WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

Finite-strain poro-visco-elasticity with degenerate mobility

Willem J. M. van Oosterhout], Matthias Liero

submitted: June 30, 2023

Weierstrass Institute

Mohrenstr. 39

10117 Berlin

Germany

E-Mail: willem.vanoosterhout@wias-berlin.de
matthias.liero@wias-berlin.de

No. 3027
Berlin 2023

U\

2020 Mathematics Subject Classification. 35K55, 35K65, 35Q74, 74A30, 35A01, 76S05, 35K51, 74B20.

Key words and phrases. Poro-visco-elasticity, finite-strain elasticity, diffusion equation, energy-dissipation inequality, en-
ergy estimates, time-incremental scheme.

M.L. was partially supported by DFG via the Priority Program SPP 2256 Variational Methods for Predicting Complex
Phenomena in Engineering Structures and Materials (project no. 441470105, subproject Mi 459/9-1 Analysis for thermo-
mechanical models with internal variables).



Edited by

Weierstra3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBBe 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias—-berlin.de

World Wide Web: http://www.wias—-berlin.de/


preprint@wias-berlin.de
http://www.wias-berlin.de/

Finite-strain poro-visco-elasticity with degenerate mobility

Willem J. M. van Oosterhout, Matthias Liero

Abstract

A quasistatic nonlinear model for poro-visco-elastic solids at finite strains is considered in the
Lagrangian frame using the concept of second-order nonsimple materials. The elastic stresses
satisfy static frame-indifference, while the viscous stresses satisfy dynamic frame-indifference.
The mechanical equation is coupled to a diffusion equation for a solvent or fluid content. The
latter is pulled-back to the reference configuration. To treat the nonlinear dependence of the mo-
bility tensor on the deformation gradient, the result by Healey & Krémer is used to show that the
determinant of the deformation gradient is bounded away from zero. Moreover, the focus is on the
physically relevant case of degenerate mobilities. The existence of weak solutions is shown using
a staggered time-incremental scheme and suitable energy-dissipation inequalities.

1 Introduction

The coupling of the mechanical deformations of solids to other physical processes such as heat con-
duction or diffusion of chemical species is relevant in many applications in technology or biology. We
refer to [Ger99|; Wan+20j [Lat04}; (CSS22]; Hon+08]; [CA10] and the references therein for applications
in thermo-mechanics, solid-state batteries, poroelasticity in biological tissue, hydrogen storage, and
elastomeric materials.

In many of these applications, the assumption of small strains is no longer justified and nonlinear,
finite-strain, theories have to be considered. While the static theory for finite-strain elasticity developed
rapidly after the seminal work of Ball [Bal77], the mathematical analysis for time-dependent processes
in the case of large strains is just currently receiving increased attention, see e.g. [MRS18] for a re-
sult on finite-strain visco-plasticity, [MR20; BFK23] for finite-strain thermo-visco-elasticity, and [Rou21|;
SP23] for phase-field models in the finite-strain setting.

In this text, we consider a coupled model for the visco-elastic evolution of the deformation (¢, =) of
a solid in the reference configuration {2 C R? and the diffusion of a solvent, fluid content, or other
chemical species through the (visco-)elastic body. We shall call such materials poroelastic (although
this name is usually used to refer to the interaction between fluid flow and solids deformation, see
[Bio41]).

For a time horizon T > 0 and 2 C R¢ a bounded, open reference configuration, we establish the

existence of a deformation y : [0, 7] x © — R? and a concentration ¢ : [0, 7] x £ — R satisfying
the quasi-static system

—diV(O'e|<VX7 C) + 0Vi<vX7 viﬁ C) —div (b(DQX))) = f(t)7 in [07 T] X Qu (1.1a)

¢ —div(M(Vx,o)Vu) =0,  in[0,T] x €, (1.1b)

where quasistatic refers to the neglect of kinetic energy (and therefore inertial forces pY) such that

there will be no mechanical oscillations. The total stress Y.y := 0o + 0,; — div ) consists of the elas-
tic stress oo (F, ¢) = Op®P(F, c), coming from a free energy density ®(Vy, ¢), the viscous stress
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ou(F, F, ¢) = 0;C(F, P, ¢), given in terms of a viscous dissipation potential {(Vy, Vi, ¢), and the
hyperstress h(G) = 0g.#(G) with potential 7 (D?Y), which gives higher regularity of the defor-
mation. Furthermore, f is a body force, M is the mobility tensor, and p(F,c) = 0.P(F, ¢) is the
chemical potential. The system is completed by suitable boundary conditions. Note that the equation
for the deformation is of fourth order, due to the hyperstress regularization. Thus, the Neumann bound-
ary condition contains an additional contribution related to the surface divergence of fj, and a further
boundary condition has to be satisfied, see and (2.3¢). For the diffusion equation, we assume
the following Robin-type boundary condition

M(VX7 C)V,u = K(Uext(t)_:u) on 052,

where k > 0 is a transmission coefficient and . is a fixed external potential. As is the case in
previous works [MR20], [RT20], we do not put any convexity assumptions on the energy density @,
but rather add the higher order convex term %(D%(), leading to the hyperstress [). This addition
makes it into a second-grade non-simple material, a notion which was introduced by Toupin [Tou62].

We highlight that the diffusion processes takes place in the actual (deformed) configuration, which
leads to a nontrivial description when pulled back to the reference configuration €2 for the mathematical
analysis. In the actual configuration, the diffusion equation takes the form

¢ + Div(co — M(F,¢c)Vu) =0, (1.2)

where c(t, x(t,z)) = c(t,x)/ det Vx(t, ) is the spatial concentration, v(¢, x(¢,x)) = x(t, ) is
the Eulerian velocity, F'(t, x(t,z)) = Vx(t, z) is the deformation gradient, w(t, x(t,x)) = u(t, x)
is the spatial chemical potential, and M is the Eulerian mobility tensor. The Lagrangian mobility tensor
M is obtained from the pull-back of ML. The two are related by the formula

Cof FT)M(F, ¢/det F)Cof F
det F

where Cof FF = (det F')F'~ " denotes the cofactor matrix associated with F'. Equation now
follows from via the pullback under x. As a consequence of the transformation, we need to
ensure that the determinant of the deformation gradient is bounded away from zero, which follows
from a result by Healey and Krémer [HK09]. Indeed, the hyperstress regularization in connection with
growth assumptions for the elastic energy contribution in ® in the form ®(F, ¢) > C/(det F')?— Cs,
yields a uniform constant § > 0 such that det Vy > ¢ in (2 for all deformations with finite energy, see
also [MR20, Thm. 3.1]. This blowup of the free energy, if the determinant of the deformation gradient
approaches 0 from above, gives rise to local non-selfpenetration; however, we do not enforce global
non-selfpenetration.

M(F,c) = ( for (F,c) € GL*(d) x R*,

In [DNS22] a model for the growth of biological tissue was considered. Therein, the evolution of the
deformation is coupled to the diffusion of a nutrient and the evolution of a growth variable which plays
the role of a plastic tensor. However, the diffusion equation for the nutrient density is assumed to
take place in the reference configuration and the deformation x only appears in a source/sink term.
In particular, no viscous stresses and no hyperstress regularization were considered. The missing
temporal compactness of the deformation (gradient) is compensated by introducing a suitable time
convoluted deformation K * y instead of y in the source terms. In [RS22], a similar system as
was considered. However, there the authors work purely in the Eulerian setting, which restricts them
to assuming that the actual domain is not evolving in time, i.e., x (¢, §2) = €.

Our new contribution is that we allow for degenerate mobilities, i.e. M(F,0) ~ ¢™ for some power
m > 0. Until now, to the best of the authors’ knowledge, the mobility was always assumed to be
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Finite-strain poro-visco-elasticity with degenerate mobility 3

uniformly positive definite, see e.g. [Rou17b; |[RT20], [MR20] (which uses conductivities instead of
mobilities), or [Rou21]. Our assumptions allow, for example, for the linear (actual) mobility M(c) =
M, or more generally, for a polynomial mobility. This type of mobility is physically relevant, as it
models a higher species permeability whenever the material opens up (i.e., swells) due to an increase
in species concentration, see [CA10]. See Example [2.4]for the case of a Biot-type model.

Finally, an important modeling assumption is the static frame-indifference of the free energy, namely
O(RF,c) = ®(F,c)forall R € SO(d) and F' € GL"(d), and the dynamic frame-indifference of the

viscous stress potential, i.e., ((RF), RF + RF, c) = C((F, F, c) for all smooth ¢ — R(t) € SO(d),

and F, F' € R%. For simplicity, we will assume that the viscous stress is linear in (VXTVX) ", which
is used to model non-activated dissipative processes with moderate rates, see e.g., [MR20, Sect. 2].
To control Vy via (Vx V)", we exploit results for generalized Korn’s inequalities by Neff [Nef02]
and the extension by Pompe [PomO03]|. Here, again it is used that we can control the determinant of
the deformation gradient via the hyperstress regularization.

The main result of this paper is that under certain conditions our model always admits weak solutions
(see Definition and Theorem[2.7). To prove the existence of solutions, we use a time-incremental
scheme consisting of two steps. First, the elastic equation is solved to obtain the new deformation
with fixed concentration ¢ from the previous time level, by reformulating the equation as minimization
problem. Then, the diffusion equation is solved using a fixed point argument to obtain the new chemical
potential 1, which also implies the existence of a concentration c. Here, it is important to note that due
to the degenerate mobility an extra regularization is needed, cf. [Jun15]. This regularization takes
the form 1(—A)?y, with regularization parameter 7 > 0 and exponent § > ¢ (such that there
is a compact embedding HY(€2) < L°°(£)). Next, we show that these solutions satisfy an energy-
dissipation balance, from which suitable a priori estimates are derived. Due to the degenerate mobility,
the classical Aubin—Lions lemma no longer suffices to pass to the limit in the concentration terms.
Instead we use a more general compactness result due to Dubinskii [Dub65] to pass to the limit

(1,m) — 0, see also Theorem

The paper is structured as follows. In Section [2] we introduce our model and assumptions in a math-
ematically rigorous way, and state the main result. In Section 3| we start the proof of the main result
by introducing a regularization term and a time-incremental scheme. After showing existence of these
approximate solutions, we proceed by showing an energy-dissipation inequality, from which suitable a
priori estimates are deduced. Finally, in Section [4] we pass to the simultaneous limit with respect to
the time discretization and regularization to obtain the main result.

2 Mathematical setting and main result

Our model is described in the Lagrangian setting in the reference configuration @ C R?. We assume
that {2 is an open, bounded domain with Lipschitz boundary, and that 02 = I'p U 'y (disjoint)
such that the Dirichlet part has positive surface measures fFD 1dS > 0. We denote by L*(12),
H*($2), and W*P(02) the usual Lebesgue and Sobolev spaces with the standard norms. Moreover,
the (closed) subspace W, ?(Q) denotes the functions in T/*(£2) with zero trace on T',. We consider
deformations y on €2 that are fixed on the Dirichlet part ', namely, we consider the space

WP (4 RY) == {x € W**(;R?) | x|r, = id}.

1

We denote by “a-b”, “A : B”,and “G: H” the scalar products between vectors a, b € R? matrices
A, B € R¥ and third-order tensors G, H € R¥*%*4 respectively.
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To introduce the system of partial differential equations coupling the evolution of the deformation x
and the concentration ¢ of some species, we consider a free energy density & = ®(Vx, ¢), a higher-
order regularization .7 = #(D?Y), a viscous dissipation potential (¢ = ((Vy, Vx,c), and a
(Lagrangian) mobility tensor M = M (V, ¢). The free energy density P gives rise to the first Piola—
Kirchhoff stress o, and the chemical potential 1, the viscous dissipation potential  to the viscous
stress oy; via

Jel(Fa C) = aF(I)(F7 C)a M<F7 C) = 8CCI)(F, 0)7 and O-Vi(F7 }.’—',C) = aFC(Fv F7C)7 (2.1)

and the potential 7 to the hyperstress h(G) := 0g. 7 (G), where we have used the placeholders F

for Vy, I for Vx, and G for D?y. The model is then given by the evolutionary system in the reference
domain €

—div(oa(Vx, ¢) + 0i(Vx, Vx, c) — divh(D?x)) = f(2), (2.2a)
¢ — div(M(Vx,c)Vu) =0, (2.2b)
completed with the boundary conditions
x = id onI'p, (2.3a)
(Jel(vX7 C) + Ovi<vX7 V).(, C))ﬁ - dlvs(b(D2X)ﬁ) = g(t) on FNa (23b)
h(D*y) : (A®7A) =0 on 052, (2.3¢)
M(Vx, )V = K(pex (t)—H) on 092, (2.3d)

where 7 denotes the unit normal vector on 02, and k(z) > 0 and e (t, =) are a given perme-
ability and an external potential, respectively. Here, divs denotes the surface divergence, defined by
divs(+) = tr(Vs(-)), i.e., the trace of the surface gradient Viv = (I — 1 ® 1) Vv = Vv — 287,
Finally, we consider initial conditions

X(0) = xo, ¢(0)=co onfl (2.4)

For any R > 0, let us denote the set

Fri={FeGL*(d)||F| <R, |[F'<R, and det F > 1/R}. (2.5)
We impose the following assumptions on our model:

(A1) The hyperstress potential is a convex, frame-indifferent C' function ¢ : R%*¥xd 5 R+
such that the hyperstress is given by h(G) = 97 (G) € R4 Moreover, there exist
p € (d,00) N [3,00) and constants Cy;.1, C3.2, C.3 > 0 such that

CralGPP < H(G) < Cpa(1+|GP), |067(G)| < CyslGPP" forall G € R4,

(A2) The mobility tensor M : GL*(d) x RT — R%*4 s a continuous map. There exist an exponent

sym

m > 0, and for all 2 > 0 there exist constants Cy a¢,r, C1,m,r > 0 such that

£ M(F,¢)¢ > Comprc™[€]? and [M(F,c)| < Ciprc™

2.6
forallé € R, F € Fr, c € RT. (6)

The admissible range of the exponent m > 0 depends on the growth properties of (the deriva-
tives of) @ and is fixed in assumption |(A3)
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(A3) The free energy ® : GL*(d) x Rt — R is bounded from below, continuous, and C? on
GL*(d) x (0,00), i.e., for strictly positive concentrations. It is frame indifferent, and satisfies
the following assumptions:

(i) Forany c € R™ there exists constants C'g o, C'y 1 > 0 such that
y K b

Coo _ _ Cp, foral F' € GLY(d).

O(F,c) > W ,

(i) There exist an exponent —1 < r < oo such that r+m > 0, and for all & > 0 constants
C; :=Cs,;r>0(1 <i<2)andconstants v; :== 73, r > 0 (1 <7 < 2) such that

C C
2 p oy <OPO(F,¢) < 2 4 ypd forallc € RT, F € Fp.
c c

Concerning the constants y;, we distinguish two cases (see also Remark [2.2(ii)):

Case |: We assume y; = 72 = 0, and also require 1 < m < 2.
Case lla: For v5 > v, > 0, werequire 0 <m < 3+ r.
Case llb: For v > v > 0, we require 0 < m < 2.

(i) There exist an exponent o € R, and for all R > 0 a constant Cg 5 g > 0 such that
07, D(F,c)| < Cospe® forallc € RY, F € Fp

In Case | above, avis suchthat 0 < m + o < 22 where 1 < s = %ﬁ < 2 and
0 <m+2a.

In both Case lla and Case llb a > —1is suchthat0 < m + o < (24 1)L,

. d+2 2) d 1)+2(r+2
where 1 < s = mm{mmL(:jQ), (cl?nﬂiJr)lLrTz)} < 2. Furthermore, in case Case

lla we require that 0 < m + 2a < m + 1 + r, while in Case llb we require that
0<m+2a<m+2+2r

(A4) Forall R > 0 there exists a concentration cg € R* suchthat ®(F, cg) < oo and |0.P(F, cg)]
oo forall F' € Fp.

(A5) The viscous stress potential ( : R4 x R4 x Rt — RT is such that ((F, F,c) =
C(FTF,(FTF)",c),where ¢ : R <RI x Rt — R is quadratic in the second variable,
namely

- 1 ~ .
¢(C,C,e) = §C :ID(C, ¢)C.
This quadratic form is such that there exist constants C 1, C¢ 2 > 0 such that

Cea|(FTE) P <((F'F,(F'F)',c) <Ceo|(FTF)|* forallc € RY, F € R,

(A6) The external forces satisfy f € W1>°(0, T; L>(Q; R?)), g € W1>°(0,T; L*(09; R?)). We

set
(0(t), x) = / f(6)-xdo+ [ g(t)-xas
I'n
such that £ € W1°°(0, T; H' (; RY)*).

(A7) The permeability k € L>°(0f)) is nonnegative and strictly positive on a part of the boundary
OS2 with positive surface measure, i.e., fm kdS > k., > 0. We assume that the external
chemical potential is such that jiex; € L*([0, T]x982).
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(A8) The initial conditions satisfy xo € VV@”’(Q; R?) with det Vxg > po > 0and ¢y € L*(€2) with
¢o > 0 and are such that [, ®(Vxo, ¢p) dz < oc.

As an immediate consequence of these assumptions, we note the following lower bound for the free
energy.

Lemma 2.1 (Lower bound for free energy). If Vx € Fr forsome R > 0, then there existC'y, Cy, C3 >
0 such that

/ ®(Vy,c)dz > C1llclpog i) + 1 Callcl35. — Cs. (2.7)
0

Proof. Using first the lower bound 0% ®(F', c) > % of Assumption [(A3)(ii) and Assumption .
we obtain by integrating once

0.P(F,c) > Cr o rlog(c) + 0cPumix(F, cr) — C1.0,rlog(cr).

Integrating again, and using Young’s inequality with € to absorb the lower order terms in ¢ in the highest
order term, we thus obtain

/ O(Vx,c)dz > Cillel| prog Loy — Cs.
0

The second part of the lower bound now follows from integrating the lower bound 92.® > ~yc”
twice. 0

Remark 2.2. (i) (Growth of free energy) Note that Assumption |(A3)(ii) implies that ¢ — ®(c, F)
is superlinear for every F' € GL™(d). Moreover, we see that ®(F, c) ~ clogc — ¢ + 1"

(ii) (Differences between Case | and Il) We remark that the limit » || —1 in the conditions of Case I
almost reduces to the conditions of Case I. However, in Case |, we additionally need to assume
the lower bound m > 1. Without this bound, it is not possible to obtain the strong convergence
of the concentrations, which is needed to pass to the limit, see Prop. Note that as a result,
Case | is restricted to negative exponents o < 0. Indeed, we have o < 7% < 0 since

m > 1and s > 1. Infact, for p — oo, we get v < + — .

(ii) (Relation between p and ¢) From Assumption ii) and the resulting strict monotonicity of
c — 0.9(F, c) it follows that the equation y = 0,®(F, c) for F € GL™(d) fixed is uniquely
solvable for given 1 € R. By the implicit function theorem, the map ¢ = ¢(F’, i) is continuous
on GL"(d) x R. In particular, forany F' € GL"(d) and ;2 € R there exist constants M, > 0
depending only on ||, | F'|, and det F such that § < ¢(F, ) < M.

(iv) (Constraint ¢ > 0) To obtain the constraint that the concentration stays positive, we note that
D2 D(F,c) > % (cf. |(A3)ii)) implies that lim,._,o+ 0, P(F, c) = —oo. Thus, we can extend
by setting ®(F, ¢) = +oc for ¢ < 0. Note that this implies that 9.®(F, ¢) = () for ¢ < 0 (and
in particular for ¢ = 0).

Another possibility (which we will not use) is discussed in [Roui7al, Rem. 2], where instead the
mobility is extended by setting M (F’, ¢) = 0 for ¢ < 0. However, this will only give the posi-
tivity of the concentration for solutions (2.2), not for the regularized problem. Indeed, since our
existence proof uses an extra regularization for the diffusion part, it is not clear if the regularized
time-discrete solution c¢; obtained from is positive. Consequently, several modifications
would have to be made to the proof.
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Finite-strain poro-visco-elasticity with degenerate mobility 7

(v) (Degenerate & non-degenerate mobility) If we assume that the mobility is uniformly positive
definite, continuous and bounded, i.e., if m = 0 (see [Rou17b], [MR20] (conductivities instead
of mobilities), or [RT20]), then it is possible to prove existence of solutions without using an
additional regularization. Indeed, in this case one can test the diffusion equation with 1z and use
the estimate MV - Vi > C|Vu|? to obtain a bound for Vi in L?(€2). Here, we restrict the
discussion to the degenerate case, where m > 0.

(vi) (Gradient structure) The viscous-elastic evolution and the diffusion process can be formally
written in terms of a gradient-flow structure. Indeed, define the free energy functional & (x, ¢) =
fQ (Vx, ¢) + 2 (D?x) dx as well as the convex dissipation potential

R e.08) = [ (9 Viie)ds
Q
+/QM(VX7C)V(_AH(V><,C)K.) V(- A/\/}(ch)m )dx+/9/{(—A/_\j(vxyc)ﬁé)2dS

with _ij(vx o P U [t denoting the linear operator defined formally by the weak solution
fi of the elliptic equation —div (M(Vx, ¢)V i) = v with boundary conditions M (Vx, ¢)V -

1 + kji = 0. The evolutionary system in (T.7) can be formally rewritten in the form

a()'(,c'),R’tOt(X7 ¢, 5(7 é) =+ D(x,c)EO(X7 C) = §ext,

where &, contains the mechanical loading and the external potential fiey. It is possible to ex-
ploit the gradient structure of the equations to obtain time-discrete solutions via a staggered
incremental scheme. However, since this scheme would require additional assumptions to de-
rive suitable a priori estimates, we instead use a fixed point theorem to obtain the existence of
time-discrete concentrations.

Example 2.3 (Strong coupling in free energy). Consider the multiplicative decomposition of the de-
formation gradient as F' = [, F,, see e.g. [Lub04]. In this case, the free energy is formulated in
terms of Fyy = FF. 1, eg., ®(F,c) = ®(FF. ') + ®y(c), where ®; : GLT(d) — [0,00) and
®, : (0,00) — [0, 00) describe the elastic and the chemical contribution to the free energy, respec-
tively. A standard choice for I, which models isotropic swelling, is e.g., F. = a(c)I for some C*
function a : [0,00) — (0,00) with 0 < a. < a(c) < a*.

We assume that @, (Fy, ¢) satisfies the coercivity estimate ®; (Fy, ¢) > Co|Fy| + =2~
exponent 1 < g < oo as in Assumption |[(A3)i). Then, it follows that

det F — (' with

Co Coa(c)?

0oy + o Cor
al(c) X (det Fy)e

—1 > rT——
O(VXF, ) > (det Fy)a

C
_CIZG_E|F9I’+ _Cla

i.e., ®(F, c) also satisfies the coercivity estimate. However, conditions on ®; and ®, for convexity
with respect to ¢ and the growth conditions in Assumption [(A3)(ii) and (iii) are hard to formulate at this
abstract level and have to be confirmed for more concrete examples.

Example 2.4 (Biot model and Fick/Darcy’s law). The Biot model [Bio41] (cf. [RT20, Sect. 4]) with
Boltzmann entropy is given as

O(F,c) = dy(F) + 1]\45(0 — Coq — B(det F—1))* + kc(log (i) - 1),

2 Ceq
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for some suitable elastic energy ® and constants Mp, 3, k, ceq > 0. In this case, the assumptions
for Case Il are satisfied with « = 0 and r = 0. Defining the (Eulerian) flux as 7 = —M(F’, ¢)V,
and assuming the mobility is linear in ¢, namely M((F, ¢) = ¢M (i.e., m = 1), we then obtain

j = —kMOVc — CMovp,

where p = Mp(c — ceq — B(det F—1)) is the pressure. The first term corresponds to Fick's law,
while the second is related to Darcy’s law.

Definition 2.5 (Weak solution). Let 1 < s < 2 be as in|(A3)(iii). We call a pair (, ¢) a weak solution of
the initial-boundary-value problem @2)-@4) if y € L>(0, T; WZP(;RY), x € L*(0, T; H'(;R?))
and ¢ € L>®(0,T; Llog L(Y)), ¢ € L*(0,T; W'*(Q)*) with Vcz € L2(0,T; L*(Q)) (Case

l). In Case Il, we additionally require that ¢ € L°°(0,T; L**"(2)) and V™2™, VBt e
L2(0,T; L*(Q)). The pair satisfies the integral equations

T T
/ / (00(V, ) + 0u(Vx, VX, €)) : Vé + H(D?y) D da dt = / (1), d)dt (2.8a)
0 Q 0

forall ¢ € L2(0,T; WP (€ R%)), where (-, -) denotes the duality pairing between 17> (€2; R%)*
and W2P(; RY), and

T T T
/ (¢,)dt + / / M(Vx,c)Vu-Vipdedt + / / K — fext)pdSdt =0 (2.9)
0 o Ja o Joa

for all ¢y € L*(0,T;W"*(Q)), where (-,-) denotes the duality pairing between 1¥*(Q)* and
Whs' ().

Furthermore, we require that 1 € 9.®(V, ¢) almost everywhere in Q, and that © € L*([0,T] x
o0N).

We note that sufficiently smooth weak solutions indeed satisfy the classical formulation (2.2) with
boundary conditions (2.3). For the derivation of (2.2a) and (2.3a)-(2.3c), we refer to [MR20, Eqgn.
(2.28)-(2.29)]. The derivation of and follows directly from integration by parts.

Remark 2.6. Note that we not state any regularity conditions for the chemical potential 4, but only for
the concentration c. Using the relation Vi = 9%,.®D?*x + 029V ¢ and the bounds in |[(A2)|and [(A3),
we see that this gives a well-defined concept of weak solution.

Theorem 2.7 (Existence of weak solutions). Suppose that the assumptions|(A1)H(A8)| hold. Then, the
system in (2.2)—(2.4) possesses at least one weak solution in the sense of Definition[2.5,

3 Time-discretization of a regularized problem

For the time discretization, we consider an equidistant partition {0 = ¢ty < t; < ... < ty = T’} of
[0,7], where N € N, t;, = krwithk = 0,...,N and 7 = T/N > 0. We construct approximate
solutions (xx, ftx) such that xx = x(x) and p ~ pu(ty) using a staggered scheme. In the following,
we use for the time discretization the difference notation

hi — g1

5 hy, = —— "L gor k=1,...,N.
T
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Finite-strain poro-visco-elasticity with degenerate mobility 9

We consider the following time-discrete systemfor k = 1,..., N:

/ (0a(Vxk, cr1) + 0u(VXho1,0-VXks 1)) : Vo + b(D?xp) D¢ dz = (6, ¢), (3.1a)
Q

(0rcr, 1) + / M(V Xk, k) Vi - Vip d +/ K — bk ext ) dS = 0, (3.1b)
Q BY)
where (i € 0.P(xk, cx) a.e.in . (8.1¢)
Moreover, we set £}, := % (1:—1)7 0(t) dt and pig ext == % (1:—1)7 text(t) dt for k = 1,... N and set

by := ¢y such that 0,.¢; = 0.

We note that this scheme is constructed in a specific way: Starting from the initial conditions yr—o =
Xo and ci—o = ¢y (cf.[(A8)), we first solve the mechanical equation using the concentration c;_; from
the previous time step, and then we solve the diffusion equation using the just obtained deformation
Xk- The existence of time-discrete solutions (Xk, ck) follows from the formulation of the mechanical
equation as the Euler—Lagrange equation of a minimization problem and for the diffusion equation via
a fixed-point argument.

Due to the degeneracy of the mobility, we cannot expect to obtain the existence and suitable estimates
for V1. Thus, following [Jiin15], we add an elliptic regularization 1(—A)? 1 to the diffusion equation,
for some small parameter 0 < 1 < 1 and ¢ € N. This regularization ensures that 1, € H"(Q).
The exponent 6 is chosen sufficiently large such that H?(Q) < L>({2) compactly, i.e., § > 4. We
will use the notation || := Zle 5; for multi-indices 5 € N. With this regularization, we replace the
equation in (3.1b) with

<(57-Ck, 77/)> + /QM(Vle ck)Vuk -V dx

+ / > P 0% dr + / R — ket dS = 0 (3.167)
Q |8|=0 o0

for all ¢ € HG(Q) and with px € 0.®(x,cx) a.e. in 2. Note that this weak formulation is still
well-defined since ¢, € L>°(§2) (see Remark [2.2(iii)) and thus M (Vxy, ¢x) € L®(€2) and Vi,
Vi € L*(Q).

Remark 3.1. We highlight that we do not require an additional regularization term 79,y in the me-
chanical equation to deal with the frame-indifferent viscous dissipation potential ( as e.g. in [MR20].

Lemma 3.2 (Existence of time-discrete solutions). Let the assumptions in hold. We fix
pl € HO(Q) and x{ € W2P(Q;R?) such that det Vxi > po > 0, and we define c{] as the
unique density with 1) = 0.®(Vx(, c}). Then, starting for k = 0 from x{ and ¢{, we can iteratively
find weak solutions (X}, ¢!, 1) € W2EP(Q;RY) x L®(Q) x HY(Q), fork = 1,..., N, for the
mechanical equation and the regularized diffusion equation (31b%), respectively, with ¢}l > 0
and ji} = 0.®(Vx},cl) a.e. in .

Proof. We drop the index 7) throughout the proof.

Mechanical step. First, we consider the equation (3.1a), where ;1 € Wii’p(Q;]Rd) and cx_1 €
L>(€2) with ¢;,_1 > 0 a.e. in  are fixed. Let us define the energy functional &, and the dissipation
potential R via

Eolxsc) = / B(Vy,c) + #(D*)de, and Ry %c) i / (V. VY, ¢) d.
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We assume that xx_1 and ¢x_1 are such that & (xx_1, ck—1) < 00. The deformation y € I/Vfi’p(Q; R?)
is obtained as the solution of the minimization problem

. ~ X — Xk— ~ | ~
Xk € Arg Mln{SO(X7 Ck—l) +7—R<Xk’—1a 717 Ck—l) - <£k’a X> ‘ X € vai’p(s—L Rd)} (3.2)
Note that the corresponding weak Euler—Lagrange equation is exactly (3.1a). Indeed, the Gateaux
differentiability of x +— &y(x, ck—1) follows as in [MR20, Proposition 3.2].

To show that there exists a minimizer x;, € W*(€; RY), we first note that the functional in (3:2)
is bounded from below due to the assumptions [(AT), and[(A3)H(A6) This boundedness follows from
the embedding W37(Q) < Wh°(Q;R?), which gives a bound for V in L>(€; R%*%). In fact,
using the assumptions on the hyperstress, we also obtain that the functional in is coercive on
Wii’p(Q; Rd). To show that it is weak lower semicontinuous, we note that .7#” is convex by assumption.
As the rest of the functional consists of a (non-)convex perturbation of lower order, loffe’s theorem
[FLO7, Theorem 7.5] now gives the weak lower semicontinuity. Note that to apply loffe’s theorem, we
use the compact embedding W2?(£2) — W1>((2), which follows from p > d (comp.[(A1)). Finally,
since the minimization is feasible as by assumption So(xk,l, ck,l) < 00, we obtain the existence of

a minimizer Y. In particular, we also have that Eo(xk, ck,l) < 0.

Diffusion step. Given x; € W?%P(£2;R?) from the mechanical step and c;,_; € L>(f2) from the
previous time step, we now solve the diffusion equation (3.1b%) via a fixed-point argument, analogously
to e.g. [JUn15; Fis+22]. Let us fix @ € L*°(2) and define ¢ such that i € 9.P(Vx,¢) a.e. in 2

(see Remark|[2.2(iii)). We solve the linear problem az(y1, 1) = (&, v) for all ¢ € HY(RQ), where the
bilinear and linear forms az : H?(Q)) x H?(Q) — [0, 00) and & € HY(Q)* are given via

az(pt, ) z/Q{M(ka,E)W'VWnZ 85u'8%}dx+/ Kk dsS,

18|=0 0%
Cc—cCi_
(6 0) = — / C2 gy 4 / i sath S,
Q T 1)

The existence of a unique solution 1 € H9(Q) follows from the generalized Poincaré inequality for
the space H((2), see e.g. [Tem97, Ch. 2.1.4]. Since H’(2) embeds compactly into L>°() (recall
that > d/2), we can define the map S : L>°(Q2) — L>(2), that maps /i to u. We show that S
is continuous, compact, and that for some A € (0,1] the set Sy := {u € L>®(Q) |u = AS(u)} is
bounded. Then, S has a fixed-point 1, € H?(Q) C L>(Q) by Schauder’s fixed point theorem, see
[GTOT, Thm. 11.3].

To show the continuity of S, consider a sequence of chemical potentials ﬁ(") — pin L>(Q) as
n — oo and the associated densities ¢". In particular, we have that ||i™ || =) < K for some
K > 0 independent of n and thus also [|c™ || ) < C(K). Let now u(™ = S(i™). We have
to show that this sequence has a limit ;1 € L>(€2) such that S(ji) = p. Choosing ¢ = u(™ in
the equation for u(”) gives the uniform estimate H,u(")HHe(Q) < (' via standard arguments. Thus,

we can find a (non-relabeled) subsequence and a limit 1 € H?(2) such that ™ = 1 in H?(9).
Moreover, by possibly passing to another subsequence we can assume that ¢ — Fae. inQand
by dominated convergence also in L?((2) for every p € [1,00). Thus, we can pass to the limit in
gy (1™, 1) = (&, 1) to find that 1 is the unique solution of az(p, 1) = (&, ). In particular,
since it is unique, we get that ;2 = p and all converging subsequences converge to the same limit
(. Thus, S is continuous. The compactness of S follows similarly, as the images of bounded sets in
L>(£2) under S are bounded in H?((2). Due to the compact embedding of H%(2) into L>(2) the
claim follows.
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Finite-strain poro-visco-elasticity with degenerate mobility 11

Finally, we have to show that the set S, for some A € (0, 1] is bounded. Let j1) € Sy, i.e., ) satisfies

ey (112, 10) = MEe,, ) forall v € HY(Q), where 1y = 9.®(V x4, cy). Choosing 1) = p, in the
equation yields

Qe (fixs f12) = /Q{M(VXk, ex)Vin - Vi +1n Z |35M,\|2} dz + /m”vﬂi ds
|B]=0

2l de
T

C\ — C
= (oo ) = A/ Rl M ext dS — A/ Ak
[oJ9) Q

A A
< )\/ Rl fok ext S + —/(I)(VXk7Ck—1) dx — —/@(VXk,cA)dx.
o0 T Ja Q

T

Applying standard Hélder’s and Young'’s inequalities for the boundary integral on the right-hand side,
we conclude that

A
)\/(I)(VXk;Ck>+T/{M(VXk7C/\)V/L)\‘V/L)\+7]Z |8'B,LL)\’2}d$+T/<L(1——)//L?\dS
0 0 2

181=0 o0
KA o
< 5 Hikext dS+ X | &(Vxg,cr1)dx,
09 Q

and thus that ||| L (@) < Coo,lliiallgo(e) < C since @ is bounded from below and the right-hand
side is bounded.

Thus, Schauder’s fixed-point theorem yields the existence of a fixed point p € H"(Q). With c;.
defined as above, this fixed-point is a solution to the regularized diffusion equation (3.7b%). Moreover,
we also obtain from the estimate above for A = 1 that & (s, ¢x) < 0o. Note that by Remark
we have that ¢, € L>°(2) and ¢, > 0 a.e.in €.

O

To pass to the limit (7,77) — 0, we now introduce the piecewise constant and piecewise affine inter-
polants with respect to the time-discrete solutions obtained in Lemma 3.2|by

e (0) = X3 Xrl0) = X ort€ (henti, @9
XU,T«)) = Xg> Xn,,r(t) = XZ—I fort € [tkflvtk)v
~ ~ t—tp_1 tr — 1t
Xnr(0) = X0, Xnr(t) = ———Xi + ———xjy fort & (ta1,tal, (3.5)
where, as before, t, = k7 for k = 0,..., N. Similarly, we define the interpolants with respect to ¢y,

Mk gk’a and Mk ext-

Remark 3.3. Note that the strong convergence of the piecewise affine interpolants together with a suit-
able estimate for the time derivative of the latter also implies the strong convergence of the piecewise
constant interpolants, as for any Banach space X the following estimates hold:

~ T B8
X7 = XTHB(O,T;X) < ﬁHXTHL?(O,T;X), (3.6)
1% = Xz rix) < 720X 20 (3.7)

Of course, similar estimates also hold for x ..
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Using the piecewise affine and constant interpolants defined above, we can rewrite equation (3.1a) for
the deformation in the form

T -
/ / (0T €y) + 0alVX, - Vnrec,)) : Vodadt
0 Q

T
/ /hDQXnT D2q§dxdt:/ ((;,¢)dt, (3.8a)
0

for ¢ € L2(0,T; WP (Q; R%)) and for the concentration as

T
/0 (Cporr ¥ dt+/ /M VX G ) Vi 7 - WH]Z(?%T P dz dt
|B|=0

T
+ / / K(ﬁnﬂ' o ﬁT,extﬁp dSdt = 07 (3.8Db)
0 [2}9]

foryp € L¥(0,T; H?(Q)), where Ay r € 0c®(X, ,,Cpr) ae.in €.
We start by showing an energy-dissipation inequality.

Lemma 3.4 (Energy-dissipation inequality). LetX;, ,, Cy,r, X, -+ Coro iy - and )?W denote the piece-
wise constant and affine /nterpolants with respect fo the_t/me -discrete solutions obtained in Lemma
ForE-(t,x,c) == [, ®(Vx,c)+ 7 (D*x) da — (€-(t), x), the following time-discrete energy-
dissipation inequallty holds fort, = kt,k=1,...,N:

ty
gT(th ynﬂ'(hﬂ)?EW,T(tk)) + / /{; {M(VY’VLT?En,T)vE’I],T'vE’V],T +n Z ‘aﬁﬁn,7|2} dzdt
0
|B]=0

tr tr -
+/ / /fﬁfwdetnL/ R(X > Xy Cpr) dt
o Joa 0 =T

tk tg by
< &(0, x4, cg) + / / Ky P ey S At — / (Cr,x, )dt. (3.9)
o Joa T 0 =T

Proof. We drop the index 7 throughout the proof.
Using the definition of the subdifferential, we get with 1, = 0.9 (V xx, ¢x) that a.e. in

D(Vxk, ck—1) > P(Vx, k) + pur(co—1 — ck)-

Thus, it follows for all k = 1,..., N, after integration over {2 (and adding the hyperstress potential
¢ 1o both sides) that

/@(ka,ck)+<%”(D2xk)dx—/@(ka,ck_1)+%(D2xk)dx—/uk(ck—ck_l)dxSO.
Q Q "

Using the time-discrete diffusion equation in (3.1b%) with test function v = ;. € HG(Q) for the last
term on the left-hand side, we now obtain the discrete energy inequality

Eo(Xks cx) — Eo( Xk, k1) + T/ M(Vxk, ck) Vi - Vi do
Q

+T/ (R — [tk ext) d5+7'77/ Z‘aﬁudeUC <0, (3.10)
20
|B|=0
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where, as before, E(x, ¢) = [, ®(Vx, ¢) + #(D*x) d.

Next, we establish the analogous estimate for the mechanical step. This estimate, however, follows
directly from x being the solution of the minimization problem (3.2). Indeed, choosing x_1 as com-
petitor in the minimization gives

Eo(Xks h—1) + TR(Xk=150rXks chi—1) — L Xe) < Eo(Xk—15Ch—1) — (Cks Xt—1)- (3.11)

To obtain the estimate in (3.9), we use the estimate (3-17) for & (X, cx—1) in the estimate (3:10) to
get

Eo(xis ) + T/

Q

{M(VXZ-, )V -V +mn Z \8ﬂui\2} dx
|8]=0

+ 7’/ K(N? - Miﬂi,ext) dsS + TR(Xi—l, 0r Xis Ci—l) < 50()(2'—1, Ci—l) + <€i7 Xz'—Xi—1>.
o0

The inequality in (3.9) then follows from summing over ¢ = 1,...,k, summation by parts for the
loading part, and the definition of the piecewise constant and affine interpolants. In particular, the
summation-by-parts formula reads

k k
> 7, 0x) = (b xa) — (Lo, x0) — Y T(0-4, Xi-1)
=1 =1
O

The time-discrete energy-dissipation inequality gives rise to uniform a priori bounds (with respect to
7 and 7) for the interpolants of the time-discrete solutions (, ftx, Cx) Obtained in Lemma We
assume in the following that the initial conditions satisfy

Xo = Xoin I/Vfi’p(Q;Rd), cg = coin L'Y(Q), and Eo(xa,c8) — Eo(xo, o) (3.12)
asn — 0.

Lemma 3.5 (A priori estimates). Assuming that|(A1)-(A8), as well as (3.12) are satisfied, there exists
C > 0 (independent of T and n) such that for T, > 0 small enough, the following uniform estimates
are satisfied

||X77,T||L°° OTVV2 p(Q) + ||X77‘F||L2(OTH () + ||(det VXT] T) 1||L°°(07T§LQ(Q)) S 07 (3133.)

Vil 20,50 @) + IVER - 22 (011 x00) < C, (3.13b)
G0, Nl 2w (0,752 10 L(22)) + HVE%T”LZ(O ri2@) T [Cnr s .m0 () < C (3.13¢)
IM(VX,) 1 Cnr ) Vi -l s (o,11x0) < Cy. (3.13d)

_ md+2
where s = = > 1.

If additionally 1 > 0 in Assumption|(A3)|(ii) then we also have that

_ _ 4w 2 A
HCT],THLOO(O,T;L2+T(Q)) -+ Z HVCHQ,T HL2(O,T;L2(Q)) + HCW,THLS(O,T;HG(Q)*) S C?
we{0,1E7, 140}
(3.13¢)
HM(VXnacn)vMﬂ’ Ls([0,7]xQ) < C’ (3.13)

md+2(r+2) d(m+r+1)+2(r+2) } > 1.
md+r+2 ' d(m+r+1)+r42

where s = min{
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Proof. Step 1. To obtain the a priori estimate for x, ., we exploit the energy-dissipation estimate in
(3.9). We absorb the boundary integral on the right-hand side via Young’s inequality in the correspond-
ing boundary terms on the left-hand side. Moreover, neglecting any nonnegative terms on the left-hand
side gives

— _ A _
gT(th Xn,T(tk)7 0777T<tk)) < 87'(07 X0, CO) + 5 / H \/EMT,ext H%Q((?Q) de
0

tr =
[ 1y

where we used Assumptions [(A7)| and [(A6) for the data fi..; and ¢, respectively, and set A; :=
1£]] 0w (07,20 (2;r)+) - However, due to Assumptions|(A1), [(A3)(i), and|(A6), we find a constant C¢ >
0 such that the energy &£, satisfies the lower estimate

tg
XH’THWé’p(Q;Rd) dt < Co+ Al/o HX,?,T(IS)HW@P(Q;W) dt, (3.14)

8T(t7X7 ) > OSHXHW2P Q;RY) +C‘1> OH(det VX) 1||LQ(Q 1/05 (3.15)

Thus, setting e, := E-(tk, X, - (tk), Gy~ (tx)), we have the time-discrete estimate
A T A
€k<CO+ 1 IZTGZ, = ,...,N.

An application of the discrete Gronwall lemma (see e.g. [QV94, Lemma 1.4.2]) now gives the bound

AT Ay
< (Co+ '3 —5 ) ex (C—gl{ﬁ') (3.16)

Hence, estimate (3.15) gives the bound for , . in L>(0, T’; Wf{p(Q; RY)) (cf. (3.13a)).

Note that as an immediate consequence of (3.75) and (3.T6), we also obtain that 1/(det VY, ) is
uniformly bounded in L>(0,T'; L4(2)) for ¢ > pd/(p—d) (comp. Assumption[(A3)]i)). Consequently,
the Healey—Krémer lemma [MR20, Thm. 3.1] can be applied, which gives a uniform constant Clyx > 0
and the lower bound

det VY, ,(t,7) > Cuc > 0 forall (¢, ) € [0,T] x Q.

(Note that by assumption, also det Vxo(z) > po > O.)ﬂw particular, we see that for some R > 0
large enough, VY, _(t,x) € Frforall (t,2) € [0,7] x Q.

Step 2. To obtain the a priori estimate for SIZW in L2(0,T; H'()), we use assumption |(A5)|to esti-
mate

T - T -
| R Rt = [ [ o9y, Viig, ) ded
0 ’ 0 Q ’

T . .
- / / C((VX )Tvxnﬂ—’ <VK77’7—)TV5€7]77— + (VS&/]?T)TVX?%T’ 27777) dZI} dt

. 2
> Ceq Tvxm + (VXur) Vx| dzdt
m,T

> Ce / H>?n,f|!§p(m 0t = Co [fnr Baiorrams o)
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where the last inequality follows from the generalized Korn’s inequality as in [MR20, Cor. 3.4]. The
uniform boundedness of the left-hand side now follows directly from the energy-dissipation inequality

(3.9) and hence the proof of (3.13a)) is complete.

Step 3. To obtain the a priori estimates for fz, ., we again exploit the energy-dissipation inequality (3.9)
as well as the generalized Poincaré inequality (see [Tem97, Section 2.1.4]) to obtain the estimate

VT Al 220,750 0)) + H\/Eﬁn,THL2([O,T}><89) <C
for some constant C' > 0 independent of 7 and 7). Thus, we have shown (3:13b).
Step 4. The first estimate of (3.13¢), i.e., the estimate for ¢, - in L>°(0,7T"; L1og L(£2)) follows di-

rectly from the L>(0, T; L>(€2; R**%))-bound for VY, ., Lemma and the energy-dissipation
inequality (3:9). Similarly, when ~; > 0, we also obtain the bound for ¢, , in L>°(0, T'; L**"(2)).

To obtain the bounds for the gradient terms, we now use that
vﬁn,r = af%‘cq)(vyn,’r? 67777')D2yn,7' + ach)(vynﬂ'? 67777')VE7]77'7

which by the binomial formula implies that

T
/ / M(VXyrs o)V - - VI, - da dt
0 Q
T
= / / M(Vyn,ﬂ E777‘") { ’812;6(1)(VX%T, ETI,T)Dzyn,T ‘2 + |ac20q)(vYn,T7 EnyT)VEﬂﬂ' ’2
0 Q
+2(03.2(VX, 1+ C.r) DX, 1) - O2Q(VX, 1 EW)VEW} dx dt.

Thus, using Young’s inequality with € > 0 for the last term in the brackets, we see that

T
/ / M(VX, - Cnr) VI, - - Vi, dzdt
0o Ja
T
>C / / (VX .z e )2 M(V Xy 1, O )V r - V- ddt
0o Ja

r 2

-C / / IM(VX, s )| 05 @ (VX 1 o )DPX, | dadt. (3.17)
0o Ja

We now discuss the two cases from Assumption |[(A3)ii), separately, i.e., 11 = 192 =0o0r0 < 1, <

V2.

Case l: v; = 5 = 0. To estimate the first integral on the right-hand side of (3.17), we use that VXW €
F r and Assumptions |(A2), |(A3)(ii) to obtain

T
/ / 2,2(VX,7: Cor ) > M(VX, 11 Cyr ) VG o - VE, - da dt
0 Q

3.18)

sT

T m
> C/O /Qa;”\wmﬁdxdt > C||Vera|| ooz |
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For the second integral on the right-hand side of (3.17), we note that by i), Holder’s inequality,
and the uniform bound for D%y, _in L>(0, T'; LP(Q; R™*4*4))

T
_ — _ _ _ 2
| 1M 0 0587, 800D, [
0

/ /_m+2a‘D2XnT’2 dz dt < CHchrZa”

LYOT;L72 (Q))

We now distinguish two cases: First, if 0 < - (m + 2ar) < 1, a uniform upper estimate for the right-

hand side follows immediately from the LOO(O, T; L'(£2))-bound for ¢,  (cf. (8:130)). For the second

case, when -5 (m +2a) > 1, we note that -2 < 3 24— =: Wy € (1, 00), which follows from
m__ 2

Assumption (A3ﬂ(|u) and p > d. Since o < 0 in this case, we also have that 1 < S mtoa T Wi
Thus, we now find that

[

< Ol =l

p
LY(0,T;LP=2 (Q)
Next, we note that w% < 2, and thus we can use Young’s inequality with € > 0 to obtain

e < C(e) +<Clleis||;

Ll(o,T;Lp%(Q)) LZ(OTLd 2(Q))

Using the Sobolev embedding H'(£2) — Lis (€2), we obtain
/ /\/\/l VX7 Cne) |05 @ (VX 1 Cr) D Xm| dedt < C(e +eCch7 HL2 O T:HY(Q)"

Finally, we note that ¢;?- is uniformly bounded in L?(0,7T; L'(2)) due to the boundedness of the
energy and m < 2. Thus we can use a Poincaré-type inequality to find

T
— — — 2 _m o2
/; /Q|M(VX77,7—7 07777') | }a%c(I)(VXnm CTI,T)D2X77,T| dz dt S C(E) + GCHVCWZ,THLz(O,T;[g(Q))'
(3.19)
Choosing € > 0 sufficiently small, we can combine (3.17), (3.18), and (3.19) to obtain

T m
/0 /QM<VE7’T’E”’T)VE7’T Vi drdi 2 O(HVEETH;(O,T;H(Q)) —1).

Thus, the energy-dissipation inequality (3.9) now gives the uniform bound for V&2 in L2(0, T'; L2(Q)).

Case ll: 5 > 1 > 0. To estimate the first integral, we again use that VYW € Fr and Assumptions

(A2)] ii) to obtain

T
/ / 2. 2(VX, 7:Cor ) > M(V X, 11 G )V Gy - - VE, - da dt
0 Q

T
=m (=— —=r — +1
> C/O /an;(cn,i + cW)?’VcWP dedt > C Z chz HLQ(O,T;LQ(Q))' (3.20)

i€{0,44", 140}
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For the second integral, we proceed as in Case | to obtain

[ M7 20 65805, D7, < ]

LY(0,T:LP22 ()

Again, we consider two cases: First, if 0 < 55 (m+2a) < 2+r it follows from the L>°(0, T; L**"(£2))-
bound for ¢, - that the left-hand side is unlformly bounded. If -2 (m + 2ar) > 2+ 7, we define w by
m“” in Case lla, and wy = 414 in Case Ilb. Next we note that -5 £ < d2d2 e
which foIIows from Assumption jii) and p > d. Also, 1 < 2“’0 W so that

wo = =l W2,

we <Ol

o

H “nr L2002 ()

m+2a|| ’
LY( 01507 -2 (Q)) L1(0,T5L2(Q)) —

Since w% < 2 we can proceed as in Case | and use Young’s inequality with £, the Sobolev embedding

HY(Q) — L#2(£) and Poincaré's inequality (which is applicable since e € L*(0,T; L' () as
m < 3+ r (Case lla) or m < 2 (Case llb)) to obtain

T HLz(o,T;Lz(Q)) :
(3.21)

T
/ / IM(VXW,EWN}8%C<I>(VXW,EW)DQXWFda:dt < C(e) + €C|| Ve
0 Q

Thus, choosing ¢ sufficiently small and combining (3.17)), (3.20) and (3.21), we obtain

T
/0 AM(VYn,T7EU7T)Vﬁn,T ’ vﬁﬁﬂ' dzdt > O( Z Hv 7 +ZHLQ (0,T;L2(Q2)) 1)

i€{0,147, 140}

m+1+7‘
The energy-dissipation inequality (3.9) now gives the uniform bound for Vc77 - Vép 2 and VG2, 2+t

in L2(0, T; L*(2)).

Step 5. We show that the flux M (V' ., ¢, ) V11, . is uniformly bounded in L*([0, T x ) (cf. (3.13d)).
We distinguish again between the Cases | and Il in Assumption [(A3)iii).

Casel:y; = 7, = 0. We estimate for 1 < s = 1d+2 < 9

md+1
HM(VY’Q,T7 En77)vﬁn,‘r| SLS([QT]XQ <C / / XW -+ 82 (I)Vcn TDS dr dt
S / / —s m+a)|D2X77‘r| _|_—sm 1)|VCnT| )dl’dt
/ ( m+04) ||D2X77,T ||Lp Q;Rdxdxd)
+ HEn’T”L%(Q) HVE”277'||L2(Q)) dt,

where in the first and second inequality we used Assumptions [(A2)|and [(A3)| respectively, and in the
third inequality, we used Hélder’s inequality. We now consider the two terms on the right-hand side

separately. For the first term, the boundedness follows from the condition 0 < m 4+ a < ppss,

ie., (m + )2 < 1 (see Assumption III)), and the L>(0,T; L'(2))-bound for ¢, , and
L>(0,T; LP(Q, ]RdXdXd))-bound for D*Y,, -

For the second term, we use the Gagliardo-Nirenberg-Sobolev inequality to bound
< OIVEd 7812 ) + 17511 )

<C(1+||ves,

m
=2
C

120
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for almost every ¢ € [0,77. Here, A\ € (0, 1) is defined via 2% = A%2 + (1-))%, or using that

= m92 via s(1 4+ \) = 2, and we have used that @, , is bounded in L>*(0, T’; L'(Q)). Thus,

using that 1 < s < 2, we obtain

T moo m T moe _f
/0 HEWZHL%(Q)HVE"Q’THSL?(Q) dt < O/ HVE’%THB(Q + HV T HLZl—;))\) d

< C(l + chn, HL2 0TL2(Q)))

Using the bounds in (3.13¢), the bound in (3.13d) follows.

Case ll: 5 > y; > 0. To prove the bound for the flux in (3.13f), we estimate for the exponent 1 <

md+2(r+2) d(m+r+1)4+2(r+2) } <9
md+r+2 7 d(m+r+1)+r4+2

s = min{

HM (VYY],T7 ETI,T)VE'r],T ’

T
L(or)x) < C /0 /Q (@ |0%.2D%x, . + 02.0Ve, . |) dxdt
< C/ / —s m+a |D2X177—‘ _'_( s( )+Cs(m+r))|vc ’ )dl‘dt

<o [ 0 Pl

—5 S
IV ) + Il

m+7+1

+ el Ve e dt

where in the first and second inequality we used Assumptions and and in the second
and third inequality we used Hdlder’s inequality. Again, we look at the integrals separately. For the first
integral, the boundedness follows from the condition (m+a) 2%, < 2+ (cf. Assumption iii). For
the second integral, we argue as before, now using the bound m < 4+ 2r (which directly follows from

L2 S‘(Q ||L2 S‘(Q

m<3+randr > —1). Taking s = %ﬁ;) > 1 the boundedness follows. The boundedness of
the third integral follows fromm < 3 +r and s = d%:ﬁi)lﬁg:;) > 1.

Step 6. To prove the final bound of (3.13c) for the time derivative éw, we now test (3.1b%) with ¢ €
L*(0,T; H?(2)) and use Assumption |(A7)|to find

T -
/0 </C\n77'a 1/]> dt < C”M(vXn,ﬂEn,T)Vﬁn,THLS([O,T]XQ)||77b| L' (0,T; W' ()
+ Cnllf, -1l 220,10 ) 1] 20,10 ()
+ C ([ s =Ty ext ||L2([0,T}xaﬂ)> 191 220,11 09) -

Thus, using the previously obtained uniform bounds, we conclude that

T -
/0 (@nr ) dt < Ol Ly 0 rwre ) T VIllYl 201500 ) (3.22)

forallyp € L¥(0,T; H?(R)) so that ||, - || .« (om0 0)) < C, finishing the proof of 313c). O

4 Limit passage (7,7) — 0

We now pass to the limit (7, 77) — 0. Note that to obtain strong convergence of the concentration Cy,s
we cannot directly use the Aubin-Lions lemma since we do not have a bound for V¢, -, but instead for
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Veé2,, and, if v, > 0, also for VE%TH (i € {1, 1+r}). Thus, we use a generalization, Dubinski’s
theorem, cf. Theorem

Proposition 4.1 (Limit passage (7,7) — 0). There exist subsequences (not relabeled) such that the
interpolants (X ;, ¢, i) converge to a weak solution (x, ¢, t) of (2.2)—2-4) in the sense of Definition

239.
Proof. We show the limit passage for Case |, i.e., 71 = 2 = 0. The limit passage for Case I, i.e.,
Y2 > 71 > 0 follows in a similar way.

Step 1. Using the a priori estimates from Lemma [3.5, we can extract converging subsequences (not
relabeled) and some (X, ¢, i, ©) such that

*

Xnr =X in L°°(0, T; WA (Q: RY) 0 H'(0, T; H'(:RY),
Gy S in L(0,T; Llog L(©)) N W (0,3 H'(©)°),

Ty in L*([0, T] x 0%),
M(VX, 7 Cr )V, - — O in L([0,T] x Q).

Using the Aubin—Lions lemma, we can extract a strongly converging subsequence (not relabeled) such

that
~ s — d
N — X In C(0, T; P MG RY), with A=1— —,
p
Next, we note that since E;,%T € L?(0,T; L(Q)) (as 1 < m < 2), it follows from Poincaré’s inequality

that ¢,2; € L*(0,T; H'(S2)). Thus, we can apply Corollary |A.4] of Dubinskii’s theorem to obtain a
strongly converging subsequence (not relabeled)

Cyr = c in L™(0,T; L™(Q)).

Note that by Remark these convergences also hold for the piecewise constant interpolants x, -,
XW, ¢y and Cpore

Consequently, we also have that

Ver, Vet in LX0,T; LA(Q).

Step 2. We now pass to the limit 7 — 0 in the time-discrete mechanical equation in (3.8a). Using
the above convergences and the continuity of o : Fr x Rt — R4 (with R > 0 as in Step 3
of the proof of the a priori estimates in Lemma [3.5), the limit in the first term on the left-hand side
follows from the dominated convergence theorem. Indeed, using the L°°(0, T'; L>(2; R?*%))-bound
for VX, » and Assumption iii), we obtain |oe (VX Cy.r)| < C(1+7¢,5*), which is integrable
since0 < 1+a < 1(Casel),orsince0 < 1+ a < 2+ r (Case ll). Using the linearity of
ovi( F, F, ¢) with respect to F we can also directly pass to the limit in the second term. Recall that by
Assumptionthe tensor ]ﬁ) is uniformly bounded, hence, the dominated convergence theorem can
be applied again. The limit in the loading term on the right-hand side follows directly from the fact that
0y — Cin L2(0,T; HY(Q)*).

Finally, the limit passage in the hyperstress term follows from the strong-weak closedness of the con-
vex subdifferential of A : X — [0, oo] defined by

Aly) = I o (D) dedt i x € L0, T; W2P(Q;RY)),
v +0o0 otherwise,
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see LemmalAdl

Step 3. To pass to the limit 7 — 0 in the diffusion equation (3.8b), we note that the first term on

the left-hand side converges by the weak convergence of ¢, , in L*(0,T; H?(£2)*). The third term
vanishes in the limit 7 — 0 using the first estimate of (3.13b). The fourth term converges using the
weak convergences of 7, . in L*([0,T] x 9€2). Finally, it remains to pass to the limit in the second
integral, i.e., to show that

T T
/ / M(VXy 7192 )V, - Vo dadt — / / M(Vy, )V Vi dz dt
0 Q 0 Q

forall iy € L*(0,T; H()). Note that we have (up-to a subsequence) M(VX, - Cn7) VL, N
in L*([0, 7] x §2)) by Step 1.

Using the strong convergences of VX,  and ¢, ; we can assume that V', . (t,7) — Vx(t, ) in
GL*(d) and ¢, . (t, ) — c(t, x) for almost every (t,x) € [0, 7] x €.

To pass to the limit, we now introduce the rescaled mobility tensor Mv by defining MV(F, c) =
" M(F,c) for all I € Fg (some R > 0) and ¢ > 0, and the rescaled derivatives of free en-
ergy A and B defined by c*A(F, ¢) = 0%,®(F, c) and B(F,c) = c0>.®(F,c) foral F € GL*(d

and ¢ > 0. In particular, note that by Assumption we have |MV| < (' and by Assumption
that |A|, |B| < C for all F' and ¢ > 0. Then, it follows that

T
/ / M(VX, 71 s )V, - Vi da dt
0 Q

T N m m
= / / M(VXW,EW)(A(Vyw,En,T)cZ?jaDQXW+En%j lB(VXW,EW)VEn%T)Vw dz dt.
0 Q

Since continuous functions preserve almost everywhere convergence, the limit passage follows by
applying LemmalA.5] (therein, stated for the scalar case with the extension to the vectorial case being
straightforward) with

—

ayr = M(VX, . ¢ )AVX, . Cpr)epn® and V, - = D*x,,

and o my o m m
ay = M(VXW, Cyr )G B(VXW, Cpr)Veir andV, , = Véi,

for the first and second integral, respectively. Note, in particular, that this uses the L*([0, 7] x Q)-
bound for the flux M(VX, ., ¢, ) V1L, ..

The limit passage in the terms arising when v, > ~; > 0 follows in a similar way, and is therefore
omitted.

Step 4. It remains to show that 1, € 0.9(Vx, ¢). Note that this is not immediately clear since we do
not have an L?(0, T'; H'(£2)) estimate for 1, (as is the case for nondegenerate mobilities), and thus
cannot use the trace operator H'(2) < L?*(9) to conclude that this . satisfies 1, € 9,.®(V, c).

Instead we use that VY, , — x in C(0,T; C(€; R?*9)) to extract a subsequence (not relabeled)
such that X, ,(t,x) — x(t,z) in GL*(d) for almost every (t,z) € [0,7] x Q. Using that
HY(Q) — L*09Q) (see e.g. [Bie09, Theorem 1.1]), we thus obtain using Dubinskii’s theorem
a strongly converging subsequence (not relabeled) such that ¢, , 2 cin L™([0,T] x 09). In
particular, we can extract another subsequence sucht that ¢, -(t,z) — c(t,z) for almost every
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(t,z) € [0,T] x 0. Using the Banach—-Saks theorem, we now extract a subsequence (7),,, T»)
such that SOVt~ e in L2([0,T] x 99). Again extracting a converging (non-relabeled)
subsequence, we thus find that %25:1 P (B, 2) = pua(t, ) for all (t,z) € [0,7] x 05
Since continuity of 0.® and the almost everywhere convergence of VXW and ¢, , also imply that
e = 0cP(VX,, +,Cpr) — 0.P(Vx;, c) for almost every (t,z) € [0,T] x 05, we thus conclude
that i1, € 0.2(Vy;, c).

O

A Tools

Lemma A.1 (Strong-weak closedness of the convex subdifferential). Let X be a reflexive Banach
space, and let A : X — R U oo be convex and lower semicontinuous. If u,, 2 win X and
&, € 0A(u,) C X* such that&, = € in X*, then & € 0A(u).

Proof. Using convexity of A, we obtain A(v) > A(uy,) + (§,,v — u,) forallv € X*. The result
now follows using by taking the lim inf of this inequality, and using the lower semicontinuity and given
convergences. 0

Here we state Dubinskil’s theorem [Dub65] in the form of [BS12].

Definition A.2. Let A be a Banach space. Then, M is a seminormed nonnegative cone in A if
M C A satisfies:

(i) Forallu € M, ~ > 0, we have yu € M,.

(i) There exists a function [-] : M, — [0, 00) (the semi-norm) such that [u] = 0 if and only if
u =0, and for v > 0 we have [yu| = y[u].

We say that M < A continuously if there exists C' > 0 such that ||u||a < C[u] for all u €
M, and we say that M, — A compactly if every bounded sequence in M has a converging
subsequence in A.

Theorem A.3 (Dubinskii). Let M, be a seminormed nonnegative cone, and Ay, A, Banach spaces
such that M | — Ay compactly, and Ag — A; continuously. Let

Vi={0:0,T] = My | [¢ly, = [@lerormy) + 1@l Lo 01 < C}

for1 < p,p; < 0. Then, Y, is a seminormed nonnegative cone in L*(0,T; Ag)NW1P1(0,T; Ay),
and), — LP(0,T; Ay) compactly if either p; > 1 or p < 0.

Corollary A.4. Letw > % 0 > g, and let () be a sequence of nonnegative functions on [0, T'] x €2
such that there exists a constant C' > 0 for which

”(90’“)w||L2(07T;H1(Q)) + ||¢k”L2(O,T;H9(Q)*) <C.

Then, () is relatively compact in L**(0,T; L**(Q2)).
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Proof. The proof is given in the time-discrete case in [CJL14]. In our case, we just apply Theorem|A.3
with M, = {¢ | ¢¥ € HY(Q)}, 49 = L*(Q), A, = H?(Q)*, and the seminorm

1 :
[ply, = ”gpsz2(07T;H1(Q)) + 1@l 220151002 -
O

Lemma A.5 ([Fis+22, Lemma A.3]). Assume thata,,V, : Q — R, n € N are measurable functions
inQ C R™ (open, bounded) such that V,, — V in L'(Q), a,(z) — a(x) for almost every x € Q,
and sup,,cy ||, V|| pi+0(g) < oo for some o > 0. Then a,,V,, — aV in L'*7(Q).
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