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Energy-variational solutions for viscoelastic fluid models

Abramo Agosti, Robert Lasarzik, Elisabetta Rocca

Abstract

In this article, we introduce the concept of energy-variational solutions for a large class of systems of
nonlinear evolutionary partial differential equations. Under certain convexity assumptions, the existence of
such solutions can be shown constructively by an adapted minimizing movement scheme. Weak-strong
unigueness follows by a suitable relative energy inequality.

Our main motivation is to apply the general framework to viscoelastic fluid models. Therefore, we give
a short overview on different versions of such models and their derivation. The abstract result is applied to
two of these viscoelastic fluid models in full detail. In the conclusion, we comment on further applications of
the general theory and its possible impact.

1 Introduction

Viscoelastic fluids can be seen as an in-between-state of Newtonian fluids and elastic solids. In elastic mate-
rials, the resistance to deformation is described in terms of the deformation and in viscous fluids in terms of
displacement rates. A combination of both leads to characteristics like a nonlinear stress strain relation or even
hysteresis in the stress-strain curve, creep, or memory effects in the material (see for instance [7, 120, 28]).

A standard model for viscoelastic fluids, is the so-called Oldroyd-B model, which couples the Navier-Stokes
equations for the fluid velocity v : Q X [0,00) —R? with an additional evolution equation for the left Cauchy—
Green tensor B : Q x [0,0) — R4
ov+(v-V)v+Vp—uAv+BV-B=f, Vov=0, (1a)
OB+ V- V)B—2((V)skwB)sym — &((V)symB)sym + B -1 =0, B=B", (ib)
endowed with appropriate initial and boundary conditions, where p denotes the pressure of the system, u €
(0,00) and &, B € R having the same sign. Finally, f represents a given source.

If o #~ 0, this model formally satisfies the associated dissipation mechanism

500B)| + [ Wotv,Byar= [ (f)ar, (10

where the corresponding energy is given by
(Ll p. B
Eov,B)= | =[v|"+=tu(B-I—InB)dx
Q2 a
and the dissipation functional by

Yo (v,B) = /Q zm(vV)sym\2+§tr(B(ﬂ—BI)Z)dx.

From a mathematical point of view, analysis for these kinds of models is rather challenging. First and foremost
the quadratic terms in are not known to be integrable from the a priori bounds of (1c), since these only
assure an L!-bound for the stress tensor B. Secondly, the highly nonlinear terms are not treatable by com-
pactness methods, since no compactness due to embeddings is known to hold for B. For ¢ = 0, Lions and
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A. Agosti, R. Lasarzik, and E. Rocca 2

Masmoudi [31] showed existence of global weak solutions to (Ta)—(1b) by a technique called propagation of
compactness (see also [34]). Many other works in the field introduce so-called stress diffusion —AIB on the left
hand-side of in order to improve compactness [12) 132]. This stress diffusion can be rigorously introduced
by thermodynamical modeling [37], and can serve to model the dispersion and attenuation of elastic waves
which may be experimentally observed in some particular situations [42], but often it is added in order to in-
fer strong convergence properties for a suitable approximating sequence of B. Moreover, there are numerical
studies showing that numerical simulations for viscoelastic models are close to empirical data in the absence of
stress diffusion effects [36] or the simulated effects are closer to the expected phenomena for vanishing stress
diffusion [1].

In the current article, we therefore propose a novel analytical framework to treat especially viscoelastic models
without stress diffusion. We introduce the concept of energy-variational solutions for a general class of evolu-
tionary PDEs of the form

GU+AU)=0 inY* with U0)=Uy inV )

for two Banach spaces V and Y such that Y C V*, A : [0,00) x V — Y*, U € V. A smooth solution to (2) for
any initial value formally fulfills the energy dissipation mechanism

EW)

t t
+ / W(U)dr <0 @)

foralls <t € [0,e0), where & and ¥ are suitable energy and dissipation functionals defined on V. A standard
weak solution to (@) fulfills

U, ) 1—/St<u,a,c1>>+<A(U),q>>dr:o @

forall s < 1 € [0,00) and @ € €' ([0,20);Y). Introducing an upper bound for the energy E > & (U), subtract-
ing (@) from (3), and, adding a term for the associated energy defect with weight % : Y — [0, +o0), gives the
formulation

E— (U, ®)] i+ / WU.0®) + WU — (AU), D)+ .4 (®) [EU) — E]dT < 0 5)

for a.e. s <t € [0,00) and all ® € €' ([0,%0);Y). (B) is a convex function in U. Besides this existence of
solutions, which is proven constructively via a time-discretization based on sequential minimization, we also
provide the weak-strong uniqueness of solutions. This means that all energy-variational solutions coincide with
a local strong solution emanating from the same initial datum, as long as the latter exists. Moreover, the solution
is a semi-flow. Up to our knowledge, this result is the first one entailing global existence and weak-strong
uniqueness result for such a general class of models.

In comparison to more established solutions concepts, energy-variational solutions can be seen as an in-
between state of dissipative solutions and measure-valued solutions. In dissipative solutions, the formulation
is generalized to an inequality [30, Sec. 4.4] while in measure-valued solutions an auxiliary measure is intro-
duced such that the equations is fulfilled in the limit [10]. Energy-variational solutions combine both approaches
by adding an auxiliary variable relaxing the formulation to an inequality. Nevertheless, the concept has many
desirable properties, for instance: the existence and weak-strong uniqueness of energy-variational solutions for
a large class of models via a constructive existence proof. For certain systems in fluid dynamics, the equiv-
alence of measure-valued solutions and energy-variational solutions is known [13], even though the degrees
of freedom are heavily reduced in the second one, since the auxiliary matrix-valued measure is replaced by a
real number in every point in time. Moreover, in [27] it was observed that energy-variational solutions are very
flexible, in the sense that they allow to identify the limit of numerical schemes, while this result seems to be out
of reach with measure-valued solutions. Moreover, the set of energy-variational solutions is weakly-star closed
and in some cases set-valued continuous, which enables to define minimization schemes on the solution set as
proposed in [26].
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Energy-variational solutions for viscoelastic fluid models 3

Our main result, similar to the one of [13] related to hyperbolic conservation laws, introduces a stronger solution
concept with respect to the one of dissipative solutions [30, 23] and thus also stronger than the solution concept
proposed in [11]. Moreover, the proposed result has potentially multiple applications outside of viscoelastic fluid
dynamics, like, for instance, the ones considered in [13] about the compressible and incpompressible Euler
equations as well as the incompressible magnetohydrodynamics.

After a brief introduction to different variants of viscoelastic models, the general result is applied to two vis-
coelastic fluid models in full detail. The first model we consider is taken from [6], but allowing for vanishing
stress diffusion. As in [6], in case where the energy in is regularized by a quadratic term, leading to the
system

v+ -Vv+Vp—puAv—aV-(1-B)B-I)+B[B*-B))=f, V-v=0,
OB+ (v-V)B— 2[(VV)SKWB]SYm - O‘[(V")symB]sym +({I+0B)(B-I)=0, (B)gw=0,

with i, § € (0,), a@ € R, B € (0,1), and the associated energy

B

o(v,B) = /Q;M +(1-B)n(B~T-In(B)) + £ B T/ax

and dissipation
Yo(v,B) = /QN|VV\2+ (1-B)B:(I-B Y2+ (B+6(1—B))B-I+8BB: (B—1)dx,

such that an associated energy-dissipation relation like in is formally fulfilled for solutions to (6) as well.
We prove existence and weak-strong uniqueness of energy-variational solutions to this system by applying the
aforementioned general result.

Secondly, we consider a model inspired by [39] for a symmetrized Neo—Hookean approach, which leads to the
equations for the deformation gradient IF, the velocity field v, and pressure p,

v+ - Vv+Vp—uAv—aVv-(FF-I)=f, V-v=0, (7a)

OF + (v-V)F — [(V)swF]sym — @ [(VV)gymF|sym + (F — JF‘I) =0, (F)sw=0. (7b)

with 1 € (0,0), & € R, and the associated energy
1
E5(v,F) = 5/ W2 + [F? — I — Indet(F?)dx
Q
and dissipation
M) — 2 124, _ 2 2 -2
s, F) ._/uyw FF—F ]dx—//,L]Vv| +r(F2 — 21 +F2)dx,
Q Q

such that an associated energy-dissipation relation like in is formally fulfilled for solutions to (6) as well.
Also for this model we prove existence and weak-strong uniqueness of energy-variational solutions, based on
our general result in Banach spaces (cf. Theorem 3.3).

In the conclusions, we mention different other models that fit into the proposed abstract framework and give an
outlook on possible future research directions.

We note that we prove the abstract existence result by a constructive time-discretization approach. Similar to
the minimizing movements scheme for Gradient flows, we define a time incremental minimization algorithm for
an approximation of the solution. We think that this is not the only similarity to the gradient flow setting, where a
lot of results were achieved in recent years, like general existence and uniqueness results [3] and singular limit
results bridging between different scales [35]. We think that the general approach presented in this article has
the potential to generalize such results toa more general framework.
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2 Preliminaries

Notation We denote by ‘KC‘T’G(Q;RS) the space of smooth solenoidal functions with compact support. By

L5(Q), H(lm(Q), and Wolv’é’(Q), we denote the closure of ‘5;},(9;1&3) with respect to the norm of L”(Q),

dxd

H'(Q), and W!P(Q), respectively. By R?*¢ we denote d-dimensional quadratic matrices, by R: and

sym
]ngﬁ,d the symmetric and skew-symmetric subsets, and by R‘Slyxrn‘er the symmetric positive definite matrices.
The identity matrix is denoted by I and the zero matrix by . The symmetric and skew-symmetric part of a
matrix A € R?*? are denoted by (A)sym and (A)sw, respectively. We denote L5, (Q) := U’(Q;Rfyﬁd) and
Ly (Q):= LP(Q;ngfn‘er) for p € [1,e0]. For a given Banach space X, we denote by X* its dual space, the
space €,,([0,T];X) denotes the functions on [0, 7| taking values in X that are continuous with respect to the
weak topology of X. For two Banach spaces X, Y, we denote the set of linear continuous mappings from X

with values in Y by .2 (X,Y). The total variation of a function E : [0,00) — R is given by

Elrv(oe)y =  sup Y IE(5—1) —E(t)],

0=tp<...<th<oof—1

where the supremum is taken over all finite partitions of the interval [0, 0). We denote the space of all bounded
functions of bounded total variations on [0,00) by BV([0,0)). Note that the total variation of a monotone
decreasing nonnegative function E only depends on the initial value, i.e.,

Elvioey =  stp Y IE(1)— )] < E(0)— E(t) < E(0).

0=1<...<t;<oof=]

Let V be a Banach space and & : V — [0, 0] be a convex, lower semi-continuous function. The domain of &
is defined by domé& = {v € V | &(v) < oo }. We denote the convex conjugate of & by &*, which is defined by

&*(z) =sup[(z,y) —&(y)] forallze V*.
yev

Then &* is also convex and lower semi-continuous. We introduce the subdifferential d & of & by
IEY) ={ze V' |WeV: &F) 2E0)+(2.y—y)}

for y € V. The subdifferential d &* of &* is defined analogously. Then the Fenchel equivalences hold: For
yeV,ze V" wehave

2€0E(y) < y€db(z) <= EWX+E(2)=1(zy). (8)

A proof of this well-known result can be found in [5, Prop 2.33] for example. If d &(y) is a singleton for some
y € V, then & is Fréchet differentiable in y and d &(y) = {D&(y)}. In this case, we identify d & (y) with
D&(y).

Lemma 2.1. Let f € L] (0,0), g € L (0,0) and go € R. Then the following two statements are equivalent:

i. The inequality

- [ o'@sr+ [ o(mszar—o(0)g0 <0 ®
holds for all ¢ € €’1([0,0)) with ¢ > 0.

ii. The inequality
t
8()—g(5)+ [ fR)ar<0 (10

holds for a.e. s < t € [0,%0), including s = O if we replace g(0) with go.
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Energy-variational solutions for viscoelastic fluid models 5

If one of these conditions is satisfied, then g can be identified with a function in BV ([0, <)) such that

) —gls-)+ [ s(e)ar <0 (1)

forall s <7 € [0,0), where we set g(0—) := go. In particular, it holds g(0+) < go and g(r+) < g(z—) for all
t € (0,00).

A proof of this assertion can be found in [13, Lem. 2.11]. In the cited Lemma, the assertion is proved for a finite
time horizon, but the reasoning also works on [0, ) since one may restrict to a finite time, either ¢ in or the
domain of the function ¢ in (9).

Lemma 2.2. Let V be a Banach space, & : V—[0, ) strictly convex coercive and Y be a Banach space such

that Y ¢ dom&™*. Let A, B € dom & such that (A — B, ®) = 0 for all ® € Y. Then, it holds that A = B.

Proof. In order to derive a contradiction, we assume that A # B. Due to the density and the fact that domd &™*
is dense in dom & [5, Cor.2.38], we find two sequences {®}},cny C domd &* and {®} },eny C domd &
such that @} — &4 and @ — &g in V* with §4 € d &(A) and & € d &(B). This implies due to A # B and the
strict convexity of & that

0< E(A)+E(B)—26 (A;B) < %(éA—‘g’B,A—B> :r}m%@g_@g,A_B) —0 (2

which is a contradiction and so we conclude A = B. O

3 General existence result

In this section, we consider a general nonlinear evolution equation of the form
GU()+A(t,U(t))=0 inY" with U((0)=UpeV. (13)

Hypothesis 3.1. Let Y C V be two Banach spaces such that Y ¢ V*. Let V be reflexive Banach space and
& : V—[0,0] be a strictly convex, lower semi-continuous, superlinear functional on V, i.e., lim‘|VHV‘>°° % =
oo, Let ¥ : [0,00) X V—[—Cy(t),o0] be a mapping such that dom¥(z,-) C domé& is convex, D& (y) €
domW¥(z,-) for ally € Y and a.e. t € (0,0). Here Cy : [0,00) —[0,0) is such that [y Cy()dt < oo. Let
A :[0,00) x dom¥ — Y™ such that

(A(t,DE* (D)), P) =¥(t,DE* (D)) (14)

forall ® € Y, a.e. € [0,00) and ¥ o D&™ is continuous on Y with & (U in) = 0 = W(#,U nin ), being U pin
the minimizer of &. Both W and A are assumed to be measurable with respect to the first variable. Finally, we
assume that there exists a convex continuous function %" : Y —[0, oo) such that the mapping

U—Y¥(t1,U)—(At,U),®)+ 7 (P)&EU) (15)
defined on dom ¥ is convex and lower semi-continuous for every @ € Y and a.e. 7 € [0, o).

Remark 3.1 (Hypothesis [3.1). We note that the condition formally assures that the system fulfills the
energy-dissipation-mechanism (3). Indeed, formally, we may test by d & (U), which leads by the Fenchel
equivalences (8) and the chain rule formula to

0= (U (1),dEU1))) +(A1,U (1)), EU1))) = a EU (1)) +¥(1,U(1)).

DOI 10.20347/WIAS.PREPRINT.3048 Berlin 2023
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Definition 3.2. We call a pair (U,E) € L((0,);V) x BV([0,)) an energy-variational solution to if
&(U) <E ae.on (0,c) and f

[E - <U7CI)>]

Z+/t<U,8,CI>>+‘P('L',U)—<A(T,U),®>+%(d>) (EU)—E]dt<0  (16)

for all @ € €1 ([0,00); Y) and for a.e. s < t € (0,0) including s = 0 with U (0) = U.

Theorem 3.3. For every U € dom &, there exists an energy-variational solution in the sense of Definition
with E(0+) = & (U)).

Remark 3.2. We note that every energy-variational solution with E = & (U ) on an interval [tp,#;] C [0,0) is a
weak solution.

Indeed, we infer from multiplied by & > 0 and with @ = 1 ©®, where © € €1([0,0);Y) and E = &(U)
that

@s©)-.0))[ + [ 11,00+ a%(2.0) ~ (A(5.0),0)] 67 <0

foralls <t € [tg,1;] and all ® € €' ([0,0); Y). As &t — 0, we infer the weak formulation @) with an inequality.
But for & = —é@ the inequality with the opposite sign is inferred such that we showed the weak formulation (4).

From the formulation (16), we can even read off a higher regularity of the solution such that the relations are
even fulfilled everywhere instead of almost everywhere in time.

Corollary 3.4. Let (U,E) be an energy-variational solution in the sense of Definition Then there exists
(U,E) € €,,([0,);V) x BV(]0,0)) such that (U,E) = (U,E) a.e. in (0,%) and the inequality £(¢) >
&(U(1)) holds true for all € [0, ) and

[E—(U,D)]

t+ o . _ ~
o~ +/ [(0,09) +¥(1,0) - (A(7,0),®) + ¢ (@) [£(0) - E] ] dT <0

holds for all @ € €' ([0,0); Y) and for all s < 7 € (0,0).

If, additionally, it holds that E(s+) = & (U (s)) and & is p-uniformly convex, i.e., there exists a strictly monotone
increasing function p : [0,c0) —[0, o) with p(0) = 0 such that

1
26 (J0+V)) <6@)+60) - p(IU-V [
forall U,V € dom&’, then U is even right-hand continuous at s, i.e., limy (U () =U(s) in V.

Proof. In the same way as in [13, Prop. 3.1], we infer the existence of functions (U, E) € €, ([0,); Y*) x
BV([0,0)) fulfilling the asserted inequalities. The higher regularity I € ([0, 0); V) follows from Lemma
Indeed, consider a sequence {f, },en C [0, 00) such thatz, — ¢ € [0, o). Form the boundedness, U € L™((0,0); V),
we infer that the sequence {U (t,) },cn admits a weakly converging subsequence in V. The fact that U €

€\ ([0,00); Y*) allows to identify this limit in Y such that Lemma[2.2 and the uniqueness of weak limits also
guarantee that U (t,) — U () in V for the whole sequence.

Now let {#, }nen C (s,90) such that 7, \ s, we infer from U € €,(]0,0); V) that U (t,) — U (s). The mono-
tonicity of E and the weakly lower semi-continuity of & imply

E(s) > lim E(t,) > iminf &U (1)) > EU(s)) = E(s) (17)

I \es n—reo
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Energy-variational solutions for viscoelastic fluid models 7

such that lim,, , . & (U(t,)) = & (U). From the weak convergence and the strict convexity of &, we infer the
strong convergence by

0< lim p (|U(tn) ~U 1)l

n— o0

<liminf | €U (1,)) + EU ) —2& (U(’);U(f)ﬂ

< lim [E(U (1)) = EU (1)) = (2 EU (1)), U () =U(1))] =0,
where the first inequality is due to the p-uniform convexity of &, the second one follows from the definition of
the subdifferential, and the equality follows from the convergence of the energy and the weak convergence. This
proves the strong convergence. O

Remark 3.3 (Properties of solutions). Energy-variational solutions enjoy the semi flow property. That means
that for a solution on [0,c0) every restriction on an interval [s,z] for all s < t € [0,00) to the initial value
(U(s),E(s—)) is again a solution. Moreover, if (U',E') is an energy-variational solution on [r, s] to the initial
value (U (r),E'(r—)) and (U?, E?) is an energy-variational solution on [s, ¢] with initial value (U (s), E2(s—))
with 0 < r < s <t <ooand (U'(s),E'(s+)) = (U*(s),E*(s—)) then the concatenation

o (UYL E") on[rs]
(U’E)'_{(UZ,EZ) on [5,1] 18)

is a solution on [r,] with initial value (U (r),E(r—)) = (U'(r),E' (r—)).

Energy-variational solutions are not unique, they are even far from being unique. If (U,E) is an energy-
variational solution in the sense of Definition also (U,E + h) is an energy-variational solution for any
h > 0. The set is therefore admittedly too large. But this peculiar non-uniqueness is ruled out by the condition
E(0) = &(Uy) in Theorem Nevertheless, energy-variational solution cannot be expected to be unique.
However, the set of energy-variational solutions to a given initial value is convex and weakly-star closed, which
follows in the same way as in [13] Prop. 3.4]. Moreover, for the example of incompressible Newtonian fluid dy-
namics the solution set is continuous in the Kuratowski sense. These can be seen as indicators that the solution
set is amenable for additional selection criteria in order to single out a reasonable solution via minimization. Al-
ready the proposed algorithm in follows from this idea by selecting the time-discrete solution that minimizes
the energy at the current time point.

In order to state the second main result of the paper concerning weak-strong uniqueness of solutions, we need
to reinforce Hypothesis [3.1] by the following.

Hypothesis 3.5. In addition to Hypothesis we assume that & € %z(intdoméa) and that there exist a
Banach space W with Y C W C V, p € [1,00), and a constant C > 0 such that

T ) T )
/OHUHWdtSC/O (W(1,U)+Cy + (EWU)) + 1) dt

forall 7 > 0 and for all U € dom'¥, which implies that dom¥ C W C V. Additionally, we assume that (A, D)
and ¥, are Gateaux differentiable for all @ € Y and a.e. t € (0,7) with respect to the second variable.

Using the space W, we define Z(0,T) := L=((0,T); V)N LP((0,T); W) and Z(0,T) := L' ((0,T); V*) &

LY ((0,T);W*), where p’ denotes the conjugated exponent to p, i.e., p’ = =t

Remark 3.4. This space Z(0,T) is only one possibility to characterize additional regularity of the energy-
variational solution. Indeed, it is possible to choose a larger space Z(0,T) in certain examples. One possibility
is to assume that the space W admits a decomposition W = W, x ... x W, such that U = (UT,...,.UT.
Then, we assume that there exist {p;};—{i, ...} such that pi € [1,e0) and we may replace the left hand-side
of the condition in Hypothesis by foT 1 ||U,'H€{,idt. This will already imply higher regularity in the first
example below.

DOI 10.20347/WIAS.PREPRINT.3048 Berlin 2023
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Proposition 3.6 (Relative energy inequality). Let (U,E) € L((0,0); V) x BV([0,0)) be an energy-variational
solution in the sense of Definition [3.2] and let Hypothesis [3.5| be fulfilled. Then it holds

%(U,E|I7)[+/t7/(r,U|l7) + (3,0 +A(r,0),D*&0)(U -TU))dr

g/t%(Dé”(ﬁ))%’(U,EW)dr (19)

foralls <z €[0,T]forall U € €°([0,T]; V) NLP(0,T; W) such that

DEWU) € L7((0,T):Y),
D¥(1,0) € Z(0,T),
DA(t,0) € 2(Z(0,T);L'((0,T);Y*)), (20)
oU,At,U) ( )
D*&(U) e ,T),Z(0,T)),

where T € (0, <0]. Here we denote the relative energy by
ZU,E|O):=E—-&U0)—(D&WUO),U-TU)

and the relative dissipation via

W, U|0):=¥e,U)—¥(,0)— <D‘P(t, ), U—0)
—(A(,U) - A(, 17) DA(1,U)(U ~0),D&(U))
+#(DEW)) [EWU)-EWU)—(DEWO),U-T)] .

Remark 3.5. We note that, due to the convexity of the energy & and the condition E > &(U), the relative
energy

ZUE|U):=[E-&U)|+[6U)-&U0)—(DEWU),U-U))

is non-negative and vanishes iff E = & (U) and U = U. Moreover, due to assumption (15), the relative dissipa-
tion % is nonegative, since it is the subdifferential of the convex function in (75).

Furthermore, the condition D& (U) € Y implies that # (D& (U)) is well defined. Finally, we observe from
Hypothesis [3.1]that D &* (D & (U)) € dom Y.

Note that the Gateaux-derivatives of ¥ and A are also well defined due to Hypothesis 3.5}

Corollary 3.7 (Weak-strong uniqueness). Let (U, E) be an energy-variational solution in the sense of Defini-
tion with E(s) = &(U(s)) for one s € [0,0) and let Hypothe&s“be fulfilled. Let U € £°([0,T]; V)N
L?(0,T; W) be a strong solution, i.e., a function fulfilling the equation (T3) in Z(0,T) with U (s) = U (s) and
s < T, enjoying the additional regularity of (20), then it holds that

U(t)=U(t) forallt € [s,T]. (21)

Remark 3.6. We note that the above corollary is stronger than the usual weak-strong uniqueness results, since
the generalized solution coincides with the strong solution as soon as both coincide at one point in time. Usually
these results are only formulated for s = 0 such that the solutions only coincide, if they coincide in the initial
value. Moreover, inequality gives a continuous dependence results for solutions on the initial value as long
as the strong solution exists.
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Energy-variational solutions for viscoelastic fluid models 9

Remark 3.7 (Comparison to dissipative solutions). Under Hypothesis every energy-variational solution is
a dissipative solution in the sense of Lions [30, Sec. 4.4]. Indeed, from inequality (T9), we infer by a version of
Gronwall’'s inequality and estimating E > &' (U ) and inserting Eg = &' (Uy) as in the result of Theorem 3.3|that

Z(WU(1),EU (1)U (1))
+/Ot [W(T,U‘ﬁ)+ <atl7 +A(T’0)7D2£)(0)(U—0)>] ef;%(D(op(fl))dfds
< %(Uo,&(U0)|0(0))eh# (PE@Nas

for all U € €°([0,T); V) N LP(0,T; W) fulfilling (20), which is the usual dissipative formulation according to
Lions.

Proof of Theorem[3.3 We divide the proof into several steps.

Step 1: equidistant time discretization. Let N € N such that .# (0) < N, we define 7 := 1/N, and we set
" := tn for n € N to obtain an equidistant partition of [0,0). For convenience, we define ¥ : V—0, ) via
WU) =L [0 @, U)dr, A7 dom W — Y via A" (U) := 1[4 A(t,U)dr, and Cy = L[4, C(r)dr. We
setUY := U, € dom & and define

FNU|P) = EU)-EU )+ (EU) - WU —1CY) T (D)
—(U-U"",®)+79"(U) — t(A"(U), D).
The set D" := {U € V | £U) + " (U) < &U" 1)} is convex and weakly compact in V. Indeed, the
convexity follows from condition with @ = 0 and all # € [f"~!,#") and the fact that 7.#"(0) < 1 such

that &(U) + T¥"(U) = 1(¥"(U) + .2 (0) EU)) + (1 — 1.4 (0)) E(U). Since (1 — 7.4 (0)) >0 and & is
coercive, the set D" is even weakly-compact. We define the iterate for n > 1 for a given U" ! via

U" = argmin sup.7"(U|®P). 22)
Ueh' ey

In the next steps, we show that this definition actually makes sense.

Step 2: Min-max theorem. In order to show that

inf sup.Z"(U|®) = sup inf .Z"(U|® 23
oot sup U|P) sup inf, U|P) (23)

we apply a min-max theorem. Recall that the set D" is convex and weakly compact in V. The function U —
F"(U|P) is convex and weakly lower semi-continuous for every @ € Y due to Hypothesis Moreover, the
function @ — .Z"(U|®) is concave for all U € V with &(U) < &(U™ ") + tCl since ¥ is convex. Therefore,
follows from Fan’s min-max theorem [14] Theorem 2].

Step 3: Discrete energy variational inequality. We want to prove the inequality

inf sup #"({U|P)<0. (24)
UeD" ey

From Step 2, we infer the equality (23). In order to show (24), we consider @ € Y arbitrary and U := D &*(P) €
dom&. We define U := D&*(a®) with ot = 1if &) + 7¥*(U) < £U™") and with o € (0, 1] such that
EO)+t¥(O)=6U" "), it &O) + (", 0) > &U™ ). We can always find such a value a € (0, 1]
since the function

700,11 =[0,£@) + " (@)]; fla)=EDE (ad)) + 19" (DE (ad))

is continuous with £(0) =0 and f(1) = &(0) +t¥"(0) > &U"!) due to the intermediate value theorem.
The continuity of ¥ o D & follows from Hypothesis [3.1]and the continuity of ¢t — & oD & (0tP) from convex
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analysis. Indeed, via Fenchel's equivalences, we may write & oD & (o®) = (D & (a®), oP) — & (aP) and
from the assumptions on &, we infer the continuity of &* with dom & = V* [B] Prop. 2.25 and Thm. 2.14]. The
mapping d & is single-valued and demi-continuous [41, Thm. 5.20], which implies the continuity of f. Since
U min is the strict minimizer of &, it holds 0 € d & (U in) and thus by Fenchel's equivalences U i, € d &(0).
Since the subdifferential is indeed single-valued, due to the superlinearity and strict convexity of & [5}, Prop. 2.47]
and [41], Thm. 5.20], we infer {Unmin } = D& (0), which implies due to Hypothesis [3.1]that f(0) = 0.

With this choice of U, we observe that infy cpi .Z" (U, @) < .Z" (U, ®) for which, we find

F'NO,®)=[£0)-EU ] +12/(®)[EO) - U —1CL] +7¢(0)

A

(U -U"",a®) + (A" (U),ad)]

<t (®)EO) - WU —1Cy] + (1 ! > [6O)+ 9" (O)-sU™ )]

P
— 2 (D)D) = EU") — TC) < —T2H (@)[Cy+ (D)) <0,

where we used and the convexity of & to infer the inequality and the choice of & to infer the second
equation. The choice of U and the lower bound on ¥ allow to deduce the two last inequalities.

Step 4: Well defined optimization problem. Let us define 5 (U) = supgcy Z# " (U|®). As the supremum of
convex lower semi-continuous functions, .77’ is a convex lower semi-continuous function on the convex and
weakly compact set D", .57 is even strictly convex due to the strict convexity of &. From the previous two
steps, we infer that .7 is proper, i.e., not equal to +oo everywhere on ID". Thus, the minimization problem
mingep» 7 (U) has a unique minimizer and so definition makes sense.

Step 5: Prolongations. For functions ¢ € € ([0,%0)) and ® € €' ([0,%);Y), we define ¢" := ¢(¢"), ®" :=
®(t"), and E" := &(U") for n € N. Inserting ® = ®"~! in (24), multiplying the resulting inequality by ¢"~!
and summing this up for n € N provides

oo

Z [(Pn—] (En _En—l) _ (Pn—] <Un _Un—l’q)n—lﬂ

n=1

+7

n

oo (Pnfl [LP"(U") - (An(Un),qD’Pl) +<)£/((I)"71)(£’(U") _Enfl - TCG;)] <0.
=1

Since there exists a ng € N such that ¢" = 0 for all n > ng, we may use a discrete integration-by-parts formula
and divide by T > 0, to obtain

P _q)n—l
T

o ¢n _ (Pn—]
- T

" (o)) o (U NRGGOR2D)

n=1

3 (25)
Y 0 [ — (), @)+ (@) (EWT) ~ B - 1Cy)] <0.
n=1

We define the piece-wise constant prolongations

Uy fort=0,

— U" forte ("1
UN(Z)IZ{ or E( ) ]7

N, JEWU") forre (™", o . 1o
(t) == {g(Uo) fort — 0. EN(@t):=&W™") forre "),

for all n € N. Analogously, for test functions y € € ([0,00); X), where X is R or Y, we define the piece-wise
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constant and piece-wise linear prolongations by

() = {ﬁg;) :Z: fgnl’tn]’ YV (e) =y () foree [,
V/}N(t) — W(tn) — W(Znil) (t —ln_l) + llf(l‘n_]) fort € [tn—l’tn]

T
for all n € N. Inserting this notation, the discrete energy-variational inequality becomes

- /0 09" [EY — @", 2| -"@",a8") + " 1 (@) (EY + 1Cu(r)) |

+ [T [#.T") - (0.7, 2"+ (@) @) o~ 0(0) [ W) — (@(0)Uo)] 0. (26)
Step 6: Convergence. Since we have EY 4+ oy (UN) < EV such that E" — tC, < E"~! fulfilling
k k w0
Y E'-E7' <E°—E*+21) Cy < E(0) +2/ Cy(t)dt
i=1 i=1 0

we obtain that 7 — EN(I) and ¢ — EN(t) are non-negative and bounded in BV ([0, )).

Moreover, by the coercivity of & and the L* bound of EN, we infer from @@(UN (1) < FN(I) that the sequence
{UN}NGN is bounded in L=((0,0); V). Thus, we may extract (not-relabeled) subsequences such that there

exist E,E € BV([0,)); and U € L™((0,20); V) such that
TN 7 in L=((0,00); V),
(E",EN) 2> (E,E)  in BV([0,e0)),
where we used the weak* compactness of functions of bounded variation in BV ([0, )) [2, Proposition 3.13].

We show next thatE and EN converge to the same limit, thatis, E = E a.e. in (0, ) Due to the estimate E" <
E" ' 4+ 1C%,, we find

/|EN—§N|dt ZT|E" E"™ 1\<Zr |E" —E""! — tCl| +1CY)
0

=Y t(E" ' —E"+1Cy+1CY) = Y t(E" - E" +21CY)
n=1 n=1

— 2(E(0) — lim E") +21’/ Cur(1)di

n—soo

S’L’(E(O)—i—%’/ C\p(t)dl) —0 asN — oo,
Jo

where the first equality follows from the definition of E" and EN | the first inequality is the triangle inequality, the
subsequent equality follows from the fact that the occurring term in the absolute value has a sign, and the last
inequality follows from the non-negativity of the values E”. This allows to identify E = E =: E a.e. in (0,00). On

the discrete Level, it holds that EN(t) = é"(ﬁN(z‘) forallz € [0,00). Forany § € €7 ([0,0)) with {(z) > O for
allz € [0,c0), we observe that

/ COE@)d = Tim | COE ()di = lim wC(t)é”(UN(t))dtz/OmC(t)é" U

where the inequality holds due to the weakly lower semi-continuity of & and Fatou’s Lemma. This implies that
E > &(U) ae.in (0,0). Since ¢ and P are continuously differentiable on (0,0), we have

ataN_> 2,0, EN—HP, QN—> i) pointwise in [0,c0) as N — oo,
3 dN — 0,, PN P, VoY -V in Y pointwise in [0,00) as N —oco.
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. . o —=N . .
With these observations, we may pass to the limit in the weak form (26). We note that U occurs linearly in the
first line of (26). All other terms are bounded and converge almost everywhere in (0, o). This implies that

~tim [“ag"[E" - @".2")] 5" @".98") + oVr (@) (EV + 2Cul)r

—— [ a0 E- 0.9~ 0[U.00)+ 94 (@)

The term 7 [;° " # (@Y )Cy(t)dt can be bounded by 7 times a constant such that is vanishes as 7—0.
Observing that the second line in is bounded from below due to Hypothesis since every lower semi-
continuous function on a bounded set is bounded from below, and that ¢ > 0 in [0, ), we may apply Fatou’s
lemma and the weakly-lower semi-continuity of the function from as well as the continuity of J#” in order to
pass to the limit in the second line of (26), which yields

liminf [/Om oV [\P(z,ﬁ) +(A(t,U),®") +%(9N)£(UN)] dr

N — o0

_

N

> wliminfq)N [lp(z,UN)—m(z,U ), @Y+ (@VYEWU) | dt

0 N—oo —

> /OT O ¥(1,U) — (A(t,U),®) + # (@) EU)]dr.
Summarizing, we infer in the limit from that
- [ a0 [E~ . B~ 9(0)[£Ws) - U0, 2(0))
+/0°°¢ (U, D) +P(1,U) — (A(t,U), D)+ 4 ()| EU) — E||dt <0.
Via Lemma[2.7] we now end up with the energy-variational inequality and with

HmE(r) = U ), ()] < £(Uo) = Uo, 2(0)),
after possibly redefining the function on a set of measure zero. Choosing @ = 0, we find E(0+) < & (U))
such that E(0) = &(Uy). Multiplying the above relation by & > 0 and choosing ® = o~ '® for ® € Y we find
limy o (U (1), ®) < (Uo,®P) and the same for P replaced by —®. That implies (U (0+) — Uy, P) = 0 for all
® € Y. From Lemmal2.2] we infer that U (0+) = Uy in V. This concludes the proof of Thm.

O

Proof of Proposition[3.6, Adding and subtracting the term (Q,U + A(¢,U),D*&(U)(U —U)) from (78), with

®=D&(U), we find

0>[E—U.ps@))]| +/’ (U.aDEWD)) — (90,0 ED)U —0))] ot

+/’ (W(2,U) — (A(,U),DED)) — (A(z,U),D* EDT)(U —T))] de 27)
+/Z<a,l7 +A(T,U),D* 60U -0)) +.# (®)[£U) — E]dt.

From the main theorem of differential and integral calculus, we observe

[ [w.apé@) ~(00.0*6@)w ~0))] o7

't

_/[(8tl7,D2<§’(f/)l7>dT——/ o [£0)—(D&),

)] dz. (28)
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From (T4), we find (A(t,0),D&U)) = P(¢,U) for all U € Y. Taking the derivative of relation (14), we infer
(D¥(1,0),8) = (A(1,0),D* E(0)&) + (DA(1,0)§, D& (D)) (29)

Inserting and the above two relations into (27), we conclude

029U, E0)] + /’ (W(2,U) —¥(e,0) — (D¥(2,0),U — U)] de

+/t<a,l7 +A(7,U),D*&(U)(U -0))dt

which implies the assertion. O

4 Overview of viscoelastic models

In this section we introduce a brief presentation of different incompressible viscoelastic models available in the
literature. Our aim is to apply the abstract theoretical framework introduced in Section[3]to prove the existence
of energy-variational solutions of viscoelastic models, without the need to introduce, as typically done in the
literature, diffusive regularizations in the transport equations for the kinematic variables to obtain the existence
of weak solutions. Throughout the discussion, we will indicate the model variants which constitutively satisfy the
assumptions introduced in Section 3] and thus which are fitted by the general theoretical framework, while we
will highlight the limits which forbid its application to some other model variants.

The starting point for the derivation of viscoelastic models is the definition of a kinematic variable G : Q x
[0,00) — R?*4 which is a mapping for infinitesimal deformations between the initial and the current configura-
tions of a viscoelastic body. In Eulerian coordinates, given the velocity field v : Q x [0, c0) — R4, the kinematic
variable G satisfies an hyperbolic equation of type

D,G = h(G,Vv), (31)

where D,G := 9,G +v- VG is the material derivative in the Eulerian coordinates and & : R4*4 x R4xd _, Rdxd
is a function representing the time variation of the mapping associated to infinitesimal deformations, depending
on both G and Vv.

The model equations can be derived from the principle of virtual powers, which gives the conservation equations
for the linear and angular momenta expressed in terms of the kinematic variable G and of a stress tensor T,
which is the power-conjugated variable to Vv. The form of the stress tensor is constitutively assigned, in terms of
the kinematic variable and of the velocity field, in order for the system to satisfy the Clausius—Duhem inequality.
Specifically, considering an arbitrary part of the material R(z) C €, moving with the material, the principle of
virtual powers states that the sum of the virtual power of acceleration forces plus the virtual power of internal
forces expended within R() is equal to the virtual power expended in R(¢) by material external to R(z) or
by external forces (see e.g. [17} [19]). Moreover, as a consequence of frame-indifference, the internal power
expended within R(¢) for rigid virtual velocities must be equal to zero. Defining the set of virtual velocities
V= {p:Qx[0,00) = R H=v,0ndQ, x[0,)}, where dQ,; C IQ, we may define the virtual power of
acceleration and internal forces as

Paco(R(1),9) = / Dv-vdy, pr(R(t),9) = / T Vids, (32)
R(1) k(1)

and the virtual power of external forces as

pext(R(t),e)::/ f-f)dx+/ - 9dS,
R() IR(t)
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where f is an external field, while t,, is a traction on the boundary of R(z). Then, the principle of virtual powers
becomes
pacc(R(t)af)) +Pint(R(t),‘A’) = Pext(R(t)a‘A’)7 Vf) € 7/7\V/R([) g Qa

which implies, together with the kinematical constraint (31), that the following system of coupled PDEs is satisfied

Dwv—divT =f, divv=0, (33)
DtG - ]’l(G7 VV), (34)

endowed with the boundary conditions
v=v,; ondQ; x[0,00), Tn=t, on dQ, x[0,), (35)

with QU dQ, = dQ, |dQ,; NIQ,| = 0. We observe that we are considering only Dirichlet and Neumann
boundary conditions for ease of exposition, but also other boundary conditions, like Robin, could be allowed
in the present theoretical framework. Moreover, defining the set of rigid virtual velocities as %figiq 1= {P:Qx
[0,00) — R : = vy + Ax}, for any constant vy € R? and constant A € R%X“, the fact that pi(R(t),9) =0

for any ¥ € #igia, VR(1) C Q, implies that T' € Rf;nd. Assuming the energy density of the system to be of the
form

de%:%WF+aG% (36)

i.e. given by the sum of the kinetic energy density and of the elastic free energy density €, the Clausius—Duhem
inequality takes the form [19]

d

dt/R(,)e(G’v) §pacc(R(t)av)+pint(R(t)av)+/R(t)pleV, (37)

where p is the Lagrange multiplier for the incompressibility constraint divv = 0. Applying the Reynolds transport
theorem and using and (32), the Clausius—Duhem inequality becomes

dé
D+ [ DG+ [ ediv=
/R(t)v vV R(t) 8@ t R(t)e I\AY

g/ v-Dtv+/ T:Vv+/ pdivy, (38)
R(t) R(t) JR(t)

Specific forms for the stress tensor T are then consitutively assigned in order for to be satisfied.

Different choices for the kinematic variable G, together with different constitutive assumptions for the form of
the free energy density é(G), lead to different viscoelastic models. In the following, we list different variants,
associated to different choices of the kinematic variable, which have been considered in the literature.

B Kelvin-Voigt viscoelasticity. A standard approach is to consider as kinematic variable G the deforma-
tion gradient IF (i.e. the Jacobian of the deformation map between the initial and the current configuration)
(see e.g. [20]), which satisfies the transport equation

D,F = VvF. (39)

Considering in (38), we obtain that
de ,
/ —IE‘T:VVS/ ']I‘:Vv—{—/ (p—e)divv,
&(1) OF R(0) R(0)
hence a general constitutive assumption for the stress tensor which verifies inequality is

e
T=2u (Vv)sym —pl+ ﬁFT =: Tyisc + Ter, (40)
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where we renamed p <— p —e, and i > 0 is the fluid viscosity of the material. Here, Tyisc := 1 (VV)gym —
pllis the viscous contribution to the stress tensor and T,; = g—I‘EFT is the elastic contribution.

Another common possibility is to consider as kinematic variable the left Cauchy—Green tensor B = FFT ¢
Rfyfn‘l, which satisfies, as a consequence of (39), the transport equation

DB =VvB+B(W), (41)

which is a form of the Oldroyd-B equation [38]. Considering in (38), analogously to (40), a general
constitutive assumption for the stress tensor in terms of the variable B which verifies inequality is
dé
T, =2-—B8. 42
We also cite the possibility to describe viscoelasticity through the kinematic variable given by the elastic
stress tensor (see e.g. [33]).

Remark 4.1. As reported in [39], given the formula B = FF”, the most general transport equation for
the deformation gradient F which implies the Oldroyd-B equation is

D,F = FW + WF, (43)

for any W € R4,

skw

In [39] the following general form of the transport equation for I is considered instead of (39):
D,F = aVvF + b(Vv)F, (44)

with a,b € R. This corresponds to non-standard elasticity where the strain measure F does not neces-
sarily respond as the Jacobian of the deformation, but it may take into account incompatible components
coming from the molecular theory of viscoelasticity. Frame indifference implies that there exists o € R
such that a = O‘T”, b= O‘T_Z [22]. Considering in (38), analogously to (40), a general constitutive
assumption for the stress tensor which verifies inequality is

Ter = (a‘i‘b)ﬁFT _ 2o

S r T
oF 28IFF ' (4)

As a consequence of (44), the left Cauchy—Green tensor B = FFT satisfies the transport equation

DB =a(VWB+B(W)")+b (W) B+BW) =2((V)suB),,, + & (V) ymB) (46)

sym sym*

Considering in (38), analogously to (40), a general constitutive assumption for the stress tensor in
terms of the variable B which verifies inequality is
dé dé

T, = 2(a+b)£B — oo

B. (47)

B Generalized viscoelasticity with stress relaxation. We now introduce viscoelastic models which con-
sider the phenomenon of stress relaxation, which is a process resulting from the collective microscopic
dissipative phenomena in a viscoelastic material modeling living tissues. We refer the interested reader
to [33], where a general framework to describe stress relaxation is obtained by expressing the defor-
mation gradient IF as a multiplicative decomposition in terms of a dissipative component and an elastic
component. A first variant of found in literature (cf., e.g., [39]) is the transport equation

1 de
D,F = aVvF +b(VW) F— — —— 48
t avy. + ( V) 2‘upa]F7 ( )
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where 1, > 0 is a relaxation constant related to the material viscosity. The latter transport equation is
the one considered in [39], WhICh adds to (44) a dissipative contribution proportional to ae Considering
in (38), analogously to (40), we obtain the general constitutive assumption

0é o 0é

T b)——F' = = —F". 49
= @D GET =3 oF (49)
Moreover, the dissipative contribution in gives rise to the term
- 1 dé dé
Y= €. %

2 Jray IF  OF

in the inequality (37), where ¥ is the dissipation associated to the elastic deformation. Another variant of
found in literature is the transport equation

0é

IF’ (50)

D;F = aVF + b(V)'F — TIFIE«‘T

where the dissipative contribution is proportional to the elastic free energy derivative up to transformation
via the metrics FIF” . The latter contribution in the transport equation gives rise to the dissipation term

_ r0é _pdé
Y= 2,u,,/ F OF - oF

As a consequence of (@8), the left Cauchy—Green tensor B = FIF” satisfies the transport equation

DB =a (VvB+B(Vv)") +b((Vv)"B+BVv) — 151;183 (51)
1 Jdeé

=2 ((Vv)SkWIB)sym +o ((Vv)ﬁ'ymB)sym Up aB

The latter transport equation may be seen as a generalized Oldroyd-B type equation [38]. Considering
in (38), analogously to (40), we obtain the general constitutive assumption for the stress tensor

dé dé
and the dissipation term
- 1 dé deé
v :: — —B.
) 9B’ 9B (59)

The transport equation for the left Cauchy—Green tensor associated to is

dé

DB =a (VB +B(Vv)") +b (V) B+BVv) — ,,TB atggB (54)
14
=2 ((V9) st B) gy +0 ((V¥) sy )Sy’"_,,T,, =B.

The latter transport equation may be seen as a generalized Giesekus type equation [18]. The dissipative
contribution in gives rise to the dissipation term

y._ L r 0¢ Tﬁ
Y= .Up/ F 8IBBF F 8IB%]Fd (55)

We now specify different variants of viscoelastic models, associated to different choices of the kinematic variable
G, given constitutive assumptions for the form of the free energy density €(G). The standard elastic free energy
density for Oldroyd-B and Giesekus type models is of the Neo—Hookean form, i.e.

é(B) =tu(B—-I—In(B)). (56)
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Collecting (33), (52), and we obtain the following generalized Oldroyd-B model:
ov+(w-Vv+Vp—uAv—aV-B=f, V.-v=0, (57a)

AB+ (v-V)B — 2[(V¥)garBleym — &[(V¥)eymBleym + ;(B D=0, Bew=0.  (57)
D

Collecting (33), (52), and we instead obtain the following generalized Giesekus model:

v+ W-VIv+Vp—uAv—aV-B=f, V.v=0, (58a)
1

OB+ (v-V)B—2[(V¥)swB]sym — & [(VV)symB]sym + ‘u—(IB%2 -B) =0, B)sw=0. (58b)
P

We observe that both the models and do not satisfy Hypothesis [3.1] of the abstract theoretical frame-
work, and thus the existence of energy-variational solutions to these models cannot be inferred from Theorem
Indeed, the elastic free energy is not superlinear, and thus the energy functional & does not satisfy the
hypothesis in Moreover, as observed in the Introduction, the a priori bounds coming from the dissipative
inequality do not imply the integrability of the quadratic terms in (57b).

A natural regularization of the energy was introduced in [6] by adding a quadratic term leading to

é(B) = (1—ﬁ)tr(B—]I—ln(Es))+§|1B%—11|2, (59)

with 0 < B < 1. We note that is superlinear. In [6], a transport equation for B which takes into account both
Oldroyd-B type and Giesekus-type relaxation processes was considered, leading to the model

ov+ - Vv+Vp—pAv—aV-(1-B)B-1)+BB*-B))=f, V-v=0, (60a)
B+ (V- V)B —2[(V¥)seuBlsym — ¢[(VV)gymBlsym + B —T+8(B* —B) = O, (B)gw=0. (60b)

Note that for & = 0 the transport equation is of Oldroyd-B type, while for 6 > 0 it is of Giesekus type.
Note also that the particular form of the relaxation terms in breaks the dissipative structure of the system if
o+ % i.e., in this cases the dissipation can not be interpreted as a multiple of the derivative of the free energy
with respect to B. In [6], stress diffusion is added to the above model, which breaks the dissipative structure as
well. We disregard stress diffusion here and prove existence of energy-variational solutions to system in
Theorem below.

We conclude this section by observing that a possible way to overcome the impossibility of inscribing the gener-
alized Oldroyd-B model in our abstract theoretical framework could be to consider its counterpart expressed
in terms of the kinematic variable I, i.e. considering the Neo—Hookean elastic free energy density

&(F) = |F” - |1|* — log(det(EF?)), (61)

which is superlinear. The drawback of this approach is that is not necessarily convex, since the ten-
sor [F is not symmetric, and hence it does not satisfy assumption Indeed, we recall that the function
—log(det(X?)) = —2log(det(X)) is convex on the set Rfﬁnﬁ (see e.g. [8, Section 3.1.5]), while it has no
convexity properties on the set RiXd. Unlike the kinematic variable B, which is symmetric as a solution of its
transport equation if it is symmetric at the initial time, the transport equations[44} 48| or [50]do not imply that their
solutions have any symmetry. A possible way to proceed is to consider a transport equation for [F of the type
43), i.e.

D,F = FW 4 aVvF + b(Vv)'TF, (62)

choosing the skew tensor W in such a way that

FW +aVvF +b(W)'F) , =0,
(

skw

DOI 10.20347/WIAS.PREPRINT.3048 Berlin 2023



A. Agosti, R. Lasarzik, and E. Rocca 18

implying that the solution of the transport equation is symmetric if it is symmetric at the initial time. This approach
has been employed in [4]. In the Appendix we will derive the general form for such a W, giving a mechanical and
geometrical interpretation to it as (minus) the angular velocity for the system (see (96)), while correspondingly
the symmetric solution IF is the square root of B and contains information about the stretching in the system.
We observe that, since W = W(IF, Vv) depends linearly on Vv but non linearly on I, it's difficult to fit the
theoretical framework to the model obtained with this approach, checking that assumption in particular the
convexity of the mapping , are verified.

An alternative and more practicable way to proceed in this direction is to consider the symmetrized transport

equation of (48), i.e.
1

I (F-F 1), (63)
P

D/F = g (WE+F(W)T) + g ((V0)TF+FWv)

in which the solution preserves the symmetry of initial conditions. We observe that corresponds to the
generalization of the transport equation applied to a symmetric tensor [F of the form (in components)

1 /0dx; OJx;
Fij =5 -+ 5 )
2\ 9%, ' X
with x,X coordinates of the current and the initial configurations respectively. This means that the symmetric

mapping [F represents pure shear. Note that for pure shear the angular velocity W = O and in this case the
viscoelastic model becomes

ov+(v-Vv+Vp—usv—oaVv-(F)=f, V-v=0, (64a)
1

AT+ (v-V)F —2[(V¥)sewFlsym — A[(VV)symFlsym + u—(]F —F!
14

)=0, Flaw=0. (64b)

The corresponding Oldroyd-B model to (64), which is formally derived from by multiplying by B and
defining B = F2, is the model

ov+W-VIv+Vp—uAv—aV-B=f, V-v=0, (65a)
OB+ (v-V)B—2[(Vv)swB]sym — 0[(VV)symB]sym (65b)
—oVB(VW)ymVB + ;(B D=0, Blyw=0. (65¢)

P

We want to remark that the described equivalence of the model is only formal. We can only show the existence
of an energy-variational solution to the system in Theorem 6.2/ and not the necessary additional regularity
of this solutions in order to infer the existence of an energy-variational solution to the system (65). Nevertheless,
the solutions of the systems should exhibit similar phenomena.

5 Oldroyd-B model for viscoelastic fluid with regularized energy

In this section, we want to apply the abstract result contained in Theorem [3.3]to system describing vis-
coelastic fluids with a regularized energy, which was proposed in [6]. We repeat the system here for convenience,

v+ -Vv+Vp—puAv—aV-(1-B)B-I)+B([B*-B))=f, V-v=0, (66a)
B+ (v-V)B —2[(VW)swBsym — &[(VV)symBleym + B —1+8(B*> —B) = O, (B)gw =0, (66b)

with B € (0,1), o € R\{0}, andd, i € (0,0). This system is equipped with initial and boundary conditions,

V(O) =V, B(O) =By inQ (66¢)
v=0 ondQ x[0,00). (66d)
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Remark 5.1 (Boundary conditions). In comparison to the model proposed in [6], we delete the stress diffusion
and chose certain constants to be 1. Moreover, we choose homogeneous Dirichlet boundary conditions for the
velocity field in comparison to the following Navier-slip boundary conditions in [6],

vn=0, —ve=(2u(W)ym+a((1-B)B-1)+B(B>—B))) n)_ ondQx[0,x).  (67)

The handling of these boundary conditions is somehow standard and we decided to simplify the model in this
regard for the readers’ convenience. However, the same results hold true with some obvious changes for the
generalized formulation in terms of additional boundary terms and the underlying spaces.

We define the space V to be given by V := L2 (Q) x L2, (Q) and we define the energy & : V —[0, ) via

sym
Liv||? 1—B)u(B-TI—log(B))+ EB—T2dx| tBeL2,_ . (Q
ﬁﬂm:{hwm@+m< B)tr(B—I—log(B)) + £| |x.I @
oo else
We define the space Y to be
Y= (W' NH{ o) (QRY) x (L"NW')(Q;RE). (69)

Definition 5.1. We call the triple
(v,B,E) € L7((0,0);:Lg () NL*((0,0):Hp 5 (2)) X L7((0,00); Lg,ry . (2)) x BV([0,00))

an energy-variational solution to (66a)—(66a) with the initial values vo € L2(Q) and By € L2, (Q),if&(v,B) <
E and

[E—(v,0)—(B,0)]

[
+/S’(v,at<p)+(B,ata)+(v®v_pw—a((1_B)(B—ﬂ)ﬂs(lﬁaz—]ﬁa));v«p)df

+ / (v-V)65B) + 2((V9)sauB: 6) + ((VW)ymB: 6) — (B — 1+ 6(B — B): o) ot
+[’y(Vv,Vv)+((1—ﬁ)(ﬂ—B1)+(ﬁ+5(1—ﬁ))(B—H)+6ﬁ]33(153—1);18—ﬂ)dr
+/:,}i/(¢,0') (&(v,B) — E)de <0.

holds for a.e.7 > s € (0, ) including s = 0 with v(0) = v as well as B(0) = By and all (@,6) € €' ([0,0);Y),
where the regularity weight ¢ is given by

2

C
H(@,0) =2max{1, o} [[(V@)sym [l = (pete) + ﬁTLHVGHi}(g)

2+ a)? 2(B+06—-338P)-

4up B
The first result regards existence of energy-variational solutions for (66a)—(66b) as well as their weak-strong
uniqueness.

Theorem 5.2. For every vo € L2, B € L3, . with IndetBy € L' (Q) and f € L*((0,0); (H(l)vd)*) there exists
an energy-variational solution in the sense of Definition[5.1]with & (vo, Bo) = E(0).

+ |67+ +

Let (»,1B) be a weak solution to (66) with
v e L7((0,7):W'(Q))NC'([0,T]:L5 (L))

B e L7((0,7): (W NL™)(QREG)) NCH([0,T]: Ly (€2))

(71)

such that there exists a b € (0, 1) with detB > b for a.e. (x,1) € Q x (0,T) as well as (#(0),B(0)) = (vo, Bo).
Then it holds that ~
v=7v and B=B forall (x,r) € Qx(0,7).
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Remark 5.2. We also want to stress that the assertions of Corollary [3.4] hold since & given in fulfills the
p-uniform convexity assumption with p (x) = %xz. This also shows that the initial values are actually attained in
the strong sense.

Proof. In order to prove Theorem|5.2, we want to apply Theorem Therefore, we have to show that Hypoth-
esis[3.7]is fulfilled.

As above, V := Lf; ><L§ym and the energy is given by (68). The dissipation potential ¥ : V —[0, o] is given via
the potential

X(v.B) := u|Vv[* +tr ((1 - B)BI-B ">+ (B+8(1—B))(B-1)>+BBB-1)?)
such that

Jox(v,B)dx — (f(t),v) iftveH),andBeLd,  withB~'cLl .

oo else

(72)

Y(t,v,B) = {

For the lower bound of the dissipation potential, we may choose Cy(t) := ﬁ”f”%;p )+ Indeed, via Young's
0,0

inequality we can estimate
2 2
W(t,v,B) > p|[Wl 2 = (F(0),v) = RVl = IVl fll gy -
H 2 1 2

> - P

> S IV = 5 Wy - = —Crl0)-
Note that the regularity of f € LZ((O,w);(H(lm)*) is essential for ¥ to be well-defined and lower semi-
continuous.
In order to check the next assumptions, we need to calculate the convex conjugate of the energy &. The

subdifferential is single-valued on its domain and is given by

96:v=2"" 96(vB) = <(1_ﬁ)(H_E"I)+ﬁ(B_H)>. (73)

Its inverse gives the subdifferential of the convex conjugate according to Fenchels equivalences, which is single-

valued on V* =V and given by

& V=2V 9&%(@,0) = <B(q:>')) wheno € L2, . and (9,0)" else. (74)

Here, we used the definition
B(o-):G_(lzgzﬁ)ﬂ+\/(0'—(14[;223)11)2+(1;3[3)]1’

which comes from the fact that & solves the matrix equation 6 = (1 — B)(I-B~') 4+ B(B —1) and as a
consequence of the positive definiteness of B, it holds

0=BB*—(6—(1-2B)I)B—(1—pB)I.

(75)

The plus sign in front of the square root in the definition of B reflects the fact that d & should map into the

domain of &. We note that the derivative D& (@,0) € domW for all (¢,0) € Y, which follows from the fact

that @ € H(l)_’(, and 0 € Lgym+ implying that the second component of d & belongs to Lgymﬂr.

The operator A : dom¥ — Y* is given by all terms in the equations despite the time derivative, such that
(A(t,v,B),(9,0)) =p(Vv, V@) — (vov—a((1-B)(B—1)+B(B>~B));Ve)
—(f(2),9) —(BRV: Vo) — (VW)suB:0) (76)
—a((V)ymB;0) + (B-1+8(B*~B),0) .
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We need to show that is fulfilled for A and ¥ as given above, i.e.,

<A(t,Dé”*(q),0')); (g) > = ¥(1,DE"(9,0)).

In order to verify this assumption, we insert v = @ and B = B(0) in (76). This calculation resembles the usual
energy estimate. Since, @ is a solenoidal vector field, the convection term vanishes, (¢ ® @; V@) = 0. From
the identity

(1-B)(B(o)~1)+B((B(c))* -~ B(6)) — 6B(c) =0,

we find that

o((1-PB)(B(6) ~1)+B(B*(6) — B(6)): Vp) — a((V@)synB(0): 0)
= a((1-B)(B(6) ~1) + B(B*(6) — B(6)) — 6B(0): (V)sym) = 0.

Furthermore, we observe by an integration by parts and expressing & in terms of B(0) that

—(B(0)29:Vo) - 2((V9)swB(0);0)
= ((p-V)B(0):(1-B)(I-B~'(0)) + B(B(0) ~ 1))
~2((V@)swB(0); (1~ B)(I-B~(0)) + B(B(6) — 1))
= /Q(l —B)(¢-V)u(B(o) —1n(B(6)))+§(<P-V)IB(6) —I%dx
~2((V@)sws (1~ B)(B(6) — 1) + B(B*(6) — B(0))) = 0.
The first line on the right-hand side vanishes since @ is a solenoidal vector field and the second one since it is

a Frobenius product of a skew-symmetric and symmetric matrix. Using all these cancellations, we find for the
remaining dissipative terms

(A(1.9.B(0)),(9,0)" /X ¢,B(0))dx— (f(t),¢) = ¥(1,9,B(0))

for all (@,0) € Y. Due to (74), this calculation implies that assumption (T4) is fulfilled. The continuity of the
function B in & implies the continuity of the function ¥ o D& in the topology of Y. Since ¥ is a continuous
function in B, the combination of continuous functions is continuous and the boundedness allows to deduce
continuity of ¥ o D &* by Lebegue’s theorem on dominated convergence. We also observe from and
that at their global minimum & (Vimin, Bmin) = ¥ (Vnin, Bmin) = 0 with viin = 0 and B, = L

The final condition, we need to verify is (15). Therefore, we observe the following estimates

(vev—aBB-1)%Ve) = (vov—oaB(B—1)%(Ve)syn)
< (VB2 ) + ABIB =TI g ) 1| (V@)oymll - g0t
<[[(Ve )symHLw(Q;Rdxd)zmax{lv o} &(v,B)

and

(Bov;Ve) = (B-1)©viV0) < [l VBIB - 1l2@ = Vol

1
VB
< VAV 120) VBB - I 2(0) muwum
2

C
+7||VG‘|23(Q)60(V7B)’

H 2
< EHVVHLZ(Q) Bl
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where we used that (I®v; Vo) = (v, Vir(6)) = 0. Furthermore, we obtain, by using the equations 2| (Vv)siwl|2(q) =

HVVHiz( =2[[(VW)symllz2(q) forallv € HO - that

—2((W)sw(B—1);0) — OC((VV)sym(B I);0)
2[[(V)skwllz2(@) + @l (VW)symll2(0 )IIB—HHLZ(mHGIIm(g)

l\)\'—*/'\

2+ )|Vl 120) B — L] 20 O] =(0)

u L @2ta?
EHV HL2 “aup [0~ ) & (v, B).
Moreover, we observe that
26
—& ((B-1)% )<fll( )llz=(0) & (v, B). (77)

Notice that we always manipulated the appearing terms of B by subtracting the identity in order to have a good
L? estimate in terms of the energy. The additional terms only give linear contributions and do not affect the
analysis.

These three inequalities imply that the mapping

(v.B) 1|V + (vOV — 2B (B~ 1% Vg) + (B—T) @v; Vo)

+2((VW)sw(B —1);0) + 0t ((V¥)sym(B —1);0)
C2
+ <2max{1, O} (VO)sym— - o) + ﬁuwang(g)) £(v,B) 78)

2+o)? 25
+ (W’Gliw(g) + BH(G)_HLM(QO £(v,B)

is nonegative. Moreover, since it is quadratic, it is also a convex mapping. The linearity of the mapping

(v,B) = — 1 (Vv,Ve) + o ((1-2)(B—1); V@) + ot ((V¥)sym; O)

—(fv-9) (1= 8)(BI):0) .
assures its convexity and therewith also its weakly-lower semi-continuity [21].
For the remaining dissipative terms, we find
(1=B)T-B")+(B+5(1-B)B-I)+5BB[B~1I)): (B—1)
:tr((l BB —(1-B(1—-8)I+(1—-B—-38B)B+(B+8 —35[3)(B—H)2+5B]B33) )
Defining the mapping .% ngxmﬁ —10,0) via
FB):=(1-B)ur(B"))—(1-B(1—-8)d+(1-B—358)tr(B)+(B+5—35B8)B-I &)

+8Btr(BY)+ (B+8—38B)_|B—1P2,

we observe that .% is convex. Indeed, the constant and linear terms are trivially convex. The condition B €
ngﬁﬂ assures that the mapping B — tr(§ B> + (1 — B)B~!) is convex. For the quadratic term, we observe
that by adding (8 + 0 —368)_ & (v,B), where (x)_ denotes the negative part of a real number, this term
become non negative and thus convex. Combining (78), (79), and (80), we find that the condition is fulfilled

such that Theorem[3.3|can be applied and assures the existence of a solution in the sense of Definition

Now, we want to prove the second part of Theorem concerning the weak-strong uniqueness of solutions.
Therefore, we want to apply Proposition [3.6] and we have to assure that Hypothesis [3.5]is fulfilled and that a
strong solution enjoying the regularity fulfills the regularity assumptions of (20).
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For this example we define W = H(lm ng’ym and p = 2 such that

Z(0,T) :=L*((0,T);Hp o XL3,) NL™((0,T); L X L3, )

sym sym

and

Z(0,T) := L' ((0,T); L2 (:RY) x L2, ) N L*((0,T): (H} 4)* X L43.

sym

Firstly, we observe that B € L=(Q x (0,T)) and its positive definiteness det® > b > 0 a.e. in Q x (0,T)
implies that also B~! € L™(Q x (0,T)). This implies, by the calculation (73), that for (¥,8) € L=((0,T);Y) it

holds that d & (¥,B) € L*((0,7);Y).
Secondly, we rewrite the operator A, via

/()T<A(z,9,@),(w,G)>dt = /(;Tu(w,vw —(ev—a((1-B)B-I)+B(B>-B));Vw)dr

such that we may estimate
IAG,%,B)l170.7) < BIPl 2y o 1+ 91172 1) + (1 = B)3 + BBl =(x0.r)) B —Tll 222,
1y e + 1912ws) [Bllzgwiay + @+ 1) 9]l 2 gy 1B 222
+ (34 8[1B] 2= 1B~ Tl 222, -

Hence we get that A(z,7,1B) € Z(O, T'). From the regularity assumption (71), we also infer d,(v,B)? € Z(O, T).

Thirdly, we observe that A and ¥ are polynomials in Vv, v, B, and B~! and as such Gateaux-differentiable

(cf. (72)). All appearing terms are well-defined for the given regularities such that the conditions DW'(¥,B) €
Z(0,T)and DA(U) € L(Z(0,T);L'((0,T);Y*)) are fulfilled.

Finally, we calculate the Hessian of the energy,

= I 0
D*&(v.B) = <0 (1—B)B1®Bl+ﬁﬂ®ﬂ) ®1)

and need to prove that D* & (#,B) € .Z(Z(0,T),Z(0,T)). Since in the first entry D?> & (¥,1B) is the identity,
the property is obvious. Since B~! € L*(Q x (0,T)) and Z(0,T) does not include any spatial derivative for
the second component, this property also follows in the second variable of D? @‘“’(121@3). Hence, we proved that
the conditions are fulfilled such that the weak-strong uniqueness result follows from Proposition and

Corollary[3.7}
O

6 Oldroyd-B model for viscoelastic fluid via symmetrized
Neo-Hookean approach

In this section, we want to apply the abstract result of Theorem3.3]to the system (64), which we recall here for
the readers’ convenience

v+ -Vv+Vp—puAv—oaV-(F*-I)=f, V-v=0, (82a)
1

OF 4 (v-V)F —2[(V¥)skwFlsym — &[(VV)symFleym + u—(IF‘ ~F =0, (Fgw=0. (82b)
P
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We take the parameters oc € R\{0}, i, i, € [0,00) and we equip the system with the following initial and
boundary conditions,

v(O) =vg, F(O) =Fy inQ (82c)
v=0 ondQx[0,00). (82d)

We define the space V to be given by V := L2 (Q) x L2 (Q) and the energy & : V—[0, ) via

sym

E,F) = {é W)+ JalFF = 17— log(den(F))e] 1P €Ll (@ o
o0 else

The space Y can be defined as in (69).

Definition 6.1. We call the triple

(v,F, E) € L7((0,00);:L5 (€2)) N L?((0,0):H 5 (Q)) x L((0,00): L

sym,+

(Q)) xBV([0,0))
an energy-variational solution to (82a)—(82b) with the initial values vy € L (Q) and Fy € LSym +(Q),ift&W,F) <
E and

t

[E—(v,@)—(F,0)]

N

+/ v,0,0)+ (F,0,6) + (Y, Vv — V@) + (v@v — aF* —1: Vo) — (f,v— @)dt

+/ (v-V)6,F) +2((VW)swlF, 6) + a((Vv)gymF, 6) + ; (F-F ' F-F'-o0)dr
s P

+ /lji/((p,o) (. F)—E)dr <0

holds for all (¢,6) € €' ([0,0);Y) and for a.e. o >t > s > 0 including s = 0 with v(0) = v and F(0) = I,
where the regularity weight 7" is given by

2+a)?
m
C2

1 2 2
+ —(6)_|[7eio) + —||VO|5
o 10)-llE-@ + 1V g

K (@,0) =2max{1, o} || (V@)sym||=(0) + o]z

Then, we get the following.

Theorem 6.2. For every vy € L2(Q), Fy € L3, (Q) with —IndetFy € L'(Q) and right-hand side f €

L2((0,00); (HO -(Q))*) there exists an energy-variational solution in the sense of Definition with &y, Fo) =
E(0).

Let (#,7) be a weak solution to (82) with

§ € L2((0.7): W' =()) NC'([0.T):L3 ()
F e L2((0,7): (W' N L) (@RS, )N CH([0.7]: L2, ()

sym,+ > —sym

such that there exists a b € (0, 1) with detF > b for a.e. (x,¢) € Q x (0,T) as well as (#(0),F(0)) = (vo,Fo).
Then it holds that
v=% and F=F forall(x,t)€Qx(0,T).
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Proof. In order to prove Theorem|6.2, we want to apply Theorem Therefore, we have to show that Hypoth-
esisis fulfilled. As above, letting V := L2 (Q) x Lzym(Q) and the energy be given by (83). The dissipation
potential ¥ : V—[0, o] is given by

jQ.u|Vv|2 - <f(t)7v> + “LPHF - F71 ‘de ifve H(l),(r? Fe Lgym,Jr('Q)

) else

(85)

Y(t,v,F) = {

on its domain. In a standard way, we may choose Cy(?) := ﬁ HfH%H] - and estimate via Young’s inequality
0,0

that ¥(z,v,IF) > —Cy(r) as in the previous example. In order to check the next assumptions, we need to
calculate the convex conjugate of the energy &. The subdifferential is single-valued on its domain and is given
by

. A _ v
08 :V—=2 dEW,F) = <IF—IF—1> ) (86)

Its inverse gives the subdifferential of the convex conjugate according to Fenchels equivalences, which is single-
valued on V* = V and given by

: \% ¢
A& V" =2 &% (9,0) = <F(0')> wheno € L, , and (9,0)" else. (87)
Here, we used the definition F (6') = % +4/ %2 + I, which comes from the fact that & solves the matrix equation

6 = —F~! and as a consequence of the positive definitesness of F, it holds 0 = F? — 6F — L. The plus sign
in front of the square root in the definition of F reflects the fact that d & should map into the domain of &. We
note that the derivative D& (@,0) € dom'¥ for all (@,0) € Y, which follows from the fact that ¢ € H(lw and

6 € L2, , implying that the second component of d & belongs to L2, . ().

The operator A : domW¥ — Y™ is given by all terms in the equations despite the time derivative, such that
(AV.F), (9,0)") =p(Vv, V) — (v@v—aF*; Vo) — (f.@)

—(FoviVe) =2((W)swF;0) — o (Vv)symF;0) + IJl (IE‘—IE"I,O') .

(88)

We need to verify that is fulfilled for A and ¥ as given above, i.e.,

<A(t,Déa*(q),0')); (g) > = ¥(1,DE"(9,0))

In order to verify this assumption, we insertv =@ and F = F (o) in (88). This calculation resembles the usual
energy estimate. Since, @ is a solenoidal vector field, the convection term vanishes, (@ ® @; V@) = 0. From
the identity F2(6) — 6F (6) = I, we find that

a(F*(6);Ve) — a((V@)synF (6);6) = a(F*(6) — 0F (6); (V)sym) = (I, V) = 0.
Furthermore, we observe by an integration by parts and expressing & in terms of F (o) that

—(F(o)2¢: Vo)~ (V@)swF (0);0)
((p-V)F(0);F(0) ~(F(6))™") — ((V@)swF (6):F(6) — (F(0)) ")

:/(¢-V)tr<;F2(6)—ln(F(6))> — (VQ)sw : (F*(0) —T)dx = 0.
Q

The first term vanishes since @ is a solenoidal vector field and the second one since FZ(O') —I'is symmetric.
Using all these cancellations, we find for the remaing dissipative terms the following equality

(A(1,9,F(6)).(9.6)7) = 1| V02 0, — (F(1),0) + Ijuouim) — ¥(¢,F(0))

D
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holding true for all (@,0) € Y. Due to (87), this calculation implies that assumption is fulfilled and also that
the mapping Yo D& (¢@,6) = ¥ (@,F(0)) given above is continuous on Y. We also observe from and
that at their global minimum & (Vinin, Fiin) = ¥ (Vmin, Fmin) = 0 with vipin = 0 and Fryn = L

The final condition, we need to verify is (15). Therefore, we observe the estimates
(vev—aF:Ve) = (vov— oF; (Ve)sym)
< (V20 + @lIF I ) ) 1Y@yl
< (V@) symll = et 2max{1, 0} £ (v, F)

and
(Fev;Ve) <[k lFlzelVelse
< W[ 2@ Fll2@lVollse
< B ) + S IV 1R S08)
Furthermore, we obtain, from the fact that 2[| (VV)siwl|12(q) = HVvHiz( = 2[[(VW)sym|lr2(q) for allv € Ho o
that

=2((W)sulF;0) — a((Vv)symIF;O‘)

2[[(W)siwllzz (@) + ll(VW)symllr2(o ) 1F[lz2(0) O]~ (@)

l\)\»—ﬂ/\

2+ )Vl o) [Fll 2@ o] =@

L @2ra)? )?
4u

’s:

< SVl lo7(0) & . ).

[\

These three inequalities imply that the mapping

(v,F) —u \|Vv|y§2(9) + (vov—oF%;Ve) + (Fov; Vo) + (W)l 6) + a (Vv)synF; )

C? 2+ )2
+ (2max(1,@H Vol )+ 5 1901y + EE 0 ) £0.F)

is nonegative. Since it is quadratic, it is also a convex mapping. The linearity of the mapping,

(V. F) > —11(Vv,Vg) — (f,v— @) — ula&o)

92
assures its convexity and therewith, weakly-lower semi-continuity [21].

For the dissipative term depending on the stress tensor I, we find
—12 2 —12
IF—=F""I72(0) = IFllf2q) T IF [l72(q) — 24 (89)

The firsttermis obviously quadratic and convex and the constant term, does not change this. Finally, we consider
the mapping .& : Rsym + — R given via

S Fs u(F 1) + tr(F' D) — tr((@)_)? Indet(F).
RY*d

The first derivative in direction G € sym,+ is given by

(DS (F),G) = —tu(F'FIGF ™) —tr(F!GF'F!) —tr(F'GF'®) — tr((®) ) > tr(F~'G).
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Rdxd

sym,+» we find

Calculating the second derivative, in the directions G and H €

(D*(F)),(G,H)) = tr(F'HF'"F'GF! + F'F'HF'GF ! + F'F~'GF'HF )
+u(F'HF'GF'F! + FIGF'HF'F! + F!'GF'F'HF )
+tr(@(F'GF'HF ! + F'HF'GF 1))
+tr((®)_ ) tr(GF 'HF ! + HF 'GF})

such that

(D> (F)),(G,G)) =2tr((F'GF 1) + F'F {(GF ')+ F 1 (GF)*F 1)
+2uw(@(F 1 (GF)?)) + 2u((®)- ) w((GF 1))
>2t((FIGF ) + FIF Y(GF )2+ F 1(GF 1> F )
—2u((®)-)u(FH(GF')?) +2u((®)-)*ur((GF')?)
>2u((FIGF ) +F'F 1 (GF )2 +F {(GF 1) F 1) >0

as long as G # Q. The first inequality follows from
(@), F'GF 'GF ') = w(F~ /(@) F~/2(F/2GF~'/2)?) > 0. (90)

since the positive semi definite matrix F*I/Z(CD)JF”/Z induces a positive quadratic form. Note that IF is a
positive definite matrix such that also their inverse and products remain positive definite. In order to deduce the
second inequality, we used the trace property tr(AB) < tr(A?) tr(B?), which implies

tr(AAB?) = tr(ABAB) < tr((AB)?) 4 tr((AB)?) < tr(A*B?) + A2 tr(B)
for positive definite symmetric matrices A, and B, as well as A > 0. The inequality
(@) ) tr(F (GF1)?) < t(F'F(GF")?) + tr((®)_ )2 tr((GF)?)

follows from by choosing A =F~!, B = GF~! and A = tr((®)_).

Thus, we have shown that the mapping .7 is convex, since its second derivative is positive definite. Hence (15)
is fulfilled and thus, Hypothesis 3.1]is fulfilled, which implies the first assertion concerning the existence.

Now we want to argue that Hypothesis is fulfilled as well as the regularity assumption (20) such that we may
apply Proposition and Corollary In this regard, we choose W := H(I)V(,(Q) x L2, (Q), p = 2 such that

sym

Z(0,T) := L*((0,T); (Hj g X L) () NL7((0,T): (Lg X L3y ) ()

sym sym

and

Z(0,T) = L'((0,T): (L? X L) (Q)) N L2((0,T): (Hp 6)" X Lym) () -
Similarly to the previous example, we observe that F~! € L=(Q x (0,)) because detF > b > 0 a.e. in
x (0,T). This implies, by the calculation (86), that, for (¥,I) € L=(]0,0);Y), it holds that D& (¥, ) €
L=((0,T);Y). The validation of the regularity assumption for strong solutions fulfilling is very similar
to the reasoning at the end of Section 5], hence we will not report this here in detail. Thus the second assertion
of Theorem 6.2 follows from Propositon [3.6]and Corollary[3.7]

O
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7 Conclusion and Outlook

In the previous sections, we introduced and exemplified a new formulation and solvability concept for nonlinear
evolution equations especially suited to treat viscoelastic fluid models. This formulation allows to pass to the limit
in possible approximations only be means of compactness in weak topologies and thus, does not require to add
stress diffusion in viscoelastic fluid models. We are able to provide existence and weak-strong uniqueness under
proper assumptions, which we show to be reasonable at the hand of two different examples in the Sections
and

In order to further support our claim that this new approach has the potential to provide an adaptable and
transferable concept, we want to comment on the applicability to other viscoelastic fluid models and possible
directions of future research in this last section.

Peterlin model. Another viscoelastic fluid model that received a lot of attention in recent years with a quadratic
(hence superlinear) elastic free energy density

&(B) = % (tr(B)? — tr(T)? — 2tr(In(B))) (91)

is the so-called viscoelastic Peterlin model for polymeric fluids introduced in [40] (cf. [9]). Collecting (33), (52),
and (91), and assuming, as in [9], that the parameter ,u;l is a linear function of trIB representing a gener-
alized relaxation term as a material viscometric function, we obtain the following model:

ov+(w-VIv+Vp—uAv—aV-((tB)B)=f, V-v=0, (92a)
OB+ (v-V)B—2[(V¥)skuBlsym — &t[(VV)symBlsym + trB((rB)B—I) =0, (B)sw =0. (92b)

The dissipation term (53) coming from the relaxation processes is in this case
W, B) = / LIVV + (uB)B (rB)I-B') : (B)I-B 1) dx
Q
_ / LIV + te(B)* — 24r(B)? + tr(B) tr(B " )dr.
Q

The last term in this dissipation potential is not convex as a mapping of B. Defining . (B) = tr(B) tr(B~!), we
may calculate the second derivative as

(27 (B),(G,H)) = —tr(G)tr(B"'HB ) — tr(H) tr(B~'GB )
+2tr(B)tr(B~'HB'GB ).

This form is not positive for G = H and can not be made positive by adding a multiple of the energy. Indeed, we
may estimate the two terms with the negative sign via

(2.7 (B),(G,G)) = 2t(G)tr(B'GB™") + 2tr(B) tr(B~'GB~'GB ')

tr(B1) _
> —2tr(@)2W > —2dtr(G)*tr((B~1)?).

However, from the second derivative of the energy, we get the term — (92 Indet(B), (G,G)) = tr((B~'G)?).
In order to have any hope to find a multiple of the energy that when added to .’ makes the sum convex,
we would need to find a 1 > 0 tr(G)?tr(B~")? < ntr((B~'G)?). But this does not seem to be possible.
Mainly, the problem lies in the non-convexity of the dissipation potential. Thus, the hypothesis of convexity of the
mapping cannot be shown to be satisfied, and hence we cannot apply Theorem [3.3]to infer the existence
of energy-variational solutions to system (92).
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Collecting (33), (52), and (91), we obtain the following variant of the generalized Peterlin model:

ov+w-VIv+Vp—uAv—oaV-((tB)B)=f, V-v=0, (93a)

1
OB+ (v-V)B —2[(V)siwB]sym — A[(V¥)symBlsym + — ((trIB%)IB%Z -B)=0, (B)sw=0. (93b)
P

The dissipation term coming from the relaxation processes is in this case

1
W, B) = / L2+ — (BB 1) : ((trB)B —I) dx.
Q ,up

With the latter term in the system dissipation the hypothesis of convexity of the mapping is satisfied. We
can also allow more general dissipation functionals as long as the convexity assumption for the associated
mapping is fulfilled.

Lin-Liu-Zhang model. There are also other viscoelastic fluid models that fit into the proposed model frame-
work. A very simple one arises, if we combine with the energy é(IF) = %]IE‘ 2 this leads to the system
considered in [29],

ov+v-VIv+Vp—uAv—V- (FF')=f, V.v=0,
IF+(v-V)F—VwF =0, V.F=0.

For this system all assumptions of abstract result in Theoremare fulfilled with regularity weight .%; (@,0) =
2|IVe|| =) —|—C(||V0'Hi3(g) + ||O'H%W(Q)), where the test functions are chosen as in the two examples above.
In this context, the normalization condition V - F = 0 could also be disregarded. But, by the div-curl lemma
it can be observed that the weakly-lower semi-continuity of the associated functional in the assumption
can already deduced for %3(@,06) = 2||V@||;~(q). Thus a future direction to further sharpen our result is to
weaken the convexity assumptions of the associated form in (15) in order to also sharpen the associated result
for this basic example. Note that for the improved regularity weight %5, it can be shown that the existence of
energy-variational solutions implies the existence of measure-valued solutions as proposed in [29] in the same
way as it is proven for the Ericksen—Leslie system in [27].

Moreover, it would be desirable to also include energies into our framework, that do not necessarily have su-
perlinear growth, which could allow to further understand at least the Giesekus model or variants of it. We
note that the superlinearity of the energy is essential to infer that dom &* = V*. In case that & is only of linear
growth, its convex conjugate &* may only be finite on a subset of V*. This especially hinders an argument as
in Step 3. of the proof of Theorem|[3.3] where the continuity of the function f (o) = & (D &*(o®)) is shown for
al®eYcCV"

But still it may be possible to show the continuity of the function on a smaller (non-linear) set, Y C dom&™*.
This would lead to a set of test functions Y that is not linear anymore. But this can still be a reasonable class of
solutions fulfilling existence and weak-strong uniqueness. Indeed, in the proof of the weak-strong uniqueness
result in Proposition we have to chose @ = Dé"(f]) for the strong solution U. By the Fenchel equiva-
lences (8) it is clear that D& (y) C domD&™ C dom&™ such that it would make sense to restrict the test
space to Y C dom&™*. We plan to investigate such models in the future.

Thus, we think that this new approach may provides some fruitfull new insight into the analysis of viscoelastic
fluid models. The proposed formulation includes a large class of models and incorporates desirable properties.
Beside the existence and weak-strong uniqueness, we observed that the solutions form a semi flow (see Re-
mark[3.3). It can also be inferred that the set of solutions is weakly-star closed. Therefore, it could be desirable
to select a special solution of the set of solutions as the physically relevant one as proposed in [25] for incom-
pressible fluid dynamics. We note that this is already the idea of the time-incremental minimization algorithm
proposed in the proof of Theorem[3.3] where the energy is minimized in (22).
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Appendix

This appendix has two parts. Firstly, we give an explicit formula for the matrix W in and Secondly, we
calculate the abstract relative energy-inequality for the first example explicitly.

A: explicit formula for the matrix W

Let us consider the polar decomposition of the deformation gradient, i.e.
F =SQ,

valid if det[F > 0, where QQ is a rotation tensor and S is a symmetric and positive definite matrix. We start from
the relation
D,F = aVvF +b(Vv)'T, (94)
which becomes
D,F = D,(S)Q+SD,Q = aVvSQ + b(Vv)TSQ. (95)
The latter relation involves d? equations, the tensor Q has @ degrees of freedom and the tensor S has

d(dfﬂ) degrees of freedom, so both Q and S can be determined by the previous relation. Multiplying by QT

from the right, and introducing the angular velocity tensor W := D,(Q)QT, we get that
D;(F)QT = D,S+SW. (96)

Also,
QD; (F')Q=D,S—WS. (97)

Subtracting the latter two equations, we obtain that
SW +WS = H := a[(V»)S — S(W)T] + b[(Vw)TS —S(W)].
The latter relation is a well known tensorial equation of the kind
AS+SA =H,

with S € ngxnf, AH e Rg’kxvf (in three space dimension). A solution of the latter equation is of the form (see

e.g. [43])
A= f(S)H - g(S)(S"H+HS?), (98)

where f(S), g(S) are defined in terms of the linear invariants of S as

12—1Is 1

f(8):= m, g(S):

T Ills — 11l
Note that is well defined if S is positive definite. Hence, we have that
D,;S+SW —aVvS — b(Ww)I'S =0,

with

W(S, Vv) = f(S)H(S, Vv) — g(S)(S?H(S, Vv) + H(S, Vv)S?).
We note that the latter model is equivalent to the model for S derived in [4], where S is interpreted as the
symmetric square root of the conformation tensor B. In the present case we have derived more coincise formulas

for the expression of W, with a clearer mechanical and geometrical interpretation, then the ones reported in [4]
Appendix A].
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B: Relative energy inequality for the first example

It has been shown in the proof of Theorem [5.2] that the assumptions of Proposition [3.6] are fulfilled such that
the relative energy inequality is fulfilled for the system (66). The same holds for system (82). With the
help of Corollary we inferred the weak-strong uniqueness results from Theorem and Theorem

Nevertheless, the calculation of the relative energy inequality remains a nonstandard task, at least for non
purely quadratic energy and dissipation. We exemplify the calculations here for the convenience of the reader.

By the definition of the relative energy in Proposition 3.6, we observe for the system

Z(v.BE|p,B)=E — &(,B) - <a£(v,E), (ﬁ:%»
—}-/§|v 92+ [|IB% 1P~ BT —2(B—1)(B—B)] dx
+(17B)/Q[tr(IB%fH—ln(IB%))—tr(IB%—]I—ln(fB))f(Hf]E%_l)(IB%fIB%)] dx
IBB)—i—/Q;]v—f)]de

+f Q\B CBP 4 (1-B) (BB —I—In(B'B))dx

Note that the relative energy is nonnegative, which can be observed for the last term by the fact that B 'Bis
positive definite. In order to calculate the relative form %, we insert the definition of the dissipation potential
and the system operator (76), we find
W (vB|p,B) =
/ V=i +ua (B [BB ' —2I+BB "))
Q
+(B+801 —/3))/ tr ((B—B)2) dx + 6[3/ tr ([B+28 — 21] (B — B)2) dx
Q Q
+/Q (v—9)® (v—9) + B(B—B)?) : Vi
+/ B-B)ow—9):V[(1-B)I-B")+B(B D) d
+ [ UV + V0= 9))ad B=B) : [(1-B)(U-B ") +p(B—D)] e
+5/ B-B): [(1-B)I-B )+ BB —I)] dx
Q
- 1 . . -
+J£/(fl,B(B))/ E|v—v|2 + ng ~BPP4+(1-B)tr(B™'B—1—In(B~'B))dx
Q
where B is defined in (75) and %" in (70). From the convexity assumption (15), which was shown to hold in the
Proof of Theorem [5.2} we infer that 7 (v, B|#,18) > O for all solutions (v, IB%) in the sense of Definition [5.1{and

functions (¥,18) fqu|II|ng (7). In order to calculate 7, we inserted the simplifications

tr (BI-B")? —BI-B)2 - [1-B")2+2 ( DB (B-B))
—u (B! [BB 2H+<BB*1>”])

and

r(BB-1)>-BB-I)>- [(B-1)*+2BB-I)] (B-B))
=t ([B+2B-2I] (B-B)?).
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The second derivative of the energy was already calculated in (81). Inserting everything into the relative energy
inequality and estimating % from below by zero, we end up with

[ IB+/ S+ |IB% BR -+ (1-B) (BB~ 1 In(B'B))a

N

+/s’/g[8;ﬁ+(17~V)ﬁ—uAfz—av.((1_5)(B_H)+ﬁ(@2_@))_f} (v —¥)dvdz

+ /st /Q (0B — [(VP)skw — A(VP)symBloym] : [BB—B)+ (1—B)B'(B—B)B~']| dxdr

+/'/ (- V)B+B—T+6(B—B)] : [BB—B)+(1—B)B ' (B—B)B '] dxdr

/Ji/vB [ ),B(t))+/1\vﬁ|2dx] dt

+/Ji/ [/B\IB% B2+ (1 - )r(@lB—H—ln(ElB))dx} dr.

This shows that the nonquadratic energy also requires a nonlinear testing of the equations in order to infer the
proper weak-strong uniqueness result. As in Corollary[3.7] we may infer weak strong uniqueness from the above
inequality, but it can also be interpreted as a continuous dependence result as long as a strong solution exists.
The relative energy inequality is also used in the literature to analyse multiple scales via singular limits [15],
estimate errors of model simplifications [16], optimal control and numerical approximation [24].
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