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On time-splitting methods for gradient flows
with two dissipation mechanisms

Alexander Mielke, Riccarda Rossi, Artur Stephan

Abstract

We consider generalized gradient systems in Banach spaces whose evolutions are generated
by the interplay between an energy functional and a dissipation potential. We focus on the case in
which the dual dissipation potential is given by a sum of two functionals and show that solutions
of the associated gradient-flow evolution equation with combined dissipation can be constructed
by a split-step method, i.e. by solving alternately the gradient systems featuring only one of the
dissipation potentials and concatenating the corresponding trajectories. Thereby the construction
of solutions is provided either by semiflows, on the time-continuous level, or by using Alternating
Minimizing Movements in the time-discrete setting. In both cases the convergence analysis relies

on the energy-dissipation principle for gradient systems.

Contents

1__Introduction|

[2  Setup and assumptions|

[2.1 _Preliminaries on gradientsystems| . . . . . . . . ... ... ... oL

[2.2 Assumptions on the generalized gradient systems| . . . . . . . . . . ... ... ...

[3__The time-splitting approach|

4 Two examples|

4.1 Non-convergence for multi-valued OC| . . . . ... ... ... ... L.

[4.2 A doubly nonlinear PDE example| . . . . . . . . . . . ... oL

[6__Convergence proof of the time-splitting method|

[0.1  Approximated energy-dissipation balance and a priori estimates|. . . . . . . . . . ..

.2 Liminf estim for the r (10

[5.3 Liminf estimate for the slopeterm| . . . . . . . . . . . ..o

[5.4 Conclusion of the proof of Theorem|3.3] . . . . . . . . . . . ... ... ... ...,

[6__Alternating Minimizing Movements|

[6.1 Setupandconvergenceresultf . . . . . ... ... ... L

2 Proofof TheoremIB. 1l . . . . . . . . . . . . . . e

DOI 10.20347/WIAS.PREPRINT.3033

Berlin 2023



A. Mielke, R. Rossi, A. Stephan 2

[7__The time-splitting method for systems with a block structure] 34
[7.1 Assumptions|. . . . . . . . L e e 35
[7.2  Time-splitting for block structure systems| . . . . . . . . ... ... .. ... . 37
[7.3 Alternating Minimizing Movements for block structures|. . . . . . . . ... ... ... ... .. 39
[7.4 An application to linearized visco-elasto-plasticity] . . . . . . .. ... .. ... ... ... .. 40
7.5 Proofof TheoremlZ.5] . . . . . . . . . . . . 42

|A_More on the Quantitative Young Estimate| 44

[B__Proof of Lemmal3.1] 45

1 Introduction

This paper revolves around the application of time-splitting methods to dissipative evolutionary pro-
cesses that are generated by a generalized gradient system (2", &, %), which is a triple such that

1 the ambient space (2, || - ||) is a (separable) reflexive Banach space;

2 the energy is a lower semicontinuous, time-dependent functional & : [0, T]x 2~ — (—o0, ],
bounded from below and has the proper domain [0, 7' x Z;

3 and the dissipation mechanisms are encoded by a convex lower semicontinuous dissipation
potential Z : 2~ — [0, 00).

In what follows, we will confine the discussion to the case in which both % and its convex conjugate
K X* — [0,00), & — sup,eq ((§,v)—Z(v)) have superlinear growth at infinity. We will refer
to the triple (2, &, %) as a generalized gradient system, because for true gradient systems the
dissipation potential Z : 2~ — [0, 00) has to be quadratic, leading to a Hilbert-space structure,
see [Mie23]. Whenever convenient, we will alternatively write (:2°, &, Z*). Throughout the paper, the
dissipation potential % will be assumed state-independent.

Typically, in this class there fall processes whose evolution results from a balance between the two
competing mechanism of decrease of the energy & and dissipation of energy according to %. Thus,
they are governed by the subdifferential inclusion

O (u'(t)) + 0&(t,u(t)) >0 in 2" foraa.t € (0,7). (1.1)

Indeed, (T.7) is a balance law between frictional forces in the (convex analysis) subdifferential 0.% :
2 = 2 given by

OZ ) ={we X" : Z(0) —RZ(v) > (w,0—v) forallve 2}

(where (-, -) denotes the duality pairing between .2™* and Z"), and potential restoring forces in the
Fréchet subdifferential 0& : [0,7] x 2~ = 2™* of & with respect to its second variable: at a given
(t,u) € [0,T]x 2 we define 0& (t, u) as the set of all { € 2™ satisfying

E(t,w) —E(t,u) > ({, w—u) +o([|lw—ul|) as|w—ul —0. (1.2)
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Time splitting for gradient flows with two dissipations 3

Therefore, can be recast as
—£(t) € 0Z(W/(t)) in Z* and £(t) € 08 (t,u(t)) foraa.t e (0,7). (1.3a)

From the thermodynamical point of view the primal dissipation potential % has a prominent role in
defining the kinetic relation n € 0% (v) between the rate v € 2 and friction force n € 2*. By the
Fenchel equivalence in convex analysis the kinetic relation can be inverted as v € 0.%*(n), such that
it is also meaningful to reformulate in the rate form

W(t) € O (—E(1) in 2 and £(t) € AE(t,u(t))  foraa.t € (0,T), (1.30)

which casts the dual dissipation potential under the spotlight. The first existence results for evolution
equations (1.3a),(1.3b), in the Hilbert space setting and for a quadratic dissipation, date back to the
late *60s [KGm67, ICrP69]; in particular, we refer to the monograph [Bre73]. Existence in general doubly
nonlinear case has been first systematically tackled in the seminal papers [CoV90, (Col92]. In the last
three decades, the existence theory has been extended to encompass nonsmooth and nonconvex
driving energies [RoS06, MRS13], based on the variational theory for the analysis of gradient flows in
metric spaces [Amb95| IAGS05, RMSO08].

Both dissipation potentials &% and Z* feature in the energy-dissipation balance

E(t,u(t)) +/ {Z (W (r)+Z*(—&(r)} dr = &(s,u(s)) +/ 0, & (r,u(r))dr (1.4)

forall 0 < s < t < T, which is equivalent to the primal and dual formulations under the validity
of a suitable chain-rule property for the gradient system (2, &, %). As a matter of fact, lies at
the core of our variational approach to gradient systems. Indeed, it turns out that a pair (u, &) fulfills
(and thus (1.3)) if and only if it satisfies the upper inequality <, and this has paved the way for
the usage of the toolbox from Calculus of Variations in order to prove existence results for (1.3), see
[AGSO05, IRMS08, IMRS13] and the references in the survey [Mie23].

The time-splitting approach

In this paper we focus on the case in which the dual potential Z* is given by the sum
K" = R + R; for two dissipation potentials R; : X; — [0, 00), (1.5)

with X ; (separable) reflexive spaces, ‘ordered’ in such a way that X, C X continuously. The energy
functional € : [0, 7] x Xy — (—00, 00 is defined on the smaller space and is extended to the larger
space by +oo. Clearly, the quintuple (X1, Xz, €, Ry, Ro) gives rise both to the individual gradient
systems (X1, €, R;) and (Xs, €, Ry), and to the system (X, €, Ri+R3), whose dissipation mech-
anisms are encoded by a ‘combination’ of R; and R, and which is thus governed by the subdifferential
inclusion

u'(t) € O(RT+R5)(=E(t)) in Xy and &(t) € 0&(t,u(t)) foraa.t e (0,7). (1.6)

In order to construct solutions to (1.6), it may then be convenient to use a time-splitting approach,
capable of handling the different properties of the potentials R, and R,. Indeed, split-step methods
with time step 7 = 7'/N and N > 1 amount to

(i) solving on the semi-intervals of length %7’, alternatingly, the single-dissipation gradient systems
(X;,&,2R), j € {1,2} (i.e., with rescaled potentials R;(-) = 2R;(3));
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A. Mielke, R. Rossi, A. Stephan 4

(i) concatenating the solutions to obtain a trajectory U, : [0, 7] — X;.

Then, and this is the main objective of the paper, the task in the convergence analysis is to show that
in the limit N — oo the sequence of trajectories (U, ), converge to the solution U of an effective
gradient-flow equation

IRz (U'(t)) + 0E(t,U(t)) 20  foraa.t e (0,7). (1.7)

For instance, in the case of reaction-diffusion systems, with this approach the approximate solutions
can be constructed by concatenating a solution obtained in the diffusion step, by a method tailored
to the linear parabolic structure, and a solution arising from a pure reaction step, which exploits the
distinct features of the nonlinear ODE. Split-step methods for evolution equations, where the right-
hand side is given by a sum of two parts as in (1.6), have a long history starting with the works of Lie
and Trotter for linear evolution equations. Later [KaM78| provided a generalization where the evolution
is given by subdifferentials of convex functions in the spirit of Brézis [Bre73]. In [CIM11] convergence
of split-step methods for gradient flows in metric spaces as in [AGS05] has been shown, in the case
the driving energy consists of two contributions with different properties.

In contrast, the functional setup considered in this paper is significantly different from that usually
addressed for time-splitting methods applied to gradient systems, because we tackle the situation in
which the dissipation consists of two parts. Hence, we have to account for the two different geometries
in the underlying space.

Our analysis

In the time-splitting approach to the generalized gradient system (X, &, Ri+R3), on the one hand
the ‘concatenation step’ may take place on the time-continuous level by concatenating alternating so-
lutions to the individual subdifferential inclusions for (X, &, 29%;), on intervals of length %7’ to finally
fill the whole interval [0, T']. On the other hand, one can work on the time-discrete level by using an Al-
ternating Minimizing Movement Scheme. We briefly illustrate the latter procedure in the following lines
and postpone a detailed analysis to Section [6] where we prove our convergence result in Theorem
The time-splitting scheme on the time-continuous level will be carefully studied in Section 3] see
Theorem 3.3

Indeed, a commonly used procedure for constructing solutions to the subdifferential inclusions for the
single-dissipation gradient systems (Xj, g, ij) is via Minimizing Movements. Adopting this method in
the context of the time-splitting approach means that for each j = 1,2 we solve the time-incremental
minimization problems involving the potentials R;(-) = 2R;(3 - ), whose rescaling corresponds to the
halved length %T of the discrete intervals. Approximate solutions are then defined by piecing together
these discrete solutions.

For illustrative reasons we present in the Introduction the time-splitting approach for a uniform partition
by intervals of equal length. The rigorous analysis in the main text allows for general partitions. Hence,
let 7 = T'/N define a uniform partition of the interval [0, 7] in sub-intervals ((k—1)7, k7), k €
{1,..., N}, with midpoint (k—1/2)7. Starting from an initial datum u, € dom(&), we define the
piecewise constant time-discrete solutions U : [0, T] — dom(€) C X; via U,(0) 1= uy =: U?

DOI 10.20347/WIAS.PREPRINT.3033 Berlin 2023



Time splitting for gradient flows with two dissipations 5

and,fork =1,..., N, we set
UT(t) = U,i fort € (k—1), (k—1/2)7], A(t) = U,f fort € (k—1/2), k7], (1.8)

U.
where U; € Argmin {% 531(%(U—Ugfl))vLE((k—l/Z)T, U)} :
UeX;

and U} € Argmin {% fJN%Q(%(U—U,i))nLE(k:T, U)} ,
UEX,
cf. also ahead. Further, we introduce the piecewise linear function (A]T : [0, T] — X so obtained
by affinely interpolating the values U, (t) and U, (t—7/2) for t in the intervals [(k—1)7, (k—1/2)7]
and [(k—1/2)7, k7). We also consider the piecewise constant interpolant £, of the discrete forces
& € 0% E((k—1/2)7,Uy) and & € 0% E(kT,UR) (with 0% € : X; = X* the Fréchet subdiffer-
entials of & (¢, -) with respect to the (-, ~)Xj pairings), that feature in the Euler-Lagrange equations for
the minimum problems (1.8).

Assume now that € : [0,7] x Xy — (—00, 00| is A\-convex in its second variable, uniformly in
t € [0, T, with respect to the coarser norm || - ||x,, namely

dXNeERVE € [0,T] Vug,uy € dom(E) VO € [0,1] :
A
E(t, (1=0)up+0ur) < (1-0)E(t,ug) + OE(t, uq) — 59(1_6)H“0_“1H§<1 .
Then, the functions (UT, 177,57) satisfy a discrete version of the energy-dissipation upper estimate,
i.e. forevery 0 < s <t < 7T we have
E(E(1), U (1)) + Die([s, 1]) + D3°([s, 1])

= A (1.9)
< E(t(s),U(9)) +/ & (& (r), U (r—%))dr + Rem,([s,t]),
S
where t, : [0, 7] — [0, T'] denotes the piecewise constant interpolant of the notes (k7)2_, of the par-
tition. Here, the rate contribution D' incorporates the primal dissipation potential depending on the
rate U/ featuring in the discrete energy-dissipation balances for the individual systems (Xj, g, 25R§),
namely

t
Dre [s, 4]) = 2/ Do r)®y (3020)) +0xe()Rs (3020) (1100
where x, : [0,7] — {0, 1} is the characteristic function of the union of the left semi-intervals

((k—1)7, (k—1/2)7]. Accordingly, the slope contribution Dslope features the dual dissipation poten-
tials evaluated at the force &.(t) € 0E(t(t), U.(t)), i.e.

D3P ([5, 1]) = 2 / D (MR (=& () +1=x- () R (=E-(r)) } dr. (1.100)

The previously required A-convexity of the energy E(t, -) plays a key role in the estimate of the re-
mainder term via

Rem,([s, 7]) 22%/ (8@(7“),UT(T))—E(ET(T),UT(T—%))_<_T(T)7UT(T)_UT(T_%)>X1> ar
At o
< 5 [ 100l 10.0)-T =Pl 0
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A. Mielke, R. Rossi, A. Stephan 6

This estimate ensures that lim, o Rem([s,t]) = 0. However, we emphasize that A-convexity of
E(t,-) is not necessary for our analysis and will not be used elsewhere in the paper. It is assumed
here, only, in order to illustrate our results for the gradient system (X1, &, Rj+XR%) in simple and self-
contained a way. As we will see in Section[6] this additional convexity condition can be avoided by a
more careful handling of the discrete estimates via the variational interpolant of the discrete solutions.

Taking the limit in leads to an upper energy-dissipation inequality that, assuming the validity
of a suitable chain rule property for the energy &, is in fact equivalent to the corresponding energy-
dissipation balance and yields a solution to the generalized gradient system (X, £, Rj+R3). This
is summarized in the following result, anticipating Theorem ahead. In the statement below we
do not detail all technical assumptions on the quintuple (X;, X5, &, Ry, Ry), but we highlight the
crucial, additional requirement that the Fréchet subdifferential is a singleton, called singleton condition
subsequently.

The counterexample constructed in Section shows that convergence of the time-splitting scheme
to a solution of (1.6) may in fact be false, if the singleton condition (1.11)) is not assumed, even in the
simple case X; = X, = R?.

Theorem. Under suitable conditions on (X1, Xy, €, Ry, Ry), suppose also that

O1E(t,u) = 0F*&(t, u) is a singleton for all (t,u) € dom(€). (1.11)

— A~ —_

Then, for any null sequence T — 0 the curves (U,), (U,), and () suitably converge to a pair (U, &)
solving the subdifferential inclusion (1.6) and fulfilling the energy-dissipation balance

E(t, U(t))+/ (Rt (U' (1)) +(R4RE) (—&(r))) dr = 8(5,U(5))+/ O E(r,U(r))dr (1.12)

forevery() < s <t < T, where Roq : X1 — [0, 00) is the primal dissipation potential corresponding
to (R{+R3), namely the inf-convolution of Ry and Ry

Ret (V) = inf (R1(v1) + Ra(v2)) .

vy, v2€X1, v=v1+v2

Without entering into the details of the proof, we now motivate how R.g naturally arises in the passage
to the limit in the rate term from (1.10a). For simplicity, and with no loss in generality, we illustrate this
when [s, t] = [0, T]. Then, for 7 > 0 we have

N

(k—1/2)7 N kr ~
Dre([0, T1) = Z {/( 2R, (3U(r))dr +/ 2R, ( U;(r))dr}

k—1)T (k—1/2)1

() N (k—1/2)7 N kT =N
0y, {][ R (L0/(r)) dr +][ ng(%UT’(r))dr}
( (

N[

k—1/2)1

(2) N (k—1/2)T . kT N
> ZT R, ][ %U;(r))dr +332<][ % T’(T)dr)
k=1 (k=1)7 (k—1/2)7

Uy, € / ’ vrinar) = [ R (1),

k—1)7

where U : [0,7] — X denotes the piecewise affine interpolant with U, (k7) = U.(kT) for
k € {0,...,N}. In the above calculation, on the right-hand side of (1) the symbol f denotes the

DOI 10.20347/WIAS.PREPRINT.3033 Berlin 2023



Time splitting for gradient flows with two dissipations 7

integral average, for (2) we have used convexity of R; and Jensen’s inequality, while (3) follows from
the definition of R.g. Taking the limit 7 — 0 we can use U, — U’ in L'(0,T; X;), and obtain the
first liminf estimate:

T
ngngmepzlznﬂwwyw

Likewise, the role of the singleton condition can be understood by a perusal of the argument for taking
the limit in the slope term. For this we introduce a key tool for our analysis: the repetition operators
T and TV that, applied to a given function ¢ : [0, 7] — X7, are defined via

, ) itte (k=17 (k—1/2)7] fork=1,...,N,
(TMO)(t) '_{ C(t=3%) ifte ((k— 1/2)7‘ kT] fgrkrzl,...,N7
2 _J Ct+E) ite ((k=1)T,(k=1/2)7] fork=1,...,N,
@QO@%{ ) ift e ((k—1/2)7 k7] &k:L“WN.

Thus, T replicates, on the right semi-intervals ((k—1/2)7, k7|, the restriction of { to the preceding
left semi-intervals ((k—1/2)7, k], while T') does the converse. A crucial property of the repetition
operators TW) is seen when calculating the slope part of the dissipation integral, namely (see for
more details)

D7 (0, 7)) = /0 ' {6 (r) 2R (<€ (1) + (1-x:(1) 2Ra (&, (1)) pdr
-/ C{RHCTOE (1) 425 (<TE (1)

In the first line the integrand on the right-hand side is a sum of two products, where each factor
only weakly converges for 7 — 0; thus convergence is not clear. However, in the second line,
where the repetition operators appear, we only have one weakly converging sequence in each term.
Moreover, the above expression for D5I°Pe well motivates the crucial role of the singleton condi-
tion (1.11). In fact, the two sequences (T(j)é’ )- can be shown to converge to limits &; that fulfill
&i(t) € 0% E(t,U(t)) for almost all ¢ € (0,T), provided a suitable closedness property for the sub-
differentials 9%/ & is assumed. Then, condition guarantees that 9% E (¢, U(t)) is a singleton
of X¥, so that 0% E(t, U(t)) = {&i(t)} = {&(t)} = 0%2&(t,U(t)) foraa. t € (0,T). Then,
£:=¢& =& :(0,T) — X gives rise to the force term in since

hmlnf Dpslore([0, T7) / {RI(—&(r)+R5(=&(r)) }dr —/ R

Splitting schemes for block structures

In the second part of the paper we tackle the application of the splitting method to generalized gradient
systems with a block structure. In such systems,

the state variable u is a vector u = (y,2)' € U := Y xZ,

with Y and Z (separable) reflexive Banach spaces. The evolution of the system is governed by a
driving energy functional £ : [0, 7]xU — (—o0, o] and by two dissipation potentials R, : Y —
[0,00) and R, : Z — [0, 00), each acting on the components of the rate vector v’ = (y/,2')",
namely

R(u) =Ry, 2") = (Ry®R,) (¢, 2) 1= Ry () + Ra(2') .

DOI 10.20347/WIAS.PREPRINT.3033 Berlin 2023



A. Mielke, R. Rossi, A. Stephan 8

Models in solid mechanics described by the evolution of the displacement, or the deformation, of the
body, coupled with that of an internal variable describing inelastic processes such as, e.g., plasticity,
heat transfer, delamination, fracture, damage, typically fit into this framework. Applying the splitting
method to this context boils down to letting first the variable y evolve on a semi-interval while keeping
z fixed, and then letting = evolve with y fixed on the next semi-interval. On the discrete level, this can
be compared with staggered minimization schemes, which have been recently used for gradient flows
and rate-independent systems, cf. e.g. [Rou10} [RTP15, KnN17, /AC*17] among others.

The analysis of this kind of systems can be framed in the context of our splitting approach by introduc-
ing the dissipation potentials R, : U — [0, oo]

Ri(v) = Ri(v,w) = Ry(v) + Tpop(w),  Ro(uw') = Rao(v,w) = To3(v) + Ry(w), (1.13)

where Jyqy is the indicator function of the singleton {0}, with ;91 (0) = 0 and oo otherwise. We then
concatenate the (time-discrete or time-continuous) solutions to the subdifferential inclusions

OR; (W' (1)) +0YE(t,u(t)) 20 inU*  foraa.te (0,7)

governing the single-dissipation systems (U, €, R;). Because of (1.13), in each step we either freeze
the variable z (for j=1), or the variable y (for j=2). In particular, on the time-discrete level the cor-
responding Alternating Minimizing Movement scheme consists of two consecutive minimum problems
in which either the variable z stays fixed and minimization only involves the variable y, or v is fixed
and we minimize only with respect to z. Nonetheless, let us stress that the energy functional E(t, -)
is defined on the product space U, and likewise the Fréchet subdifferential 9V € involves the (-, o
duality.

The analysis in Sections to E] relies on the ordering assumption that Xo C X continuously and
that R; and R; are superlinear on X ;. This assumption is no longer applicable in the case with block
structure, hence Section[7]shows how the analysis can be adapted; in particular the singleton condition
can be replaced by the weaker cross-product condition

OVE(t,y,2) = 0,E(t,y,2)xD,E(t,y,z)  forall (t,y,2) €[0,T] x U.

Under this and other conditions on the generalized gradient system (U, €, iRy®iRZ) we prove our two
convergence results, Theorem for the concatenation of time-continuous solutions, and Theorem
[7.7]for the Alternating Minimizing Movement scheme.

Plan of the paper. Section [2|lays down the foundations for our analysis: after recalling some known
facts about the energy-dissipation balance and its role in characterizing solutions for an abstract gra-
dient system (2", &, %) in Section in Section we specify our working assumptions on the
quintuple (X1, X5, €, Ry, Rs) and expound some of their consequences.

We devise the time-splitting scheme on the time-continuous level in Section (3] which also contains the
statement of our first main convergence result in Theorem proved throughout Section [5| Section
is instead devoted to examples illustrating the theory: a counterexample to convergence of the time-
splitting scheme without the singleton condition, and a doubly-nonlinear PDE example. In Section
[l we show that the analysis carried out in Sections [3|and [§ can be easily adapted to the Alternating
Minimizing Movement scheme introduced in and state our second convergence result in Theorem
which is the discrete counterpart to Theorem In Section |[7] we turn to systems with block
structure and provide our last two convergence results in Theorems[7.5/and Finally, Appendices
[Al and [B] contain some auxiliary results.
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Time splitting for gradient flows with two dissipations 9

2 Setup and assumptions

In the ensuing Section [2.1| we are going to collect some key facts about general gradient systems
(2, &, ) that will be used throughout the paper. Then, in Section we will move to the context of
two dissipation mechanisms and settle our working assumptions on the gradient systems (Xj, g, fR]-),

j€{1,2}.

2.1 Preliminaries on gradient systems

By generalized gradient system we mean a triple (27, &, %) satisfying the conditions (1), (2), (3)
explained in the Introduction. More precisely, throughout this section, we will assume that & and %
satisfy the following basic conditions:

< E > (time differentiability and power control): The energy & : [0, T|x 2" — (—o0, 0] is a
lower semicontinuous functional, bounded from below by a positive constant, and has a proper
domain [0, T1x % with 9 C Z . Moreover, for every u € P the functiont — & (t,u) is
differentiable and

3Cy >0 V(t,u) € [0,T|xZ: |0:E(t,u)] < Cué(t,u) . (2.1)

< R > (superlinear dissipation potential): The potential # : % — [0, 00) is lower semicontin-
uous and convex, Z(0) = 0 and, together with its convex conjugate Z2* : (Z*,|| - ||«) —
[0, 00), the functional % is superlinear:
K Kx*
im (v) = lim () =
loliteo [lo]| - liglltoo [I€]]

(2.2)

In particular, we emphasize that we will confine our study to the case of state-independent dissipation
potentials, although we believe that all of our results could be extended to potentials #Z = % (u,v)
with a suitably tamed dependence on the state variable u. Instead, our analysis cannot encompass
potentials taking the value oo (for instance, including indicator terms that force unidirectional evolu-
tion), since the treatment of the corresponding gradient systems necessitates additional estimates that
are outside the scope of the present paper.

The central result of this section is Proposition[2.] which is indeed at the core of our approach to gradi-
ent systems. It provides a characterization of the gradient-system evolution given by the subdifferential
inclusion (1.1), in terms of the so-called Energy-Dissipation Principle, combined with the chain rule for
the energy functional & . The following characterization of via an upper energy estimate has been
circulating for some time: it is in fact underlying analysis of gradient flows and generalized gradient
flows in Banach and metric spaces, cf. e.g. [Amb95| |AGS05, IRMS08, IMRS13| [Mie23]. Nonetheless,
in order to make the paper self-contained we detail the proof of the following result here as well.

Proposition 2.1 (Energy-dissipation principle) Letu € AC([0,T]; ) and ¢ € LY([0,T]; 27)
with§(t) € O& (t,u(t)) foralmostallt € (0,T"). Suppose that the mapt — & (t,u(t)) is absolutely
continuous on [0, T'| and that for (u, £) the chain rule

%g(t,u(t)) — & (t,u(t)) = (&(t),u'(t)) foraa.te (0,T) (2.3)

holds. Then, the following conditions are equivalent:
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(C1) The pair (u, &) complies with the upper energy-dissipation estimate, i.e.
/{% ))+Z*(— }dr<é"0u /@ ru(r . (2.4)

(C2) The pair (u, &) solves
—&(t) € 0Z (W' (t))  foraa.t e (0,T), (2.5)

and fulfills the energy-dissipation balance

/{%’ N+Z(—E(r) }dr = E(s, uls)) + /tat@@(r,u(r))dr (2.6)

forall s,t € [0,T] withs < t.
Proof. Obviously, (C2) implies (C1).

To show that condition (C1) implies (C2), we apply the chain rule (2.3) and deduce from the energy-
dissipation upper estimate (2.4) that

T

/ {2 (r)+2%*(—£(r))} dr < &(0,u(0)) — E(T,u(T)) —|—/0 0 & (r,u(r))dr
- | ey ar.

Now, since Z(v) + Z*(¢) > ((,v)x forall (v,{) € Z xZ™*, from the above inequality we
immediately infer that

R (1)) + B (—€(t) = (—€(t),u'(t))  foraate (0,T) 2.7)

which, by a well-known convex analysis result, is equivalent to the inclusion (2.5). The energy-dissipation
balance (2.6) follows by integrating (2.7) on an arbitrary time interval [s, t] C [0, 7| and again applying
the chain rule (2.3). This concludes the proof. m

The chain rule and the Quantitative Young Estimate

The cornerstone in the proof of Proposition is indeed the chain rule formula (2.3). Let us now
gain further insight on its validity: In view of estimate (2.), for any curve u € AC([0,7]; Z") along
which t — &(t, u(t)) is absolutely continuous we even have that t — 0,& (¢, u(t)) is in L>°([0, T7).
Therefore, underlying is the fact that the function ¢ — (£(¢),u'(¢)) € L*([0,T7]). That is why,
the chain rule condition is normally required along curves (u, &) for which the second estimate in
below is valid. Namely, the chain rule hypothesis for & is typically formulated in this way:

< CR > (chain rule): the pair (&,08&) satisfies the following property: for any (u, &) €
AC([0,T); Z)xLY([0,T]; Z°*) such that £(t) € O& (t,u(t)) for almost allt € (0,T) and

T
sup |&(t,u(t))| < oo and / 1€@) | [l ()] dt < o0, (2.8)
te[0,T] 0

the functiont — & (t,u(t)) is absolutely continuous and the chain rule (2:3) holds.
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The Quantitative Young Estimate QQY E which we introduce below is the condition on the dissipation
potential % that enables us to apply the chain rule < CR > to pairs (u, ) satisfying the energy-
dissipation upper estimate (2.4). It strengthens the Young estimate

H(w)+ X&) > (E,v)y  forall (v,§) € XxX*,

in that one requires the

< QYE > (Quantitative Young Estimate):
de,C >0V (v,8) e ZxZ": Rw)+Z* (&) > c||v]] ||E|l« — C. (2.9)

Indeed, if (27, &, %) satisfies conditions < E >, < R >, < CR >, and < QYE >, then, thanks
to 2.9), for any pair (u,&) € AC([0,T]; Z7)xL*([0,T]; 2*) satisfying (2.4) we have that the
estimates in (2.8) hold. Hence, the chain rule formula (2.3) is valid.

Let us now gain further insight into condition < QYE >. It is known that estimate (2.9) is not true
in general, see [MiR23al Ex. 3.4] for a counterexample. In turn, the following result provides a useful
sufficient condition for (2.9).

Lemma 2.2 Assume that there exists a continuous, convex and superlinear function v : [0, co[—
[0, 0o[ and constants ¢; > 1 and ¢, c3 > 0 such that

1
Voe 2 1/J<C—HUH) — o < R(v) < 1 Y(es||v|]) + co. (2.10)
3
Then, the quantitative Young estimate (2.9) holds with c = 1/(c;c3) and C' = 2c,.

In particular, the quantitative Young estimate (2.9) holds if & is given by a functional of the norm, i.e.
Z(v) = ¥(||Bv]||) with a bounded, invertible operator B : 2~ — 2.

Proof. Thanks to (270), we have 2*(£) > c19* (||€||+/(ci1¢3)) — c2. Combining this with the Young’s
inequality 1 (r) + 1*(s) > rs and using that ¢; > 1 we infer

A W)+ % (&) = Y(|[vll/es) — e + ™ ([[€]l/crcs) — e
1
= Y(llvll/es) + (€]l /ercs) = 2e2 = —— |[vll IE]l — 2c2.
1C3

Thus, the result is established. [

2.2 Assumptions on the generalized gradient systems

As we will see in settling our requirements on the gradient systems (X;, &, R;), j € {1,2}, the
conditions expounded in Section [2.1] will have to be adjusted to the interplay between the topologies
of the spaces (X, || - [|;).

Ordering of Banach spaces

We consider two (separable) and reflexive Banach spaces (X, || - ||1) and (Xs, || - ||2), such that
Xy C X and X C X densely and continuously. (2.11a)
More precisely, we assume that

IOy > 1VveXy: vl < Cxlvz. (2.11b)
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Driving energy functional

Clearly, the time-dependent energy functional € needs to have a domain contained in the smaller
space [0, T xXs. It is on this domain that we require the first set of basic conditions, namely condi-
tions < E > previously introduced: boundedness from below (by a constant that, up to a shift, can be
assumed positive), time differentiability, and control of the power functional by means of the energy
functional itself.

Hypothesis 2.3 (Time differentiability) The energy € : [0,7]xX; — (—00, 0] has the proper
domain

dom(&) = [0, T|xDg withDy C Xy and 3Cy > 0V (t,u) € [0,T]xDg : E(t,u) > Cp.

212
Moreover, on [0, T|x Dy the functional € complies with < E >. e
It is convenient to introduce the functional
¢ : Dy — [0, 00), ¢E(u) ;== sup E(t,u), (2.13)
te[0,7
and observe that, by and Gronwall’s lemma,
E(u) < e“#TE(t,u)  forall (t,u) € [0,T]xDy. (2.14)
We will work with the sublevel sets
Sgp={ueXy :€u) <E}, E>O0. (2.15)

We can now formulate our second condition.

Hypothesis 2.4 (Lower semicontinuity & continuity of the power) We require that for every j €
{1, 2} there holds

VE>0: ((tn,un) — (t,u) in[0,T]xX; and u, € Sg foralln € N)

liminf, oo E(tn, un) > E(t,u), (2.16)
limy, 00 O E(tn, un) = OE(E, u) .

Thanks to (2.76), the functional & is weakly lower semicontinuous in X; and thus the sublevel sets S
are (sequentially) weakly closed in X;. We highlight that, in lower semicontinuity of £(¢, -) is, a
priori, required with respect to the coarser topology given by X ;. Nonetheless, in concrete examples
E(t,-) may turn out to be coercive with respect to the norm || - ||, recall Dy C Xs. Hence, the
information that there exists £/ > 0 with v,, € Sg for all n € N may yield additional compactness
information on the sequence (uy),, and in fact weaken the above lower semicontinuity/continuity
requirements.

Hypothesisbelow involves the Fréchet subdifferentials of £(t, -) with respect to the duality pairings
(-, -)Xj, namely the operators 9% € : [0, T|xD; = X defined by

£ OME(tu) <= E(t,w) — E(t,u) > (§;w—u)x, +o([lw—ull;) as|w—ul; =0,
where for all ¢ € [0, 7] we define D; = {u € Dy : 9% E(t,u) # 0}. We have D; C D, and
O E(t,u) € 0%2E(t,u) N XS forall (¢,u) € [0,T]xD; . (2.17)
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Hypothesis 2.5 (Closedness of 9%/ £ on energy sublevels) We require that for every j € {1,2}
we have

VE>0: {(t"’“"75"> = (1, 8) in [0, T]x X, x X5, } — e ONE(u).  (218)
U, € Sg, & € 0%9E(ty, uy,) foralln € N

We emphasize that in closedness is imposed along sequences weakly converging in X ; thus,

for 5 = 2 condition may also be understood as a compatibility requirement between the duality

pairing of X and that of X5. Again, we remark that the requirement (u,,),, C Sg and the additional

compactness information granted by it may turn into a (more standard) closedness condition of

the graph of 9%7 & in X; x X.

Finally, along the footsteps of [MRS13} [MiR23a] we will assume the validity of the following chain-rule
condition for the subdifferentials 0% €.

Hypothesis 2.6 (Chain rules) For j = 1,2 the pair (&, 0% &) satisfies the chain rule property
< CR >.

Dissipation potentials

In what follows, we will work with two dissipation potentials satisfying the following conditions.

Hypothesis 2.7 For j € {1, 2} the functionals R; : X; — [0, o0) and their conjugates R} : X —
[0, 00) comply with condition < R, >.

For later use, we reformulate the superlinear growth conditions (2.2) that we require for R; and 92;- in
terms of a unique convex, superlinear and monotone function W providing a lower bound for the primal
and dual dissipation potentials.

Lemma 2.8 The dissipation potentials R; : X; — [0, 00) fulfill (2.2) if and only if there exists
a convex and increasing function ¥ : [0,00) — [0, 00), with superlinear growth, such that, for

j€{1,2},

Rj(v) > ¥(||v]|;) and Ri(§) > W (||¢]|;«) forallv € X;and§ € X . (2.19)

Proof. Clearly, (2.79) implies the superlinear growth (2.2) for the potentials R; and fR;. To check the
converse implication, observe that, since R; and R} are superlinear, for each j € {1,2} we have

R;(v) > K|oll; — Sk,

¢ (2.20)
Ri(&) > Kl[&llj — %

VK >035%, S >0VveX;, EeX:: {

with Sj = S3* = 0. For fixed K > 0 set Sk := max;_; o{S%, S%*} and define
U(r) :=sup{Kr — Sk : K >0} forr € 0,00).

By construction, R; and ij satisfy (2.19). It is immediate to check that ¥ is monotone increasing, has
superlinear growth at infinity, and since W(0) = 0, satisfies ¥ () > 0 for all » > 0. Moreover, VU is
convex as it is given by the supremum of linear functions. ]
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We now introduce some specific conditions to deal with the split-step system driven by the inf-
convolution of R; and R,. Since R; and R, are defined on two different Banach spaces, the effective
dissipation potential R.g needs to be carefully specified. It is more straightforward to first define the
dual potential R’ on the smaller dual space Xj. Therefore, let us introduce the functional

R, X: = [0,00),  R(€) 1= RIE) + Ry(E) foré € X7

We now identify SR, as the conjugate of the potential given by the infimal convolution of R; and of the
functional R, that extends R, to the whole of X by 0o on X;\X,. We mention in advance that in
below we will directly define Reg via a minimum: in the proof of Lemma|2.9| we will show by the
direct method that the infimum is attained.

Lemma 2.9 (Properties of the inf-convolution) Let Ry : Xy — [0,00) be defined by Ry(v) :=
Ra(v) ifv € Xy, and by Ry (v) := oo else. Define

Rer : X1 = [0,00) Reg(v) 1= min (le(vl) +§2(v2)) ) (2.21)

v1,v2€X1, v=v1+v2

Then, the following statements hold:
(1) Reg is lower semicontinuous and convex, with Rig = R..

(2) With W from Lemmal|2.8 there holds

1
20 (5 vlh) < Rarlo) < Rifo) S W () orarveX.. (22

Estimate (2.22) highlights that, ultimately, the relevant Banach space for R.g is X;. That is why, from
now on we will use the notation X.g := X;.

Proof. Preliminarily, observe that also the extended potential §2 is lower semicontinuous on Xj.
To see this, take a sequence v,, — v in X; such that lim inf,, ﬁg(vn) < o0. Then v,, € X5 and
ﬁg(vn) = Ry (vy,). By coercivity of R, and reflexivity of X, we have v,, — v in X, for a non-relabeled
subsequence. Hence, v € X,. Since R, is convex and strongly lower semicontinuous, it is also weakly
lower semicontinuous, which yields that lim inf,, Ry (v,) = liminf, Ra(v,) > Ra(v) = Ra(v).

Proof of Claim (1): Applying [IoT79 Thm. 1, p. 178] we immediately find that

HERAR, =R+ R

x; = R

(where the duality pairing with respect to all the conjugates above is that between X7 and Xj). In
turn, thanks to Hypothesis [2.7, dom(R}) = X for j € {1, 2}, hence both conjugate potentials R}
are continuous on their common domain X7. Therefore, [[0T79, Thm. 1] again applies, yielding that

(RT+RE)* = (Ry* S R5*) (where the have simply written R3 in place of R3|xx). Thus,
inf ——

sk * * * % oo N
eff — m* - (Rl—i_:RQ) = (:Rl © :RQ ) = (SRl © :RQ) - :Reffa

which ensures that R.g is convex and lower semicontinuous on X.

Moreover, we see that in (2.21) the minimum is attained. Indeed, taking, for a given v € X; with
Resr(v) < 00, minimizing sequences (v).),,, (v2), C X; such that v} + v2 = v, we again observe
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that, by coercivity, up to a (non-relabeled) subsequence we have v! — v!in X; and v? — v?in X,
for some v* € X;. Hence, we obtain that

Rer(v) > liminf Ry (v}) + liminf Ry(v?) > Ri(v') + Ra(v?),
and the claim follows.

Proof of Claim (2): For all £ € X7 we observe the following chain of inequalities:

(1) (2)

([[€]l) < RE(E) < Rig(€) < T ([I€]l10) + T*(NIE]]2.4) (2.23)
(3) (4)
< U ([[€]lx) + T*(Oxllé]lne) < 20%(Oxll€]l1,x) (2.24)

where (1) and (2) follow from (2.19), while (3) and (4) are due to (2.11b), also taking into account the
monotonicity of ¥ and Cy > 1. Then, (2.22) follows by conjugation. |

Our last, crucial condition on the dissipation potentials R;, and on Rg as well, is that they all satisfy
the QYE (with estimate (2:9) for R.g involving the norms || - ||; and || - ||1 .+, and the space X to be
understood as X;).

Hypothesis 2.10 We require that the potentials R; : X; — [0,00) for j € {1,2,eff} satisfy the
Quantitative Young estimate < QYE >.

Of course, the Quantitative Young estimate for R is not independent of the analogous requirements
for R, and Ry. We refer to Appendixfor some results addressing this connection.

Existence results

It follows from the Hypotheses listed above that the existence result [MRS13, Thm.2.2] applies to
the (generalized) gradient systems (Xj, S,ij), 7 = 1,2. In particular, observe that, since weak
convergence in X, implies weak convergence in X, Hypothesis guarantees (sequential) lower
semicontinuity of & and continuity of 0; € with respect to the weak topology of X; likewise, Hypothesis
ensures (sequential) closedness of 9%2& with respect to the weak-weak topology of Xy x X5,
Therefore, we conclude the existence of solutions to the Cauchy problems for

OR; (' (t)) + 0% €(t,u(t)) 2 0in X} ae.in (0,T), u(0)=ug €Dy, je€{1,2} (225
also satisfying the associated energy-dissipation balance. In fact, by Lemma[2.9 the effective dissipa-

tion potential R.¢ enjoys the same properties of R and Ry, and we can likewise directly conclude an
existence result for the Cauchy problem associated with

ORep (v (1)) + O E(t,u(t)) 2 0in X} ae.in (0,7), u(0)=wuy € Dg. (2.26)
Theorem below states the existence of solutions to the Cauchy problems for (2.25) and (2.26). In

fact, the main objective of the analysis carried out in the ensuing Sections [3] and [5] will be to demon-
strate that a solution to (2.26) can be constructed via the time-splitting method.
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Theorem 2.11 Assume Hypotheses and Then, for every uy € Dy
and each j € {1,2,eff} the subdifferential inclusions (2.25) and (2.26) admit a solution u; €

AC([0,T7; X;) (where X = X ) satisfying u;(0) = uo, and indeed there exist measurable selec-
tions (0,T) > t = &(t) € 0%9E(t,u;(t)) € X3 with —&;(t) € OR;(uj(t)) fora.a.t € (0,T),
such that (u;, &;) fulfills the energy-dissipation balance

£t us(t)) + / (R, (0, ()= RE (=&, (1)) dr = E(s, uy(5)) + / QE(r (1)) dr (2.27)

forevery) < s <t <T.

It is important to mention that our conditions on the generalized gradient systems (Xj, g, ij) are
slightly weaker than those required in [MRS13]. There, compactness of sublevels was required of the
energy functional and, accordingly, the lower semicontinuity and closedness conditions were imposed
along sequences converging with respect to the strong topology. Here, we work in the more general
setup of Hypotheses and [2.5] in fact, a close perusal of the proof of [MRS13, Thm.2.2] reveals
that its arguments can be adapted to the present setup, see also [MiR23a].

3 The time-splitting approach

For the time-splitting method let us consider a (possibly non-uniform) partition of the interval [0, T']

P.o={t =0<tl<.. . <th<thl <. <tr=T
T T T T T

with 7, = ti—t% " and |7 :=max {7, |k =1,...,N; }. &1
We also introduce the ‘left’ and ‘right’ semi-intervals generated by &2, namely
Lop o= (L ], I = (2 b (3.2)
In what follows, we will use the short-hand

2= e = L 4h) fork=1,..., N, (3.3)

To simplify notation, we introduce the piecewise constant interpolants associated with the nodes of the
partition

t.:[0,7] = [0,7], t(0):=0, *t(t):=tF forte (b1 F];

3.4
t. :[0,T] = [0,T], t(T):=T, t.(t): =t forte[th! tF). 54

We will also use the notation
ke(t) :=Fk fort € 0T UIST, and 7(t) := 7,y fort € (0,7, (3.5)

with 7(0) := 7.
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Figure 1: Left: Schematic sketch of a function g generated by a split-step approach with equidistant
partition. Right: The repetition operator ']I‘(Tl) selects the left semi-intervals and repeats them in the
right semi-intervals.

Repetition operators

A key tool for our analysis are the following operators, defined on the space L!([0,7]; 27) with a
(general) separable and reflexive Banach space 2 :
) fort eI ®
T LY([0,T); 27) — LY[0,T); Z); (TWg)(t) := g(; lft 7 (3.6a)
) g(t——(;)) fort € Iri’gh*t( ) ,
(1) ke (t)
t+ fort el )
) ©i.w (36D

T L0, 27) = L0, 2): (Tg) (1) ::{ g(g<t> for t € I

We shall refer to ']I‘S-l) and ']I‘S-Z) as repetition operators, since ’]I‘S-l)g repeats, on the ‘right’ semi-
intervals, the values of the function ¢ from the ‘left’ semi-intervals, while Ts?)g does the converse,
see Figure [1]for an illustration.

The following result collects some properties of the operators 'T.(rj): though straightforwardly checked,

they will play a key role in our analysis. Ahead of the statement, we recall that the convergence in the
space C°([0,T|; Z+) is, by definition, given by the convergence of CY([0, T]; (2", dweax)), Where
the metric dy.ear induces the weak topology on a closed bounded set of the reflexive space 2.

Lemma 3.1 Forj € {1,2} we have the following properties:

1 ForallT™ € A we have 4
1T |Lin < 2,

where || - ||Lin is the norm of Lin(L'([0, T]; 27); L*([0, T]; Z7)).
2TV g — gforeveryg € LY([0,T]; Z7) as || — 0.
3 For any family (g, ) C C°([0,T]; 2% ), we have
gr — ginC([0,T]; Z%) as|T| = 0 = TWg, — g inL>([0,T]; Z%) . (3.7)

4 For any family (g,)» C L*([0,T]; Z), we have, in the limit |T| — 0,

gr = ginLY([0,T]; 2) = %(T(l)ﬂff)) (g-) = g inLY([0,T]; Z). (3.8)

T

The proof of Lemma[3.7] will be carried out in Appendix [B]
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The time-splitting algorithm
We recall the rescaled dissipation potentials fJVQj : X,; — [0, 00) given by

R;(v) := 2R; (1v) with conjugates 53;‘(5) =2R3(§) forj e {1,2}. (3.9)
Fork € {1,..., N;}, we consider the Cauchy problems associated with (X, €, iJNQj):

1 the Cauchy problem for (X, &, J~Q1) with some initial datum u € Dy:

ARy (v (1)) + OE(t,u(t)) 30 in X% foraa t € IlT 5.10)
uth ) =u. '
2 the Cauchy problem for (X, &, 522) with some initial datum @ € Dy:
R (v (1)) + 0&(t, u(t)) 0 in X foraa.te |
k_1/2 & (3.11)
u(ts ') =1,

(cf. (33) for the definition of £~ /%)

Thanks to Theorem|[2.11] both Cauchy problems admit a solution. We are now in a position to detail the
time-splitting algorithm. Starting from an initial datum ug € Dy, we recursively define the approximate
solution Uy : [0, T] — Dy in the following way:

Ur(0):=uo  and,fort € (t571 t5]with k = 1,..., N,, we define

U as a solution of Cauchy problem (3.70) with u = UT(tf__l) on If;’f:, (3.12)

U, as a solution of Cauchy problem @) with @ = U, (£ '+Z) on If{gTht :

By construction, we have U, € AC([0,T]; X;).

Our main convergence result

We will prove the convergence of (a subsequence of) the family of curves (U;)- to a solution U of
the Cauchy problem for the generalized gradient system (1.7), under the additional singleton condition
on 9%X2€&. We mention in advance that the fact that X2 (¢, u) is a singleton does not imply Fréchet
differentiability of € at (¢, u), cf. e.g. the counterexample in [Mor06, § 1.3, p. 90].

Hypothesis 3.2 (Singleton condition) We assume that

O®2&(t,u) is a singleton for all (t,u) € [0, T]xDs. (3.13)

Obviously, due to (2.17), Hypothesis implies that, whenever it is non-empty, O%1&(t, u) is also a
singleton and coincides with 8X28(t, u). Indeed, in Section we will present a counterexample to
convergence of the split-step scheme, in the case of an energy with multi-valued Fréchet subdifferen-
tials, i.e. the singleton condition fails.

Our main convergence result states the convergence of (a subsequence of) the curves (U, ), as
|7| | 0, to a solution of the Cauchy problem for (2.26). We highlight that we even have convergence
of the ‘repeated velocities’ (TS-J)UT’).,., to the optimal velocities contributing to Reg (U”).
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Theorem 3.3 (Convergence of time-splitting method) /n addition to the assumptions of Theorem
2.11, assume the ordering condition and the singleton condition of Hypothesis Starting
from an initial datum uy € Dy, define the curves (Uy ) e as in (3:12). Then, for any sequence (T,)y,
with lim,, ., |7,| = O there exist a (non-relabeled) subsequence, a curve U € AC([0,T]; X;),
some E > 0, and V; € L'(|0,T]; X;) for j = 1,2 such that U(0) = wug, U(t) € Dy N Sg for all
t €10,7],

Ur, (1) = U(t) inXy forallt €[0,T], (3.14a)
1 ..

511‘(,{3(U;n) —~V; inLY([0,T); X;) forj =1,2, (3.14b)
U, —~U=Vi+V, inL1([0,T]; X,), (3.14c)

and there exists a function ¢ € L'([0,T]; X%) such that the pair (U, &) solves the subdifferential
inclusion

{afReff(U O)+EH30 e praate 0.7) (3.15)

OMEU()) = {5(1)}

and fulfills the energy-dissipation balance, forevery 0 < s <t < T,

E(t,U(t)) —i—/(iReﬁ“(U’(r))—l—R:ﬁs(—ﬁ(r))) dr = 8(5,U(8))+/8t8(r, U(r))dr. (3.16)

S
Moreover, (V1, V3) provides an optimal decomposition for U’, namely

Vi(t) + Va(t) = U'(t)
Ry (Vi () +Ro(Va(£)) = R (U7()) = min le(vl)+ng(vz)} fora.a.t € (0,7). (3.17)

v1+voe=v

The proof of Theorem [3.3] will be carried out in Section 5| We only mention that, as suggested by
Proposition our argument for proving that the curves (U;., ),, converge to a solution of will be
tightly related to the proof of the energy-dissipation balance (3.16). As a by-product of this, in Section
we will obtain enhanced convergence information for (U )., in addition to the convergences (3.14).
In order to state these properties, we need to bring into play the two integral terms that will encode the
dissipative contributions in the approximate version of (cf. ahead). Their definition features
the characteristic function of (the union of) the semi-intervals Ifef’t' i.e.

O 1) = ) T @19
Recalling ﬂ~%j = 2R;(3 ) and 5%;‘ = 2R7, on subintervals [s, t] C [0, 7] we introduce
1 the rate term
Dite([s, 1]) == /: (e (r) Ry (UL(r)) + (1=x2 () Re (U7 (r)) ) dr (3.19a)

2 and the slope term

D7 (l5,8) = | (el Ri=&) + 1) Re(~6: (1) ) dr. @190
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Now, we are in a position to state the enhanced convergences that we will succeed in proving for the
sequence (U, ),, namely

.U (1) — E(LU()) forallt € [0,T], (3.202)
@ﬁ%pﬂ)-»/fmﬂww»m7

: for all [s, t] C [0,T]. (3.20b)
D (s t) — [ Rig(-(r))r

In fact, for the velocities we will even obtain the following, more precise, convergence statement along
any interval [s,t] C [0,7]

t t
[ RGT0UL ) — [ R i1z @21)

4 Two examples

In the upcoming Section |4.1| we exhibit a counterexample to Theorem (3.3] in the case in which the
Fréchet subdifferential does not comply with the singleton condition from Hypothesis[3.2] In Section[4.2
we provide two gradient systems (X1, &, R;) and (X, &, R») fulfilling all assumptions of Theorem
3.3

4.1 Non-convergence for multi-valued 0&

Following [Mie22] Section 3.1] we consider the simple case X; = X, = IR? and a one-homogeneous
energy E(t,u) = E(u) = max{|ui|, |us|}. Clearly, £ is convex and its convex subdifferential is
multi-valued, with

(

{£(1,0)"} for +wuy > |ugl,

{£(0,1)"} for & us > |uy],

08(u) =< {£(0,1-0)" |0 €[0,1] } forus = ug, tuy >0,

{£(0,0-1)T |0 €[0,1]} foru; = —ug, +u; >0,
[—1,1]x[—1,1] for u = 0.

For a general dissipation potential of the form
% a, by
R*(&) = 56 + 56 (4.1)
2 2
we can solve the gradient-flow equation for (]R2, £, R*) and obtain a contraction semigroup on the

Hilbert space R? (cf. [Bre73| Theorem 3.1]). We consider the solution with the initial condition u° =
u(0) = (2,1)7, which leads to the piecewise affine solution

ut) = (*7%) fort € [0, 1],
ult) = (1= (t=3) ) (1) forte]s, 2+3],
ut) = () fort > 2 4 1.
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Note that in the middle regime the solution satisfies u1 = wus; > 0 and hence the subdifferential
0&(u(t)) is set-valued. This multi-valuedness is necessary as the choice for (6,1—60) € 0&(u)
indeed depends on R*, namely 8 = b/(a+Db). For later use, it is nice to observe that —u/ (¢) only
takes three values, namely a, ab/(a+b), and 0.

We now apply the split-step algorithm for the two dissipation potentials
* ay bl % as bg
Ri(§) = Ef% + 555 and R;(§) = :

a2 92 -2
RRES
Clearly, we have the effective potentials

a b 1 1
(&) = 55% + 555 and Reg(&) = ng + 2—{)63 with @ = a;+aq and b = by +b,.

The three gradient systems (R?, &, R*;), (R?, €, 2R}), and (R?, €, 2R3) have the same form as the
gradient system (RQ, &, R*) with the general potential R from (4.7). Hence, the obtained solutions
are again piecewise affine and V' := —u/(t) only takes three values.

In the first regime wy (t) > |uz(t)| we have the three velocities:
Rig: Ver = (“5), 201 : Vi=(?1), 2Ry: Vo= (*2).

0 0
Hence, we observe that the split-step solutions uT oscillate between the two velocities V; and V5 in
such a way that the weak limit of —u! equals 5 (Vl—i—Vg) = (‘”Jg“z). Hence, in this regime (where
0&(u) is single-valued), we have convergence of Us 10 Ueg @S Veg = %(Vl—l—Vg).

However, for ¢ € |1, 2 4 1] the situation is different, because for u;(t) = us(t) > 0 the subdiffer-
ential is multi-valued. The three velocities are

Rig: Ver = 22(7), 2Ry : Vy=2ub(hy 2Ry V, = 202k (1),

a+b a1+bi \1 az2-+b2
12,1
Clearly, for t € h, S+ [ we obtain

Uz (t) = Ui (t) = (}) — (=)L (Vi+Va), while ueg(t) = (}) —(t-Hv.
We always have V| > ‘5 V1+V2)| but in general with a strict inequality, e.g. for (a1,b;) = (1,3)

and (az, by) = (3,1) we have a = b = 4 and obtain Vg = (3) andV; = V5 = (gg)

We observe that the effective solution has a higher speed and is reaching u(t) = 0 already at t =

1/4+41/2 = 0.75. However, the split-step solution w., which is actually not oscillating with T because
of Vi = V4, is slowed down as it reaches u.(t) = O only fort = 1/4 +2/3 ~ 0.917.

Remark 4.1 In this example one can follow the limiting procedure in the energy-dissipation balance.
One observes that the liminf estimate for the velocities always works. However, because of the limiting
rate being too small, there is a true drop. Witht, = 1/a andty = 2/a + 1/b and (a1,b;) = (1,3)
and (az, bs) = (3,1) we have

1 2 _ 1/~ ~ 1 a1b1 CLQbQ 3
R ’d:-(ﬂzv RV):— 2
t /lt1 7o (ur)dT 5 1(V1) + Ra(V2) 2<a1+b1 + a2+b2> 1

However, the limit uy;y, of u, satisfies ul, = Vi = Vo = %(1) and

9 3

—— 2 < Z
[ Ratuha0)a = Ra(v) = g = 3 5 3

Such a drop cannot be recovered if we treat the rate part of the dissipation and the slope part of
the dissipation separately, as is done in [SaS04), see also the discussion in [Mie23, Sec. 5.4]. The
approach of EDP convergence as studied in [DEM19,IMMP21,IMPS21|] may be capable to pass to the
limit as well, but this lies outside the range of this paper.
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4.2 A doubly nonlinear PDE example

In this section we consider a doubly nonlinear PDE of Allen-Cahn type where the above split-step
method applies. Let 2 C R? be a bounded Lipschitz domain. On the

Banach spaces X, = LP(Q) with p € (1,pg], and Xy = H}(Q) (4.2a)

with pg = 2% for d > 3, and py arbitrary in (1, 00) for d € {1,2}, so that X, C X; densely and
continuously, we consider the

1 1
dissipation potentials Ri(v) = —[|lv[l{p(qy and Ra(v) := §HVUHfz(Q) , (4.2b)
p
and the
energy functional €:[0,T] x LP(Q2) — (—o0, 00| defined via (4.2¢)

E(t u) = fQ %|VU|2+W(U) dr — <€(t),u)H(1)(Q) foru € HY(Q2) and W (u) € L(Q),
’ 00 otherwise .

In what follows, we will suppose that
¢ e CH[0, Tl H (), (4.3a)
and, following [RMS08, Sec. 7], we will require that W : R — R satisfies W € C?*(R) and

W"(r) > =Cw,
3Cw,1, Cwy2, Cwz > 03s, € (1,E4) Vr € R: yW(’? )‘2 —gm(, ) (4.3b)
Wir)| < Cws(1+|r|*),

where with p* is the dual exponent to p.

Theorem[4.2|below addresses the validity of the assumptions for Theorem3.3]in the context of the two
gradient systems (X, &, R) and (Xs, €, Ry). Observe that the corresponding evolutionary equa-
tions are

(X1, &R+ WP —Au+W (u) = ¢ in(0,T)xQ,

(X5,&,Ry) = — AU —Au+W'(u) = £ in(0,T)xQ.
Theorem 4.2 Under conditions (&.3), the gradient systems (X1, &, Ry) and (X3, €, Ry) from (@-2)
comply with Hypotheses and Hypothesis[3.2 The QYE from Hypothesis[2.10 holds if and only

if p < 2. In particular, for p < 2 the solution of the gradient system (Xl, g, fReff) can be constructed
by the time-splitting method.

The proof will be carried out in the two following sections, starting with a discussion of the properties
of the energy functional £.

Properties of the energy

The lower bound on T/” required in (4.3b) will be used to derive A-convexity of &, the bound on W/
shall provide the lower bound on the energy, the third bound on TV will be exploited for proving the
closedness of the subdifferentials of €.
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Indeed, it is immediate to check that £, whose proper domain dom(&) is of the form [0, 7] x Dy with
Do C H{(€), is bounded from below and complies with the power-control condition (2:7). Since for
every EJ > ( the corresponding sublevel set Sg (cf. (2.15)) is contained in a bounded set in H(l)(Q)
we also immediately verify Hypothesis [2.4]

The same arguments as in the proof of [RMS08| Lem.7.3] (cf. also [RMS08, Rmk. 7.4]) yield the
following representations for the Fréchet subdifferentials 9% € of E(t, -):

for X, =LP(Q): 0% E(tu) = {—Au—i—W’(u)—E(t) it — Aut+W'(u)—L(t) € LP"(Q),

0 else;
for Xy = HY(Q) : 0%*€(t,u) = {_AHWJ“)_W ifl — Aut W (u)—((t) € HH(Q),
else.

Hence, the singleton condition from Hypothesis is satisfied. As for the closedness requirement
from Hypothesis [2.5} let ¢, — t in [0,7] and let us consider a sequence (u,), C Sg for some
E > 0, weakly converging to some u in L?(€2). Hence, (uy, ), is bounded in H}(Q2) and thus u,, — u
in H'(Q), so that —Aw,, — —Auin H1(Q), and u,, — u strongly in LP4~¢(Q) (as py is the critical
exponent from the Rellich-Kondrachov theorem). In particular, u,, — u, and thus W’ (u,,) — W'(u),
a.e. in 2. Furthermore, W'(u,,) < Cluy,[* a.e.in (. Since s, < £2, by dominated convergence we

conclude that W’ (u,,) — W' (u)in LP"(Q). Also using that £(t,,) — £(t) in H~(Q2), we immediately
conclude the closedness of both subdifferentials 0% €.

Finally, it was shown in [RMS08, Lem. 7.3] that E(¢, -) is A-convex in L'(£2), i.e.
E|)\<Ovt€[O,T]VUO,QMGD()VQG[O,H : (4.4)

A
E(t,up) < (1-0)E(t,up) + 0E(t,uy) — 50(1—8)||u0—u1||il(9) with ug = (1—60)ug + Guy

Then, E(t, -) are A-uniformly convex in X, and in X, (namely, estimate .4) holds with || - ||r1(0)
replaced by |- [|» () and || |11 (c) respectively, and A suitably adjusted). Then, we are in a position to
apply [MiR23a, Prop. A.1] and conclude the validity of the chain rule property < CR. > for (€, 9% €).

Properties of the dissipation potentials R, R, and R ¢

Finally, we discuss the validity of Hypotheses and[2.10|for R; and R,. Obviously, the dissipation
potential R, and its conjugate R} comply with condition (2.2); also R, has superlinear growth, since
on X, = H{() the function ||V - ||12(q) provides a norm equivalent to the H' (2)-norm. Finally, we
observe that

" 1 1
%(6) = sup {(0.6) = 3ol | = 5190 o

veH}(Q)
where v, € H}(Q) is the unique solution of ¢ = —Auw, in the Hj x H~! duality. Hence,
_ . 1 _
36,0 >0VE e HHQ): el€lliimig < R€) = SIV(=2) ¢l < Clléllire) 45)

We now discuss the validity of the Quantitative Young Estimate (2.9) for R,
R — 1 1 p 1 V 2
erw) = min (l[v=ul o)+ 51190l

(where we omit to detail that the term ||Vv||%2(m is replaced by co if v € LP(Q)\H}(Q), cf. 2:21)).
We will distinguish the cases p € (1,2), p = 2 and p > 2, and show that the QYE holds if and only
if p < 2. For this, recall Xoq = X; = LP(Q).
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QYE forp € (1,2). Using || Vu|lr2@) > Cllul|Lra) on Xo = Hi(2), we have

C
Ra(v) > —HWHizm) 2 S lvlltrs
Since py > 2 > p, we obtain

Therefore, R; and Ry comply with condition of LemmalA.2] which guarantees the validity of the
QYE for Reg.

QYE for p = 2. In this case,

1 1
16(6) = RIE) + Re(E) = €l + 51 V(—A) €]aq, foral € € X; = 1A(©).

Hence, also for R.¢ we have both a quadratic upper bound and a quadratic lower bound. Therefore,
we may apply Lemma[2.2)and conclude that R.s complies with the QYE.

Failure of QYE for p > 2. Below we will establish the following two statements:
A)Fv#0ICL >0YA>0: Reg(Mv) < OxN?,
3(6) e N X730 >0 &l (@) = 00 and Rig(&n) < Calléalll- o, -

Step 1: (A) and (B) imply that QYE does not hold. In (A) we can choose A = \,, = ||fn||p /2 Then,
(A) and (B) imply the upper bound
Reti (An0) + Rig(€n) < (Ca + C)[€alll,e ) foralln € N. (4.6)

However, QYE would imply the lower bound
* 1 2
Rest(Mn0) + Rip(6n) = e Mt llr@ €nllir @ — C = ellvlluaoy 16nll

Because of p > 2 we have p* = p/(p—1) € (1,2) and hence p* < 1+ p*/2. Slnce, by (B) we can
take ||&, ||+ arbitrarily large, we see that the lower bound derived from QYE contradicts the upper
bound (4.6). Hence, QYE is false.

Step 2: (A) holds. We choose any v € LP(Q) N H}(Q) with v # 0. Then, Reg(Av) < Ry(Av) =

Step 3: (B) holds. We set &, (z) = nsin (n'™P"/2z;) and observe

v —/np*‘sin(nl_p*/leﬂp*dxan*/ | sin(n'~ —P200) ‘ da:>—\/]Q|
Q

where we used |sina|P” > |sin a|? because of p* € (1,2). Moreover, using &, = —0,,=,, for
En(z) = nP" /2 cos(n'~?"/211) we find

||£TLHH(1)(Q)*: sup /fnvdx: sup /—8xlEnde

160

ol <1/@ oy <1 /0
= sup /En O vde < |2, |2 < w2\ .
ol <1/@

With the above estimates, we arrive at R’;(€,) = Rj(£,)+R5(&n) = I%
Cn?", and (B) follows with Cg = 2C'/+/[€].

+ ||§n||H1(Q)* S
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5 Convergence proof of the time-splitting method

Our argument for the proof of Theorem is carried out in the following steps, tackled in the upcoming
Sections It follows the classical existence theory for solutions to gradient flow equations, see
the survey [Mie23].

(1) A priori estimates and compactness: From the energy- dissipation balances for the Cauchy prob-
lem on the semi-intervals (I};7)N7 . and for (3.7) on the semi-intervals (IflgTht)chTp we
will deduce an overall energy-dissipation balance satlsﬂed on the interval [0, 7| by the curves
Uy from (3:12). Therefrom we will derive all the a priori estimates on the family (U )., cf. Propo-

sition[5.1]ahead. Consequently, we will deduce suitable compactness properties for a sequence
(UTn )TL

We then pass to the limit in the energy-dissipation balance, by separately addressing

(2) the limit passage in the rate term D™*([0, 7']), where we use Reg = R4 s R,, and

(3) the limit passage in the slope term Ds°°*([0, T']), where we exploit the singleton condition (3-13).

With Steps (1)—(3) we will thus show that (along a subsequence) the curves (U, ), converge to
acurve U € AC([0,T]; X;) for which there exists £ € L([0,T]; X}) such that the pair (U, &)
complies with the upper energy-dissipation estimate

&(T, U(T))+/O (Ree (U (r))+Rig (=& (r))) drr < €(0,U(0 /at r,U(r))dr. (5.1)

(4) Conclusion of the proof: We will apply energy-dissipation principle from Proposition [2.1]to con-
clude that (U, £) fulfills the subdifferential inclusion and the energy-dissipation balance
(3.16). With a careful argument based on the limit passage from the approximate energy-
dissipation balance to (3.16), we then derive the optimal decomposition (3.1/) and the en-

hanced convergences (3.20) and (3.21).

5.1 Approximated energy-dissipation balance and a priori estimates

To state the approximate energy-dissipation balance we introduce a curve &, : [0, 7] — X% encom-
passing the force terms that appear in the subdifferential inclusions (3.10) & (3.11). We will separately

define &, on the sets (Jr7, I7 and Uk i Irlght whose union gives [0,77]. Recall that, for every

ke {1,...,N,},onthe semi-interval I''7 the curve U, fulfills the energy dissipation balance

t

(1. U (1)) + / (R 0) dr = 8T () + [ 08U

for th=t <t < ¢h-1/2 (5.2a)

N.

e ), where &, : |7, 1Ny — X satisfies

(recall t+

& (r) € E(r, Up(r)) N (=0R, (UL(r))) foraa.r € U . (5.2b)
k=1
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Likewise, on each interval 1*7  an energy-dissipation balance involving the dissipation potential ﬁég

holds, namely

right

v+ [ (R R ) dr

k—1/2
tr t (5.3a)
= (k12 U (k12 +/k L, O Un(r))dr for =12 <t <tk
.
where &, : Un, Inght — X satisfies
&(r) € O%2E(r, Up(r)) N (=0R(UL(r)))  foraa.r € U 57, (5.3b)

Combining (5.2a) and (5.3a) we deduce the overall energy- d|SS|pat|on balance satisfied by the curves
U, featuring the rate and s/ope terms D! and @SIOPQ from (3.19), which are defined by alternating

between 9%1 and fRQ. This energy balance is the starting point for the derivation of the first set of a
priori estimates on the curves (Uy )ren.
Proposition 5.1 The functions (Uy)rca and (&-)rca satisfy the energy-dissipation balance

E(t,Up(t)) + De([s,t]) + DPe([s,1]) = E(s, Ur(s)) + /t 0 E(r, Up(r))dr (5.4)

for every [s,t] C [0, T). Furthermore, there exists a positive constant C' > 0 such that the following
estimates are valid for all T € A:

sup €(Ur(t)) < C, sup |0,E(t, Ur (1)) < C, (5.5a)
te[0,T] t€[0,T]

Drte([0,T]) < C, (5.5b)
Dpslere([0, 7)) < C, (5.5¢)

and the families (x+U})__, C L'([0,T];X,) an ((1—)(T)UT/)TEA C LY([0,T]; Xy) are uni-
formly integrable; in particular, (U.)ren C L1([0,T]; X1) is uniformly integrable.

Proof. The energy-dissipation balance (5.4) follows on [0, t| simply adding (5.28) and (5.32) over all
relevant intervals. By subtracting the result for [0, s] from that for [0, ¢] the desired result for [s, ¢]
follows.

Estimates (5.5) follow from standard arguments (cf., e.g., [MRS13| Prop. 6.3]), which rely on the power-
control estimate @) giving [ 9,&(r,Up(r)) dr < Cy [LE(r,Uy(r)) dr. Hence, via Gronwall's
lemma, from (5.4) we derive the energy estimate in (5.5a); the power estimate immediately follows via

(2.1). From (5.4) we then immediately conclude (5.5b) and (5.5¢).

From (5.5B), taking into account that the terms R; (3UY) contribute to D*® and that each R; are
superlmear growth, we deduce that the families (XTU )rea and ((1—x-)UL)rca are uniformly inte-
grable in L'([0, T]; X;) and L' ([0, T']; X3), respectively. n

It is now convenient to rewrite the ‘rate’ and ‘slope’ terms featuring in (5.4) in terms of the repetition
operators 'T.(,-]) from (3.6). Their role, in the context of the present time-splitting scheme, is now clear:
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']I‘(Tl) repeats “1-steps” and omits “2-steps”, while ']I‘(TQ) does the converse. Trivial calculations based on
the definition of the repetition operators identify the contributions to D¢ and Ds°P¢ with quantities
involving the ‘repeated rates’ and the ‘repeated forces’, namely
th th
[ 00 ve)ar = [T RATIVE)ar oV e L(0.T)X,),
0 0
(5.6)

th th

/Txgj)(r) R:(Z(r)) dr :/ RE(TYE(r))dr  forZ € LY([0,T);X7),
0

0

where we have used the place-holder
W i=x, and X&) i=1-x,.

Therefore, the rate and slope parts of the dissipation take the form

D ([0, 5]) / {RiGETOUL(r)+R AT UL ()} dr, (5.7a)

D (0.8 = [ (BTG ) 1T ) 5.70)

We stress that, in (5.7a) the terms TV )U; are the ‘repeated rates’ T )(UT’), not to be confused with

the rates of the repeated curves TYU,. As a straightforward consequence of estimates and
(5.5¢), combined with (5.7) and the superlinear growth of R; and R, we have the following

Corollary 5.2 For j € {1,2} the families (T(Tj)UT’)TeA c LY]0,7];X;) and (']I‘(Tj)fT)TeA C
L([0,T); X*) are uniformly integrable.

Relying on Proposition and Corollary we obtain the following compactness result. In (5.8a)
below we refer to the convergence in the space C°([0, T|; X ., ), whose meaning has been specified
prior to the statement of Lemma[3.1]

Corollary 5.3 Let (T,), C A fulfill lim,_,, |7,| = 0. Then, there exist a (non-relabeled) subse-
quence and a limit curve U € AC([0, T']; X1) such that the following convergences hold asn — oo:

U, — U in C°([0, T); X1.), (5.8a)
u,. —U in L*([0,T]; X1), (5.8b)
and
liminf (¢, U, (t)) > €(t, U(t)) forallt € [0,T), (5.9a)
OE(t, Uy, (1) — 0,E(t, U(2)) forallt € [0, T). (5.9b)

Furthermore, for j € {1,2} there exist V; € L}([0,T];X;) and &; € L'([0, T); X*) such that, up
to a further subsequence, we have as n — o0

3 Wyl in L1 ([0, T]; X;), (5.10a)
e, —§ inL'([0, T]; X3), (5.10b)

and there holds
Vi(t)+ Va(t) =U'(t) foraate (0,T). (5.11)
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Proof. Convergence (5.8b) follows from uniform integrability of the family (U )rea C L([0, TT; X1),
while (5.8a) ensues, e.g., from the Arzela-Ascoli compactness type result in [AGS05, Prop.3.3.1].
Then, the energy and power convergences (5.9) follow from condition (2.76).

Now, Corollaryensures that, up to a subsequence, the sequences ( TTQU’ ) and (T-(,jzéfn)n
have a weak limit in L'([0,7; X;) and L'([0, T]; X%), respectively. Relation (5.71) follows from
combining convergence with item (4) in Lemma[3.1] [

In the following sections we will address the passage to the limit in the ‘rate term’ from (3.19a) and the

‘slope term’ from (3.190b).

5.2 Liminf estimate for the rate term

We are going to prove the following

T
Claim1:  liminf D}([0,77]) > / Reg(U' (1)) dr . (5.12)
0

n—o0

Indeed,

n—o0 n—o0

lim inf D3*([0,T7) = hmmf/ {R(5 1)U/ ))—1-312(%’]1‘(723[]7’”(7’))} dr
(5.13)

@ [T
2 [ mmen o 2 [ rawear,
0 0
where (1) follows from (5.73a), (2) is due to convergences (5.10a) and the convexity and lower semicon-
tinuity of R;, while (3) follows by property (5.77) and the definition of R as an infimal convolution.
Hence, Claim 1 is established.

5.3 Liminf estimate for the slope term

Claim 2: There exists ¢ € L'([0, T]; X}) such that

OE(L, U(t)) = 0F2E(t, U(t)) = {£(t)} foraa.t € (0,7), (5.14a)
hnl)mfﬂsm’e ([0,77) / {RI(=&(r))+R5(=&(r)) } dr. (5.14b)

Clearly, recalling (5.7b) and convergences (5.10b) we immediately have, by the convexity and lower
semicontinuity of R,

lim inf D3°**([0, T7) —hmmf/ {R(—TVE, (M) +R(—TRé, (1)} dr

n—o0 n—oo

(5.15)

z/o {Ri(~& () +R5(~Er) }

where Ej e L'([0,T7;X3) is the weak limit of the sequences (’]I‘szé“fn)n, cf. Corollary In the

following lines we demonstrate that fl and 52 coincide by resorting to the ‘singleton condition’ from
Hypothesis [3.2] For this we use a Young measure argument.
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With this aim, it will be convenient to introduce the ‘repeated curves’
TMU, - [0,T] = Dy,  TWU, : [0,T] — Dy, (5.16)

with the convention that TS Uy (¢ = 0) = T U, (t = 0) = ug. Note that TY U, may no longer
be continuous, but we immediately observe that, since U, — U in C°([0,T]; X.,,), applying the
continuity of the repetition operators (cf. item (3) in Lemma[3.1) we have

TYU,, — UinL>2([0,T); X,,) forj € {1,2}. (5.17)
By construction and using (5.2bjand [5.3b), it now follows that
OE, T, (1) = {TV¢, (1)} foraa.te (0,T), forje {1,2}. (5.18)

Relying on (5.18) we will infer further information on the limits Ej.

For this, we resort to a Young-measure compactness result, [RoS06, Thm. 3.2], which states that, up
to a (non-relabeled) subsequence, the sequences (T(leg,n)n and (T(fgg,n)n admit two limiting Young
measures (M{)te((),'f), with u} € Prob(X}) and u? € Prob(X3) fora.a. t € (0,T), enjoying the
following properties for j € {1, 2}:

1 the supports of the measures u{ are contained in the set of the limit points of the sequences
(’]I‘(T]n)gn (t)), in the weak topology of X*, i.e. fora.a. t € (0,7") we have

supp(pf) C L™ ({TY6, (0}) = ({TH & (0) 1=k}, (5.19)

k>1

where the notation refers to the notion of lim sup in the sense of the Kuratowski convergence
of sets, cf. e.g. [Att84];

2 the weak limits é of (T(szfm)n in L' ([0, T']; X%) coincide with the barycenters of the measures
L}, namely

&(1) Z/*Cdui(é) foraa.t € (0,7). (5.19b)

It turns out that supp(p{) is a singleton for 5 = 1, 2. Indeed, using the convergence of ']I‘S-QUTH —
U in L>([0,T7; X1,) by (5.17), the subdifferential inclusions (5.18), and the closedness property

(2-18), we have that Ls")vc‘i_ak({T(szfm(t)}n) C O%i&(t,U(t)) foraa. t € (0,7) and j € {1,2}.
From we then infer

supp(u}) = supp(i?) = LS ({TL6,, (1)}) = PVE(, U (1) = {€(1)) foraa.t € (0,7).

By (5.19b) we then conclude that §1 =¢ = 52. Then, the liminf- estimate (5.14b) follows from the
previously observed (5.15), and Claim 2 is established.

5.4 Conclusion of the proof of Theorem 3.3

Relying on convergences (5.8), on the lower semicontinuity and continuity properties of € and 0,&
(cf. Hypothesis [2.4), and on the lower semicontinuity estimates (5.12) from Claim 1 and (5.14) from
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Claim 2, we are in a position to take the limit in the energy-dissipation balance (5.4), written on
the interval [0, 7], and thus conclude the validity of the energy-dissipation inequality along a
curve U € AC([0,T]; X;) and ¢ € L!([0,T]; X3}). By lower semicontinuity, we immediately have
supepo,r) €U () < C with C' > 0 from (5.5a), and thus supepo, 71 10:E(t, U(t))| < C. Therefore,
from (5.1) we infer that

/0 (Rer (U () + Rz (=€ (r))) dr < o0

Then, the quantitative Young estimate for R yields fOT WU ()]]1]]€(t)]]1,« dt < oo. Thus, we are in
a position to apply the chain rule for (€, 9%1 &) from Hypothesisand deduce that t — E(t,U(t))
is absolutely continuous on [0,77], and that the chain rule formula holds for the pair (U, £).
Then, Proposition [2.1|allows us to conclude that (U, &) solves and fulfills the energy-dissipation

balance (3.16).

Now, it remains to show property (3.17), i.e. the weak limits V/; of (%T.(,-],z U_;n)n provide an optimal
decomposition of U’ in the sense that V; + V5, = U’ as well as Ry (V}) + Ra(V2) = R (U’) ace.in
(0,7).

To see this, we first observe that the limit passage from the approximate energy-dissipation balance
to the limit energy-dissipation balance on the interval [0, T'] ultimately implies that the
liminf estimates and turn into convergences (see e.g. [MRS13, Thm. 4.4] or [MRS16,
Thm. 3.11] for the standard argument). In particular, combining the convergences for the rate term with
(5.13) we conclude

T

/ORQH(U( P)dr = lim DEE([0,7]) > /0{3{1(\/1(7“))+332(‘/2(7“))}dr > / Ree(U'(r)) dr

n—o0 0

which turns the above relations into a chain of equalities. Hence, from

i [ (R ATOUOHRGTI] ar = [ R0 0G0} &

we obtain the individual convergences (3.27) on the interval [0, T'], as the liminf of each integral term
on the left-hand side is estimated from below by the corresponding term on the right-hand side.

Finally, recall that U’ = V; + V5 a.e.in (0,7), so that Reg(U’') < Ry (Vh) + Ro(V3) ae.in (0,7).
Combining this with the fact that [ Reg(U’) dr equals [{R;(V1)+Ra(V2)} dr ultimately leads to
the desired optimality property Reg(U’) = Ry (V1) + Ra(V2) a.e.in (0, 7). Hence, we conclude the
validity of (3.17), and thus, the proof of Theorem n

Finally, we briefly comment on the enhanced convergences (3.20). It is clear that it suffices to show
the convergence results on intervals of the form [0, ¢]. The technical issue arises because a general
t € (0,7) is in general not aligned with the partition &, of (3.7).

To show the enhanced convergence, we recall the time-interpolants t : [0,7] — [0, T from (3.4),
which satisfy t-(t) — ¢ for 7 — 0. With this, we repeat the argument from above for proving the
convergence of the rate and slope terms, while passing from the approximate energy-dissipation bal-
ance (5.4) on [0, t*] to the limit energy-dissipation balance (3.16) on the interval [0, t]. Using the liminf
estimates for energy and powers in and (5.9b), it again suffices to show a liminf estimate for the
rate and slope terms on intervals [0, t]. For convenience, we consider only the rate term, because the
slope can be treated analogously. In particular, it suffices to show the following liminf estimate:

liminf/ R%TJ ( d7’>/IR
T—0
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where %T(Tj)UT’ S VAN V;inLY([0, T]; X;). Introducing w9 .= X[Oir(t)]V#j) e LY([0,T]; X;),
we get

20 | r .
|7 REmue = [ oo R0)dr
0 0

- / R, (o, ) (V) (1) dr = / R,(WY () dr,

where we used R;(0) = 0. Moreover, ||W,(-j) ("%, < ||V7-(j) ||, allows us to apply the compactness

argument in Corollarysuch that there is WW; € L1([0, T; X,) with W) — W, in L1([0, T): X;).
Using that t-(t) — t as 7 — 0, we find W; = x[0,4V; and obtain

tr(t) . T .
liminf/ Rj(%TS_j)U_,/_(T))dr:limiglf/ R; (WD (r))dr

7T—0 0

> ["mwenar= [ Roavenar = [ =)

With this, the enhanced convergences (3.20) and (3.27) are established.

6 Alternating Minimizing Movements

In this section we discuss an extension of our convergence result in Theorem Namely, we show
that the splitting scheme can be combined with the Minimizing-Movement approximations of the single-
dissipation gradient systems (X, £, R;) with R; = 23@(% ).

6.1 Setup and convergence result

More precisely, for each 7 = 1,2 we set up the Minimizing Movement scheme and construct discrete
solutions to the subdifferential inclusions (3.10) and by solving the time-incremental minimiza-
tion problems involving the rescaled potentials R, and R, in an alternating manner. Then, we define
approximate solutions by suitably interpolating the discrete solutions.

Hence, let 2, be a (possibly non-uniform) partition as in (3-7); recall that the sub-interval (t5=1 ¢%)
is split into semi-intervals via

k-1 Lk k, k, : kr _ (4k—1 4k—1/2 kg _ (1k=1/2 4k
(t‘r 7t7') = Ilegt- U Irigglt with Ilef‘,t- - (t‘l' 7t‘r / ] and Iri;ht - (t‘r / 7t‘r:|7

where tﬁ_m = tf_*l + % Starting from an initial datum ug € Dy, we define the piecewise constant
time-discrete solutions U, : [0,T] — Dy in the following way: We set U,.(0) := uq and, for t €

(0,T), we define

fort €I5n:  Ur(t) := U} (6.1a)
with U} € Argmin {%’“ R <% (U—UT(t’j_—l))> & (12, U)} :
UeX
fort €150 :  Ur(t) = Up (6.1b)
with U? € Argmin {%’“ Ro <% (U—UT(tﬁ_l/z)» +E(tF, U)} :
UeXs
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We also define the piecewise constant interpolant U : [0, 7] — Dy by

U fort € (0, 3],
U (t) =1 — ~ 6.2
(1) Ur (t—ﬂ> fort € (%, 7] ©-2)

(cf. for the notation 7(t)).

Furthermore, we introduce the piecewise linear interpolant ﬁT :[0,T] — Do, i.e.

t—th-1 K12y k—1/2
T U.(t)+ Z——U_(t) fort e [th=1, i1/,
~ o Tk/2 Tk/Q
U (t) := ey e / (6.3)
T U, )+ Z=U_(t) forte[ti /2 ¢k].
/2 ()+Tk/2 U.(t) forte] 7]

Thus, the piecewise constant and linear interpolants satisfy the Euler-Lagrange equations for the min-
imum problems (6.1), namely

AR (UL(1)) + X1 (12 UL (1)) 2 in X foraa.telll
35%2(@_(75)) + 0%2E(th U (¢ ( )20 in X5 foraa.t e Irlght

Nonetheless, like in the time-continuous setup we will not directly pass to the limit in the above in-
clusions but instead resort to a discrete energy-dissipation inequality that will act as a proxy of the
energy-dissipation balance (5.4) and will be at the core of the proof of the following convergence
result.

Theorem 6.1 (Alternating Minimizing Movements) /n addition to the assumptions of Theorem|2.11|
assume the singleton cond/t/on Hypothesis E Start/ng from an initial datum uy € Dy, define the
curves (U, )ren and (Uy)rep asin .) and

Then, for any sequence (T,),, with lim,, ., |‘rn| = 0 there exist a (non-relabeled) subsequence, a
curve U € AC([0,T); X;) and functions V; € LY([0,T];X;), j = 1,2, such that U (0) = uy, the
following convergences hold as n — o0

U, (t) = U(t) and Uy, () = U(t) inXy forallt € [0, 7], (6.4)
1

2']I‘QH(UT’ ) =V inL'([0,T];X;)  forj=1,2, (6.4b)

U, —U =Vi+V, inL(0,T; X,), (6.4c)

and there exists a function ¢ € L'([0,T]; X%) such that the pair (U, &) solves the subdifferential
inclusion (3.15) and fulfills the energy-dissipation balance (3.16). Furthermore, the functions (V1, V5)
provide an optimal decomposition for U’ in the sense of (3.17).

6.2 Proof of Theorem

We start by deriving the discrete analogue (in fact, an inequality) of the energy-dissipation balance
(5.4). For this, we need to bring into the picture a further interpolant, commonly known as the varia-
tional interpolant, which was first introduced in the framework of the Minimizing Movement theory for
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metric gradient flows by E. DE GIORGI, cf. [Amb95, IAGS05]. In the present context, the interpolant
Ur : [0, T] — Dy is defined in the following way: Uy (0) := ug and, for ¢ > 0,

fort € 147, ¢ =t er s Un(t) € Argmin {rRy (2 (U-T(t57))) +€(U) }

UeX
(6.5)

fort € I“ght, t =tk U, (t (t) € Argmin {Tng (L (U-U; (th- 1/2))) +E(t, U)}

veX

The existence of a measurable selection in the sets of minimizers in (6.5) follows by, e.g., [CaV77,
Cor. 1.3, Thm. l1.6]. Since, for t = tff. Y2 andfor t = tf_ the minimum problems in (6.1) coincide with

those in (6.5), we may assume that

Ur(s) =U.(s) = (77.(5) =U.(s) fors=ti"12 s=t* andk=1,...,N,.
Furthermore, by [AuF09, Thm. 8.2.9], with U, we can associate a measurable function ET :(0,T7) —
X fulfilling the Euler equation for the minimum problems (6.5), i.e.

e, 0 (1) N (-0R (= (G- 0-T, 05 Y)))  tort e T,

T gt 500 (< (o B0-L, 8 47)) s

fork=1,..., N, Then, we may apply [MRS13, Lem. 6.1] (see also [MiR23b]), and conclude that
that mterpolants U,, UT, UT, and &, fulffill, on the semi-intervals Iff: = (th-1 tk 1/2] the following

estimate

tl‘f_fl/2

et T ) + [

th—1

{RalT1(r) + Ri(=&(r)) | ar

tlj_—l/Q

< et T () + / 0 (r, T (r))

th-1

The analogue holds on = (tr k=1/2 tk] involving the dissipation potential 5%2.

right —

Relying on (6.6) and its analogue on the intervals Irlght we can deduce a discrete energy-dissipation
inequality (6.7) below, replacing the time-continuous energy-dissipation balance (5.4). In order to state
it in a compact form, we introduce the discrete analogues of the rate and slope terms from (3.79). With
slight abuse, we will denote them with the same symbols used in (3.19):

DEe([0, 7)) = / ' Do) R (1) + (1= () Ra(T3 (1) }
B[ {0 GO0 + R(TOT )}

(o1 = ) RI-E0) + (- () Ry -E )}
D [ (TG () + BTG} ar

The following result (to be compared with Proposition [5.1/and Corollary [5.2) collects all of the a priori
estimates stemming from (6.7).
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Proposition 6.2 The interpolants U, UT, and ﬁf and 5, fulfill the discrete energy-dissipation in-
equality

E(t, UL (t)) + De([s,t]) + DPe([s,1]) < E(s, Uy ( / 0,&(r, Uy (r)) dr (6.7)

forall 0 < s <t < T. Moreover, there exists a positive constant C' > 0 such that the following
estimates hold for all T € A:

sup €(U,(t)) <C, sup €(U-(t)) < C, sup [0:E(t, UL (1)) < C, (6.8a)

te[0,T te[0,7 te[0,T

Drate([0, 7)) + Dore((0, T]) < C. (6.8b)

Thus, the families (U!)rep C LY([0,T):X4), (T U)ren € LY([0,T);X;), and (TY & ) ren
C LY([0,T);X%), for j € {1,2}, are uniformly integrable. Finally, as |T| | 0, we have

sup [|U-(t)=U-(t)[lx + sup, 1U7(6) =T ()11 + sup, |U-(6)~U (t)ll: = o(1).  (6.9)

te[0,T] te[0,T tef0,T

Proof. Clearly, estimates follow from (6./) via the same arguments as in the proof of Proposi-
tion The estimate for sup,¢(o 1) €(Ur(t)) can be retrieved from the discrete energy-dissipation

mequallty (6.6) and its analogue on the semi-intervals Irlght Let us just comment on the proof of
(6.9): the estimates for | —U. ||, and ||U,—U. ||, derive from the uniform integrability of the fam-
ily (U})7ea in L'([0, T]; X,), while we refer to the proof of [MRS13, Prop. 6.3] for the estimate of
10U |- .

Sketch of the passage to the limit in the energy-dissipation inequality (6.7). By repeating the
very same arguments as in the proof of Corollary and relying on (6.9), we show that for any
sequence (7,), with |7,| | 0 as n — oo there exist a (non-relabeled) subsequence of (U, ).,
(U, Vs (U, )n and (U, ), and a curve U € AC([0, T]; X1 ) such that for all ¢ € [0, T there holds

U, (0),U. (1),U0-.(1),Ur () = U(t) inXy.

Tn

Convergences for (ﬁT’n)n and for (%T(ﬁ)a’)n (to functions V; such that V; + V5 = U'),
hold, too. Likewise, we conclude the analogues of convergences for the sequences (T(ﬁ)én)n.
Therefore, we are in a position to take the limit as n — oo in (6.7). A straightforward adaptation of
the arguments from Section [5.2 and 5.3 leads us to conclude that there exists ¢ € L'([0, T]; X%)
such that the pair (U, £) complies with the energy-dissipation inequality (5.7). Then, we repeat the
very same arguments from Section and establish that (U, &) in fact fulfills the energy-dissipation
balance (3.76), that it solves the subdifferential inclusion (3.15), and that (17, V) provide an optimal
decomposition of the rate U’.

This finishes the proof of Theorem ]

7 The time-splitting method for systems with a block structure

In this section we tackle the application of the splitting method to generalized gradient systems with a
block structure. In such systems,

Y

) e U:=YXZ,
z

the state variable u is a vector (
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with Y and Z (separable) reflexive Banach spaces. The evolution of the system is governed by an
energy functional

E:[0,T)xU — (—o0,00], &€ =E(t,u)=E(ty,2)

(we will use both notations with slight abuse), whereas dissipation mechanisms are encoded by two
dissipation potentials R, and R,, each acting on one of the components of the rate vector v’ = (Z;)
namely

R(v,w) = (Ry®R,) (v, w) := Ry(v) + R,(w) with Ry: Y — [0,00) and R,: Z — [0, 00) .

The analysis of these systems can be carried out in the context of the splitting approach in the previous
case of Sectionby introducing the dissipation potentials R; : U — 0, o0] via

Ri(v') = Ri(v,w) = Ry(v) + Tgoy(w),  Ro(u) = Ra(v,w) = Ipoy(v) + Ry(w),  (7.1)
where Jyqy is the indicator function of the singleton {0} with J;53 (0) = 0 and oo else. Let
V& : [0, T]xU = U* be the Fréchet subdifferential of &(t, -)

in the duality pairing (-, -);. Our time-splitting scheme will be based on the Cauchy problems for the
subdifferential inclusions

OR; (W' () +0YE(t,u(t)) 20 inU*  foraa.t e (0,T),

in which we either freeze the variable z (for 7 = 1), or the variable y (for 7 = 2). It can be easily
calculated that, in this setup, the effective dissipation potential is
Reir : U = [0,00),  Reg(t) = Ry(v) + Ry(w)  with
e - U" = [0,00),  Re(8) = Ri(n) + R;(C).

7.1 Assumptions

Our conditions on € and on the dissipation potentials R, and R, mimic the setup of Section but
with some significant differences. We start by settling the properties of the energy functional.

Hypothesis 7.1 The functional £ : [0,T]xU — (—o0, 0| has the proper domain dom(&) =
[0, T]x Dy, on which € is bounded from below and complies with the time-differentiability con-
dition < E >. Along all sequences (t,,,u,) — (t,u) in[0,T] x U with (u,)nen contained in an
energy sublevel S

- the lower semicontinuity and power continuity conditions from (2.16) hold;
- the closedness condition 2.18) for OV E : [0, T]|xU = U* holds.

The following subsumes our requirements on the dissipation potentials R, and R,.
Hypothesis 7.2 Forx € {y,z} and X € {Y,Z} the functionals R, : X — [0, cc0) and their con-

jugates R : X* — [0, 00) comply with condition < R > and with the Quantitative Young Estimate

(2.9).
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We note that R.g = fRy + R, does not necessarily satisfy the QYE. To see this, we define the norm
on the product space X by [|v|x = [[v]ly + [|v:||z. Then [{[|x+ = max{[|&, v+, [[{:]|z-}, and we
have

Rer(v) + Reg (€) = Ry (v) + Ra(v:) + Ry (&) + RI(E:)

> eyllvllyll€yllys + czllv-lz]lE: |

7+ — C.

I

Although Hypotheses and mimic the setup of Section (3] it is clear that the overall gradient
system (Xf,, fReff) is different from that considered therein. The first, striking difference is that after
extending the dissipation potentials R, and R, to the dissipation potentials R; and Ry on the common
space U = Y XZ (cf. (7.1)), we lose the coercivity of R} = R and R = R required via on
U* = Y*xZ*. Moreover, we emphasize that, here, the Fréchet subdifferential of £(¢, -) is considered
in the duality pairing of the common space U. Nonetheless, in what follows we are going to show that
the techniques at the core of the analysis in Section [5| carry over to the present setting. For this, a
crucial role will be played by the condition that OV € has a ‘cross product structure’, which is weaker
than the singleton condition needed in the setup of Section

However, the term above does not bound cx { ||v||v + v ||z } - max{||&, || v+, z+ } —¢, in general.

Hypothesis 7.3 (Cross-product condition) For all (t,u) = (t,y, z) € dom(9E) we have
OVE(t,y, 2) = 0,E(t,y, 2) xD,E(t,y, 2) (7.3)

where 0,€ : [0,T|xU == X*, forx € {y,z} and correspondingly X € {Y,Z}, is the partial
subdifferential of & with respect to the variable x, while fixing the other variable.

We note that this condition is more general than the singleton condition because multi-valued subdif-
ferentials are still possible. We also remark for later use that, in view of (7.3), the closedness condition
for OV € is indeed equivalent to

(trs Yny Zns Ty Gn) — (6,9, 2,1, ) in [0, T XY XZXY* X Z",
(Yns 2n) € SE, Mn € OyE(tn, Yn, Zn)s Cn € 0pE(tn, Yn, 2n) Y €N (7.4)
= ne€ié(ty,z)and( € J,E(t,y,z).

‘V’E>0:{

Obviously, in view of and the subdifferential inclusion
ORegr (u(t)) +OYE(t, u(t)) 20 inU* foraa.t e (0,T) (7.5)
is indeed equivalent to the system

{ OR,(y(t)) + 0,E(t,y(t),2(t)) 20 inY*

IR,(2(1) + D,E(L y(t).~(1)) 50 inze Oraate0.T).

Last but not least, we need to specify our chain-rule assumption on (&, 8U8). As we have previously
remarked, Hypothesis does not guarantee the validity of the QYE for R.g. Instead of imposing it
as an additional assumption, in this setup we will compensate for the possible lack of this property
by strengthening the chain rule. In fact, the condition fOT 1€ |lu= ||| dt < oo is now replaced by

(the weaker) fDT (Regr (') +R2g(—E)) dt < o0. Hence, Hypothesisalso encodes a ‘compatibility
condition’ between R4 and £.

DOI 10.20347/WIAS.PREPRINT.3033 Berlin 2023



Time splitting for gradient flows with two dissipations 37

Hypothesis 7.4 (Abstract chain rule) The quadruple (U, &,0Y €, R.q) satisfies the following prop-
erty: for (u, €) € AC([0, T); U)xLY([0, T); U*) such that £(t) € OVE(t,u(t)) fora.a. t € (0,7),

sup [€(t, u(t))] < oo, and/o (Regr (u/(1))+Rege (—€(1))) dt < o0, (7.6)

t€[0,T]

the functiont — E(t, u(t)) is absolutely continuous and the chain rule (2.3) holds.

Clearly, if R.q satisfies the QYE, then the chain rule property < CR. > for (€, OV ) is sufficient for
Hypothesis[7.4] In the general case, a sufficient condition for the validity of < CR > is that the chain
rule holds for all pairs u = (v, z) € AC([0,T]; YxZ)and & = (n,¢) € AC([0,T]; Y*xZ*),
with n(t) € 0,E(t,y(t), 2(t)) and ((t) € 0,E(t,y(t), 2(t)) fora.a. t € (0,T) (so that £(t) €
OYE(t,u(t)) by Hypothesis , fulfilling the following estimate

[ 1o

Obviously, is weaker than fOT I€(t) || u= ||/ (t)]|u dt < oo, and it follows from the estimate
fOT (Resr (W) +Rz(—€)) dt < oo if the individual dissipation potentials R, and R, satisfy the QYE.

v z+ |2/ (t)||zdt < 0. (7.7)

MM&@+AHQM

7.2 Time-splitting for block structure systems

Asin Sectionwe introduce the rescaled dissipation potentials UNQj : U — [0,00)
Ra(u) = 2R (u') = 2Ry (50) + Iy (w),  Ro(u') = 2Ra (3') = 2R, (3w) + Jyoy (v)

We will construct our approximate solution to the Cauchy problem for (7.5) by solving, in suitable
sub-intervals [; of [0, T'], the Cauchy problems for the doubly nonlinear equations

aﬁj(u’(t)) +0YE(t,ut)) >0 inU* foraatel;, je{l,2},

which, thanks to the cross product condition (7.3), reformulate in the same way as the subdifferential
inclusion (7.5) for Reg.

More precisely, let £, be a non-uniform partition of [0, 7] (cf. (3-1)) and let (Ife’;t')kNgl and (Iﬁ’ght)fcvgl
be the associated ‘left’ and ‘right’ semi-intervals, see (3.2). Starting from an initial datum ug =
(Yo, 20) € Dy, we define the approximate solutions U, = (Y;, Z;) : [0,7] — Dy C YXZ to

in the following way (cf. (3.12)). We start with
(¥2(0), Z-(0)) := (40, 20) (7.82)

and proceed for ¢ € (t*=1 tk]and k € {1,..., N,} as follows:

- On the semi-interval 17, we define (Y}, Z;) to be a solution of the Cauchy problem:

IR, (y' (1)) + 0,&(t,y(t), 2(t)) >0 inY* and
() =0 inZ foraatcly; (7.8b)
(y(t2h),2(t7h) = (Ve (t571), Z:(8271)) -
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- On the semi-interval I*7  we define (Y}, Z,) to be a solution of the Cauchy problem

right’
y(t)=0 inY and
R, (Z(t)) + 0,E(t,y(t), 2(t) 20 inZ* foraa.t € Ir1ght; (7.8c)
(y(te ), 2t ) = (e (%), %)

Existence of solutions for the Cauchy problems follows by noting that for fixed 2 € Z the
triple (Y, E(+, -, 2), Ry) satisfies the required assumptions of Theorem Analogously, the same
holds for the triple triple (Z, (-, y,-),R,) if y € Y is fixed, which provides existence of solutions of
the Cauchy problems (7-8c). Hence, we conclude that the solution curve U, = (Y5, Z.): [0,T] —
U fulfils U, € AC([0,T]; U). We also introduce the functions . € L'([0,7];Y*) and ¢ €
LY([0, T]; Z*) featuring in the force terms in the subdifferential inclusions and (7.8c). Namely,
fork € {1,..., N} we set

€ OyE(t, Y7 (t), Zr(t)) N (—ORy (Y] (t))) fort € I,
nr(t)

)N
=0 fort € Irlght,

0 = fort € Ileft ,
i € 0,E(t, Yo (t), Z (1)) N (—OR,(ZL(t))) fort € I5T, .
Fmally, for tailoring analysis to the block structure context, in addition to the ‘overall’ repetition operators

TY) . LY([0,T); %) — LY([0,T); %) for % € {U, U*} we will resort to the operators (denoted
by the same symbols)

. 7,kr (1)
TO: L0, 7)) — LU0, T]: #); (T8g) (¢) :={ o) Tele” 0 710a

itt e i,

=
—~
~+
|
0 |
=
~—

TR\ T kr (t)

T L0, 7] 2) - L0, T} ) (Tg)(r) = 49 Z) TEELa” L 7 4p)
T t)  iftelk®
g right >

with @ € {Y,Y*}and & € {Z,Z"}.
Now, we are in a position to give our convergence result for the time-splitting scheme in the setup with

block structure. Observe that, due to the block structure we will succeed in relating the weak limits of
the repeated rates (’]1"5-12 (Y. )) and ('11‘93 (Z;.)) to the limiting rates Y and Z’, cf. (7.11c) below.

Theorem 7.5 (Convergence of time-splitting method for block systems) Under Hypotheses
and(7.4, starting from an initial datum uy = (yo, 20) € Do, define the curves U, as in (7.8).

Then, for any sequence (‘rn)n with lim,, o |7'n| = ( there exist a (non-relabeled) subsequence and
acurveU = (Y, Z) € AC([0,T]; U) with U(0) = g such that the following convergences hold for
the sequences (Yz, )n and (Zr, ), asn — oo:

Y, (t) =Y ({t)inY and Z. (t)— Z(t)inZ  forallt € [0,T], (7.11a)
Y, =Y"inLY([0,T};Y) and Z. — Z"inL'([0,T); Z), (7.11b)
WY ) =Y inLY[0,T};Y) and 1T®(Z. ) — 7' inL}[0,T); Z), (7.11¢)

and there exists a function £ = (n,¢) € L*([0,T]; U*) such that the pair (U, £) solves the subdiffer-
ential system, fora.a.t € (0,T),
OR,(Y'(t)) +n(t) 20 and n(t) € 0,E(t,Y (1), Z(t)) inY*,

OR,(Z'(t))+¢(t) 20 and ((t) € 0,E(t, Y (t),Z(t)) inZ*, (7.12)
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and fulfills the energy-dissipation balance

t
8<t,Y(t),Z(t))+/ {Ry (Y (r)+R,(Z' (7)) + R (=n(r))+R; (=C(r)) } dr
(7.13)
=E&(s,Y(s) /at (r,Y(r),Z(r))dr for 0<s<t<T.
Like for Theorem 3.3} we obtain the enhanced convergences
Ur, (t) — E(t,U(t)) forallt € [0,T], (7.14a)
3
/ Ry(A3TOY (1)) dr — / Ry ( r,
/ R,(ATPZL (r))dr —>/ (Z'(r
forall [s,¢] C [0,T]. (7.14b)

/ﬂz* Wy, drH/IR*

/s H(=TH¢, (r)dr — / R (—¢(r))dr

/

Remark 7.6 (Non-convergence) It can be easily checked in our “multi-valued” counterexample of
Section that (i) the “cross-product condition” does not hold and (ii) that the solutions of the split-
step algorithm using the block structure of Y xZ = R xR get stuck completely when reaching the
diagonal uy = us. Hence, we have non-convergence because solutions for the effective problem
move along the diagonal until they reach u = 0.

7.3 Alternating Minimizing Movements for block structures

Last but not least, we point out that the analogue of Theorem holds for systems with block struc-
ture, assuming Hypotheses and Let us briefly illustrate the Alternating Minimizing
Movement approach to block-structured systems. As in Section [6] we construct approximate solutions
by solving the time incremental minimization schemes for the subdifferential inclusions and
(7.8c). This results in the alternating minimization scheme below.

More precisely, starting from an initial datum u = (Yo, 20) € Do, we define the piecewise constant
solutions U, : [0,7] — U, U, = (Y+,Z,) , by setting Y,(0) := yo, Z-(0) := 2, and for
t€(0,T)and k € {1,..., N, } we define

fort €17+ Yo(t) =Y, Z(t):=Zy_ (7.15a)
with Y, € Argmm{?’“ R (Tl Y-Y._ 1)) + S(tk 1/2 Y, 7 1)}
YeyY
fort € Ih: Yo(t)=Yi, Z.(t):=Z, (7.15b)
with ZkEArgmln{TkﬂQ (% (Z—Z— 1))+8(tf_,Yk,Z)}.
ZeZ

We also introduce the ‘delayed’ piecewise constant interpolant U, = (Y., Z.) via (6.2), and the
piecewise linear interpolant U : [0, 7] — U of the discrete solutions by setting

Un(t) := (Y, Z,) fort € [t51 t512] and Uy (t) := (Yr, Z,) fort € (5712 45 (7.16)
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where _—p
o~ k—1 — —1 —
V() = EE- YV () + B V(1) fort € [t 417,
~ L k—-1/2 — k_ k—1/2
Zo(t) = B Zo(8) + g Z,(t) fort € [t 17 44,

Finally, the variational interpolant ﬁ,. can be defined by replacing (6.5) by an alternate minimization
scheme, in analogy with (7.15).

After these preparations, we can state the result corresponding to Theorem in the context of
the block system from Section We omit its proof because it follows easily by adapting the proof of
Theorem|6.1]to the case with block structure, in the same way as as we will tailor the proof of Theorem
[3.3]to provide a proof of Theorem|[7.5]in the upcoming Section[7.5

Theorem 7.7 ( Alternating Minimizing Movements for block systems) Under Hypotheses|7.1]
and starting from an initial datum uy = (yo, z0) € Do, define the curves U, = (Y, Z)

and U, = (Y;, Z,) as in (7.15) and (7-16).
Then, for any sequence (T,), withlim,,_,. |7,| = 0 there exist a (non-relabeled) subsequence and

acurveU = (Y, Z) € AC([0,T]; U) with U(0) = ug such that the following convergences hold as
n — oQ!

Vo, (1), Yo () = Y(t) inY
= o~ forallt € [0, T, (7.17a)
Zen (), Zp () = Z(t) inZ
Y, =Y inL}[0,T);Y) and Z. — Z'inL}([0,T);Z), (7.17b)
STR(Y) =Y inLY([0,T):Y) and §TEN(Z ) =2 inLN(0,T):Z),  (7.17¢)

and there exists a function £ = (n,¢) € L*([0,T]; U*) such that the pair (U, £) solves the subdiffer-
ential system (7.12) and fulfills the energy-dissipation balance (7.13).

7.4 An application to linearized visco-elasto-plasticity

In this section we discuss the applicability of Theorems[7.5]and[7.7]to a prototypical class of coupled
systems, also considered in [MiR23al Sec.2]. These systems include a model combining linearized
viscoelasticity and viscoplasticity, cf. Example [7.8] ahead.

Let
Y and Z be Hilbert spaces. (7.18a)

The dissipation potential R, : Y — [0, 00) is quadratic, while R, : Z — [0, 00) consists of a
1-homogeneous part and of a contribution with p-growth for some p > 1, namely

R, (v) = %(Vy”u,v), R, (w) = Uy (1) + T, (w) (7.18b)

where Vy : Y — Y* is a bounded, linear, symmetric operator, ¥; : Z — [0,00) is positively
1-homogeneous and ¥, (w) = v (||w||z) for some convex, increasing ¢ : [0,00) — [0, 00) with
er? < ap(r) < CrP giving p-growth. The energy functional is of the form

(t,,2) = 5 (Aw hy + (B, 2y 3 (62,20 — ((W)y — {9(0) )y (7189
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whereA: Y — Y™ and G : Z — 7Z* are linear, bounded, and symmetric, B : Y — Z* is linear and

bounded such that (%%, ) is positive definite. Moreover, we assume that ( f, g) € C'([0, T]; Y*xZ")

are time-dependent applied forces. In this setup, the subdifferential inclusion (7.5) translates into the
system

Vyy' + Ay + B*z = f(t) inY"* fora.a.t € (0,7), (7.19a)

oW1 (2) +0V,(2') + By + Gz = g(t) in Z* fora.a.t € (0,7). (7.19b)

A concrete model that falls in this class of systems is provided by the following example.

Example 7.8 We consider an elastoplastic body in a bounded Lipschitz domain 2 C R?. Linearized
elastoplasticity is described in terms of the displacement y : Q — R? with y € Y H (),

and the symmetric, trace-free plastic strain tensor z : {2 — Ri:vd = {z € ngxnf‘f tr(z) = 0} Let
Z = 12(Q,R4%). The energy functional € : [0, T]xY xZ — R is defined by

e(t.02) = [ {56215 Cletw)==) + 52+ B fda = (1(0).0)

where e(y) = 3(Vu+Vu') is the linearized symmetric strain tensor, C € Lin(R%*?) and H €

Sym

Lm(RdXd) are the positive definite and symmetric elasticity and hardening tensors, respectively, and

dev

f:[0,7] — H1(Q; R?) a time-dependent volume loading. The dissipation potentials are
1
R/) = [ 5e)Be)dr R = [ oyl + 4
0 Q

with D € Lm(RdXd) the positive definite viscoelasticity tensor, oyiclq > 0 the yield stress and o > 0

Sym

a positive coefficient. System rephrases as
—div(De(y") 4+ C(e(y)—=)) = f(t) inQx(0,7),
OyieaSign(z’) + 02’ + dev(C(z—e(y))) + Hz> 0 inQx(0,7T).
where dev A = A — L(tr A) I is the deviatoric part of a tensor A € R4,

It is very easy to check that the energy functional € from (7.18c) satisfies Hypotheses n 7.1l and 7.3 -
Likewise, it is immediate to check that the dissipation potentials R, and R, in (7.18b) both comply
with condition < R >. Furthermore, each of them fulfills an individual Quantitative Young Estimate
thanks to Lemma[2.2] It remains to discuss the validity of the chain-rule Hypothesis For this, let
us consider a curve u = (y,2) € AC([0,T];'Y xXZ) with sup,(o 1 |E(%,y(t)), 2(t))| < oo such
that holds, i.e.

/ [[Ay () +B"2(t) = f (¢) |1y~ y’(t)HYdH/ By () +G=(t)—g(1)|

Now, since (y, z) € L>°([0,T]; Y XZ) we infer that Ay € L>([0,T]; Y*), B*z € L>([0,T]; Y*),
By € L°°([O, T);Z*), and Gz € L>*(]0,T]; Z*). Therefore, the individual contributions to € from
(7.18¢), evaluated along the curve u, are absolutely continuous, and for them the following chain rules

hold:
%(% <Ay(t)»y(t)>Y) = (Ay(?), /(t»Yv
S (By(t),2(t))z) = (B2(t),9'(t))y + (By(t), 2 (1)),
5 (5(G2(1), 2(1)7) = (Gz(t).2'(1))g -

From that we immediately conclude the chain rule from Hypothesis[7.4]

7% Z/(t)Hydt < 0.

All in all, we have proved that the block-structured system (Y xZ, €, R,®R,) from (7.18) complies
with Hypotheses[7.1] 7.2, [7.3] and[7.4] Thus, Theorems|[7.5|and[7.7]are applicable.
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7.5 Proof of Theorem[7.5

We split the argument in the following steps.

Step 1. A priori estimates: As in the proof of Theorem the starting point for our analysis is the
approximate energy-dissipation balance

Et, Yo (), Zr (1)) + Dy([s,1]) + DE([s, 1))
=£&(s,Y, /8,5 r, Yo (r), Z:(r))dr (7:20)

along all subintervals [s, t] C [0, T]. With R; given by (7-1) and fAJij = 2SRJ~(% +), the rate and slope
terms from (3.19) now read

D ((0,77) / {XT( )Ry (30) + (=xe () R (320 }

(7.21a)
-/ {RyATOY (1)) + R,(ATO Z. (7))} dr,

e (0, 77) - / L R (- (>>+<1—x7<r>>5%:<—c7<r>>}dr
/o {Ry (=T (1) + R (=TG- (1)} dr

Then, we can mimic the arguments from from Proposition [5.1] and Corollary [5.2] and derive the ana-
logues of the a priori estimates therein.

(7.21b)

Step 2. Compactness: We prove the analog of Corollary Namely, there exists U € AC([0,T]; U),
such that, up to a subsequence,

U, (t) =~ U(t)inUforallt € [0,T], U. — U'inL!([0,T];U), (7.22)

Tn

whence convergences (7.17a), (7.11b). Furthermore, there exist V' and Z such that

Wy VvV inLY[0,7];Y),
{ o 1, (Y) = in L'([0, 77];Y) 7.23)

@z y =W inLY([0,T);Z).

2 Tn

In order to identify V" and 1V we observe that, since the z (respectively, the ) variable is frozen in the
Cauchy problem (7.8b) ((7.8c), resp.), we have that

T (v 0
TS”(U;J:( g>) and TO(U],) = ( 0z ) ) -

In turn, (7.22) and Lemma[3.1]yield that

(IO, )+TO (U

2 T Tn

) —~U".

Therefore, by (7.23) we find that (}Z/:) =U'"= (‘6) + (V?,) whence (7.11c) holds true.
Finally, there exist € L'([0, T]; Y*) and ¢ € L!([0, T; Z*) such that, as n — o0,

T — 7 inLY([0,7);Y*) and TP¢, — ¢ inLY([0,T];Z%). (7.24)
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We now adapt the Young measure argument carrled out in Section [5.3} up to a (non-relabeled) sub-
sequence, the sequences (’]TS-,??],.H)” and (T ,-ng}.n)n admit two Ilmltlng Young measures (ft):c(0,7)
and (V) ¢e(o,1), With j; € Prob(Y*) and v, € Prob(Z*) fora.a. t € (0,T), such that

supp(p:) C Lsy ({T5)r, ()}4) and
supp(v;) C Lsye™* ({T® ¢, (1)},)  foraa.t € (0,7),
(see for the definition of the limsup of sets), and the weak limits 7 and ¢ read

n(t) = /Y ndu (),  ((t) = . Cdy(() foraa.te (0,7T). (7.25b)
Now, arguing in the same way as in Section and exploiting the closedness property we find
fora.a. t € (0,7) that
Lsy™ ({TOne, () }n) C 0,E(1, Y (1), Z(t)) and Lsge™ ({TP¢, () }a) C 9,E(1 Y (1), Z(1)) -
Since the the subdifferentials are convex, we conclude with that
n(t) € 0,E(t,Y(t), Z(t)) and ((t) € 0,E(t,Y (t), Z(t)) foraa.te (0,7).

(7.25a)

Step 3. Limit passage in (7.20): We take the limit as n — oo in (7.20) on the interval [0, T|: thanks to
(711a) we have liminf, ., E(T, Y, (T), Z.,(T)) > E(T,Y(T), Z(T)), while due to (7.11c) and
(7.24) we have

n—oo n—oo

lim inf D5*([0, ) >hm1nf/ {Ry(5 () + R(ATEZL (1)) b dr

> / [Ry(Y'(r)) + Ro(Z(r)) }

n—o0 n—oo

/ {9%* )+ R (— }dr
Relying on convergences (7.11a) we likewise take the limit as n — oo in the power terms of the right-

hand side of (7.20). All in all, we conclude that the curve U = (Y, Z) and the function £ = (7, ()
fulfill the energy-dissipation inequality

lim inf DF°P°([0, 7)) > lim mf/ {R;(— (r) + R, (= (QTBCTn (r) }dr

8(T,Y(T),Z(T))+/O (R, (Y (1) 4Ry (Z'(r)) + RE(—n(r)+R: (—C(r)) } dr

< &(0,Y(0), Z(0)) + /OT OE(r,Y (r), Z(r))dr.

Step 4. Energy-dissipation balance and conclusion of the proof: From the above inequality it immedi-
ately follows that the pair (U, &) complies with condition (7.6). Hence, by Hypothesis we con-
clude that t — E(t,U(t)) is absolutely continuous and the chain rule holds for (U, ). There-
fore, Proposition 2.1 allows us to conclude that (U, £) solves the subdifferential inclusion (7.5) (which
rephrases as (7.12)), and that it fulfills the energy-dissipation balance for all subintervals [s, t| C
[0, T7.

As in the case of Theorem [3.14] the enhanced convergences (7.14) are a by-product of the argu-
ment for passing to the limit in (7.20); again, we refer to the proof of [MRS13, Thm. 4.4] or [MRS16,
Thm. 3.11] for all details.

This finishes the proof of Theorem ]
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A More on the Quantitative Young Estimate

We aim to gain further insight into the connections between the QYE for the dissipation potentials R;
and Ry, (for which we will always assume the validity of condition < R >, cf. Hypothesis [2.7), and
the validity of the same property for Rg. In the particular case in which the norms || - ||; and || - [|2
are indeed equivalent (i.e., || - ||2.« controls || - ||1..), we have the following result.

Lemma A.1 Suppose that X := X; = X, and that

< Cy, o]l
ICN, CL >0 V(v,6) € XxX* { Ivlls < 21Ul (A1)
GO0 el < el
Let R; satisfy the < QYE > ( with constants c;, C; > 0. Then, also R.g satisfies estimate
(2:9), with respect to the norms H ||1 and || - ||1,+, with the constants c. = min {cl, R } and
Cer = C1 + Cs.

Proof. For any v € X and any ¢ > 0 there are vy, vy € X with v; + v9 = v such that Reg(v) >
Ri(v1) + Ra(v2) — €. Combining < QYE > for R; with yields

Rer (V) + Reg(€) = Ri(v1) + Ra(v2) — & + RT(E) + R5(E)
> crl|vrl[[[€]l1x + Cz||?fz|| €llze — CL — Co — €

> cil|vr][1[|€] 1+ + CuC (C* a1 [|¢]J1e —C1 = Cy — ¢

Co

> min {017 TaCy } (loell + [lvallr)

> min {CI’C 3 } vl llEllie — C1 — Cy — €.

1,*—01—02—8

Since € > 0 is arbitrary the claim follows. |

In the general case in which we only have Xy, C X (densely and) continuously (cf. (2.11b)), the
next result provides some growth and coercivity conditions on Ry and R, under which the QYE for R,
guarantees that for Rg.

Lemma A.2 Assume there exist positive constants C, ¢z, Co and p,q € (1, 00) with g < p such
that
VoeXy: Ri(v) < Ciljv||] 4+ Cr and Re(v) > caf|v]|f — Co. (A.2)

If additionally R, satisfies < QY E >, then also R.gq complies with < QY E >.
Proof. Consider vy, v, € X; with v1 + v = v and Ry (v1) + Ra(v2) = Re(v). Then, using
gives

Collva[lf — C2 < Ra(v2) < Ri(v1) + Ra(v2) = Rer(v)

1)
< Ry (v—0) + Ra(0) < Ci|jv]|{ + C1,
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1)
where < uses the definition of R.¢ as an inf-convolution. Thus in the optimal decomposition v =

1 4 vs we have ||[us); < C||v]|” + C, which implies
1
ol > ([l = sl = ol = Cllo]| ¥ = C > 5 Ivlh = Cs, (A.3)

where we used ¢ < p.

With this we derive the lower bound

Ret (V) + Reg(§) = Ru(v1) + Ra(v2) + RT(E) + R5(E) > Ry(vr) + Ri(€)

QYE 1
> Ay €]l — CNF = C?YE(§HU|!1—C*) €] — CE.

This is almost the desired result, except for the linear term —c$" C,||¢]|. on the right-hand side.

However, since provides an upper bound on R;, we have a lower bound on R} and hence of
o Viz.

T —C>e|é|l,—C. foralle > 0.

(&) > Ri(€) = T¢

Choosing € > 0 sufficiently small, the linear term can be absorbed into the left-hand side, and the
QYE for R.g on X is established. [

B Proof of Lemma 3.1l

It is sufficient to prove only items (3) and (4) of the statement; for convenience, we will show them for
a sequence (g, )n, With |7,| = 0 as n — .

Ad (3): Tofixideas, we will show the statement for the operators T‘Jj. Letg,, — ginC°([0,T]; Z%),
namely lim,, o SUPye(o 7 Ayeax (g7, (t), g(t)) = 0 (where dyeax is the distance inducing the weak

topology on a closed bounded subset of 2"). In order to show that Tg-l,zg,.n — ¢gin C°([0, T]; Z%),
we observe that

sup dweak (T-(,-lggrn (t), g(t)) = max {Sleft,‘rn7 Sright,‘rn}
t€[0,T]

i Sleft,Tn = SUpteulfgn dweak(g‘rn (t)7 g(t))a
wit ¢ -
Srightﬂ'n = SuPtequ;;{g dweak (ng (t_ n2(t) ) ) g(t)> :

Now, we clearly have Sieti, ~,, < SUDe(o 7] dweak (g7, (t), g(t)) — 0. In turn,

Sright,rn = Ssup Qweak <g7'n (t)7 g (t—i_TnT(ﬂ))

k,Tn

teUl
S sup dweak (ng (t) ) g(t)) + sup dweak (g(t)7 g<t+TnT(t))> —0
teurprn teungn

left left

thanks to the fact that g € C°([0, T']; 2 ). This concludes the proof of Claim (3).
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Ad (4): Letnow g,, — ginL([0,T]; Z7): we aim to show that

Tn Tn

L (TW+TE) (g,) =g mLA[0,T]; 2). 1)

In what follows, we will use the short-hand %) := 1 (T%)+T&).

n

First, we observe that, by a characterization of weak compactness in L!([0, T; 2") known as the
Dunford-Pettis Theorem (see [DiU77, §IV.2, p.101] for a version in Bochner spaces), the sequence
(gr,, )n is uniformly integrable, i.e. there exists a convex superlinear function ® : [0, 00) — [0, 00)
such that

T
sup / &(|lg», ()] dr < oo.

We will now show that (']I‘S-O,ggﬂ.n)neN is also uniformly integrable. Indeed, by the convexity of ® we

have

T T T
SUP/ ([T gr, (r)]) dr = sup (/ %<I>(||T9,397,L(7“)||)d7‘+/ %®(||T929m(7“)||)d7“)
0 n 0 0

T T
1
Dsup [\ (lge, () dr -+ 55 [ E0)8(lgr, () Dl
n 0 n 0

1
where @ follows from direct calculations, cf. (5.6). Therefore, (T(TOTBng)neN is uniformly integrable as

well. Hence, again by the Dunford-Pettis criterion, up to a (non-relabeled) subsequence (T(Tongn)neN
weakly converges in L!([0, T]; 2") to some limit g. In order to show that § = g, it will be sufficient to
prove that

T
| @m0 —grat— 0 orange (0.1527).
0

In fact, since T\)g — g in LY([0,T]; Z7), it will be sufficient to show that

n

T
/ (0, TVg, —TVg) p-dt — 0 forall ¢ € C°([0,T]; 7).
0

For this we compute the adjoint of the operator T\, For f € L!([0,T],X) and ¢ € C°([0, T, X*)

we have

T N~ Nr
[ eronsa=3" [ @r0nsary [ @100
0 1 L 1 J 15T

left right

XS [ s [ s nd

+/kj7_ <¢af( _Tk/2)>%dt+/1k_,,- <¢7 f>ydt>
— %(;/Iﬁﬂw, f)adt + /Ifi’ght<¢(' —1/2), f) o dt
+/Iw<¢('”’f/2>7f ) dt+ /1 (@, /) dt)

T
- / (TO, 1) dt.
0
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Hence, for every ¢ € C°([0, T]; 27*) we have
T T
0 0

because T(Tong — ¢ strongly in L>([0,T]; Z7*), since ¢ € C°([0,T]; 2*) and g, — g — 0
weakly in L([0, T]; X). This concludes the proof of item (4) of the statement. ]
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