Eigen Mode Solver for Microwave Transmission Lines

Georg Hebermehl,^∗ Rainer Schlundt^†

Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, D-10117 Berlin, Germany

Horst Zscheile,^‡ Wolfgang Heinrich^§

Ferdinand-Braun-Institut für Höchstfrequenztechnik, Rudower Chaussee 5, D-12489 Berlin, Germany

January 17, 1997 � �ff 1991 Mathematics Subject Classification. 35Q60, 35L20, 65N22, 65F10, 65F15. Keywords.

Microwave device simulation, scattering matrix, Maxwellian equations, boundary value problem, finite-volume method, eigenvalue problem.

∗e-mail: hebermehl@wias-berlin.de, URL: http://hyperg.wias-berlin.de †e-mail: schlundt@wias-berlin.de, URL: http://hyperg.wias-berlin.de ‡e-mail: zscheile@fbh-berlin.de, URL: http://www.fta-berlin.de §e-mail: heinrich@fbh-berlin.de, URL: http://www.fta-berlin.de

Abstract

The electromagnetic properties of microwave transmission lines can be described using Maxwell’s equations in the frequency domain. Applying a finite-volume scheme this results in an algebraic eigenmode problem. In this paper, an improved numerical computation of the eigenmodes is presented.

Contents

1 Introduction 1

2 Matrix Representation of

Maxwell’s Equations 2

3 The Eigenvalue Problem 6

4 The Propagation Constants 8

5 The Numerical Problem 9

6 Selection of the Interesting Eigenvalues 10

7 Estimation of the Maximum

Propagation Constant 10

8 Distribution of Eigenvalues

in the Complex Plane 11

9 Conclusions 13

List of Figures

1 Structure under investigation . . . . . . . . . . . . . . . . . . . . 2 2 Via hole . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 3 Primary and dual grid . . . . . . . . . . . . . . . . . . . . . . . . 5 4 Reduction of the dimension . . . . . . . . . . . . . . . . . . . . . 7 5 Computing times . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1 Introduction

The design of microwave integrated circuits and packages requires efficient CAD tools for a three-dimensional electromagnetic simulation because the coupling effects become critical with growing packaging density and increasing frequency. Usually, a circuit is described in terms of its scattering matrix [1], [2], [3], [4], [5]. In this approach, the structure under investigation is embedded in a set of longitudinally homogeneous transmission lines (see Figure 1), which are assumed to be infinitely long. As a first step one has to calculate the field distribution

Figure 1: Structure under investigation

in these transmission lines. Because the transmission lines are longitudinally homogeneous, the electromagnetic field can be expanded into a sum of wave modes with each of them varying exponentially in the longitudinal direction. The corresponding ansatz results in an eigenvalue problem. In a second step, the eigenfunctions determine the boundary values for the calculation of the fields in the three-dimensional structure.

In order to speed up the design process, the calculations have to be performed as effectively as possible. In this paper, we treat the numerical solution of the eigenmode problem. Applying the finite-volume method to discretize the Maxwellian equations results in a standard eigenvalue problem with a large sparse matrix. We describe a suitable method to calculate the set of interesting eigenvalues and eigenvectors.

2 Matrix Representation of Maxwell’s Equations

In the frequency domain, we consider fields that vary with time according to the complex exponential function e^{ȷωt}. Thus, the integral form of the Maxwellian equations reads ∮ ∂Ω 1 μ̃μ_0 ⃗B · d⃗s = ∫ Ω (ȷωϵ̃ϵ_0 ⃗E) · d⃗Ω, (1a) ∮ ∂Ω ⃗E · d⃗s = ∫ Ω (−ȷω ⃗B) · d⃗Ω, (1b) ∮ ∪Ω (ϵ̃ϵ_0 ⃗E) · d⃗Ω = 0, (1c) ∮ ∪Ω ⃗B · d⃗Ω = 0, (1d) taking into account the constitutive relations ⃗B = μ ⃗H, ⃗D = ϵ ⃗E with ϵ = ϵ + κ ȷω , μ = μ̃μ_0, ϵ = ϵ̃ϵ_0. (2)

The field vectors ⃗E, ⃗H, ⃗D, and ⃗B (electric and magnetic field intensity, electric and magnetic flux density, respectively) are complex functions of the spatial coordinates only. ω is the circular frequency and ȷ^2 = −1. The permeability μ, the permittivity ϵ, and the conductivity κ are assumed to be scalar functions of the spatial coordinates. ϵ is the complex permittivity.

Introducing the finite-volume scheme, the region is divided into rectangular parallelepipeds (see Figure 2) using a three-dimensional nonequidistant Cartesian grid. The edges of the cells are parallel to the coordinate axes. The grid nodes (i, j, k), the lower left front corners of the parallelepipeds, are numbered by

ℓ = (k − 1)n_xn_y + (j − 1)n_x + i, i = 1(1)n_x, j = 1(1)n_y, k = 1(1)n_z. (3)

n_x, n_y, and n_z denote the numbers of rectangular parallelepipeds in the x-, yand z-direction, respectively. The field vectors are expressed as ⃗M = M_x⃗i_x + M_y⃗i_y + M_z⃗i_z , ⃗M ∈ { ⃗E, ⃗D, ⃗H, ⃗B}. (4) ⃗i_x, ⃗i_y, and ⃗i_z are the unit vectors in x−, y− and z−direction of the Cartesian coordinate grid, respectively. The components E_x, E_y, and E_z of the electric field ⃗E are located in the centers of the edges of the elementary cells. The components B_x, B_y, and B_z , on the other hand, are normal to the face centers [6], [7]. Thus, the electric field components form a primary grid, and the magnetic flux density components a dual grid (see Figure 3). The Maxwellian equations are now applied to each cell. We use the lowest-order integration formulae ∮ ∂Ω ⃗f · d⃗s ≈ ∑ (±f_is_i), ∫ Ω ⃗f · d⃗Ω ≈ fΩ (5) in order to approximate the left-hand and the right-hand sides of the first and the second Maxwellian equation (see (1a), (1b)).

The closed path ∂Ω of the integration in the primary grid consists of 4 straight lines of length s_i and is the path around the periphery of an unit cell face in the grid. f_i denotes the function value in the center of the side s_i. In the dual grid the closed path ∂Ω of the integration consists of 8 straight lines, and f_i denotes the function value in the center of the corresponding face in the primary grid (see Figure 3). Ω is the area of any cell face. f denotes the function value in the center of this face. Let be

⃗e = ⃗e_x ⃗e_y ⃗e_z , ⃗e_x = (e_{x1} , e_{x2} , . . . , e_{xnxyz} )^T , ⃗e_y = (e_{y1} , e_{y2} , . . . , e_{ynxyz} )^T , ⃗e_z = (e_{z1} , e_{z2} , . . . , e_{znxyz} )^T , e_{xl} = E_{xi,j,k}, e_{yl} = E_{yi,j,k}, e_{zl} = E_{zi,j,k}, (6)

Figure 2: Via hole

⃗b = ⃗b_x ⃗b_y ⃗b_z , ⃗b_x = (b_{x1} , b_{x2} , . . ., b_{xnxyz} )T , ⃗b_y = (b_{y1} , b_{y2}, . . . , b_{ynxyz} )T , ⃗b_z = (b_{z1} , b_{z2}, . . . , b_{znxyz} )T , b_{xl} = B_{xi,j,k} , b_{yl} = B_{yi,j,k} , b_{zl} = B_{zi,j,k} (7)

with (see (3))

ℓ = (k − 1)n_{xy} + (j − 1)n_x + i, n_{xy} = n_xn_y, n_{xyz} = n_xn_yn_z, (8)

the vectors containing the electric and the magnetic field of the elementary cells, respectively.

Let be D_s and D_A diagonal matrices and A a matrix which represents the operator of the line integral in the second Maxwellian equation (see (1b)), using the primary grid [4] the following matrix representation of the second Maxwellian

Figure 3: Primary and dual grid

Equation (1b) results: ∮ ∂Ω ⃗E · d⃗s = ∫ Ω (−ȷω ⃗B) · d⃗Ω ⇒ AD_s⃗e = −ȷωD_A⃗b. (9) The diagonal matrices D_s and D_A contain the information on all dimensions for the specified structure and the corresponding mesh.

Let be D_{Aϵ̃} and D_{s/μ̃} diagonal matrices and A^T the transposed matrix of A, using the dual grid the following matrix representation of the modified first Maxwellian equation (see (1a)) results: ∮ ∂Ω ⃗B μ̃ · d⃗s = ∫ Ω (ȷωϵ̃ϵ_0μ_0 ⃗E) · d⃗Ω ⇒ A^T D_{s/μ̃}⃗b = ȷωϵ_0μ_0D_{Aϵ̃}⃗e. (10) The diagonal matrices D_{s/μ̃} and D_{Aϵ̃} contain the information on dimension and material for the structure and the corresponding mesh.

Let be B the matrix which represents the operator of the surface integral in Equation (1c) we get the matrix representation of the electric-field divergence equation: ∮ ∪Ω ϵ̃ϵ_0 ⃗E · d⃗Ω = 0 ⇒ BD_{Aϵ̃}⃗e = 0. (11) The matrices A and B are sparse and consist only of the elements −1, 0 and 1. Combining (9) and (10) we get the matrix representation of the system of linear algebraic equations:

(A^T D_{s/μ̃}D^{−1}_A AD_s − k^2_0D_{Aϵ̃})⃗e = 0, k_0 = ω √ ϵ_0μ_0. (12)

k_0 is the wave number in vacuo.

The Maxwellian grid equations are a consistent discrete representation of the analytical equations in the sense that basic properties of the analytical fields are maintained [8].

3 The Eigenvalue Problem

In the following, we consider a longitudinally homogeneous transmission line, which means that ϵ̃ and μ̃ are functions of transverse position but are independent of the longitudinal direction z. With these assumptions, any field can be expanded into a sum of so-called modal fields ⃗E_{kz} (x, y, z) = ⃗E_{kz} (x, y)e^{−ȷk}z^z (13) which vary exponentially in the longitudinal direction.

The ⃗E_{kz} (x, y) are eigenfunctions of a partial differential equation of second order and the propagation constants k_z are related to the eigenvalues (see (14)). To find the corresponding solutions of the discretized Maxwellian equations we consider the field components in three consecutive elementary cells (see Figure 4). Each cell is of lenght 2h in the z-direction where h must be chosen small enough so that 2h|k_z| << 1. The electric field components E_{xi,j,k+1}, E_{xi,j,k}�_1 , E_{yi,j,k+1}, E_{yi,j,k}�_1, E_{zi,j,k}�_1, E_{zi+1,j,k}�_1 , and E_{zi,j+1,k}�_1 in Equation (12) are expressed by the values of cell k using ansatz (13). The longitudinal electric field components E_z can be eliminated by means of the Equation (11). So we get an eigenvalue problem for the transverse electric field on the transmission line region. E_{xi,j,k} , E_{yi,j,k}, k = const, are the 2n_{xy} components of the eigenfunctions with the eigenvalues

γ(h) = e^{−ȷkz 2h} + e^{+ȷkz 2h} − 2 = −4 sin^2(k_zh). (14)

Let be ⃗e = ( ⃗e_x ⃗e_y ) , ⃗e_x = (e_{x1} , e_{x2} , . . . , e_{xnxy} )^T , ⃗e_y = (e_{y1} , e_{y2} , . . . , e_{ynxy} )^T , e_{xℓ} = E_{xi,j,k} , e_{yℓ} = E_{yi,j,k} (15)

Figure 4: Reduction of the dimension

with

ℓ = (j − 1)n_x + i, i = 1(1)n_x, j = 1(1)n_y,

n_{xy} = n_xn_y, and k = 1 or k = n_z.

(16)

The assumption k = 1 corresponds to the case, in which the cross-sectional plane (see Figure 1) is located on the left-handed (x, y)-plane of the enclosure. Let be Ā, dim(Ā) = 2n_{xy}, the matrix of the eigenvalue problem. Because of boundary conditions on the left-hand side and the bottom of the port, the dimension of the eigenvalue problem is reduced to n = 2n_{xy} − n_b, n_b = n_x + n_y. In most cases we have to take into account also boundary conditions at interior boundaries, which further reduce the dimension. We denote the matrix of the reduced eigenvalue problem by A and the corresponding vector of the eigenfunction components by

⃗ẽ. Thus, we have to solve the eigenvalue problem A⃗ẽ = γ⃗ẽ , type(A) = (n, n), n = 2n_{xy} − n_b. (17) The size of n_b depends on the boundary conditions.

The sparse matrix A is nonsymmetric. There are n eigenvalues γ = u + ȷv and corresponding propagation constants k_z = β − ȷα:

γ_ι = −4 sin^2(hk_{zι} ) = u_ι + ȷv_ι, k_{zι} = β_ι − ȷα_ι, ι = 1(1)n . (18)

4 The Propagation Constants

The propagation constants k_z can be computed from γ after the solution of the eigenvalue problem (17). We get from (14) k_{zι} = 1 h arcsin ( ȷ 2 √ γ_ι) = ȷ 2h ln ( γ_ι 2 + 1 + √ γ_ι 2 ( γ_ι 2 + 2 )) , ι = 1(1)n. (19)

Using the principal values of the functions, we have always β > 0 and α ≥ 0. A propagation constant k_z and its corresponding eigenfunction are called a mode.

In technical applications only a small number m of modes are of interest. For real values of k_z, ℑ(k_z) = 0, the modal field of Equation (13) describes a nonattenuated wave, which can be used to transmit signals. On the other hand, the amplitude of waves with α = −ℑ(k_z) > 0 decreases with increasing z. The larger the magnitude of ℑ(k_z) the stronger is the decay. Such waves are called evanescent waves, and can be neglected after a given length d of the transmission line. Therefore, we use to select the interesting modes the Criterion 1: The propagation constants k_{zι} , ι = 1(1)n, are sorted in ascending order of |α_ι|. In the case if some |α_ι| have the same value the constants k_{zι} are sorted in descending order of |β_ι|.

In the discussion to follow we distinguish between sets A of all eigenvalues and Ā of all corresponding propagation constants, and sets E and Ē of computed eigenvalues and propagation constants, respectively. The number of elements of a set B is denoted by |B|.

Let be Ā, |Ā| = n, the set of propagation constants. Ā is split into the subset Ā^{(r)} of real, the subset Ā^{(i)} of imaginary, and the subset Ā^{(c)} of complex propagation constants: Ā(r) ∪ Ā(i) ∪ Ā(c) = Ā, Ā(r) ∩ Ā(i) = ∅, Ā(r) ∩ Ā(c) = ∅, Ā(i) ∩ Ā(c) = ∅. (20) The set A of the corresponding eigenvalues γ_ι, ι = 1(1)n, is split into the subset A^{(rp )} of positive, the subset A^{(rn )} of negative, the subset A^{(i)} of imaginary, and the subset A^{(c)} of complex eigenvalues:

A^{(rp )} ∪ A^{(rn )} ∪ A^{(i)} ∪ A^{(c)} = A, A^{(r)} = A^{(rp )} ∪ A^{(rn )}, A^{(rp )} ∩ A^{(rn )} = ∅, A^{(r)} ∩ A^{(i)} = ∅, A^{(r)} ∩ A^{(c)} = ∅, A^{(i)} ∩ A^{(c)} = ∅.

(21)

The real propagation constants of the set Ā^{(r)} are the propagation constants with the smallest magnitude of imaginary part. In most applications with lossless materials (that means with real ϵ̃ and μ̃) one has at least one real propagation constant. These propagation constants have to be taken into account anyway. It is important, however, to know also at least one propagation constant with the smallest nonvanishing |α|, in order to decide whether the eigenfunctions decrease strongly enough in a given distance d.

5 The Numerical Problem

In an earlier version of the program [2] the complete set of propagation constants was computed and sorted in order to select the set Ā^{(f)} of the m first propagation constants of Ā. This way is very time-consuming. The sparse matrix was stored as a dense matrix.

In the following we show that one can avoid the computation of all eigenvalues to find the few required propagation constants using an iterative method which has to be carried out twice.

We use the nonsymmetric version of the implicitly restarted Arnoldi iteration [9], [10], [11], [12]. The standard eigenvalue problem Ax = λx can be solved using the regular mode Ax = λx or the inverse mode A^{−1}x =^1_λ x. The Arnoldi algorithm is applied iteratively to solve one of these problems generating Arnoldi vectors. Using the regular mode most of the cost in generating each Arnoldi vector is in the matrix-vector product. Using the inverse mode we have to solve a system of linear algebraic equations on each iteration step. In general the method does not converge in the regular mode for our eigenvalue problem. Thus, the Arnoldi algorithm is called iteratively to solve the standard eigenvalue problem using the inverse mode A^{−1}x =^1_λ x with the more timeconsuming solution of linear algebraic equations.

We use a direct method, a Gaussian elimination for sparse matrices, to solve the ill-conditioned system of linear equations. The process of solving the systems of linear algebraic equations consists of the factorization of the coefficient matrix and the subsequent forward and backward substitution. Because the matrix A does not change using the Arnoldi iteration, we have to factorize A only once at the beginning of the method. The forward and backward substitution is done on each iteration step. The coefficient matrix of the system of linear algebraic equations is sparse. The Gaussian elimination is carried out with a special pivoting which permits a compromise between a minimum fill-in (increase of the number of non-zero elements during elimination) and numerical stability (connection of topological and numerical pivoting). We use the maximum numerical stability in this criterion.

6 Selection of the Interesting Eigenvalues

By means of the Arnoldi iteration we can compute a set of eigenvalues of largest or smallest magnitude, real part or imaginary part, provided that the method converges, but we can not find in one step the set of eigenvalues according to criterion 1. Therefore, we must proceed in two steps. We estimate a number m_1 ≥ m of interesting modes. The we compute in a first run a subset E of m_1 eigenvalues γ of smallest magnitude using the Arnoldi method in inverse mode looking for eigenvalues of largest magnitude, and compute the corresponding set Ē, |Ē| = m_1, of propagation constants. However, we want to find all modes which are able to transmit signals. That means, we have to find a set Ā^{(f)} of propagation constants with the smallest magnitude of the imaginary part, but possible with large real part. In general, we have Ā^{(f)} ∩ Ē ≠ ∅ but Ā^{(f)} ⊈ Ē. To search for these additional eigenvalues, we need a second run of the Arnoldi method with a modified matrix.

7 Estimation of the Maximum

Propagation Constant

We can give an upper bound k^{(max)} for the real part of the interesting propagation constants in the following way:

In a homogeneous lossless material (with real ϵ̃ and μ̃) the wave number k_f of an electromagnetic wave equals

k_f = ω √ ϵμ = k_0 √ ϵ̃μ̃. (22)

This value is also an upper bound for the (real) propagation constants of undamped modes in a waveguide that is completely filled with the same material. In case of an inhomogeneously filled waveguide the quantities ϵ̃ and μ̃ can be different from cell to cell. We select the maxima of these quantities ϵ̃^{(max)} = max_{i,j,k} {ϵ̃_{i,j,k}}, μ̃^{(max)} = max_{i,j,k} {μ̃_{i,j,k}} (23) and set

k^{(max)} = k_0 √ ϵ̃^{(max)}μ̃^{(max)} (24)

as an upper bound for the propagation constants of propagating modes. If we change to materials with small losses (that means with small imaginary parts of ϵ̃ and μ̃), we expect that the former real propagation constants become complex with nearly the same real part as in the lossless case and with small imaginary part. Hence in this case

k^{(max)} = k_0 √ |ϵ̃^{(max)}||μ̃^{(max)}| (25) approximates the maximum possible real part of the interesting propagation constants.

8 Distribution of Eigenvalues in the Complex Plane

The relation between γ and k_z is nonlinear. If we choose h small enough (which is necessary anyway to get small discretization errors), we can set sin (hk_z) ≈ hk_z and have

γ = −4 sin^2 (hk_z) ≈ −4(hk_z)^2 = −4[(hβ)^2 − (hα)^2] + 8ȷh^2αβ. (26)

|γ| = 4h^2(β^2 + α^2) and |k_z| = √ β^2 + α^2 (27)

are monotonically increasing functions of the argument β^2 + α^2 in the intervalls considered. Thus, the set Ē found in the first run is a set of propagation constants of smallest magnitude.

We consider special values of γ = u + ȷv and k_z = β − ȷα:

α = 0 : γ = −4(hβ)^2, u ≤ 0, v = 0, (28a)

α ≠ 0, β = 0 : γ = 4(hα)^2 u > 0, v = 0, (28b) α ≠ 0, u = 0 : |β| = |α|, γ = ±8ȷh^2β^2. (28c)

We split the set E into the subset E^{(r)} of real, the subset E^{(i)} of imaginary, and the subset E^{(c)} of complex eigenvalues. Similarly the set of the corresponding propagation constants Ē is split into Ē^{(r)}, Ē^{(i)}, and Ē^{(c)}. The set E^{(r)} of real eigenvalues is divided into the subset E^{(rp )} of positive and the subset E^{(rn )} of negative eigenvalues:

E^{(rp )} ∪ E^{(rn)} ∪ E^{(i)} ∪ E^{(c)} = E, Ē^{(r)} ∪ Ē^{(i)} ∪ Ē^{(c)} = Ē. (29)

The subsets are pairwise disjoint in analogy to (20) and (21). Because of (26), (28a), (28b) and (28c) we have for B = E and B = A generally the mappings

B̄^{(r)} → B^{(r}n^), B̄^{(i)} → B^{(r}p^), B̄^{∗(c)} → B^{(i)}, B̄^{∗∗(c)} → B^{(c)} (30)

with¯ B^{(c)} = B̄^{∗(c)} ∪ B̄^{∗∗(c)}, B̄^{∗(c)} ∩ B̄^{∗∗(c)} = ∅. (31)

We consider the real, the imaginary, and the complex propagation constants in the discussion to follow.

Real propagation constants (α = 0) The subset of eigenvalues E^{(rn)} (see (28a) and (30)) which corresponds with Ē^{(r)} consists of |E^{(rn)}| = |Ē^{(r)}| = m_r negative numbers. Let be k_{zρ} = β_ρ the real propagation constant of smallest magnitude of Ē^{(r)}. The question is according to criterion 1: Are there other real propagation constants

k_{zσ} = β_σ ∈ Ā^{∗(r)} ⊆ Ā^{(r)} with Ā^{∗(r)} ∩ Ē^{(r)} = ∅, |β_σ | > |β_ρ|? (32)

To decide this question, we extend the matrix A by some, for example a set E^{(a)}, |E^{(a)}| = m_a, of negative elements γ^{(a)}_τ , τ = 1(1)m_a, adding m_a rows and m_a columns such that the elements γ^{(a)}_τ are diagonal elements of the extended matrix A^∗. The other elements of the new rows and columns are chosen to be zero:

A^∗ = γ^{(a)}_1 . . . γ^{(a)}_{ma} A (33)

The spectrum of A^∗ consists of the spectrum of A extended by the added m_a eigenvalues γ^{(a)}_τ .

How should one choose the m_a additional eigenvalues? We can give a value

γ^{(max)} = −4(hk^{(max)})^2 (34)

(with k^{(max)} from Equation (24) or Equation (25)) for the greatest element of the set E^{(a)} such that all interesting negative eigenvalues of A^∗ are greater than this bound. We use the following set E^{(a)} of additional eigenvalues

γ^{(a)}_τ = γ^{(max)} (1 + τ 10 ), τ = 1(1)m_a, (35)

to build A^∗ and compute a set E^{(l)} of |E^{(l)}| = m_a + m_r eigenvalues of smallest real part of A^∗ using the Arnoldi method in inverse mode. Eigenvalues of A which fulfill the condition (32) belong to E^{(l)} rather than the eigenvalues of E^{(a)}, and we can separate the m_n new eigenvalues from the set E^{(l)}. If we find m_n < m_a new eigenvalues, we need not change m_a. Otherwise we have to increase m_a for a new computation because we do not know whether more than m_a new negative eigenvalues of A exist.

We note it is essentially not to demand more eigenvalues of smallest real part of A^∗ than eigenvalues with negative real parts of A^∗ exist, because the Arnoldi method does not converge for our problem in this case. The m_r + m_n negative eigenvalues of A fulfill the criterion 1. We note the factorization of the sparse matrix A^∗ (see (33)) is obviously a modification of the factorization of A, i.e., we can avoid a second matrix factorization. Imaginary propagation constants (β = 0) The subset of eigenvalues E^{(rp )} which corresponds with Ē^{(i)} consists of positive numbers (see (28b), (30)). Because of |γ| = 4(hα)^2 and |k_z| = |α| there cannot exist another imaginary propagation constant in Ā^{(i)} with a smaller magnitude than we find in the set Ē^{(i)}.

If we do not find an imaginary propagation constant in the set Ē^{(i)}, we know the magnitude of any imaginary propagation constant in Ā^{(i)} can not be smaller than the magnitudes of the propagation constants of Ē^{(r)}. Complex propagation constants Because of (30), (31) we have to consider the two subsets of complex propagation constants Ē^{∗(c)} and Ē^{∗∗(c)}.

Ē ∗(c): Let be k∗_z = α∗(±1 − ȷ) (see (28c)) the propagation constant with the smallest magnitude in Ē^{∗(c)}. We have |γ^∗| = 8(hα^∗)^2 in this case. That means, complex propagation constants k_{zσ} ∈ Ā^{∗(c)} with the property |α_σ| < |α^∗| belong to Ē^{∗(c)} rather than k^∗_z .

Ē ∗∗(c): Let be γ_1 ∈ E ∗∗(c) the complex eigenvalue with the largest magnitude and k_{z1} = β_1 + ȷα_1 the corresponding propagation constant, and let be γ_2 ∈ A^{∗∗(c)} an eigenvalue with the property

|α_2| < |α_1| and |γ_2| > |γ_1|. (36)

If ℜ(γ_2) = −4[(hβ_2)^2 − (hα_2)^2] < 0, we find the eigenvalue γ_2 because of |β_2| > |β_1| (see (36)) in this case computing the set E^l of A^∗. If ℜ(γ_2) > 0, we have

(β_1)^2 < (β_2)^2 < (α_2)^2. (37)

That means, the computed value |β_1| is a lower bound of |α_2|. Numerical Results Comparisons between the formerly used computation of all propagation constants and storage of the full matrix with our present method are given. The reduction of the computing times is demonstrated for the microstrip transmission line connecting the via hole shown in Figure 2. Because the structure has a symmetry plane, using appropriate boundary conditions it suffices to discretize its right-hand side only. This right-hand side is subdivided into n_{xy} = n_xn_y elementary cells, n_x = 33, n_y = 28. The dimension of the eigenvalue problem is 2n_xn_y − n_b = 1668. n_b is related by the boundary conditions. The total storage requirement is reduced by a factor of 20 in the new version for this example, since the sparse storage technique is applied. The reduction of the computing time essentially depends on the number of required eigenvalues and eigenvectors. The reduction of the computing time is represented in Figure 5 for the calculation of 4, 6, and 9 eigenvectors. The measured times involve matrix generation, solving the eigenvalue problem and computation of the mode fields. The examples were computed on a SUN SPARC Server 630.

9 Conclusions

The application of the finite-volume scheme to the boundary value problem of the Maxwellian equations which describes the electromagnetic properties of microwave transmission lines results in an eigenmode problem of high dimension. We avoid the time-consuming computation of all eigenvalues in order to calculate a selected set of propagation constants using an iterative method which is carried

Figure 5: Computing times

out twice. The numerical effort and the storage requirements can be reduced considerably.

References

[1] Christ, A., Hartnagel, H.L., Three-Dimensional Finite-Difference Method for the Analysis of Microwave-Device Embedding, IEEE Transactions on Microwave Theory and Techniques, Vol. MTT-35, No. 8, June 1987, pp. 688-696.

[2] Christ, A., Streumatrixberechnung mit dreidimensionalen Finite-Diffe-renzen für Mikrowellen-Chip-Verbindungen und deren CAD-Modelle, Fortschrittberichte VDI, Reihe 21: Elektrotechnik, Nr. 31, 1988, pp. 1-154.

[3] Beilenhoff, K., Heinrich, W., Hartnagel, H.L., Improved Finite-Difference Formulation in Frequency Domain for Three-Dimensional Scattering Problems, IEEE Transactions on Microwave Theory and Techniques, Vol. 40, No. 3, March 1992, pp. 540-546.

[4] Hebermehl, G., Schlundt, R., Zscheile, H., Heinrich, W., Simulation of Monolithic Microwave Integrated Circuits, Weierstraß-Institut für Angewandte Analysis und Stochastik im Forschungsverbund Berlin e.V., Preprint No. 235, 1996, pp. 1-37.

[5] Hebermehl, G., Schlundt, R., Zscheile, H., Heinrich, W., Improved Numerical Solutions for the Simulation of Monolithic Microwave Integrated Circuits, Weierstraß-Institut für Angewandte Analysis und Stochastik im Forschungsverbund Berlin e.V., Preprint No. 236, 1996, pp. 1-43.

[6] Yee, K.S., Numerical Solution of Initial Boundary Value Problems Involving Maxwell’s Equations in Isotropic Media, IEEE Transactions on Antennas and Propagation, Vol. AP-14, No. 3, May 1966, pp. 302-307.

[7] Weiland, T., Eine numerische Methode zur Lösung des Eigenwellenproblems längshomogener Wellenleiter, Archiv für Elektronik und Übertragungstechnik, Band 31, Heft 7/8, 1977, pp. 308-314.

[8] Weiland, T., Die Diskretisierung der Maxwell-Gleichungen, Physikalische Blätter, Band 42, Heft 7, 1986, pp. 191-201.

[9] Sorensen, D.C., Implicit Application of Polynomial Filters in a k-Step Arnoldi Method, SIAM Journal on Matrix Analysis and Applications, Vol. 13, No. 1, 1992, pp. 357-385.

[10] Parlett, B.N., Saad, Y., Complex Shift and Invert Strategies for Real Matrices, Linear Algebra and its Applications, Vol. 88/89, 1987, pp. 575-595.

[11] Lehoucq, R.B., Sorensen, D.C., Vu, Ph., ARPACK Users Guide: Solution of Large Scale Eigenvalue Problems by Implicitly Restarted Arnoldi Methods, Rice University, Houston, Texas, July 1996, pp. 1-128.

[12] Lehoucq, R.B., Analysis and Implementation of an Implicitly Restarted Arnoldi Iteration, Rice University, Houston, Texas, Technical Report TR95-13, 1995 pp. 1-135.