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coagulation processes

Luisa Andreis, Tejas lyer, Elena Magnanini

Abstract

We consider the problem of gelation in the cluster coagulation model introduced by
Norris [Comm. Math. Phys., 209(2):407-435 (2000)], where clusters take values in a
measure space F/, and merge to form a new particle z according to a transition kernel
K (z,y,dz). This model is general enough to incorporate various inhomogenieties in
the evolution of clusters, for example, their shape, or their location in space. We derive
general, sufficient criteria for stochastic gelation in this model, and for trajectories asso-
ciated with this process to concentrate among solutions of a generalisation of the Flory
equation; thus providing sufficient criteria for the equation to have gelling solutions. As
particular cases, we extend results related to the classical Marcus-Lushnikov coagulation
process and Smoluchowski coagulation equation, showing that reasonable ‘homogenous’
coagulation processes with exponent v > 1 vyield gelation; and also, coagulation pro-
cesses with kernel a(m,n) > (m A n)log(m An)*>T for € > 0. In another special
case, we prove a law of large numbers for the trajectory of the empirical measure of the
stochastic cluster coagulation process, by means of a uniqueness result for the solution
of the aforementioned generalised Flory equation. Finally, we use coupling arguments
with inhomogeneous random graphs to deduce sufficient criterion for strong gelation
(the emergence of a particle of size O(N)).
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1 Introduction

Models of coagulation arise widely in many scientific models, in areas ranging from physi-
cal chemistry (in the formation of polymers), to astrophysics (in modelling the formation of
galaxies). A natural model for coagulation would have particles diffusing in space, with ‘larger’
particles being slower than ‘smaller’ ones. A well-known, classical, ‘mean-field" approximation
to this model from Smoluchowski [39] models a system of particles merging at a rate K (z,v)
(for an appropriate function K (x,y)) where 2 and y are masses of the particles. A finite,
discrete approximation to the latter is known as the Marcus-Lushnikov model [29, [19, 28].
The limiting behaviour of the particle masses as the number of particles tend to infinity in
the Marcus-Lushnikov model is generally expected to be encoded by a set of infinitely many
differential equations (or measure-valued differential equations) known as the Smoluchowski
or Flory equations.

Particular cases of the Marcus-Lushnikov model are closely related to other stochastic models:
the case K(z,7) = 1 corresponds to the Kingman's coalescent [27], the case K(z,y) =
x + y has multiple interpretations, including being related to Aldous’ continuum random tree
[T, 5, 4, @] (see also [10]), whilst the case K (x,y) = xy is closely related to the Erdés—Rényi
random graph (see, for example, [25] [3] 2, 8]). We refer the reader to the review paper [6]
for a more general overview (although remark that there has been a lot of progress made over
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Gelation in cluster coagulation processes 3

the last 25 years). We also remark that in this paper, we are interested in models of pure
coagulation; whilst a lot of work in the literature also allows for the fragmentation of particles.

A natural question of interest related to coagulation processes, is whether or not at some time
t > 0, there exists the formation of macroscopic or giant particles. Motivated by the application
to polymer chemistry, this is known as gelation. Gelation is generally defined as whether
a solution of the Smoluchowski (or Flory) equation fails to ‘conserve mass’, which means,
intuitively, that mass is lost to ‘infinite’ particles. This is closely linked to a loss of mass in ‘large
particles’ in the Marcus-Lushnikov model as long as one knows that the trajectories associated
with the model concentrate around the associated solution of the equation. This fact was first
used by Jeon to prove existence of gelling solutions to the Smoluchowski equations [26]. In
order to show this concentration, however, one needs to show that the associated trajectories
of the Marcus-Lushnikov process concentrate around this equation, which may not always be
the case after gelation.

Some general criteria for this concentration, including a weak law of large numbers were proved
by Norris [32], 33]. A large number of related results deal with the Smoluchowski equation
directly, proving sufficient conditions for mass conservation (generally when K (z,y) < x +
y), or gelation, sometimes also allowing for the fragmentation of particles; see, for example,
[30, 40, [13] [14], to name a few. It may be the case, that, once gelation occurs, the ‘gel’ or
macroscopic particles, interact with the microscopic ones, in such a way that a correction term
is required in the Smoluchowkski equation, this is known as the Flory equation. A weak law of
large numbers of the Marcus—Lushnikov process to this equation in a particular case was first
proved by Norris [33], and later, concentration of trajectories around solutions of this equation
were proved in [18] [36].

Despite this large body of literature, relatively less is known about models incorporating inho-
mogenieties of particles; for example, their shape, velocity, or location in space. A framework
introduced by Norris in [33], he called the cluster coagulation model, allows one to incorporate
these features in a rather general way (see also [31] for a variant that incorporates diffusion of
clusters). However, apart from a particular special case of the model [22], criteria for gelation
in this model are lacking, despite being of interest from both the perspective of applications
in physics, and mathematically. We do note that there is a number of results related to other
models incorporating the movement of particles as Brownian motions in space [20] 21}, 44, [37],
or as particles jumping across two sites [38, [43]; but we are not aware of any general results
concerning criteria for gelation in these models, apart from the interesting induced gelation
effect in a particular case of the two-site model [12]. More recently, from the perspective of
analysis, a strain of research has focused on the study of multi-component generalisations of
the Smoluchowski coagulation equations, where the mass variable is substituted by a variable
in a d-dimensional Euclidean space, and there is an additional source term corresponding to
the system not being in equilibrium (see for example, [17, (16 41] and reference therein). A
different approach to analyse a related spatial coagulation model and the question of gelation,
using Poisson point processes and large deviations, is in progress in [7].

1.1 Overview on our contribution
Our goal in this paper, is to study gelation, and hydrodynamic limits associated with the

cluster coagulation model. The main novelty of this paper consists in the following: First, in
Theorem (and following corollaries), by building upon, and generalising concepts introduced
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by Jeon [26] (see also [36]) we are able to provide sufficient criteria for gelation in the general
setting of the cluster coagulation model; thus providing criteria that may incorporate many
features of a cluster, not only the mass. In the process, we are able to provide improved
criteria for gelation in the classical Markus-Lushnikov process, showing as a particular case, that
reasonable ‘homogenous’ coagulation processes with exponent v > 1 yield gelation; a generally
accepted scientific principle, that, as far as we are aware, has not been proven rigorously
(see, e.g. [6, 12, [42]). We also show, that, if for ¢ > 0, K(z,y) > (z A y)(log (z A y))3*e,
gelation occurs (see Corollary . When the state space also incorporates, for example, the
position of the particles, our criteria guarantees gelation for kernels that are products of a
function decreasing in the distance between particles, and of a gelling kernel of the masses

(see Example [3.4)).

Second, we define a generalised Flory equation that is formulated in terms of a ‘conserved
quantity’; corresponding to an invariant associated with the cluster coagulation process. From
the perspective of applications, this quantity may correspond to the total mass of the system,
or, depending on the setting, for example, the ‘centre of mass' or ‘momentum’. Introducing
this notion allows us to go beyond the setting of [32], and to prove existence of solutions
for the limiting equation under weaker assumptions (Theorem . Combining this with our
gelation criteria, we prove the existence of gelling solutions for such equations, under suitable
assumptions on the kernel. We also obtain a uniqueness result for this multi-type Flory equation
in a case when the kernel is ‘eventually conservative' (i.e., kernels that satisfy the condition
of Theorem , extending the eventual multiplicativity property introduced in [33]. Such
a uniqueness result implies a law of large numbers for the paths of the stochastic cluster
coagulation process (Corollary . The approach we use in this part of the paper, whilst
well-established (using weak-compactness, and martingale techniques), allow for relatively few
assumptions on the underlying space; we only assume that the clusters take values in a o-
compact metric space E. This means that our results encapsulate existing generalisation of
the Smoluchowski equation in the literature, including those of [22] 23)].

Finally, we use coupling arguments with inhomogeneous random graph models to deduce,
sufficient criteria for ‘strong gelation’ to take place; referring to the emergence of a particle
of order N. These arguments extend the one-to-one coupling used in [22].

The rest of the paper will be structured as follows.

1 In Section [2] we introduce the model, including the definition of a generalised Flory
equation with a conserved quantity in Definition 2.1} Given the very general nature of
the cluster coagulation model, in Section we give examples of natural models that
fit into this framework and, through the paper, we illustrate how our results apply to these
examples. In Section , we revise some key concepts regarding gelation (i.e. the notions
of strong gelation and stochastic gelation), slightly modifying previous definitions to our
setting, if needed. We state a result, Theorem [2.2] that links the notion of gelation for
the stochastic particle system to the one for the corresponding limiting equation (whose
proof, almost identical to [Theorem 5, [26]], we omit in this paper).

2 In Section [3| we state the main theorems of this paper. Section deals with results
related to stochastic gelation, while Section deals with concentration of trajecto-
ries associated with the process along solutions of the multi-type Flory equation. In
this section, in particular, the notion of ‘conserved quantities’ is important, defined in
Definition [3.1} In Section we state sufficient criteria for uniqueness of solutions
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of the multi-type Flory equation. Finally, Section is concerned with strong gelation,
deduced via a coupling with inhomogeneous random graphs.

3 Finally, Section [4] deals with the proofs of the main results, with Sections[4.1] [4.2] and
containing the proofs of results stated in Sections [3.1] and respectively.

2 The cluster coagulation process and multi-type Flory
equation

2.1 Definition of the process

In this paper we consider the cluster coagulation process, introduced by James Norris in [33].
Recall that in the cluster coagulation process, one begins with a configuration of clusters
in a measurable space (E,B). Associated with a cluster x € FE is a mass function m :
E — (0,00). Another important quantity associated with the process is a coagulation kernel
K :E x E x B — [0,00), which satisfies the following:

1 Forall A€ B (z,y) — K(z,y, A) is measurable,

2 Forall z,y € E K(z,y,-) is a measure on E,

3 symmetric: for all A€ £, x,y € E K(z,y,A) = K(y,x, A),
4 finite: for all 7,y € E K(z,y) := K(2,y, E) < 00

5 preserves mass: for all z,y € E, m(z) = m(x) + m(y) for K(z,y,-)-a.a. z € E.
Suppose that we begin with a configuration of clusters labelled by an index set I. Then,

W to each pair of clusters x,y € E, we associate an exponential clock (exponential random
variable) with parameter K (z,y);

B upon the elapsure of the next exponential random variable in the process, corresponding
to the pair x and vy, say, the clusters z and y are removed and replaced by a new cluster
z € I/, sampled according to the probability measure

K(x,y, )

K(z,y) M)

2.1.1 The infinitesimal generator associated with the process

In this paper, we will consider the process as depending on a parameter N € N, which one
may consider as (up to random fluctuations) the total initial mass of the system, and analyse
the process as in the limiting regime as N — oo. We consider the configuration of clusters
at time ¢ as being encoded by a random point measure LgN) on F, so that, for any set
ACE, a€(0,00), L (AN m~!([a,0))) denotes the random number of clusters of mass
at least a belonging to A. We denote by M (E) the set of finite, positive measures on F
(also defining M (E x E) in a similar manner). We may then consider the process as a
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measure-valued Markov process, whose infinitesimal generator A is defined as follows: for any
bounded measurable test function F': M (E) — R, we have
1

AF(Ly) =5 [ Ly(de) (L = 8,) (dy) K (, y, d2) (FILEY™) = FLy),  (2)

where LE¥)=% .= L 4 (8, — 6, — 8,). Note that, as L{" is assumed to be a point measure,
the above integral is always with respect to a positive measure. The measure L(*¥) describes
the configuration of the system after a coagulation involving clusters the two clusters z,y € F
and ending with one cluster z with m(z) = m(x) + m(y), for K(z,y,-)-a.a. z € E. Note the
factor % in front of the generator, present to ensure that the total rate at with clusters x and

y interact is K (z,vy) (and not 2K (z,y)).

In this paper, we will be interested in the existence of gelling solutions of the following extension
of the Smoluchowski equation, which we refer to as the multi-type Flory equation. Included
in this equation, is a function ¢, which one may regard as a conserved quantity of the system

(see Definition [3.1] for more details).

We say that a measure valued process (uy, ):>o, taking values in M (E) is a solution of the
multi-type Flory equation with conserved quantity ¢, and initial condition ug if it solves the
following measure valued differential equation (see Definition [2.1) for a more formal definition):

u — Uy = /Ot {QJ“(uS) — Q_(us)} ds; (3)

where Q" (u,) and @~ (u,) are measures defined such that, for appropriate test functions
J € C.(E;R),

LI0Q )@y =5 [ IR (g dzudau.ldy), @

and

[I@@ w)e) = [ I (@ pudnu(dy) + [ J@)geudy): ©6)

ExXE

with g, defined such that

9 (v) = [ Sl y)ua(de) - [ ol y)u.(dr). ©

We expect, a priori that the Flory equation, or Smoluchowski equation encodes the behaviour
of the process (LE%\),/N)QO, for N ‘large’. The re-scaling of time is required to counter-balance
the increase in the number of interactions as the initial mass of clusters grows with N. Thus,

in general, we set
f N I N

and generally (by abuse of notation, since such a limit may not be unique) use (L});>o to
denote a weak limit (a limit along a subsequence) of the process.

2.1.2 Examples of cluster coagulation processes

The cluster coagulation process is general enough to encompass a large number of examples,
depending on particular choices of the space E.

DOI 10.20347/WIAS.PREPRINT.3039 Berlin 2023



Gelation in cluster coagulation processes 7

Example 2.1 (Classical kernel). If E = (0,00), K(z,y,dz) = K(x,y)dyt,, for a con-
tinuous symmetric function K (z,%), and the mass function m(z) = x, the above process
corresponds to the classical Marcus-Lushnikov process. In this case, if ¢(x,y) := x{(y) for a
function ¢: E — R, Equation (3| reduces to the classical Flory equation (see, for example,
[Definition 2.2, [18]]). In this case, go(y) = ¢(y) ([p xuo(dz) — [ xus(dx)). When ¢ = 0,
this equation corresponds to the classical Smoluchowski equation. If one interprets the term
Jgxug(dz) — [z rus(de) as corresponding to the mass lost to ‘macroscopic’ particles, the
term g encodes the rate at which small clusters (of mass y) are lost in coagulation with
Macroscopic ones.

Example 2.2 (Historical Marcus-Lushnikov processes). One may extend E to incorporate not
just the masses of clusters, but their histories. Indeed, we can take E to be a space where
clusters x encode not only their mass, but the history of coagulations (a binary tree embedded
in time) leading to the formation of that particle (see [23] for more details). For these processes,
Jacquot in [23] proved a weak law of large numbers for the trajectories (EgN))te[QT) when the
kernel is a function of the associated masses and it is bounded from above by a product of
sublinear functions.

Example 2.3 (Bilinear coagulation processes). In the case that £ = [0,00)¢, A € [0, 00)%*?

is a symmetric matrix with non-negative entries and K (x,y,dz) = (27 Ay)d,,, this model
corresponds to the bilinear coagulation model studied in [22]. In that paper, the authors prove
a weak law of large numbers for the particle system, showing that the trajectories converge
to the unique solution of the Flory equation, and characterise explicitly the ‘gelling time' (see
Section , by using comparisons between this process and inhomogeneous random graph
processes/|

Example 2.4 (Toy spatial coagulation models). A large number of toy models that incorporate
information about the locations of clusters in ‘space’ fall into this framework. For example,
we may take £ = S x (0,00) where S C R in this case an element = of E coincides
with a pair (p,n), p € S,n € (0,00) and we interpret p as the location of a cluster, and
n := m(p,n) as its mass. We may, then, assume that after a coagulation between clusters
r = (p,n),y = (s,0), the new cluster is placed at a new location, given by a measurable
function of the original clusters, for example, the centre of mass "% Thus, in this case

n4o -

K((p,n),(s,0),-) = Onptos ,.,. Another alternative would be a model in which the new
n+o ’

particle occupies one of the locations of the previous particles with probability proportional to
their mass, so that K((p,n), (5,0),) = :550pn+o + 7550sn+o (this is similar to the way the
‘collision operator’ is defined in the model of coagulating Brownian particles of [20]).

2.2 Some more notation, preliminaries and global assumptions

In this paper, we will regard F as a a 0-compact metric space with metric d. Given another
space F', denote by Cy(E; F'), or resp. C.(E; F'), the spaces of continuous functions £ — F
which are bounded, or resp., have compact support. In general, we write C,(E) (resp. C.(E))
as a shorthand for Cy(E; R) (resp. C.(E;R)). We equip M (F) with a metric d that induces

1A_ctually, the model studied in [22] is slightly more general, in that clusters  belong to a metric space S,
and K(z,y) = m(2)T Ar(y), where 7 : S — R? is a continuous function. Clusters = may also change values
according to a kernel J on S, in such a way that 7(z) is preserved.
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L. Andreis, T. lyer, E. Magnanini 8

the vague topology on M (E). E] For any n € N, we denote by &, the space

£, = {u e M. (E): /Em(x) u(dz) < n}

and & = U,en&n. Note that on &, weak and vague topology coincides, while this is not
the case on £. We generally will regard £ as the state space of the process, taking values
in D([0,00);E), the Skorokhod space of right-continuous functions f : [0,00) — & with
Skorokhod metric dg induced by d.

For any element x in £, we denote ||u|| := [z u(dx). Moreover, given a measure p € M (E)
and a measurable function f : F — R, we denote by

= [ F@nuta)

We adapt the definition from [32] [33] of solutions for the generalised Flory equation to our
setting.

Definition 2.1. Given a function ¢ : E x E — R, we say amap ¢t — u, € M (FE), is
a solution of the multi-type Flory equation with conserved quantity ¢ if the following are
satisfied:

(i) for all Borel sets A C E the map ¢t — u,(A): [0,00) — [0, 00| is measurable;

ii) for all f € C.(F), and t > 0, we have (f,ug) < oo,

/ / K(z,y)us(dzr)us(dy)ds < co;  and / / y)o(x, y)ue(dz)us(dy)ds < oo;
EXE EXE

(7)
i) for all f € C.(E) and t > 0, with QT and @~ as defined in ([4) and (),

(o = (o) + [ 0.QF () - @ (w.)) ds ©
iv) For each z € E, t > 0 we have
[ (e wmdn) < [ ot wpo(du). ©)

Note that point ii) ensures that the equation in iii) is well-defined (without terms of the form
00 — 00).

At the level of the stochastic process, we denote by Py (-) and Ey [-] probability distributions
and expectations with regards to the trajectories of the process with generator A and (possibly

random) initial condition iéN). Recall also, that the notation LgN) refers to the trajectories
of measures associated to the process, whilst EgN) = LSV]\),/N refers to its normalisation.
In addition, we introduce the following notation for the regular conditional distribution and

expectations when the initial condition LS is given by a (deterministic) measure w € M, (E)

N (N
Py () =Py (-|Ly" =m) and Ey.[]=Ey[|L5" =x]. (10)
2We recall that the vague (respectively weak) topologies on M (E) are the smallest topologies that
make the maps 1 — [}, f(x)u(dz) continuous for all f € C.(E) (respectively Cy(E)). Note that, since E is

separable and complete, (M+( ),d) is a separable and complete space.
3We will generally only use this notation as a shorthand, and stick to the latter notation in proofs, as we
believe it improves the clarity of the exposition.
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Gelation in cluster coagulation processes 9

Assumption 2.1. In this paper, we will assume throughout that

1 as outlined above, E is a c-compact metric space,

2 we have EéN) = Y icr C}'\‘;i for some finite set I C I, ¢; € N, and there exists ¢ > 0
such that 3-,c; 5 < ¢ almost surely,

3 there exists € € such that B
L = p (11)

weakly, in probability, and (m, j1) > 0.

2.3 Gelation, stochastic gelation and strong gelation

In this paper, we will generally be interested in the emergence of gelation in the cluster
coagulation process, indicating the emergence of ‘large’ clusters. We first recall some definitions
due to Intae Jeon [Definition 2, [26]].

For the cluster coagulation process, let 7%, o € (0, 1], denote the time of emergence of clusters
of size of order N, i.e.,

i = 1inf {t > 01 (mlpsay, L) > 0} (12)

Definition 2.2. We have the following notions of gelation:

1 The strong gelation time for a cluster coagulation process is defined by

t; = inf{t > 0:30 < a < 1 such thatliminf Py (7§ < ) > 0}.
—00

2 The gelation time of a solution u; of a multi-type Flory equation is defined by ¢, :=
inf{t > 0: (m,w;) < (m,up)}.

3 For a non-decreasing function ¢ : N — N, with limy_, ., ¥/(N) = oo, and § > 0, the

(1, 8)-stochastic gelation time of the cluster coagulation process (L(™))ycy is defined
by

TV = inf {t > 0: liminf Py ((mLncpn) LYY < (m, L) = 5) > o} .

4 We say strong gelation occurs, gelation occurs, or stochastic gelation occurs if, respec-
tively, t2 < oo, t, < 00 or T;M < 00.

The following theorem, in the same flavour as [Theorem 5, [26]], provides criteria by which
gelation properties of the finite cluster coagulation processes are reflected in their weak limits:

Theorem 2.2. Suppose that m : E — (0, 00) is continuous, Assumption|2.1] holds and there
is a subsequence (EﬁNk’)tzo converging to a limit (L)y>o with continuous sample paths. For

any t > 0 the following are equivalent:

1 There exists a non-decreasing function v : N — N with )(N) < N, limy_, (N) =
00, and € > 0 such that

lim sup Py, (<m1m§¢(Nk),I_1,§N’“)> < <m,I_;8N’“)> - 5) > 0.

k—o0
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2 There exists € > 0 such that
Py (<m,ir> < (m, u) — 6) > 0.

Remark 2.5. The second statement of Theorem may be trivially true if (m, u) = oo,
but the first may not. Thus, using Theorem , the notion of stochastic gelation provides a
means of extending the definition ‘gelation’ in the Smoluchowski/ Flory equation, to the case
when (m, ) = oo.

We omit the proof of Theorem [2.2] as it is almost identical to the proof of [Theorem 5, [26]].
As a result of this proof, however, we are able to generally deduce criteria for the existence
of gelling solutions in Flory equations by proving stochastic gelation in the cluster coagulation
process.

3 Statements of main results and examples

3.1 Sufficient criteria for stochastic gelation in the coagulation pro-
cess

In this section, we state general sufficient conditions for stochastic gelation in the cluster
coagulation model. As this model is rather general, the conditions required are more technical
than conditions for the classical Marcus-Lushnikov process. The main motivation for these
results is that, in applications to non-equilibrium processes, inhomogenieties in the space F
(corresponding to, for example, locations in space, the ‘types’ of cluster, or their velocities)
may play a major role in whether or not gelation occurs. In Assumption [3.1], we can incorporate
these inhomogenieties into the gelation criterion, assuming that we can ‘partition’ the space
E (grouping together, for example, particles that are ‘close’, or of a similar ‘type’) in such
a manner that we have sufficient lower bounds on the rate at which clusters belonging to a
common partition interact. The techniques we use generalises those previously applied to the
Marcus-Lushnikov process by Jeon [26], and Rezakhanlou [36].

In what follows, it will be helpful, to have a stopping time definition, of a ‘gelling time’
which is slightly different from the one in (12)). Let ¢ : N — N be non-decreasing with
limy_ 00 (N) = o0, and § € (0,1). For each N € N we define the (1, §)-gelation time
7n (1, d) such that

TN (1, 9) := inf {t >0: <m1m2¢(N),I:§N)> > (5},

i.e., the first time that the normalised total mass of clusters of size at least ¥)(/N) exceeds §.
Note that choosing 1)(N) = aN we recover the stopping time defined in (12)). Now, assume
that the cluster coagulation process satisfies the following assumption.

Assumption 3.1. Suppose that (LiN))te[Om) is a cluster coagulation process, with initial
condition I_;((]N) = 7. For a function £ : N — N and a non-decreasing function ) : N — N

with limy_,o, ¥(IN) = oo we assume the following:
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1 There exists a family of partitions {2V} cy of E, where Vj € N ‘@(j)‘ < &(N), and
d(P,j)>0 VPec P2, (13)
where ¢/(P, j) := inf{K(z,y) : 2 < m(z),m(y) < 2*'and 2,y € P}.

2 There exists a strictly decreasing sequence (;);en with 6; € (0,1] for alli and §; | 6 > 0

such that:
li log%m) ! > L)oo (14)
im sup —_— - 00.
N—oo j=1 (5J - 5j+1>2 Pecp() C/<Paj)
3 We have limy_ o w(N])\f(N) = 0.

Theorem 3.2. Suppose that Assumption is satisfied. Then, there exists a non decreasing
function 1)’ (depending on 1, (0;)jen, € ), with limy_,o '(IN) = oo such that:

1 If  is an initial condition such that ||m| < oo, (m1,,>1,7) > 20, and there exists a
constant g, (which may depend on ) such that for all s € [0, c0)

[ BN @)L (dy) K (2, y)m(a) < g (15)
ExE
then, limsupy_,.. Ex [Tn(¥/'(N), d)] < C, for a constant C, independent of .

2 In particular, if is satisfied almost surely on the event <m1m21, f;(()N)> > 0, and
. = (N)
thﬁlo%fPN (<m1m21, Lg > > 5) >0

then stochastic gelation occurs in the process.

Remark 3.1. Since the bound in ([I5)) may depend on 7, we expect it to be a rather weak
restriction. However, even though K (z,y) < oo for all z,y € E, this condition may not always
be satisfied. For example, it may be the case that K (z,z) = 0, but lim,_,, K (x,y) = oo, and

the coagulation dynamics may allow particles to become ‘arbitrarily close’ together.

Remark 3.2. In the conditions of Theorem , the condition on <m1m21,i(()N)> ensures

that there is enough mass bounded from below to form a gel. The indicators 1,,~; may be
replaced by any 1,,>. for any ¢ > 0. However, as we can re-scale the mass function in a cluster
coagulation process to obtain another mass function; and the property of gelation is invariant
under this re-scaling, we use the indicator 1,,>; without loss of generality.

The following corollary applies these conditions to the classical Marcus-Lushnikov process; pro-
viding criterion for stochastic gelation that improves those appearing in [26, Corollary 1]
and [36, Theorem 1.3].

Corollary 3.3. Suppose we are in the setting of Example . Then, if K (x,y) > c; >0 on
20 < x,y <2 forany § € (0,1) there exists a sequence (9;);en € (0, 11N with §; | & such
that ,

2 TG — )

j=1C

< o0; (16)

and (m1,,>1, ) > 0, stochastic gelation occurs in the coagulation process. In particular, when
(m1,,>1, ) > 0, stochastic gelation occurs if
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1. We have inf;c;1 o) K(1,4) > 0 and for all x,y sufficiently large K (cx,cy) = 'K (z,y),
with v > 1

or, alternatively,

2. there exists e > 0 such that, for all z, vy sufficiently large K (x,1) > (xAy)log (z A y)3+6.

The following provides another example where the gelation criteria may be applied to a toy
spatial model:

Example 3.3. Consider the toy spatial coagulation models, introduced in Example 2.4, where
E =8 x (0,00). Suppose that we begin with N clusters (of mass 1, say), sampled i.i.d from
the uniform distribution on the hypercube S = [0, l]d, and consider the kernel,

K((p,n),(s,0)) := {<|p—|) if p# s

0, otherwise;

with Ky € (0,00) a constant and a > 0. Note that if particles merge at a constant rate
Ko (without influence of distance), it is well-known that gelation does not occur, however,
in this model, the distance now plays an important role, and one may readily verify that if
a/d > 1, stochastic gelation occurs. Indeed, one may readily verify (for example, by using
induction), that almost surely, the initial configuration of clusters is such that the distance
between any two points is positive throughout the dynamics of the coagulation process, and
hence Equation is satisfied almost surely. Now, for each j € {1,2,... logy(¥)(N))} we
take a partition of S that consists of £(/N) hypercubes with side-length ;l/d Note that

d(P,j) = komin, sep =g > E&(N )O‘/d, for all P. Fix, for example, §; := 0 42~ J: then the
sum in ([14)) reads

|lp —SH

' EN) o) . P(N)?
b e 2, 2 Climap (0 = b s

for some C' € R*. Now if § > 1 and we set () := 5(]\/)%; we can choose any £(NV)
such that limy_,o, £(N) = 0o, and that fulfils the third condition in Assumption .

Example 3.4. Consider the toy spatial coagulation models, introduced in Example 2.4, where
E =8 x (0,00). A natural choice of kernel may be to choose a function that is a product
of a non-increasing function of the distance d between clusters (clusters interact more quickly
if they are closer together), and a function of their mass. In this manner, suppose we choose
kernel of product form K ((p,n), (s,0)) := h(d(p, s))W (n,0) where h : [0,00) — [0,00) is
non-increasing and non-zero, and W is continuous and satisfies the conditions under which
Corollary applies. As h is bounded from below (by cq say) on an interval [0,¢), for €
sufficiently small, and S is compact, we can choose a finite partition &2 consisting of open
balls of radius ¢, such that, if P € & for all z,y € P we have K((p,n), (s,0)) > coW(n,0).
By choosing 22U) = 22 for each j, one readily verifies (in a similar manner to the proof
of Corollary [3.3) that all conditions in Assumption are verified. Finally, if we begin, for
example, with || = N clusters of mass 1, the maximum value of m(z) equals N for all z € E,
and we can easily verify condition (15) for K, by setting g, = N max(, y)e(sx[0,N))2 K(z,y).
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3.2 Concentration of trajectories on solutions of multi-type Flory
equations and uniqueness

As alluded in the Definition [2.1, an important feature of a multi-type Flory equation is a
conserved quantity ¢. This as a function ¢ : E X E — R such that, for any x, the quantity
<¢(-,x),E§N)) is fixed for each t > 0. Perhaps the most natural conserved quantity is a
coagulation process is mass, which corresponds to the choice of function ¢(z,y) = m(x); as
masses add upon coagulation, this is fixed along trajectories of the process. However, one may
imagine, in models encoding more information about clusters, that there are other quantities
conserved, reflecting, for example, the centre of mass of clusters in space, or the momentum
of the system (see examples in Section [2.1.2)).

Definition 3.1 (Conserved or sub-conserved quantities). A function ¢ : E x E — R is said
to be conservative or a conserved quantity if for all z,y,q € F, for K(z,y,-) a.a. z,

¢ (2,q9) = ¢(z,q) + oy, 9)- (17)
It is, similarly, said to be sub-conservative if for all z,y,q € E, for K(z,y,-) a.a. z,
¢ (2,9) < d(z,q) + (v, 9). (18)

It is said to be doubly sub-conservative (similarly doubly conservative), if it is sub-conservative
in the second argument in addition to the first, so that in addition for all z,y,q € FE, for
K(z,y,-) a.a. z,

¢(q,2) = d(q,2) + d(q,y)- (19)
Finally, if a function £ : E — R is such that ¢(z,y) = &(x) is conservative (resp. sub-
conservative), we also say ¢ is conservative (resp. sub-conservative).

Remark 3.5. If ¢ is symmetric and conservative, it is also doubly conservative. Thus, some
examples of doubly conservative functions include ¢(x,y) = m(x)m(y), or bilinear functions
for coagulation kernels of the type described in Example . Indeed, when z,y € [0, 00)? and

we have K (z,y,dz) = K(x,y)0g4y, then for any matrix A the function ¢(z,y) = 2" Ay is a
doubly conservative function. In Examplethis means that K itself is a doubly conservative
function.

3.2.1 Conditions for tightness

Lemma 3.4. Assume that the following hold.

1 There exists a doubly sub-conservative ¢ such that K < ¢' pointwise.

2 We have

< 00. (20)

lim sup By [ [ L (E5N><dy> _ fv) ¥ (2,9)

N—o0

3 There exists a doubly sub-conservative function ¢" : E x E — [0,00), such that for all
n € N the set

&= {u EM (EXE): /Eu(dx X dy)¢” (z,y) < n} (21)

is compact, and ¢ satisfies ([20))
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Then the sequence of probability measures (Py)nen is a tight family of probability measures
on the Skorokhod space D([0,c0); ).

Example 3.6. A simple case in which Lemma may be satisfied is when ¢'(z,y) =
¢"(x,y) = m(x)m(y). In this case, if m is continuous, an argument applying Markov's in-
equality and Prokhorov's theorem shows that is satisfied if the sets {z : m(z) < k} are
compact. Alternatively, in the setting of Example (and Remark [3.5)), bilinear kernels can
be made to satisfy the second assumption, if, for example, the matrix A has non-zero entries,
since the sets {z,y € [0,00)? : 2T Ay < k} are compact.

Example 3.7. Not that, if ¢’ : [0,00) — [0, 00) is continuous and sub-additive[f] the function
¢ (x,y) = (&' (m(x)))(&(m(y))) is doubly sub-conservative. This is the analogue of ‘sublinear’
function used by Norris in [33].

Lemma [3.4] shows that the probability measures (Py)nen on the space D([0,00); ) induced
by the processes (LEN))tE[Om) are tight; and thus, by Prokhorov's theorem, the collection of

random trajectories {(E§N>)t€[0,oo),N € N} contains weakly convergent subsequences. The
following theorem gives criteria, under which any limit point of such a subsequence is concen-
trated on trajectories that solve the multi-type Flory equation.

3.2.2 Concentration of trajectories on the multi-type Flory equation

Theorem 3.5. Assume that, the hypotheses of Lemma are satisfied; and in addition:

1 The functions K and ¢/ appearing in Lemma are continuous.

2 There exists a continuous, conservative function ¢ satisfying (20]), such that one of the
following hold:

2.1 For an increasing collection of sets (C)ren C FE, with Nen CF = @ we have, for
any compact C' C E

limsup sup
k—oo zeCf,yelC’

K(x,y) - ¢(x,y)| < . (22)

2.2 There exists a continuous doubly sub-conservative function ¢* satisfying Equa-
tion (20), such that, for a collection of sets (Ci)ren < E, we have, for any
compact C' C E

. ‘K(x,y)—¢($,y)’
lim  sup

=0. 23
k—o0 J?EC;, yeC’ ¢*<x7 y) ( )

3 The limiting initial condition i from is such that for any compact set C' C E

lim sup
N—oo yeC’

/EﬂéN)(dx)gzﬁ(x,y) - /E,u(dx)gzb(x,y)‘ =0 almost surely. (24)

Then, the limit L* of any weakly convergent subsequence of an asymptotically conservative

coagulation process (LEN))QO is, almost surely, a solution of the multi-type Flory equation
with conserved quantity ¢ and initial condition  (according to Definition [2.1)).

4Recall that ¢ is sub-additive if £'(z +y) < &'(x) + &' (y).
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Examples 3.8. Some particular instances where Theorem applies, are the following:

B We can take ¢/ = ¢ = ¢* in Theorem [3.5] and Lemma 3.4} with ¢’ satisfying (20)). In

this case, if there exist a nested sequence of compact sets (Cy)xen such that Upey Cr =
E and ¢/(z,y) > k on (Cy x Cy), one readily verifies the compactness in (21)), by
Prokhorov's theorem and Markov's inequality. Often, these sets (Cj)ren can also be

used in or ([23).

B For example, assuming continuity of &' we can take

¢'(z,y) = &' (m(x)¢ (m(y)) (25)

for some continuous, sub-linear, positive function &', with limy_,., £'(k) = oo, and,
assuming m ([0, k]) is compact, choose Cy, = m~1([0, k]).

B In a similar setting, we can choose ¢'(x,y) = m(z) A m(y), in which case is
satisfied. It may the case that

/E><E m(z) A m(y)pu(dz)u(dy) < oo,

but (m, ;) = 0o; and, as far as we are aware, this case is not covered by previous results
appearing in the literature. In a similar vein, we can choose ¢'(z,y) = &' (m(x) Am(y))
continuous, sub-linear, positive function &'.

B Alternatively, we may choose ¢(z,y) = m(x)l(y) for some measurable function ¢ :
E = Ry, ¢"(2.y) = m(x), and /() = & (m(x))¢ (m(y)), and lim o0 {m, L§") =
(m, u) almost surely (which may be used to show ([24))). In the setting of the classical
Marcus-Lushnikov process (Example , this example includes a mild strengthening
of [Theorem 2.3, [18]], showing concentration of trajectories around the classical Flory

equation. However, we allow for random initial conditions (ESN))NeN, and do not require

¢(x) > 1.
N
Remark 3.9. If one considers the initial condition f;éN) = E:Tléx where X are i.i.d samples
from the limiting measure p, if we choose ¢ according to , by applying the strong law of
large numbers, one can readily verify that Equations is satisfied when (¢’ om, 1) < 0.
In this case, the term ¢, /N appearing in Equation is crucial for this argument to work,
since it may be the case, for example, that (¢ o m) < oo, but (¢’ om)?) = co.

Example 3.10. Consider the two toy spatial coagulation models introduced in Example
where £ = S x Ny and S C R?. Moreover fix a € (0,1) and take K((p,n),(s,0)) :=
(no)*f(||p — s||), where || - || denotes the euclidean norm and f : R* — R* is a continuous
function such that f is uniformly bounded. Then we have that

R (TRONERD)

m—0o0 n

for any p,s € S and o € Ny, and the function ¢ = 0 satisfies the properties in and ([17).

=0

Example 3.11. We consider again the spatial coagulation models introduced in Example [2.4]
Suppose in addition that

LK), (5.0))

m—r0o0 n

= {(s,0) < o0, (26)
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where ¢ is a continuous function that does not depend on the position p of the mass going
to infinity; then, the function ¢ := nf(s,0) satisfies the properties in and for any
choice of the location of the newly formed particle, which we can indicate by X ((p, m), (s,n)).
Indeed implies condition (23)), and we can also check that also is satisfied:

¢ (X((p,m), (s,n)),m+n),(v,7)) = (m+n)l(v,7) = ¢((p,m)), (v, 7)) + ¢((s,n), (v,(Jé)Y)j

3.2.3 Existence of gelling solutions to the multi-type Flory equation

The following is an immediate implication of Theorem [2.2] Theorem and Theorem [3.5
(hence we omit providing an explicit proof):

Corollary 3.6. Suppose a cluster coagulation process (LEN))QO satisfies Assumption and
the conditions of Theorem[3.5, and that m is continuous. Then, there exists a gelling solution to
the multi-type Flory equation (Definition|2.1]), with conserved quantity ¢ and initial condition

L.

Remark 3.12. Note that it may be the case that Assumption 3.1]is satisfied, but (m, ;) = oo.
In this case, if the conditions of Theorem [3.5] apply, trajectories of the cluster coagulation
process still concentrate around solutions of a Smoluchowski equation; and thus it is natural
to use the notion of stochastic gelation to define gelling solutions of such equations.

Remark 3.13. One of the novelties of Corollary 3.6/ comes from the criterion for gelation under
the conditions of Corollary [3.3] In particular, this confirms that a large class of homogeneous
kernels, with exponent v > 1 have gelling solutions, a well-known conjecture from scientific
modelling literature [6, [12]. Previously, Wagner showed that the mass flow process associated
with such models is explosive, a property conjectured to hold for all coagulation kernels with
gelling solutions [12, [42].

Remark 3.14. If we have uniqueness of the solution of the associated Flory equation, then
Theorem also implies a weak law of large numbers for the cluster coagulation process, (since
weak convergence to a constant implies convergence in probability). This has been shown by
Norris [33] in the cases that either K(z,y) < m(x) +m(y), K(z,y) = & (m(x))¢' (m(y))
where ¢ : [0,00) — [0,00) is continuous, sub-linear and (¢)? is sub-linear, or if the ker-
nel is ‘eventually multiplicative’ (meaning that, for some R > 0, K(z,y) = m(xz)m(y) on
(m~1([0, R]) x m~1([0, R]))¢; see [page 411, [33]]). Notably, Norris also shows an exponential
rate of convergence of the coagulation process to the limit, in a the restricted case of ‘polymer
models’ when the limit is unique (see [Theorem 4.2 and Theorem 4.3, [33]]).

We note, however, that the setting we consider here is more general, and there are a wide
range of kernels satisfying Equation (23) which are not eventually multiplicative. The natural

extension of this result is therefore to consider kernels that are, in some sense, “eventually
conservative".

3.2.4 Criteria for uniqueness for eventually conservative kernels

The following theorem applies to certain kernels K (x,y) which coincide with a conservative
function outside a compact set, and are thus, in a sense, ‘eventually conservative':
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Theorem 3.7. Suppose that (ji;)¢>o is a solution to the multi-type Flory equation (according
to Definition with conserved quantity ¢ and initial condition 1o such that |||l < oo.
Also, assume that, for each k € N sufficiently large, the set

Dei={oe B: [ oo ynoldy) < k)

is compact, with Uyey Dy = E; we have K (z,y) < c¢(x,y) for some ¢ > 0 and for some R

sufficiently large, ¢(z,y) = K(x,y) on (Dgr x Dg)°. Then, the solution (p;);>0 is unique.

Corollary 3.8. Under the hypotheses of Lemma Theorem|[3.5 and Theorem (3.7 if (put):0
denotes the associated unique solution to the multi-type Flory equation, we have

(L™)50 — (se)es0  in probability, in D([0,00); ).

Remark 3.15. Note that, unlike in the context of Theorem 3.5] the condition that ¢(z,y) =

K(z,y) on (Dg x Dg)¢, combined with the symmetry of K implies that ¢(x,y) is symmetric.

Remark 3.16. If we take ¢(x,%) = m(z)m(y), one readily verifies that K (z,y) is eventually
conservative in the sense of Theorem [3.7|if the sets m ([0, R]) as in Remark are compact.

Remark 3.17. Note that, in the setting of Example , the kernel K(z,y) = 2T Ay is a
symmetric conservative function, hence the uniqueness result, and weak law of large numbers
from Theorem [3.7] and Corollary [3.8] extends the results of [22].

Remark 3.18. It is possible to also apply these results to more general spaces E; as long
as I is a o-compact metric space. This means that we can take E to be, for example, an
appropriate (restricted) space of functions and the kernel to be of the form

K(f,9,dh) = dmp)remia f_((f, g).
m(f)+m(g)
With any kernel of this form, a symmetric, bilinear form gives rise to a symmetric, conserva-
tive function ¢; for example, if £ = C([0,1];]0,1]) we see that ¢(f,g) = [ f(x)g(z)dx is
symmetric and conservative.

3.3 Strong gelation: couplings with inhomogeneous random graphs

In certain cases, we may deduce properties about the coagulation model by coupling with auxil-
iary processes. It is well-known that for the classical multiplicative kernel K (x,y) = m(x)m(y),
the cluster masses at time ¢ > 0 are in one-to-one correspondence with the sizes of components
of the Erdds—Rényi random graph with N vertices and 1 —e~*/" edge probability. Likewise, the
work by Patterson and Heydecker [22] shows that for cluster coagulation models of a ‘bilin-
ear’ type, the cluster masses are in one-to-one correspondence with an inhomogenous random
graph. In both these cases, gelation coincides with the emergence of a ‘giant component’ in the
associated random graph, and as the giant component is always of order N, strong gelation
occurs, with an explicit description of the gelation time.

In this section, we extend these correspondences to produce, under certain assumptions on
the coagulation kernel, a monotone coupling with an associated inhomogeneous graph model,
hence providing sufficient criteria for strong gelation (resp. stochastic gelation), with an explicit
lower bound (resp. upper bound) on the gelation time.
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Definition 3.2. A coagulation process (L;);>o with kernel K : E'x E x B —— [0,00) is
graph dominating if it satisfies the following identity: for all z,y,q € E, for K(x,y,-) a.a. z,
we have

K (z,q) = K(z,q) + K(y. q). (28)

Conversely, a coagulation process is graph dominated if the opposite inequality holds: for all
z,y,q € E, for K(z,y,-) a.a. z, we have

K (z,q) < K(z,q) + K(y.q). (29)

Remark 3.19. Note the connection between graph dominated/dominating kernels and con-
served quantities in Definition [3.1] Indeed, if a kernel is conservative, the cluster sizes are in
one-to-one correspondence with the component sizes of an inhomogenous random graph.

We will also consider mono-dispersed coagulation processes, i.e. kernels with initial confl%ura—
tion consisting of clusters with mass 1. More precisely, we say a coagulation process Lt )t>0
is mono-dispersed, if for each N

Supp(L[()N)) C{r e E:m(x)=1} (30)

Now, in order to state our theorem, recalling i from , we define the operator TKu such
that, for any f € L?(u), we have

Tipf (@) = [ F@)E (@ y)u(dy). (31)
and its operator norm:

(K, ) = 1T 2 = sup )
feLQ(:u‘)vaHLQ(;L)zl

(32)

We then have the following result.

Theorem 3.9. Suppose (]TJ,EN))QO is a coagulation process with mono-dispersed initial con-
figuration, and that t* :=inf {t > 0 : tX(K, 1) > 1}. Then, recalling the definitions of t; and
T from Definition

1If (IZEN))QO is graph dominating, then strong gelation occurs, with t; < t*.

2 /f(I:,EN))tZO is graph dominated then, for any 1) : N — N non-decreasing with limy_, . ¥ (
00, and for any 0 > 0 we have T > t*.

In fact, as we will see in Section |4.3] we can say a bit more: that the cluster sizes in the
coagulation model dominate or are dominated by the component sizes of an associated inho-
mogeneous random graph model when the coagulation process is graph dominating or graph
dominated respectively.

Example 3.20. Suppose that we are in the same setting as Example [2.4] with particles moving
to the centre of mass and p: & — [0,00) is an even (i.e., p(p) = p(—p)), concave function.
Then, the coagulation process with kernel K : (S x Ng)? — [0, 00) defined by

K((p,m), (s,n)) = mnp(p — s)
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is graph dominating . Indeed, one may readily compute that for all ¢ € S:

— mp + ns ) >_ <mp+ns_ >
R(("2mtn) (0.0)) = (m+n)tp (Z222% g

= (m+n)lp <m<p =)+ nls - q>>

m—+n
(33)

> (m+n)l <mTan (p—q)+ ijan(S - Q)>

= mlp(p — q) +nlp(s — q)
= K((p,m), (q,0) + K((s,n), (¢,0)).

Conversely, if p/ : & — [0,00) is an even, convex function, then the kernel defined by

K((p,m), (s,n)) := mnp'(p — s) is graph dominated.

Example 3.21. If S is a compact normed vector space with norm || - ||, then the function
p(+) := max,es ||p|| — || - || is concave. Thus, in this case, the kernel mnp(p—s) is a decreasing
function of the distance between two points.

4 Proofs of main results

4.1 Criteria for gelation: proof of Theorem [3.2] and Corollary [3.3]

This section is dedicated to the proofs of Theorem and Corollary 3.3

In the remainder of this section, we will often assume that we work with a fixed N with
initial condition fJ[()N) = 7, with || < oo such that, as in the statement of Theorem ,
(m1,,>1,m) > ¢, and Assumption is satisfied. We may further assume, by making &y smaller
if necessary, that we have a sequence (¢;);cn satisfying the requirement of Assumption such
that each 0; < (m1,,>1, 7). Moreover, we choose 1’ such that

2k+2 N
: < ;
Ok — Ok+1 f(N)}

one readily verifies that 1)’ is non-decreasing, and limy_,, %'(N) = oo. In order to prove
Theorem 3.2 we define the family of functions F}, : £ — R such that, for each ¢ € [0, 00)

(34)

' (N) =1(N) A max {k

sz(I_‘zEN)) = <m1mz2k+17E§N)> [ (mly>1, ) (35)
and an associated family of stopping times (7 )ren defined such that
Ty := inf {t >0: <m1m22i,I—J§N)> >6; fori=0,1,... ,k},

i.e., the first time that the normalised total mass of clusters with mass at least 2 exceeds §;
for each i = 0,..., k. Note that the functions F}, depend on 7r and the times 7, depend on
N, but for brevity of notation, we will exclude this dependence in the remainder of the section.

Lemma 4.1. For N € N sufficiently large, for each k < log,(1)(N)), we have

ENJr [77@] < Q.
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Proof. In this proof, we denote by 0y < 01 < 09 < ..., the times of coagulations (jumps) in
the normalised coagulation process (I_JgN),t > 0) in increasing order, with oy := 0. We also

set
/ L . /-
Cui = _ 0 {c'(@,0)},

with ¢ ;. > 0 by Assumption [3.1]

Note, that, the time re-scaling ¢ — Nt in the normalised process corresponds to re-scaling
the coagulation kernel K +— K/N, as if X is exponentially distributed with rate K, N x X
is exponentially distributed with rate K/N.

Fix £ < logy(¢(N)) and i < ||7|| such that o; < 7T (recall that ||| encodes the initial
number of clusters). Then, if x1,..., 2| _; denote the clusters at time o; (i.e. the points in
the point measure L,,), we have

llmll—i =]l =% 7 K(z;,xp)
Oi+1 — 0y ~ Exp Z Z J .

Jj=1 k=j+1

By Equation ([13)), as long as there exists j, j’ such that x;,z; € P for some P ¢ 22©
then 0,1 —0; is stochastlcally bounded above by X;, where X; ~ Exp ( mm) Now, note that

if no such ¢ exists, it must be the case that each set Pj( ) contains at most 1 cluster of mass
larger or equal than 1. If each element of the partition contains exactly one cluster of mass
at most 1)(INV), since {(IN) denotes the maximum size of the partition, (m1,,<y(n), Lo,) is at
most £(N)u(N). Consequentially, the total proportion of mass in clusters at least (V) is

- NYU(N
(oo ) = (e, (1= AT > 5,

for NV sufficiently large (using the third assertion in Assumption . But this is not possible,
since 0; < Ti < Tiog,(w(N)), and the above would imply that o; > Tiog, (s (n))- Note also, that
as there can be at most ||| — 1 coagulation events, by a similar argument it must be the
case that ojx|—1 > Trog,(w(n))- As a result, for k& < log,(¢(N)),

[l -1

ENTI‘ ’77€ <E Z X] ‘WH _1>N/Cm1n Q.

]

We note that the upper bound on the expectation of 7, that we get in the proof of Lemma
may be a large over-estimate. However, since we need it to apply Doob's optional sampling
theorem on such a stopping time in the proof of Theorem [3.2] it is enough to know that the
expectation is finite.

Lemma 4.2. Suppose that ¥ = (vy,...,v,), € = (c1,...,¢,) are such thatv; € N and ¢; > 0,
foralli=1,...,n. Then, if "' v; > ky >n and 3, c% = ko then

> e (vf — vz-) > M (36)
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Proof. Re-writing the left side of Equation (36) we get

2
V?
doa(v —vi)Llpsny 2 3 g uzay. (37)

We seek to optimise the right hand side of Equation ([37)) subject to the constraint

> vilgusay > ki —n.

When doing so, we may remove the condition that v; > 2, and that the v; are integers, as
this can only make the minimum smaller. Exploiting Lagrange multiplier techniques, we seek
to minimise J(¥,¢, \) := Y, ¢;v?/2 + Av;. The Hessian is the diagonal matrix, with entries
given by ¢;, so any extreme point is a minimiser. Setting 37{1- = 0, we have v; = %/\ Solving
for A we get A = ”;—2’“1 Substituting into v; yields the result. m

4.1.1 Proof of Theorem 3.2

Proof of Theorem[3.2. First, we fix k < log,(¢)'(IN)) < log,(1/(N)) and note that, given the
initial condition 7r, the functions F}, are always bounded above by 1, and are clearly measurable.
Now, recalling the generator in (2)), we may consider the normalised process (f;,gN),t >0) as
a Markov process taking values in £ with generator Ay (now dependent on ), defined such
that for any bounded measurable test function F': £ — R, we have

AE ) (38)
- ];[ ExExE(fJgN)(dx) (L,(sN) — f\g;) (dy)K (x,y,dz) (F (LIEN) + W) _F (LE,N)>> 7
(39)

where the N scaling somes from dividing the kernel by N (the time rescaling) and multiplying
the measures IZEN) by N (corresponding to normalising the cluster masses). As F} only con-
siders the masses of clusters larger than 2¥*1, and ignores other features, and the mass of the
coagulated cluster z is m(z) = m(z) + m(y), we deduce that

ANFk(I_Jt> = 2<mli>1,ﬂ'> /EXEI_Jt(d:U) (Et - ]1]5‘”) (dy)f_((x,y) (40)
X [(m(@) +m(y))1(m() + mly) > 2) = m(@)1(m(x) > 27 —m(y)Lm(y) > 2]

(41)

Note that Ay corresponds to the generator A in ([2) when we scale time and L with N as
described when we introduced L. Now,

My, (t) = Fo(LY)) = Fy(m) — /Ot ANFk(LgN))d

is a martingale with respect to the natural filtration of the process initiated by the measure
7. Now, thanks to hypothesis ([15)), we may bound the martingale:

|Mp, (1) <2+

—— g t.
(M1, m)Y

5The fact that Mg, (t) is a martingale follows from the definition of the infinitesimal generator of the
process, see, for example, [Proposition 7.1.6, [35]]
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Since, by Lemma [4.1} 711 has finite expectation, for any fixed N the collection (Mp, (t A
Trk+1))e>0 is pointwise dominated by the integrable function 2 + g.7x+1/N, hence uniformly
integrable. Thus, by Doob's optional sampling theorem (see, for example, [Corollary 2.3.6 and
Theorem 2.3.2, [35]]) MF, (t A Tr41) is also a martingale, and

Enx [Fi(Lr.,)| =B [Fe(Ly)] + By T+ ANFk(Et)] dt. (42)
Note, that, if T, <t < Tiy1, by definition, we have
<m1m22k,E§N)> >4, and <m1m22k+1,]ng)> < kg1, (43)
so that
(mlyecpeern, L) > (0 = Orpa). (44)

Now, we consider the term in (40), and, using the fact that
m(z)1(m(z) > 2 + m(y)L(m(y) = 257) < (m(z) + m(y))1(m(z) or m(y) > 25),

we bound this from below by

) Joe B0 (B = ) @)R(e)
 (m(a) + m(y)Lm(a) + m(y) = 27 > m(a), m(y)

2k+1_q

Z Z C/(P, k)(nl + n2) <]—n1§m(:c)<n1+1,x€Pv E%N)>

ny1,no=2k pcp(k)

1
2 <m1m21, 7T>

VE

X (<1n2§m(x)<n2+l,azepa figN)> - 1{n1=”2})

2k 11

Z Z C/<P7 k) <1n1§m(x)<n1+1,ac€P7 ]T-‘gN)> (45)

ny,no=2k pc (k)

2k

(mly,>1, )

IV

X (<1n2§m(m)<n2+1,zePa ith)> - 1{n1:n2}) ’

where the first inequality comes by restricting the integral over E'X E to the space Upc k) P X
P and then using the inequality from assumption ([13).

By exchanging the order of summation in (45]), we may lower bound this further by applying
Lemma to the integer valued random variables Zi’:;k_l N<1n§m(x)<n+1ymep7]:§]v)>, in-
dexed by the elements of 22(¥). Note that these are almost surely integer valued as they count

the number of particles at time ¢ in each element P of the partition Z2*) . Also note that the
assumptions of Lemma may be applied since

ok+1_7

Z Z N <1n§m(x)<n+1,x€P7 ]T-‘IgN)> =N <12k§m<2k+17f‘§N)> > N(ék - 5k+1)/2k+17

Pep®) n=2k
(46)
where the last inequality follows from the fact that <m12k§m<2k+1,£§N)> > (0 — Opy1) for
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all t € [Tk, Tg+1). We obtain:
2k
N2 <m1m21,7'r)

2k+1_q B 2 gkt B
X Z C/( ( Z N< n<mx<n+1,x€P7Lz(€N)>> o Z N<1n§m($)<n+1,x€PaL§N)>

Peop(k) n=2k n=2k

B 2%((dr — dk) N/2M! — E(N))?
~ (M1, ™) 2N (L pepw ¢(P )

If £(N) < %{# as guaranteed by and the fact that & < log,(v’'(N)), we may
bound the previous further by

(0, — Ok41)? _
2645 (11, ™) (Cpesw (P R)!)

Now, observing that 0 < F},(L"™) < 1, by applying we have

1> Eyq [FR(LS))]

(0 — Opy1)?
> Exa V AF(Ly )dt] 2 I Lo, ®) Cpep AR

which in turn yields

Ena [(The = Te)];

2k +5 <m1MZ17 7l'> (ZPEJ/?(’“) C/(Pv k)_l)
(0 — Ok41)? '

Now, summing over k, up until £ = log,(¢'(N)), we have

Enz [(Tesr — Te)] < (47)

En [T(¥/(N),0)] < En [T (¢ Z w [(Tir = Ti)]

< logz(iﬁ:( V25 (o1, ) (Spespn ¢ (P K) )
s 2 (6 — O1)? '

(48)
Taking limits superior of both sides, the right-hand side is bounded by Equation ((14)).

To complete the proof of the theorem, we prove the second statement. Suppose that, by
assumption, € > 0 is such that

lim inf Py ((mps1, LEY) > ) = po > 0.

Now, if we choose a sequence (;);eny with each §; < &, (so that § = lim; .o d; < €), as
the upper-bound C' = C((9;)) is independent of the initial condition 7, we may bound the
expected value

Eyx P@/(N), ) ‘ (M1, LgY) > 6| < C,

hence, by Markov's inequality, for each NV,

[\')\H

Py ( 7(¢/(N),8) < 2C | {mLysy, LEYY > 6
[ (e 1) >5)
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and therefore,
liminf Py (7(¢'(N), ) < 2C) > %.

N—oo

This implies that

lim inf Py ((mlmey v, L) < (m, Lg") =6) =1 - %7

N—oo -

hence stochastic gelation occurs (with (¢, d) gelation time at most 2C). O

4.1.2 Proof of Corollary [3.3]

We finish off this section with the proof of Corollary [3.3]

Proof of Corollary[3.3. In order to apply Theorem[3.2] we first need to show that the conditions
of Assumption are satisfied. We first note that in Assumption , applying we can
take (V) = 1, and ¥(N) any non-decreasing function such that limy_,., ¥ (N) = oo and
limN%oo%N) = 0. Now, suppose that 7r is a given initial condition with ||7| < oo and
(ml,,>1,7) > d. Now, to show the final assumption, given 7, we define the following set of

possible clusters:

J
Gr = {x € [0,00) : x:in, T1,...,x; € Supp(m), j EN}.
i=1

Since ||| < oo, we have |G| < oo. Moreover, recalling that for all ,y € [0,00) we have
K(z,y) < oo, and for each s € [0, 00) we have ||[L{V)|| < |||, we deduce that

/[O o )EgN)(dx)T?EN)(dy)K(x,y)(x+y) < max {(z +y)K (z,9)} =2

z,y€0n

Thus, in this case, is satisfied almost surely on <m1m21,]2(()N)> > ¢§. But now, since
by (11)), LY — ;i weakly, in probability, it converges almost surely along a sub-sequence.
Moreover, as the function m(z) = x1,>; in this case, it is continuous and bounded from
below. By the Portmanteau theorem we deduce that

lim inf <m1m21,iéN)> > (mly>1,p) >0

N—oo

almost surely, and thus, for any sub-sequence (Ng)ren

- L1, 1
lim sup Py, <<m1m>1’L(()Nk)> > w) > .
k—o00 - 2 2

Thus, if we set ¢ = M we have liminfy_, . Py <<m1m21,iéN)>) > 0. This proves

the first assertion of the corollary.

We now prove the first of the final two assertions. Set k™ := infic[; o K(1,4). By the homo-
geneity assumption there exists jo € N such that, for all j > j, we have (assuming w.l.o.g.

v <), K,y = 27K (1,%) > Kk*277 whenever 2/ < z,y < 2/*1. Finally, setting (for
example) §; = 6 + 1252771/ we also deduce condition (16]) with ¢ := x*277.
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For the final assertion, by assumption there exists a jo € N such that, for all j > j, we have
K(x,y) > 2/(jlog2)3 for 29 < x,y < 27%1. Note that, if we set 6y = 1, since d; J ¢ for all
7, we have

z1;1%102: (0 —dj41) <1 -4,

and the terms &; — d;,1 need to be decreasmg By choosing §; — ;41 = k§ j~1F5/9), say, for
an appropriate normalising constant x93, we deduce the result. O

4.2 Concentration of trajectories along solutions of the multi-type
Flory equation

The normalised cluster coagulation process (EﬁN))tzo induces a probability measure Py on
the space D([0,00);&). We wish to show that the family of probability measures (Py)yen is
tight, which implies by Prokhorov's theorem [34, Theorem 1V.29, page 82] that (Px)xnen has
a weakly convergent subsequence. We then show that any such subsequence concentrates on
solutions of the multi-type Flory equation. Throughout this section, it will be beneficial to have
associated “conserved” quantities, preserved by the dynamics of the process. This motivates
the following lemma:

Lemma 4.3. For any cluster coagulation process (EﬁN))tZO, given any doubly sub-conservative
¢ : E x E— R, almost surely for all t > 0 we have, for eachy € E

| (EV@n) ¢y < [ (L6 () ¢'(2,) (49)

and

[ B ) (B = 5 ) o) <

ExXE

1) (167 - ) o)
(50

Proof. For Equation (49) if 71 < 75 denote times of two consecutive coagulation events, with
To involving the coagulation of clusters 2’ and 4 to a new cluster z, we have

[ (T (d2) = LY (a2)) o/ (@) = (¢/(2,9) = &) = 0/ w)

The right-hand side is 0 for K'(z/,y’, dz)—a.a. z, hence almost surely. Now, for Equation ((50)),
note that integrals of ¢'(x,y) with respect to the product measure

109(an) (£ (a) - %

are nothing but sums of ¢/(x,y) across all the distinct pairs of clusters z, y in the process at
time s. Thus, if ; < 7, denote times of two consecutive coagulation events, with 75 involving
the coagulation of clusters 2’ and 1’ to a new cluster z, we have

£ (dr) (iii“ @)~ 5 ) o) - [ E0aa) (£ - ) o)

o ) o) | /<ﬁ e iVZ/)(du)w'(z,u)—cb'(%;u)—¢'<y',u>>
. / ( e «;V> a0 = F ) )
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for K(2',y',dz)— a.a. z. Note that the first term in the second line comes from the contribution
to the integral from the pair 2/, involved with the coagulation, and the other integrals in
the second and third line, comes from the difference in the contributions to the integrals from
pairs (v, u) where v € {a’, 9/, 2}, and w is a cluster not involved in the coagulation event. The
result follows by iterating over the jumps in the process. O

4.2.1 Tightness: the proof of Lemma

In order to prove Lemma (3.4}, we apply some well established tightness criterion, stated in the
appendix.

Proof of Lemma(3.4. We will apply Lemma[A.2] For the first compact containment criterion,
first recall that by (21)), the set

&= {u eEM(ExXE): /Eu(dx x dy)¢"(z,y) < n}

is compact. Now, note that, by Lemma [4.3} if we have

Og 5.
(d:v) ( (dy) N) €&, then, forall s >0, L (dg;) ( (dy) _ N> cer
Suppose that we denote by Dy the set

i0;
Dy = {uES:u—ZC, ¢ €N, IQE},
i N

and ty : Dy — M (FE x E) denotes the map u — u(dx) (u(dy) - %’”); and extend this
map to a map ¢ : Uyen Dv — M (E X E) such that « =ty on Dy. We now note that for

any n € N the set

B, = {uE U DNIL(U)E‘g;}

NeN

is relatively compact. Indeed, by the compactness of £, any sequence (¢(u;));en has a con-
vergent subsequence (:(u;,))ren. Suppose v denotes a limit of this subsequence. There, are
two cases: we can either find a further subsequence (which we also denote (¢(u;,))ken), such
that, for some N’ € N we have (:(u;,))ken = (env(0;,))ken, or it is the case that for any
N’ € N there exists k € N such that «(u;,) = ¢j(u;,) for some j > N’. In the latter case,
(since the co-efficient of the d, term tends to 0), we readily verify that

u;, X u;, — U,

hence (u;, )ren also converges weakly. We may similarly deduce the result in the first case,
when

u;, (dz) <ulk(dy) i;) — v(dz x dy).

Now, since ¢ satisfies we know Ey [fEfoJ(()N)(dx) (E(()N)(dy) — %ﬂ”) qﬁ”(:c,y)] < ¢y, for
some ¢y € N. Therefore, by Markov's inequality, for any ¢; € N,

liminf Py (vt > 0 LY € B,,) = liminf Py ((¢",o(L")) < 1) > 1 @,

1
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Thus, by fixing ¢; > ¢y/e and choosing the closure of B., C £ as the required compact set,
we have the required compact containment condition ((150]).

For the second criterion, we will define an appropriate family of test functions IF, then apply
Lemma [A] In particular, we choose the family of functions F from £ to R such that

F:= {j: J(u) = éJ(m)u(dx); J e C'C(E;]R)},

where C.(E;R) denotes the set of continuous functions on E with compact support. By
the definition of the weak topology, this family consists of continuous functions and it is
straightforward to see that it is closed under addition. Moreover, since E is o-compact, a
measure /. is uniquely determined by the values of (f, u), where f € C.(E;R), thus this
family separates points. Now, let J €T be given, with associated function J : ' — R, so
that

J(L) = (L) = [ J(@)Li(de). (51)
We seek to apply Lemma to the family of pushforward measures
{J.Py: N eN}.

Note that these are measures on the space D([0,00),R) which a separable, and complete
metric space, hence Lemma applies. Also note, that as the continuous image of a compact
set is compact, we can take J(&,,) as the compact set for the first condition, and thus we
need only verify the second condition of Lemma [A.T]

We note that, for fixed T, and n = n(T') sufficiently small, we can find an integer K € N
such that n < T/K =: 1 < 2n. Therefore, we can define a partition {t;} of [0, 7] such that
tiv1 —t; =n' >mn, so that

J.(Bx) ({f 2w (f,0,T) = e}) = By (0 ((J(Ta)epor), 0, T) > <)

L L (52)
<ee( s (E)- I 22),

0,71, s—t|<n’ N

where w’ denotes the modulus of continuity defined in (149)). We now have the following claim:
Claim 4.3.1. For some constant C' = C(T'), we have

J(L,) = J(L)|| < Cn, (53)

limsup Ey sup
N—»o00 5,€[0,T1, |s—t|<n

To complete the proof of Lemma [3.4] using Claim [4.3.1, observe that by Markov's inequality,
for all n > N, we have

j(f‘t) - j(i‘s)

C
25> < lim 21—,

lim lim sup Py ( sup
s,te| n—0 ¢

=0 N 0,T7],|s—t|<n
implying (151). .

Proof of Claim[4.3.11 We first note some relevant facts: since L, is a pure jump Markov
process, and J is bounded and measurable, it is well-known that

Mis(t) i= J(E) ~ J(L) ~ | " Ay J(L.)ds (54)
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and its quadratic variation
t . .
On(t) = My (t)? — /0 (AnJ? — 2J Ay J)(Ly)ds (55)

are both martingales under Py (see, for example, the proofs of Proposition 7.1.6, and Propo-
sition 8.3.3 in [35]). From Equation ([54)), the triangle inequality, and sub-additivity of taking
suprema, it follows that

JIL()] - JL

Exn [ sup

Svte[ovTLls_t‘Sn

<Eyn l sup | My (t) — MN(s)|] +En [ sup

s,t€[0,T7],|s—t|<n s,t€[0,T],]s—t|<n

] (56)

/ Ay J(L dGH

(57)

/ AnJ (L) dOH (58)

< 2Ey [ sup |MN(t)|] +En l sup

0<t<T s,t€[0,T],t—s<n

We will complete the proof by bounding the two terms on the right side of Equation (58)). For
the first, observe that by Doob's maximal inequality,

e [(sup o)) ] < (25) B s

so that, by setting p = 2, and recalling that Ey [Q(¢)] = 0, we deduce from Equation (55
that

2

Ex [ sup |My(t)|| <Ey

0<t<T

(sup |MN<t>|>2] (59)

0<t<T

<4Ey [My(T)*| = 4By l /0 T(ANJ2 —2JANJ)(Ly)ds|.  (60)

Now, we recall that the generator Ay of the normalised process (IiﬁN))tZO may be written as
follows: for bounded measurable test functions F', we have

AnF(LY)

For simplicity, for the remainder of this section, whenever unambiguous, we drop the superscript
(or subscript) (N) when referring to L™, My (t) and Ay. Abusing notation, for each t we

denote by L{"¥ 7 := L, + (6, — 6, — 6,) /N
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Thus,
(AJ? — 2 AT) (L)
B ];[ EXEXE L (d) (L B j\]) (dy)K(z,y,dz) (j(f‘gx’y)ﬁz)z - j(E)Q)
_ Nj(ils) /EXEXE]:s(dI) (L — f\[) (dy)K(x,y, dz) (j(i&m,y)—)z) . j(]z))
- ];[ ExXExXE ]:S(dx) (L B f\f) (dy)K(gj, Y, dZ) <j<Ls($7y)_>z)2 - j<Ls)2>
- N EXEXEE(dw) (Ls - fv> (dy) K (z,y, dz) (J(Lo) J(LEV27) = J(L)?)
- ];[ e (%) <Es - f\;) (dy) K (x,y,dz) (J(LED77) — J(IZS))2 , (61)

where, by definition of J, we have
JLEV?) — J(Ly) = (J(z) = J(y) — J(x)) /N. (62)
Combining this with Equations and (59)), we get

Ex [ sup yM(t)\] 2 (63)

0<t<T

<By 3 [las [ B (L= B @)K x (00 - J) - )|
N Jo ExXExXE N
(64)
Moreover, recalling that J is continuous with compact support, by the extreme value theorem,
it is bounded. Therefore, bounding (J(z) — J(y) — J(z))? by a constant c;, and recalling that,
by assumption, K< ¢’ pointwise, we have

B | s, 0l| < By |52 [Tas [ L) (L - ) K] 09

o < e[ [Mas [ Tt (Lian - ) oo (o0
- 26]\‘][TIEN [ /E XEf,O(dx) <E0(dy) — fv) ¢/(x,y)] : (67)

The last step is possible since we now observe, that, as ¢’ is doubly sub-conservative, for each
s € [0,00) we have

[ B (L0 - ) e < [ 690 (5@ - %) oo

almost surely.

Thus, by Equations and ([68]), we have

0<t<T

B | s, M0 < J o |, Talan) (Ealn) - ) oo (69
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In order to bound the second term on the right-side of (58], we apply a similar argument:

tAJ(Ee)ow’

L) (£ - ) @K 00 JEGD ) = H)| (o)

ExXEXE

N t
:’/de
2 s

N gt ] 5. )
< f/ d6 Li(de) (L, — 22 ) (dy)K (2, . d2) | FELSY %) — (L)
2 Js JEXEXE N

As before, using Equation (62), and the fact that |z| = v/z2, we may bound the previous by

[ [ Latan) (Euan - ) Ko @
< YOUEEI [ fafao) (Bata) — 5 ) o0, @

where the final inequality follows from . Thus, we have obtained the upper bound

/e; _ _ 5\
EN[ sup / AJ(Ly) d@' —nE l / Lo(dz) <L0(dy)—)q§(1’,y)].
5,t€[0,T),|s—t|<n ExXE N
(73)
Thus, combining Equation (58)) with Equations and ([73)), and passing to the limit as
N — oo,
limsup Ey sup J(L,) — J(Ly) ] (74)
N—oo 5,t€[0,T],|s—t|<n

< \/26_‘]7)11111 supEy [ /E XEEO(dm) (io(dy) — 5) ¢’(:v,y)] (75)

N—oo N

the latter bound being finite by (20). Setting

C .= \/26_‘] limsup Ey [/EXELO(dx) (Lo(dy) - 556) ¢/($ay)1

N—o0 N

concludes the proof of (53). O

4.2.2 Accumulation of trajectories on solutions of the multi-type Flory equation

Now, let P* denote an accumulation point of the tight sequence of measures (Py)yen, and
assume, by passing to a subsequence, and re-indexing, that Py — P* with respect to the
weak topology on the space of measures on D([0, c0); E). Following our previous notation, we
denote by L™ and L* random trajectories sampled from these distributions. Mostly out of
convenience of notation, applying the Skorokhod representation theorem [34, Theorem 1V.13,
page 71| ﬁ we assume that (L(™))ycy converges to L* pointwise for all w € © with respect to
the Skorokhod topology on D([0,00); £) on some enlarged probability space (£2,.#,P(-)). For
the rest of the section, we use the notation E [-] to denote expectations with respect to this
enlarged probability space. This will allow us to more easily draw conclusions about the limiting
trajectory L*, and thus the limiting measure IP,. We now have the following proposition:

®Noting that as a tight probability measure on a metric space, P* concentrates on a separable set.
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Proposition 4.4. For anyt € [0, 00) we have EﬁN) — L} almost surely in the weak topology.
In addition, L") @ L") — L @ L} almost surely in the weak topology, where the symbol &
denotes the product measure on the space (§2,.% ,P(-)).

Proof of Proposition [4.4. The proof is the result of the following observations:

(1) First note that, for any J € C.(E;R), the operator .J : D([0,00); &) = D([0,00); R)
is continuous, as the function J : £& — R defined by J(u) = <J u) is continuous
(see for example, [Theorem 4.3, [24]]). This implies that, if J(L()) denotes the map
t = JEM), for any J € C.(E;R), we have J(L™) — J(L*)

D([0,00); R).

(

almost surely in

J(L;) — J(L,)| is monotone de-

(1) Applying (53), and observing that sup, ;c(17.s—1/<n
creasing in 7, we have

j(f‘t) - j(f‘s)

] ~0. (76)

lim E |lim sup
N—=oo 1205 4e(0,7],|s—t|<n

In addition, one may readily verify that, for any T' € [0, 00) the functional

x — lim sup |x(t) — z(s)|| (77)
=0 tef0,7),|s—t|<n

is a continuous functional with respect to the Skorokhod topology. Consequentially, by
bounded convergence,

0=E]| lim lim su jL(N)—jL(N)]E[ su J(L) — J(L*

N_”’O”HOstG[OT}E t<77‘ (L) (L )‘ ’Hoste[OT]E t<77‘ (L) (L)
(78)

for any J € C.(E;R), where in the final equality we have used the continuity of (77).

Therefore, the function J(L*) : [0,00) — R such that ¢ — J(L}) is almost surely
continuous (i.e., J(L*) € C([0,00),R) almost surely).

(II1) This continuity implies that for any sequence (%,)nen such that ¢, — ¢, for any J €
C.(E;R) we have

j(]::n) :/;J( z)L; (dz) —>/ x)Li(dz) almost surely.
But, since, by assumption on the initial condition we have L = j, where i denotes
the limiting measure from ([11)), and the dynamics of the process ensure that HI_JEN)H
is non-increasing for each N, we readily verify that each for each ¢ € [0,00) we have
L (E) < ||p||. Thus, by approximating any F' € C,(E;R) by compactly supported
functions, for any F' € Cy(E;R) we have

/F( )L; (dz) —>/ x)Li(dz) almost surely.
E

This implies that L* is, almost surely, a continuous trajectory of measures, i.e., L* €
C([0,00);€).
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(IV) It is well-known that in a Skorokhod space the projection map 7, : D([0,00); E) — FE
is a continuous functional at any trajectory x € D([0,00); E) for which ¢ is a con-
tinuity point. Since every t € [0,00) is a continuity point of L, this implies that
for any t € [0,00) we have EtN — L7 almost surely in the weak topology, as re-
quired. Now, by a similar approach to the proof of Lemma [3.4] the family of measures
{L( ) ® LIEN) N e N}, is (almost surely) tight, and by assumption uniformly bounded

in norm, thus almost surely relatively compact by [34, Theorem 1V.29, page 82]; and
any accumulation point must be L ® L. Thus, IZ§N) ® EgN) — L ® L almost surely.

]

Proof of Theorem

Parts of the proof of Theorem [3.5] rely on equations from the proof of Lemma [3.4 hence we
recommend that the reader be acquainted with this proof first.

Proof of Theorem[3.5 In order to simplify some expressions, we make some shorthands. Recall
that for any compactly supported J € C.(F;R), we denote by J the functional such that

L) = (L) = [ L0 (de) ()

We also define the following functionals:

GHEWM, ) = & L) (da) LY (dy) K (2, y, d2) I (2). (79)

2 JExExE

We recall that, by assumption, there exists a continuouAs function ¢ : E x E — R that
satisfies Equations ((17)), and ([20). We then define G by

G, J) = [ LML (dy) [K(r,y) - ola.)] ) (80)
Finally, we define the functional

HILM.J) = [ L0y (60,0 L) J) = [ L (y)LE™ (@)l 1) I ).
ExXE
(81)
We now have the following claim:

Claim 4.4.1. Almost surely, for any t € [0,00), J € C.(F;R) we have
o . t _ .\ _
JL) = J(n) = [ (L2, 0) = G(LZ, J) — H(LL, J) ds. (82)
0

Note that the truth of Equation for any J € C.(E;R) implies that, almost surely, (L});>o
satisfies in Definition 2.1} Now, note that, as an application of Proposition [4.4] for any
t > 0 we have

_ _ 5, _
L™ (dz) (LgN)(dy) _ N) —LIoL! (83)
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almost surely in the weak topology. Recall that we have K < ¢, where ¢’ is doubly sub-
conservative and continuous by the first assumption of Theorem , and ¢ (which is also
continuous, and ¢’ both satisfy . Thus, exploiting weak convergence, and Lemma , we
deduce that (L;);>o also satisfies Equations (7)) and (9)), thus is a solution of the multi-type
Flory equation in the sense given by Definition 2.1} Hence the claim completes the proof of
the theorem. O

It thus suffices to prove the claim.

Proof of Claim[4.4.1l First note that by recalling the martingale from Equation (54)), together
with the bound from in the proof of Lemma [3.4] we obtain

N@OOEHJ(LW) L) / ds [E L )(Lgm(dy) —fv> K(z,y,dz) (84)
xuwwauw—Ju»]—Q (3)
Now, we define
— (T(N 1 (N T (N Oz \ =
GRE ) o= [ T (L9 - ) Kl U+ T, (66)
GH(LM ) ;:; ExExEE )(dz) (L N (dy) — fv) K(z,y,d2)J(2), (87)
ON(I ) = [ U (190 - )[R — oo J0) (60

We may thus re-write the inner integral appearing in Equation as G (LW ) =GN (LM, ),
so that

N—oo

o _ o _ t _ _
hmEHﬂmme@WU—/Gmmme4m@9hnm
0

} —0.  (89)

Now, we seek to exploit the convergence of L) to L*, but note that as the integrand appearing
in Equation is in general unbounded, and G~ is, in general, not continuous. However, it is
possible to show that this functional coincides with a continuous functional on the trajectories
s+ LIV Indeed, since ¢ is conservative, by Lemma the quantity <¢( Y), E(N)> is fixed,

S

by adding and subtracting the term corresponding to fExE N)(dy)L (dx)¢(x,y)J(y), we
have

G LW J) = GN(LW) J) + HLW, J) — Ex(LW ),
with
En(LMY) ) /(;5 T, ) N (dx).

Thus, re-writing Equation (89)), we get

~ = ~ = t — A T
im HJ(LgN)) B J(L(()N)) _/ G}(LgN)’J) —GN(LgN),J) H(L(N J) +8N(L(N) J) dsH = 0.
0

N—oo

(90)
Now, in order to complete the proof of Equation ([82)), we need to argue that we can pass the
limit inside the expectation, and exploit weak convergence to replace the terms corresponding
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to L) with L*.We can pass the limit inside if the term G(L{), J) was bounded, and then,
need to argue continuity of the operators G and H. Consequentially, we first approximate the
functional G by truncations (G®),cy, such that, with compact sets as defined in Equation (23))

GO, )= [ L) [ L) (Kay) = o(e) J0). (1)

We will now finish the proof with another claim.

Claim 4.4.2. Almost surely, uniformly in s € [0,00), J € C.(E) we have

t . _ N _
lim lim sup E H | Ga ™, 7) = GOEN, ) ds
0

k—oo N

} —0, (92)

t _ _ t _
limsup E H/ GLILMN J) — GHLM, ) ds} =0, limsupE H/ En(LW ) ds} =0,
N—o0 0 N—o0 0
(93)
t A —_ A —
lim E [ | GEz D) - GOE:, ) ds} 0, (94)
—00 0
and B B
lim H(LM™),J) = H(L:,J) almost surely. (95)

N—oo

Indeed, if Equations (92), (93), and are satisfied, by approximating G by G (using
the triangle inequality) in the second equality, and using bounded convergence for the third,
we have

0= lim E HJ(LEV)) ~JEY — [ Gk

N—oo

LMY J) = Gn(LW, ) — Hy(LWY J) + Ey(LM ) ds
(96)

|

~ t _ ~ _
) lim lim E HJ(L(N)) — JILMY = [ LN, ) = GPLM, gy — HELWY ) ds

k—)oo N—o0

(97)
— i E [ lim. \J@m _ JEO) — Ot GHEM, ) — GBI, 1) — HEW, ) ds}
(98)
© lim HJ (L) — J(u / GH(T GW(E2, J) — H(E?, J) ds} (99)
Og HJ (L) — J(u / GH(E G(L:, J) — H(E?, J) ds} (100)
O
Finally, we finish the proof of Claim [4.4.2]
Proof of Claim[4.4.2 Note that we have
E Uot G (LY 1) = GWELW, ) ds} (101)
< B[] [ B0 @R @) - olasn) )] s (102)

ve[ [ [ 10 [ (106 - )[R - o] laolas] . a0
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where we immediately see that

CkL N(do)| K (2, 2) = ¢(z, )| (x)| ds

] 0, (104)

lim sup E {

N—oo

since K, ¢ and J are continuous, they are bounded on the support of J and thus so is the
expectation. Now, if Equation applies, then the integrand of the second term in ((101)) is
bounded by some constant ¢ > 0, thus by and the Portmanteau theorem, we have

s | [ £0a0) [ (£ - S ) |G - oo a0l as]| (108
< JE { / L (¢5) L;(E)ds] ; (106)

and applying bounded convergence, using the fact that Ny Cf = @, we deduce ([92)). Oth-
erwise, in the case that Equation ([23)) applies, we bound the second term in ((101)) as follows:

B | [ 1 [ (20 <dy>—fv> Ky = otea| lJwlas]. o)

<E / / LY (da) / ( N) (z,y ds] 1] (108)
K(x

X sup — oY) (109)

zeCy, yE€Supp(J) ¢ (l’, y)

Since ¢* is doubly sub-conservative, and satisfies Equation ([20]), we have
t _ _ 0

limsup E [/ / LM (dx) (LgN)(dy) - x) o (z,y) ds} (110)

N—so00 0 JOCXE N

t _ _
< limsup E [/ LY (dx) (LgN)(dy) — 696) " (z,y) ds} (111)
N—00 0 JExE N
_ _ 20

<limsuptE l L (dz) (L (M (dy) — 5) o*(z,y) 0. (112)

N—o0 EXE N

Combining Equation ((110]), with (101)), (104)) and (107]), we deduce Equation (92)).

Equation is proved in an analogous manner to (104)), exploiting the compact support of
J. For , by the monotone convergence theorem, ([83)) and Fatou's lemma we have

E[[ [ Lido)Liy)s o) ds (113)
—E| [ tm [ Lido)Li(dy) (6" @) AJ) ds] (114)
—| [ g [ 0@ (1@ - ) @ ad o] @

(110)
< oo.  (116)

b _ 5
<l () M (dy) — %) o
< limsupE [ /0 [ LM () (LS (dy) N>¢ (z,y) ds

N—oo

Applying Equation ([113]) we deduce Equation in a similar manner to Equation ((92).
Finally, recalling the definition of the functional H from Equation (81]), we have

lim AL, J) = lim [ LM (dy)L§" (dz)g(, )] (y).

N—oo N—oo JEXE
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Thus,
lim sup |H(LN, ) — H(L, )| (117)
—timsup| [ LAY @)oo ) (0) ~ [ Ldy)pldaéle. ) ()
(118)
<timsup| [ LYY () ) ) — [ LO(dulda)ote. )T ()
(119)
o+ limsup EinéN)(dy)u(dx)czﬁ(x?y)J(y) —~ /E XELZ(dy)u(dfﬁ)cb(x,y)J(y)’-
(120)

The second term in the upper bound of is 0, since the map y — [ pu(dx)o(x, y)J(y)
bounded and continuous (because .J has compact support and ¢ is continuous), and L{V

L. On the other hand, by applying Equation (24)), with the compact set C’ chosen to be the
support of J, for any € > 0, there exists Ny such that, for all N > Ny we have

[ LY ot ) ) — [ Lot )T ()] < 2

/E LM (dy)J(y)),

and thus, taking limits superior of both sides, since .J is bounded and continuous,

limsup‘/Einl /(dy) L (da)o(x, )J(y)_/

N—o00 ExE

LY (g o), ) (y)| < e

[ Lia)I)|.

Sending ¢ — 0, we deduce that the first term in the upper bound of (117)) is also 0, hence
conclude the proof of ([95)). O

4.2.3 Uniqueness of eventually conservative solutions to the multi-type Flory equa-
tion

Proof of Theorem[3.2. Suppose that (1us)s>0 and (fis)s>o denote two solutions to the Flory
equation, with a given initial condition 1, with ||uo] < oo. Suppose that (us — fis) |ps
denotes the measure (s — fis) restricted to Dg. By a well-known property of the total variation
distance, we may write

I(tts = is) [pr > Ol = it (FLpg; (s = 1)) -

Note that, by a straightforward approximation argument (approximating a measurable function
pointwise by continuous functions), if (1) is a solution to the multi-type Flory equation as
in Definition [2.1] Equation () is satisfied for all bounded measurable functions supported on
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the compact set Dy, for k € N. Thus, for f such that || f||cc = 1, we have

Flows (s =) =5 [ [ 1 pa(2) K (0,2) (o (e (d0) = fy )y (o)) dr
(121)

~ [ [ P, W (1, 0) (ur(dwpae(dv) = fir () (dv)) dr
= [ S0 @)o(uv) (i (@u)po(dv) = fir(du)pao(dv) dr

+ / /EXE 1DR ¢(U, U) (Mr(dU),ur(dU) - ﬂr(du)lar(dv)) d?”.
(122)

We now bound the values of each of the terms in the above display. For the first, since ¢ is
conservative, we have 1p,.(z) < 1p,(u)lp,(v) for K(u,v,dz)-a.a. z. Moreover, bounding
f(z) above by 1, we have

2 / /E><E><E 2)1p,(2) K (u, v, dz) (pe(du) pr(dv) = fir (du) i (dw)) dr
< 5/0 /EXE 1p, (u)1p, (V) K (u,v) |, (du) . (dv) — fi.(dw) fi.(dv)| dr. (123)

We now have the following claim:

Claim 4.4.3. We have

[, 1oa ()10, (0)6 (. v) |y (du)par (do) = fr ()i (d0)] < 2R [ 1o, (0) |y (dv) = ()]
(124)

By applying Claim [4.4.3, and bounding K (z,y) < ¢é(z, ), we may now bound the right-side

of ([123):
;/05 /ExE 1p,(w)1p, (v) K (u,v) [p(du) g, (dv) — f,(du) i (dv)| dr (125)
<5 [ 10a) 10, ()0, v) [ (du)pn(dv) = fi ()i, ()] dr - (126)
< ["R [ 10,0) lus(do) = (@) dr < R [ [lGr = ir) Ipylldr. - (127)

Next, re-writing, and combining the second and fourth terms in ([121)), recalling that ¢(z,y)
coincides with K (z,y) on (Dg x Dg)¢ (so in particular D x D§,) we get

L[ 5o, () (6(uv) = K (u.0) oo (dupr (dv) = fy () (dv)) dr (128)
- [ /M )L (0) 1 (0) (601, 0) = K (1,0)) (i (du)pin(do) = fin(du) (o)
(129)
<@+ [ [ 001, (w) Loy (0) [ (du)par (@) = fir(du)iy (o) e (130)
2R +1) [ [ 10,(0) lan(dv) = fir(do) | dr < 2R(C +1) [ 1r = fir) [y 0
(131)
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where in the second to last inequality, we use the bound K(u,v) < C¢(u,v). Finally, for the
third term in (121]), observing that 1 is a positive measure, we make a similar computation:

[ @ (e, v) (e (dupode) = fir(dupao (o)) dr (132)
<[] (@, o) lun(du)po(dv) — fir(du)o(do)| dr (133)

= /0 /E 1DR u /E¢ Ua”)ﬂo(dv) ‘:ur(du) - ﬂr(du)‘ dr < R/OS ||(,u7~ — ﬂ7> |DRH dr
(134)

Combining Equations ((125]), (128) and (132)), to bound (121]) we deduce that

Ibs = £) ol = suP_ {f L, (hts = 1)) < 3R(c'+ 1)/0 1Ger = fi) [ Dl

Claim 4.4.4. Suppose that (u:)¢>0 is a solution to the multi-type Flory equation. Then, if
¢ E — Ry is a sub-conservative function, for each t > 0

/ x)pe(de) </ x) po(dx). (135)

By Claim applied to the function {(z) = 1, we know that for each ¢t > 0, we have

1(ps = i) Dl < 2| o[-

We can thus apply Gronwall's lemma to deduce that ||(us — fis) |pp || = 0. As Upen Dk = F,
it must be the case that ||(us — fis)|| = 0, showing uniqueness. O

We finish with the proofs of Claim and Claim

Proof of Claim[4.4.3 We bound

[ A )0, (0)6 ) e (g () — el ) (136)
< [ ()L, (0)0(,0) I (dulp (d0) — (), (do)]  (137)

+ ExE 1DR (u>]‘DR (U)¢(u7 U) ‘Mr(du)ﬂr(dv) - ﬂr(du)ﬂr<dv)’ :

(138)

For the first term on the right-hand side of (136]), we integrate the variable u, applying (9)

[, 0L, (06 (0, v) lar (g (de) = oy () (@0)]| dr
< [ 104(0) [ (0} () [ (dv) = fr(dv)] dr

< [ 10,(0) [ 6, 0)o(du) e (d0) = (o) dr < R [ 1, (0) e (o) = fn(d0)]

and applying a similar argument for the second term in ({136f), we deduce the result. m
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Proof of Claim[4.4.4. Suppose first that £ is bounded. Then, applying to the function
&1p,, we have

o —pd =5 [ [ (6()10,() — €10, () — E0) 10, (0) K 0,2}y (du)py (do)d
(139)

f/éw u)Lp, ()1, v) (pr (dur) (2 (dv) — pro(dv))) .
(140)

By (9). since £(u) > 0, and p, is a positive measure, we deduce that the second term on
the right-side above is non-positive. In addition, since ¢ is conservative, so is the function
xz — (P(x,-), uo), and we deduce that 1p,(z) < 1p,(u)lp,(v) for K(u,v,dz)-a.a. z. In
addition, since £ is sub-conservative,

/;XEXID(€(Z>1[%(Z))]{<u’v’dz>ﬂv<du)ﬂw(dv)

=< (€(w) +&(v) 1o, (u)1p, (W) K (u, v, d2) iy (du) pr (dv)

ExXEXE

= /;xExE(g(u)le(u>%_g(v)le@O)}((uvvadz)ﬂr&h”ﬁW(dU)

Thus, ({1p,, 1s) < (€1p,, to), and we deduce the result from monotone convergence. Finally,
we can extend the result to unbounded &, again from monotone convergence (approximating
& from below by the sub-conservative functions £ A j, for j € N). n

4.3 Coupling with inhomogeneous random graph models

In this section, we recall that the notation (L§N))t20 refers to the non-normalised coagulation

process, whilst the notation (I_JEN))DO = (L (%/N)Do refers to the normalised process. In
order to construct couplings of the coagulation process with random graphs, it will be useful
to label clusters (i.e. the points in the point measure L{ )Suppose we start with ||L0 H eN
labelled initial clusters, zq, ..., YL As the coagulation process involves clusters ‘merging’
of the clusters that we have at time zero, we can consider those clusters as building blocks
for clusters that arrive later in the process. Therefore, on the coupling level, it will be helpful
to identify clusters at any time with subsets of [HL(()N)H], indicating which of the initial blocks
constitute each cluster.

Furthermore, as we begin with a mono-dispersed initial condition, all of the clusters have mass
one, and thus the mass of a cluster at time ¢ is given by the cardlnallty of the subset that
identifies it. Consequentially, we say that two subsets I, J C [HLO ||] have merged by time ¢
if there exists a cluster at time ¢, identified by a set .S, such that /U .J C S. We use the same
labelling to define the associated random graph process and we identify connected components
with subsets of [||LS" ||| that represents the labelling of the vertices in such a component. The
graph process is defined in terms of the initial Iocatlons and masses of the coagulation process,
such that, given any pair of vertices i < j € [||L0 ||] there is an exponential clock Z; ; with
parameter (i, j) as in (141]), independent of all the others. When this clock rings, we include
the edge {7, j} in the graph.

"More formally, such a labelling involves expanding the underlying space E, to a space E x N, including
labels, but we omit this, for brevity.
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Definition 4.1. Given a graph comparable coagulation process (LEN))tZ[), the associated graph
process is the random graph process (G§N))t20 on vertex set [HL(()N)H], where:

1 G§™ is the empty graph on HL(()N)H vertices, i.e, containing no edges.

2 Given any pair i,j € [HL(()N)H] with ¢ < j, let Z; ; be an exponential random variable
with parameter B
k(i,7) = K(z;, ;). (141)

Moreover, assume that all the {Z; ;},-; are independent and include the edge (7, j) €
G if and only if t > Z;;.

With regards to the graph process, we say that two subsets I, .J C [||L(N)H] are connected at
time t if they belon% to the same connected component. We identify the connected component
of a vertex i € [||L{"||] with the connected subgraph C(i) containing 1.

Proposition 4.5. For a graph dominating coagulation kernel, or a graph dominated coagula-
tion kernel, one may couple the coagulation process with its associated random graph process
such that the following hold.

1 If the coagulation kerne/ is graph dominating, for all t > 0, if the vertices in a pair of
subsets I,.J C [||LO H] belong to the same connected component in the graph process
at time t, the correspondent clusters merged in the coagulation process by time t.

2 If the coagulation kernel is graph dominated, for all t > 0, if clusters with indexes in
a pair of subsets I,J C [||L8N)||] merged in the coagulation process by time t, the
corresponding vertices are connected in the graph process at time t.

Suppose that, for each n € N, MM (t) denotes the number of connected components of

size n at time ¢ in (GEN))tZO. The above proposition then yields the following corollary (a
reformulation of the proposition).

Corollary 4.6. For any graph comparable coagulation process (LEN))QO, there exists a cou-
pling of the coagulation process and its associated random graph process such that, on the
coupling,

1 if the coagulation process is graph dominating, for allt > 0,5 € N, we have

(m1m>], Z nM®N almost surely; (142)

2 if the coagulation process is graph dominated, for allt > 0,5 € N, we have

(m1ys;, LYY < Z nM¥N almost surely. (143)

The proposition and corollary may be used to transfer existing results related to the associated
graph process (an inhomogeneous random graph) to the coagulation process. In the remainder
of the section, we first work towards a proof of Proposition (leaving the proof of Corol-
lary [4.6] a reformulation of this result, to the reader). Then, we finish the section with the
proof of Theorem [3.9]
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4.3.1 Proof of Proposition 4.5|

Suppose in this section, for brevity of notation, we begin with an initial condition L(()N) = 1. As
we will consider the clusters as being labelled, and identify clusters in the coagulation process
with the labels of the initial clusters that have merged into it, we use x; € E to denote the
random variable representing the cluster created by merging initial clusters with index in I.
Abusing notation, in order to describe rates of exponential clocks for the coupling, denote the
rate at which particles ; and x; merge by

K(I1,J):= K(xr,x,). (144)
Likewise, in the graph process, we write

(I, J) = > rk(k0). (145)

kel ted

We then have the following claim, which is what allows a pathwise coupling to work.

Claim 4.6.1. For disjoint sets Sy,S2,S55,54 C [||=]|], given xs,,2s,,Ts,, x5, € E, if a
coagulation process is graph dominating, almost surely (with respect to the dynamics of the
coagulation process) we have

K(S1US,, 83U 8y) > K(Sy,8Ss) + K(S1,84) + K(Ss,S3) + K (S, S)). (146)
Alternatively, if a labelled coagulation process is graph dominated, almost surely we have

K(S1 U Sy, S3USy) < K(Sy,Ss) + K(S1,S1) + K(Sa, S3) + K (Sa, S4). (147)

Proof. First notice that from the notation introduced in ({I44)), we have K (S;USs, S3US,) =

o . . . K(zg,,xs,,
K(zg,us,, Ts,us, ); recall from that, given zg, and xg,, x5,us, has distribution 1‘(((;;7;;))
1’ 2

s, | . . |
(and the analogous property holds for xg,,s,). Therefore, we can apply inequality thus
obtaining

K(Sl U SQ, Sg U 54) > K(Sl, Sg U 84) + K(SQ, Sg U 54) almost surely;

we only need to exploit symmetry of K and iterate this inequality to prove (146]). The proof
of ([147]) works in the same way. O

Proof of Proposition[4.5 In the proof of this lemma, we will denote by Z(s) an independent
copy of an exponentially distributed random variable, with parameter s. We will prove only
the first statement, since the second is similar.

Suppose that og,01,09,... denote the coagulation times associated with the coagulation
process; where we set o := 0. Note that, associating clusters with subsets of [||7r||] induces
a partition of [||7r]|] which we denote by Z(t). Likewise, the connected components of the
associated random graph form a partition of [||7||], which we denote by 7(t). Now, we
construct a coupling (Z(t), #(t)) of the two processes such that, for all ¢ > 0, JZ(t) is a
refinement of 32(75) At time 7y = 0 this is trivial; both partitions are identical. Now, assume
that this is true for all ¢ < 7;. We seek to construct 7;,1 such that this is also true for 7, .
In order to do so, we let the graph evolve independently according to its dynamics, so that
any two distinct connected components .J;,.J; C () merge after Z(x(J;, J;)) (where we
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recall the definition of x(.J;, J;) from Equation (145))). Now, since by induction hypothesis
(%) is a refinement of Z2(7;), for any two sets Sy, Sy € P(7;) there exist disjoint sets
L,.... Iy, Jy,....Jw € (%) such that S, = U"_, I; and Sy = U, J;. Then, by iterated
application of Claim [4.6.1] we have

r:=K(Sp, Se) = > k(l;,J;) >0 almost surely.

i<j
We now merge the clusters Sy and Sy at time
min{Z(x(;, J;)) : i € [k],j € [K']} U{Z(r)}. (148)

By the minimum property of exponential random variables, this is distributed like Z (K (Sy, S¢))
as required. We now verify that %Z(%Hl) is a refinement of @(ﬁ-ﬂ). Indeed, suppose that
clusters Sy and Sy merge at time 7,.1. Then, if this occurs because the minimum in Equa-
tion (148) is given by Z(r), there is nothing to prove: the sets I,..., Iy, Ji,..., Jp form a
disjoint partition of S, U Sp. Otherwise, for some m, m’, the sets I,,, J,,» merge to form a set
V', say. In this case, the sets I, ..., Ly 1, Loni1s oo iy J1y ooy Sty Ity « -+, Jpr, Vo form
a disjoint partition of S, U Sy. The result follows. ]

4.3.2 Proof of Theorem

Proof of Theorem[3.9 In this proof, for each N € N we use results related to the emergence
of a ‘giant component' in the inhomogenous random graph [11], to show that, with probability
tending to 1 the associated random graph process (GIEN))QO has a component of order N at a
certain time ¢/N > 0. In particular, note that at any time ¢/N > 0, the probability of an edge
between two nodes, 7, j associated with initial clusters z;,z; in the associated graph process
is
Enalmi aj) =1 — e KlEemtN,

and thus, by [Remark 2.4, Theorem 3.1, Theorem 3.5 [11]], there exists a € [0, 1] such thatf]
at time t* /N, with probability 1 — o(1), there exists a unique component of size &N in GEN)N
Thus, by applying the first statement of Corollary [4.6] (recalling the definition of 7§ from
and the identity EgN) = LE%\),/N) for any graph dominating coagulation process (L{")).5o
we have

P (7§ <t*) > P ({mlusan, L) > aN) > P ( > nMM (" /N) > aN) =1-o(1).
n>Na
This implies that lim infy o P (75 < t*) =1, thus, t; < ¢*.

For the second statement, note that by [Theorem 3.5 and Theorem 3.6, [11]], for any ¢ < ¢*
: . (N)
in the associated graph Gt/N we have

MWN)(t/N o
v I "N(/ ) Nox 0 in probability.
n>y(N)

8This a would correspond to £(k) appearing in [11]
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By the second statement of Corollary [4.6], this implies that, for any graph dominated coagu-
lation process (L{Y)) =, for any 6 > 0

s

tim B (L ppin E7) < (m, B8 = 6) = lim B (g, TV > 6) =

N—o0 N—o0

hence, for any § > 0 we have T;M > t. As t < t* was arbitrary, this completes the proof. [J

A General criteria for relative compactness

Recall that for each N, the cluster coagulation process (igN))te[o7oo) is defined as taking values
in the space
E=J{ueMi(): (mu)<n}
neN

Recall also that equip £ with the Prokhorov metric, which metrises the topology of weak
convergence. We may interpret (f‘t)te[o,oo) as a trajectory in D([0, 00); &), the space of right-
continuous functions f : [0,00) — &£ with left-limits. We equip D([0, 00); E) with the Sko-
rokhod metric d. Recall that for a separable, complete metric space (£,0) with ¢ := 0 A1, the
Skorokhod metric on D([0,00); ) is defined as follows: Let A denotes the set of all strictly

increasing functions mapping [0, c0) onto [0, 00), and A’ C A the subset of Lipschitz functions.
Then, for A € A/, define

v(A) := sup logM < 00
5>t>0 s—t
Then, for f,g € D([0,00); &), we define
d(f,g) == /1\13\ ( \// (stl>1[0)q fEAu),g(tA u))) du) . (149)

It is well-established that D([0,00);R) is a separable and complete metric space see, for
example, [Theorem 5.6, [15]]. In this paper, we use the following, well-known criterion for
tightness in Skorokhod spaces. The first, from [15], has been slightly reformulated for out
purposes. First, we define the following modulus of continuity: for f € D(]0,00);R), n > 0,
T € [0,00), we define

w'(f,n,T) :=infmax sup |f(s) — f(t)];

{t } i S te[ti_l,ti)

where {t;} ranges over all partitions of [0, 7], such that 0 = t; < t; < --- < t, =T, with
tiy1 —4; > and n > 1.

Lemma A.1 (Corollary 7.4, page 129 [15]). A collection of probability measures {fi, }, .y on
the metric space D([0,00); R) is tight if and only if the following criteria are satisfied:

1 Forallt € [0,00)NQ and € > 0, there exists a compact set K (t,e) C & such that, for

alln e N
lim inf i, ({f : f(t) € K(t,€)}) =2 1 —¢, (150)
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2 For any T € [0,00), there exists n > 0 such that, for all n € N

lim lim sup i, ({f : w'(f,7,T) > €}) = 0. (151)
n—U n—oo

In literature surrounding stochastic processes, the first condition is often known as compact
containment. The following well-known tightness criterion due to Jakubowski applies more
generally to D([0,00); F'), where F' is a completely regular Hausdorff spaces with metrisable
compacts. Since we assume & is a metric space, it applies to D([0,0); E):

Lemma A.2 (Theorem 4.6, [24]). A collection of probability measures {/i;},., on D([0,00); &)
is tight if and only if the following criteria are satisfied:

1 For anyt >0 and ¢ > 0 there is a compact set K (t,e) C & such that, for all i € I,
pi({f:Vsel0,t] f(s) e K(t,e)}) >1—ef]

2 There exists a family of continuous functions F from £ to R such that

2.1 The family F separates points, i.e., for any x,y € &€ there exists f € F such that
f(x) # f(y)-

2.2 The family T is closed under addition, i.e., if f,g € F then f + g € F.

2.3 Let, for f € F, f : D([0,00);E) = D(]0,00);R) denote the map such that
f(z) = fox, forx € D([0,00);&). Then, for each f € F the family of pushforward
measures {f*(,uz)} | Is a tight family on D([0,00); R).

1€
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