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Augmenting the grad-div stabilization for Taylor—-Hood finite elements with a
vorticity stabilization

Volker John, Christian Merdon, Marwa Zainelabdeen

Abstract

The least squares vorticity stabilization (LSVS), proposed in [2] for the Scott—Vogelius finite element discretization
of the Oseen equations, is studied as an augmentation of the popular grad-div stabilized Taylor-Hood pair of spaces.
An error analysis is presented which exploits the situation that the velocity spaces of Scott—Vogelius and Taylor—-Hood
are identical. Convection-robust error bounds are derived under the assumption that the Scott—Vogelius discretization is
well posed on the considered grid. Numerical studies support the analytic results and they show that the LSVS-grad-div
method might lead to notable error reductions compared with the standard grad-div method.

1 Introduction

The Navier—Stokes equations are the fundamental equations of fluid dynamics. For incompressible fluids in a domain
QCRYd= {2, 3}, the steady-state Navier—Stokes equations are given by

—vV-(Du)+ (u-V)u+Vp=Ffin Q, (1a)
V-u=0in Q, (1b)
u =0 on 0. (1c)

Here u := (uj)jzly__,,d is the (vector-valued) velocity field, p is the (scalar-valued) pressure field and v is the viscosity
coefficient. The differential operators involve the symmetric part of the stress tensor D(u) = (Vu + VuT) /2, the
nonlinear convection term (u - V) u = (Vu) u, where Vu is the Jacobian of u, and the divergence operator V - u.

Equation models the conservation of linear momentum under external forces f, equation models the conservation
of mass and equation poses a (for simplicity homogeneous) Dirichlet boundary condition along the boundary of the
domain. The gradient of the pressure Vp can be understood, from the mathematical point of view, as a Lagrange multiplier
for the divergence constraint V - 4 = 0 and, from the physical point of view, as a counter force that balances conservative
forces (= gradient fields) in the momentum balance to avoid compression of the fluid.

There are two main difficulties in discretizing the Navier—Stokes equations for small viscosity coefficients. First, the nonlin-
ear convection term dominates the viscous term, a phenomenon called dominant convection. That leads to large errors if
- is discretized using a standard Galerkin method. Second, classical finite element discretizations, like the popular
Taylor—Hood method [18], often relax the divergence constraint V - w = 0 and only compute discretely divergence-free
discrete velocity solutions .y, which in general do not satisfy V - uj, = 0 weakly, i.e., in the sense of LQ(Q). On the
one hand, this affects the mass conservation and on the other hand, this also perturbs the balancing of gradient forces
in the momentum equation which can lead to additional discretization errors due to a coupling of discrete velocity and
the (unknown) exact pressure [13} [14, [16]. If a method admits velocity estimates with bounds that do not depend on the
pressure, it is called pressure-robust.

Historically, convection stabilization ideas from scalar convection-diffusion equations were also applied to the vector-valued
momentum equation with some success, e.g., see the review article [9] and references therein. To tackle errors from a re-
laxed divergence constraint, the so-called grad-div stabilization is very popular, which adds a zero term, i.e., =YV (V - u),
~v > 0, to the momentum equation. In this way, a penalization of the divergence of the discrete velocity is introduced in the
finite element equation, [7, [15]. The grad-div stabilization is studied in [11] for the Stokes equations and in [1] for the Os-
een equations with investigations how to choose the stabilization parameter optimally. Finite element error analysis shows
that grad-div stabilization does not remove the presence of the pressure in velocity error estimates, however it reduces
the impact for small viscosity coefficients. In addition, it mitigates dominating convection. To be precise, for steady-state
problems, the impact of small viscosity is reduced, compared with the Galerkin discretization, e.g., see [11]. For time-
dependent Navier—Stokes problems, it is even possible to derive error estimates (in appropriate norms) with constants
that do not depend on the viscosity, e.g., see [6}9]. This property is certainly another reason for the popularity of grad-div
stabilization.
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In [2], the so-called least squares vorticity stabilization (LSVS) convection stabilization was proposed that is motivated
by the underlying vorticity equation (obtained by applying the curl operator V x to the momentum equation), which has
the advantage that it adds no (additional) coupling between discrete velocity and exact pressure. This is opposite to the
classical SUPG convection stabilization. Applied to a pressure-robust finite element method, optimal convergence results
are obtained in [2] for the Oseen problem and the exactly divergence-free Scott—Vogelius finite element method proposed
in [17], on appropriate meshes. The approach was extended to divergence-free virtual element methods [3] and time-
dependent Navier—Stokes equations in [4], but still with the restriction to divergence-free finite element methods.

In this paper we explore, for the steady-state Oseen equations, the LSVS convection stabilization in combination with
the grad-div stabilization for Taylor—Hood pairs of spaces, called the LSVS-grad-div stabilized method. For the grad-div
stabilized method, [5] shows that for larger grad-div parameter ~ the Taylor—Hood solutions converge to the solution of
the Scott—Vogelius finite element method, at least on barycentric-refined meshes. It will be shown that the convergence
property for v — oo holds also for the LSVS-grad-div stabilized Taylor—Hood method. In addition, an error analysis of
this method is presented, which is based on the observation that it is possible to introduce the Scott—Vogelius velocity
solution in the error equation, instead as some interpolant or projection as it is usually done. Numerical studies support the
convergence result for v — oo and the proved orders of convergence. Likewise important, it will turn out that the results
obtained with the LSVS-grad-div stabilized method are, for appropriately chosen stabilization parameters, notably more
accurate than those computed with the traditional grad-div stabilized method.

The paper is organized as follows. Section [2| presents the steady-state Oseen equations and inf-sup stable pairs of finite
element spaces. Some results from the literature are recalled. The LSVS discretization for weakly divergence-free pairs
of spaces and the LSVS-grad-div stabilization for Taylor—Hood pairs are introduced in Section [3[ and their connection is
explained in Section [4] Section [f presents the error analysis and the numerical studies are provided in Section [6] The
paper concludes with a summary and outlook.

2 Preliminaries

This section introduces the model Oseen problem and its standard Galerkin finite element discretization, as well as nec-
essary notation.

2.1 The Oseen equations

Let O € R?, d = {2, 3}, be a bounded and connected domain with Lipschitz boundary 9€2. The Oseen equations are
linear and stationary equations that possess a convective term and, in their more general form, also a reactive term in the
momentum equation. They are given by

Lu+Vp=Ff inQ, (2a)
V-u=0 inQ, (2b)
u =0 ondf, (2¢)

where
Lu:=—-vAu+ (b-V)u+ou.
Here, v > 0 denotes the viscosity coefficient, o > 0 is assumed to be a constant and the convection field b is assumed
d d
to belong to (W1>°(£2))" and to satisfy V- b = 0. Let V := (H}(2))" and Q := L§(£2) be equipped with the norms
lvllv == [VvllL2(q) and [|gllq := |lg|lz2(q)- The subscripts mean that the functions from V' possess a vanishing
trace on 02 and the functions from () have integral mean value zero. The weak form of (2) reads as follows: Given

fe (H‘l(Q))d := V™, find (u,p) € V x Q such that

v(Vu, Vo) + ((b- V)u+ou,v) — (V-v,p) = (f,v)y»v YveV, :
(V-u,q) = 0 VqgeQ. ©)

Here, (-, ~)L2(D) denotes the L2-inner product on a domain D, where D is omitted for D = . This is a linear saddle
point problem with the bilinear forms

a(u,v) :=v(Vu, Vo) + ((b- V)u + ou,v), bv,q):=—(V-v,q). (4)
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Augmenting the grad-div stabilization for Taylor-Hood Finite Elements with a Vorticity Stabilization 3

A key property of the convection term is the skew-symmetry, that is
(b-V)v,v)=0VoveV, ®)
which follows from the assumption that b is divergence-free. Let
Vi = {veV:(V-v,q):O, vqu}

be the space of weakly divergence-free functions. The inf-sup stability of the spaces V' and () plus the V -coercivity of
the bilinear form a(-, -) guarantee existence and uniqueness of the solution to the weak Oseen problem (3)- The following
stability estimate can also be proved, e.g., see [12, Lemma 5.8],

1% 1 1
§||Vu||2L?(Q) + llozullizg) < 5||f||?{71(9)- (6)

The analysis will use Poincaré’s inequality: there is a constant C' > 0, depending only on the diameter of €2, so that

”'UHL2(Q) < CHVUHL?(Q) YveV. (7)

2.2 Inf-sup stable mixed finite elements

Let 75, be a triangulation of §2 into simplices that is admissible in the usual sense. For every mesh cell K € 7}, its diameter
is denoted by h - and we define h := max{hx : K € Ty }. The set of all facets of 7}, is denoted by F, where F* C F
is the subset of all interior facets. In addition, let Fx C F be the set of all facets of K € 7T;, and let h g be the diameter
of ' € F.

For a vector-valued function v we define the tangential jumps across F' = K1 N Ko with K1, Ko € Ty, as
[v X n] :=v; X ny + vy X ng,
where v; = ”|K1- and m; is the unit normal pointing out of K;. If F' € 0f2, then we define
[vxn]:=vxn.

With respect to 75,, F and F*, piecewise L? products are defined by

(v,w), = Z (VW) 2y, (VW) 5= Z (v, W) 2y 5

KeTy, FeF

(v,w) 5 = Z (v, W) p2(py s

FeFi

with associated norms ||+ ||, ||-||= and ||-|| =i, respectively.

Let V;,/Qp, be a pair of conforming finite elements spaces on 7, and assume that they satisfy the discrete inf-sup
compatibility condition
b(vy,
inf sup M > P > 0. (8)
ane@\ {0} vrevi\(o} [[vnllv llanllo
Then, the associated Galerkin finite element method for the Oseen equations admits a unique solution (up, pr) € Vi X
Qy, such that, for all v, € V', and g, € Qp,

v(Vup, Vo) + ((b- V)up + oup,vp) — (V- vn,pn) = (f,vn)ve v,

(V : uhv q}z) = O
In this paper we study the Taylor-Hood (TH) finite element family with vector-valued globally continuous piecewise polyno-
mials of up to order k > 2 for the velocity, denoted by V';, := P}, and continuous piecewise polynomials of up to order
k — 1 for the pressures, denoted by (Qy, := P _1. For our studies, we need to consider also Scott—Vogelius (SV) finite
element pairs, which use the same velocity space but discontinuous pressure functions of the same polynomial degree as
the Taylor—Hood pair, denoted by @y, = Pkdlff.

The following velocity error estimate in the norm of V' holds, e.g., see [12, Theorem 5.14].
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Theorem 2.1. Letu € (H**t1(Q))4 andp € H*(Q). For V), = Py, and Qj, = Py_1, there holds

IV(u —un)llL2 o)

Sl 2

(NI

V2 2 g2

[blleey . (1 1 .,
< cCht (1 + O O iy prilay llwl| gres1q) + ;thpHHwQ)- )

In the case of dominating convection, i.e., when v < ||bHLoo(Q)h, the estimate (9) indicates that large velocity errors are
to be expected. Therefore, convection-stabilization methods are required. Additionally, the error estimate shows a lack of
pressure-robustness: for small v and complicated pressure p, the error induced by the pressure term can be very large.
For divergence-free methods like Scott—Vogelius there is no lack of pressure-robustness and an estimate of type (9) can
be shown without the pressure term. The next section introduces stabilizations that mitigate both problems.

This section closes with recalling a couple of tools that are used in the finite element analysis. The first one is a local trace
inequality: there exists a constant C' > 0 such that for every K € T, F' € Fx andallv € H!(K)

lollzecey < C (R [ollzace) + Aol ) - (10)

Next, an inverse estimate is needed, which states that forall K € 7y, al0 < ¢ < s <mandallg € P, (K) there is a
constant C' > 0 with
ID%q|l L2y < Ch™ =9 D q| 12 (k). (11)

Finally, let I : C*°(K) — P(K) be the Lagrangian interpolation operator, where P(K) is a polynomial space defined
on K and let 2(m + 1 — s) > 1. Then there is a constant C, which is independent of v € H™!(K), such that for all
v € H™*1(K) the following local interpolation estimate is satisfied:

||Dk('l) — Ik’v)”Lz(K) < C’hdeik||Dm+1'l)||L2(K)7 0 < k <m+ 1.

3 Stabilized discretizations

This section introduces two stabilizations, namely the popular grad-div stabilization and the rather novel LSVS convection
stabilization.

3.1 Grad-div stabilization

The grad-div stabilization introduces a penalty term in the Galerkin finite element formulation which penalizes the violation
of mass conservation. So we add 0 = —yV(V - u) to the continuous momentum equation (2a), apply integration by parts
to derive the weak formulation, and then replace the infinite-dimensional spaces with finite element spaces. Assuming
from now on for simplicity that f € (L?(€2))?, then the grad-div stabilization scheme for the Oseen equations seeks
(un,pn) € Vi, x Qp, such that, for all vy, € V', and g1, € Qp,
a(up,vp) +v(V-un,V-vp) = (V-vn,pn) = (f,0n),
(v *Up, qh) = 07

where v > 0 is the grad-div stabilization parameter and a(-, ) is the standard bilinear form from associated with the
Oseen equations. Since generally V', g, ¢ V 4, which means that V - uy, # 0, in most classical finite element spaces,
such as the Taylor—Hood pair, the grad-div term is non-zero and has an effect on the discrete solution. For finite element
pairs that give a weakly divergence-free numerical solution, like the Scott—Vogelius pair, the stabilization has no effect.

3.2 The LSVS stabilization method for divergence-free methods

The LSVS stabilization method introduced in [2] adds a stabilization term to the Oseen equations in the form of a residual-
based stabilization of the vorticity equation curl Lu = curl f, supplemented by a penalty term on the jump of the
convection term over the facets of the mesh cells. Note that the vorticity equation, which is obtained from the continuous
momentum balance by applying the curl operator, is independent of the pressure, in contrast to the SUPG stabilization
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Augmenting the grad-div stabilization for Taylor-Hood Finite Elements with a Vorticity Stabilization 5

for the full residual equation. Originally the LSVS stabilization was designed for divergence-free pairs, like the Scott—
Vogelius finite element pair, to preserve the pressure-robustness of the stabilized method.

The LSVS method reads as follows: find (wp, pr) € V', X Qp, such that, for all v, € Vi, and gp, € Qp,

a(un, vp) + S(un, ) — (V- v, pn) = L(vp),

12
(V-up,qn) = 0. 2

Here, a(-, -) is the standard bilinear form from (@) associated with the Oseen equations. The stabilizing bilinear form and
the right-hand side are given by:

S(up,vp) = 6o |(rcurl Lup,curl Lvg), + (R2[(b- V)uy, x 0], [(b- V)vy x n]])]__ },
L(vp) (f,vn) + do(rcurl f,curl Lvp)p.

Following [2], the stabilization parameter 7 is defined as

hjc  hi
T|K TK mln{”bLoo(Q)’ v ( )
and dg > 0 is another scaling parameter.
We introduce the mesh-dependent norm
[vlEsvs = IVovll T2 + [VYV|12(q) + S(v,v). (14)

From the skew-symmetry property of the convection term (5), one obtains that

lonllEsvs = ||\/Evh||2L2(Q) + HﬁvvhH%?(Q) + ((b- V)vn,vp) + S(vn, vn)

(15)
= (a + S)('uh,'uh) Yo, € V.

Next the LSVS method velocity error estimate from [2] is recalled. There are a number of technical assumptions stated in

[2], most prominently that the reaction coefficient o is positive and that V', 4y is part of an exact sequence with V', 4, =

curl Z;, for a suitable space Z; with optimal approximation properties of curl w. Note that the Scott—Vogelius finite

element pair satisfies the assumptions from [2]. Then, the following optimal error estimate can be proved [2, Corollary 7].

Theorem 3.1 (LSVS velocity error estimate for weakly divergence-free methods). In addition to the hypotheses of [2,
Theorem 6] assume thatw € (HE(2))? N (H**+1(Q))?. Then there exists a constant C > 0 independent of h and v
such that

k(1% 1
lw = wnlisvs < C* (hF 4+ 0% ) Jull gos - (16)
Denote by 77, : L?(2) — @, the L2(£2) orthogonal projection onto Qy,. The following result from [2] presents an error
estimate for the distance of the finite element pressure to the pressure projection, which depends only on the velocity error.

Theorem 3.2 (LSVS pressure error estimate for weakly divergence-free methods). Assume that the hypothesis of [2,
Theorem 6] are satisfied. Then there exists a constant C' > 0, which is independent of h and v, such that

1 1
7P — pullz2) < C (1 +v2 +h2> lu — unl|Lsvs.

Remark 3.3. Theorem[3.7]and Theorem[3.3 state that the difference T, p — py, satisfies basically the same error estimate
as the velocity, independently of the value of v, since

Imap = pllzz) < CRF (1403 4+ 1t (B 4 08) flulgios o).

Denote by V3V /Q3V := Py /P the Scott-Vogelius space and let p3V be the Scott-Vogelius pressure solution to
the LSVS stabilization scheme ({12). Utilizing that QEV contains piecewise polynomials of order k — 1, using the triangle
inequality and applying the approximation properties of my,, see [10], we get the following error estimate for the Scott—
Vogelius LSVS pressure:

lp — P%VHB(Q) <llp— TSV (@) lz2) + IppY — TQsv @2
< CR¥[pll ey + OW* (14 vE 4 1) (v 4 03 ) e o)
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3.3 The LSVS-grad-div stabilized method

In this section we apply the LSVS method to (non weakly divergence-free) Taylor—-Hood pairs of spaces and also add the
grad-div term (T2). This is the method that is proposed and analyzed in this paper.

Let V',/Qp, be either a Taylor—Hood or Scott-Vogelius pair of spaces. The LSVS-grad-div stabilized method seeks
(uh,ph) € V', X @y, such that

a(wp,vn) + S(up,vr) +7(V-up, V-vy) — (V-vn,pn) = L(vp), YV vy € Vi,
(V-un,qn) =0, Vaqn € Qn.

The existence and uniqueness of a solution for Taylor-Hood pairs follows from the satisfaction of the discrete inf-sup
condition (8) and the V' j,-ellipticity of the bilinear form whose arguments are both from V'j,. For Scott—Vogelius pairs,
is equivalent to (T2). From the definition of the LSVS-grad-div method (T8), it is natural to consider the following norm
including the divergence term:

(18)

[vlEsvs, = [vllisvs + 71V - UH%Q(Q)' (19)

Denote by Q,TLH and Q,SLV the pressure spaces of Taylor—Hood and Scott—Vogelius pairs, respectively. Recall that both
Taylor-Hood and Scott—Vogelius finite element spaces approximate the velocity by polynomials of degree k, so VzH =
V}SLV = P, while the pressure space Pj_1 of Taylor—Hood is just a subspace of the Scott—Vogelius pressure space
P,S‘icl. We denote the discretely divergence-free subspaces for Taylor—Hood and Scott—Vogelius spaces by

VE,Ic;Iiv = {vh € Pk : (v ! vthh) =0 vqh € QEH}7
Vi {vn € Py (V-vp,q) =0 Vg, € Q3V}.

Note that the elements of V;Sh\éiv satisfy more conditions since Q1™ C @3V, and therefore V;SL?;V C VEEN. In addition,
o SV TH
itis Vh,div C Vdiv but Vh,div ¢ Vdiv-

The Galerkin orthogonality in case of Taylor—-Hood spaces reads: for arbitrary q;, € 0y, and vy, € VEEN, it holds
a(u —up,vp) + S(u —up,vp) +7 (V- (u—up), V-vp) = (V-vp,p—aqn), (20)

where the pressure term on the right-hand side does not vanish. So we expect the appearance of some norm of the
pressure in the velocity error bound if Taylor—Hood spaces are used in method (T8). The grad-div stabilization is added to
reduce the impact of the pressure.

For the numerical analysis, a stability estimate for the Taylor—Hood velocity solution uEH is needed. This estimate is de-

rived in the usual way by using uEH as test function in (T8). Assuming that curl f € L?(£2), neglecting some non-negative
terms on the left-hand side, applying the Cauchy—Schwarz inequality and Young’s inequality yields with a straightforward
calculation

PIVud 3 g + dorlow! Luft |} <

£ %=1 0 2
7y +(50T||Cu1"1f||L2(Q)' (21)

4 A connection between LSVS Scott-Vogelius and LSVS-grad-div stabilized
Taylor—-Hood solutions

A main motivation of applying the LSVS method in combination with Taylor—Hood spaces, in addition to the grad-div
stabilization, is a theoretical result from [5]. It was proved that the limit of the grad-div stabilized Taylor—Hood solutions to
the Navier—Stokes problem converges to the Galerkin solution computed with the corresponding Scott—Vogelius pair as
the stabilization parameter -y tends to infinity, if the Scott—Vogelius pair is inf-sup stable on the considered grid. This result,
plus the fact that the LSVS method is pressure-robust for Scott—Vogelius pairs, initiated the hope of improving the results
obtained with the grad-div stabilized method for Taylor—Hood pairs by additionally applying the LSVS stabilization.

This section shows that a convergence result as presented in [5, Theorem 3.1] is also valid if both discrete problems, for
the Taylor-Hood and the corresponding Scott—Vogelius pair, contain additionally the LSVS stabilization term.

Theorem 4.1 (Convergence of LSVS-grad-div stabilized Taylor—-Hood solutions to the LSVS stabilized Scott—Vogelius
solution). Letb € W1>°(Q) and curl f € L?({2). Under conditions where the Scott-Vogelius pair P,/ PF, is inf-
sup stable it holds for the corresponding Taylor—-Hood pair Py, / Py._1: any sequence {u;lfH }% of Taylor—Hood velocity
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Augmenting the grad-div stabilization for Taylor-Hood Finite Elements with a Vorticity Stabilization 7

solutions of the LSVS-grad-div scheme with vv; — oo has a subsequence that converges to a Scott—Vogelius velocity
solution in the norm (T4). The corresponding sequence of Taylor—Hood ‘modified pressure’ solutions {pt " —~;V-uft}. .
converges to the corresponding Scott—Vogelius pressure.

Proof. The proof uses similar techniques as those from the proof of [5, Theorem 3.1]. However, estimating the LSVS term
requires a number of additional technical steps.

i). We begin with an a priori estimate for the Taylor—Hood velocity solutions, which follows by choosing v; = ur,fH and
qn = pEH in and adding both equations. Using the skew-symmetry, the inverse estimate ({7), the value of 7 in (T3),
the stability estimate and h < diam(2) yields
v[|Vuy, HHL2(Q + oy ||L2 @t (- V)uy ™ up ™) + S(uy ' uy ™) + [V -y ||L2 )

= (f, u) ) + 07 (curl f, curl (7I/A'uh (b V)up o+ JugH))h

< Nflla— @l Vuy @
doreurl £l (v D s+ 5] e o | D>l + ol Ve 1)
Vg 2 ) (1l @+dorlleurl flln (vh =2 + [[bl o @b~ + ([ VB L (@) + 0))

1
17l o n®  wt R
<V2 + 7m|n {HbILOC(Q), V} ||Cur1f||L2(Q)

h3 h*
(1 antan 1 (2025 min {2 2 (1900 40)) )
=: ((data).

IN

IA

Hence, we obtain the following bound of the Taylor—Hood velocity solution:
[up HEsvs + IV -y |72 ) = g lisvs,, < Ci(data). (22)

For a given sequence of grad-div stabilization parameters {%}fil — 00 and corresponding Taylor—Hood velocity so-
lutions uTH on a fixed mesh, we therefore have a bounded sequence in a finite-dimensional space. Hence, there exists
w E Vh such that a subsequence u; " — w in the || - ||Lsvs,, norm. For notational simplicity we identify the subse-
quence u H with the entire sequence uTH From (22), we obtain in particular

1
2 TH |2 : _
IV - wl|[720) = Z.EH;HV ‘w22 < Hm %Cl(data) =0,

and we conclude that ||V - w|| 72 (o) = 0, i.e, w € Vh div-

ii). To show that w is the Scott—Vogelius velocity solution, consider the residual
res(vy) = a(w,vp) + S(w,v,) — L(vy) Vo, € Vh div-

Using V - u H' — 0 and the Lebesgue dominated convergence theorem, we find for all v, € Vh div

res(vp) = a ( lim u; ™ ,'vh) + S (_lim u;FH,vh) + lim 7; (V- ut V. vp) — L(vy)
11— 00

71— 00 11— 00
= lim (a(ui™, vp) + S(uf™, vp) +7 (V-ui ™, V- vy,) — L(vy)) =0,
since u; M is for every i a Taylor-Hood solution satisfying (T8). Since Vh av C | div» it follows that

a(w,vp) + S(w,vy) = L(vy) Yoy € Vh v

i.e, w is the Scott-Vogelius velocity solution of the LSVS Oseen problem (T8).

ii). It remains to show the convergence of the pressure. Using the inf-sup stability of the Scott—Vogelius pair and since
piH — V- ul € @V and (ul™, pI) is the Taylor—Hood solution of (T8), the first step of bounding the pressure
conSISts in

||p;F AR uTHHL2
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1 (V-vp,pit — 3V - uf™)
< — sup
B v,evyy,, [Vor 2@
1 v (VU;I‘H7 V’Uh) + o (U?vah) =+ ((b . V)U;‘I‘H,/Dh)
< — sup
Bn v eV, ||vvh||L2(Q)
+5OT (curl LuH, curl Evh)h + 0oh? ([(b- V)ul™ x n], [(b- V)v), x n}])f
IVon|[L2(0)
B (f,vr) + o7 (curl f, curl Evh)h) 3
IVon|[L2(0) ’

We estimate the right-hand side of term by term. The first three terms are bounded easily using the Cauchy—Schwarz
inequality and the Poincaré inequality (7). Estimating the fourth term starts also with the Cauchy—Schwarz inequality

00T (curlﬁuiTH,curl £vh)h < do Z TK||Cur1/.Zu;FH||L2(K)||curl£'vh||L2(K).
K€eTh

Applying the inverse inequality (T1), the definition of the curl operator, the product rule, and the value of 7 from yields

T}(/2||CUI'1 Eu;rHHLz(K)

< Or? (vhi2 + [IVb]| 1o (x6) + Pt 1B oo K + 0) [V | 2 oy

h3/2 h2
< C + 1/h|b| Lo (@) + min { —————=, —= ¢ ([|Vb]|(q) + V| 12 k).
= <ﬁ L2153 () mln{ B ) ﬁ}(” Iz () U)) [Vu; | (K)

Using the same estimate for the second factor gives the bound

So7 (curl Lul™ curl Lvy,) b

2
hS/Q h2
< C6 + /Bl ey +min{ ———— b (|| Vb]| oo () +
< o<ﬁ Vo mm{ o ﬁ}< [ o)>

X ||VU;FH||L2(Q) |Vp, HL2(Q)'

For the jump term we apply the Cauchy—Schwarz inequality, the local trace inequality (10), Holder’s inequality, V - b = 0
and the inverse inequality to obtain

Soh? ([(b- V)u™ x n],[(b- V)v), x n]])F
< Cooh bl o) Vi Ml 2(0) [ Vonl 22 () -
And finally the last term is estimated with the same techniques as the fourth term, giving
do7 (curl f, curl Lvy,),
h3 h*

< o (%2 +min {”b'm() } (Il =y +a)) Jeur! Fll o [Vonll 2oy

We then substitute all the terms back in (23), all the factors ||Vvy, || 12 (o) can be cancelled. Finally, the stability estimate
for ||VulTH ||L2(Q) is applied to get a bound of the pressure sequence that only depends on the data

D™ =7V - uf L2 (0) < Co(data).
; TH _ ., TH = PRST ; TH _
Hence, there is a subsequence of p; vV - u; " that converges to some D, for simplicity denote it also by p;
7V - uFH. Thus, we obtain with and the result of the first part of the proof that for all fixed v, € V'),
(V-vp,p) = lim (V-vp,pf ™ =%V -ul™) = lim ((a+ 5)(uf ™, v;) — L(vy))
11— 00 71— 00

= (a+ §)(w, o) — L(vy) = (V- vp,p™).

Since (QTH + V - V1) C @3V, we find from the inf-sup stability of the Scott-Vogelius pair that p = p°'. Since the
pressure is unique, we conclude that the entire sequence p?H — V- ulTH converges to p°V. |
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5 Error analysis

This section presents an error analysis of the LSVS-grad-div stabilized method for Taylor-Hood pairs of spaces. Bounds
for velocity and pressure errors are derived on grids where the corresponding Scott—Vogelius pair of spaces is inf-sup
stable.

Theorem 5.1 (Velocity error estimate for the LSVS-grad-div stabilized method). Let the assumptions of [2, Theorem 6]
be satisfied, i.e., assume in particular that there exists a unique Scott-Vogelius solution of (I8), and let, in addition,
(u,p) € (H(Q)IN (HFL(Q))4) x (L3(Q2) N H*(£2)) be the solution of the weak Oseen equations [@). Let u; ™
be the velocity solution of the LSVS-grad-div scheme when discretized with a Taylor—Hood space. Then the velocity
error can be bounded by

O 1 1 1 1 1
= i lsvs < o (1t e od e nd) (v 0]l + o) @
where the constant C' is independent of h and v.

Proof. The principal approach of the error analysis is as usual: a discrete function is added and subtracted to the error,
which is generally an interpolant or projection of the solution of the continuous problem. Then the main task consists in
bounding the difference of the discrete function and the finite element solution. The crucial observation that is used in the
following proof is that due to the special setup studied in this paper, we can apply an unusual discrete function, namely the
velocity solution of the Scott—Vogelius discretization.

i). Let u%v be the velocity solution of the LSVS-grad-div scheme when discretized with the Scott—Vogelius space. We

decompose the Taylor—-Hood velocity error by adding and subtracting the Scott—Vogelius velocity solution u}SLV

lw —upysvs.y <l —uhV|lLsvs.y + [[uh — uh lLsvs.- (25)

For the first term observe that u — ugv is divergence free, so we already have an estimate from Theorem
1 1
= iV llusvsy = llu = ufllsvs < CA* (v3 4 h#) [[ull o o). (26)

ii). Subtracting the Scott—Vogelius discretization of the LSVS-grad-div scheme from the Taylor—-Hood discretization,
both tested with v 1! € VE,I;V C V1, gives the error equation

(a+9)(up™ — ¥, op™) + 4 (V- (up™ —uiV), V- op™) + (V-0 V) = 0.

Observe that the pressure term (V - 1™, p#V) does not vanish since v}l € Vi > V3%, and pfV € Q3V ¢
Qi Let mgru (p) be the L?(£2)-orthogonal projection of the pressure solution of @) onto Q™. Then, the zero term

(V . 'UEH, TQTH (p)) = 0 can be subtracted from the left-hand side of the error equation.

Setting ’UEH = uEH - uiv € V'3, using the norm definition (T5), and then utilizing the Cauchy—Schwarz inequality and
Young’s inequality yields

S S
™ = i Esvs IV - (un' = ui¥) 1Z2(q)

=~ (V- @i =), 05— mgpu(p)
ol 1
< §||V : (UEH - UEV) ||2L2(Q) + %HP}SLV — TQrH (p)||i2(sz)-

Absorbing the divergence term in the left-hand and then multiplying by 2, we get an estimate in the || - ||Lsvs,, norm
defined in (T9). Then with the triangle inequality we obtain
1
S S
lup™ = wp¥ [P svs ., < ;thv — TQrH @720
(27)
1 SV 2
<~ (Ip =2V llaco + lIp = mgpn ()12

The first term on the right-hand side is the LSVS Scott—Vogelius pressure solution, which was estimated in (7). The
second term is the Lz(Q)—orthogonaI projection error of the pressure in the Taylor—Hood pressure space, which can be
bounded by

Ip = mrn (p)ll20) < Ch*|Ipll o ()- (28)
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Therefore, we arrive at
C 1 1 1 1
lur® = iV lsvs, < —h* (1408 +03) (V3 +02) fulmo + Iplme) . (@9
’)/2

iii). Now, the bounds in and are substituted in and after similar terms have been collected, estimate is
proved. O

Remark 5.2 (On the difference of the Taylor—Hood and Scott—Vogelius velocity solutions). Note that the estimate of the
difference between the Taylor—-Hood and Scott—Vogelius velocity solutions in converges to zero as the grad-div pa-
rameter vy goes to infinity, which is the same finding as in the first part of Theorem and thus an alternative proof is
provided.

Estimate also implies the following bounds in other norms:

C 1 1 1 L
lud® = wi¥ g0y < — " (1403 +02) (vE + 1) Jullmeo o) + Pl )
o272
C 1 1 1 1 (30)
IV = sy < ot (1w 0 ) (02 ) s o+ Wolscen)-

Remark 5.3 (On the Taylor—Hood velocity estimate). Note that for v — oo the Taylor-Hood velocity estimate in
converges to the Scott-Vogelius velocity estimate (16). In contrast to estimate (16), which gives for v < h the order
k+1 / 2 of velocity error reduction for Scott—\Vogelius pairs of spaces, one has in only order k for Taylor—-Hood pairs.
The reason is that using the latter pairs does not lead to a pressure-robust method. It can be seen clearly in the proof of
Theorem e.g., in and (28), that the reduction to order k arises from the necessity of estimating pressure terms.

The norm on the left-hand side of the error estimate is stronger than the norm for which an error bound for the grad-div
stabilization, without LSV'S term, can be derived.

Again, one finds from that the velocity error of the LSVS-grad-div Taylor-Hood stabilized method in the L?(§2)-norm
and the L?(§2)-norm of the gradient have the error bounds

= w0y < — (1428 +0d 40 ) (3 4 0d) o) + Il )

1 1
0575

C
—— " ((1 I T h%) (V% + h%) w] frs1 (o) + ||pHHk(Q)) :

IV (w—uy )2 € ——
V22

Theorem 5.4 (Pressure error estimate for the LSVS-grad-div stabilized method). Let the assumptions of Theorem[5.1] be
satisfied, then the pressure error of the LSVS-grad-div Taylor—-Hood stabilized method can be bounded in the following way

C
Ip—pi M lrey < —h" {(1 +2 43 4 h%) (u% + h%) (1 Tub 4 h%) ]| s )
’y2
+ (142 +vd 408 Il | @)
where the constant C' is independent of h and v.

Proof. i). Let vy, € VEH be arbitrary, then by Galerkin orthogonality we see that
a(u—ui ™t vp) + S(u—up o) +9 (Ve (u—up™),V-vy)

= (V SV, —p;l;H) = (V " Up,p — TQIH (p)) + (V " Uh, TQTH (p) — pEH) . (32)

The pair VEH/QEH is inf-sup stable, e.g., see [12] Lemma 3.58], so there exists wj, € V', such that
1
Bn

To decompose the pressure error, we substitute v, = wy, in and use (33), the fact that the LSVS stabilization term is
a symmetric positive semi-definite bilinear form and thus satisfies a Cauchy—Schwarz inequality, integration by parts, and
V-b=0:

V-wy =mgra(p) —p," and [|[Vws | L2) < =7 (p) — pp 22 () (33)

||7TQ§H (p) — ngHQLz(Q)
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= a(u—u; " wy) + S(u—wy L wh) +y (V (= up ), mgrn (p) — pEH)

- (WQ}:H (p) =y p — mgn (p))

IN

lw — up ™ [Lsvs o llwalLsvs

OBl Lo o llu —uy  lLsvs,q lmgrn (p) = pi 22 (o)

V- (u — UEH)HH(Q)HWQEH (p) — Pl L2

+p = moru(p)l2(0) 7o (p) — Pi e )- (34)

From [2, Theorem 8] it is known that an estimate of the form
1 1
lwy|Lsvs < C (1 +v2+ hQ) HWQEH (p) — pEHHm(Q) (35)

is valid, where the constant C' depends on ¢ and different norms of b but not on v. Inserting into we get the
estimate

1 1
Imqrn(p) =y llL2) < C (1 +vEt h2) [ =y lusvs,y + [lp = mgrn (0)] L2 (0)-

Using the bound proved in Theorem[5.1] the triangle inequality and the standard approximation properties of the projection
TQrH in we get the pressure error bound (37). O

Remark 5.5 (On general meshes). The results derived in this section require that the Scott—Vogelius pair of finite element
spaces is inf-sup stable on the considered meshes. It is well known that this situation is given only on special meshes,
like barycentric-refined meshes for k > d. A finite element error analysis for Taylor—-Hood pairs combined with the LSVS-
grad-div stabilization on general meshes is still open. Numerical studies presented in Section[g] show on general simplicial
meshes the same orders of convergence in this situation as those proved in the current section.

6 Numerical studies

In the numerical studies below we consider the Oseen problem on 2 = (O7 1)2 with the prescribed flow field

_ (sin(27zx) sin(27y)

“= (cos(Qm:) cos(27ry)>
and pressure

p= 3(003(47755) — cos(4my)).

The convection field is given by b = u + (0, 1)T similar to a test problem suggested in [2] to have a convection term that
contains both a divergence-free part and an irrotational part. Since Vp = —(u - V)u, the fully divergence-free right-hand
side is given by

f=ou—vAu+ ((0,1) - V)u.

For small viscosity coefficients, the right-hand side is dominated for large o by the first term and for small o by the last one.
It is well known that the counterpart of the stability bound (6) for || Vu|| 12 () under the assumption that f € (L?(Q2))?
depends on the divergence-free part of the right-hand side and this part is scaled with v~ e.g., see also [13, Lemma 4.2]
for the Stokes equations. Hence, we think that this example is well suited for studying the convection-dominated regime.

The values of v and ¢ are specified below for the individual studies. We incorporated also the case ¢ = 0, which is
not covered by the analysis. All simulations were performed with the finite element Julia package ExtendableFEM.jl. We
used the second order finite element spaces Taylor-Hood (P2/P;) and Scott-Vogelius (P3/P{¢). The simulations
were carried out on a sequence of regularly refined unstructured grids and corresponding barycentric-refined grids. The
coarsest grids (level 1) and the degrees of freedom on each grid for the first five levels are shown in Figure[f]

6.1 Numerical illustration of the result from Theorem

In Figure [2| differences of the LSVS-grad-div stabilized Taylor—Hood and LSVS stabilized Scott—Vogelius solutions are
plotted with respect to [|uy ™ — upV || r2(0), [V (uy ™ — up¥) L2y log™ = (R +9V - u ™) [ £2(0) and ||V -
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1.0 4
0.8 A
level | ndof uyp, ndof p; total ndof
0.6 1 170 26 196
2 846 115 916
3 3386 443 3829
041 4 | 13072 1672 14744
5 51316 6489 57805
0.2 A
0.0
0.0 02 04 06 0.8 10
1.0 1
0.8
level | ndof uy, ndof py total ndof
0.6 A 1 442 60 502
2 2398 309 2707
0.4 3 9850 1251 11101
' 4 38616 4865 43481
5 152764 19170 171934
0.2
0.0
0.0 0.2 0.4 0.6 08 1.0

Figure 1: Initial mesh level 1 (left) and number of degrees of freedom of the Taylor—Hood method for five refinement levels
(right). Top: standard unstructured triangular grid, bottom: corresponding barycentric-refined grid.

uEHHLz(Q) versus the grad-div stabilization parameter «y. The coefficients of the Oseen problem were set to v = 1079,
o = 1 and the LSVS parameter to 6y = 102, which is the same order of magnitude as in [2], compare also Section
for a motivation of this choice. Results obtained on the barycentric-refined grid of level 4 are presented.

It can be observed that both velocity and pressure differences as well as the divergence are going to zero as we increase 7y
which confirms the finding of Theorem Additionally, the L? velocity difference ||ugH — u}slv | 2 () is smaller than the
H' velocity difference ||V (uf™ — u?V)||12(q) by a factor close to (/)% = 1025, see estimate (@0) in Remark
Furthermore, it is expected from that the velocity difference depends on +y at least as 0(7’1/2). In practice we
observe in Figure |2l even a linear order of convergence with respect to «y, which agrees with a result for the standard
grad-div stabilization from [8]. This result states that the order 0(7_1/2) can be proved for a constant that is independent
of the mesh, as in (30), whereas first order is obtained for a constant that might depend on the mesh width, see also [12|
Lemma 4.118]. The differences are getting larger after v = 10% due to round-off errors that are induced by the large
condition number of the system matrix.

6.2 LSVS parameter studies

In Figure [3| we investigate the choice of the LSVS stabilization parameter dy. Our aims consist in exploring whether
appropriate choices of dq lead to error reductions compared with the standard grad-div stabilization (69 = 0) and if this is
the case, to determine an appropriate order of magnitude for dg. The simulations were performed on barycentric-refined
meshes and general meshes on a sequence of three levels. As recommended in the literature, e.g., see [13] and [1], the
grad-div parameter was taken to be v = 1. The viscosity coefficient was fixed at the small value v = 107? and different
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10 >
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TH,
o | T
— 0(y7")
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—6

10 >

10 4

10 3

10 2

10 !

10 0

10
Y

Figure 2: Convergence of LSVS-grad-div stabilized Taylor—Hood solutions to LSVS-stabilized Scott—Vogelius solution on a
fixed barycentric-refined mesh.

values o € {0, 1,100} were studied for the reaction coefficient.

It can be observed first that including the LSVS stabilization term reduces the errors compared to the case when only grad-
div stabilization is used. This effect is stronger for small values of o. The reduction might be up to one order of magnitude.
Second, the optimal parameter Jy does not depend strongly on the refinement level (observe the alignment of the minima
for all levels). A good LSVS stabilization parameter can be chosen to be §; = 102, which leads to comparatively small
velocity errors for both norms and for all values of o. This value is of a similar order of magnitude as proposed for the
Scott—Vogelius pair of spaces in [2] (5o = 0.006).

6.3 Convergence histories

Numerical studies, not shown here for the sake of brevity, with the Taylor—Hood method without stabilization or only with
LSVS stabilization showed very poor results for small values of the viscosity. Hence, here we concentrate on the LSVS-
grad-div Taylor-Hood method. As in the previous study, the viscosity coefficient was chosen to be v = 107° and the
reaction coefficient was taken from the set {0, 1, 100}. The simulations were performed on both general and barycentric-
refined meshes.

Figure [4| shows the convergence histories and convergence rates for LSVS and grad-div stabilization parameters v =
1 and 6o = 1072, respectively. The results on both types of meshes are of quite similar accuracy. The error ||u —
ul||Lsvs,, reduces even faster than the expected second order which is proved in Theorem We think that the
reason is that the pressure term, which determines the order of convergence in the error bound, is small for the present
example and the considered grids are yet too coarse for observing the full impact of this term. The HI(Q) velocity error
and the L?(€2) pressure error converge with the optimal order O(h?). The L?(2) velocity error converges faster than
O(h?:%), at least for the cases with o € {0, 1}. Overall the results confirm the theoretical findings and suggest that the
chosen parameters for the grad-div and LSVS stabilizations are working well.

7 Summary and Outlook

This paper discussed the Taylor—Hood method with two stabilizations. The first one is the popular grad-div stabilization,
which improves the pressure-robustness, and therefore reduces the impact of the pressure and of small viscosity coef-
ficients on velocity error bounds already significantly. On barycentric meshes it is known that the method converges to
the divergence-free Scott—Vogelius finite element method. However, even the Scott—Vogelius finite element method may
suffer from dominant convection. The LSVS convection stabilization from [2] mitigates this situation and the accuracy of
numerical solutions can be significantly improved. It is based on the residual of the vorticity equation and therefore does
not compromise the pressure-robustness. The present paper investigated if and to which extent the grad-div-stabilized
Taylor—Hood finite element method can profit from this additional LSVS stabilization.

An error analysis of this method showed for the grad-div parameter tending to infinity that the Scott—Vogelius velocity
solution is recovered. Convection-robust error bounds for velocity, in a norm that contains contributions from both stabi-
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Figure 3: LSVS parameter studies for the Taylor—Hood LSVS-grad-div stabilization with v = 1 and o € {0, 1,100}.
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Figure 4: Convergence histories for simulations using the Taylor—Hood LSVS-grad-div stabilization with v = 1 and 69 =

1072
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lizations, and for the pressure were derived. The expected orders of convergence were proved, where the appearance of
the pressure in the velocity error bound prevents a higher order of error reduction in the convection-dominated regime.
Moreover, the numerical studies revealed that stabilization parameters close to available literature values for the separate
stabilization, i.e., ¥ =~ 1 and g ~ 10*2, work well and and lead to significantly smaller errors than for a Taylor-Hood
method without or with only one stabilization. While the theoretical results were based on barycentric meshes to ensure
inf-sup stability of the Scott—Vogelius method, numerical experiments did not show any deterioration on general meshes.

Concerning general meshes, we were not able to perform an error analysis that utilizes in a similarly elegant way as in
the proof of Theorem |5.1] already proved error bounds. We think that one has to perform a lengthy analysis of this case
similarly to the one presented in [2]. The analysis of LSVS stabilized methods for more general problems than the Oseen
equations and corresponding numerical studies is a further wide open field.
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