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Convergence of the method of rigorous coupled-wave analysis

for the diffraction by two-dimensional periodic surface structures
Andreas Rathsfeld

Abstract

The Scattering Matrix Algorithm is a popular numerical method to simulate the diffraction of
optical waves by periodic surfaces. The computational domain is divided into horizontal slices,
and a domain decomposition method is applied, coupling the solutions in neighbour slices over
the common interface via equating scattering data. A clever recursion is set up to compute an
approximate operator, mapping incoming waves into outgoing ones. Combining this Scattering
Matrix Algorithm with numerical schemes inside the slices, methods like Rigorous Coupled Wave
Analysis and Fourier Modal Method were designed. The key for the analysis is the scattering
problem over the slices. These are scattering problems with a radiation condition generalized
to inhomogeneous cover and substrate materials and were first analyzed in [7]. Now suppose
there exists a slicing s.t. the optical index function in each slice is independent of the direction
perpendicular to the interfaces of the slicing. Then the slicing of the Scattering Matrix Algorithm
should be fixed to this slicing, i.e. a refinement of the slicing is unnecessary. For such a fixed slicing
and for Transverse Electric polarization combined with exact solvers over the subdomains (no full
discretization), it was proved in [7] that the Scattering Matrix Algorithm leads to the exact solution
of the scattering problem. In this paper we discuss the more challenging case of Transverse
Magnetic polarization and look at the convergence of the fully-discretized scheme, i.e., at the
Rigorous Coupled Wave Analysis for a fixed slicing into layers with vertically invariant optical
index.

1 Introduction

We start with the question of what a Scattering Matrix Algorithm (SMA), a Rigorous Coupled-Wave
Analysis (RCWA), and a Fourier Modal Method (FMM) is. These names are used differently by differ-
ent authors. Inspired by [13,[15] and by personal taste, we stick to the following naming.

B SMA is a general iterative solver and RCWA/FMM are special realization of the SMA. To simu-
late scattering problems for the Helmholtz or the Maxwell’s equations over periodic and biperi-
odic surface structures, SMA is probably the most popular algorithm in the engineering commu-
nity. Its first version was described by Moharam and Gaylord [11], and good introductions with
many details can be found e.g. in the books [13}/15].

B Speaking in the language of specialists for Finite-Element Methods (FEM), SMA is a non-
overlapping Domain Decomposition Method (DDM), leading to a recursive algorithm for the
computation of the global solution. The iterative recursion algorithm results from the partition
into the union of subdomains (slices), where each subdomain has a common boundary with at
most two other subdomains. The coupling of the data over the common interface of two sub-
domains is realized not by equating Dirichlet, Neumann, and/or Robin data, but by equating
scattering data, i.e., in- and outgoing parts of the wave.

B Discretizing the solution over each subdomain (slice), various realizations of the SMA are pos-
sible. Namely:
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A. Rathsfeld 2

a) In principle, one could use FEM and would arrive at a special DDM for the FEM. However,
we have not seen reports on this. Maybe, the reason is that splitting in in- and outgoing
waves is not natural for the FEM, though this splitting relies on Dirichlet-to-Neumann op-

erators (cf. Equ. (5.5)).

b) Inthe engineering community, the wave solution is discretized by truncated Fourier-series
expansions w.r.t. the horizontal coordinates. The Fourier coefficients are functions of the
vertical coordinate. This way, the numerical solution of the Boundary Value Problem (BVP)
for our Partial Differential Equation (PDE) is reduced to the numerical solution of a sys-
tem of Ordinary Differential Equations (ODE) w.r.t. the vertical coordinate. For the RCWA,
we suppose that the PDE coefficients (wavenumber function) are equal to or, at least,
approximated by coefficients, which, in each subdomain, are independent of the vertical
coordinate. Hence, the matrix coefficients of the ODE are independent of the vertical co-
ordinate, and an explicit formula of the solution based on an Eigenvalue Decomposition
(EVD) can be used. For the FMM, the ODE is solved by a numerical scheme like Finite
Difference Method (FDM), Runge-Kutta Method or Linear Multistep Method.

A huge number of authors contributed to the development and improvement of the RCWA and FMM
and reported on their successful use. Here we only list a few, cf. e.g. [1-3,547,9,(10,[12,16] and see the
comparison to other methods in [8]. A first step of the analysis was provided by Hench, Strako$ [6], by
Civiletti, Lakhtakia, Monk [4], and by [7]. For more comments on these, we refer to Subsect.[8.1] So
far, to our knowledge, there is no full convergence analysis.

Of course, the most interesting version of the RCWA/FMM s that for the scattering by periodic and
biperiodic surface structures modeled by the Three-Dimensional (3D) time-harmonic Maxwell’s equa-
tions. However, to start the analysis, we shall restrict our consideration to the simplest case. The
current paper is concerned with the Two-Dimensional (2D) Helmholtz equation and its version (3.1).

In other words, we consider the 3D time-harmonic Maxwell’s equations for the scattering by a surface
around a flat plane. We suppose the surface is invariant in one of the two directions of the plane and
periodic in the other. For the classical diffraction, the propagation direction of the plane wave incident
to the surface is orthogonal to the surface direction of invariance. Then the incident wave and the
resulting scattered waves are superpositions of a wave of Transverse Electric (TE) polarization and
a wave of Transverse Magnetic (TM) polarization. So we can separately simulate the waves of TE
or TM polarization. For these two polarizations, the time-harmonic Maxwell’'s equations reduce to the
2D Helmholtz equation, i.e., to Au+k?u=0 for TE and to V-k~2Vu+u=0 for TM. The scalar
wave function u is a component of the electric and the magnetic field, respectively. Indeed, it is the
component in the direction of invariance of the surface (cf. [14]). Most of the results will be presented
for the case of TM polarization. For the easier case of TE polarization, we shall give a few hints.

Suppose the surface structure is a finite union of horizontal slices s.t. the wavenumber £ is independent
of the vertical point-coordinates over each slice. Then the DDM can be based on a fixed finite number
of subdomains, where each subdomain is such a slice with wavenumber independent of the vertical
direction. In such a case, for the analysis of the method, we suggest two steps. First we consider the
DDM with its SMA iteration on the continuous level, i.e., without the approximation by truncated Fourier
series. As shown for the TE case in [7], the iteration leads to the true solution provided the S-matrices
exists, i.e. if the problems over the subdomains are uniquely solvable (cf. Sect.[5land Thm.[8.1). These
subproblems are scattering problems but with a radiation condition for special inhomogeneous cover
and substrate materials treated in [7, Thm.5.7] and in Thm.[4.2] for TE and TM polarization, respec-
tively. Unique solvability over the subdomains means to exclude eigenmodes (trapped modes), which
may occur in exceptional cases. In the case of unique solvability, there exists a solution operator map-
ping the given incoming waves into the unknown outgoing waves. This is called S-matrix. Since the
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Convergence of the RCWA 3

wavenumbers in the subdomain are independent of the vertical direction, the representation formula,
which in its discretized form is the basis for the RCWA, can be used to set up the S-matrix (cf. [7] and
Sect.[6).

The second step is to discretize all the operators appearing in the representation formula of the S-
matrices and in the recursive SMA. The analysis of this is new even for TE polarization. Note that,
roughly speaking, all the operators of the SMA on the continuous level can be expressed as infinite
matrices w.r.t. the eigenfunctions of special ODE systems. The RCWA on the discretized level is noth-
ing else than replacing these infinite matrices by the corresponding finite matrices w.r.t. the discretized
eigenfunctions, i.e., to eigenfunctions of the special ODE systems discretized by a Galerkin method
based on truncated Fourier series. We get the convergence of the RCWA for the truncation index
tending to infinity (cf. Thm.[8.11] and the remarks following it), showing that the operators defined by
the discretized EVDs converge strongly to the operators of the continuous level. For the inverse op-
erators involved in the formulas, we show that the inverse discretized operators converge strongly to
the inverse. So far, we can prove this only for real-valued wavenumber functions &, where, for any -,
the section x; — k(x1, z2) must be piecewise twice continuously differentiable for the TM case and
piecewise continuous for TE polarization. We believe the convergence probably holds in many more
cases. So there remain many open problems around the assumptions imposed in Sect.[g| (cf. the end
of Sect.[9).

Now consider the case of surface structures, which are not the union of slices with wavefunctions
independent of the vertical direction. For this case of wavefunctions depending on the vertical and
horizontal coordinates, the wavefunction can be replaced by approximate wavefunctions, which are
slice-wise constant in vertical direction. The smaller the maximal width of the slices, the closer is
the approximate wavefunction to the true one. Under special non-trapping conditions, the error of this
approximation was estimated in [4]. If a good wavenumber approximation is fixed, then the above men-
tioned analysis for a fixed slicing applies. However, a general convergence analysis for maximal width
tending to zero and truncation index tending to infinity is still open. The problem of stable convergence
of the SMA iteration with finer and finer slicing reminds on the stability analysis of numerical schemes
for ODEs, especially if the FMM is employed. The update by the coupling over the slice interfaces
reminds on implicit time steps. So there remain many open problems for a complete analysis of the
SMA recursion in the RCWA.

The plane of the paper is as follows. In Sect.[2 we shall introduce the classical BVP for the scattering
by gratings under TM polarization. However, the solution of the scattering problem over the subdo-
mains (slices) requires the notion of a general BVP, where the homogeneous materials of cover and
substrate are replaced by special inhomogeneous materials. To prepare the corresponding general-
ized radiation conditions, we shall discuss an EVD of a one-dimensional ODE derived from the elliptic
PDE in Sect.[3] In Sect.[d] we shall define the generalized radiation condition for the special inho-
mogeneous cover and substrate materials and present a theorem on the unique solvability of wave
scattering by periodic surfaces. For a fixed slicing of the grating structure, we shall derive the SMA in
Sect.[5] on the continuous level, i.e., without any discretization in horizontal direction. Note that there
exist several versions of the SMA, and we present the one which seems to be the best. Namely, we
compute the accumulated S-matrix, using the actual S-matrix of the slice and not the T-matrix. Also,
for slices defined by h;_1 <x2 < h;, we do not use the additional splitting into the slice 7,1 <xs <h;
and the infinitesimal slice h; —0 <2 <h,;+0, which simplifies some of the formulas but requires an
additional accumulation step. The full discretization will follow in Sects.[g]—[7, where we shall give a
formula to compute the solution operator over the slice with vertically constant wavenumber function
and introduce the discretization by truncated Fourier series expansions. In Sect.[8] we shall present
Thm.[8.1| on the SMA over the continuous level and the main result Thm.|8.11|on the convergence of
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A. Rathsfeld 4

the RCWA for fixed slicing and for the truncation index tending to infinity. We shall comment on the
area of application and on the open problems in Sect.[9

2 Preliminaries

X
homogeneous|cover material [for x,>b

I

b ,,,,,,
1—iat l—iat X4

al—

a

homogeneous substrate for x,<a

per=2mn

Figure 1: Geometry settings for homogeneous cover material and substrate.

We define the Two-Dimensional (2D) scattering Problem for TM polarization (cf. e.g. [14]). Here an in-
coming plane wave is scattered by a surface structure in {(z1,y, 72) T€R?: a<xy <b} (cf. Fig.,
which is 27-periodic in x; direction and invariant w.r.t. shifts in y-direction. The incident plane wave is
defined as ul™ (71, ¥, 7o) :=uiP(x1, 15) 1=l with @ = (a, —/[kT]2 —a2) T, 0<a<k™t.
Note that |@ | =k™ and k™ = w, /11060 0 is the constant wavenumber for the half space with x5 > b,
where w:=27 /A, >0 is the frequency of the incoming light of wavelength \;,., where ¢y and
Lo, respectively, are the electric permittivity and the magnetic permeability in vacuum, and where
n, is the refractive (optical) index of the material. The angle of incidence 0'"¢ is connected to &
by @:=kT(sin 6, — cos #™)T and a:=k" sin #""°. Similarly, there is a constant wavenumber
k™= w./po€o n_ for the half space with x5 < a.

The function ui"® is a-quasiperiodic, i.e. the function e *®1y"(z; x5) is 27-periodic, and we get
ul"®(xy + 27, T9) = 2™l (x1, 25). Consequently, all the waves and their boundary values on
L. :={(z1,¢): 0<x1 <27}, ¢ = a, bareinthe 2D Sobolev spaces H!({2) and 1D Sobolev spaces
Hcly/Q(Fc) :Hcly/Q(O, 27), respectively, i.e.in spaces of a-quasiperiodic H *-functions with s=1 and
s=1/2, respectively. We can even admit a general incident field u},nc(xl, xg) for xo > b (cf. the sub-
sequent ) if only the restriction u})“C\pb is a-quasiperiodic. Clearly, we can change the « in the
definition of quasiperiodicity by subtracting an integer, i.e. we can assume w.l.o.g.that 0 <« < 1. Be-
sides the wave incoming from above, we even can admit an incoming wave u"*(x1, x5) from below,

a
i.e. from o <a. However, we have to assume that the restriction u!"°|r, is a-quasiperiodic with the
same q.

In the case of TM polarization we look for the scaled y-component of the magnetic field vector
uw(x1,y, x2) :=+/po/c0Hy (21, y, x2), which is independent of y. So the harmonic 3D Maxwell equa-
tions turns into the 2D equation for the function w(z1, ¥, z2) =u(x1, z2). Altogether, the wave u is the
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Convergence of the RCWA 5

solution over the domain §2:= 0, 27| X [a, b] satisfying

a) “Helmholtz” equation: V- k(z1, z2) 2Vu(xy, x9)+u(xy, 19) =0, (21, 22) €L,
b) a-quasiperiodic lateral boundary condition: u(27, z5) = 2™ (0, z3), x5 € [a, b], @1
c) Radiation condition over upper boundary I, and lower boundary I, incl. given traces '

of incident wave functions u}"|r, € Ha 12 (T;) and u™|, € Hé/z(f‘a), respectively.

Note that, for the case of TE polarization, in item a) the classical form Au+ k?u=0 of the Helmholtz
equation appears, which is equivalent to the equation in a) for constant wavenumbers k. In particular,
this is the case for homogeneous materials in the substrate or the cover material, and we get the
same radiation condition. For this radiation condition, we remark that the general representation of
«a-quasiperiodic Helmholtz solutions in the homogeneous cover material is

u(xlva) - ub 1131,.1’,'2 Zel ot i) { lelﬁl (#2—0) + C 6 lﬁl (@2 b)} y L2 2 b7 (22)
leZ

=l — o+, eC.

Here the argument z := [k*]2—[a+1]” of the square root is in the half plane {z € C: Sm 2>0}. The
square root is defined such that Re \/22 0 and Sm \/ZZO. The radiation condition on I}, requires
coefficients ¢, ;=0 for all coefficients of downgoing modes ei(a”)“e_iﬂlb(m?_b), i.e.

u(zy, xe) — ub (21, x9) Zc ellatDe 167 (w2 = b), T9 > b. (2.3)
leZ
Here, for simplicity, we have supposed /3? 7&0 For the [ with 3?=0 (i.e.if |=—a=+k™ is an integer),

in Equ. the term in brackets {c el (@2—b) + ¢ e“ﬂl r2- b)} must be modified. Depending on
the appllcatlon, it should be replaced by {c, "‘Cb,z(@ b)}, by {¢; (22— b) +¢;, } or by the formula
{c;f, (14 (22 = b)) + ¢, (1 — (22 — b)) }, respectively. This leads to a corresponding modification
in 1; The radiation condition on I', requires Cj{,l = () for all coefficients of upgoing modes, i.e.

u(y, o) —u (11, 29) = Zc;lei(o‘“)“e_iﬁla(“_a), ro<a, B = \/[kP—[a+]. (2.4)
=

Again a corresponding modification is needed if ;' =

The portion of energy from an incoming plane wave radiated into the direction of the /th propagat-
ing outgoing wave mode is called efficiency. If the mcommg field is defined as umc(xl, x9):=0 and
Ul (1, 29) 1= /Ay 171 e~ 18(@2-0) then the efficiency el of the Ith reflected plane-wave mode and

the efficiency ef of the [th transmitted plane-wave mode are given by

+ _ —

g = Bl -y e o Bl

Y _ Y
By ny By [k7]* ny

respectively.
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A. Rathsfeld 6

3 Eigenfunctions of the ODE for the reformulation of the “Helm-
holtz” equation

3.1 The ODE equivalent to the wave equation

For the scattering matrix algorithm, we have to generalize the radiation conditions and to
model inhomogeneous cover and substrate materials as well. In order to prepare this, we need the
EVD of ordinary differential operators appearing in the reformulation of the “Helmholtz” equation as an
ODE with operator valued coefficient function. The details will be needed also for the corresponding
equations obtained by discretization.

Suppose the 2m-periodic wavenumber function & is given as k:=w,/ltgeo n, Where the refractive
index function n, possibly depending on z; and x4, is supposed to satisfy fte n >0, Sm n > 0. With
this k the TM wave equation is

Vo k(z1, 29) 2Vu(zr, 32) + u(rr, 22) = 0, (21,22) €R% (3.1)

For piecewise constant k, this is nothing else than the Helmholtz equation with special transmission
conditions over the curves of discontinuity for k. Now in the cover material and substrate (cf. Fig.,
we assume k(x1, z2) =k, (1) for zo > band k(z1, x2) =k_ (1) for 25 < a. Equ. (3.1), restricted to
cover and substrate, is equivalent to the operator valued ODE w.r.t. the variable x5 of the form

202 u = Lu = =0, k20 u—u, k(z1) := ki(z1). (3.2)

The solution of this equation can be represented by expanding the function w.r.t. x1 in a series of
a-quasiperiodic eigenfunctions of the operator k2 L.

We reduce this second-order ODE (3.2) to a first-order ODE. Setting v:=0,,u and @:= (u,v) ', the
ODE (3.2) is equivalent to 0., i = Mu with

0 I
M:_<k2L o)' (3.3)

For this operator in the space of univariate and oz-qugsiperigdic vector functions depenciing on xy, the
eigenvalues and eigenfunctions are defined by M f\ =\ fy for A€ ay;. Clearly, for fx=(fx, gr) ",
we get g =\ fy and k2L fy = \g,. Consequently, k2L f\ = A% fy. For the eigenvalues £\ of M, we
obtain the eigenvector (fy, £Af) " with f) satisfying

k20, k200, fr+ [ + XA = 0. (3.4)

3.2 EVD for twice continuously differentiable wavenumber function

As a first case, we discuss the EVD in (3.4) with a k(1) twice continuously differentiable. We look for
a solution f of (3.4) in the form f = kh with an a-quasiperiodic h.

k?0, k20, [kh] + [K*+N][kh] = 0,
kO h+ {[02 k] =2k~ 05, kPP +[F*+ Xk} h = 0,
Rh+kh+Nh = 0, (3.5)

o= K+ k0P k] — 2k %[0, k)2,
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Convergence of the RCWA 7

For this f =kh and for positive k, we note that in the derivation of the variational form we have
Jo AV - k72Vuo +uv} = [ {-k*VuVo +uv} + [, k‘Q&EzuT) + [, k205, ub,
Jo T RT20u,1f (w1)e eI |y [ (1) e Ae I [pmeday = — [77 AR(a)2day,
whereas, for the Helmholtz equation in the TE case,
Jo {Auws + Kuv} = [, {VuVv+ k*uv} + Jr, Ouyuv + fl“b O, U,
Jo T O f(@0)e @2 [f (ay)e A2y = — [T f () Pdan.

The underlying Sobolev space of the variational forms is Hcly(Q) in both cases. Consequently, the
Dirichlet data u|r,, ¢ = a, b is in the trace space Hcl/Q(Fc) for TE and TM. For TE, the dual spaces
H;l/Q(D,) and H;l/Q(Fb) are the spaces of the traces of the normal derivatives Oyu|r, and —Oaulr, ,
respectively. For TM, however, the spaces H;l/Q(Fb) and H;1/2(Fb) are the spaces of the traces of
the co-normal derivatives k~20yulr, and —k20qulr,, respectively. So we get similar formulas for
the PDE V- k= 2Vu+u=0 and h as for Au+k*u=0 and f. In any case, we can use the results
collected in [7, Lemma 4.5].

Lemma 3.1. The spectrum in the space of «-quasiperiodic functions is discrete, i.e., there holds
oz, +h2r) = {)\2: n€eZ}. We even get the asymptotics

1 1 [ 1/2 ifa=0,1/2
2 2 2 — 2 c— )
>\n - (H+Oé) avg+0 <| | ) kavg 2’7T 0 k <T>d7—7 K- { 1 else

k2 1 1
an_ O -
5 + <|n|1+“> , [n] = 0.

Now we look at the asymptotics of the eigenfunctions and discuss the basis property as well as
the asymptotics of the eigenfunctions. Denoting h,,:=h,,. The asymptotics of the eigenfunctions
has been mentioned in [7, Lemma 4.5] and we learn from this paper that, at least for a # 0,1/2
or for real-valued k, the functions (1+n?)~%/2h, € HS, n€Z form a Riesz basis for —2<s<2.
Due to the boundedness of the operators of multiplication by k and k!, we also have a Riesz ba-
sis (1+n2)~*/2f, =(14+n?)"*/2kh, € HS, n€Z for —2 < s <2. Additionally, we have a Riesz ba-
sis (14+n2)~%/2k=2f, € HS, n€Z for —2<5<2. We shall suppose throughout this paper that all
eigenfunctions are of rank one. If rank-greater-than-one eigenfunctions occur, then the subsequent
SMA must be adapted to that case. In the case of an infinite number of such eigenfunctions, the Riesz
property of the basis might be violated. Note, however, that this is not a problem for real-valued l%,
since all the eigenfunctions of selfadjoint operators have rank one.

Y

Ap=n+o —

Lemma 3.2. For |n|— oo, we have the asymptotics
et — L ent fo k2(r)dr + O( ifa#0,5 and h,(0) #0
hn<t) = ei)‘"t + O(M—I/Q> IfOéZO,§ andhn(O)#O
sin(Ant) — ©Qul) [1E2(r dT—l—(’)( ) i hn(0) =0

3.3 EVD for positive and piecewise twice continuously differentiable wave-
number function

In a second case, suppose that the wave number k(1) is only piecewise twice continuously differen-
tiable and that k(1) > ¢ > 0. Still we get
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A. Rathsfeld 8

Lemma 3.3. The spectrum o2y, of operator k*L is a discrete set of eigenvalues {\?>: n€ N} CR
with \2 — 0o, |n|— oo. Each eigenfunction f,, corresponding to A2 is of rank one. It is piecewise
twice continuously differentiable and continuous, and I{:‘QGI1 fn is continuous as well. Moreover, the
scaled eigenfunctions (1+|\,|?)~*/f,,, n €N of the differential operator k> L form a Riesz basis in
H? for0 < s < 1. The functions (1-+|\,|?>)~*/?k~2 f,,, n €N form a Riesz basis in H? for—1 < s <0.

Proof. Clearly, the eigenfunctions f, of the unbounded operator k*L: L*(0, 27) < L*(0, 27) are
in one-to-one correspondence with the eigenfunctions &'\ of the operator L:=kLk, which maps
k~'H} into kH' and the domain of definition of which is dom ; := k' H_}. This is the operator of
the variational form (h, g) — a(h, g) with

a(h, g) == /O ’ {k_2(1’1) Oy [k (1) 1(21)] Ony [k (1) g(21)] — ’f2($1)h(l’1)M} dr;. (3.6)

In other words, Lis selfadjoint and strongly elliptic, and its spectrum is a discrete set of real eigen-
values with the only cluster point co. We denote the eigenvalues by )\i, n € N and the corresponding
orthonormal eigenfunctions by h,, s.t.the f,, :=kh,, form a Riesz basis of eigenfunctions for operator
k?L in the space L*(0, 27). For a general function h=>_, &, h, with &, € C, we obtain

[
n=1
> s

This is the Riesz-basis property of the basis (14 |\,|?)~'/2f, in H.. The orthonormality of the h,,
yields the Riesz-basis property of the basis f,, in L> :HQ. Interpolation provides us with the Riesz-
basis property of the basis (1+|\,|?)™*/2f, in HS for 0<s<1. By {fn,, k2 fny) =0n, ., and by
duality arguments, we get the Riesz property of (14| \,|?)™*/2k~2f,, in HS for —1<s<0.

~ albB)+elblFs = > €& (Lhn ) +clhls

n,m=1

2
H1

[e3

~ D A (s hn) Fe[BlTe ~ Yo+ PGS

n,m n

2
H,,

Due to k> ¢y, the operator k Lk is selfadjoint and the ranks of the eigenfunctions are automatically
equal to one. On each segment in [0, 27| where k is twice continuously differentiable, the equation
h;{+l~€2hn+)\%hn =0 holds (cf. ). Consequently, the solution is twice continuously differentiable
over the closed interval. On the other hand, the equation k;QLfn = A\, fn over the whole quasiperiodic
interval implies that the global derivative of f,, is piecewise smooth. No Dirac delta should appear.
Thus f,, is continuous and its derivative coincides with the piecewise derivative f;. Similarly, the
derivative of the continuous quasiperiodic [k~2 f’] is piecewise smooth. Thus [k~2f/] is continuous
and its derivative coincides with the piecewise derivative 0, [k~2f.]. O

3.4 General assumptions for EVD

We just formulate a general assumption, which holds e.g. for the second case considered above and,
if (3.7) is true, also for the first case. In other words, we assume that, for k2L, there is a system of
univariate eigenfunctions f,,, n € N with the corresponding eigenvalues )\i such that:
B K2Lf, = \2f, andall \2 are eigenvalues of rank one. (3.7)
B |\, ]?—>ocoand |Sm\,| <Cy+Coh|Re \,| for a fixed positive constant C.
B (1+|)\,]?)"%?f, form a Riesz basis in H? for 0 <s<1 and
(1+|\n|?)~*/2k=2 f,, form a Riesz basis in H2 for —1<s<0.
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Convergence of the RCWA 9

Note that, in comparison to the above indices, we have changed the index set Z to N. Fur-
thermore, we order the eigenvalues and eigenfunctions such that |\, | <|A,41| for all n€N. For
the square roots \,, of the A2 0, we suppose either that e A, >0 or that e \,, =0, Im A, <0.
Clearly, the +\,, are eigenvalues of M in . Depending on the choice of wavenumber function &
ask(xy)=kT(x1)=kp(x1)=k(x1,b+ 0)oras k(z1) =k~ (z1) =ka(x1) =k(x1,a — 0), we write
Ly or L, for the differential operator L, f3,, or f, ., for the eigenfunction f,, and Ay, or A, , for the
eigenvalue \,,. Moreover, if the wavenumber function k(z1) =k (x1,b £ 0) depends on whether the
trace is taken from above or below, we even write Ly1o, fp£0., @nd Apio -

4 Radiation condition and unique solvability of the scattering
problem for special inhomogeneous super- and substrate

by — — L — — —
Tiat Da T x,
al
O<—p>er:27t

Figure 2: Geometry settings for inhomogeneous cover material and substrate.

Suppose c=a or c=0b. More precisely, c=a—0 or c=b-+0. The eigenvalues A of M in are
the square roots j:\/ﬁ of the eigenvalues \? in . For definiteness, we choose the square root
A = VA2 st either e A >0 orthat Re A=0, Sm A <0, and consider the values =\ as square root
of A% For A= \.,, 0, we call the 2D wave modes u_, (z1, ¥2) :=eT*n (279 f__ (21) upgoing for
upper index + and downgoing for index —. Clearly, the ujn are solutions of for zo > c and the
Uy, solutions for x5 < c. In the special case A, =0, we define these waves by the modified formula
ug, (x1,2) = (1F (22—c)) fen(21). The general representation of the “Helmholtz” solutions in the
inhomogeneous cover material close to I, is

u(xlva) = Z {C:nuZn(xlv 1'2) + Cc_,nuc_,n(thZ)} ) Czlfne(c‘ (4.1)
neN

The expansion for k is a special case of for c=0b, where the eigenvalue \.,, = —if’, n€Z
corresponds to the eigenfunction fw(:vl) =¢'(@t)71 Of course, the index set Z is still to be changed
into N. So, similarly to the homogeneous radiation conditions and (2.4), we define, for the inho-
mogeneous medium:
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A. Rathsfeld 10

Definition 4.1. An a-quasiperiodic solution v of the 2D “Helmholtz” equation ¥V -k=2Vu—u=0
over the upper half-space {(x1,x,)": w2 >b} is said to satisfy the upper radiation condition if u
admits the expansion u(xy, xa) =uy* (21, T2)+ Y, cnChnlyron(T1, T2) for a sequence of coeffi-
cients c;ne C. Similarly, an o-quasiperiodic solution u of V-k=2Vu—u=0 over the lower half-
space {(x1,72)": w3 <a} is said to satisfy the lower radiation condition if it admits the expansion
w(wy, o) =u (21, T2)+ Y enCanla—o.n (L1, T2) for a sequence of coefficients ¢, € C. The sums
in the expansions converge in H, ﬁ)c

Indeed, to see the convergence, we choose b=0 and, simplifying the notation, we set )\n:)\b,n
and f,:= f,,. We take a general u(z1,z2)=>, c,e "2 f,(z1) with the discrete HY? norm
H<cn)nuw-:{z (1 Aal?) ]2} < 00, and note that [ ()72 < Clul] ;12 by the Riesz
property (3.9) for the scaled functions (1|, |?)~/4 £, in HY? Then we get

2
1 p2m 1
||6x2u||%2:// dX1d$2§C/ Z‘)\ncne_’\”m‘zdx
0 Jo 0 S

1
<Xl / R, <O Dl < Ol
(4.2)

||ax1u||L2 / / XmdiL‘2<C/ Z 1_|_|)\ | }Cn nﬂﬁzl

§Z<1+|An|2>|cn12 / e e Mt2dgy <O (LAY [eal* S Cll(a)all? e,
n O n

Z )\ncnfn(xl)e_’\”””2

331 Cnfn(xl) Ant2

where we have used |Im \,| <Cy+CRe, to estimate |\, |/|Re \,,| by a constant. The corre-
sponding estimate for the L% norm is similar. Hence the local H; norm of u is bounded and the sum
converges in this norm.

Using Def n we can generalize the BVP for the scattering of incoming waves u““C and umc by the
grating with homogeneous cover material and substrate to the BVP for a grating with inhomogeneous
super- and substrate. We obtain:

Theorem 4.2. Suppose:
i) Forc=a—0,b+0 and the corresponding k*L = k* L., the assumptions (3.7)-(3.9) are fulfilled.
ii) Any solution of the scattering problem (2.1)) with incident waves u™° =0 and umc =0 is zero.
Then, for any given ui"|p, E HY? (Iy) and umC v, € HY*(T,), there is a unique solution u.€ H((2)
of the scattering problem (2.1) with the radiation conditions of Def.[4.1] In particular, there is a bounded
solution operator (scattering operator or scattering matrix, cf. Fig.[3)

o (e o )G ()~ e )

Proof. The argumentation is almost the same as that in the proof of |7, Theorem 5.7]. We define the
Dirichlet-to-Neumann operators DtN_ and DtNJr for the basis function of the radiation conditions by
u® — Dy Ny u® :=—0,,u? and by u? +— DN, u® :=0,,u’, respectively. Then the sesquilinear form

1’2 n z2 “'n?’
for (2.1) is

a(u,v) = {—k;QVuWJru@}Jr/ kbeDtN,ju@Jr/ k. 2,D;N;uv, uw€ HX(Q), (4.3)

Ta
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Convergence of the RCWA 11

and the Riesz basis properties imply the boundedness of the second and third term on the right-hand
side. It is sufficient to prove that the operator corresponding to the form a is strongly elliptic, i.e. that
there exist a complex number 6, a positive real €, and a compact form b with

Re [a(u, Ou) — b(u, 0u)] > 5Hu|]§{}¥(ﬂ), Yue H ().

By the assumptions on £ in Sect. the numbers k:*z(xl, xg) are contained in a compact subset of
{z€C: Smz<0or Sm z=0,Re 2>0}. Consequently, there exists a § € C s.t. Re 0k~2 > ¢, and
the form defined by the first integral on the right-hand side of (4.3) is strongly elliptic.

For the second integral on the right-hand side of (4.3), the function u can be extended to a solution u°®
of (3.1) over [0, 27] x [b, 00) by the Rayleigh expansion w.r.t. the modes u;,,, and we get (cf. (4.2))

ut (1, T0) = Zcbfnubfn(xbm), Ty > b, [|u®l| g2 0,20 x [p5+1)) ~ "U\|Hi/2(pb) <Cllullmy(0)-
n

Moreover, the mapping u|r, — u®|r, , is compact since this maps by wy, (-, b) — e~ 11, (-, b) with
Re Ny, — 00. Indeed, Re N, — 0o follows from |Ay,|* — 00 and |Sm Ay, | < Co+Co| RNy | (cf.
the general-case assumptions - at the end of Sect. as well as from Re A, , >0 (recall the
choice of A at the beginning of Sect.. Now the second integral takes the form

/ ky 2 DN, ut = / {—k; 2 Vu Ve +uv®} + / ky 2 DeNyF ucv®,
o, [0,27]) x [b,b+1]

Ty

where the second integral on the right-hand side corresponds to a compact sesquilinear form and the
first integral can be treated as the first integral term on the right-hand side of (4.3). The third integral
on the right-hand side of (4.3) can be treated analogously. O

For assumption i), we refer to the two cases discussed in Sect.[3] In particular, for real-valued wave-
functions k% = k10, ka0, there is no eigenfunction of rank greater than one and the system of eigen-
functions is even orthonormal in the sense of (k=2 f,, fm) = 0p.m. Suppose k is not a real-valued
function. Then the Riesz-basis property is almost known at least for twice continuously differentiable
k. To our knowledge, there is no example of a rank-greater-one eigenfunction known yet. If such a
function exists, then the system of upgoing and downgoing waves is to be modified and an adaption of
the RCWA is needed. Such an adaption might be difficult since it is not clear, which eigenfunction has
a rank greater one. To prove a general Riesz-basis property seems to be extremely difficult if infinitely
many rank-greater-one eigenvalues exists.

If assumption i) is satisfied, then the variational form can be shown to be strongly elliptic. Surely,
there exist geometries Fig.[2 with trivial solutions of the scattering problem with zero incoming waves,
so called eigenmodes or trapped modes. If wavenumber functions with non-real values are involved
(absorbing materials), then the uniqueness of ii) can be shown. If & is real-valued, then the existence
of eigenmodes is possible but should be an exceptional case.

Remark 4.3. For the solution theory of boundary value problems in Thm.[4.2, the choice of the ra-
diation conditions Def.[4.1) based on the trace functions x1 — k(xz1,b+0) and z1+— k(z1,a—0) is
natural. However, for the SMA, we shall always consider the scattering matrices based on the trace
functions x1+ k(x1,b+0) and x;— k(x1,a+0). The corresponding solution theory follows from
Thm.[4.3if the continuity k(z1, a+0) =k(z1, a—0) is supposed.
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a

incoming outgoing
waves waves

Figure 3: Scattering matrix.

5 SMA with no discretization w.r.t. variable

5.1 Projections in the space of boundary functions

Now we introduce the SMA on the continuous level. The RCWA will be the discretization of this SMA
and will be considered in Sects.[6H7] The key instrument of the SMA is the S-matrix of Thm.[4.2] which
has a natural 2 x 2 block structure. To see this clearly we need projections in the space of boundary
functions, i.e. in the space of Dirichlet and Neumann data. For the eigenvalues \; ,, and eigenfunctions
fon defined with k(z1)=ky(21):=k(21,b+0) as in Sect.[3} we consider upgoing waves ;" and
downgoing waves u, together with their boundary data on I':

uf (z1,b) = ch:fnfb,n(xl) = Z Ci'fmfb,n@l)@ﬁb’"[m_b]‘@:b

neN neN:A\y, ,#£0

Y Gnbl@)(1F (2D,

nENI)\bynZO

Orsti (v1,8) = DN (uiflsg ) (@) = Oy (a1,0)
= Z )\b,nclzfmfb,n(xl) + Z Cl:fmfb,n(xly (51)

nGN:)\b’n;éO ?’LEN:)\bm:O

Due to the Riesz-basis property, each trace of ugt eHcl/Q(Fb) has a unique continuation ubi to the
upper and lower half space, respectively, such that V - kb’2Vuljt+u§f =0 over the half space and
that k=2D, N*uf =k, ?0,,u|r, € H;m(l“b). In this sense, the Dirichlet traces u;" of the upgoing
and downgoing waves can be embedded into the H, Clv space of wave solutions above and below I,
respectively. Switching from the extensions to the boundary traces on I}, the Dirichlet traces u?f can be
embedded into the space of boundary data consisting of couples of Dirichlet and modulated Neumann

data (data of co-normal derivatives). We identify

up < (uif, ky 20p,u), ky = k(- b+ 0),
HYP(L) < [HyPx H'P] L (T) © Hy*(T) < Hy ' (1), (52)
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Convergence of the RCWA 13

Remark 5.1. Note that the factor k, 2 is new for the TM case. It does not appear for TE polarization.
It is introduced since over the interface 1}, the function u and k:b_ 28m2u are continuous, i.e.,

w(z1,b+0) = wu(zy,b—0),
k™2(21,b+0)0p,u(r1,b+0) = k2(x1,b—0)0pu(r,b—0), 0<x <27,
These equalities hold in the trace spaces H./” (Iy) and Ho 12 (Iy), respectively.
Lemma 5.2. If the Assumptions (3.7)-(3.9) hold for k = ky, then the space for Dirichlet and modulated

Neumann data (data of co-normal derivatives) is the direct sum

HY*(T) x Hy V(L) = [HY < HOV?] () @ [Hy?x H V%] (L),

and the projections P;= of HY () x Hay Y *(T,) onto [Hé/ 25 HyY ?|.(T}) parallel to the space
[H;/Z X H;l/z]jF(Fb) are bounded. In particular, we get im PF = [Hg/2 X H;”ﬂi(rb).

Proof. From we see D,N, =—D,N,": Hl/Q(Fb)—mbH 1/2(1“1,) Then the representation
(uD, k:b_QuN) = (u , k:b_QDthJrqu) + (u_, —kb_QDthJru_)
leads us to
+ —2 1 1 +1-1 L + L
Pb (UD,/Cb UN) = §UD + §[Dth ] Un , :I:§kb Dth up + ékb un (5.3)
with [DtNJr] = [k; 2DyN;T | 2 K2HL P (T,) — HY?(L,). Using (5.1) and the Riesz prop-

erty of the fi,, n€N, we get the boundedness of the k, D,Nt and its inverse. The last
formula proves the continuity of the projections. O

Note that in the TE case (cf. [7, Lemma 6.1]), the k; * factors disappear in (5.3).

Analogously to the projections PbjE in Héﬂ ><H;1/2 over I}, based on the eigenfunctions f;,, for
k? Ly, with ky(z1)=k(z1,b+ 0), we have the projections P* in HY? % HY? over I', based on
ko(x1)=k(z1,a + 0). In the following we will need a formula (cf. the subsequent and (5.5)) for
the projections PbjE onto upgoing and downgoing waves over ', applied to upgoing and downgoing
waves u € im PF over I',,. From and P (u,v)=(uF, £k, 2D N uF), we get the formula

P (uf +uy , ky*DeNfuf — k>DiNju,) = (5.4)

1 1 k2
<§[Ui +u, |+ §[Dthﬂ 72 DN uf — DiNfu,],

1 1
iikb‘QDth* [uf + ]+ ék:;Q[Dthu;f — DtN;u;]) .

By the identification (5.2), the restricted projections P;": im P —im P;" and P;": im P, —im P

can be identified by the operators Pffj Hl/z(Fa) —>Hcl/2(1“b) and Pi;: Hé/2(Fa)—>Hé/2(Fb),

respectively, where

Pi+ + 1 + DN+ 1kaN+ Pif 7_1 - DN+ 1kaN+*

a,b[u ] 2 :i:[ t } k,Q t+Vq a,b[ua]_§ an:[ 13 ] ]{?2 t (5.5)

In this sense, we arrive at bounded operators PjE Hl/2 — Hl/2 and PjE o+ Hl/2 — Hl/2 Though

P in is a projection, the identified operators Pi;’ and Pib on the rrght hand sides of (5.5) are

not. The formulas of . have been derived knowing that the functions ui are the Dirichlet traces

of outgoing and downgoing waves, respectively. Note that, for the TE case, (5.5) holds with the factor
kK2 deleted.

DOI 10.20347/WIAS.PREPRINT.3081 Berlin, December 22, 2023/rev. June 25, 2025



A. Rathsfeld 14

5.2 Structure of the S-matrix

In the S-matrix (cf. Fig. the functions uf are to be identified with the corresponding pair of trace func-
tions (u, £k, 2Dy N uF) and uif with (uf, &k, D, N, uiF). Thus the S-matrix maps trace space
[HY? x H3V?) o (L) @ [HY? x Ho V(D) into [H? x Ho /2], (D) @ [HY? x Hy V(). So
the S-matrix consists of the blocks S, 1= B,"S®;., py, SE_ 1= P, S®|, po 82 =P Sl
and SY =P 5P| p;-» Which we identify by their corresponding operators S, 8%, 8%, and

S in Hol/2 (cf. ). Its action corresponds to a system of two linear equations.

b b + ab  + ab | —
- ab ab ’ - _ ab , + ab , —
S®,. S u, = S¥ u; +S% u,.

Note that the four blocks of S, identified as operators acting in the spaces Ha'*(I,) and Hcl/2(1“b),
are continuous by the mapping property of the variational operator of Thm.[4.2]

L
CyAC

I;
_.b |
avva

T,

Figure 4: Step from two slices to their union.

5.3 SMA for two adjacent slices

We start the derivation of the algorithm with the case of a grating consisting of two adjacent slices (cf.
Fig.). Suppose the S-matrices S® and S* of the slices between I, and I, and between I}, and I,
respectively, are known (cf. Sect.[6). How does the matrix S between T, and T, looks like? In other
words, we know

ub =S¥ w4+ SY u; (5.6)
u, = S".uf + 8" u; (5.7)
uf = S uf 4+ 8% uy (5.8)
u, S® uf + 8% uy, (5.9)
and we look for
uf = S%ul + 8 u,, u, = S® u; +8S* u,. (5.10)

We set the traces ui" =u; (-, b + 0) of the functions u; (-, -) in the slice between [}, and T, (cf. (5.6}

and (5.7)) to the corresponding upper output and input functions % of the S-matrix for the slice
+
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Convergence of the RCWA 15

between I, and I}, (cf. (5.8) and (5 ) Both traces are in the trace space H, Y 2(D,Jro). Automatically,
we set the Hy /> (Fb+0) traces of the co-normal derivatives k; o0y, ui" =k~2(-, b + 0) D N; yuif
of the upgoing and downgoing function from the slice between I}, and I. to those of the functions
between I, and I,. Then we eliminate these unknown functions from the linear system (5.6)—(5.9).
Defining D := (I —S%, S%_), we arrive at the linear system with the operator coefficients

o= (55 55 )-(SRLSEISISh ST )
See gac. S 4S§eb p-igbe Gab  gab p-lghe

Lemma 5.3. Suppose the BVP for the three gratings between I, and I}, between I, and I,
and between I, and I. are uniquely solvable s.t. the S-matrices S®°, S®, and S exist. Furthermore,
suppose the wavenumber function k(x1, z5) is independent of x5 in the slices betweenT,, and T, and
between I, and I'.. Finally, suppose k,(x1):=k(x1,a) and k.(x1):=k(x1, c) are piecewise twice
continuously differentiable w.r.t. 1. Then the operator D := (I —S" S ) is invertible and Formula
(5.71)) is correct.

Proof. First we observe that S* ’¢, is compact. Indeed, if the scattering problem is uniquely solvable
for the grating between I}, and I, then, for a small £ >0, the scattering problem is uniquely solvable
for the grating between I}, . and .. Between I} and [}.. we get k, =k, . and the correspond-
ing scattering matrix is diagonal, i.e. Sb b+8—0 and Sb ST diagonal w.r.t. the eigenmodes of the
radiation condition. Due to diagonal entries X decaying for n — oo, the S bre are compact. For-
mula ( fora=b,b=b~+e, c=cholds with D = I and provides us with S**, Sb b+ESb+€ CSljrle,
which is compact as well.

Now, due to the definition D and due to the compactness of S, , the operator D is a Fredholm

operator of index zero. It remains to prove that the codimension of im D C Hl/ (T,) is zero, i.e. that
the image space of D is dense.

For incoming waves 1" =0 and u_, there exists a solution u in the grating between I, and I'... Taking
the restrictions to I',, I}, and I'. and their projections to the up- and downgoing waves, we get the
waves v, u", and u; . The Eqns. (5.7) and (5.8) lead to the system

be , + - be , —
_S_+ub _|_ ub - S__UC 9

ab — ab  +
—-ST u, = ST u, =0.

Multiplying the last equation by S’f+ and adding the result to the first, we arrive at Du, = S u.

— U

From the subsequent Eqgns. and (6.9), we observe that the image space of D is dense. O

Remark 5.4. For general slices with x5 -dependent wavenumber function, we conjecture that the prod-
uct operator SbC S“b_ is compact as well. Then a violation of the invertibility of D seems to be an
exceptional case. If D is not invertible, then a general solver can be applied to (5.7)-(5.8) in order to
express uff w.r.t. the functions u;} and u_ . Substituting these expressions into @) and .) we get

an alternative formula for S%°.

5.4 SMA for all slices

Next we consider the general case and split the rectangular domain of Fig.[2|into n smaller slices (cf.
Fig.. We denote the S-matrices of the slices between thfl and th by S7 and the Dirichlet boundary
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1—‘n
..hn=
Loy
1 "hn_l
Iho
"hn-Z
I
2 th,
L
..h1
I,
- Tho=a

Figure 5: Step from many small slices to their union.

values on the slice boundaries th ::th+0 by uj: Furthermore, we introduce the accumulated S-
matrix S’ over the union over all slices between I7},, and th. In other words, we have
+ + + -2 j hj_1h; Qj hohj ;
uj ::uhj thj-ﬁ-() (u‘thJrO’ khj+08552u’rhj+0)7 S’ =8 7y §7:=8" )= 17 N
Suppose, we can compute the S-matrices S7, j=1, - - - , n, which requires a solver for the BVP (2.1)
between I}, , and I, (cf. the subsequent Sect.@. With this we get the

Scattering matrix algorithm. (5.12)

i) Compute, recursively, the accumulated S-matrix S™:
i)-i) Initialization:
Set j =1 and compute S’ =S" (cf. Sect.[g).
i)-ii) Ilteration for j running from 2 to n:
Compute S’ (cf. Sect.[6).
Apply the two-step formula with S® =S7—1 §¥ =8/ and S* =S’
to compute S’ from S’~! and S’.

ii) Given the incoming wave modes u; and u,,, compute the reflected and
transmitted waves u," =S" _ ug +S" _u, and ug =S™ ud +S" _u,
Compute the Rayleigh coefficients c;fn of u;f and CanOf g .
Compute the squared moduli |c;,|* and |¢, ,,|* and, by simple scaling (cf. (2.5)),
the efficiencies (intensities) of the reflected and transmitted wave modes.
Compute the arguments of the complex numbers ¢, /|c; [ and ¢, /Ic, ]
to get the phase shifts of the modes.

n -

Remark 5.5. Note that, in applications, the radiation condition of Def. over I, and I}, might be
the classical one of and (2.4). However, splitting the whole domain of the grating into smaller
slices, the wave-number function on some of the vertical slice boundaries th will not be constant,
and we rely on the Def.[4.1] This condition is valid at least on an infinitesimal small neighbourhood of
the slice boundary. Though the developers of the RCWA never thought about a radiation condition for
x9 > h; or xy < hj, they use this condition to determine the S-matrices for the RCWA.
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Remark 5.6. The above defined scattering matrix algorithm updates the four blocks S?_, S’ _, S’ _,
and S’ _ in each step. A reduced algorithm is possible if u,, =0. Then it is sufficient to update two

blocks of the S-matrix and two vectors.

Remark 5.7. If we are interested in the solution over the slices, then we can go backwards Using
the two-step equations @) and for the two slices S~ and S™, we compute u _1- Using @)
and (5.7) for the two slices S™ > and S™~1, we compute uff 9. Using and (5.7) for the two slices
Sn—3 and S" 2, we compute ujE 3. Going recurSIve/y up to 1, we get u;- from ‘E and .) for the
two slices S* and S2. Finally, over each slice between I, , and Ty, we apply the solver for (2
wh/ch has been used for the computation of the S-matrix SJ (cf Sect. @ Knowing the boundary data
]71 and (O the solver provides us with the values of the wave solution between thfl and Fh]..

6 Solution of the scattering problem over a slice and computa-
tion of the S-matrix

6.1 Auxiliary operators for the representation of the S-matrix

Clearly, the scattering problem over the slice is equivalent to a variational formulation (cf. the cor-
responding sesquilinear form in (4.3)), which can be solved numerically by FEM combined with a
discretization of the nonlocal boundary operators D; N, c=a, b. Then the combination of the itera-
tion of the scattering matrix algorithm in Sect.[5| with FEM is nothing else than a DDM for the FEM. In
engineering applications, however, the following different approach is used (cf. the subsequent
and (6.8)), which reduces the scattering problem to the solution of a problem for an operator valued
ODE (cf. the subsequent and (6.2)).

To prepare the formulas of the S-matrix based on the ODEs (cf. the subsequent (6.7),(6.9), and (6.77)),
we need a few definitions. Recall the identification in (5.2) and the splitting of the boundary data in
Lemma Analogously to the projections PbjE in H'/2x H~'/2 over T}, based on the eigenfunc-
tions fy, for the differential operator k2L with k(z1)=k(x1,b+0), we define the projections P;"
in H'/2x H='/2 over T}, based on the eigenfunctions f;, o, for kL with k(z1)=k(x1,b—0). We
introduce the transition operators Taib

TH imPF — HY* (T, o) x HY*(T,_),
T,, : im P, — HY(T,) x HV*(T,).
)

The operator T;g maps (u), v} =k, 2D;N,ul)" (cf. (5.1)) to the vector (u(-,b—0),v(-,b—0))7,

a’”a

where (u, v) " is the solution of the initial value problem (c (3.1)-(3.4))
0) o, u(xy, o _ 0 k%I u(wy, ) 7
(xb €2 L 0 U(Qﬁ'l,ﬁﬁg)
+
b) (:Eh = ui(xl) s 0 S T S 277',
v(zy, Vg (1)
Note that the operator valued first order ODE system in a) is the order reduction of the operator valued
second order ODE 0, k:_Qdmu Lu equivalent to the “Helmholtz” equation ( cf ) and . We

identify [P T04] (cf. 1.) with the bounded operator PTZ " Hl/z(Fa)—>Ho/ (Fb,o) mapping ;"
to the wave functions v, s.t. uy < Py (u(+,b—0),0(-, b— O))

)
)
a)
a)
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A. Rathsfeld 18

Similarly, the transition operator 7, maps (ub__o,v;_o::—kb__zthNb_ou;_o)T to the boundary-
value couple (u(+, a+0),v(-,a+0))", where (u,v)" is the solution of the problem

) = (2 )0,
> - (Zf_ggii),osmlgzm

Using this, we identify [P, ;] with the bounded operator PTj; .H1/2(I‘b,0) — Hép(l“a) mapping
Uy o toul,g st oul HPaﬁo( (-,a+0),v(-,a+0)).

Note that, for the case of xo-invariant wavenumber k(xl, x9) =k(x1) in the slice [0, 27| x [a, b), we
get Pbi_0 =P*: Pi o~ The transition operators PT;," and PT,, are given by (cf. 1)

PT/ " uy,.(-,a)] = ul,(-,D), PT,, [u, (- 0)] = ug,(-a), (6.3)

and PT,,*=0=PT;.". Wr.t.the basis f,,., n€N, both transition operators PT}," and PT, ~
have the same diagonal matrix (e~ A«nl=al§_ ), .\ and are bounded.

6.2 Representation of the S-matrix

Next we derive the formula for the S-matrix. The boundary value functions v and v, =0 over the
straight line I, lead to a solution of the scattering problem with the I}, boundary value functions
v > PFTH ot and v, HPb_TJ)vj over I. Clearly, using the identification and the opera-
tors P, , and P, of (5.5), the operators P;'T; and P, T} are identified by the operators

PPT,," =[P, ,PT,, —i—Pb 0bPT;b’L] and PPT,": [Pbﬁ)bPT +P, 5, PT,,"], respec-
tively. In other words, we get v;" = PPT,"v as well as v, =PPT_,; v over [,. We arrive at

ab vl PPT! vt

(o) - () o0

On the other hand, take a downgoing v,_, over [,. Then the boundary values v;r > PJFU;—O and
v, > P, v,_, over I} lead us to the other boundary values v} <+ P71, v, and v, <> P, T, v,",
over [,. Recall that the operators P," T} and P, T} are identified by PT;.~ and PT,,~, respectively.
So we get v =PT} v, , as well as v; =PT,, v, ; over I"and arrive at

S (PTI;_“*’_—O) — ( ;—Efvb_—o) . (6.5)
P, 05V-0 PT,, v,
For the functions u} =v}+PT; v, , and ub’:PPT;b+vj+Pg_’()7bvlj_0, Eqns. and
yield
(uj{> . ]|imPa+ PT;; (U:)
Uy, PPT," P, ) \ Yo/’
gab Uy _ PPT ;" Pzi_o,b U
uy 0 PT,, J\v,_o/
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Convergence of the RCWA 19

Assuming that the determinant operator D, :={P, 5 ,—PPT_,"PT, " }: HY?(Tyo) — HY? ()

of the first matrix in is invertible, we arrive at
g PPT,,* Pz—f—_o,b [|imPi+PTl;_[D;b]_1PPT;b+ —PT, [D,]™"
0 PT,, —[Dg] TPPT," [Dy] ™!
_(PPT} — [P}, ~PPT, PT} | D, 'PPT," [P;,—PPT; PT; | [D,]"!
~PT,, (D, 'PPT,, PT,, (D,]" |

a

(6.7)

Note that, for the case of x-invariant wavenumber k(x1, z2) =k(z1, a) in the slice [0, 27| x [a, b),
the formula (6.7) simplifies to S Hg/Q(Fa) XH;/Q(D)) — H;/Q(Fb) X Hol/z(f‘a) with

g _ (P00 =Pyos[ Dl "Pyop ) PTay" Py Dyl 68)
—PT,, (D] Py, PTy PTy [Dy) ™) |

where D, =P, : Hi/*(T,) = Hy/*(Ty) (cf. (5.5)).

Lemma 6.1. Consider a grating in the domain [0, 27| X [a, b] with a wavenumber function k s.t.
k(xy,29)=ky(x1) for a<x9<b. In the substrate suppose k(x,x2)=k,(x1) for xo<a and in
the cover material k(x1, ) = ky(x1) for b<xs. Furthermore suppose that k, and k, are piecewise
twice continuously differentiable w.r.t. x1. Finally suppose the BVP over this grating is uniquely
solvable (cf. Thm.|4.2), i.e., that there exists the bounded S-matrix S®. Then the operator D, =P~
is invertible and formula holds true.

Proof. By the piecewise differentiability of %, and k; and by 1; we get PPT;'E_’Jg’bvj cHY 2(Fb),

P;L;abv,;o € H;/2(rb), and the boundedness of the linear operator P, .

If v;=0and P, v, ,=0andif u; and u, are defined by the first equation of , then, due to
PT; =0, we get uj =0 and u, =0 s.t.the left-hand side of the second equation of satis-
fies S*(u], u, )" =(0,0)". In particular, PT,, v, ,=0, and by (6.3) we obtain v;,_,=0. In other

words, the null space of the operator P, : Hcly/Q(Fa) — H,}/Q(Fb) is trivial.

Now we shall show that the image of D_, coincides with the space Hcl/Q(Fb). Consider the scattering

problem 1) with the incoming functions =0 from below and an arbitrary w; EHol/z(Fb) from
above. Then, for the scattering problem, there exists a unique wave solution u € H} ([0, 27] x [a, b])
and a unique solution pair u;” € Hy'*(T},) and u; € Hy'*(T,). Clearly, w0 =Pyt ou P, guy
st.we getu) ,=PT/ uf=0and v +u, =u; ,+u; ,=u; ,. Hence, we arrive at the formula
u, =P, ,u, - In other words, all functions u; € H)*(T}) are in the image of P, - Moreover,
u,_o=u; +uy leads to the inverse [D ] ' =T+S% . O
The matrix S% of S w.r.t.the four bases, namely with famEH}/Q(Fa),nEN in the sense that
_ , 1/2 - ,
Farn > (Fams k2 Aan fam)s With foun € HY(To), nEN S fan <> (fams—k; 2 Aan fan). with the ba-
sis fon € H)Y*(T), n €N such that Fon < (foms Ky Mo fon), and with f, ,, € HY*(T),neN st
fb,ne> (fb,n, _kb_z/\b,nfb,n> is

S — ((@‘ibr@i"- O ]7le® ) T 0. [@‘5’—]_1), T = (¢ b-Pang, )

- a a a a —_ 6-9
_ebeeb | 1@7b+T b rpab[@eb ]-1 (6.9)

n,meN

Here O with its four blocks ©7%, and O, is the matrix of the basis transform in Ha'> x Hy "/ from
basis (fo.n, (—1)'k; 2 Aanfan), nEN, 1=0, 1 to basis (fy,, (—1)lk1:2)\a,nfb7n), neN, [=0, 1.
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A. Rathsfeld 20

6.3 Alternative representation of the S-matrix

Finally, we shall present a formula for the S-matrix alternative to (6.7), which contains unbounded
transition operators. Together with a truncation of the infinite series, this formula is frequently used
and yields, in most cases, almost the same computational results. Only for large truncation indices N
(cf. the subsequent (7.1)) and for deep gratings (i.e. for big widths b—a), there appear exponentials
with large real arguments leading to overflow problems in the numerical computation. This alternative
formula has no essential advantages in comparison with (6.7). However, the unbounded operators
make the analysis of the RCWA difficult. So we mention only the formula. For simplicity, we even
restrict ourselves to the case of gratings with a wavenumber function independent of x5 for a <o <b

(compare the special case of (6.7)).

Define the transition operator T, by (6.1) but with general initial values (u,, v, ) instead of (u., vl).
Then the T-matrix T, is defined by

(Ullj> — ']I‘ b(u;_) = ( [P;Tab’iij] [PI)JFTthmPa_] ) (u;’,—) ) (610)
Uy, Ug [Py Tablim o] [P Tablim p-] Uy
Supposing the existence of the inverse of £, := [P, Ty, p-], writing the vector equation (6.10)

as a system of two equations, and solving the latter w.r.t. the unknowns u;r and u_ , we get the vector
equation (u;,u; )" = S®(ul, uy )" with

gab — ([PIJ—FT&bhmPI]_[Pb—FTabhmPJ [E&)]_l[Pb_Tabhij] [szrTabhmP(;HE;]_l) . (6.11)
B By Tablinpr]  [Eopl™

If this formula is used for the SMA of (5.12), then it should be used at most in the initialization step
i)-i) to compute S'. For the updates of the S in i)-ii), a different two-step formula should be used,
which computes S’ from S/~ and from the T-matrix T),,_, j,, directly. Indeed, this new formula can be

derived similarly to (5.11), replacing (5.6)—(5.7) by (6.10).

7 Discretization used by RCWA and FMM

7.1 Discretization by truncated Fourier series

Whereas in the FEM discretization of the SMA the domain of each slice is split into triangular sub-
domains and the functions are approximated by low order polynomial functions over each triangle,
the classical SMA, i.e. the RCWA or the FMM, are based on approximation by truncated Fourier series
w.r.t. variable . Of course, the Fourier coefficients depend on 5. In other words, the a-quasiperiodic
function u is expanded as the sum (cf. (2.2))

u(zy,x9) = Zﬁl(xz)ei(a“)“.

IEZ

Then a truncation index IV > 0 is fixed and an approximate function

N
uny(x1,z9) = Z ﬁN,l(asg)ei(aH)xl ~ Pyu(xy,za) = Z ﬁl(asg)ei(aﬂ)xl (7.1)
I=——N
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Convergence of the RCWA 21

is sought. Here we use the finite-section operator P, acting on univariate functions depending on z;
and use the same symbol Py for the operator Py ® 1 on functions depending on (1, l’g)T, which
truncate the Fourier series w.r.t. z1 only (cf. ). Setting v:=k~20,,u and @:= (u,v) ', the partial
differential equation V- k£ 2Vu+4u=0 is equivalent (compare for the case of zo-independent
wavefunction) to the ODE 0,1 = M, i with operator valued coefficients (cf. and (6.2)),

2 .
MZQ = < OLx g ( ’x2)] ) ’ Lmu = _amlkiz('va)azlu —u,

which is approximated by the projected equation 0,,uy = M,, ytiy including the operator valued
matrix coefficient M, n defined as

_ (0 [Pyk=2( 22) fimpy]
My, n = <Lm2,N 0 , (7.2)
Loy, nuy = [PnLaylimpy] un = —0k, [PNk72<'7x2)[|imPN} Oz UN — UN-

Note that the matrix of [Pxk~2(-, 2) 1 |im py ] W.rt. the basis functions z; —sell@tDor N <[ <N

is a truncated Toeplitz matrix and that of operator [P0y, lim Py] = O, lim Py i the diagonal matrix
N

(5l,ki(05 + l))l,k:—N .

Remark 7.1. For a piecewise smooth multiplicator function g, the use of [Pxg ™I |impy ]~ 'u instead
of [Png!|impy |u improves the approximation (cf. [10]) if gu is smoother than w. Additionally, in
the inverse matrix of the Galerkin approximation appears naturally from the reduction of the second-
order differential equation O,,[Pxk ™21 |impy |0y un = —0u, [Pk ™21 |impy |02y un —uy to a sys-
tem of two first-order equations.

Starting from (7.2), we define the eigenfunction, the algorithms, and formulas from Sects.[3}{6|on a dis-
crete level: The projections Py onto the truncated Fourier series are bounded in H(fm with a norm
uniformly bounded w.r.t. the index /N. The corresponding operator on the spaces of Dirichlet and Neu-
mann data over I'. with c=a, b will be denoted by P§, y :=P5 P € L([HY*(T.)x Ha '*(TL)).
So the discrete version of the space of Dirichlet and Neumann data is im Py . Due to the as-
sumptions Re k>0 and Sm k>0, there is a ( €C s.t. Re [Ch %] >e>0 s.t.the real part of the
operator of multiplication by [Ck;Q] is positive definite. Hence, to the bounded multiplication operators
k72T € L(HE), s€R, the Galerkin method applies, the operators Pk 2| p, are invertible, and
the [Pnk, I |imp,] " are bounded uniformly w.rt. the index N. If k. is piecewise twice continuously
differentiable, then k.l € L(H?) for |s| < 1/2. If, additionally, it is continuous, then k.l € L(H?) for
|s| < 3/2. We obtain discrete eigenvalues \.,, x and eigenfunctions f, ,, v replacing M, by M. y s.t.

(¢ @)
[PNkc_QﬂimPN]_1Lc,Nfc,n,N+)\§,n,Nfc,n,N =0, Leyun:=0[Pxk; *I|impy|0un+uy. (7.3)

where oy, ={E£Acnn:n=1,---,2N+1} and f,, n €im Pg C H}(L,). Note that in the case
of TE polarization, we get Au+k?u=0 in part a) of (2.1) and, instead of (7.3), we have the simpler
discretized eigenvalue equation

azfc,n,N + “PNszimPN]fc,n,N + )‘g,n,NI] fc,n,N =0. (7-4)
To approximate (5.1), we set

2N+1 2N+1 2N+1

Dthj’:N{ Z gnfc,n,N} == Z én)\c,n,Nfc,n,N + Z gnfc,n,Ny gn € C? (75)
n=1 =1 =1
‘)\c,n,N|T;5EVD |)\c,n,N‘%5EVD
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A. Rathsfeld 22

where gyp >0 is chosen sufficiently small. In fact this threshold number is to be chosen such that
the eigenvalues A, x approximating the values . ,, =0 are caught by the condition \)\C n N| <egvD.
Similarly to Equ. 1} we can identify the Dirichlet data uci’N = ZQNH &nfen,n for upgoing and
downgoing waves, respectively, with couples of discrete Dirichlet and Neumann data s.t.

uci,N A (uch[PN |1m77N]DtN NucN) kc = ]{Z(~,C+0),

HYY(T,) >imPg [im Pf, v ], (Te) € im Py x C HY*(T,) x H;V4(T,). (7.6)

Like in Lemmathe full space im Py, v is the direct sum of the two subspaces [im P§; ], and
we denote the projection im PN N —[im PN ~]+ onto the upgoing waves parallel to the downgoing
waves by P:N We set P : =] PCN, which projects im Pg  — [im Pf; y] . So the space of
Dirichlet data im P§; of upgoing waves is identified with the space im P; Cim PN?N. The space of
Dirichlet data im P, of downgoing waves is identified with im P, Cim Py . Analogously to ,
we set

_ _ ~1 _
PaibTN[uctN] = [“;Ni[Dthj,N] ! [PNka‘impN] PNka2|imPN DN, N%N}

(7.7)

Pa:tb,_N [ua,N] -

N =N =

[U;N:F[Dth—t_N]_l [Pk ?limpy] PNk iy DN NUqg N}

Now, replacing the “Helmholtz” equation V- k~2Vu-+u=0 by the discretized operator valued ODE
Oy [PNE 21 |im Py | Ong un = — Oy [Pk ™21 |sm Py |0y un —uy @and using the just mentioned discret-
ized splitting into upgoing and downgoing waves, we can consider the discretized version of the BVP
(2.1) over the full grating and over each slice of Sect.[5] We get a discretized solution operator (scat-
tering matrix) S% mapping im P N®1m By into im PbN® im P,y s.t.

st — (Sz;N ngvN),
ST v S

with the entries SY, 1= Py S¥ liy pi» S v =By S li ps S v 7= Py S i pyr @s well as
S N =Py S¥limp-- This S§ is identified by the operator S%? mapping im 7§ im P} into
im P% ® im P% (compare (6.7)).

Sab Sab
qab ( ;rJr,N IJV) ’ (7.8)
N S—b+,N S_b_

SY, v i=PPT,y— [P/, n—PPT,PT ] [D, v 'PPT, Y,
SY N = [Plj:o,b,N_PPT:bTNPTI;,_N] [D;b,N]ilj

+77
8% n = —PT, \[Dy v 'PPT,
S® n=PT y[Dynl "

Here the operator ingredients are defined as follows: The discretized transitions T;g yand T, . are
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the solution operators of the initial value problems for the discretized ODE

0 oaiasd) = e (DE)
n (i) = () esa s

and

0 o
b)
b)

b) (UN(SUL

,UN(:I;h

> —_= M$2,N ( Zﬁ

corresponding to the initial value problems and , respectwely We identify [P, ~NTob ]
with the bounded transition operator PTjE BN :im PN—>1m73 mapping the truncated Fourier se-
ries u, 10wy with uy <> B (uN( ,b—0),0n(,b—0)). Similarly, we identify [P, yT,! \]
with the bounded transition operator PTZ;TN: im P]l(,_o —im Py mapping the truncated Fourier series
w10 gy with ug <> Py (un (-, a+0),0n (-, a+0)). Further, the operators P, Ty, \ are
identified by the operators PPT "y := [P, | \PT! +P, 7, WPT, /] Finally, the discretiza-
tion of operator D, is defined as D, y:={P, 7, y — PPT,,PT}  }: im Py ° —im P In
particular, for zo-independent wavenumbers k(xy, z2) =k(z1,a), 0<x; <27, the representation

(7.8) turns into (compare (6.8))

gab  _ ({Pl;rj),b,N_Plj—(),b,_]\i[Dab,_N]_1]'?b—i)f,N}PT§bIN P;r—_OvEN[D_“bvN]_;) (7.9)
N —PT N[Dun) P lownPToy Pl nDunl™ )7

- _ p- L b—0 . - b
Dab’N = Pb_ojij. im Py~ — imPy.

We shall discuss the computation of the discretization PT+ and PT, "y in Subsect. If this
is done, then Equation enables us to compute S%. Approxmatmg Si —§hi-1h; by the dis-
cretized S% =Sh7" and the incoming waves u;; and u{ by their truncations u, v :=Pru; and
u(J{N —PN ug , we can perform the SMA 1) on the discrete level.

7.2 Discretization of the ODE over the slices

To get a first method to compute the transition matrices T(;;N and T}, , we can use any integration
algorithm for initial problems of ordinary differential operators (cf. the discussion of this point e.g.in
[13/15], where the resulting scattering matrix algorithm is called FMM). Unfortunately, the numerical
methods are not stable, and the integration error blows up for large widths h;—h;_; of the slice.
To overcome this problem (analysis still open), the widths h;—h;_; are reduced by increasing the
number of slices n, and with thin slices a stable algorithm is achieved. Of course, the computing time
increases with increasing n.

An alternative method is the classical approach of the RCWA (cf. [11]). Firstly, we suppose that the
wavenumber in the slice is independent of x, i.e. k(z1, z2) = k(x1,a). Then P" \ = P, \ and
the eigenfunction decomposition can be applied to the ODE solution as well. E.g. for PT:JN, we use
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the identification (7.6) of u y with (u ., [Pxk; I |impy] DN, yug y) and arrive at

N1 IN+1 2N+1
PT;fb—,i_N{ Z énfa,n,N} = Z [eika’n’N(bia)gn] f“’"?N + Z [(1+ <b_a))£n} f(l’n’N?
o A 20 e =0

for any &, € C. A similar formula holds for PT, . Note that these formulas reveal the importance
of the decomposition of the waves into upgoing and downgoing ones. For improper decompositions,
there would appear coefficients [e*=»N =2 ¢, 1 blowing up with larger width b—a and n — co.

Secondly, if the wavenumber k of the slice is dependent on x5, then we split the slice into the union of
very thin subslices and approximate k over each subslice by a wavenumber function independent on
x9. For example consider an echelle grating like in Fig.[6] where two layers cover the lower boundary
I, and a triangle is set upon the upper layer, surrounded by the turquoise lines and consisting of the
same material as the lower layer. Then the corresponding wavenumber function can be approximated
by the staircase geometry indicated by the additional blue layers. Replacing the slice by the union
of subslices, we have an approximate geometry, for which the case of x5-independent wavenumbers
applies. Of course the price for this solution is an extra numerical error due to the approximation of the
wavenumber and an increased computing time due to the increased number of slices.

X

I

X

0 2T

Figure 6: Staircase example for subslices to approximate an x9-depending wavenumber function.

Altogether, the parameters of RCWA discretization are the following:

B The first parameter is the truncation parameter N in (7.1).

B To get the Galerkin operators in (7.2), the Fourier coefficients of the reciprocal squared wave-
number function £~2 must be computed. In general, this requires a quadrature of the integrals
for the Fourier coefficients. So the next discretization parameters are those of quadrature.

B The third parameter is the stepsize of the slicing h:=min;_; ... ,, [h; —h;_1] (cf. Fig..

B If the FMM is applied, then the matrices 7.} ,; and T}, v are computed by a numerical integra-
tion of initial value problems for an ODE. So the last discretization parameter is the stepsize of
such an algorithm.
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8 Analysis of convergence

8.1 Results of Civiletti, Lakhtakia, and Monk [4]

Before we start, we have to comment on the analysis in [4]. In this paper it is used that the RCWA is
equivalent to a discretized variational equation for the standard variational equation with the wavenum-
ber function replaced by an approximation, which is piecewise constant w.r.t. s, and with a trial space

span {mlr—>ei(l+o‘)x1: [=—N,- --,N}@Hl(a, b),

i.e., the space of truncated Fourier series with x,-dependent coefficients. At the first glance, the paper
seems to be disappointing since this equivalence assumes (tacit assumption in the proof of [4, Thm. 7])

B For the S-matrix computation, the integration of the ODE is exact:
This is acceptable if the RCWA with (6.7) is used. This might be not acceptable for the FMM.

B On the common boundary between consecutive slices, the boundary data for the upgoing plus
downgoing are identified, i.e. all the operations in the iteration steps are exact:
Hence, the error propagation in the iteration is neglected in this first step of analysis. Such a
propagation analysis would be of interest for the stepsize of the slicing tending to zero, which is
not treated in the current paper either.

B All matrices, for which the inverse is required in the algorithm, are supposed to be invertible:
In particular, this requires the invertibility of the ID_, for the computation of the scattering matri-
ces via (6.7) and that of D for the iteration step in (5.11).

However, these assumptions mean that some errors are neglected, but others are treated by a hard
and deep analysis. So an estimate for the approximation error independent of the algorithmic imple-
mentation is provided and, therewith, a lower estimate for the convergence with max;; \hj — hj,l\ —0
and with NV — oco. Moreover, the general RCWA is based on an EVD. For this, the asymptotic analysis
of the convergence of eigenvalues and eigenfunctions is extremely difficult. Observing empirical com-
putation errors of the EVD less than a small threshold, it is natural to neglect the algorithmic errors
due to EVD. Finally, note that in [4, Equ. (56)] there appears a monotonicity condition on the elec-
tric permittivity, called non-trapping conditions. Though this is only a sufficient condition, it is a clever
assumption to exclude trapped eigenmodes, i.e. to guarantee condition ii) of Thm.[4.2]for all possible
slices. Without this, the validity of ii) remains open unless an absorbing material is involved.

8.2 Convergence of the SMA on the continuous level

A first step of the RCWA is to approximate the wavenumber function by an approximate one, for which
there is a slicing s.t. the wavenumber function is xs-independent over each slice. To find such a slicing,
the arguments used in [4] maybe helpful.

In the current paper, the grating is supposed to be the union of a fixed finite number of slices with
wavenumber function independent of x5 inside each slice. For the RCWA no finer slicing is needed,
and it remains to analyze the convergence for N — oo. We start with N =00, i.e., we consider the
SMA iteration on a continuous level with no truncation of the Fourier series. From the derivation of
and of the iteration (cf. Sect.[5), from Thm.[4.2] and from the Lemmata 5.3/ and we conclude

Theorem 8.1. Suppose the slicing is fixed s.t., for j=1,--- n,

B The wavenumber function k(z+, x2) in the slice h;_1 <x9 < h; is independent of x5 and satis-
fies e k>0 as well as ISm k> 0.
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B For the wavenumber function k and with k=k(-, h;_1) and k=k(-, h;), we assume that k is
piecewise twice continuously differentiable and that the EVD of the operators k*L with L de-
fined in satisfy the assumptions (3.7)—(3.9).

B The S-matrices S™i-1" and S""i are bounded operators.

Choose any pair of incoming wave functions (u;} , u, ) € mY 2(Fa) x HY 2(I‘b). Consider the iterative
SMA method (5.12), where the S-matrices are defined by (6.9). Then the resulting pair of outgoing
waves (u; ,u, )€ Hy (T % HY *(T,) are the true solutions of the scattering problem (2.1).

Remark 8.2. For the conditions (3.7)—(3.9), see the two cases discussed in Sect.[3, and, for the exis-
tence of bounded S-matrices S"i—1" and S""i, see Thm.[4.d The analogous resuilt for the case of
TE polarization holds true (cf. |7, Thm. 6.3]).

To prepare the proof on the convergence of the discretized RCWA (cf. Thm.[8.11), we recall a well-
known result on the approximation of general eigenvalues (cf. e.g. [17, Sect. 4.2]) in Subsect.[8.3] We
discuss two assumptions on the EVD of Sect.[3]in Subsect.[8.4 Moreover, we derive two lemmata
on the stable convergence of the Dirichlet-to-Neumann maps in Subsect.[8.5] Finally, we present the
convergence result in Subsect.[8.6]

8.3 Notation and results on abstract discrete convergence

First we recall some definitions and facts on discrete approximation from [17, Chapts. 1-2,4]. Consider
an operator A€ L(E, F') between the Hilbert spaces E and F'. Suppose, for integers N >0, there
are finite dimensional approximate spaces Ey and Iy connected to the spaces E and F’ by linear
injection operators operators py: F— Ex and qy: F— Fy st.||pyelley — |lellg, Ye€ E and
lan fllex — I f||E, Yf € F. Forinstance, if Py is a projection in £ strongly converging to the identity,
then we can choose Ey :=im Py, ||Pnel gy := ||Pnell g, and pye:=Pxye. For the general setting
of approximate spaces E, we say that the sequence {ey} with ey € Ey converges discretely to
ec Eif |lex —pnellgy — 0. We write ey —>e.

Any sequence {exn, N €N} with ey € Ey is called compact if, for any infinite subset N’ C N, there
exists an infinite subset N” C N" and an e € F such that the sequence {ey, N € N"} converges to e.
Equivalently, the sequence {ey, N €N} is compact if, for any € >0 and any infinite N’ C N, there is
an infinite subset N” C N’ and an e € F such that ||ey — pne|| <e for N e N”.

For approximate spaces Ey and Fy and an operator A€ L(E, F'), we consider approximate opera-
tors Ay € L(Ey, F). We say that the sequence { Ay, N € N} converges discretely to A if, for any
en — e, we have Ayey — Ae. In this case, we write Ay — A. Note that { Ay, N € N} converges
discretely to A if and only if supycy || Ax|| < oo and if, for any ¢’ in a dense subset £’ of I, there
holds Axpne — Ae’. Furthermore, we recall that the discrete converge Ay — A is called stable
if, additionally to the discrete convergence, there is an No €N s.t. supys y, |AN | 2(ry, mx) < 0©.
If A is invertible, then Ay — A is stable if and only if A1}1—>A_1. The convergence Ay — A is
called compact if, for any bounded sequence {ey, N € N}, ey € Ey, the closure of the sequence
{Ayen, N €N}, N eNis compact.

With all these definition we have ( [17, Chapt. 4])

Theorem 8.3. Suppose we have two operators A, B € L(E, F') with corresponding approximate op-
erators A, By € L(En, F) such that A+ B is invertible, that the convergence Ay — A is stable,
and that By — B is compact. Then the convergence An+ By — A+ B is stable.
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Theorem 8.4. Suppose we have three operators A, B,C € L(E, F’) with approximate operators
AN; BN7 CN GE(EN, FN) and with
i) There is a domain A C C s.t., for each \ € A, the operator [A+B—\C' is a Fredholm operator
of index zero.
ii) There is a complex number \* € A s.t. the operator [A+B—\*C| € L(E, F) is invertible.
iii) The convergence Ay — A is stable. The convergences By — B and C'y — C' are compact.
Then there holds:
a) For a sequence \y of eigenvalues s.t. [Ax+ By —AnCylen = 0 with Ay — A, the limit X is
an eigenvalue s.t. [A+ B— \Cle = 0 with an eigenfunction e € E.
b) For any eigenvalue \ and eigenfunction e s.t. [A+B—ACle = 0, there exist eigenvalues
An, and eigenfunctions ey, s.t. [An, +Bn, —An,Cn,Jen, =0 with Ay, =\ and ey, —e
for k — oo.

8.4 Assumptions on the EVD

Next we fix the slicing and look at the RCWA discretization with finite truncation index /N tending
to infinity. The first question is, how to deal with the EVD. From to general theory of approximate
eigenvalue computation of operators by computing the eigenvalues of approximate operators (cf. Thm.
[8.4), it seems natural to require the following property of the EVD algorithm applied to the SMA:

ASSUMPTION ON THE APPROXIMATION OF THE EVD:
For the operator A:=k*L: H'[0,27] — k*H_ [0, 2] and the approximate operators
An = [Pxk 2 |impy] "PnLlimpy € E(im Py, im PN) consider the EVDs with
Afp=Mfn, n€Nand Ay fun= o nfon, n=1,--- 2N+1. (8.1)
Suppose that, for any £ >0 and n; €N, there is a threshold No= Ny(g,n1), s.t.
An—=Annl <eand || fo—fan||a <&, 1<n <min{n;, 2N +1} for any N with Ny <N.

Lemma 8.5. Assume the wavenumber function x1+— k(x1):=k(x1,x2) is piecewise twice continu-
ously differentiable with e k>0 and Sm k > 0. Suppose the EVD for the continuous level satisfies
the conditions (3.7)—(3.9). Then Assumption is fulfilled.

Proof. The operators A: H)—k*H_ " are approximated by the Ay : H), y — K3} H,, , where the
finite dimensional H; y is the trigonometric function space [im Py] endowed with the norm of
H?[0,27] and where Ky :=[Pnk~I|imp,]| /2. Note that the value [Pyk~21|imp, ]| /2 of the
reciprocal square root function at the operator [PNk:‘QIhmpN] can be defined by the Cauchy inte-
gral over a curve I surrounding the compact L? spectrum of operator [Pyk~21|;,p,] contained
in {(Pnk™2I|impyun,un): ||uy|/zz =1}, i.e. the integration curve T' can be chosen in the set
{CeC: Im(<0orRe(>0}. We define the discrete convergence of functions uy € Hai}v to a
function u € H; " writing uy — w if and only if ||uy —Pyul| g1 — 0. Similarly, we define the discrete
convergence K3 H, 3 [K{un|— [k*u] € k* H ' by the formula gy := K} Pk 2 and by

|[Kxun] — qN[k:Qu]HKZQVH;jV = llux = Pyull -, = 0.

Then Ay converges discretely to A in the sense that, for any uy — u, there holds Ayuy — Auw.
Indeed: The discrete convergence K% =[Pyk 21 |impy] ' — k*I follows by the definition of the
discrete convergence in KJQ\,H(;1 , and the discrete convergence Ly |imp, — L is @ simple conse-

quence of the strong convergence Ly |imp, Pn — L. Altogether, the operator product Ay =K% Ly
converges discretely to the product A=k2L.
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Now our Lemma follows from Thm.[8.4|if we can prove that the convergence Ay — A is stable, i.e. if
the norms || Ay Hﬁ K217 1Y) @re unlformly bounded for sufficiently large N. Since a shift of Ay and
A by a constant multlple of the identity does not change the nature of the EVD, we only have to show
the uniform boundedness of the inverses of the operators L. n := K n{Pn[0x, k 20z, —I||impy }
for a fixed positive constant c. However, similarly to the variational-form estimates in (3.6), we get the
uniform boundedness of the inverse of Ky L. yKy: Ky H:— KyH;?! from the assumptions on
function k. By definition, the operators K : KyH;'— K% H; ' and K': H: — Ky H] and their
inverses are uniformly bounded. Consequently, the inverse operators of K% L. y: H — K% H_ ' are
uniformly bounded w.r.t. V. O

Similarly to Assumptions (3.7) and (3.9), we need the corresponding condition on the discrete level.

ASSUMPTION ON THE RIESZ PROPERTY OF THE DISCRETIZED EVD:
For operator Ay := [PNk_2]|impN}_1PNL|impN € ﬁ(im PN) and the EVD

Aan,N — )\n’an’N, n=1,---,2N+1, we suppose that all eigenvectors are of rank one
and that, for a constant C' >0 independent of N, there hold the uniform Riesz estimates ~ (8.2)
ON+1 ) 2N+1 2N+1 2
CH Z annNHHs < 3 A+ P lenn? < €| Z cn7an7NHHsN,
C’H Z e NKy an‘ L < z:l (1+ |)\nN| )! |CnN|2 < OH Z Cn, v Ky f"NHH;N

for all coefficients ¢,, y € C and for the Sobolev indices 0<s<1 and —1<t<0.

Lemma 8.6. Suppose the wavenumber function x1— k(x1):=k(x1, x2) is piecewise twice continu-
ously differentiable and that, for a fixed positive €, there holds k > . Then Assumption is fulfilled.

Proof. The arguments of Lemma [3.3| apply with the operator of multiplication by % replaced by the
discretized operator K :=[Pyk~ \lmpN] /2 This leads to orthogonal basis functions Ky fan
and to the uniform Riesz estimates. O

Remark 8.7. For the case of the TE polarization (cf. (7.4)), Lemma(8.6 holds as well.

8.5 Assumptions on the convergence of the discretized DtN operators

Now fix an z5-coordinate ¢ and denote by k. the restriction k.(z1):=k(x1,c) of the wavenumber
function k(x1, x2). Recall the definition (7.3) for the eigenvalues A.,, n and eigenfunctions f. ,, . To
simplify the formulas, we assume |>\C7n7N| > epyp S.t. we get the Dirichlet-to-Neumann maps and their

inverses by (cf. (7.5))

DtN+ (anfc n)

neN

Z [)\c,n] ilgnfc,na

2N+1 ;L;i
[DtN ( anfan) = Z[ an] 1€nfan7 an(C.
n=1

Note that D, N, = —D;N; and Dth_,N = —DthfN. So, for the convergence analysis, we only
have to consider the Dirichlet-to-Neumann operators with plus sign. Due to the Riesz property (3.9)
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and Assumption 1; we get the uniformly bounded operators k~2D, N+ EE(Hé/Q, H;W) and
KN?DiNFye L(HY Y Ho ).

Lemma 8.8. Suppose the wave number k.. is twice continuously differentiable and, for the EVD with
k= k., Assumptions ' and are satisfied. Then the operators D;N 5, € L(H, 01/ ]%,, KZyH ;%2)
and their inverse operators [DyN_\]~" € L(K? %Q,H Y 2) discretely converge to the opera-
tors DN+ € L(HY? k2Hy ') and [D,N}"' € L(k*H, 1/2 Hl/z), respectively. These discrete
convergences are stable. Finally, the approximate operators K, DtN NPN converge strongly to
kDN € L(Ho*Ha'?) and the [DNF | K2y Py to (D NH k2T € L(HZ V2 HL?).

Proof. Since the operators [DtN:fN]il are uniformly bounded by the Riesz properties and since the
Kii, are uniformly bounded by the definition of the norm in the discrete spaces, it remains to prove
the discrete convergence of the D; N/ and the strong convergence of the K ~DiN; "nPn overa
dense subset.

For the DthfN, we shall prove the convergence on the set of basis functions { f..,,,: m € N}. Fix an
m and the corresponding f. . Due to the Riesz property for 0 <s<1 and —1 <t <0, we get

2N+1 2N+1

PNfc,m = Z 6n,Nfc,n,N7 K;]%]PNfc,m = Z gn,NK;]%ffc,n,N7
=1

n=1
2N+1

2 s
Lo (| femllze ~ D (04 Penn ) [énnl?,

n=1
2N+1

I~ ch,mHngHg ~ Z (1 + |/\C,n7N|2)t’§n,N|27

n=1

2N+1 IN+1
DtN N ( Z &n,N fen, N) = Z Aen,Nén.N fen,N- (8.3)
n=1

n=1

Consequently, for a fixed ny >m independent of N, we get

no 9
HDtN:NPNfC,m )\c mPNfcm”Kg %2 ~ H Z()\c,n,N - )\c,m)gn,NK;]%[fc,n,NHH_1/2
n=1

a,N
2N+1
+O( 3 (P2 ). 64
n=no+1

Thus, for the discrete convergence at the f.,,, we have to show that the right-hand side tends to zero.
The convergence of the projection Py together with Assumption (8.1) leads to

2N+1

HPNfc,m - fc,m,NH?{é’N ~ Z (1+‘)\C,n,N|2) ‘gn,N - 5n,m‘2 — 0. (85)

n=1

So the first term on the right-hand side of (8.4), the squared Sobolev norm tends to zero since we
have A, n — ¢, and (8.5). The second term on the right-hand side of (8.4) can be estimated as

2N+1 2N+1

ST P2l <Y At Dean ) an?  sup (1 Poan]?) 2

n=ng+1 n=ng+1 no<n<2N+1

< swp (T Aenn )T femlln (8.6)
no<n<2N+1
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which is small if ng is fixed such that the supremum is small. We have to show that the supremum
is less than any prescribed >0 provided ng is large enough. Indeed, suppose the contrary. As-
suming the ordering of the eigenvalues [A., n| < |Aent1n| @and |Aen| <|[Acngi| forn=1,---, we
suppose there is a C'>0 s.t. |\, | <C for an ny <2N+1 with ny —oco. Due to the con-
vergence \., — 00, there is an n such that A.;>C'+1. However, from Thm. we get a se-
quence Vi, such that A\. ;, n, — Ac.n, kK — 00 for all n <n. For ny, >n, this leads to the contradiction
[Aei i | <Ay, v | £ C < C+1 < A

To see the strong convergence K;]%,DtN:NPN%kC*QDth, we shall prove the convergence on
the same dense set of functions. We get

||K;]%[DtN:NPNfC,m - kg2Dthfc,m||H;1/2 - HK;]%[DtN:NPNfc,m - )\c,kach,m”Hgl/2
< || DNINPN fen — Ac,mPNfc,mHKQNHgm + A | KR PN Fen = k2 fem | o2

where the zero convergence of the first term has been shown above. For the second term, we conclude
|’K;]2\77)Nfc,m - k;2fc,mHH;1/2 S C “PNkJZPNfc,m - kJch,mHLQ .

So the strong convergence PN—>I€£(L2) and the boundedness of the multiplication operator
k.21 € L(L?) implies the convergence || K_ ¥ DN Py fom—k: 2DiNS femll ;y-1/2 —0. O

Unfortunately, we need more. We need to have a stable convergence of the sum of the two operators
KC_iQO’NDtN;;QN defined with the different restrictions k..o (1) :=k(z1,c£0) of the wavenumber
function:

ASSUMPTION ON THE STRONG CONVERGENCE OF THE SUM OF DTN’s:
For the restricted wavenumber functions k..o(x1) :=k(z1, c£0), consider the approxi-
mate operators Xy := { [PNk;fOHim pu)DiNevon+[Pyk % im pN]Dth,O,N} with
S NPy converging to ¥ :={k, % Dy Neyo+k, 2y DiNe—o } € L(H? H ). (8.7)
Then we suppose that Y is invertible and that the convergence > yPy — X is stable, i.e.
we suppose there is an Nz >0 s.t. > is invertible for /N > N, and the operator norms

[ [EN}_IPNHL(H;UQ,H}X/Q)’ N > N, are uniformly bounded.

We guess that this is true. On the continuous level, the operators kc’fthNciO are strongly elliptic
in the same manner s.t. also the sum X is strongly elliptic, and together with a trivial null space for
Y. the invertibility of 2 follows. In this spirit, if we could split the operators on the discretization level
into strongly elliptic operators plus a compactly converging remainder, then we would obtain stable
convergence for the sum. Unfortunately, we could not show this. We can only prove

Lemma 8.9. Suppose that operator Y. is invertible, that the real-valued wavenumber functions k..o are
piecewise twice continuously differentiable, and that there is a positive constant c;, >0 s.t. k.+o > ¢y.
Then Assumption is fulfilled.

Proof. The eigenvalue equation (7.3) implies that the functions [Pxk 21 |impy]'/% fen.n are the or-
thogonal eigenvalues of the selfadjoint operator

[Pk Il py) ™ 2OIPNE i py JO[PNE T impy | ™% + [Pk 2 Iimpy)
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Consequently, the functions f.,, x form an orthogonal basis in im Py w.r.t. the weighted L? scalar
product (k. 2-,-) = ([Pnk.?I|impy] ). So we arrive at (cf. (8.3))

IN+1 IN+1 ON+1
<[PNkC2[|imPN DtN N Z gnfany Z gnfan> = Z /\c,n,N|£n’2-
n=1

For a fixed € >0, there are n;, N; €N s.t. A\.,, v >¢€ for n<n; and all N > N;. Thus the operator
[Pk impy | DeN; y splits into an operator of rank less or equal to 72, and an operator with positive
definite real part greater or equal to constant times 1. The first operators corresponding to the n <n;
converge compactly to an operator of rank less or equal to n1, and the second operators converge
to an operator with positive definite real part greater or equal to constant times 1. Since all these
second operators have an inverse of norm less than constant times £, the second convergence is
stable. Summing up over c=c+0, ¢c—0 and applying Thm.[8.3] we get the assertion. O

Remark 8.10. If the operator D__ .. : P(;O H1/2(F 0)— H1/2(FC+0) is invertible (cf. Lemma
, then the operator [k, 2Dy N, o +k. 2 D,N} ] is invertible. Indeed, by .) we have

2

1 kZ
Dc_fo,cho = 5 ]+[DtN:k0]_lk2+ththo
c—0

1
- §[Dth+0] K2 [kefo DN ok DiNS ]

where [D, N\ )] *k2, , is the inverse of the invertible k_ ., DN\, (cf. the Riesz properties .) 3.9) of
our general assumption and (5-1)).

8.6 Convergence of the RCWA for N — oo

Now we consider the RCWA for wavenumbers k constant w.r.t. o over the slices. Recall that this is
the SMA of (5 applied W|th the operators S"-1% replaced by Sy hi=ths , which are computed by
(7.8). For the |ngred|ents of (7.8), we solve the EVD (7.3) for TM polar|zat|on resp. (7.4) for TE polar-
ization to get the eigenvalues )\h n,N and the corresponding eigenfunctions fh n,N €1m Px. We get
PT)~ , x=0=PT," . \ andthe operators PT, " , . and PTh n, ., by their common ma-

trix (€' i(hj=hj=1)An; 1, "N(Sn m)i]\[n“l w.r.t.the basis f1,,_, n.n, n=1,--+,2N+1 (compare the argu-

ments following (6.3)). We get the Dirichlet-to-Neumann maps by (7.5), the two projections P F N
and Pfjilhj’N by (7.7) (cf.the subsequent .) and the D ik N by the subsequent F|naIIy

(cf.item ii) of (5.12)), the reflected and transmitted waves are obtalned by applying Shoh" to the ap-

proximate boundary data of the incident waves 1 N —Phouh and u;, = Phn uy, , respectively.

Theorem 8.11. For the SMA discretized as the RCWA defined in Sect.[7, suppose

i) The slicing is fixed s.t., for j=1, - - -, n, the wavenumber functions k(x1, z5) are independent
of xs in hj_1§132<hj with Re k>0 and%meO
ii) For k= k.yo with the x5-coordinates c=h;, j=0, - - -, n, we assume that the k are piecewise

twice continuously differentiable. Furthermore, the assume that the Assumptions (3.7)—(3.9),

(8.1), (8.9), and (8.7) are satisfied with these k (cf. Lemmas|[8.5{8.6 and[8.8{8.9).

i) Forj=1,---,n, all the S-matrices S"~" and 5" are bounded operators (cf. Thm.[4.2).

Choose any pair (u;,. ,u;, ) of incoming waves with ;) € m *(Ty,) and uy, € Y *(T,). Then
there is a threshold Ny s.t., for any N > N, the iterative SMA method can be applied on the
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discrete level without any problem of inverting a noninvertible matrix. The resulting discrete solutions

uzn N and u,;m N tend to the true solutions of the scattering problem, i.e., 12, —0

1/2 —0.

and ||, =1y, )

[
Proof. The plan of proof is as follows. The strong and stable convergences of K N[DthN]PN
to k;2[DyNF] and of [D, N, ] ' K2\ Py to [D,N] 7 k2 will imply the two strong convergences
befNPN%Pf; and beTNPN—>Pa . Further, we shall show the strong and compact conver-
gence PT:b,NPN — PT, and the strong and stable convergence D, Py — D_,. Consequently,
we shall obtain the strong convergence SPx. v — S (cf. (6.8) and (7 ) For the two-step computa-
tion (5.11), define the determinant operator Dy :=1—8", S . We shall get the strong and sta-
ble convergence D 173N — D~ Hence, we shall obtain the strong convergence S Pn,n — S for
the matrices computed by the two-step algorithm. Applying these arguments in the finitely many steps
of Algorithm ( , we get the strong convergence of the corresponding operators S}, Py ny —S”,
and the RCWA is shown to be convergent.

So look at the projections P, , \ and P, ,  for the case k(-,b) Zk(-,a) =k(-,b—0). The func-
tion splitting u :uZN—i-u;N IUZN +u, y means (cf. 1;

(v [Py T I DNt ) ([P, J DN, vt )

= <“:{,N’ [Pnka I p ] DN, N“aN) + (U;N, [Pvke I, p J DiN, N“bN)

Using DtNQ DtN 'v» We easily conclude (compare the continuous version {t
+ Le ot -
Uy = 35 [%,N"‘%,N] (8.8)
1
+5 DNy HPwky I 5 ] H[Pak; I i) DNy [ v —ug ]

where, assuming \)\cn N|>ervp, c=a, bforsimplicity of presentation, we have 1 . In other words,
for the convergence of the projections P N to Pai,f, we only need the two strong convergences
K §[DN; Py — k;*[DyNF] and [Dthf I 1K§7N73N—>[Dth] k2. These, however, follow
from Lemma (8.8

The uniform Riesz property of the bases f., n, n=1,---,2N+1 with c=a, b implies the uni-
form boundedness of the discretized operator PT,, €£(1m P, im PO = £(H;/]%,,H;/]%,) and
of PTab N PN EE(Hl/2 Hl/Q) For a strong convergence, we need the convergence on a dense

subset in Ho/ . We show the convergence on the eigenfunctions. We split the operators by splitting
the matrices with respect to the bases of eigenfunctions f.,, 5 and f, . Fixing an appropriate ny and
setting

o - s wlboa\ 2N 1 ifn <ng
PTab,Nmo T (d”5n7m€ | a})m,nzl ! dn B 0 else ’
++ e
PTab no (d”(snvme [ a])m,nGN ?

we get PT;bTN = PT:L’bTNmojL [PijTN — PT:;“N np) @N PT/t= PTab o+ [PT)— PT;’bJFnO] So,

for £>0, there is an ng s.t.||[PTS, —PTIbe,nO]PNfa,m [PT/t— PT;_b+nO]fa’m‘|H1/2 <& holds
for sufficiently large ng (cf. the arguments in (8.6)). By the same arguments, we even get the norm
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estimate [[[PT, 'y —PT .y ., [Py —[PTo" —PT0 Il 1 12 e If the expansion of fom wrt.

ab,ng

the basis f, nn, n=1,--- ,2N+1is fwn:ZQNJrl &n,N fan, N, then

no

—Aa.n.N[b— —Aa,m[b—
PT:bTNmOPNfa,m T;_b+n0 fa m Z [6 o | a]gn,N € a gn N] fa n,N

n=1

||PTaan0PNfa,m PT}f fa’mHiIé/QN

ab,ng

no

— —a - —a] |2
Z(1+|)\a,n,N|2>l/2‘e Aan,N[b=a] _ o=Aa,m[b ]| [

n=1
Similarly, from the convergence of the Dirichlet-to-Neumann mappings, we conclude

no
> 1+ a2 iy = gl [
n=1

HKaNDtN NnOPNfam k 2Dthn0fa7mHZ;1/2—>0.

For fixed 7, the last two formulas imply PT "y Py fom—PT,;, fam—0, and the strong con-
vergence PT ;"\ Py —PT,," is proved.

Moreover, using the above splitting, we even get that the convergence PT;Q,TNPN —PT/," is com-

pact. Indeed, we take a sequence xy € H, 1/2 , N €N uniformly bounded, take any subsequence
xn, NeN CN, and take any £ >0. Then, for a suitable fixed ng, we obtain the two estimates

IPT. N —PTh || < eand |[PT,,"—PT,' || <e. Expanding the truncated Fourier series

ab,ng
into the eigenfunction basis as Py y = ZMH ENonfen N, We can choose an infinite subset N C N/

s.t.the {n,, is close to a limit &, € C, i.e., |En,— §n|<5 for NeN". Using fenn— fen and
e, N = Aen @and setting z:=> """ | &, f..,, we arrive at HPTaanOPNxN—PijJFn || 12 <Ce

for sufficiently large N. In other words, for numbers N € N” sufficiently Iarge we get the estimate
HPTab vPrnay—PT), x||H1/2 < Ck, showing that the convergence PT /', P4xy —PT/t
compact indeed. Similarly, it can be shown that the strong convergence PTba’NPNmN — PTZ;;
is compact.

Next we have to show that the strong convergence D, yPn — D, is stable, i.e., we have to prove
(Do, v Py —[Dy,] " Choosing the sign + as — in (8.8) and setting u; =0, we get

1 .

D=5 {1 + (DN [Pk )7 (PR 1 DN} (8.9)
1

= S IDNI [P i, | [Pk T J DN [Pk JDONGE

The strong and stable convergence of the first factor %[DtN;N]_l[PNk;ZI]imPN]‘l on the last

right-hand side follows from Lemma The same for the second factor in brackets follows from
Assumption mentioned in Condition ii) of the current Theorem. So D;bﬁNPN converges strongly
to D_, and this convergence is stable. Unfortunately, with Assumption ii) we rely on the poor result of
Lemma [8.9] Nevertheless, putting the strong and stable convergences together (cf. and (7.9)),
we get the strong convergence S©Py y — S.

For the two-step computation in (5.11), we define Dy := Iy —S, yS%_ . Clearly, we get the strong
convergence D Py — D. However, we need a stable convergence since the operator Dy is inverted
in the recursion step. We need D' Py — D~!. Fortunately, the block S, is compact since PT,"
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and PT,~ are compact (cf. ), which follows by the Riesz property, by the representation as a di-
agonal matrix (e‘A“f” [b—al Om.n)m.nen (recall the end of Sect.@), and by the decay of the diagonal en-
tries. Based on this fact, above we have shown the compact convergence PT;QVPJI’Vx Ny — PT, .
Since Sb_CJr is equal to PT_,~ multiplied by a bounded operator, we get the compact convergence
S, NS NPy —S8", S . Consequently, the first assertion of Thm. implies that the conver-
gence DyPn — D is stable. We finally obtain that the S37Py, ; converge strongly to S® for N — oo.

Altogether, we have shown the strong convergence S§7Pn v — S for the matrices computed by the
two-step algorithm if we know the strong convergences S%Py v — S® and S¥Py xy — SP and if
the convergence PT;,TNPj‘\,xN — PT_,~ is compact. Applying these arguments to the finitely many
steps of Algorithm , we get the strong convergence S}, Py y — S". In other words, the RCWA
is shown to be convergent. O

Remark 8.12. Assumption iii) of the theorem is natural. If the problem over a complex domain is re-
duced to the solution of problems in subdomains, then the solution of the subdomain should exist and
should be unique. Trapped modes in subdomains must be excluded.

If the surface structure of the grating admits a slicing like in i), then there is no reason to subdivide
any domain with wavenumber function independent of x5 since this means more work with no im-
provement. The Riesz-basis property in Assumption ii) is of technical nature. Condition of ii)
should hold also for the numerical EVD and is designed to avoid that an inaccurate EVD computation
spoils the convergence.

Remark 8.13. Assumption of ii) is technical, and in many cases (suppose the additional assump-
tions in Lemma are not satisfied) it is unclear how to check this practically. So in many cases it
cannot be excluded that Assumption of ii) is violated. It may happen, that the algorithm breaks
down due to a required inversion of an ill-behaved matrix block. Or the RCWA might not be conver-
gent for N — 00. At least, in the special case of TM polarization with piecewise twice continuously
differentiable wavenumber functions khj >¢e >0, all technical assumptions of Thm. are fulfilled.

Remark 8.14. Thm.[8.11, which is shown in the TM case, holds for the TE case as well. The proof is
similar but simpler.

9 Concluding remarks: Open problems, Area of application

Mathematically, there remain many interesting open problems.

B For the discretization with fixed slicing and with wavenumber function independent of x5 over
each slice, i.e., for fixed hg, hq, - - -, hy:

a) Is there any situation s.t. an eigenfunction of rank greater one occurs? If yes, then a mod-
ification of the code is required. This case is difficult to check since the rank does not
depend continuously on the geometry and optical indices.

b) Is there any situation s.t. the Riesz-basis property is not satisfied or is not uniform w.r.t. the
truncation of the Fourier series? If yes, then discretized norms other than the weighted ¢2
norm may appear. An extension of the theoretical background might be necessary.

c) How does the EVD looks like for more general k£ and the TM polarization. Is there still
some kind of error analysis for the complete system of eigenvalues and eigenfunctions?

d) What about the rates of convergence? In simple cases, this might not be too difficult.

B For the discretized SMA with wavenumber function depending on x, and with n — oo s.t. the
width of slicing max{h;—h;_1: j=1,---,n} tends to zero:
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a) For a single slice, can the formula for the S-matrix S™-1% with 25-dependent k and with

width /; —h;_, be approximated by an S-matrix with frozen x,-independent £ s.t. the re-
sults proven for the independent case take over to the dependent case?

b) How to analyze the recursion algorithm for n — co? This reminds of the stability problems
for numerical methods of ODE systems. Inside the slice the method of the FMM might be
explicit. Over the boundary of two slices an implicit step is used.

The area of applications for the general SMA are scattering problems over deep surface structures,
i.e., gratings with period per in the size of A, and with h,, —ho > O(per). In particular, suppose the
grating is the union of many slices but all these layers are shifted versions of two or three standard
layers. In this case, the scattering matrices of the two or three standard slices are computed once and
can be reused many times. Gratings similar to photonic crystals (cf. e.g. [2]) are of this structure. The
SMA discretized as RCWA is efficient for gratings with a few slices of big size h; —h;_; > O(per),
each with xs-independent optical index. No additional slicing is needed for these. Furthermore, if
the wave solution u is smooth w.r.t. the horizontal z;-coordinate, then a small truncation index NN is
sufficient, and the discretized iteration is fast. For an application of the FMM, no independence
of the vertical x5-coordinate is needed. However, the wave solution should have a certain degree
of smoothness w.r.t. this vertical coordinate s.t. the numerical ODE algorithm performs well. For non-
smoothness w.r.t. £, an adaptive choice of the slicing stepsize and of the stepsize for the numerical
ODE algorithm would be helpful.

We conclude with a remark on the comparison of RCWA/FMM and FEM. Clearly, engineers and
physicist prefer the RCWA/FMM, for it is based on eigenmode expansion, i.e., on physical intuition.
Though a comparison of a code for RCWA/FMM and one for the FEM is possible, an abstract and
general comparison of the methods is difficult. Recall that the RCWA/FMM is an SMA, i.e. a global
domain-decomposition algorithm combined with a local basic discretization scheme in each slice, us-
ing truncated Fourier expansions combined with an EVD/numer. ODE integration. Similarly, a sophis-
ticated FEM is a global solver like an iterative multigrid method with preconditioner and/or a domain-
decomposition algorithm and/or an adaptive scheme with local error estimates. Locally, the FEM is a
simple basic discretization scheme, which should be compared to the Galerkin approximation of the
RCWA/FMM based on truncated Fourier expansions combined by EVD/numer. ODE integration. Here
it is clear that, due to elaborated standard techniques, FEM is more suitable to approximate singular-
ities. Surely, this requires adaptive FEM grids and error estimators. Corresponding adaptions on the
side of the RCWA might be possible, but require to develop new codes. On the other hand, for special
situations (cf. [2]), a smooth solution can be approximated very efficiently by truncated Fourier series.

The SMA part of the RCWA/FMM should be compared to the global parts of the FEM, i.e. to domain
decomposition, preconditioning, and iterative solvers. Looking at its nature, the RCWA should rather
be compared to FEM combined with domain decomposition. In this sense, Assumption iii) in Thm.[8.11
is common for both methods. If this is fulfilled, then FEM is guaranteed to converge for our elliptic PDE.
For the RCWA/FMM, there still might occur problems with rank-two eigenfunctions, with ill conditioned
systems of eigenfunction, and with the inversion of ill-behaved operators. Note that these are open
problems, and it is not clear whether such problems really occur. Besides, at least for real-valued k,
numerical experiments and the successful applications over many years prove the RCWA/FMM to be
reliable numerical schemes. Often they provide fast and acceptably good approximate solutions with
small n and V.
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