·, t)‖2L2 +

2∑
k=0

‖(|∂ξh0|2 − 2h0∂
2
ξh0)1/2∂kt ∂ξη(·, t)‖2L2

+
1∑

k=0

‖h0∂
k
t ∂

3
ξη(·, t)‖2L2 + ‖h3/2

0 ∂4
ξη(·, t)‖2L2 .

(167)

Notice that Φ is the analogy of ENL,1 +ENL,2 defined in (100) and (101). Then similar to Lemmas 3 and 4, one
has the following embedding inequalities:

Lemma 5. The following inequalities hold:

‖uξ‖L∞ + ‖
uξ

h
1/2
0

‖L2 + ‖
uξ
h0
‖L2 . ‖uξξ‖L2 . ‖h0∂

3
ξu‖L2 + ‖h0uξξ‖L2

. Φ(t)1/2,

‖uξt‖L2 . ‖h0uξt‖L2 + ‖h0∂
2
ξut‖L2 . Φ(t)1/2,

‖h1/2
0 uξt‖L4 . ‖h0uξξt‖L2 + ‖uξt‖L2 . Φ(t)1/2,

‖h0uξξ‖L∞ . ‖h0∂
3
ξu‖L2 + ‖uξξ‖L2 . Φ(t)1/2,

(168)
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similarly,
‖ηξξ‖L2 . ‖h0ηξξ‖L2 + ‖h0∂

3
ξη‖L2Φ(t)1/2,

‖h1/2
0 ∂3

ξη‖L2 . ‖h3/2
0 ∂3

ξη‖L2 + ‖h3/2
0 ∂4

ξη‖L2 . Φ(t)1/2,

‖h1/2
0 ηξξ‖L∞ . ‖h

1/2
0 ∂3

ξη‖L2 + ‖ηξξ‖L2 . Φ(t)1/2,

‖ηξξ‖L4 . ‖h3/2
0 ∂4

ξη‖L2 + ‖ηξξ‖L2 . Φ(t)1/2,

‖h0∂
3
ξη‖L4 . ‖h3/2

0 ∂4
ξη‖L2 + ‖h1/2

0 ∂3
ξη‖L2 . Φ(t)1/2.

(169)

Moreover,

Lemma 6. If η(ξ, t) and ξ satisfy (160) , then it holds that

‖ηξξ‖L2 + ‖h0∂
3
ξη‖L2 . t sup

0≤s≤t
Φ(t)1/2. (170)

Proof. It follows from (160) that η(ξ, 0) = ξ, thus

ηξξ(ξ, 0) = ∂3
ξη(ξ, 0) = 0. (171)

Direct calculation together with Minkowski’s inequality yields

‖ηξξ(·, t)‖L2 ≤
∫ t

0
‖uξξ(·, s)‖L2ds ≤ t sup

0≤s≤t
Φ(s)1/2, (172)

‖h0∂
3
ξη(·, t)‖L2 ≤

∫ t

0
‖h0∂

3
ξu(·, s)‖L2ds ≤ t sup

0≤s≤t
Φ(s)1/2. (173)

8.2 A priori estimate

The main aim of this section is to derive the key a priori bound, i.e., there exists T ∈ (0,∞) such that

sup
0≤t≤T

Φ(t) ≤ 2M, (174)

where M := P (Φ(0)) for some polynomial P , to be determined later.

8.2.1 The a priori assumption

Assume that there exists a suitably small T ∈ (0, 1), to be determined, such that

sup
0≤t≤T

Φ(t) ≤M, (175)

for some M ∈ (0,∞). It follows from (161a) that

η(ξ, t) = ξ +

∫ t

0
u(ξ, s) ds, (ξ, t) ∈ (I × [0, T ]), (176)

which leads to, for t ∈ (0, T ), thanks to (168), that

|ηξ(ξ, t)− 1| ≤
∫ t

0
‖uξ(·, s)‖L∞ds ≤ C1M

1/2T ≤ 1

2
, (177)
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provided that T is small enough. Therefore, without loss of generality, we assume that

1

2
≤ ηξ(ξ, t) ≤

3

2
, (ξ, t) ∈ (I × [0, T ]), (178)

for the remaining part of this section.

To simplify the notation, we use P = P (·) to represent a generic polynomial, which will be determined in the
end.

8.2.2 Temporal derivative estimates

Basic energy estimate. Thanks to the boundary condition (161c), taking the L2-inner product of (161b’) with u
yields

d

dt

∫ {
1

2
h0u

2 +
h2

0

ηξ
+

(|∂ξh0|2 − 2h0∂
2
ξh0)

3η3
ξ

+
h2

0η
2
ξξ

η5
ξ

}
dξ

+2

∫
h0u

2
ξ

η2
ξ

dξ = −
∫
∂ξ

(
u|∂ξh0|2

η4
ξ

)
dξ,

(179)

where

−
∫
∂ξ

(
u|∂ξh0|2

η4
ξ

)
dξ . ‖h0‖2H3(‖u‖2H1 + ‖ηξξ‖2L2 + 1)

. Φ(t) + 1.

(180)

Therefore, integrating (179) from 0 to t, together with (178) and (180), yields

‖h1/2
0 u‖2L2 + ‖h0ηξ‖2L2 + ‖(|∂ξh0|2 − 2h0∂

2
ξh0)1/2ηξ‖2L2 + ‖h0ηξξ‖2L2

. Φ(0) + t( sup
0≤s≤t

Φ(s) + 1),
(181)

for any t ∈ [0, T ].

Estimate of ∂2
t u. After applying ∂2

t to (161b’), taking the L2-inner product of the resultant with ∂2
t u yields

d

dt

∫ {
1

2
h0|∂2

t u|2 +
h2

0u
2
ξt

η3
ξ

+
2(|∂ξh0|2 − 2h0∂

2
ξh0)u2

ξt

η5
ξ

+
h2

0|∂2
ξut|2

η5
ξ

}
dξ

+2

∫
h0|∂2

t uξ|2

η2
ξ

dξ

=

∫ {
−

3h2
0u

2
ξtuξ

η4
ξ

−
10(|∂ξh0|2 − 2h0∂

2
ξh0)u2

ξtuξ

η6
ξ

−
5h2

0|∂2
ξut|2uξ
η6
ξ

+
6h2

0u
2
ξ∂

2
t uξ

η4
ξ

+
20(|h′0|2 − 2h0h

′′
0)u2

ξ∂
2
t uξ

η6
ξ

+5∂tt

(
h2

0η
2
ξξ

η6
ξ

)
∂2
t uξdξ −

12h0uξuξt∂
2
t uξ

η3
ξ

+
12h0u

3
ξ∂

2
t uξ

η4
ξ

−
[20h2

0uξξuξ
η6
ξ

+
10h2

0ηξξ∂tuξ
η6
ξ

−
60h2

0ηξξu
2
ξ

η7
ξ

]
ξ
∂2
t uξ

}
dξ =:

9∑
i=1

∫
Ii dξ.

(182)

Thanks to (178), with the help of (168), (169) and Young’s inequality, one can calculate that, for any ε ∈ (0, 1)
and Cε ' 1

ε ,

3∑
i=1

∫
Ii dξ ≤ C‖uξ‖L∞Φ(t) ≤ CP (Φ(t)), (183)
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∫
I4 dξ ≤ε‖h1/2

0 ∂2
t uξ‖2L2 + Cε‖uξ‖2L∞‖uξ‖2L2

≤ ε‖h1/2
0 ∂2

t uξ‖2L2 + CεP (Φ(t)),

(184)

∫
I5 dξ ≤ε‖h1/2

0 ∂2
t uξ‖2L2 + Cε‖uξ‖2L∞‖

uξ

h
1/2
0

‖2L2

≤ ε‖h1/2
0 ∂2

t uξ‖2L2 + CεP (Φ(t)),

(185)

∫
I6 dξ ≤ ε‖h1/2

0 ∂2
t uξ‖2L2

+ Cε(1 + ‖uξ‖8L∞ + ‖h0uξξ‖8L∞ + ‖h1/2
0 ηξξ‖8L∞)

× (‖ηξξ‖2L2 + ‖h0∂
2
ξut‖2L2 + ‖uξξ‖2L2 + ‖uξt‖2L2)

≤ ε‖h1/2
0 uξt‖2L2 + CεP

(
Φ(t)

)
,

(186)

∫
I7 dξ ≤ ε‖h1/2

0 ∂2
t uξ‖2L2 + Cε‖uξ‖2L∞‖uξt‖2L2

≤ ε‖h1/2
0 ∂2

t uξ‖2L2 + CεP (Φ(t)),

(187)

∫
I8 dξ ≤ ε‖h1/2

0 ∂2
t uξ‖2L2 + Cε‖uξ‖4L∞‖uξ‖2L2

≤ ε‖h1/2
0 ∂2

t uξ‖2L2 + CεP (Φ(t)),

(188)

∫
I9 dξ ≤ ε‖h1/2

0 ∂2
t uξ‖2L2

+ Cε(1 + ‖uξ‖8L∞ + ‖h0uξξ‖8L∞ + ‖h1/2
0 ηξξ‖8L∞)

× (‖h0∂
3
ξu‖2L2 + ‖ηξξ‖2L2 + ‖h0∂

3
ξη‖2L2 + ‖h0∂

3
ξη‖4L4

+ ‖h1/2
0 uξt‖4L4 + ‖uξξ‖2L2 + ‖h0∂

2
ξut‖2L2 + ‖uξt‖2L2)

≤ ε‖h1/2
0 uξt‖2L2 + CεP

(
Φ(t)

)
.

(189)

Thanks to (183)–(189), after choosing ε small enough, integrating (182) in t yields that, for any t ∈ [0, T ],

‖h1/2
0 ∂2

t u‖2L2 + ‖h0uξt‖2L2 + ‖(|h′0|2 − 2h0h
′′
0)1/2uξt‖2L2 + ‖h0∂

2
ξut‖2L2

. Φ(0) + tP
(

sup
0≤s≤t

Φ(s)
)
.

(190)

Estimate of ∂tu. Since

∂tu(ξ, t) = ∂tu(ξ, 0) +

∫ t

0
∂2
t u(ξ, s)ds, (191)

it then follows from Cauchy’s inequality and Fubini’s theorem that, for any t ∈ [0, T ),

‖h1/2
0 ut‖2L2 . Φ(0) + t

∫ t

0
‖h1/2

0 utt(s)‖2L2ds . Φ(0) + tP
(

sup
0≤s≤t

Φ(s)
)
. (192)

Similar arguments also imply that, for any t ∈ [0, T ],

‖h0uξ‖2L2 + ‖(|h′0|2 − 2h0h
′′
0)1/2uξ‖2L2 + ‖h0∂

2
ξu‖2L2

. Φ(0) + tP
(

sup
0≤s≤t

Φ(s)
)
.

(193)
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Summary of temporal derivative estimates. Combing (181), (190), (192), and (193) leads to

2∑
k=0

‖h1/2
0 ∂kt u(·, t)‖2L2 +

2∑
k=0

‖h0∂
k
t ∂

2
ξη(·, t)‖2L2

+

2∑
k=0

‖h0∂
k
t ∂ξη(·, t)‖2L2 +

2∑
k=0

‖(|h′0|2 − 2h0h
′′
0)1/2∂kt ∂ξη(·, t)‖2L2

. Φ(0) + tP
(

sup
0≤s≤t

Φ(s)
)
,

(194)

for any t ∈ [0, T ]. Moreover, Hardy’s inequality (43) also gives

‖ηξ‖2L2 + ‖uξ‖2L2 + ‖uξt‖2L2 . Φ(0) + tP
(

sup
0≤s≤t

Φ(s)
)
. (195)

8.2.3 Elliptic estimates

We now turn to the elliptic estimates. First, notice that, integrating (161b’) from −1 to 1 yields∫ 1

−1
h0∂tu dξ + (|h′0|2)

∣∣1
ξ=−1

= 0, (196)

and therefore ∫ 1

−1
h0∂

2
t udξ = 0, (197)

thanks to (164) and (161c).

Estimate of ∂3
ξu. After applying ∂t to (161b’), one has

h0∂
2
t u− 2∂ξ

(
h2

0uξη
−3
ξ

)
− 4∂ξ

(
(|h′0|2 − 2h0h

′′
0)uξη

−5
ξ

)
−2∂ξ

(
h0uξtη

−2
ξ

)
+ 4∂ξ

(
h0u

2
ξη
−3
ξ

)
+2∂2

ξ

(
h2

0uξξη
−5
ξ

)
−10∂2

ξ

(
h2

0ηξξuξη
−6
ξ

)
+10∂ξ

(
h2

0uξξηξξη
−6
ξ

)
−30∂ξ

(
h2

0η
2
ξξuξη

−7
ξ

)
= 0.

(198)

Integrating (198) from y = −1 to ξ and multiplying the resulting equation by η5
ξ∂

3
ξu yields, after a complex but

straightforward calculation, that

L := 2h2
0|∂3

ξu|2 + 4h0∂ξh0uξξ∂
3
ξu− 4(|∂ξh0|2 − 2h0∂

2
ξh0)uξ∂

3
ξu

= −η5
ξ∂

3
ξu

∫ ξ

−1
h0∂

2
t u(y)dy + 2h2

0uξη
2
ξ∂

3
ξu+2h0uξtη

3
ξ∂

3
ξu− 4h0u

2
ξη

2
ξ∂

3
ξu

+10h2
0∂

3
ξuuξξηξξη

−1
ξ − 30h2

0∂
3
ξuη

2
ξξuξη

−2
ξ +10∂3

ξu∂ξ
(
h2

0ηξξ
)
uξη
−1
ξ =: R.

(199)

Since h0 is concave after integration by parts one gets∫
L(ξ, t) dξ =2‖h0∂

3
ξu‖2L2 +

∫
2h0∂ξh0∂ξ(u

2
ξξ)dξ

+

∫
4(|∂ξh0|2 − 2h0∂

2
ξh0)u2

ξξdξ −
∫

4h0∂
3
ξh0∂ξ(u

2
ξ)dξ

=2‖h0∂
3
ξu‖2L2 + 2‖∂ξh0uξξ‖2L2

−
∫

10h0∂
2
ξh0u

2
ξξdξ +

∫
∂ξ(h0∂

3
ξh0)u2

ξdξ

≥2‖h0∂
3
ξu‖2L2 + 2‖∂ξh0uξξ‖2L2

−
∫

10h0∂
2
ξh0u

2
ξξdξ − C‖h0‖2H4‖uξ‖2L2 .

(200)
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and

‖h0‖2H4‖uξ‖2L2 . Φ(0) + tP
(

sup
0≤s≤t

Φ(t)1/2
)
, (201)

due to (195).

Next, to estimate
∫
R(ξ, t) dξ, thanks to (178), (168), (169), (170), (195) and (161b), (81) we have

‖h−1
0 η5

x

∫ ξ

−1
h0∂

2
t u(y)dy‖2L2 .‖ηx‖5L∞‖h

1/2
0 ∂2

t u‖2L2

.P
(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(t)1/2

)
,

(202)

‖h0uξη
2
ξ + uξtη

3
ξ‖2L2 .‖h0uξ‖2L2‖ηξ‖4L∞ + ‖uξt‖2L2‖ηξ‖6L∞

.P
(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(t)1/2

)
,

(203)

‖u2
ξη

2
ξ‖2L2 .‖ηξ‖4L∞‖uξ‖2L2‖uξ‖2L∞ . ‖uξ‖3L2‖uξξ‖L2

.‖uξ‖3L2(‖h0uξξ‖L2 + ‖h0∂
3
ξu‖L2)

≤ε‖h0∂
3
ξu‖2L2 + P

(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(t)1/2

)
,

(204)

where we have used the simple fact that

u2
ξ(ξ) = 2

∫ ξ

−1
uξ(y)uξξ(y)dy . ‖uξ‖L2‖uξξ‖L2 , (205)

due to boundary condition (161c).

‖h0uξξηξξη
−1
ξ + h0η

2
ξξuξη

−2
ξ ‖

2
L2 .‖h0(uξξ + ηξξ)‖2L∞‖ηξξ‖2L2

.tP
(

sup
0≤s≤t

Φ(t)1/2
)
,

(206)

‖h−1
0 ∂ξ

(
h2

0ηξξ
)
uξη
−1
ξ ‖

2
L2 . (1 + ‖h0‖2H2)‖uξ‖2L∞(‖ηξξ‖2L2 + ‖h0∂

3
ξη‖2L2)

. tP
(

sup
0≤s≤t

Φ(t)1/2
)
.

(207)

Then choosing ε small enough, it follows from (201)-(204), (206), (207) and Young’s inequality that∫
R dξ . ‖h0∂

3
ξu‖2L2 + P

(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(t)1/2

)
. (208)

Therefore (208) together with (200) and (201) yields

‖h0∂
3
ξu‖2L2 . P

(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(t)1/2

)
, (209)

which together with (193) and Hardy’s inequality (43) gives

‖uξξ‖2L2 . ‖h0uξξ‖2L2 + ‖h0∂
3
ξu‖2L2 . P

(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(t)1/2

)
, (210)

and due to (161c) and (44) one gets

‖h−1
0 uξ‖2L2 . ‖uξξ‖2L2 . P

(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(t)1/2

)
. (211)
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Estimate of ∂4
ξη. Following the estimates in section 6.2, after multiplying (161b’) with h

−1/2
0 η5

ξ and rearranging
the resultant, one has that

2(h
3/2
0 ηξξξξ + 4h

1/2
0 h′0ηξξξ) = 2

(
−h1/2

0 h′0η
3
ξ + h

1/2
0 h′′′0 ηξ

)︸ ︷︷ ︸
:=J1

−h1/2
0 utη

5
ξ

+2h
3/2
0 η2

ξηξξ − 12h
1/2
0 h′′0ηξξ + 2h

1/2
0 η3

ξuξξ + 2h
−1/2
0 h′0η

3
ξuξ

+20
h

3/2
0 ηξξηξξξ

ηξ
+ 20

h
1/2
0 h′0η

2
ξξ

ηξ
+

10η5
ξ

h
1/2
0

(
h2

0ηξξ
η6
ξ

)
ξ

ηξξ

−5η5
ξh

3/2
0

(
η2
ξξ

η6
ξ

)
ξ

− 4h
1/2
0 η2

ξηξξuξ.

(212)

Repeating calculation similar to (98), since h0 is concave, the L2-norm of the left hand side of (212) satisfies

‖h3/2
0 ∂4

ξη + 4h
1/2
0 ∂ξh0∂

3
ξη‖2L2 & ‖h3/2

0 ∂4
ξη‖2L2 , (213)

and thanks to (178), (168), (169), (170), (193), (210) and (211) we have that the right hand side of (212) can be
estimated as follows:

‖J1‖2L2 . ‖h0‖2H4‖ηξ‖2L2 . P
(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(s)1/2

)
, (214)

‖h1/2
0 utη

5
ξ‖2L2 . ‖h1/2

0 ut‖2L2 . P
(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(s)1/2

)
, (215)

‖h3/2
0 ηξξη

2
ξ‖2L2 . ‖h0‖3H2‖ηξ‖2H1 . P

(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(s)1/2

)
, (216)

‖h1/2
0 ∂2

ξh0ηξξ‖2L2 . ‖h0‖3H2‖ηξξ‖2L2 . tP
(

sup
0≤s≤t

Φ(s)1/2
)
, (217)

‖h1/2
0 uξξη

3
ξ‖2L2 . ‖h0‖H1‖uξξ‖2L2 . P

(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(s)1/2

)
, (218)

‖h−1/2
0 ∂ξh0uξη

3
ξ‖2L2 .‖h0‖3H2‖h−1

0 uξ‖2L2

.P
(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(s)1/2

)
,

(219)

‖h3/2
0 ηξξηξξξη

−1
ξ ‖

2
L2 . ‖h1/2

0 ηξξ‖2L∞‖h0∂
3
ξη‖2L2 . tP

(
sup

0≤s≤t
Φ(s)1/2

)
, (220)

‖h1/2
0 ∂ξh0η

2
ξξη
−1
ξ ‖

2
L2 . ‖h1/2

0 ηξξ‖2L∞‖ηξξ‖2L2 . tP
(

sup
0≤s≤t

Φ(s)1/2
)
, (221)

‖h−1/2
0 η5

ξηξξ∂ξ
(
h2

0ηξξη
−6
ξ

)
‖2L2 + ‖h3/2

0 η5
ξ∂ξ
(
η2
ξξη
−6
ξ

)
‖2L2

.(‖h1/2
0 ηξξ‖2L∞ + ‖h1/2

0 ηξξ‖4L∞)(‖ηξξ‖2L2 + ‖h0∂
3
ξη‖2L2)

.tP
(

sup
0≤s≤t

Φ(s)1/2
)
,

(222)

‖h1/2
0 uξηξξη

2
ξ‖2L2 .‖h0‖H1‖uξ‖L∞‖ηξξ‖2L2

.P
(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(s)1/2

)
,

(223)

Then it follows from (212) and (213)-(223) that

‖h3/2
0 ∂4

ξη‖2L2 . P
(
Φ(0)

)
+ tP

(
sup

0≤s≤t
Φ(s)1/2

)
. (224)
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8.2.4 Summary: The local-in-time a priori estimates

Now combing (170), (194), (209) and (224) together, we finally arrive at

Φ(t) ≤ P
(
Φ(0)

)
+ CtP

(
sup

0≤s≤t
Φ(s)1/2

)
, (225)

for any t ∈ [0, T ], where C is a positive constant only depends on ‖h0‖H3 , and P is a generic polynomial
satisfying all the estimates above. Thus for sufficiently small T ≥ 0,

sup
0≤t≤T

Φ(t) ≤ 2P
(
Φ(0)

)
. (226)

8.3 Proof of theorem 3

With the above a priori estimates and initial condition (163), (164), suppose the initial functional energy Φ(0) <
∞, one can apply standard Galerkin’s method to construct a strong solution (η, u) satisfying (165) and (166),
see [38] for further details.

8.4 Uniqueness

Let (u, η) and (v, ζ) be two solutions to the system on [0, T ] with initial data (h0, u0) satisfying the same
estimate. Their corresponding relationships are:

(η, ζ)(ξ, t) = ξ +

∫ t

0
(u, v)(ξ, s) ds. (227)

Let
w = u− v, χ = η − ζ. (228)

Then (w,χ) satisfies

h0∂tw + ∂ξ

(
h2

0(ηξ + ζξ)χξ
η2
ξζ

2
ξ

)
− 2∂ξ

(
h0wξ
η2
ξ

+
h0vξ(ηξ + ζξ)χξ

η2
ξζ

2
ξ

)
= −∂ξ

(
∂ξ

(
2h2

0χξξ
η5
ξ

+
2h2

0ζξξP1(ηξ, ζξ)χξ
η5
ξζ

5
ξ

))
−∂ξ

(
5h2

0(ηξξ + ζξξ)χξξ
η6
ξ

+
5h2

0ζ
2
ξξP2(ηξ, ζξ)χξ

η6
ξζ

6
ξ

)
−∂ξ

(
(|∂ξh0|2 − 2h0∂

2
ξh0)

(ηξ + ζξ)(η
2
ξ + ζ2

ξ )χξ

η4
ξζ

4
ξ

)
,

(229)

with initial data
(w,χ)(ξ, 0) = (0, 0), (230)

and boundary condition
(wξ, χξ)(−1, t) = (wξ, χξ)(1, t) = (0, 0), (231)

where polynomial

P1(ηξ, ζξ) = η4
ξ + η3

ξζξ + η2
ξζ

2
ξ + ηξζ

3
ξ + ζ4

ξ ,

and

P2(ηξ, ζξ) = (η3
ξ + ζ3

ξ )(η2
ξ + ηξζξ + ζ2

ξ ).
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Define
Φ0(w,χ, t) = ‖

√
h0w(·, t)‖2L2 + ‖h0χξ(·, t)‖2L2 + ‖h0χξξ(·, t)‖2L2

‖(|∂ξh0|2 − 2h0∂
2
ξh0)1/2χξ(·, t)‖2L2 .

(232)

Multiplying (229) both sides by w, integrating the resulting equation on (−1, 1) × [0, T ], using χt = w after
integration by parts we finally find that

sup
0≤s≤t

Φ0(w,χ, s) ≤ Ct sup
0≤s≤t

Φ0(w,χ, s) + Ct sup
0≤s≤t

∫
Ω
h0χ

2
ξ(s) dξ

≤ Ct sup
0≤s≤t

Φ0(w,χ, s),
(233)

for all t ∈ [0, T ], where we have used Hardy’s inequality and C depends on Φ(u, η, t) and Φ(v, ζ, t). Finally
w = 0 thus χ = 0 follows from (164) and the fact (u, v)(ξ, t) ∈ C([−1, 1]× [0, T ]).
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