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Counterion-controlled phase equilibria in a charge-regulated
polymer solution

Giulia L. Celora, Ralf Blossey, Andreas Münch, Barbara Wagner

Abstract

We study phase equilibria in a minimal model of charge-regulated polymer solutions. Our
model consists of a single polymer species whose charge state arises from protonation-deproto-
nation processes in the presence of a dissolved acid, whose anions serve as screening counteri-
ons. We explicitly account for variability in the polymers’ charge states. Homogeneous equilibria
in this model system are characterised by the total concentration of polymers, the concentration
of counter-ions and the charge distributions of polymers which can be computed with the help of
analytical approximations. We use these analytical results to characterise how parameter values
and solution acidity influence equilibrium charge distributions and identify for which regimes uni-
modal and multi-modal charge distributions arise. We then study the interplay between charge
regulation, solution acidity and phase separation. We find that charge regulation has a significant
impact on polymer solubility and allows for non-linear responses to the solution acidity: re-entrant
phase behaviour is possible in response to increasing solution acidity. Moreover, we show that
phase separation can yield to the coexistence of local environments characterised by different
charge distributions and mixture compositions.

1 Introduction

Solutions with charged polymers can demix into polymer-rich phases, also known as condensates.
When the condensed phase remains liquid, the process yielding to demixing is known as liquid-liquid
phase separation or coacervation. In recent years, the understanding of liquid-liquid phase separation
(LLPS) has gained enormous interest because of its putative role in the assembly of macromolecules
(mostly proteins and nucleic acids) into membrane-less organelles (also known as biomolecular con-
densates) in cells [25, 34]. While polymer physics theories have elucidated several aspects of phase
separation in solution, it is not yet fully understood how different molecular mechanisms affect the
formation, regulation and properties of biomolecular condensates in cells [34]. Challenges relate to
the complexity of proteins, that are large heteropolymeric polyelectrolytes, and of the cellular environ-
ment which is maintained out of equilibrium and can itself modulate proteins properties and coacerva-
tion [34].

Grounded in the seminal work by Flory and Huggins (FH) on phase separation in polymer solutions,
the balance between enthalpic and entropic interactions is considered to be the driving force of LLPS.
Based on the simplifying assumption of polymers consisting on chemically identical units, Flory and
Huggins derived a mean-field model for phase separation in two-components mixtures. Such a model
has proven a useful phenomenological model also to study phase-separation in protein solutions.
However, its has limited predictive power, as it misses details on the nature of the intermolecular
interactions that contribute to the enthalpic part of the free energy [5, 34].

A feature common to proteins is the presence of ionizable groups, that contribute to the electrostatic
interactions between proteins [28]. Models of polyelectrolyte coacervation are commonly employed to
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study the role of electrostatic interactions as well as salt in LLPS. The early key paper in the �eld of
polyelectrolyte complexation (also called complex coacervation) remains the work by Voorn and Over-
beck from 1957 [22]. Extensions of these classical theories that capture the sequence-dependence
of LLPS driven by proteins with intrinsically disordered domains, as �rst demonstrated in [20], have
employed mean-�eld theories of polyampholytes as underlying models of proteins. They include the
Random Phase Approximation [16, 17], as well as Field Theoretic Simulations [38] for the residue
speci�c electrostatic interactions; recent reviews in the modern context are [4, 30, 31, 26].

A limitation of all these approaches is that they assume the charge state on the polymers, such as poly-
electrolytes or polyampholytes, to be �xed; in contrast, as shown earlier on by the work of Linderstrøm-
Lang [8], the charge state of proteins is in fact regulated by the local environment, such as pH condi-
tions, as well as by interactions between ionizable groups themselves [23, 32]. A key process in this
context is charge regulation of the polymers or, more generally, chargeable macromolecules in the
cellular context [2, 3]. The charge regulation process is best explained in its most elementary variant
which consists in the binding and unbinding of protons, H+ , from the water solvent. It is immediately
clear that this protonation-deprotonation process goes in hand-in-hand with the change of solution pH
[1]. More involved charge regulation processes are obviously present, e.g. in the binding of dissolved
salts in solutions. The effect of charge regulation processes has on phase equilibria has been ad-
dressed in several recent papers [18, 11, 27, 6, 19, 39, 35]. However, even in simple model systems,
the complexity of the interactions yields phase behaviours in multi-parameter spaces which are non-
trivial to analyse. This is particularly true due to the highly non-linear free energy terms associated
with electrostatic correlation effects, a key feature of liquid-liquid phase separating systems and of
fundamental relevance in cell biology [14, 24, 29, 10, 36, 37, 13].

In cell biology, the relation between the phase diagram on the one hand and the charge states of
the macromolecules on the other [9] is of particular interest. In this paper, we address this issue
on the basis of a `minimal' model which has essentially two ingredients: a basic formulation of the
Voorn-Overbeek theory and the charge regulation mechanism, for which we keep track of the charge
state on the polymers following the charge distribution approach developed in [3]. Another key novelty
that distinguishes our work from previous studies on phase separation and charge regulation pro-
cesses [18, 39] is that we consider the protonation-deprotonation equilibria in solution in the presence
of a dissociated acid. The concentration of the counterions due to acid dissociation will turn out to
be a key control parameter in our model system. In this way, we are capable to gain insights into the
coupling between charge regulation, acidity and phase separation, by linking topological changes in
the coexistence curves as well as the related changes in the charge distributions on the polymers.

Our paper is organised as follows. In 2 we introduce our model for the polymer-solvent mixture. Sec-
tion III covers the results we have obtained from its analysis. Section III A describes its homogeneous
equilibrium states, with a focus on how the composition of the mixture affects the polymer charge. Sec-
tion III B then discusses phase equilibria in our system. Finally, in Section III C we show how phase
separation process itself regulates the charge state of the polymers by controlling the local environ-
mental conditions – here acidity. Section IV concludes and provides an outlook to further studies; in
particular, we discuss the putative relevance of our results for LLPS in biological systems. Section V
contains the Appendices in which the technical results employed in the paper are derived.

2 A model for a polymer-solvent mixture

Components of the mixture. The building blocks of our model and the charge regulation mechanism
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Figure 1: Mixture components. Schematic representation of the mixture components: water (H2O),
positive ions (H+), counterions and polymers chains which consists of N monomers. Of the N
monomers polymers are made of, Z have a binding site for H+ ions. The binding sites can either
exist in a charged or uncharged state; as a result, polymers in the mixture can be in any charge state
z 2 f 0; : : : ; Zg. Schematic illustrating charge regulation mechanisms: (b) for an individual monomer;
(c) for an entire polymer chain.

it entails are illustrated in Figure 1, respectively. We consider chargeable polymers solvated in water,
H2O, and a strong acid; here as an example, we consider hydrochloric acid, HCl. Therefore, in so-
lution, we encounter the dissociated ionic species: Cl– and hydronium ions H3O+. The polymers are
considered as monodisperse with N � 1 monomers, of which only a subset of Z monomers carries
a protonation site, which can either be positively-charged (bound state) or neutral (unbound state). We
assume that H3O+, Cl– and the monomers making up the polymer have the same molecular volume
as water, � , so that the polymers have the molecular volume � M = N� � � .As in [3], we assume
that polymers with different charge states, z 2 f 0; : : : ; Zg, coexist in the mixture; as a result, we have
effectively Z + 1 different polymer species in solution. Together with water, chloride and hydronium
ions this gives a total of Z + 4 species that we take into account in our mixture. For each species,
we denote by � ! the volume fraction, with ! = ( s;+ ; `; z) = (solvent, hydronium ions, chloride ions,
charged polymer). The volume fractions must satisfy a no-void condition, which guarantees that at any
location space is fully occupied by the mixture:

� s + � + + � ` + � M = 1; (1)

where

� M =
ZX

z=0

� z: (2)

Furthermore, we assume that our solution is electroneutral so that the net charge density of the mixture
has to be zero,

� + � � ` +
ZX

z=1

z
N

� z = 0: (3)
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The free energy density of a homogeneous mixture. We assume that the mixture is incompressible
and kept at a constant temperature T , and describe it by a Helmholtz free energy density f which
consists of three contributions, similar to [39],

f = f 1 + f 2 + f 3 : (4)

The chemical potentials of the different species in the mixture are then expressed in terms of deriva-
tives of the Helmholtz free energy density f with respect to � ! ; these conditions are given in detail
in Appendix A. The �rst contribution f 1 in (4) is the standard Flory-Huggins free energy capturing the
entropic contributions and an interaction term of water and the solvated polymer

f 1�
kB T

=
X

k2f + ;`;sg

� k ln(� k) +
ZX

z=0

� z

N
ln(� z) + �

ZX

z=0

� s� z: (5)

For simplicity, we assume the interaction parameter � to be independent of the charge on the poly-
mers. The second contribution, f 2, in (4) is due to charge regulation and given by

f 2

kB T
=

1
� M

ZX

z=0

uz� z: (6)

where uz is the difference in the internal free energy (non-dimensionalised by kB T ) of a polymer with
charge z and a neutral one. By neglecting chain connectivity of the polymers, we can see the charged
polymer as a mixture of an uncharged polymer and z positive �xed charges. Following [3], we specify
uz as

uz = �z +
�z 2

2Z
� ln

��
Z
z

��
: (7)

In (7), the �rst contribution represents the energy gain (again non-dimensionalised by kB T ) from
occupying an additional site on the polymer by an H+ ion. The second term represents an additional
contribution from short-range interactions between occupied binding sites whose strength is controlled
by the parameter � . Finally, we have to include the internal entropy to account for the different ways to
arrange �xed charges on the binding sites.

The last term f 3 is the Debye-Hückel term, similar to [39], which like our reasoning for f 2 assumes
that the charges on the monomers of the polymers can be treated as free ions,

f 3

kB T
= �

1
4��

�
ln(1 + � ) � � +

� 2

2

�
; (8)

where

� 2 = �

 

� + + � ` +
�

� M

ZX

z=1

z� z

!

= 2�� ` :

Note that the term � 2 depends on the sum of all charged molecules multiplied by their valency (as in
Eq. (6) in [39]). The simpli�ed expression Eq. (9) is obtained by applying (3). In Eq. (9) the parameter
� = 4 �` B =aw , where `B is the Bjerrum length in water and aw = � 1=3 is the size of the species in
the solution. More realistic models that include polymer connectivity have, e.g., been discussed in [24].
However, these include information on the speci�c location of the charges along the polymer chains.
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Charge-regulated polymer solution 5

The charge regulation process. As mentioned in the introduction, models of polymer coacervation
commonly assume the charge state on the polymer phase to be �xed. In our framework, this corre-
sponds to assuming that all protonation sites on the polymer are occupied, i.e., imposing in Equa-
tions (5)—(9) � z = 0 for all z = f 0; : : : ; Z � 1g. We instead assume that charges can reversibly
bind to protonation sites according to the reaction

M z + H 3O+ �� *) �� M z+1 + H 2O; 0 � z � Z � 1;

where M z represents the polymer with z charges. Then, the charge states of polymers in solution is
determined by imposing chemical equilibrium, instead of being prescribed a priori.

Making use of the de�nition of the Helmholtz free energy (see A.1) we have that the change in the free
energy for each chemical reaction (M z – 1 + H3O+ �� *) �� M z + H2O) occurring in the mixture is given
by

F (T; V; Ns + 1; N+ � 1; : : : ; Nz� 1 � 1; Nz + 1; : : :) �

F (T; V; Ns; N+ ; : : : ; Nz� 1; Nz; : : :)

= � s + � z � � + � � z� 1; 0 < z � Z:

(9)

At chemical equilibrium, Eq. (9) must be zero – i.e., the difference in chemical potential of products
and reactant of each chemical reaction must be zero. Manipulating Eq. (9) we can express � z in terms
of the chemical potential of the counterions, solvent and uncharged polymers:

� z = � z� 1 + � + � � s; z = 1; : : : ; Z: (10)

10 can be viewed as an iterative discrete map that, given � 0, de�nes the chemical potential of all
charged polymers in terms of � + and � s,

� z = � 0 + z(� + � � s); z = 1; : : : ; Z : (11)

Using the explicit form of the chemical potential (31) in (11) we arrive at

uz + ln( � z) = � z�� M + ln � 0 + z ln
�

� +

� s

�
;

z = 0; : : : ; Z; (12)

where uz is de�ned by 7 and

� 0 = � M �
ZX

z=1

� z: (13)

Taking the exponential of both sides of (12), we obtain a system of Z + 1 linear algebraic equations
for the volume fractions � z; this can be solved explicitly to obtain an expression for � z, z = 0; : : : ; Z;

� z = � M � z (14)

with
� z = Ae� uz +(ln � + � ln � s � �� M )z (15)

where

A � 1 =
ZX

z=0

e� uz +(ln � + � ln � s � �� M )z: (16)
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The terms � z indicate the fraction of the total number of polymers in the charged state z as a function
of the mixture composition. By de�nition, their sum must be unity,

P Z
z=0 � z = 1 . Inspecting (15), we

�nd that � z can be rewritten in terms of an effective charge regulation free energy,

� z = A exp (� ueff

z ) ; (17)

where

ueff

z = � effz +
�z 2

2Z
� ln

��
Z
z

��
; (18a)

with � eff = � + ln( � s) � ln(� + ) + �� M : (18b)

The comparison of Eq. (18a) to the de�nition of uz (see Eq. (7)), shows that, in our system, the local
composition of the mixture affects the charge regulation process by controlling the energy associated
with the protonation/deprotonation of a single binding site. Note the introduction of an effective param-
eter � eff that includes a composition-dependent correction to the `bare' linear term in uz. As in [3], we
�nd that the ion concentration in solution, � + =� s, affects the effective binding energy. Furthermore, by
introducing the Flory-Huggins term in the free-energy, we have that the polymer concentration, � M ,
itself affects the binding of ions in solution (see the last term in Eq. (18b)).

Using (15) to eliminate � z (z = 0; : : : ; Z ) from the de�nition of free energy density (see (4)-(8)) we
obtain the expression for the free energy for an ionic solution with charge regulating polymers

�f CR

kB T
= � + ln [� + ] + � ` ln [� ` ] + � s ln[� s] + �� M � s

+
� M �
� M

(ln � M + ln [ A ])

+
Q� M �

� M
(ln � + � ln � s � �� M )

�
1

4�

�
ln(1 + � ) +

� (� � 2)
2

�
(19)

where � =
p

2�� ` and we have introduced the variable Q that represents the mean charge of the
polymer phase Q =

P Z
z=0 z� z While we have de�ned the free energy in terms of the variables � s,

� + , � M and � ` , the degrees of freedom of the model can be reduced to only two by observing the two
constraints (no-void and electro-neutrality) formulated in (1) and (3), that is � s = 1 � � M � � ` � � + ,
and � + = � � M

N Q + � ` .

These determine � s and � + in terms of � M and � ` , albeit, in the case of � + , only implicitly.

3 Results

In the current work, we focus on the interplay between charge regulation processes and phase sepa-
ration. Our analysis highlights the key role of parameter � in the equilibrium properties of the system.
We, therefore, consider it as a free parameter while �xing the others. Based on previous works, we
set � = 26:68 [39] and � � 3:1 � 10� 23 ml [39]. The number of monomers in the protein is set to
N = 100; of these, we assume that Z = 20 have a H+ binding site. We set � = � 6:5 so that it
is energetically favourable for an individual binding site to be occupied (see 1b). The temperature is
�xed to T = 298 K and the Flory parameter to � = 0:95; the latter value is chosen so that phase
separation is observed – even when considering a neutral polymer (see 3.2.2).
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Figure 2: Composition-dependent charged states. Parameter diagram for the charge distribution of
homogeneous states as a function of � eff and � , obtained by computing the extrema of ~ueff (see (20)).
The insets show ~ueff for speci�c values of � eff and � . In the green region ~ueff has two minima; outside
this region a unique minimum exists and its position is indicated by the colorbar above the diagram.
The change of the effective binding energy parameter � eff (red path in the (� M ,� ` )-plane on the left
corresponds to moving along a horizontal line in the (� eff,� )-plane).

3.1 Analysis of homogeneous equilibrium states.

We �rst study the properties of homogeneous equilibrium states that arise in our model. We are
speci�cally interested in how the charge distribution of the polymers, � z, depends on the mixture
composition, � M and � ` . This is obtained by solving the non-linear system of algebraic equations
given by Eqs. (1), (3) and (14)-(16). Generally, this can not be done analytically and requires numerical
approaches. However, we make the following observations.

1.) In the case � = 0 (i.e., independent ion adsorption), the charge distributions � z is binomial, which
can be approximated by a Gaussian distribution in z when taking the maximum charge, Z � 1;

2.) For z taken as a continuous variable, we can approximate the effective charge regulation free
energy ueff as

~ueff(z) = z� eff +
z2�
2Z

+ z ln
z
Z

+ ( Z � z) ln
�

1 �
z
Z

�
(20)

in the limit Z � 1 and z 2 (0; Z) (for the details, see A.2). In 2, we summarise how the number
and location of the local minima of ~ueff is controlled by the mixture composition – i.e., the value of
the parameter � eff. When ~ueff has a single minimum, then we can estimate � z within a saddle-point
approximation that we detail in Section V B. We �nd that for � > � 4, we can approximate the charge
distribution by a Gaussian distribution whose mean is determined by the minimum of ~ueff.

3) The saddle-point approximation is not always valid for � < � 4. The breakdown of the saddle-
point approximation is due to the appearance of multiple extrema for the function ~ueff (see green area
in 2) that is re�ected in the charge distribution � z having multiple peaks. In this case of failure of the
saddle-point approximation, we need to resort to numerical methods of computation.

This general feature of unimodality vs. multimodality of the charge distribution is summarised in Figure
2 which displays the (�; � eff) diagram. As shown, we can identify two characteristic regimes depend-
ing on the value of � : when � > � 4, � eff (i.e., the mixture composition), controls the location of the
minimizer of ~ueff which is always unique; similarly of ueff

z . When � < � 4, � eff (i.e., the mixture composi-
tion), controls both the location and the number of minimizers of ~ueff, and likewise of ueff

z . We note that
transitions between unimodality to multimodality in charge regulating systems had earlier been seen
in [3].
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We now discuss the three different cases of interest separately in more detail.

3.1.1 The case � = 0 : independent ion adsorption.

By setting � = 0 , Eqs. (23) are exact and this can be shown without the need of any approximation.
Indeed, we have that A can be evaluated explicitly: A = (1 + e� � eff)� Z . We obtain

� z =
�

Z
z

�
pz (1 � p)Z � z ; (21)

where

p =
e� � eff

1 + e� � eff
: (22)

Thus the distribution of polymer states, normalised by the total polymer concentration � M , has the
form of a binomial distribution B(Z; p). We can explain the appearance binomial distribution of the
charge state of polymers intuitively. When � = 0 there is no correlation of different binding sites;
thus the state of each of the Z sites can be treated as an independent Bernoulli random variable with
probability of success (i.e., binding) equal to p (see Eq. (22)).

3.1.2 � > � 4: the general unimodal case.

When the value of � eff is such that we lie outside the green region in 2, the charge distribution � z is
unimodal with most polymers having a charge state similar to z � Q , de�ned as the unique minimizer
of (20). As shown in A.2, � z can be approximated by a Gaussian whose mean charge Q and standard
deviation S , can be written as

Q = Zp; S2 =
Zp(1 � p)

�p (1 � p) + 1
; (23a)

where p 2 (0; 1) is implicitly de�ned by

p =
e� � eff� p�

1 + e� � eff� p�
: (23b)

In the case � > � 4, S2 is guaranteed to be positive independently of the value of p 2 (0; 1).
When comparing the exact form of Q and S in the case � = 0 (see 21) and the approximated form
for � 6= 0 (see 23), we �nd clear parallelisms. When considering � 6= 0 , the model captures the
extra energy contributions due to the interaction of the charges on the polymers. Unlike from the case
� = 0 , this introduces correlation amongst the state of binding sites (occupied or unoccupied) on
the same polymer. Nonetheless, we may still interpret p in 23b as the binding probability for an H+

ion to a free binding site. We note that the analogy with the binomial distribution is not exact and
difference emerges when comparing the second moments – here the variance S2 – which explicitly
depends on � . When considering states with the same mean charge Q, we have that � > 0 (short-
range repulsion) results in a reduction of the variance of the distribution. In contrast, negative values
of � yield to wider distributions, i.e., larger values of S. So far, we have considered � eff as a prescribed
parameter. However, as illustrated in 23, � eff is determined by the mixture composition – i.e., the values
of � M and � ` . The computation of the corresponding concentration diagrams requires solving highly
non-linear equations, for which existence and uniqueness of solution may not be guaranteed. Due
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to the physical constraints in the system (no-void and electro-neutrality), homogeneous equilibrium
states only exists when � M and � ` satisfy:

1 � � M � � ` > 0; (24a)

1 + � M

�
Z
N

� 1
�

� 2� ` > 0; (24b)

We can prove that such homogeneous states are unique (see Appendix A.3 for details). We obtain the
solutions numerically via Newton's method and use the approximation to estimate how Q and S vary
as a function of the mixture composition. Results for different values of � > � 4 are shown in 3.

When � is negative (as in 3a), the fully-charged state is the most energetically favourable for the
polymers – recall � is also taken to be negative. As a result, whenever the concentration of H+–ions in
the mixture exceeds the concentration of the binding sites (i.e., � ` > (Z=N)� M – above the dotted
light-blue curve in 3), the polymers will be in a fully-charged state– as Q attains its maximum value
(see panel (a)) while S its minimum (see panel (b)). In contrast, when the concentration of H+–ions in
the mixture is lower than the concentration of the binding sites (i.e., � ` < (Z=N)� M ), the charges
are on average distributed homogeneously between the polymers, Q � N� `=(Z� M ). This can be
shown systematically, by considering the limit � ! �1 when estimating p (results not shown). As
� increases it becomes less energetically favourable for H+–ions to bind to the polymers that tend to
remain in a less charged state even when � ` > (Z=N)� M . As expected, we �nd that the largest
value of S decreases with � . However, when considering the impact of � on S for a speci�c mixture
composition, there is no general trend. For ion-saturated mixture compositions, S increases with � ,
while for ion-limiting mixture compositions, S decreases with � .

3.1.3 Multi-modal charge distributions: charge demixing.

We now investigate the equilibrium charge distribution for values of � < � 4. As discussed at the
beginning of this section, in this regime, the saddle-point approximation breaks down and bimodal
charge distributions are expected.

We compute the full charge distribution, f � zg, solving the non-linear algebraic system given by Eqs. (1),
(3) and (14)-(16) using Newton's method with arc-length continuation (used to �nd good initial guesses
for the Newton's step). We conjecture that f � zg is still uniquely de�ned even when we are in regimes
for which the charge distribution has multiple peaks (i.e., when we enter the green area in 2); this is
strongly supported by our numerical investigation but an analytical proof of the result is beyond the
scope of this work.

The results are shown in 4 in which we compare the homogeneous equilibrium states for � = � 7 (left
column), � = � 5 (middle column) and � = � 2 (right column). Interestingly, we �nd that Q is almost
insensitive to changes in � (recall that here � = � 6:5 � 0); both below and above the H+-saturation
curve the mean charge is not affected by increasing of the short-range attractions between bounded
charges (i.e., moving from right to left in 4). In contrast, the behaviour of the standard deviation S
changes signi�cantly with � ; particularly for mixture compositions below the saturation curve. Overall,
we �nd that the more negative � , the larger the maximum value of S. When � < � 4 (see �rst and
middle column in 4), large values of the variance S are attained by allowing charges to be distributed
unevenly between polymers – i.e., � z has a bimodal pro�le (see panels (g) and (h) in 4). For values
of � near the critical threshold � = � 5 (see panel (h)), we �nd broad distributions, with polymers in
all charge states present in the solution. In this case, the peaks in the distributions occur away from
Q (see vertical red line) suggesting that most polymers have a charge state that deviates from the
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Figure 3: Composition dependence of mean charge and standard deviation. (a)-(d) Series of
surface plots illustrating how the mean charge, Q, depends on the local composition of the mixture
(� M ; � ` ), for different values of the parameter � – from left to right: � = � 2; � = 0 ; � = 2 and � = 5
(short-range repulsion between bounded charges). (e)-(g) Same as panels (a)-(d) but illustrating the
computed standard deviation, S . The dotted light blue lines indicate the salt concentration at which the
concentration of H+ ions in solution equilibrates the concentration of binding sites, i.e. � ` = Z� M =N .
Other parameters are set to default values given at the start of 3.

mean. As we take � � � 4 (see panel (g)), � z becomes more skewed towards the extreme states,
z = 0 and z = 1 , and the large values of S are due to the differential partitioning of the charges
rather than � z having a broader support. This is because the intermediate charge states, z � Z=2,
become energetically unfavourable and most polymers exist either in a poorly-charged (z � 0) or in
a highly-charged state (z � 1). In this regime, changes in the mixture composition only impact the
relative fraction of the polymers in poorly-charged and in highly-charged states thus allowing Q to
attain all values in the interval [0; Z ]. From this point of view, the model could be approximated by a
two-population model: either neutral or fully charged polymers that coexist under proper conditions.
This is similar to the approach adopted in [1].

3.2 Demixing in solutions of charged polymers

In the previous section we have discussed how charge regulation affects the homogeneous equilibrium
states of the mixture. In particular, we �nd that the mixture composition modulates the equilibrium
charge distribution. Due to the physical constraints on the volume fractions – i.e., no-void and electro-
neutrality – at equilibrium the mixture composition is well-de�ned by the volume fraction of two species.
Here we have chosen: the total volume fractions of polymers, � M and counterions, � ` .

We now investigate how charge regulation impacts the solubility of charged polymers. The calculation
of the phase diagrams follows standard procedures – details are given in Appendix A.4. We denote by�

� I
!

	
and

�
� II

!

	
the volume fraction of species in the dilute (i.e., polymer depleted) and condensed

(i.e., polymer rich) phases, respectively. Importantly, in constructing the phase diagrams we allow the
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Figure 4: Composition dependence of the mean charge and standard deviation for � < 0. Series
of surface plots illustrating how (a)-(c) Q and (d)-(f), depends on the local composition of the mixture
(� M ; � ` ), for different values of the parameter � : (left column) � = � 7; (middle column) � = � 5;
and (right column) � = � 2 (same as 3a). The dotted light blue lines indicate the salt concentration
at which the concentration of H+ ions in solution equilibrates the concentration of binding sites, i.e.
� ` = Z� M =N . (g)-(i) Plots of the charge distribution, � z (see (14)) for speci�c values of (� M ; � ` )
(see white dots in panels (a)-(f)); the red vertical lines indicate the mean of the distribution, Q. Other
parameters are set to default values given at the start of 3.

ions to be distributed asymmetrically between the dilute and condensed phases. As a result, the tie-
lines (i.e., the curve connecting coexisting states) can have non-zero gradients. This leads to the mean
electrostatic potential being different in the dilute ( I ) and condensed ( II ) phases. The difference
�  =  II �  I is known as the Galvani potential [37]. For any value of the model parameters the
phase diagrams are practically computed in Julia using the BifurcationKit package [33] for
numerical continuation.

As mentioned in 2, most models of phase separation assume that the charges on the polymers are
�xed. In order to highlight the role of charge regulation in phase separation, we �rst investigate demix-
ing for a solution of polymers with a �xed charge, Z . While in the charge regulation (CR) model the
charge distribution, � z is obtained by minizing the free energy f (see Eqs (4)-(9)), in a �xed charge
(FC) model, � z is prescribed via a delta function � z = � (z � Z ). Substituting � z = � M � (z � Z ) into
Eqs. (4)-(9)), we obtain the free energy for the FC model, f FC, as

f FC�
kB T

= � + ln [� + ] + � ` ln [� ` ] + � s ln[� s] +
� M

N
ln � M

+
uZ � M

N
+ �� M � s �

1
4�

�
ln(1 + � ) +

� (� � 2)
2

� (25)
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where � =
p

2�� ` (as before) and uZ is de�ned as in (7). As before, the system must also satisfy
the electro-neutral and no-void constraints (see Eqs. (1) and (3)).

3.2.1 Phase diagrams for macromolecules with a �xed charge.

In 5, we present the phase diagram for increasing values of the �xed charge on the macromolecules,
Z . In these diagrams, regions of mixing and demixing are separated by the binodal (or coexistence)
curves. Along the binodal, we highlight the gradient of the tie-lines: positive gradients (in red) indicate
the counterions concentration is higher in the condensed phase (II); in contrast, negative gradients (in
blue) imply counterions accumulate in the dilute phase (I). We note that, besides the constraints (24),
in the �xed charge model, the electroneutrality condition also requires � ` > Z=N� M .

Figure 5: Phase diagram topologies for polymers with �xed charges. In the different panels, the
following �xed charge values Z have been chosen: (a) Z = 0 , (b) Z = 5 , (c) Z = 10, (d) Z = 15
and (e) Z = 20. The colour scale indicates the gradient of the tie-lines while tie-lines connecting
coexisting states are indicated in light grey. The area of the (� M ,� ` ) space that are unphysical for
our model (i.e., electroneutrality is not satis�ed) are shadowed in grey. Critical points at which the two
coexisting phases become indistinguishable are denoted by the red circles. Other parameters are set
to default values given at the start of 3.

Starting from the case of neutral polymers (see 5a), we recover a coexistence curve analogous to the
one obtained in previous works on coacervates [30, 37]. Here the region of demixing is enclosed by
a single open curve (the bimodal) and a unique critical point (highlighted in red) exists. Furthermore,
the tie-lines have a negative gradient, suggesting that more counterions accumulate in the dilute in-
stead of the condensed phase. The gradient steepens near the critical point, while tie-lines are almost
horizontal when the counterions are dilute (� (I )

` � 1). As we increase Z the �xed charge on the
polymers (see 5b-5c), the demixing region is affected only for small values of � ` ; this is primarily due
to intersection of the bimodal curve with the boundary of the feasibility region (� ` = Z=N� M ). Since
the latter curve has a positive gradient, this enforces the tie-lines to change their orientation as they
approach the boundary of the feasibility region. If we increase the charge on the polymers even further
(see 5d-5e), we �nd the demixing region shrinks and its topology changes into a closed-loop with the
emergence of a second critical point. We �nd also a complete inversion in the slope of the tie-lines
compared to the neutral case. If we were to increase Z even further, the miscibility gap will disappear
(results not shown).

We conclude that overall �xed charges reduce the solubility of polymers in solution.

3.2.2 Phase diagrams for charge-regulating polymers.

In 6, we illustrate the characteristic topologies of the phase diagram for charge-regulating polymers
for different values of � . In these diagrams, regions of mixing and demixing are separated by the

DOI 10.20347/WIAS.PREPRINT.3031 Berlin 2023



Charge-regulated polymer solution 13

binodal curves. In Figures 6a-6d, we depict along the bimodal the mean charge on the polymers, Q.
In Figures 6e-6h, we illustrate the same phase diagrams but highlight along the binodal the gradient
of the tie-lines (see grey curves). Interestingly, we �nd that the phase diagrams can be signi�cantly
different from each other depending on the value of the charge regulation parameter � . In particular, we
�nd that, for strong short-range repulsion between occupied binding sites, i.e., � + � large and negative
(�rst and second column in 6), the phase diagram presents two disconnected regions of demixing –
namely A and B in 6a)– which are enclosed in the demixing region obtained for neutral polymers (see
shaded area in 6a). The demixing region A in 6a lies above the H+ saturation curve (see 3a and related
discussion) and the polymers effectively behave as having a �xed charge of Z = 20. When comparing
region A in 6a (or 6b) and the demixing region in 5e, the two overlap exactly. In contrast, the demixing
region B lies fully or partially below the saturation curve. The boundary of this region is delimited by
coexisting phases that differ both in the local amount of polymers as well as in their charge state – as
highlighted by the variation in the mean charge Q. The implication of these results will be investigated
in 3.3. As the value of � increases (i.e., it is less favourable for polymers to be in a fully charged state),
the two disconnected regions merge and a single demixing region persists (see 6c). Eventually, for �
suf�ciently positive, the phase diagram converges to the one of neutral polymers (see 6d).

Figure 6: Phase diagram topologies for different values of the charge regulation parameter � .
The following values were chosen: � = � 7:0 (�rst column); � = � 2 (second column); � = 0 (third
column) and � = 2 (fourth column). In panels (a)-(d) the colour map indicates the mean charge Q
along the binodal curve; the grey area indicates the demixing region for the neutral polymer solution
(same as in 5a). In panels (e)-(h), the colour map indicates the gradient of the tie-lines (indicated in
light grey). Critical points at which the two coexisting phases become indistinguishable are denoted by
red circles. Other parameters are set to default values given at the start of 3.

Interestingly, when comparing phase diagrams with two demixing regions, we �nd that the tie lines
have always a positive gradient – i.e., the concentration of counterions is lower in the dilute (I) instead
of condensed phase (II). In contrast, for the phase diagrams with a single demixing region, we observe
different trends in the tie-lines: (e)-(g) always a positive gradient; (h) a mix of tie-lines with positive and
negative gradients in the proximity of the critical point.

Overall, we �nd that, similarly to �xed charges, the presence of charge-regulating binding sites lowers
the demixing tendency of polymers (compared to the neutral case – see shaded area in 6). Nonethe-
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