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Analysis of a drift-diffusion model for
perovskite solar cells
Dilara Abdel, Annegret Glitzky, Matthias Liero

Abstract

This paper deals with the analysis of an instationary drift-diffusion model for perovskite solar cells
including Fermi—Dirac statistics for electrons and holes and Blakemore statistics for the mobile
ionic vacancies in the perovskite layer. The free energy functional is related to this choice of the
statistical relations.

Exemplary simulations varying the mobility of the ionic vacancy demonstrate the necessity
to include the migration of ionic vacancies in the model frame. To prove the existence of weak
solutions, first a problem with regularized state equations and reaction terms on any arbitrarily
chosen finite time interval is considered. lts solvability follows from a time discretization argument
and passage to the time-continuous limit. Applying Moser iteration techniques, a priori estimates
for densities, chemical potentials and the electrostatic potential of its solutions are derived that
are independent of the regularization level, which in turn ensure the existence of solutions to the
original problem.

1 Introduction

Perovskite solar cells (PSCs) have emerged as a groundbreaking technology in photovoltaics, promis-
ing a significant impact on the renewable energy landscape. This progress is rooted in perovskite
materials’ outstanding optical and electronic properties [29]. Since perovskites do not describe one
concrete material but belong to a class of crystalline semiconductors, they have several advantages
such as adjustable band gaps, high absorption coefficients, and low exciton binding energies. With
remarkable power conversion efficiency rates exceeding 30% [26], perovskite-silicon tandem solar
cells surpass the efficiency of widely used silicon solar cells under laboratory conditions. Despite
specific architectures demonstrating lower production costs than conventional solar cells, substantial
challenges exist, including concerns regarding stability, limited lifespan, and toxicity issues [29]. Fur-
thermore, the diffusion engineering of ionic migration is an important task to overcome the previously
mentioned challenges. Several experimental observations and simulations indicate the occurrence of
ionic vacancy accumulation near the perovskite interfaces [8, [23, [29].

The presence of additional ionic vacancy migration within perovskite materials is a significant dif-
ference from classical drift-diffusion charge transport models used for (in)organic semiconductors.
Equally important is the need to constrain the accumulation of vacancies properly. Accumulating an
excessive number of vacancies is physically unrealistic, potentially damaging the crystal structure and
resulting in unrealistically high vacancy concentrations. Initial drift-diffusion models for PSCs incor-
porating ionic movement, such as [10, 28, |30} [32], did not impose limits on the vacancy density by
choosing Boltzmann statistics. Subsequent models were introduced to address this limitation [2} |7,
9], reflected by the choice of statistics equal to a Blakemore approximation. Concerning the simula-
tion, one-dimensional (partially) open-access software tools for simulating vacancy-assisted charge
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transport in PSCs are available [7}, 9, 22|]. However, multi-dimensional models and software are in-
dispensable, especially when analyzing charge transport in structures like nanotextured PSCs [33],
where one-dimensional simulations fall short. Therefore, as an alternative approach, we rely on the
open-source software ChargeTransport . jl1 [3] for simulating charge transport in semiconduc-
tors using the Voronoi finite volume method in multi-dimensions. The discretization scheme was for-
mulated and analyzed in [1]. In particular, the existence of discrete solutions was proven.

The mathematical analysis of semiconductor drift-diffusion systems is commonly restricted to Boltz-
mann statistical relations for electrons and holes [6, (14} [34]. In more sophisticated models where
elevated carrier densities play a crucial role, one must consider Fermi—Dirac statistical relations, as
detailed in [16], for a rigorous mathematical analysis. Both statistical relations share the characteristic
that as the chemical potentials of the species approach infinity, the charge carrier densities also tend
towards infinity.

In contrast, in organic semiconductor materials the so-called Gauss—Fermi statistics hold that fea-
ture bounded carrier densities. The mathematical analysis in the setting of organic semiconductor
devices, incorporating this behavior along with adapted mobility laws, was conducted in [17]. In our
current model framework, we have to deal with both, non-bounded relations for electron and holes and
bounded statistical relations for the additional ionic vacancies. Furthermore, the continuity equations
for the latter are confined to the subdomain corresponding to the perovskite material. The electric
contacts of the device are realized in form of Dirichlet boundary conditions for electrons and holes
as well as the electrostatic potential. Conversely, the total number of ionic vacancies constitutes a
conserved quantity; hence, no-flux boundary conditions and no reactions are assumed. In a related
study [19], a drift-diffusion system modeling memristive devices with an additional ionic species is ex-
plored. However, Boltzmann statistics for all species and one common domain is considered. Finally,
in photovoltaic applications, as addressed in our text, the continuity equations for electrons and holes
incorporate an additional photogeneration rate. This rate accounts for the absorption of light and the
subsequent generation of an electron-hole pair.

The paper is organized as follows: In Section 2, there is a concise overview of the fundamental model
for perovskite materials, incorporating extra mobile ionic vacancies as outlined in [2]. The significance
of including these additional species is highlighted in Section [3] where simulation results are pre-
sented. The model analysis is detailed in Sections[4]and[5] Section[4]introduces key assumptions, the
weak formulation of the problem, and initial energy estimates. The proof of the existence result is then
provided in Section 5] Lastly, Section [6]offers a concluding summary.

2 Drift-diffusion modeling of perovskite solar cells

In this section, we formulate a rescaled drift-diffusion model for describing the charge transport in
PSCs. This model, derived in [2], includes the fundamental reaction rates and initial and boundary
conditions. In Section suitable assumptions on the data will be formulated to continue with the
model analysis.

2.1 Drift-diffusion system
Let Q C RY, d € {1,2,3}, denote the spatial domain of the solar cell and I be the index set of

moving carriers. Additionally to the movement of electrons and holes in €2, we consider the migration
of ionic vacancy carriers with the index set Iy C I in )y C 2. We define the densities of electrons,
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holes, and vacancies as u;, i € I := {n,p}UI,, where i = n and i = p refer to electrons and holes,
respectively. The considered drift-diffusion model is given by a Poisson equation for the electrostatic
potential ¢

C + zyup, + 2pu, in (0,00) x (2\ Qp),

2.1a
C+ zyuy, + 2pup, + Zielo ziu; in (0,00) x Qp, (@1a)

~V (V) = {

where € corresponds to a rescaled dielectric permittivity, z; to the charge number of a species ¢ € [
and C' corresponds to the fixed doping density. The Poisson equation is self-consistently coupled to
the continuity equations

881;1 -V (ZzNzUzVSDz) =G-—R, i=n,p, in (0’ OO) x €, (2.1b)
5981? — V- (zipiw; Vi) = 0, i € Iy, in (0, 00) x Q, (2.1¢)

where 1; are the rescaled carrier mobilities. The generation/recombination terms GG and R entering
the continuity equations of electrons and holes are discussed in Section For the ionic
vacancy species ¢ € I we do not take into account any reactions.

The crucial statistical relation that connects the potentials ¢; and ¢ to the charge carrier densities u;
is given by

1 .
u; = NiFi(zi(pi — V) + G) = NiFi(vi + (), where ¢; = v +1, 1€, (2.2)
(]
with the effective densities of state /V;, the chemical potentials v; and (; := z;E;, ¢ € I, where E; is
the band-edge energy. The function JF;, called statistics function, will be discussed in Section

In comparison to the model in [2], we rescaled the electrostatic potential 1) and the quasi Fermi po-
tentials ; by the thermal voltage Ur = k:BT/q. Here, kp refers to the Boltzmann constant, 1" to
the (constant) temperature and ¢ to the elementary charge. Furthermore, we rescaled the chemical
potentials v; and the band-edge energies E; by kgT'. Lastly, we multiply the dielectric permittivity &
by Ur/q and the mobilities y; by Ur.

We highlight that the introduced setting with a unified domain €2; = €2, i € I, for the vacancies, is
only for notational simplicity. Our analysis would also allow (with simple adaptions) to handle different
), for the different ions. Also the situation that on the whole domain €2 we have all the considered
ions, 2; = €2, € I, is included in our setting.

2.2 Statistical functions

For classical (inorganic) semiconductors the statistics functions for electrons and holes is given by the
Fermi-Dirac integral of order 1/2 (see e.g., [31])

F (z):i/oo & d¢, forze R (2.3)
i VT o exp(§—z)+1 7 '

i.e., F, = F, = Fi 2. Inthe case of small to moderate carrier densities [31], the Fermi-Dirac integral
of order 1/2 can be approximated by an exponential, called Boltzmann statistics, i.e., F}2(2) = €*.
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The proof of the existence of solutions is not restricted to these specific choices, but can be established
under the following general properties

(i) Fi € C'(R), Er_n Fi(z) =0, lim Fi(z) = +oo,

Z—+00
(i) 2 <c(1+ Fi(z)) forze Ry, L= n,p. (2.4)
(i) 0 < Fl(2) < Fi(2) <& forzeR.

Concerning the ionic vacancy carriers, accumulating too many vacancies is physically unrealistic as it
can destroy the crystal structure and lead to unrealistically high vacancy concentrations. This means,
we need to adequately limit the vacancy concentration which can be done via a proper choice of
statistics function. Following [2], we choose as statistics function the Fermi—Dirac integral of order —1
(which corresponds to the Blakemore statistics /' ., function with v = 1)

1
F_l(Z) = FBJ(Z), where FBﬁ(Z) = m for z € R, (25)
ie., F;, = F_qforall s € I. As for the statistics functions of electrons and holes, we assume that the
statistics function of the vacancy carriers satisfies the following properties
( (i) F; € C*(R), lim F(z) =0, lim Fi(z) =1,

Z——00 Z—r+00
(i) Fi(z) < Fi(z) <& forz e R,
1 1 € Iy. (2.6)
(i) F'(z) <0, % <1 forzeRy,

L(iv) 1< (e*F/(2)) t<e, forzeR,.

The Fermi-Dirac integral of order 1/2 and the Boltzmann statistics indeed satisfy these properties
(2:4) while the Fermi-Dirac integral of order —1 satisfies (2.6), see also Appendix [A]

2.3 Generation-recombination and photogeneration term

Following the depiction in [13], we assume for the generation-recombination term 12 in an ex-
pression of the form

R =r(up,up) (1 — e 7%7), with  7(up, up) = ro(Un, up) Untip, (2.7)

where the non-negative function rq is given by the sum of all recombination processes relevant in
photovoltaics. For instance, for PSCs the function 7 is given as the sum of the Shockley-Read-Hall
(SRH) and the radiative recombination rate [2], namely

1

Tp(Un, + Unr) + T (U + up 7 )

7“O(Um up) = + 7'0,rad> (2.8)
where T, 7, are the carrier lifetimes and u,, -, u, - some reference carrier densities. Moreover, 7 15
is the constant rate coefficient.

For Boltzmann statistics, is equivalent to the widely used form R = rq(uy, u,)(unu, — n?),
where n; is the intrinsic carrier density. The expression for the rate in (2.7) is compatible with ther-
modynamic equilibrium. In particular, it reflects the fact that in equilibrium the quasi Fermi levels of
electrons and holes have to coincide.
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The photogeneration rate G € L°(§2) is assumed to be constant in time. In the simplest case, one
assumes a Lambert—Beer generation profile in the vertical direction Ty, i.€.,

G(ZL‘) = thaG e et forg = (Ea xvert) (2.9)

with the incident photon flux F,;, and an material absorption coefficient .

2.4 Initial and boundary conditions

For the densities u;, ¢ € I, we prescribe initial values

u;(0) =) inQ, i=n,p, w0)=u InQy, icl. (2.10)
We decompose the boundary of the domain 052 into an ohmic contact I'p and the semiconductor-
insulator interface I" 5. The ohmic contact I'p corresponds to the semiconductor-metal interfaces and

are model via Dirichlet boundary conditions

¢:¢0+U(f), QOnZQOPZU(t), OHR+ XFDa (2.11)

where U denotes an externaly applied time-dependent voltage and ¢/, some given potential [13]. In
contrast to (2.11), we assume in the framework of our work time-independent boundary conditions.
More precisely, let the Dirichlet values ¥, o” € TW1>(Q) be given. Then, we take the following
boundary conditions into account

v=9" ¢n=y¢,=¢", onRyxTIp. (2.12a)
The semiconductor-insulator interface is realized by no-flux boundary conditions
eV -v=puuVe;-v=0, t=n,p, onR, x 'y, (2.12b)

where v denotes the outer normal vector. At the boundary of the perovskite domain 0€), with outer
normal vector vy we assume no normal flux of ion vacancies

wiu; Vo, -vg=0 onRy x 90, 7 € I. (2.12¢)

Due to the regularity assumptions in the weak formulation stated in Section 4.2/ we are not in need of
additional conditions for electrons and holes on the internal boundaries.

3 Physically meaningful simulations

Before we proceed with the analysis of the charge transport model, we highlight the practical sig-
nificance of additional ionic vacancy carriers from an application perspective. Mobile vacancies pro-
foundly impact the model’s potentials, densities, and consequently, the current-voltage curves and the
efficiency of the solar cells.

To this end, we examine a three-layer perovskite solar cell (PSC), illustrated in Figure [3.1] with methy-
lammonium lead iodide (MAPI) as an extensively studied perovskite material. Given that the hopping
of iodide has the lowest energy barrier within MAPI [11], we assume the movement of only one ionic
vacancy for the simulations, precisely corresponding to the iodide vacancies of MAPI. We denote this
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carrier by a, i.e., Iy = {a}, with the charge number z, = 1. In total, the set of unknowns is given
by the quasi Fermi potentials of electrons, holes, and ionic vacancy and the electrostatic potential
(©n, Ops Pas ). Subsequently, the charge carrier densities can be calculated via (2.2). Moreover, we
use PCBM as electron transport layer (ETL) material and PEDOT:PSS as hole transport layer (HTL)
material [29]. For electrons and holes, we have a present photogeneration and a recombination
rate, given by and (2.8), entering the model via the right-hand side of the continuity equations
(2.1b). We set F,, = F, = Fip and F, = F_;. All relevant physical parameters needed for the
simulations are stated in Table [3.1]

sun

light :  electron perovskite hole AT
: transport layer layer g transport layer:
("/}aSOna(Pp) ("/’v@om@p) (‘Pi)ielo) (vaOn,<PP) .

Figure 3.1: A possible three-layer PSC geometry (2, divided into three subdomains: two transport
layers and the perovskite material layer €2y. Furthermore, the relevant potentials are stated for each
subdomain, indicating that we only allow ionic vacancies in €.

In practice, time-dependent scan protocols involving varying applied voltages are applied to analyze
the behavior of PSCs. Mathematically, this procedure is achieved using the boundary conditions (2.17).
For our simulations, we impose a linear voltage at the right contact with a scan rate of 40 mV/s.
We utilize an implicit Euler scheme for the temporal and a two-point flux finite volume approximation
scheme for the spatial discretization [1], where also the existence of discrete solutions for the used
scheme was established.

In the following, we investigate the impact of the vacancy mobility parameter p,, entering the current
density in (2.1c), on the charge transport dynamics within PSCs. We use the same initial configuration
for all simulations, depicted in Figure [3.2]

Physical quantity Symbol Value Unit
ETL MAPI HTL
Layer thickness 60 300 50 nm
Dielectric permittivity € 3 23.0 4 €0
Conduction band-edge energy En, —-3.8 —-3.8 —-3.0 eV
Valence band-edge energy Ep —6.2 —5.4 —5.1 eV
Eff. conduction band DoS Np, 1 x 10% 1.0 x 10%° 1x10% m—3
Eff. valence band DoS Np 1x10% 1x 10% 1 x 10% m—3
Doping density C 2.09 x 102* —1.0x 10>* —2.09 x 10%* m—3
Electron mobility Hn 1.0 x 1077 2.0 x 1073 1.0 x 1075 m?2/(Vs)
Hole mobility Hp 1.0x 1077 2.0x 1073 1.0 x 105 m?/(Vs)
Radiative recombination coeff. T0,rad 6.8 x 10717 36x10°18 6.3 x 10717 m3/s
SRH lifetime, electrons Tn 1.0x107% 1.0x 1077 1.0 x 1076 s
SRH lifetime, holes Tp 1.0x 1076  1.0x 107 1.0 x 1076 s
SRH density, electrons Ur,n 7 x 10* 3.6 x 1011 2.3 x 108 m—3
SRH density, holes Urp 7 x 10* 3.6 x 1011 2.3 x 108 m—3
Inc. photon flux Fon 1.4 x 102 1.4 x 102 1.4 x 102 1/(m?s)
Absorption coefficient ag 0.0 4.2 x 10° 0.0 m—1!

Table 3.1: Parameter values from [7] for the simulation of a three-layer PSC at a temperature 1" = 300
K with PCBM as electron transport layer material and PEDOT:PSS as hole transport layer material.
Here, £¢ denotes the vacuum permittivity.

As can be seen in Figure (right) the initial vacancy density u, depletes near the ETL/perovskite
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Analysis of a drift-diffusion model for perovskite solar cells 7

interface and accumulates near the perovskite/HTL interface. Note that due to a present photogenera-
tion rate the initial electron and hole quasi Fermi potentials do not coincide and are not zero Figure[3.2]
(left).

1018,
0 \ —_
E — (pn |E 1011 4
Z - 4
é:) (pa "g 10 — un
45 — Y e 3 — ]
2, © 1073 p
— el
4 , o
! ! ! ‘ 10-10 ! ] ! ‘
0 100 200 300 400 0 0 100 200 300 400
position [nm] position [nm]

Figure 3.2: Initial potentials (left) and charge carrier densities (right) used for all simulations, which are
independent of the choice of vacancy mobility 1,. The transport layers and the perovskite layer are
shaded in the respective colors, introduced in Figure@

The power conversion efficiency (PCE) and the open circuit voltage (OCV) are crucial performance
indicators for solar cells, offering insights into how effectively these cells convert sunlight into usable
electrical energy [27]. These metrics can be derived from information deduced from the current-voltage
(I-V) curve.

— 0 T T T T <
i — o= 1.0 x 10-50 m2/(Vs) 150/
5 — 1= 5.0 x 1016 m2/(Vs) 5
T -51 = pa=15x 10715 m%(Vs) F12.5,
S| = m=1.0x10" m¥vs) ot o 100 107
g ‘ vacancy mobility [m?2/(Vs)]
§ -10 _
2 51.175*
(]
E_is /y 3 1.1501
© T 10—17 10‘—16 10‘—15 10—14
0.00 0.25 0.50 0.75 1.00 1.25 . )
bias [V] vacancy mobility [m?/(Vs)]

Figure 3.3: Left: The current-voltage characteristics for selected vacancy mobilities (left). Brighter color
indicates a larger vacancy mobility. Right: The power conversion efficiency (PCE) and the open circuit
voltage (OCV) in dependence on the vacancy mobility.

As Figure [3.3]illustrates, the mobility of vacancies /4, substantially impacts the current-voltage charac-
teristics, the PCE, and the OCV. As the vacancy mobility tends to either zero or infinity, no significant
changes can be observed in the |-V curve (Figure left) and, consequently, the PCE and the OCV
saturate (Figure [3.3] right). Within the range of 11, € [1077,1074] m2/(Vs), we observe a notable
change in the I-V curve. Higher vacancy mobilities shift the total current to the right (Figure [3.3] left),
thereby increasing the PCE and OCV (Figure [3.3] right).

The variations in the I-V curves correspond to changes in the carrier densities in dependence on the
vacancy mobility, as shown in Figure [3:4] Larger vacancy mobilities decrease the depletion at the
ETL/perovskite interface while increasing the depletion on the perovskite/HTL interface (Figure (3.4}
first column). This behavior influences the electron and hole densities u,,, u,, near these boundaries
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1020 t=15s t=15s t=15s
1018 1018
f _LA ‘
ol 1018 o 1011 o 1011
| I I
5 ,E 104 E, 104
31016 5 =
1073 1073
1014 10—10 10—10
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
position [nm] position [nm] position [nm]
1020 t=30s t=30s t=30s
1018 j ' 1018 [ w—
=1018 I — 1ot ~ 101
| | I
s T 5 1o ~ 5
S 1016 1, = 1.0 x 10750 m?/(Vs) 5 — 1, = 1.0 x 1075 m2/(Vs) 5 m— 71, = 1.0 x 10750 m?/(Vs)
_3 3~
Ha=1.5x 10715 m2/(Vs) 10 1, = 1.5 x 10715 m2/(Vs) 10 m— 1, =1.5 x 10715 m2/(Vs)
Ha=1.0x 1072 m?/(Vs) 1, =1.0 x 10~2 m%/(Vs) 1, =1.0 x 10"2 m2/(Vs)
1014 10—10 10—10
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
position [nm] position [nm] position [nm]

Figure 3.4: Densities of vacancies, electrons and holes at time ¢ = 15 s (first row) and at the end time
t = 30 s (second row). Brighter color indicates a larger vacancy mobility.

by several orders of magnitudes (Figure second and third column). For higher mobilities, u,,, u,
become more uniform within the perovskite layer. Consequently, this more uniform distribution con-
tributes to a delayed increase in the total current, as observed in Figure [3.3(left) for higher mobilities.

4 Analysis of the instationary drift-diffusion model

4.1 Assumptions on the data

We work with the Lebesgue spaces LP({2) and the Sobolev spaces W?(Q2), p € [1, 0], and
H'Y(Q) = Wh2(Q). For p € [1, 00|, we define W7 (Q) as the closure of the set

{ylo 1y € C(RY), suppyNTp = 0}

in the Sobolev space TW7(£2), and we set W, "P(Q) := Wll)’p,(Q)*, where 1/p+1/p' = 1.

In our estimates, positive constants that may depend at most on the data of our problem are denoted
by c. In particular, we allow them to change from line to line.

We investigate the instationary drift-diffusion model under the following assumptions:

(A1) €y C Q C R? are bounded Lipschitz domains, £ U Iy is regular in the sense of
Groger [18], I'p, I'y C I" =: 012 disjoint subsets such that I'p UT'y = I" and
meS(FD) > 0, Qn = Qp = Q, Qz = Qo,i € [0.

(A2)  F, i =mn,p, fulfil @), F, i € I, fulfill @8), N;, p1; € L=(), (; = const,
O<N<N,<N,O<pu<p <maein i€l andC, e L®(Q),
0<e<cae.in(,z, :_—1,zp: 1,2z, € Z,1 € I,
vP =P P e W (Q).
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Analysis of a drift-diffusion model for perovskite solar cells 9

(A3) R =r(z,un,upy) (1 — e %), such that r(, w,, up) = 7o(T, Up, Up) Uy, Uy, Where
ro : Q % [0, +00)* — R is a Caratheodory function with
0 < ro(x, Uy, u,) < Tforaa. xr € Qandforall (u,,u,) € [0, +00)%
G e L*(Ry: LF(0).

(A4) e L), 0<u<u) <u,i=n,p,
U?ELOO(Q(]),O<QSU?SU_1<NZ a.e. ingo,iEIo.

In the following, we suppress in the writing the spatial position x in the reaction coefficients r and r,
respectively.

4.2 Weak formulation

We define the functions ¢; : R — (0,00),7 =mn,p, e; : R — (0,1),7 € Iy, by
ei(2) =Fi(z+ ), i=n,p, elz)=Fi(z+¢), i€l (4.1)
Then, Assumption (A2) guarantees
ui = Niei(vi) = NiFi(vi + G), v =e; (3) = Fi (§) = G,
Vi = Fi(vi + G) Vo = €i(v;) V.
Note that the inverses e; * are well-defined on (0, co) fori = n, p, and on (0, 1) for i € I,.
We introduce the following function spaces

Vp = {yeHl(Q> :y’FD :0}7 % = HI(QO)v V= Vl% X‘/(J#I()’
H :=Vp x L*(Q)? x L=(Q)*°,  Z:= H'(Q) x L®(Q)* x L>=(Qy)*,

U:={ueVjx L) x L*(Q)* : Inw; € L®(Q), i = n,p,
0 < essinfu;/N; < esssupu;/N; <1, i € ]0}.
EASION) £€Q
As in [15417], we will use a weak formulation of in the form
u' + A(v,v) =0, u=E(v), u(0) =u’

with the variables v = (vg, Un, Up, (Vi)icry) = (U, V—n, 0=, (zi(@i—1))ic1,) (potentials),

w = (Ug, Un, Up, (Us)iery) and u® := (u, uy, u, (uf)ier,) (densities), where g denotes the to-
tal charge density. The initial total charge density u is given via (ug, w)v, = > ;c; fQ ziudw dx +
fQ Cwdzx forallw € Vp. Here, z,, = —1, 2, = 1, and z;, @ € I, stand for the charge number of the

ion vacancies. Thus, we have the relations

1 .
v; = 2(i — o), and @ = —v;+vy, i€l (4.2)
<
In these variables, our problem reads
— V- (eVy) = C + zpuy + 2pUy, ?n (0,00) x (2\ Qo) ’
C + zpup, + 2pu, + Zielo ziug, in (0, 00) X Qg

Ou; : .

(;Zi -V (uluZ(Vvl + ZivU0)> =G — R7 rt=n,p, 9

8ul- .

ot -V (uluZ(VUl -+ Zivvo)) =0, 72¢€ [0,
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with R = r(un,up)(l — e’”"’“ﬁ) and u; = Ne;(v;),1 € 1.
- - D ._ ,D D D ._ D
Moreover, we introduce the Dirichlet values v, = vy’ — ¢, v, = ¢~ — vP. For the ionic

vacancies we do not have to prescribe a Dirichlet value. But, for a unified notion we set P =
D ,D ,D
(vy’s vy » Up s (0)icro)-

We consider operators Ey : v +Vp = V5, E: (WP +V)NZ -V A: Z x (WP +V) = V=,

<E0(U0)760>VD = /Q€VUO : VEO dJ],
E(v) == (Eo(vo), (Niei(vi))ier),
(A(w,v),0)y = / Niei(w;)p; V (v; + zvo) - V(0; + 2;0¢) dx

[ ). Noey(wy)) (1= ) = Yo +,) da
Q

= Z/ z; Nel wl)mv% V% dz

el

+ /Q[T(Nnen(wn)a Npep(wp))(l - egn—gp) -G (@p - 9,)dz,

for all vy, Uy, U, € Vp, U; € Vi, @ € Iy, where § = wy + Ziwz Y; = vy + Zlvz ©; =V + ZLE
i € I. Note that the element ug := FEq(uvg) represents the total charge density of the device under
consideration, we treat 1y as one of the unknowns of the problem.

For the initial state u°, we denote by v) the unique solution to Ey(vy) = u) (note that Eo is

strongly monotone and Lipschitz continuous). Moreover, let v9 = e; ' (u?/N;), i € I, and v° :=
(1}87 (U’?)iGI)'

The weak formulation of the drift-diffusion system (2.1), (2.10), and (2.12) is Problem

u+ A(v,v) =0, u= E(v) ae.onR,, u(0)=1u’
we HL R, V), v—oPe LR, V)NLZ(R,,2).

loc loc loc

The set

Uy := {u eU: (ug— C+up— up, Yy, — Zzz’<uiyy’90>\/o =0 Vye VD}

i€lp

can be interpreted as the set of all possible states of the PSC device. Note that by definition u8 e Uy,
and u(t) € Uy forall t > 0 has to be verified for solutions (u, v) to (P).

Remark 4.1 Let (u,v) be a solution to (P). Then,

/ w;(t) dz :/ u)dr, i€ly, forallt€R,.
QO QO

Fori € I this is obtained for anyt € R by testing v’ + A(v,v) = 0 by the test function being 1 in
the i-th component and 0 in all other components that belongs to LQ(O, t; V).
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4.3 Energy estimates for weak solutions

In the analytical treatment of drift-diffusion problems, entropy methods [15} |16, [20] play an important
part. We will work with a free energy functional containing an electrostatic part and a chemical
part that is related to the statistical relations of the different types of species. The operator F is a
strictly monotone operator with the potential ® : v” + V' — R U {+o0},

€ € vi
q)v::/ —|Vuo|* = |V |? bda + /NZ/ e;(y) dy dz, 4.4
@)= | {5IVol = 51V} 2, N, e @4

note that vz-D = ( for ¢ € 1. The conjugate functional of ® (see [12]) is

U:V* =R, U(u) = 0" (u) = sup{{u,w)y — &(w + v")}. (4.5)
weV

Both functionals are convex. Note that the values of ®(v) and ¥(u) may be +o00. Because of
d(vP) = 0, we obtain U(u) > 0 forall u € V*. Since the functional ® is continuous, strictly
convex, and Gateaux differentiable, it is also subdifferentiable and satisfies 0®(v) = {Ev} ifv €
WP+ V)N Z.

For states u = Fv € V*, u € U we calculate
U(u) = (E(v),v —vP)y — &(v)
= / —|V(vo—vd)|* dz + Z/ / —Nie;(y)|dy dz, (4.6)
i€l

where we took advantage from Eyvg = ug. Let w := f:ﬁ (u; — N;e;(y)) dy. By separately consider-
ing different cases and exploiting that ¢; is monotonicall;} increasing we derive:

A) If vP < v;and [vP — v;] < 1then
w > [u; — Nies(vP 4+ )] (v; — vP) > [u; — Nyes(vP +1)] - 1.
B) If v” < v; and |[vP — v;] > 1 then

wz/: (u; — Nie;(y)) dy > [u; — Nie;(vP + 1)] - 1.

i

C) If v > v; then

D
2

viD+1 viDJrl
w:/ (Niei(y)—ui)dy—l—/ (us — Nees(y)) dy > [z — Niea(wP + 1)] - 1.
Therefore, we obtain from for these arguments u = E'(v) that

i@ + Il + D Nl iy + llvo = o3 30 < e(1+ ¥ (w)). (4.7)

i€lp

For a state u € V'* the quantity ¥ (u) can be interpreted as the free energy of the state w.

Note that in case of F; = F'_; the part of the chemical energy for the ionic vacancies ¢ € [ in (4.6)
can be written as

/90/ — Niey(y)]dy dz = /QO <u ln;—i + (N;—u) In <1_E) LN ln2>

which forces the ionic vacancy density u; to stay in (0, V;).
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Theorem 4.1 Let (Al) — (A4) be fulfilled. There exists a constant ¢ > 0 such that for any weak
solution (u, v) to the instationary Problem (P) the free energy fulfills

(u(t)) < (U(u(0) +c)e* Vi>0.
Additionally, if the Dirichlet values are compatible with thermodynamic equilibrium (meaning véj , ng =

const) and if the photogeneration rate G is identically zero, then the free energy W (u(t)) is monoton-
ically decreasing.

Proof. Let t € R be arbitrarily given. We test ' + A(v,v) = 0 by v — vP € L?(0,¢; V). Since
u(s) = E(v(s)) fa.a. s € [0,t] we obtain v(s) — v? € dU(u(s)) fa.a. s € [0,] and the Brézis
formula (cf. [5, Lemma 3.3]) ensures the chain rule

U(u(t))—v(u(0)) = /Ot<ul(8),v(s)—UD>V ds = _/t<A(U<S),U(S)),U(s)—vD>Vd3
/ [/ Z 1w Vi - V(pi—pP) dx —i—/ Zz piw; Vi - V(o U()D)dx]ds

i=n,p 0 4ely

- / / M™% — 1)+ Gl(pn — ) deds
/ | el = )+ VPP drds “8)

i= n,p

) t
—l—// sz%(—,ui\Vgpi]Q—l—c\VvOD|2)dde—|—/ /G(vn—i-vp)dxds
0 Qo 2 0 Q

i€lp

t t
Sc/ / (un+up)\Vg0D\2—|—U:[+v;r) dxds—l—c/ VP |? dz ds
0 Jay

<C/ Z (luillr + i |l + 1) dxd5<c/ Z ;][ + 1) dx ds.

1=n,p i=n,p

In (4.8), we applied Young’s inequality and toke into account the monotonicity of the exponential func-
tion and that u; < N, i € I, on solutions (since u(t) = E(v(t)) f.a.a. t). By assumption we have
v, PP € Whe(Q),and G € L>(R,; L°(12)). According to the assumption (ii) in 2-4) we have
o |z < e(1 + ||lugl|z1), @ = n, p. Moreover, ensures an estimate of ||u;(s)|| 1), @ = n, D,
in terms of W (u(s)) + c.

Then, we apply Gronwall’s lemmato get W(u(t)) < (W(u(0))+c)e forallt > 0. The last assertion,
for data compatible with thermodynamic equilibrium, directly results from (4.8). [

5 Existence result

In this section, 7" > 0 denotes an arbitrary finite time horizon. We consider the time interval S :=
[0, T'] and introduce the problem

'+ A(v,v) =0, u=FE(@)aeonS, u0)=u’
ue H'(S,V*), v—ovP e L*S,V)nL>S,Z).
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In the treatment of the instationary drift-diffusion model for PSCs, we have to overcome the following
essential problems compared to the classical van Roosbroeck system [14, [16]: (i) the statistical re-
lation for the ion vacancies does not satisfy the standard assumption in Gajewski/Groger [16, (2.3)]
(see also [15, (3.5)] also for the treatment of non-Boltzmann statistics). In particular, we have finite
charge carrier densities in the case e;(y) = F_1(y + ¢;) such that we do not have the property that
lim, . €;(y) = +o0. However, the estimate €}(y) < ce;(y) for all y € R remains true in that
case which is of importance for the proof of lower bounds for the ionic vacancy densities. (ii) The con-
tinuity equations for electron and holes feature the additional photogeneration rate (G, which models
the absorption of light and subsequent generation of an electron-hole pair. This additional term has to
be included in the a priori estimates.

The guideline for the existence proof is as follows: To show the existence of a weak solution for any
arbitrarily chosen finite time interval S = [0, 7|, we first discuss a regularized problem (Py) on the
finite time interval .S, where the state equations as well as the reaction term are regularized (with
parameter M). We ensure the solvability of (Py) by time discretization, derivation of suitable a priori
estimates, and passage to the limit (see Lemma[5.2). Up to here, estimates are allowed to depend on
the regularization level M.

Then, we provide a priori estimates for solutions to (Py) that are independent of M (see Lemmal(5.6]
here we use Moser techniques to get positive lower bounds for the carrier densities and Lemma[5.7]
where we derive upper bounds for the densities not depending on M). Thus a solution to (Py) is a
solution to (P) on S, if M is chosen sufficiently large.

5.1 Aregularized problem (Py)

For
M > M* = max { max e (6 /No) | o=@, 108 12 107l | 5.1)

we define the cut off function dy; : R — [— M, M|, dp(2) := min{max{z, —M }, M } (and use it
also for vectors componentwise), and the regularized statistical relations

U; = Niei(dwj(’l}i)) = Niekﬂ(’l}i), 1€ 1.

For our problem, we regularize the statistical relations and the reaction term, and consider regularized
operators Ey; : vP +V — V* Ay (UD + V)2 — V*

En(v) := (Eovo, (Nieasi(vi) )ier),
(Ay(w,v),0)y —Z/ 2 NeMZ(wl)ulVng Ve, dx

i€l

/ Zzz Z2iPi— dM(Zsz) d]V[(wl))ai dx
Qo

i€l

+LPM(W)[T(Nnen(wn)vNpep(wp))(l_ewnwp)_G](@n""ﬂp) dz,

for all vy, v, U, € Vp,and v; € Vj, @ € Iy, where p; = vy + vz, P, = Vo + ZLE 1 € 1, and
pur : R — 10, 1] is a continuous function such that

0, if max{|v,],|v,|} > M,
pur(v) = ,
1, if max{|v,|, |vp|} < M/2.
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Note that pps(v) = par(das(v)). Then we consider the problem

u' + Ay(v,0) =0, u= Eyv), uw0)=u", ue H'(S,V*), v —oP € L*(S,V). (P

Remark 5.1 Let (u,v) be a solution to the problem and let us assume that

M.
2 t=n,p,

(1+ max |zi)[|vol| oo (5,00 < M, il poe s, (0)) <
and ||v; || Lo (s,000(20)) < M, i € Iy, then (u,v) solves (Pg).

We solve the Problem (Py) by time discretization. For any Banach space X and k£ € N we define
hy = % and C(.S, X) as the space of all functions u : S — X being constant on each of the
intervals ((I—1)hg,lhg], 1 = 1,... k. Let u' denote the value of u € C(S, X) on ((I—1)hy, Lhy]
and introduce the maps 74, and Ay, from Cj (.S, X)) into itself via

1
()’ = w7, (Apu) = h—(ul —u™h, 1=1,...k,
k

with the given initial value u°. Additionally, we work with the continuous, piecewise linear function

t
(Kpug)(t) == u® —i—/o (Agug)(s)ds.
The time-discrete analogon of now reads
Agug, 4+ Apr(vg, v) = 0, up = Epr(vg), vp — vP € Cp(S, V) (5.3)
or written in more detail

Ep(vh) + hi Ay (v, 0k) = Epyg(vl D forl = 1,... kand uf = Ey(v)) = u’. (5.4)

Lemma 5.1 We assume (A1) — (A4). Then for all k € N there exists a unique solution (uy,vy) to
problem (5.3). Additionally,

iug {||vk — 'UDHLQ(&V) + HAkukHLQ(S,V*) + ||Kkuk||c(S7H*)} < Q.
S

Proof. 1. The operator v +—> h—lkEM(v) + Aps(v, v) with the given argument splitting in the definition
of the operator A, is an operator of variational type (see [25, p. 182]). Note that the main part (in the
argument v in (5.2)) is monotone, continuous and bounded and the regularized reaction term (in the
argument w) is bounded and Lipschitz continuous. Together with the coercivity of v — h—lkEM(v) +
Apr(v,v) this ensures for any given vfjl a solution v!, to (5.4). Thus, we can successively compose
from the solution for each time step a solution to (5.3).

2. We introduce the regularized functionals @y, : v” +V — R, ¥, : V* — (—o00, 00| by

€ € vi
Dy (v) ::/ {—\VUO]Q _ _]Vv(f):"?} dz + Z/ NZ-/ eni(y) dy de,
Q 2 2 il Q; 'UZ-D (55)

Uas(u) == sup{(u, w)yy — ®p(w +0")}, ue V™.
weV
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Note that by definition viD = 0 for i € Iy. The functional ®,; has the Fréchet derivative ¢, = F,,
and the conjugate functional W, for arguments u = F);(v) is obtained by

W (u) = (u,v —0P)y — Par(v) = ((Eovo, (Nieari(vi) )ier), v — UD>V —®y(v).  (5.6)

Moreover, we have v — v” € OW,,(u) provided that u = Ej;(v) for v € v + V. Exploiting (5.5)
and (5.6), we estimate the regularized free energy W, (u) for u = Ey(v) where v € vP + V from
below by

Uy (u )—/—\V(vo—vo |2dx+2/ / ~ Niews(y)) dy dz

dar (vi)
> c|lvo — v |3 + Z/ /D (u; — Nie;(y)) dy da
> c|lvo — v |3 + Z/ u; — Nie; (v + 1)) d.

el

The estimate in the last line results similar to the derivation of (4.7) by considering the different cases
for wyy 1= fvdgf(vi)(ui — N;e;(y)) dy. In summary, we obtain for arguments © = E);(v) that

lunllroy + llupllie) + D Il + llvo = o I3 < 1+ Wn(w).  (5.7)
i€lp

Using (5.4), the subdifferential property, and the strong monotonicity of A, in the second argument,
we findforl =1,...,k,

l l

W (ug,) = Oar (1) = > (Uar(ug) = Uor () <Y (uf =l ol —07),

J=1 J=1

l
= —hy Z <AM(U£,Ui),Ui — UD>V
j=1
l
= _hk Z {<AM<Uk,Uk> AM(Uk? D))”i — UD>V -+ <AM(Ui,UD),Ui - UD>V }

jfl
(5.8)
< —th{ Z uNeZ HV(gka %D)H%%Q)
i=n,p
+ 37 (N e =MV (s = )22y + 1ok — 08 30)
icly

+ <AM(U£> UD)? Ui - UD>V}

lhi
< - / { Z HV Pri — (102 HL2(Q) + Z Hgokz ’Ué)H%/O =+ }dt + ¢,

i=n,p i€lp

where ¢, > 0 does not depend on k. Here we used that for any test function w € LQ(S, Vb), we
can estimate the generation and recombination term by

/S/QpM(vk)[r(NneMn(vkn), NpeMp(vkp))(l — e’“’“”’”’“?) — Glwdxdt

< c(M)]|e®™ 4+ 1+ 7 r2es, 2 Wl 28,20 -

(5.9)
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Because of ¥, (u’) < oo, the estimates (5.7), (5.8) guarantee that

iug {||vko - v(’)jHLoo(Sym + ||vx — ’UD||L2(57V)} < 0. (5.10)
€

Due to the regularizations in Ay, we find from that supyey || A (Vk, Vi) || 25,0+ < 00
and supycy || Arurl[z2(sy+) < 00. Moreover, from uyy = FEyvgg and we conclude that
SUPken |[Ukol| Lo (s,v4) < 00. Taking into account that Nye;(—M) < ug; < Nie;(M), i € 1, and
(Kpug)(t) = (hik — 1+ 1)ul + (I - }f—k)ui,_l fort € ((I—1)hg, lh] we have Kyuy € C(S, H*)
and supey || Krtrl| oy < oo. O

Lemma 5.2 We assume (A1) — (A4). Then there exists a solution (u, v) to Problem (Py).

Proof. 1. Let {(u, vx) }ren be a sequence of solutions to the time discretized problems according to
LemmalG.dl Then, we find functions v and « and a non-relabelled subsequence such that

vp —v? = v —0Pin L3S, V), Kpup — win L*(S, H)and H'(S,V*). (5.11)
We denote ¢; 1= vy + Zlvzz el
2. Since forw € V and t € S the map z — (z(t),w), z € H'(S,V*), defines a continuous linear
functional on H'(S, V*) we get from that (Kyug)(t) — u(t)in V*forallt € S. Moreover,
the boundedness of (Kju)(t) in H then guarantees (Kjuy)(t) — wu(t) in H for t € S. From
(Krug)(0) = u°, k € N, we obtain u(0) = u°.
3. Since || Krur — url[r2(s,v+) < hil|Agurllr2(s,v+) — 0 we find another non-relabelled subse-
quence such that (Kjur — ug)(t) — 0in V*, and ug(t) — u(t) in H fa.a. t € S. Using that
uri/N; = enri(vis) < e;(M), eyr; are Lipschitzian, and {vy, } are bounded in L?(S, H'(€);)) we
establish the boundedness of {uy;/N;} in L?(S, H'(€);)), too. And Lebesgue’s theorem ensures

Ug; — U; in LQ(S, L2(QZ)), 1€ 1. (5.12)
Next, we take advantage of the inequality (6.40) in [24, p. 529]:

For all > O thereis a Ls € N such that
Ls

Iyll7> < (W, v;)72 +0llyll3n Yy € H'(Q) ({th}en ON-base in L*(€;)).
j=1

Setting y = (uz; — wy;)/N;, we integrate this inequality over S. By the weak convergence in L?(€2;)
a.e. in S, the boundedness of {uy;(t)} in L*(€);) for t € S, Lebesgue’s theorem and the bounded-
ness of {ug;/N;} in L*(S, H'(€);)) we verify that {uy;} is a Cauchy sequence in L?(S, L*(£2;)).
And ensures the strong convergence

In connection with Kjuy, — up — 0in L2(S, V*) we conclude that (Kyuy — u); — 01in L?(S, V})
fori =mn,pand (Kyu — u); — 0in L*(S, V) fori € I,.

4. Sine (An(vk, vg), (v, (—2iy Qi)i61)>v = 0 forany y € Vp, we derive from (6.3) and partial
integration that for any fixed indices k1 and k5 of our subsequence and every y € Vp andallt € S

t
0= / <Akluk1 - Akzukzv <y7 (_zzy|ﬂl)z€])>v ds
0

= (K ur, — Kpyuiy) (1), (v, (_Ziy|9i)i61)>\/‘
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Let Jp be the duality map of V. We set y = y(t) = J;' [( Kk, ur, — Kp,ur,)o(t)] and obtain

H(Kklulﬂ - Kkzukz)o(t)’ \2/5 = <(Kk1uk1 - Kkzukz)o(t)7 J51[<Kk1uk1 - Kkzukz)()(t)D

= Z <(Kk1uk1 - Kk2uk’2)i(t)7 ng[(Kklukl - Kkzukz)o(t)]>VD

i=n,p

+ > (B = Kiyu)s(t), Jp (K, = Kiyuns)o(8)]l0g) -

i€lp

After integration over S we arrive at

| (Kyytury, — Kiyur, ol 22(s,v)

<o Y Nk un, — Kiyuw,)ill2svg) + ¢ N Ky, — Kiytr, )il z2s,v)-

i=n,p iely

Thus, the last convergence results of Step 3 and the weak convergence in (5.11) ensure the strong
convergences (Kjuy)o — ug in L*(S, V) and Kpuy — win L*(S, V*). Again by Step 3, we also
get up, — win L%(S, H), and for a non-relabelled subsequence, u(t) — u(t) in V*faa.t € S.

5. We consider any subinterval S of S and % € V* with finite regularized free energy, U (u) < oo.
Since W, is lower semicontinuous and v, — v € OV, (uy) a.e. in S we estimate

/(ﬂ —u(t),v(t) —vP)ydt = lim | (@ — ug(t), ve(t) — vP) dt

< Tim sup / (W () — Was (g (1)) dlt < / (W (@) — War(u(t))) .

k—o0 S S

This guarantees for a.a. t € S that (u — u(t), v(t) — vP)y < Uy (a) — Vs (u(t)) meaning that
for the limit functions v(t) — v? € AW (u(t)) and u(t) € 0Py (v(t)) = Ep(v(t)) foraa. t € S.
Applying the chain rule [5, Lemma 3.3] yields

Uoas(u(t)) — W (u) = /0 ('(s),v(s) —vP)yyds Vtes. (5.14)

6. Using the strong monotonicity of Ey and ug(t) = Egvo(t), uko(t) = Eovko(t) a.e.in S we find for
the subsequence by the test with v, — v9 € Vp and integration over S

c||lvwo — UOH%Q(S,VD) < /S<Eovko—E0?Jo,Uk0—Uo>VDdt < luro — wollz2(s,v5) lvko — vollz2(s,vp)-

Thus, cl|vro — vollz2(s,vp) < lluro — wollz2(s,v5) — O by Step 4. Additionally, from and the
Lipschitz continuity of e; * on the interval [e;(—M ), e;(M)] we get

dar(vii) = e (ui/N;) = e H(ug/N;) - in L2(S, L*($%)), i€l (5.15)

Let T == (v, (€; " (ui/N:))ics) and let A(v) € L2(S, V*) for u = Eyo be defined by
(E(v),mv = /Q {un,unV<pn Vo, + upu, Vo, - V@p} dx

+ / Z {22V Vo, + zi(zipi—du (ziv0)—0;) P, } d
Qo

1€l

+ /Q,OM(@) [r(tn, up) (1 — e’a"’ﬁp) — G|(v, +7,) dz.
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Taking into account that pas(vk) = par(dar(vg)) we find

Par (V)T (Npen (Vkn), Npep(vrp)) (1 — e7 ™)
= par(dar (00) )1 (Nuen(dar (Vi) Npep(dar(viy))) (1 — e ) =durei)),

Using additionally (5.13) and (5.15) and Lebesgue’s dominated convergence theorem we derive for a
non-relabelled subsequence the convergence

Ap(vg,v) = A(v) in L*(S, V). (5.16)

7. Because (uy, vy,) are solutions to (5.3), our convergence results for a subsequence obtained so far
(see also Step 2 in the proof of Lemmal[5.7) lead to

0= lim <Akuk + AM(Uk,Uk), Vi — U)V dt

k—o0 S

= lim {(Akuk,vk—vD>V— (' v —vP)y
s

k—o00
+<AM(vk,vk) — Apr(vg,v), v — v>v + <AM(vk, V), v — U>V} dt

> lim sup {\IIM(UZ) — W (u°)

k—o0
+/S |:<u/’UD — ’U>V + Q( Z HV(Csz - @z)H%Q(Q) + Z HSOkz — gpl|’%/0>i| dt}

l‘:’VL,p i€l

Note that the limit of the last term in the third line is zero because of (5.16) and v, — v” — v — v”
in L?(S, V). The last two terms in the last line results from the strong monotonicity of A, in the last
argument. The weak lower continuity of W, on V* yields

limsup Wy, (uf) = lim sup Wy (ugp(T)) > War(u(T)).

k—o00 k—o00

Therefore, using (5.14)), the estimates of Step 7 ensure
Ori — i — 0in L*(S,Vp), i=mn,p, r — p;in L*(S,Vp), i€ . (5.17)

In Step 6 it was already proven that ||vio — vo||r2(s,v5) — 0. Thus, we also verify the convergence
|vei — vill 2(svp) = 0,4 = n, p, ||k — Vil L2(s,15) — 0.4 € o, andfinally [|vg, — v 251 — 0.
8. From vy; — v; in L*(S, L*(€);)) we obtain dy(vi;) — dar(v;) in L2(S, L*(€;)). By
we have dy(vri) — €; '(ui/N;) in L2(S, L?(€);)). The uniqueness of the limit gives dy(v;) =
e; *(ui/N;) = vy, i € 1. Using again pas(v) = pas(dar(v)) we establish that E(v) = Ap(v,v)in
L?(S, V™). Therefore, for arbitrary w € L?(S, V') we estimate

(Apr (v, o) — Apr(v,0), why = (Ap (g, v) — A(v), W)y
= (A (v, vr) — Anr(vr, v), 0y + (Apr (v, v) — A(v), why

< (3 llows = el + 3 llows = eillsa oz

i=n,p i€ly

+ || A (0, ) = A@) | 25,09

wHLQ(S,V)-
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Thus,
(An (v, vg) — An(v,0), W) 251
HAM(Ukavk) _AM<U7U>HL2(S,V*) = sup ( )
weL2(S,V) ||wHL2(S,V)
< Y ok — @illzsve) + ¢ > llew — ill 2y + 11Aw vk, v) — A) | z2(s,v+).

1=n,p i€lp

Due to (5.16) and (5.17), we obtain for that subsequence Ays(vy, vp) — Apr(v,v) in L2(S, V).
Since Step 1 yields Aps(vg, vg) = —Apup, — —u' in L2(S,V*), we end up with the identity u' +
Ap(v,v) = 0. The relation u = Ejv was already shown in Step 5 such that the limit (u,v) is
indeed a solution to (Py), which completes the proof. [

5.2 A priori estimates for problem (Py)

By the choice of M in (5.1) and the definition of W, the value of ¥, (u’) does not depend on M,

\IIM(UO):/Q%W( —vg |2dx+2/ / — Niei(y)) dy do = U (u?).

el

Lemma 5.3 We assume (A1) — (A4). Let M fulfill (5.7). Then, there exist ¢, ¢* > 0 not depending
on M andu° such that

loo(t) = o5 @y + D sl 1y < e (1+ V(")) =ter VEES,

el

ooty + o) le=@) < (1 + Y Ju(®)12@) VE €S,

i=n,p

for any solution (u, v) to (Py).

Proof. 1. By means of the test function v — v” for / + Ap/(v,v) = Owe find forall t € S
0= T (u(t) — T(u’)

+ / / NeMz(Uz),uzv(Uz + ZlUO) V<UZ - UiD + Zi(vo - UOD)) dz
0 el

+ Z/ vi + 2o — dar(vi) — dar(ziv0)) (0 + 2i(vo — vy)) dz

i€lp

+ /QpM(v)[r(Nnen(vn), Nyep(vp)) (1 — e 7)) — G(vy, + vp) dx} ds

> Uys(u(t)) — U() / / Neears 0I5 0, — P 4 2~ D))

el

1
+ Z /QO 9 (Ui + ZiVg — dM(Ul) — dM(ZiU()))Qd[L’

i€l

_ C/Q (SIVQP + ) + ) a

el

+ /Q,OM(U)[T(Nnen(’Un), Nyep(vp)) (1 — e 7)) — G(vy, + vp) d:c} ds
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Here we used the inequality (f + g — du(f) —dua(9))(f +9) > (f +9—du(f) —dar(g))? > 0.
Moreover, note that o vP € W1°°(Q), the monotonicity of the exponential function, and that

pur (V) (v +vp) = par(v)(dr(vn) + dar(vp)) < par(v)(dar (V)™ + dar(vp) ") < wp +up + ¢,
see (2.4). We arrive at

U (u(t)) < W) + / (14 3 ()l ) .
i=n,p
Next, we use and apply Gronwall’s lemma to gain the first estimate of the lemma.

2. Since for arbitrarily given y € Vo, (Aa(v(s),v(s)), (v, (—2iyl|a,)icr))v = 0 we find

0= [ w0~

= (o + tn — up)(t) — g — u) + i, yhvy, — D {z(wilt) — uf),ylao)ve VEES

i€lp

a,)icr))v ds

and thus u(t) € Uy. Therefore, the test of Eqvy(t) = ug(t) by vo(t) — v{ yields

leo(llv < e Dt 20y +1) < e 3 Iu®llzey +1).

el i=n,p

Here we toke into account that v’ € W1>°(Q), C € L>(Q), and u; < N fori € .

3.Letl > 1y := ||vP|~ and y := (vo(t) — )T — (vo(t) + 1)~ € Vp. Then the test of Eyuy(t) =
uo(t) leads to

01Hy||§{1(9) < /9er0 -Vydz = / <C + ZXQ zm,)yd:v

i€l
= C( Z [[wi ()] 22(0) )HZ/HL? <c Z i ()| £2() + )”yHL‘)(Q)ml/
1=n,p i=n,p
1/3
(D Nw@®llzay + D)1yl oym .

i=n,p

Here, we used that C' € L>(2), u; < N; a.e.in Q) for i € Iy and m is the Lebesgue measure of
the set {x € Q : |y(x)| > [}. The last inequality ensures

(k= Dmy!/® < llyllzsy < (S w2 +1).

i=n,p
By [21, Lemma B.1] we conclude that m; = 0 for [ > Iy + ¢(>,_ p 1) L2 + 1). In other
words, [|vo(t)[| ooy < (1437, [wi(t)l|r2y) forallt € S. - O

Exploiting the regularity result of Gréger [18, Theorem 1] for elliptic equations with non-smooth data
and mixed boundary conditions in two spatial dimensions for the Poisson equation and using the
boundedness of C' and u; < N;, 1 € I, we obtain

Lemma 5.4 We assume (Al) — (A4). Then, there exists a constant ¢ > 0 and an exponent T > 2
(independent of M and T') such that for any solution (u, v) to (Py)

2m , 2m
, 0 = .
T+ 2

oo () |y < c(1 +y Hu,-(t)HLg/(Q)) VieS, whereo =

; T —2
1=n,p
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The following three results are proven in such a way that their estimates can be used for Problem (Py)
as well as for Problem (Pg).

Lemma 5.5 We assume (Al) - (A4). Let M > M* with M* as in (6.7). Then, there exists acy > 0
depending only on the data (but not on M) such that for any solution (u, v) to (Py)

ui(t) < co(T) aeinQ YteS, i=n,p.

Proof. 1. Let (u, v) be a solution to (Py) and ¢ > 2 (not the elementary charge as in Section [2]). Let

D

K = max { max leq(zi(6” — vf)) (@), max | /Nill < ) }-

1=n,p

We define w; := (5+ — K)", i = n, p, and use for the equation u’ + A/ (v, v) = 0 the test function
-1, q-1 2
q(0,wi ", wi=,0,...,0) € L*(S,V)

to obtainforallt € S

t
> Hwi(t)Hqu(Q)"_/o /QZ {quiuiv(vﬂrzivo)-Vw?_l

1=n,p 1=n,p (518)
+ qpp (V)[r(1 — exp{—v, — v, }) — G]wf_l}dx ds = 0.

2. Since in this proof all spatial integrations concern €2, we leave out here the domain €2 in the notation
for the norms. Using e/(x) < e;(x), i = n, p, and the characteristic function ., of the support of w;,
we estimate the diffusion term

Uy

ﬁVUl- . Vw;’_l = (q—l)wg_zeiM(Ui)vvi - V(ein (vi) — K)+
= (g—1)w! 2eins (V)€ (V) VUi *Xws > (q=1)w! X €ins (v:)* | Vi)

-
= (=Dl |Vl = XVl 2 {Vu

Using 7 and o from Lemma5.4] the essential drift part is estimated by

Uy

~ Vo Yl dz < o(|[w?| e + 1)([|Vvollz- + D[ Vwl?|| 2.
(9] 1

For the treatment of the reaction terms, note that due to F,,(x), F,(x) < e* we have re” """ =
7o Npen(vn) Npe,(v,)e™ "~ < c. Moreover, pp(v)r > 0 such that

apa(0)[G = r(1 = exp{—v, — v ]wf ™" < cqui™.

In summary, the previous arguments ensure to conclude from (5.18) the inequality

t
2 2
> lwi®)g < / > { = 20 Va2 + eqluw* | + 1)
0

1=n,p 1=n,p (519)
+eq(lw? e + DIV oollir + DIV]52  as.
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3. For ¢ = 2 we obtain from (5.79) due to Lemma[5.4]

t
S sl < [ 32 {2Vl + el + 1)

1=n,p =n,p

+c([lwill o + DIV ool [~ + 1)Hsz'HL2} ds

T
S/ > {-%ﬂllvwilliz + o |Jwi||22 + 1)
o .

1=n,p

+clwillze + DO gl + DIV s

Jj=n,p
Note that u; < N;(w; + K). Forally € H}(£2) we estimate by Gagliardo-Nirenberg’s inequality

1/o 1/0’ 1/0’ 1/o
Iyl2e < eyl Vyllz,  ylle < cllyllNVulss Nyl < eyl vyl

such that after applying Young’s inequality and the first estimate from Lemma (5.3 we find

S w2 < e(K) / (3 Junl: + 1) 0s < e(K) / G+ 1)ds=aAT). (5.0

i=n,p i=n,p

Because of 0’ < 2 and u; < N;(w; + K'), Lemmal5.4lensures a T' dependent bound
R ‘= (HUOHC(S,WE‘H(Q)) _|’ 1)20" (521)

4. For ¢ > 2 we obtain from (5.19) under the use of Gagliardo-Nirenberg’s and Young’s inequality and
(5.21) that
> llwit)ge < eq* kv T > (s;gg wil|2,,, +1) VteS. (5.22)

i=n,p i=n,p

Setting ¢ = 2™, m > 0,and wy, := >, (suDeg [[wi(t)[|7om +1) we find w,, <" 2errTwy,

¢ := 227, and repeated application gives w,, < (¢2¢r7Twp)?" which means

> sup [wi(t)[| o < E2ekgT Y (sug llw; ()| 12 + 1),
t te

i=n,p i=n,p

and leads in the limit m — oo to

> sup ||lwi(t) ]| < E2ekrT Y (sup |wi(t)|[p +1) VE €S, (5.23)

i=n,p ° i=n,p tes

Together with the inequality w; < u;/N; and the first estimate in Lemmal5.3] we obtain the bound
> iy lWi(t)|[Le < ¢(T) forall t € S. This ensures that u;(t) < Nj(w;(t) + K) < N(w;(t) +
K)< N((T)+ K)forallt € S. O

Lemma 5.6 We assume (A1) — (A4). Let M > max{M*, maxey, |zi|c*(1 + 2¢o(T)|2*?} with
M* as in (5.7), ¢* from Lemmal5.3 and ¢o(T) from Lemmal5.5 Then, there exists ¢; > 0 depending
only on the data (but not on M) so that for any solution (u, v) to

uwi(t) > c1(T) aeinf; Vte S, iel.
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Proof. 1. Let (u, v) be a solution to (Py). We set

K := max { max ||In e;(v7) || zos, max 1(In(uf/N;)) ||, malxln ei(O)}.
=n, 1€ 1€
Our choice of K ensures that (In (u;/N;) + K) (0) = 0,4 € I, and (In (u;/N;) + K) €
L*(S,Vp), i = n, p. First, we show the assertion for i = n and use the test function

wi!

—q(0,—,0,0,...,0) € L*(S,V), ¢>2, w:=(lnu,/N,+K) .
U /Ny,
Analogously this can be done for ¢ = p. Note that due to the definition of the reaction rate, the

boundedness of 1y and the charge carrier density (see Lemma[5.5) and the sign of the test function

R = rolumn ) Nty (1= 0 {6 (1) =65 (1)} '™ < (Tt
uTL n
B (5.24)
—G wiT 0
un/Nn -
We arrive at

t wq_l
1 < — . . q—1
ol < [ [ a0, = )9 (355 ) + wr dads
t
< / / q{unNn(an — Vuy) - Vw((q—l)wq*2 + wH) + c(w? + 1)} drds. (5.25)
0 JQ
Since €], (y) < e,(y) for all y € R (see (iii) of (2.4)) we find

/ / 2
Vo, - Vi = _|an‘2m < —<|V0n1M> — _|Vuwl’.  (5.26)
eMn(Un) eMn(vn)

Moreover, we rewrite

4(q—1)

4
q(q—l)wq_2|vw‘2 = T‘qu/2|2> qwq‘1|Vw\2 _ q1

|V (@tD/22,
(¢+1)?
We continue the estimate (5.25) with suitable § > 0 and ¢(7") > 1 by
! 2112 0 1)/212 2112
w7, < / { — Ol|w?|7 — &||w<q+ P+ e(M)g(lw'?|I72 + 1)
0
+ cq(|lw”?|| 2o + 1) (Jlvol| = + 1)||qu/2||L2} ds (5.27)

) ~
< [ =Sl O 4 ST (s + 1) ds.
0

Here we used the definition (5.21) and again Gagliardo-Nirenberg’s and Young’s inequality.

2. With the estimate for values ¢ € R, and the function w € Vj
3 0
Ol < Oclwly = 0elw} < ocuty < Sw? 3 + c6?,

we now consider the inequality for ¢ = 2 and get ||w(t)||7. < ¢(T) forall t € S. Therefore
|lw(t)||r < cl|lw(t)||gz <e(T)forallt € S.
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For arbitrary ¢ > 2, we exploit (5.27) and omit the first term on the right-hand side to obtain

lw(®)lZe < E(T)qQ%T(sgg lw? ()17, + 1). (5.28)

3. Setting ¢ = 2™, m > 0, and wy, := sup,eg [|w(t)||35m + 1 we find w,, < & 26(T)krw?,_;,
¢ := 229, and repeated application gives w,, < (¢2¢(T")krwy)?”" which means

sup ||w(t)||pem < €2e(T)kr(sup ||w(t)||z: + 1).
tes tes

For the limit m — o0, we derive

sup ||w(t)||pe < e2e(T)kr(sup ||w(t)||Lr +1) Vi e S.
ses tesS

Together with sup,cg ||w(t)[| 1 < €(T") we obtain ||w(t)| |z~ < 2¢¢(T)kr(¢(T) + 1) forallt € S.
Finally, this ensures for all t € S

n(t ~~ —K—2c¢ c i
) < TR (1) +1), (1) 1= NeFFOEDD) < (1) e in

n
4. The lower estimate for u,, follows exactly the same technique as presented for w,,. For u;, i € Iy we
use the test function with the i-th component —q;";—;i € L*(5,Vp), ¢ > 2,w := (Inw;/N; + K) .
All other components are zero. In contrast to the situation for u,, and u,, here no parts coming from
the generation-recombination of electrons and holes appear, but

g—1 g—1

w w
iPi — Vo) — i) AT = i i — dar(ziv0) — dar (V4 d
/QO q(zipi — dar(ziv0) — dar(v ))uz/Nz dx /QO q(zivo + vi — dar(2iv0) — dar(v ))uz/Nz T

has to be estimated on the right hand side. Our choice of M guarantees that dj;(z;v0) = z;vo a.e.
in Qg for all £ € S. Therefore the last integral reduces to [, q(vi — cl]\4(1)l))z:’q/—_j\]1 dx which is non-
positive and can be neglected in the estimate. Note that our choice of K ensures that v; < 0 in case
that w # 0. The drift term is estimated as for electrons and holes using the expression k1 such that

we can proceed as in estimate (5.27) and follow the Steps 2 and 3 of the present proof. [

After obtaining the positive lower bound for u; we are able to verify a suited upper bound for u; less
than N;, i € I, by choosing powers of the function (e" — K) ™, i € I, for a Moser iteration technique
(see Lemmal5.7).

Lemma 5.7 We assume (A1) — (A4). Let M > max{M*, max;ey, |2i|c*(1 + 2co(T) |2/} with
M* as in (B), ¢* from Lemmal5.3 and co(T") from Lemmal5.8. Then, there exists a constant cs,
0 < ¢o(T) < 1, depending only on the data (but not on M) such that for any solution (u,v) to

uz(t) S CQ(T)NZ a.e.in Qo7 vVt € S, 1€ ]0.

Proof. 1. For the derivation of upper bounds for the density u; strictly lower than N;, ¢ € I, we verify
a finite upper bound for the potential v;, more precisely, for e"*. This is recommendable, since for test
functions of the form )

q[(em — K)t]" v

e;(v;)

(5.29)
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in a corresponding Moser iteration, all terms arising from the test of the continuity equation for w;
can be handled. Here the estimates in (2.6) play an important role. They ensure for v; > —(; the
inequalities

R R {0
Toeve(v) T ej(w)
However, we cannot use the function in directly since it is not a priori clear that it belongs to
L?(S,Vp). We have to approximate it by substituting v; in by vy, := min(v;, L) for L large
enough and considering the limit k. — oo in the resulting estimates.

e <1, €l(v)<0. (5.30)

)

2. Let (u, v) be a solution to (Py). We set K := max;ey, maux{e”6 w/NllLe o) =G 1} Leti €
Iy be arbitrarily fixed and L > In K > 0, vy, := min(v;, L), L := N,e;(L), and uz := min(u;, L).
We use the test function with the 2-th component

wi Lo
q_
ei(vr)

All other components are set to zero. Since €}(y) > 0 for all y and F'(n) < 0 for all n > 0, we
obtain €;(vy) > ¢(L) > 0for v; > In K. Moreover, e’~ < ¢(L). (5.30) ensures an upper bound for
le? (vr,)|. Thus we find an estimate for

T, ) = (LN KO [ = K e

gWr(v;) = q>2, wp:i= (e”L — K)+. (5.31)

e;(vr) e;(v)
[(e" — K)*]"te" e} (vp)
(6;(UL))2 }vvz X{z:In K<v;<L}

such that Wr,(v;) € L*(S Vg) and (5.37) is an admissible test function. Moreover, our choice of K
guarantees that wr,(0) = 0. Next, we rewrlte
[(ec ' (up) — [)*]aTeei (up)

B KT B

and obtain .
| at @z ds = [ otu(o) - gtu)) da. 552
0 Q

where

Y [(& '(min(r.L)) _ pr)+]a—1lee; (min(r,L))
9ly) = / ( M
0

¢;(e; * (min(r, L))
The validity of (5.32) is clear for smooth u; € H'(S, L?). For general u; the validity of this relation is
obtained via approximation by smooth functions and passing to the limit. Note that due to the choice

of K we have g(u?) = 0. Additionally, we have the lower estimate

' " min(u;,L) [(eezl(min(T,Z)) _ K)-I—]q—lee;l(min(T,Z))
o) > glominu, £)) = g(ug) = [ e dr
0 ei(e; (min(7, L)))

7

= [(e e — O ([ — T (e — ) = wf.

3. The term resulting from the regularization

-1
qui evL
dum (2 dm(vi) = zipi) ———d
| e + () = 2p) T o
qwq 1e’UL
= /(dM(ziv0)+dM(vi) — 2jvg — v;)—2——dx
Qo ei(vL)
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has to be estimated on the right hand side. Our choice of M guarantees that dM(zZvo) = 2,09

'Ll) 1e
L

a.e. in Qp for all t € S. Therefore the last term reduces to fQ (dpr(vy) — U’)W dz which is

non-positive (note that w;, = 0 for v; < 0), and will be neglected.

4. Using the test function (5.31) and the relation (5.32), the estimate for the function g, and Step 3, it
follows that

q—1 vr,
) - M)d d
fon Oty < = [ [ ¥ = s 9 S5 o

(5.33)
—/ q/ p1i{u; (1 + O3 + O3+ 04 + O5 + ) | da ds,
0 Qo

where the terms ©;,7 = 1,..., 6, are defined and estimated separately. Since here all spatial inte-
grals are with respect to €2, we will leave this out in the notation of the estimated norms in the rest of
the poof. We use the properties Vv, - Vwy, = |Vwg [ e 2, wy < 'L, Vu; - Vur = |V |? and
the estimates in such that

_ evr _ wy,
0, = ¢(q¢—1)Vv; - Vwywi > > q(q—1) |V [P wi?——"—
1= q(q—=1)Vv; - Vwp wi 6;(UL)_Q(Q )IVwi | wy, el (vr)
=)V Pt L dalam]) Vu ™R e+0/2)2
PR ene(on) (g 12 enei(un) ’
e’ e’Lel (vp)
0, = q|Vur 2w >0, ©O3:=—qVv;-V P AT g
vV o = VoV ) 2
The terms resulting from the drift are estimated as follows
2 e g—1 u evL
O4 :=q(¢—1)Vvy - Vwpw?” e;(vL) q(g—1)Vuy - VwLwL w;? o)
2q(q—1) ol az3 ellelt
:—v v 2 2 _
gr1 VI )
i
|94| <CQ|VUO||VU’L |(|w |+1),—<CQ|VUO||VWL |(|wL2 |+1)
evre;(vr)

For the remaining terms ©5 and O, we argue

v, 71 q71 elL
05 1= qVuy - Vg wl '—— = ¢V, - V —
5 qVv vy UL Wy, GQ(UL) qv - wLwL ’LUL evL6;<UL)
1)/2 atl +1)/2 atl
05] < el Vool V™ (™ |+ 1) s < el Vel Vw2 (jw,” | +1),
_pe'rel(vp) —1 et e el(vg)

@6 = —qug VUL UJL

= —qVuy - VwLwL w;?

(ej(vr))?
q+1
96| < ¢| Vol [Vl (jw, 2 | +1)

evrel(vy) ei(vg)’

1 6” v g1
: | ,< L)l < | Vool [V (jw, 2 | +1).
evrei(vy) ej(vr)

)

By the estimates for ©;,7 = 1,...,6, ¢1(T) < u; < N; a.e. in  (see Lemmal5.6), and (A2), w
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continue estimate and ensure for a suitable 6 = §(7") > 0 (and 7, o and k7 from (5.27)) that
o o[ et T
Jan®ls < [ { = o I + catloy 132 + 1)
a1 a1
+ gl Vool ([lwp® (e + Dlwy? ||H1} ds (5.34)

! 0 -~ 20 o4 2
< / [ = St W+ @ wr (g [+ 1)} ds.
0

As in the estimate (5.28) in the proof of Lemma@], we applled Holder’s, Gagliardo-Nirenberg’s and
Young’s inequality, but now for the function wL instead of w?.

5. Next, we calculate

g1 q a2 ;1_1 q 2(q+22) 2(q+22)
lw” |7, < (Hw£||L2||wL4 ||L2)q = Jlw L||L11 Jw,* ||<";;1% <7|le|2?1 lwy, H(””
< <450q /iT) q+12)2 || ||q+1 x || + | (25?:;)22)
— \4dcq**kr YL m
5 1 @) 4eq% K 2q+ w 22(‘1“)
gzgq%n |2, 4 e 1(7) S g |l
K (g+1)2 4/c\q2"/<;T 2‘14
< Samr e i+ @b (S0 T 1 1),

Inserting this estimate in (5.34) we find for a suitable c5 > 1 that

q+2 1+ (g+1)2

t +1)% /4 — - q
lws (B, < / {8l 13+ @85 (5) 707 (e ) (f I+ 1) ds
TR 60 (|],,3 |2
< {—szL 5 + csq (\way\L1+1)}ds Vit € S. (5.35)
0

6. As in Step 2 of the proof of Lemma 5.6] we have for arbitrary § € R that 8 |Jwy, |3, < g||w3/2|| 1+

¢ 6. Inserting this in estimate (5.35) for ¢ = 2 we establish that ||w,(¢)||z2 < ¢(T) forall t € S and
therefore also sup,cg ||wr(t)]| L1 < ¢(T"). Moreover, for arbitrary ¢ > 2, it follows from (5.35) that

q
lwr(t)])%, < caq“”*lT(sug [w ()22 + 1) (5.36)
se

7. Defining

T 1, m=0,1,2,...

W = sup ||wr(s)
seS

we find from (5.36) for ¢ = 2™, m > 1, and ¢ := ¢;T 2% that w,, < ¢"w?,_, and repeated
application gives w,, < (Cwy)*" which means ||w(t)||2m < € (supyeg |wr(s)||pr + 1), and
leads in the limit m — oo to

lws (8]l < 7 (sup ws(s) o +1) Ve e S. 5.37)

s€S
With sup;cg [[wr(t)[| . < ¢(T) (see Step6), ensures that [|w, ()| L < ¢oo(T) forallt € 5.
8. Since the constant c.,(7") does not depend on the choice of L, we can pass to the limit L — oo in
this estimate and derive || (e¥ — K)+(t)|]Loo < coo(T) and eV < K + coo(T),

N;

vi(t) <In (K + coo(T)), <e(In(K +co(T))) = ea(T) <1 Vte S O
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5.3 Solvability of Problem (P)

Theorem 5.1 We assume (A1) — (A4). Then, for all T > 0, S = [0, T, there exists a solution to
Problem (Pg).

Proof. For arbitrarily chosen 7" > 0, S = [0, T'] Problem has a solution, see Lemmal5.2l The
a priori estimates for solutions to (Py) in Lemma.3] Lemmal5.5] Lemma[5.6land Lemmal5.7] ensure
that for M > max{M*, max;cy, |2|c* (1 + 2co(T)|2|/?} (with M* as in (5.1), ¢* from LemmaB5.3]
and ¢o(7") from Lemma[5.5) being sufficiently large (compare Remark 5,91 depending on 7°) namely

M > mase{ mane |zile" (1 -+ 2¢0(1)]Q2), 2max e (247 |, 2max e (2],

,max}e;l(@(T))}}

i€lp

max e (“47)

every solution (u,v) to (Py) satisfies the equalities dy(v;) = v; for i € I, dy(z;v9) = 20 for
i € Iy. Since py(v) = 1, the reaction terms in Ay (v,v) and A(v,v) coincide. Moreover, the
regularization terms z;; — d(z;v9) — ds(v;) in the equations for the ionic vacancies disappear,
and we have Ey(v) = E(v), Ay (v,v) = A(v,v) and the pair (u, v) is a solution to Problem (Pg),
too. [

5.4 Bounds for solutions to

Theorem 5.2 We assume (A1) — (A4). Then, for all T > 0, S = [0,T] there exist co(T), c1(T),
co(T') > 0 with co(T") < 1 such that for any solution (u, v) to Problem (Pg) and for allt € S

Cl(T) Suz(t) SCO(T) a.e. in Q, 1= n,p, Cl<T) Suz(t) SCQ(T)NZ a.e.in Qo, 1€ ]0.

Proof. Let (u, v) be a solution to (Ps). Theorem [4.3]and ensure [|vo(t) — vg’ || 31 gy 1w ()| 210
< ¢(T) forallt € S,i € I. The estimates in the second line of Lemmal5.3 and the result of
Lemma 5.4l remain also true for solutions (u, v) to (Pg). For the upper bounds of u,, and u, We argue
exactly as in the proof of Lemma[G.5l Note that the estimate of the reaction term in Step 2 there works
also in the non-regularized setting for without the factor pj,. Especially we again work with k7
defined in and do the Moser iteration technique.

To establish the positive lower bounds of u; we proceed as in Lemmal[5.6] and use also in the non-
regularized setting for the inequality (5.24). Since in Step 4 of the proof of Lemmal[5.6] the part
stemming from the regularization term z;0; — d(zv0) — das(v;), @ € Iy, is only neglected and not
explicitly used in the estimates, we can for exactly argue as in the proof of Lemma[5.6]to get the
lower bound of ;.

Finally, the upper bound for u;, ¢ € I, is obtained following the lines of the proof of Lemmal[5.7l Note
that again, the part with the regularization term for is only neglected and not explicitly used in the
estimates. [

Remark 5.2 Using the global positive lower bounds for the charge carrier densities of solutions to
established in Theorem|[5.2 and the energy estimates performed in in the proof of Theorem[4.1]
we obtain the estimates ||; || L2(s,m1(0.)) < (1), i € I, and ||vol| z2(s,u1 () < ¢(T'). The relations
of p; and v; ensure the estimates ||v;|| r2(s,m1(0,)) < ¢(T'), @ € 1. Furthermore, the bounds of u;
from Theorem[5.2 and u; = N;e;(v;) guarantee L>° bounds forv;, i € I, which lead to the estimates
for the whole vectors

IAC, V) ll2esve)s u'll2gsve < e(T).

DOI 10.20347/WIAS.PREPRINT.3073 Berlin 2023



Analysis of a drift-diffusion model for perovskite solar cells 29

6 Concluding remarks

We examined the drift-diffusion model introduced in [2] for the charge transport in perovskite solar
cells, which includes the dynamics of multiple mobile ionic vacancies. We started by conducting sim-
ulations to underline the importance of including additional migrating vacancies from an application
perspective. Furthermore, we demonstrated the existence of weak solutions to the problem and es-
tablished positive lower and upper bounds for the densities depending on the length of the time interval
S = [0, T]. The question of uniqueness of the solution to Problem (P) is still under consideration and
rests upon higher regularity properties of the possible solutions.

In case of organic transport layer materials such as fullerene Cgg (see [28]), Gauss-Fermi integrals
have to be used for the statistical relation. According to [17, Subsec. 2.1], the Gauss-Fermi integrals
satisfy similar essential properties as Blakemore statistics [z, for v = 1 (cf. (2.5)) used in the
presentation here. The methodologies for establishing positive lower and upper bounds on the number
of transport states for charge carrier densities in organic semiconductor materials are elucidated in
[17) proofs of Lemma 4.3, Thm. 5.2]. Note that Gauss-Fermi integrals can also be approximated by
Blakemore statistics [, for v = 0.27.

In our model, we considered not only the movement of electrons and holes throughout the entire
domain €2 but also accounted for the migration of ionic vacancies within a specific subdomain €,
representing the perovskite material. It is noteworthy that the methods employed in our existence proof
are versatile enough to accommodate scenarios involving distinct mobile ionic vacancies residing in
various subdomains €2; C (2, where ¢ € I;. Furthermore, the scenario with €); = Q fori € I is
a valid configuration and encompasses the conditions observed in the study of memristive devices
detailed in [19]. Therein, only one type of ionic species is considered, which is crucial for the analytical
treatment of the model. The assumption includes applying Boltzmann statistics uniformly to all species,
without the inclusion of generation/recombination terms and a photo-generation rate. The drift-diffusion
system is analyzed in three spatial dimensions. Moreover, the model considers the distinct time scales
associated with the motion of electrons/holes and ions, and it incorporates the fast-relaxation limit in
two spatial dimensions.

A Properties of the statistics functions

Fermi-Dirac statistic ' /»: The last two estimates in (2.4) follow from the inequalities

F1/2 51/2 1/24—¢
= < =1,
o \/—/ e dg / 3 d¢ =
£1/2

£1/2 exp B
(F1/2 \/—/ (exp(é —2) 1 f < \/—/ o€ —2) 1+ 1 dé = F1/2(Z).

For the limit z — —o0, the value Fi)2(%) decreases as €. In turn, for the limit 2 — 00, the value
F'i2(z) then increases as f 232, see [4].

Fermi-Dirac statistic F'_1: To verify (ii) of (2.6), we estimate

1 }’ B e * B e ~?
e %+ 1

F(2) = [ _
~1(2) (e +1)2 e +27+1
e ” 1 1 e®

= < =I4(z) = < e,

e 22 £ 2% e 242 e 41 1+e®
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