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Weakly self-avoiding walk in a Pareto-distributed random potential

Wolfgang Kénig, Nicolas Pétrélis, Renato Soares dos Santos, Willem van Zuijlen

Abstract

We investigate a model of continuous-time simple random walk paths in Vi undergoing two com-
peting interactions: an attractive one towards the large values of a random potential, and a self-
repellent one in the spirit of the well-known weakly self-avoiding random walk. We take the potential to
be i.i.d. Pareto-distributed with parameter o > d, and we tune the strength of the interactions in such
a way that they both contribute on the same scale as ¢ — oo.

Our main results are (1) the identification of the logarithmic asymptotics of the partition function of
the model in terms of a random variational formula, and, (2) the identification of the path behaviour
that gives the overwhelming contribution to the partition function for « > 2d: the random-walk path
follows an optimal trajectory that visits each of a finite number of random lattice sites for a positive
random fraction of time. We prove a law of large numbers for this behaviour, i.e., that all other path
behaviours give strictly less contribution to the partition function. The joint distribution of the variational
problem and of the optimal path can be expressed in terms of a limiting Poisson point process arising
by a rescaling of the random potential. The latter convergence is in distribution and is in the spirit of a
standard extreme-value setting for a rescaling of an i.i.d. potential in large boxes, like in ( )-
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W. Kdnig, N. Pétrélis, R. Soares dos Santos, W. van Zuijlen 2

1 Introduction and main results

In the last decades, there was a significant interest in the study of random motions that are attracted to
certain regions defined by a surrounding random medium. The most-studied type of models is called a
random motion in a random potential, which appears in the study of the parabolic Anderson model (PAM).
The methods have been refined and extended significantly in recent years, and a number of situations
have been successfully treated in detail. The present paper makes a contribution to this line of research by
studying a model that combines attraction with repulsion and shows, as a result, a much more pronounced
behaviour.

We explain the background and the main message of this paper in Section 1.1, give some literature remarks
in Section 1.7, introduce the model in Section 1.2 and also a crucial rescaling in Section 1.3. The key
variational formula and the main results are presented in Section 1.4. In Section 1.5 we provide some
heuristic explanations for our results. The remainder of the paper is described in Section 1.6.

1.1 The main purpose

In this paper, we study one of the fundamental models of a random motion in a random medium: the
random walk in random potential. This is closely connected to the parabolic Anderson model (PAM), the
Cauchy problem for the Laplace operator with random potential. Indeed, in the Feynman—Kac formula for
the solution, the random walk is strongly attracted by the local regions in which the potential has particularly
high values, in competition with a not too far distance that has to be travelled to that region and to a not
too high probabilistic price that the walker pays for staying a long time in that region. The attractive regions
are called intermittent islands for the solution of the PAM. Their locations are random and homogeneously
distributed. In fact, properly rescaled, they converge to a Poisson point process, as comes out of a spatial
extreme-value analysis. The typical behaviour of the walk is that it is attracted to just one of these islands
(characterised by an optimal relation between size, height of the potential and distance to the starting site);
indeed, it rushes quickly to that region and stays there for the remaining time.

In the present paper, we add another feature to the model: a weak self-repulsion of the path, defined by
some negative exponential term in the spirit of the well-known weakly self-avoiding random walk. We tune
the strength of this self-repellence in such a way that it effectively competes with the attractive part. In
this model, the path would pay significantly if it would spend much time in just one of the islands. We are
interested in understanding the typical path behaviour. It is tempting to expect that the path will now visit
several of these islands after each other. The purpose of this paper is to find out whether or not this is
true and to formulate and prove details about the typical behaviour. We consider an i.i.d. Pareto random
potential with parameter o > d, for which localization effects are particularly pronounced.

Our main findings are that an interesting and characteristic random variational formula describes the be-
haviour of the walk, defined on a limiting probability space that carries the limiting Poisson point process.
For oo > 2d, the variational formula is almost surely positive and a subtle analysis of its optimizers shows
that the walk visits a certain finite choice of islands and spends in each of them a certain amount of time.
The order of the visits is dictated by the length of the shortest trajectory that covers all these islands. Our
proof shows that the totality of all other behaviours of the random path has vanishing probability. That is,
we prove a detailed localization result for the entire path. The main properties of the variational formula that
allow this are the compactness property and the uniqueness of the minimizer, almost surely. Interestingly,
the behaviour of this variational formula changes for o € (d, 2d), we comment on this in Remark 1.10.

1.2 The model
Letd € Nand { = (£(2)).eze be a random potential with distribution P that consists of i.i.d. random
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Weakly self-avoiding walk in a Pareto-distributed random potential 3

variables. Let P be the law of a continuous-time simple random walk X = (X;)s>0 on the lattice 7% with
generator the discrete Laplacian A starting from the origin. We take into account two types of microscopic
interactions. The random walk interacts with the random field & and undergoes a self-repulsion of strength
(3. This leads us to associate with every trajectory X the Hamiltonian

t t t
o) = [y as—6 [ [ e dsdu (11
0 0 JO

where 3 € [0, 00) is the intensity of the self-repulsion. The first term is the interaction with the random
potential &, the second is the self-intersection local time (SILT), the amount of time pairs at which the
random walk is at the same site. We introduce a polymer measure ]P’ff’ﬁ) that is absolutely continuous with
respect to IP (more precisely, to its restriction to paths on [0, ¢]) with Radon-Nikodym derivative given by

(£.8)
dP&? oH{ P (X)

P (X)I—th) : (1.2)

L (€.8) . - .
where the normalizing constant Z;*” = E[e/¢ " | is the partition function of the model. We call this model

the weakly self-avoiding random walk in a random potential. We want to study its large-¢ behaviour.

When 8 = 0, the Feynman-Kac formula shows that Z;** equals the total mass U (t) = >__ . u(t, z)
of the solution u to the parabolic Anderson model (PAM), the heat equation with random potential &:

Ouu(t,r) = Au(t,x) + E(x)u(t, ), xeZ

with localised initial condition %(0,0) = 1 and u(0,z) = 0 for z € Z%\ {0}. On the other side, with
£ =0and B > 0, P> is the law of a weakly self-avoiding walk in continuous time. Since the SILT is
not an additive functional, there is no obvious connection between this model and any partial differential
equation.

It is clear that the Hamiltonian is a function of the walker’s local times ¢, given by

t
0(2) =1(2) = / X, =z2}ds,, ze€Z (1.3)
0
Indeed,
HEN(X) =Y &(2)l(2) = B 4(2) = (&, 6) — B3, (1.4)
z€Z4 2€Z4
where we wrote (-, -} for the standard inner product on Z? and || - ||, for the standard #2-norm on Z¢.

In earlier work on the PAM, it turned out that the model is the easier to analyse and the resulting picture
is more pronounced for heavy-tailed potentials. Here we will assume that the potential variables £(z) at
all sites z € Z? are independently Pareto-distributed with parameter o > d, i.e., have the distribution
function

Fry=P¢((z)<r)=1—-r"% r>1 (1.5)

In particular, we have £(z) > 1forall z € 7%, almost surely. This is the most heavy-tailed distribution for
which the PAM is well defined; indeed, ( , Theorem 2.1) says that @ > d is necessary and sufficient
for partition function for 3 = 0 to be finite. Hence, our model is well-defined for any 5 > 0.

1.3 Rescaling and point measures

It is the purpose of this paper to study the counterplay between the effects coming from the two terms
in the Hamiltonian and the underlying probability distribution of the walk. To make sure that these three
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W. Kdnig, N. Pétrélis, R. Soares dos Santos, W. van Zuijlen 4

effects (i.e., attraction by the potential, self-repulsion and entropy — see the heuristics in Section 1.5) all
run on the same scale, we take (3 depending on ¢ as follows. Fix a parameter 6 € (0, co) and set
a1 d
where = .
(logt)a’ 1= % —d

Note that ¢ and the large-t behaviour of 3, are increasing in «; for @ < 2d, we have that 3; — 0 as
t — 00. To reduce the amount of parameters, in the following we write

By =0

(1.6)

Ht(ﬁ) — Ht(évﬁt)’ Zé&) = Zé&vﬁt)7 Pl(f) = P;Eﬁt)' (1.7)

We denote by

Ty = <$) o (1.8)

an important characteristic spatial length scale. More precisely, r; will turn out to be the typical distance
of the relevant islands from the origin at which we will find (XS)SE[O,t] with high probability under IP’ff’.

Furthermore, it will turn out that the largest potential values in boxes of radius ~ r; are of order rf/a. Itis
convenient to express statements like these in terms of point processes, i.e., random variables with values
in the set M, ((0, 00) x R?) of Radon measures on (0, 00) x R¢ with values in Ny U {cc}, also called
point measures since they are of the form ZneN Oz, With z,, € (0,00) X R%. The crucial point is that the

rescaled point process
Ht225(£(z)vz) (19)

(2) =
2€Z4 Tt/ "

converges as t — oo, weakly with respect to the vague topology in ./\/lp((O, 00) X Rd), towards a Poisson
point process (PPP) I with intensity measure oo f 17 df @ dy:

IT ~ PPP((0,00) x RY, af """ df ® dy). (1.10)

This is a basic result from spatial extreme-value analysis; see Lemma 2.4 for the precise statement. We will
often write the points in (0, 00) x R% as (f,y). The process II may also be seen as a standard Poisson
point process in R with Fréchet-distributed i.i.d. marks. We will write the probability with respect to II also
by P.

In order to formulate the path behaviour of the walk in terms of the local times ¢;(z) = ¢ (z) =
fot 1{X(s) = x}ds, we need to rescale them in time by ¢ and in space by ;. Those rescaled local
times are considered as a density with respect to 11; of the measure Wf’x) defined by

Et(yrt)
t )

(&,X)
AW

— (v =

d
dII, (f,y) € (0,00) x RY, (1.11)

where we have extended the local times to a function ¢;: R? — [0, ¢] satisfying £; = 0 on R \ Z?. We
will often omit the superscripts and write simply W; for Wt“’X). Note that ¥, depends on &, and assigns
to each pair of site and corresponding potential value the proportion of time that the walker has spend on
that site by time ¢. It does not encode the number nor the order of the visits of the random walk to the
sites. TV, lies in the set W of all measures 1z on (0, 00) x R? with total mass ((0,00) x R%) < 1. We
equip YV with the vague topology as well. By ( , Corollary 13.31) and ( , Theorem 15.7.7), W'is
a compact Polish space, which will be convenient for the formulation of our results and proofs. Our main
object of study will be WV;. Certainly the rescaled local times are an object of high interest themselves, but
their behaviour may be deduced from that of II; and ;.

DOI 10.20347/WIAS.PREPRINT.3023 Berlin 2023



Weakly self-avoiding walk in a Pareto-distributed random potential 5

By using the identities
rf/at =rlogt (£=1- #q) and  Bit* = 0r,logt, (1.12)

from (1.4) it is easily seen that

H(X) = Z E(2)0(2) — By Z 0(2)2 = Z t£<zrt)€t(jrt) ey Z (Et(zn))z

wen went % % t (1.13)
) _ dw;
= rlogt [fw(f,y) —0w(f,y)?] dIL(f,y),  withw = —,
(0,00) x R4 dIl,

i.e., the Hamiltonian is an explicit functional of the rescaled local times and the point process 11;. This is
the starting point of our analysis.

1.4 Main results: convergence towards a variational formula

In this section we formulate and comment on the main results of our paper. In Theorem 1.1 (a) we show
that, for any o > d, the log of the partition function Zf) in (1.2) divided by r; log t converges in law by
a non-trivial random variable =. In part (b) of Theorem 1.1, we show that, for &« > 2d, the rescaled local
times measure W, of a typical trajectory sampled from the mixture of P and IED,E&) converges in distribution
as well. Afterwards, in Theorem 1.4, we identify = and the limiting local times process by means of a
random variational formula and its unique maximizer. Contrary to the parabolic Anderson model, which
corresponds to # = 0, this maximizer is — with probability larger than 0 — not a Dirac measure. However,
which may be quite unexpected, the support of this maximizer is still finite. More precisely, the number of
points in the support is a random variable which attains any value of N with positive probability.

Let us introduce some notation for the statements below. We write P x P\’ for the mixture of the laws of
Pand P¥, e,

P x PP (A x B) =E[14(£) P} [X € B]]. (1.14)
As mentioned above, WV is a compact Polish space. Therefore, by ( , Corollary 13.30) (corollary of
Prohorov’s theorem) and ( , Theorem 15.7.7), the set of probability measures on VV forms a compact

Polish space.

Theorem 1.1 (Convergence towards the variational formula). Fix € (0,00) and a € (d, o0). There
exist a random variable = with values in [0, 00) and a random variable ;* with values in YV, which we
may and do assume to live on the P -probability space, such that the following convergences in distribution
hold:

(a) partition function:

log Z\9 =2 E. (1.15)

rylogt

(b) law of the rescaled local times: if « € (2d, o0), then, under the mixed measure P x P\ as in
(1.14), W, = W™ converges in distribution to j1*;

t—oo

W, = p* inW, (1.16)
more precisely, for all g € C\,(W),
E[E°[g(W;*)]] — Elg(n)]. (1.17)

DOI 10.20347/WIAS.PREPRINT.3023 Berlin 2023



W. Kbénig, N. Pétrélis, R. Soares dos Santos, W. van Zuijlen 6

The proof of Theorem 1.1 is given in Section 5 conditionally on crucial assertions for the lower bound part
of the convergence in (a) (which are proved in Section 6) and crucial assertions about the upper bound in
(a) and for (b) (which are proved in Section 7).

In Theorem 1.4 below, we describe = more precisely. Namely, = = Z(II) (for IT as in (1.10)), where Z(P)
for a point measure P on (0, 00) X R? is defined by

E(P) = sup ¥p(p), (1.18)
HEW

where W is the set of subprobability measures on (0,00) x R? and W is introduced in the following
definition. Moreover, in the case a > 2d, Theorem 1.4 states that ;* is the unique maximizer of (1.18) for
P =1L

Definition 1.2. Let P € M,,((0,00) x R?). We define

(a) the energy functional ®p: W — [—o0, o] by

op (1) = {f(o,oo)xw [fw(foy) = bw(f,9)*] dAP(f,y) i p < Pw= g5,

(1.19)
—00 otherwise,

(b) the entropy functional Dp: W — [0, co] by

(1.20)

'Dp(lu) = SquCSUPPRd w,#Y <oo DO<Y) if 1% < 73,
o0 otherwise,

where Dy(()) = 0 and Dy(Y’) for a finite nonempty set Y C R? is the smallest possible | - |-length
of a path from the origin that reaches all points in Y’; i.e., the minimum over 3" | |0y — 04| of
bijections o : {0, ..., N} — Y U {0} with oy = 0. We wrote

suppga ft = {y € R": 3f > 0, (f,y) € supp u}, (1.21)

for the support of the projection of 1 on R<.

(c) the functional Up: W — [—00, c0) by

(1.22)

_ ) ®p(n) —qDp(p) it Pp(p) < oo,
Vrln) = {—oo otherwise.

&

Remark 1.3 (The appearance of the energy and entropy functionals). We will later (in Section 1.5 on the
heuristics) see that ¢ Dy plays the role of the large-deviation rate functional for the rescaled local times on
the scale r; log t; hence we called it an entropy functional. Observe that, see for example (1.13),

HP(X) = (rylogt) &, (W), (1.23)

and, therewith,
Zé&) _ E[e(” log t) ¢Ht(Wt)] . (1.24)

This says that the random walker gains on the exponential scale r, log ¢ the potential reward that is given

for w = i—‘ﬁftt by f(O,oo)XRd fw(f,y) dP(f,y) and it pays the self-repellence price that is given by the

expression f(o s0) xR Ow(f,y)* dP(f,y). See Section 1.5 for a more precise heuristic explanation. <

DOI 10.20347/WIAS.PREPRINT.3023 Berlin 2023



Weakly self-avoiding walk in a Pareto-distributed random potential 7

Let us now formulate what we announced before:

Theorem 1.4 (Identification of the limits). Fix 6 € (0,00) and « € (d, 00).

(@) LetZ= be the random variable as in Theorem 1.1. Then, P -almost surely,

= = 2(10).

(b) Fora € (2d,0), there exists a random variable ;1* with values in VV such that the convergence in
(1.16) holds and, P -almost surely,

U (p*) = E(1I). (1.25)

This maximizer is P -almost surely unique in the sense that, P-almost surely, Vy1(v) < Uy (pu*) for
anyv € W\ {u*}. Furthermore,

B P-almost surely, 1i* is a probability measure with finite support and p* < 11. In particular,
P(p*=0) =P(#suppp*=0)=0.
B Forallk € N, P(#suppu* = k) > 0.

Consequently,

P(=(II) € (0,00)) = 1. (1.26)

Theorem 1.4 (b) will be a straightforward consequence of some results presented in Section 2, namely
Theorem 2.8 (a), Lemma 2.9 and Lemma 2.10. The proof of Theorem 1.4 (a) is part of our proof of
Theorem 1.1 in Section 5.

Remark 1.5 (Interpretation of Theorem 1.4 (b)). Since p* has finite support and is absolutely contin-
uous with respect to II, there exist (random) k* € N and (f7,v7),...,(f&, yi) € supp(Il) and
wi, ..., w;. € (0,1] satisfying Zle w} = 1 such that

k*
po= Z WO fx yr)-
=1

Hence, if we interpret the convergence in (1.16) as almost sure convergence, the typical path under ]Pf)
spends ~ wt time units in the site ~ [y, | with value &(|yir]) ~ frri/® forany i € {1,... k*},

but in all other sites only o(t) time units (or does not even reach them).

The above is an informal interpretation. More formally, we obtain the following consequence from Theo-
rem 1.1 (b). Given h € C.((0,00) x R?), observe that the function g : YW — R defined by g(u) =
f(o so)x e It A1 is continuous and bounded on W, i.e., g € Cy,(W). Because

s = /(0 JxRd s, y>gt(rty> diL(f,y) =) h(w) Z>€t<z),

d/a? .
t ez Ty Tt t

k*
g(u*) = / ndpt = S wih(f750),
(0,00)XRd i=1

and since Wy = p* in W, see (1.17), we obtain

o[ 5 B (2. 5)] s Suinran)]

2€74 i=1
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Remark 1.6. [Generalization of Theorem 1.1 (b)] Actually, we are able to prove a slightly more general but
more abstract convergence than in Theorem 1.1 (b). Indeed, let us write Eff) for the law of W, under IP’ff’,
so that for a Borel set A C WV we have

LP(A) =P ({X: WY e A}) = EP[1{WY € A}]. (1.27)
Then for 1* as in Theorem 1.1, we can show the following convergence in distribution (see Remark 5.6),

L’f) iy d,+ Wwith respect to the weak topology in the space of probability measures on W.  (1.28)

More precisely, for all continuous bounded functionals f defined on the set of probability measures on W,

E[f(£)] == E[f(5,)]. (1.29)

The convergence in Theorem 1.1 (b) follows from this by taking f(v) = [ gdv in (1.29) for g € C,(W)
sothat f(L£;) = E”[g(W,*)] and f(5,+) = g(u*), implying (1.17). O

Remark 1.7 (Large-deviations explanation). Standard ideas from the theory of large deviations applied
to the formula in (1.24) already suggest that the statements in Theorems 1.1 and 1.4 are true. Indeed, if
(W4)ie(0,00) Would satisfy a large-deviations principle (LDP) on the scale 7 log ¢ with rate function gDy,
and if the limit II; = II could be combined with this LDP, and if the energy functional ®1; would have
appropriate continuity and boundedness properties, then Varadhan’s lemma would imply the validity of our
main statement. Roughly, this is also our strategy for proving the theorems, but a lot of technicalities need
to be overcome along the way. &

Remark 1.8 (The order of visits). The entropy functional ¢Dy; says nothing about the order in which the
trajectory visits all the points of I1, but this is implicitly expressed in the definition of Dyy: it is the order that
gives the minimal total trajectory length. This is reminiscent of the famous traveling-salesman problem, but
we refrain from going into questions about the shortest trajectory here. <&

Remark 1.9 (A particular case: d = 1). In dimension 1, both the expressions of the energy functional $1;
in (1.19) and of the entropy functional Dyy in (1.20) turn out to be much easier. To be more specific, we
consider , z € [0,00)% and u € W such that 1 < I and min suppg ¢t = — and max suppg it = 2.
Then, D(p) = (z+z) —min{x, z} since it is the shortest distance that one has to travel so that starting
from the origin both sites —x and z are visited. Moreover, by screening effect in dimension 1, that is since
every site in [—x, 2| is visited by a trajectory that reaches both —z and z, any ( f, y) belonging to supp II
with y € [—x, z] may be in the support of such ;1 € W without increasing the entropy. Note that, P-a.s.
I1((0, 00) x {0}) = 0 and therefore, it is sufficient to consider (z, z) that are not simultaneously null. We
introduce the order statistics ( f{”, ;)ien of the field inside [, 2] such that for a sequence (y;”, _,)ien

supp 11N (0,00) x [~x, 2] = {(f{", ;- y;",..)) 11 € N}.

In Section 3.2 a function ¢y, for k£ € N, see (3.6), is introduced that allows us to describe the supremum
over the energy functional over the measures that are supported (0, 00) X [—z, 2] as follows

sup (I)H(:u) = Pk, (f[(_ll,z], .- f[_x z])

HEW: supp pnC(0,00) X [—z,z2]

where k, is a function of the order statistics (f[ 2,2] )ZeN, more precisely,

ke =inf {j € N: jfIT) < Zf =20},

DOI 10.20347/WIAS.PREPRINT.3023 Berlin 2023



Weakly self-avoiding walk in a Pareto-distributed random potential 9

Thus, formula (1.18) for P = II can be strongly simplified since the variational formula computed in 14 only
depends on the leftmost and rightmost points in supp p. To be more precise, we obtain

=(I) = sup Ok, (f[(_lQZ], R f[(f;?z]) —q(r + 2) — gmin{z, z}. (1.30)
2,y€[0,00)2\{(0,0)}

&

Remark 1.10 (Suggested scenario for « € (d, 2d)). In the course of our proofs for Theorems 1.1 and
1.4 we in particular show that the characteristic variational formula =(II) is finite almost surely for o > d
and positive for « > 2d. The latter assertion seems crucial for the behaviour of the path in the random
potential. It is not easy to give a short argument for that; apparently the PPP possesses sufficiently many
sufficiently high potential values with not too large distances between them, such that trajectories exist for
which it is worth paying the travels in order to profit from spending time in those large potentials.

This is different for o € (d, 2d). Indeed, in a forthcoming paper we will show that both {=(IT) = 0} and
{Z(IT) > 0} have positive probability here. This can be roughly explained as follows: With positive prob-
ability the PPP, like for o > 2d, possesses sufficiently many high potentials with not too large distances.
Also, the complement has positive probability, leading to no such preferable locations as it is not worth
travelling that far to profit from the large potential. We conjecture that the intermediate order statistics need
to be considered to reflect the true behaviour of the random path. A closer description of this scenario will
be given in a future work. &

1.5 Heuristic explanation

Let us give here an explanation of the main result, the limiting assertion in Theorem 1.1, jointly with the
identification of the limit in Theorem 1.4. In Section 6 we will turn the following heuristics into a proof of the
lower bound (however, the proof of the upper bound in Section 7 is very different).

We need to understand the large-t behaviour of the partition function Zt(§> defined in (1.7), i.e., the expec-

tation of th(@ with (3; defined in (1.6) and the Hamiltonian as in (1.13). The first step is to understand the
scales on which the probability from the simple random walk and the contribution from the potential £ run,
where we first ignore the self-intersection term and concentrate on the potential-interaction term. Hence,
this part of the heuristics is the same as for the behaviour of the PAM with Pareto-distributed potential in
( ); let us give an overview now. Note that there is a competition for the random walk between a
reward (called ‘energy’) from staying much time in sites with extremely large values of the potential and the
probabilistic cost (called ‘entropy’) to reach such preferable sites quickly: travelling far, the walker finds a
larger potential value, but this is more costly. We need to find an optimal balance.

As in ( ), we obtain a lower bound by inserting the indicator on the event A;"° that the walker
wanders on some fixed shortest path to a site z during the time interval [0, st) and stays at z during [st, t].
Since the random walk has generator A, the probability of this event is

P(A;*) = Poiggq(|2])(2d) Fle= (=924 4L shortest paths 0 +— 2}

Taking |z| > t, using Stirling’s estimation for the term |z|! that appears in the Poi-term, we see that the
dominating terms in the exponent are |z|log |z| and |z| log(st), so that, dropping all lower-order terms,

P(A;*) =~ exp {|z| {log i + log s] } :

||
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Now let us examine the contribution from the potential £. In order to obtain a preferably large lower bound,
we pick z as a maximizing point of the potential £ within a box of radius 7. According to the Pareto-tails,
we are able to pick z such that {(z) =~ /%, and this site will be close to the boundary of that ball, i.e.,
|z| & r. Hence, from the stay at z during [st, t], the potential contributes et1=9"* 'The potential
values that the random walk experiences on the fast rush during [0, st] are negligible. Hence, we have the
lower bound

t « «
Z > exp {r {log -+ log s} } elr®/* gmstr?/®.
r

and we have still the freedom to optimize over small s and large r. The optimal choice of s € [0, 1] for the

second and the last term is s & 1r1=%/, which implies the lower bound

t d
Z® > exp {rlog — 4+ tr¥* —log (trd/a’l)} = exp {trd/o‘ — —rlog 7"}. (1.31)
r a

The maximal r satisfies tr%/@—1

= 1+logr, and this is asymptotically satisfied by r = r, = (¢/logt)'™4
as in (1.8) with ¢ = a—id as in (1.6). Then both the energy term tr?/ and the entropy term —gr logr ~
—qrlogt are on the scale 7, logt. Interestingly, the latter comes exclusively from the probability of the
crucial event A;"°, after optimizing on s &~ 1/logt, whose choice depends on the potential value. This
explains the appearance of the prefactor ¢ in (1.22) and the notion of an ‘entropy functional’ in Definition

1.2.

So far, this was the first part of the explanation, which applied also to ( ), since we considered only
the potential interaction. Now let us become specific to our model, where an additional self-intersection
term in the Hamiltonian appears and makes the path paying an extra energy price when staying a long
time in a single site. If this time is of order ¢, then the price is of order 5;t> = Or,logt (see (1.12)) i.e., it
is on the same scale. Therefore, the strategy has to be improved by not only visiting one site, but several
after each other and staying in each of them some time < ¢. Standard assertions from spatial extreme-
value theory guarantee that there are not only one, but many sites with potential values < rf/a, and they
are homogeneously distributed over a centered ball with radius =~ 7, so there are many good candidates
for sites to be visited. One needs to make a choice of the number of the visited sites and the order in
which they are visited during the time interval [0, ¢]. The travel between them costs an additional price of
the same order as the first travel from the origin to one of them since the distances of all these travels
are on the same scale. The functional ®p(u) in (1.19) describes the energetic gain (staying ~ w(f, y)t
time units in a site &~ yr with potential value frlfl/a for all the (f,y) in P and paying fw(f,y)? for the
self-intersections), and the functional ¢Dp in (1.20) describes the exponential probabilistic cost payed by
the simpe random walk. Hence, the rate functional Vp = ®p — ¢Dp in (1.22) gives the entire exponential
cost of this path strategy on the scale r; for P = I1;, as we explained in Remark 1.3. Then the exponential
behaviour of the partition function Z,@ is given by the maximum of ;. — Wy (u), like in Varadhan's lemma.
An additional technical difficulty is the combination of the large-deviation arguments with the point process
convergence 1I; — II; see Remark 1.3.

1.6 Organization of the paper

The remainder of the paper is organized as follows. In Section 2, we explain our strategy for proving
Theorem 1.1 and formulate two types of intermediate results: the first comprises a deterministic version
of Theorem 1.4 for point measures that possess certain properties, while the second states that II; and
II possess these properties. This version of Theorem 1.4 is proved in Section 3 along with fundamental
compactness and continuity properties of the energy functional ®» and the entropy functional Dy, as well
as the existence and main properties of the maximizer. The proof that I1; and 11 have the good properties
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is given in Section 4. Hence, Sections 2—4 derive all the properties of the variational formula for =(I1) as
formulated in Theorem 1.4. In Section 5 we start the proof of the large-t analysis of the model, Theorem 1.1,
by formulating two main ingredients for the proof for the lower respectively upper bound (Propositions 5.2
resp. 5.4). The two propositions are proved in Sections 6 and 7, respectively.

1.7 Literature remarks

Let us give some survey on the literature on random motions in random potential and localisation prop-
erties. First examples appeared in work by Sznitman on Brownian motion among Poissonian obstacles in
the early 1990s, see his monograph ( ). Among many other things, he proved almost-sure attraction
to one island, but did not identify this island. An analogous localization result (i.e., for the solution of the
PAM rather than for the random motion) in the space-discrete setting with an i.i.d. doubly-exponentially
distributed potential was ( ). Around 2010, it turned out that the strongest attraction to the inter-
mittent islands is present for potentials with heavy tails, since they have a particularly pronounced pro-
file: indeed, the islands are just singletons here. This has been observed for the first time for the most
heavy-tailed potential distribution, the Pareto distribution, in ( ) and has been investigated in great
detail in ( ) and also for the exponential distribution in ( ); see the survey ( ). For double-
exponentially distributed potential, localization (and much more) was proved in ( )- Most of these
localization results are formulated and proved for the solution of the PAM rather than for the random walk
in the Feynmna—Kac formula. See ( , Sect. 6) and ( , Sect. 6.3) for two comprehensive survey
texts on such localization results up to 2016.

These two survey texts triggered interest in localization of discrete-time random walks among Bernoulli
traps, the (time and space) discrete version of Brownian motion among Poisson obstacles. Deep localiza-
tion properties were derived in ( , , ) in this setting in dimension d > 2. Similar
results for a correlated random potential in d = 1 (with i.i.d. gaps between the obstacles) have been
derived recently in (PS).

Earlier work ( , , ) analysed the strongly related model of a spatial random branching walk
in a Pareto-distributed random field of branching rates. For this model, this series of papers derives a
description that resembles our model and results quite strongly. It turns out there that the main bulk of the
particles is highly concentrated in a number of sites that are defined in terms of a Poisson point process
(essentially the same as our II); more precisely, the branching process subsequently visits points of this
point process that are step for step extremal with respect to a compromise between high potential values
and short distances. This precise mechanism is different from the one that is detected in the parabolic
Anderson model (PAM) in ( ); the main difference to that model being that the branching process is
consistent and has no finite time horizon, like the PAM. With respect to our model, an additional difference
is the repellent effect from the second part of our Hamiltonian.

The second feature in our model is the Hamiltonian of the famous weakly self-repellent random walk, the
negative exponential of the self-intersection local time. It is here only a side-remark that the behaviour of
the weakly self-repellent walk is poorly understood in dimensions d € {2, 3,4}, and it was a substantial
challenge to investigate it in the other dimensions. See ( , ) for surveying texts. Generally, it is
expected that the typical behaviour is a more or less uniformly spread-out behaviour in space on a scale
t74 that is much larger than the scale t1/2 of the free walk (at least in d < 4), but much less than the scale
t of a ballistic walk (at least in d > 2). However, all these effects will not be seen in our model, because of
the presence of the random potential. We will necessarily be working on a much rougher scale than those
scales that are believed to be responsible for this spread-out behaviour, and the resulting behaviour will be
much more spread-out, but for reasons that have to do with the potential and not with the self-repulsion.
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1.8 Notation
We write N = {1,2,...} and Ny = {0,1,2,...,}. For the rest of the paper, we fix d € N, 0, €
(0,00). We set Qr := [—R, R]¢ for R € (0,00). We write == for convergence in distribution. We

abbreviate ‘Poisson point process’ by ‘PPP’. Fory = (11, ..., y4) € R? we write |y| = Y27, || for the
" norm.

2 Preparation

In the present section, we prepare for the proof of Theorems 1.1 and 1.4 by analysing the variational
formula = in (1.18). On the way, we need to extract several continuity and compactness properties of the
energy and entropy functionals ®» and Dy as functions of P € M ,((0,00) x R?). For this, we keep
P deterministic in this section, but restrict to a subclass of such P’s for which we can prove all needed
assertions and for which we can prove that the processes II; and II satisfy them. We define in particular
a class of good point measures, see Definition 2.7, with the characteristic that if P is good then W, has
at most one maximizer. In Theorem 2.8 we formulate all the necessary properties for deterministic good
point measures, among other things the uniqueness of the maximizer and its continuous dependence on
P. Furthermore, in Lemma 2.9 we state that I1; and II are almost surely good. The proofs are deferred to
later sections.

It will be convenient for us to compactify some sets of (0, 00) X R¢ as described next. For h, s > 0 we
define the cone-shaped set (see also Figure 2) with height / and slope s by

H; = {(f,y) € (0,00) x R?: f > sly|+h}. (2.1)

Hj,

h o T S

Figure 1: lllustration of ;.

We can embed (0, c0) X R? continuously and openly into a locally compact Polish space & with certain
properties, mentioned in the lemma below. For a locally compact metric space F, we write ./\/lp(E) for
the set of point measures on F, i.e., Ny U {00 }-valued Radon measures, or equivalently, due to the fact
that the support of each such measure is countable and locally finite, the set of Radon measures that
can be written as )« d,, for a sequence (,,)nen in E. We equip M,,(E) with the vague topology,
e, P, — P in M,(E) if and only if fgo dp, — f @ dP for each continuous compactly supported
¢: £ — R.When £/ = €& we will simply write M|, = M,,(&). We denote by M, the set of point
measures in M, that are supported in (0, 00) x R¢ and equip it with the topology from M.,

Lemma 2.1. There exists a locally compact Polish space &, with (0, 00) x R? C €&, such that

(i) forevery h,s > 0, the open set H; is relatively compact in &, and for every compact subset K in
€ there exist h, s > 0 such that K N (0, 00) x R? C H;,

(i) the map 1 : (0,00) x RY — & given by 1((f,y)) = (f,y), (f,y) € (0,00) x R is open and
continuous. In other words, (0, c0) x R? is continuously and openly embedded in €.
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Moreover,

(@) M can be viewed as a subspace of M,((0,00) x R%), in the sense that for P € M, Pou
defines a point measure on (0, 00) x R%.

(b) Let P € M, ((0,00) x RY). Define P on & by P(A) = P (.~ (A)) for Borel sets A C €. Then
P is an element of M, if and only if P(H;,) < oo forall s, h > 0.

Proof. The proof is given in Appendix A, below Lemma A.1. O

Remark 2.2. Observe that by the Portmanteau theorem ( , Theorem 13.16), P, — P in M (€)
implies that PP,,(A) — P(A) for all measurable relatively compact A C €. And hence by Lemma 2.1 (b),
in particular for all measurable A that are a subset of H} for some h, s > 0.

Lemma 2.3. Lett > 0. II and I1, are almost surely in M; (with P as in Lemma 2.1 (b)).
Proof. Let h,s > 0. We show that E(II(#;})) < oo and E(II;(#;})) < oo, so that, e.g., P(II(H]) <

00) = 1, and therefore P ([, ;,c (g cono{Il(H) < 00}) = 1. Because Hj; C H;j fort < sand j < h,
this implies P (), j,c(0.00){TI(H}) < 00}) = 1 and thus, by Lemma 2.1 (b) that IT € M,,.

We have
£(2) z
(M) =) (e oy(Hp) =D 1922 >s|=|+hp.
t( h) =, (fg(/r)xrt)< h) o {rf/a >87‘t }
We calculate
f(z) . d/a z 4 —a
P<T§l/a>87’_t +h>—(7"t (ST_t +h)> —T’t (ST_t +h) .

Therefore, because o > d,

a

+h)_ < 0.

E(Ht(’l-[,i)) < Z ry(s

z€74

z
Tt
Note that I1(H; ) is a Poisson distributed random variable with parameter

> a 1
/R d /0 Lo (. 9) s Ay = /R R e

which is finite for e > d, so that E(TI(H;)) < oc. O

From here on, we will make abuse of notation and write 11 also for 1T and 11, for ﬁt.

In the following lemma we state the convergence of I1; towards I, as mentioned between (1.9) and (1.10):

Lemma 2.4 (II; = II). Leta € (d,0). Letty,ty,--- € (0,00) and t,, — co. We may view 11, and
11 as elements of M, for alln. Then I, — 11 in M asn — oo.

Proof. That we may view I, and IT as elements of M follows by Lemma 2.3.

The convergence follows by ( , Lemma 7.4) (the fact that we have (0, c0) x R? instead of R x R?
does not change the validity of the lemma, as the proof builds on ( , Proposition 3.21) can be carried
out in our situation in the same way). For this we have to check the two conditions, namely (7.17) and
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(7.18) of that lemma (we take the Nt in that lemma to be equal to zero, furthermore let us mention that in

(7.17) there should be “ _*__»instead of “—L "). The first condition, (7.17), follows by
(2Nt+1)d (2Nt)d

lim 7P (@ > s> = lim r(r¥/®s)= = 57,

r—00 rd/a r—00

The second condition, (7.18), follows by the fact that for all s, A > 0

Z P(fg?j > Skj—‘ + h) < Z P(f(O) > s|x|rg_1>

r€Z4:|x|>rn T€Z%:|z|>rn
> 20—d n—00
< g § |x|—a,r,oz—d < g u—a,r,a—dud—l du = @ nd—a 0.
rn a—d
z€Z%:|x|>rn 2

ForP € Mg and R > 0, define
Mg(P) :=sup{f: (f,y) e Pandy € Qr}. (2.2)

Lemma 2.5. Let P, Py, Py, ... bein M such that’ P, — P in M,,. Then

) Mg(P,

sup Mg(P,) < oo forall R >0 and lim sup L = 0. (2.3)
neN R—00 peN R

In particular, limp_, MI}EP) =0.

Proof. Fix ¢ € (0,1). First observe that for any @ € M, and any h > 0, Q(H}) < oo since H; is
relatively compact (in €), and thus V' (Q) := sup{f: (f,y) € supp QNH;} < co.Fix h € (0,¢) such
that P(OH;) = 0. By ( , Proposition 3.13), there exists an ny € N such that V' (P,) < V(P) + 1
for all n > ng, implying M = sup,,cy V (P,) < co. For R > 0, note that (0,00) X Qr = AU B where
A C(0,e(R+1)] x RYand B C H (see Figure 2), so that

__(07 OO) X QR

(0,e(R+1)] x R?

Figure 2: lllustration (0, 00) x Qr C H5 U (0,e(R + 1)] x R%

sup Mr(P,) < max{e(R+1),M} < oo,

neN

implying the first statement in (2.3). For the second statement, divide the above inequality by R, take the
lim sup as R — oo and then the limitas ¢ — 0. O
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Recall that VV denotes the set of subprobability measures on (0, co) X R with total mass < 1. For R > 0
and P € M, ((0,00) x R?) define the sets

§(P):={pneW: u <P and supp(u) is finite } , (2.4)
§1(P) :=={p € F(P) : uis a probability measure}.

In the following lemma we show that if a point measure P has sufficiently many points, then one may
restrict to take the supremum over elements in §1 () in the variational formula for =(7P) (1.18). Then, we

introduce the notion of a good point measure, under which we will prove a conditional version of Theorem
1.4 (b).

Lemma 2.6. Let P € M} . Suppose that

Vo > 0 3dm € N ddistinct (f1,v1), - - - (fm, Ym) € supp P, Zfi > 20, Do(yr,. -y Ym) < 0.
i=1
(2.6)
Then

[1]

(P)= sup Wp(u). (2.7)
neg1(P)

Definition 2.7 (Good point measure). We say that a point measure P € ./\/lf, is good if Up pos-
sesses at most one maximizer in §(P) in the sense that there exists at most one v € F(P) such that
sup,ezp) Yr (1) = Up(v), and if it satisfies at least one of the two following conditions:

(i) There exists a 3 > 2 such that for all R, C' > 0 there exists a eg « > 0 such that for e < e ¢ and
forally € Qr there exists a (f, ) € (Ce,00) x B(y,e”) Nsupp P.

(i) P((0,00) x Qr) < oo for every R > 0.

Now we can formulate a deterministic version of Theorem 1.4 (b) (and more) for good processes.

Theorem 2.8 (Analysis of Wp for good P). If P, Py, Py, - - - € M; are good in the sense of Definition 2.7,
then the following statements hold.

(@) Maximizer: There exists a unique |* € VV such that

Up(p') = sup Up (). (2.8)
“w

This maximizer 1* has finite support, is a probability measure and satisfies 1* << P, i.e., p* €

51(P).
(b) Multisupport maximizer: Letk € N, ¢ := 4;% and L > 20 + (¢ + 1)e. With B. = {y € R? :
ly| < €} the closed ¢! ball in R, define the regions of (0, 00) x RY (see also Figure 2)

G= {L,th%] x B., E'=(g,L)x B., E*= (L+£oo> x B,
k k (2.9)

E® ={(f,y) € (0,00) x R": Jy| > &, f > eV (Jy| - 36}.
If P satisfies
P(G)=k and P(E')=P(E*)=P(E® =0, (2.10)
then # supp p* = k.
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(c) Stability: For any open neighbourhood O C W of u*,

supUp < supWp = Up (). (2.11)
ok w

d) Continuity of maximizer: If P,, — P in M¢, then the maximizers u*. of U converge towards j1*
p Hor, n M
asn — oo in the vague topology.

L+20

Es Es Es

ly| — 30

B,

Figure 3: lllustration of the regions GG, ', E? and E? as in (2.9).

The proofs of Lemma 2.6 and of Theorem 2.8 are postponed to Section 3. (a) and (b) are used only to
prove Theorem 1.4, while (c) and (d) are necessary preparations for the proof of Theorem 1.1.

In order to be able to apply Theorem 2.8 to the point processes II; defined in (1.9) and its limiting PPP 11
defined in (1.10), we use the following lemmas, which proofs are given in Section 4.

Lemma 2.9 (Goodness of I and I1;). Fix & € (2d, 00). Then, for any t € (0, co), with probability one,
IT and 11, are good.

Lemma 2.10. Leta € (d, ). Letk € Nand G, E*, E* E® be as in (2.9). Then

P(II(G) = k,TI(E* U E* U E*) = 0) > 0.

Proof. Since the regions in (2.9) are disjoint and each of them has finite and positive intensity measure,
the random variables I1(G), TI(E*'), TI( E?), TI( E3) are independent and have non-trivial Poisson distri-
butions, so that P(I1(G) = k,II(E"') = TI(E?) = TI(E?) = 0) has positive probability. O

Itis clear that Theorem 1.4 (b) directly follows from Theorem 2.8, combined with Lemma 2.9 and Lemma 2.10.

For the proof of the lower bound in Section 6, we use the following lemma so that we can apply Lemma 2.6
to II.

Lemma 2.11. Let v € (d, 00). With probability one, 11 satisfies (2.6).

DOI 10.20347/WIAS.PREPRINT.3023 Berlin 2023



Weakly self-avoiding walk in a Pareto-distributed random potential 17

3 Analysis of the variational formula

Here we give the proof of Theorem 2.8; that is, we analyse the maximum of W, and its maximizer for an
arbitrary point measure P that is good in the sense of Definition 2.7.

Let us first give a short outline of the proof. In Section 3.1, we introduce the crucial tool for handling vari-
ational problems, namely the Gamma-convergence, and derive I'-continuity properties of P — ®p and
‘P — Dp and consider the compactness of the objects appearing in the variational formula Sup ey Up ()
(the right-hand side of (2.8)): if P is good, then one can restrict the variational formula to measures in VW
that have a compact support with respect to R%. Then we give the proof of Lemma 2.6. In Section 3.2 we
analyse the maximization of ®p () over  when the number of points of P is fixed; this involves only the
maximization over the potential values. In Section 3.3 we show that any maximizer of Wy is necessarily of
finite support. In Section 3.4 finally we prove Theorem 2.8 (a), putting together the results derived in the
preceding sections, namely the I'-continuity of P — —Wp, and the fact that we need to optimize ¥, only
over compact subsets of VV. Recall that by our definition of “good”, the uniqueness of the maximizer is
guaranteed for good P.

3.1 Some topological properties of the variational formula

In this section, we prove that the functional P — —W introduced in Definition 1.2 is Gamma-continuous
in the vague topology, which is the crucial property under which we can find later arguments for the ex-
istence of maximizers and continuity properties of the maximizers as a function of 2. The main tool of
the arguments is a characterization of the vague convergence of point measures in terms of one-by-one
convergence of its points.

Let us introduce the crucial sense of convergence for variational formulas.

Definition 3.1 (Gamma convergence). Let X be a metric space. Let f, f1, fa,...: X — [—00, 00]. We

I'n—oo

say that the sequence ( f,,),en Gamma converges to f, written f,, —— f, if

(i) forall x € X and all sequences (x,,)nen in X with z,, — x,

f(z) < liminf f,(z,),

n—o0

(i) for all z € X there exists a sequence (z,,),en in X such that z,, — = and

f(x) > limsup f,(2,).

n— o0

r
Remark 3.2. Observe that f e f if and only if f is lower semi-continuous. &

We use the following statements about I'-convergence, which are sometimes referred to as the Funda-
mental theorem(s) of Gamma convergence:

Theorem 3.3. Let X be a metric space. Let f, f1, fa,...: X — [—00, o0]. Suppose f, Lneo, f.

(@) ( , Proposition 1.18) For each compact K C X

inf f(x) <liminf inf f,(z).

reK n—oo xEK
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(b) ( , Theorem 1.21) Suppose there exists a compact set K C X such that inf,cx f,(z) =
inf,ex fu(z) foralln € N. Suppose that x1,xs,--- € X are such that f,(z,) = inf,cx fn(x)
for all n € N. Then there exists a subsequence of (xn)neN that converges to any € X for which

inf.ex f(z) = f(y).

The main result of Section 3.1 is the following proposition. Part (a) will allow us to restrict the search for a
maximizer * of ¥ to those 1 whose R%-support is within some box in R?. Recall that WV is the set of
subprobability measures on (0, 00) x R with total mass < 1, and Qr = [—R, R]%. Furthermore, we
introduce

Wg={ueW: supppu C (0,00) X Qr}, R>0. (3.1)
Proposition 3.4. Let P, Py, Py, Ps, ... bein M such that P,, — P in M,,. Then
(a) Compactness
lim sup supVUp, () = —o0.

R—00 e\ Wpg neN

(b) Gamma convergence of —W

I''n—o0

—\I/pn — —Up.

The proof of this proposition is at the end of this section. We prepare for the proof by citing a well-known
result from point-process theory about a characterization of vague convergence by point-wise conver-

gence. For P € M, and L > 0, recalling that Q;, = [—L, L]%, we denote by P‘*) the point measure
. dp) .
LiL-1,00)x@, P, which means <= = L[1-1 so)x @, s 1-€-
PH(A) = P(A N[L™, 00) x QL> (3.2)

for any Borel measurable A C €. For 11 € YV we also write 1" = L1 o)<, [i-
Observe that as [L™!, 00) x Q1 C H; for some h,s > 0 (e.g. s = i and h = %), and H; is relatively
compactin &, P([L1, 00) x QL) € Ny forall P € M,,

Lemma 3.5. Let P, Py, Po, -+ € M, and L > 0 be such that P,, — P in M, and P(O([L™*, 00) X
Qr)) = 0.

(@) Putk = P([L7', 00) x Q1) € Ny. Then there exist (f;,y:), (f',y") € [L™1, 00) X Qy, for
n € Nandi € {1,...,k} such that, for all large enoughn € N (with empty sums interpreted as
zero),

k k
PL = dgrary, PP = 0w (U S (faw), i€ {L,.. . k)
=1 i=1

(b) Suppose i, ji1, jio, . .. are in VV such that i, — pin W and pu, < P, foralln € N. Then
pu < P and, with k, (f;,v:), (f7', y*) as above, there exist (w7, ..., wk), (wy,...,wy) € [0,1]F
such that, for all large enough n,

k k
=Y Wiy, WY =Y wibg, wi Sy w, i€ {L. k)
i=1

i
1=1
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Weakly self-avoiding walk in a Pareto-distributed random potential 19

Proof. For the first statement, note that [L‘l, o0) X @ is a relatively compact subset of & and apply
( , Proposition 3.13). The second statement is a straightforward consequence of the first. O

Here is the main step in the proof of Proposition 3.4.

Lemma3.6. Let P, Py, Po, - - - € M, be such that P, — P in M,,, and let ju, juy, pia, - - - € VW be such
that pt,, — p in VW. Then

(@) Dp(p) < liminf, o Dp, (1in)-
(b) If u, < P, and there exists a R > 0 such that j1,, € Vg for alln € N, then

Op(p) > limsup Op, (fin)-

n—oo
Proof. (a) If 4 & P, then by Lemma 3.5 there exists an N € N such that u,, &« P, foralln > N,
and the conclusion trivially holds. Therefore, we may assume p < P and p, < P, foralln € N.
Moreover, we may assume that o # 0. Let L > 0 be such that P has zero measure on the boundary
of [L7!,00) x Qr and Dp(u™) > 0, which implies u™ # 0. Let k, f', 4™, w?, fi,y;, w; be as in
Lemma 3.5, and note that k& > 1. Let iy, ...,%,, € {1,...,k}, m € N, be the distinct indices such that

wy; > 0,7 € {1,...,m}, and w, = 0 otherwise. We may assume that, for all i < k and all n large
enough, w; > 0 implies w;' > 0. Then

Dy, (11n) > Dp, (1) > Doy - -y ) "= Do(Yiss- - -+ Yin) = Dp(u™).

Therefore, for any L > 0, liminf,,_, Dp, (ttn) > Dp(pu™). Since Dp(p) = sup;~, Dp(p™), the
claim follows.

(b) Let R > 0, pt,, € Wi, i, < P, foralln € N and p,, — 1 in WW. Note that this implies ;« € Wg as
well and, by Lemma 3.5 (b), it << P. Let € > 0. Let us first show that for large L > 0

Op, (pn) < Pp, (ul) +c foraln €e N and |Pp (1) — Pp(p'™)| < e. (3.3)

n

Indeed, take L > Rsuchthat L™' < &, u((0,L71) x Q) < ¢/0 and P(O([L™},00) x Qr)) = 0.
Then

L dgen _
Op, () — Pp, (11) = / [f —0 d;i (f, y)} dpn(foy) < L71 <,
(OvL_l)XQL n

and the same inequality is valid with P,,, /4, replaced by P, u, for which also

O() = wp(u) = [ £ 6] dulri) 2 (0.0 x Qu) > e,

(OvLil)XQL

where we used that 2—7@ < 1. This concludes (3.3). Now it is enough to show that ®p, (p!) — Pp(u™),
but this follows by Lemma 3.5: with &, f;, ", i, yi', w;, w}' as therein and n large enough,

B ) = 37 (w7 — 00 ?) = 3 (i — 002) = ().

=1 1=

As a by-product of the proof, we obtained:
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Lemma 3.7. Let P € M and 1 € W for some R € (0, 00). Then

L—oo L—oo L—oo
Op(u™) 2% dp(p),  Dp(u™) L5 Dp(p),  Wp(u™) L7555 W (p).
Proof. This follows by definition of Dp and by (3.3). O

Proof of Proposition 3.4. (a) It suffices to show that given any A > 0, there exists an Ry > 0 such that,
Up, (n) < —A forall R > Ry, n € W\ Wgrandn € N.

Recall the definition of Mz from (2) and recall that ¢ = ﬁ > (. By Lemma 2.5, there exists an Ry > 0
such that

max{A,sup Mg(P,)} < iq(R—1)  forall R > Ry. (3.4)

neN

Let R > Ry, n € W\ Wg and n € N. We decompose (0, 00) x R into
SI(? = (O, OO) X QR, S;? = (0, OO) X [QR+I€ \ QR+k71:| for k € N.

Observe that ¢ := p((0,00) x R?) is in (0, 1]. Write ¢ = ", -, Gk With G := pu(Sy’) for k € Ny.
Note that (;, > 0 implies Dp, () > R+ k — 1, so that (;Dp, (1) > (R + k — 1) for k € Ny.
Since Up, (1) = —oo if 4 &K Py, we may and do assume i < P,. Hence we have the lower bound
(Dp, (1) = > en, KPP, (1) > D pen, Sk(E + k — 1). Furthermore, we have the upper bound

B0 < Y [ FU(9) < 30 GMaa(P,)

keNy keNp

Together with (3.4) and Dp, (11) > R > Ry, this gives

Up, (1) = p, (1) = qDp, (1) < Y G [3e(R+k—1) —g(R+k—1)] —q(1 =R

<Y G-A) - (1-QA=-A

keNp

(b) Let us first show (i) of Definition 3.1. Pick p, tt1, 2, - - - € VW such that p,, — . We have to show
that —Up(p) < liminf, oo —Vp, (tin), ie., ¥p(u) > limsup,,_, . ¥p, (1,). By (a) we may assume
that there exists an R > 0 such that u, i, € Wk for all n € N, because if such R does not exist,
then lim sup,, .., Up, (11,) = —oo. Passing to subsequences if necessary, we may also assume that
Wy K Py, foralln € N and, by Lemma 3.5 (b), u < P. In this case, the desired statement is a direct
consequence of Lemma 3.6.

To verify (i) of Definition 3.1, let © € WW. Assume first that W (1) = —oo. Since P, is countable for each
n, there exists a (f,y) € (0,00) x R4\ (U, Pn- Setting 1, = (1 — 2)pw 4+ 2644, it is clear that
fn — ppand Up (p,) = —oc for every n.

Assume now that Wp (1) > —oo, which implies i < P. As we will soon see, it suffices to show the
following: for every L > 0, there exists a sequence fi,, with 11, = pl™ such that Dp, (11,) — Dp (™)
and Op, (1,) — Pp(p'™). To prove the latter, fix L > 0 and take &, (fi, v;), (fI*, y}) as in Lemma 3.5.
Define w; = pu(f;, y;) fori € {1,...,k} and p, := Sr, w;0(fn yn). Then

Dp, (1n) = Do({y}: w;j > 0}) = Do({y;: w; > 0}) = Dp (™),
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o — " and ®p, (11,) — Pp (™) as well, as shown in the last line of the proof of Lemma 3.6.

Now, for each m € N, we can find a sequence (V;nn )nen in W with v(") = vy, , such that Dp,, (Vi) —
Dp(p™) and @p, (V) — Pp(u™) as n — oo. Let (N, )men be a strictly increasing sequence in
N such that

1
)Dpn(ym,n) - Dp(u("”)) v ‘q>pn(ym7n) - %(M(m))‘ <~ foraln> N,,.
m

Define m,, := max{m € N : N,, < n}and j,, := v, ». Note that m,, — oo, i, = pandn > N,, ,
so that by Lemma 3.7,

U, (1) = Wp ()| < | W, (10) = W (u)| + | 0p (™) = W ()| 2= 0

With the convergence of Lemma 3.7 and the compactness in Proposition 3.4 (a), we prove Lemma 2.6:

Proof of Lemma 2.6. By Proposition 3.4 (a) it follows that there exists an R > 0 such that =(P) equals
SUp,epy, Yp(v). Then, by Lemma 3.7, it follows that =(7) equals sup,cgpy ¥r(v). Let v € F(P) and
0 > 0. We show sup ez, (p) Up (1) > Up(v) — 20. Let (f1,41), - - -, (fm, Ym) be distinct elements of

Psuchthatd ", f; > 20 and Do(y1, ..., ym) < O.Letk € Noand (fos1, Ym+1)s - - - s (ks Ymtk)
be the distinct elements that form the support of v/ (so possibly k£ = O) By Proposition 3.8 there exist w;
fori € {1,...,m+ k} with 7"+ w, = 0 such that for 1 = 37" ;6. ,,,) one has

Op (1) = Crrm(f1s - fman) = Em(f1,- s fm) 2 Pp(¥), Dp(p) < Doy, - - - Ymr) < 20 + Dp(v),
and thus ¥p(u) > Up(v) — 24. O

3.2 Maximization of ®, with fixed number of points

In this section we derive, for a given point measure with finite support, P = Zle d(f,.:) explicit infor-
mation about the maximization of ®p (1) over u. We need slightly adapted notation. Since we optimize
here only ®p () over i, we can also drop the points v, . . ., yx; see Definition 1.2. We obtain explicit
information about the maximising vector w = (wy, . .., wx) = (u(fi, y:))5_,.

Fix § € (0,00) as always. Furthermore, we fix k € N, assume that P = 3% §;. ..y and therefore

may restrict our maximization problem to p of the form p = Zle wié(fi,yi). Then a comparison to
Definition 1.2 shows that

sup ®p(1) = oe(fis- -5 fr), (3.5)
BEW

where ¢y : (0,00)* — [0, 00) is defined as

k k
e(fi,-- - fu) = sup (Zwifi—ezwiz)- (3.6)
w1 wk20 N i=1
Zfﬂ w;<1
We are going to analyze the function ¢y in this section.

Since pr(f1,- .., fr) does not depend on the order of the f;, we may assume them to be ordered in a
decreasing way. The following is the main result of this section; it identifies the optimal w-, . .., w; and
thus the optimal u, provides some of its properties and shows its uniqueness.
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Proposition 3.8 (Analysis of ;). Fixk € Nand fy > fo > --- > fr > 0.
Case 1: f1 + -+ fr > 20. Letk, = K,(f1,..., fx), where

J
K.(fi, . f) = inf{j e{l,... k—1}: jfin < Zfi—%}/\k, (3.7)
=1

where we interpret inf () = oco. Then the unique maximizer in (3.6) is given by

W e = [fi — %(ijl fi—20)] ifi <k, 8)
' 0 otherwise.
Moreover, w; > 0 fori € {1,... k. }, wi + - -+ w, =1 and
S PR )
oulfinee ) = ol fi) = (S - (X h-%) ). e9
In particular,
k:*—l ks 2
Z <, (Fro ) <Y 75 (3.10)

Case 2: f1 + -+ - + fr < 20. Then the unique maximizer is given by w; = f;/20, 1 < i < k. Moreover,
wy+ -+ wp < 1and

=7
or(fioeos f 24— (3.11)

The proof of Proposition 3.8 builds on the following lemma, and is given below the proof of Lemma 3.9.

Lemma3.9. Letk € Nand fi > fo > --- [, > 0.

(a) The map
k
(wi, ..., w) = Z[wifi — Ow] (3.12)
i=1
is maximized over [0, oo) precisely for w; = f -
(b) Suppose Z . 29 < 1. Then (3.12) is maximized over (w, . ..,wy) € [0,00)* under the con-
stralntz i w; < 1 precisely by w; = f’
(c) Lety € R. Then (3.12) (as a function on R¥) is maximized over (wy, ..., wg) in R* under the
constraint 3% w; =~ by
fi 1
J i .
wi =24 (=Y 2L, e{l,.... k). 3.13
=g+ (1= 55) Jell. k) 3.13)

i=1

(d) Lety € [0,00) and suppose that k fi, + 20~y — Ele fi = 0. Then (3.12) is maximized over
(wy, ..., wg) € [0,00)* under the consz‘raim‘Zf:1 w; = v by (8.13), and we have

k , 1 k ) 0 k fz 9
;wifi—ewi =@;‘fi —E(v—;%>. (3.14)
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(e) Suppose Zle g—g > landkf, +20 — Zle f; > 0. Then (3.12) is maximized over [0, 1]¥ under
the constraint Zle w; < 1 by (3.13) withy = 1.

() Suppose k fr. + 260 — Zle fi < 0 or equivalently
k—1
(k—1)fe+20-> " fi<0. (3.15)
i=1

Then, if (3.12) is maximized by (wy, . . . ,wy,) € [0, 1]F with S5 w; < 1, thenwy, = 0.

Proof. (a) follows by the fact that w; — w; f; — 9w1~2 is concave for all 7, so that the maximum is attained

where its derivative equals zero (or at the boundary, i.e., for w; = 0, but this gives an outcome that is

clearly less than for w; = g—;).
(b) follows immediately from (a).

(c) is proved by using the Lagrange multiplier method: Define L : R¥*1 — R by
k k k
L(wy, ..., wg, \) := szfz — Qwa — )\(Zwi — 7), Wi, ..., We, A € [0, 00).
i=1 i=1 i=1
(w1, ..., wg, A) is the extremal point for L if V L(wy, ..., wg, A) = 0, which is the case if
k
fi—=A—20w; =0 for all 7, and Zwi =7
i=1

Combining gives A = % Zle fi — 26~ and (3.13). This extremal point for L is the maximizer for L over
R* as L is concave and because limyz oo T fi — Ox? = —oo for all i.

(d) follows from (c) as the condition implies that k f; + 20y — Zle fi > 0 (remember f; > f) for all j
and thus w; > 0 for w; as in (3.13), i.e.,

k

As furthermore,

we have obtain (3.14) by the following equality:
k k k k

fiy?g 1 Ji

i=1 i=1 i=1 i=1

(2

(e) follows from (d) as one observes that (3.14) is maximal when +y is closest to Zle 5—9

(f) Suppose w1, ..., w, € [0,1] for & > 2 are such that Zle w; < 1 (we may assume k > 2 as
0 > 0 so that (3.15) cannot be satisfied for k = 1). Let us define wy,...,w, by w, = 0 and for
ie{l,....k—1}
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Then by writing v = S-%_ @), = 32| wy, we see that

k k k—1
> wifi - 0w; — (Z w; f; — 9w§> = Wy fr — 0@, + Y (@; — w;)(fi — 0(@; + w;))
=1 =1 =1

~ k—1
= Wi fr — OW;; — kufl (Zfz - 297)
=1

~ k—1
W ~
= ((k— 1) fi — ;:1 fi+20—(1—~)20—(k— 1)9wk>
< = (1 —=)20 + (k — 1)0wy,) < —bwy.
This proves that the maximizer has to satisfy w; = 0. O

Proof of Proposition 3.8. Case 2 follows directly from Lemma 3.9 (b).

In Case 1, observe first that j fj+1 < 25:1 fi —20forall j > k,, and that f; + --- + fr, > 260. By

definition of K, one has (k. — 1) fx, > Z?;}l f; — 26 and thus fi, > i(Zle f; — 26) and so

wy > wy > --- > wyg, > 0. By Lemma 3.9 (f) it follows that w; = 0 for = > k, and so by (e) one
completes the proof. O

3.3 Maximizers have finite support

In this section we prove that, if P is a good point process in J\/lf), then every maximizer p1* of Up has a
finite support. It is this result that needs one of the two conditions (i) or (ii) of Definition 2.7. Indeed, we will
use (i) to construct, from a maximization candidate with infinitely many points, a better one with only finitely
many points, and we will use (ii) for a simple argument that the maximizer has only finitely many points.

Proposition 3.10 (Maximizers have finite support). Let P be a point measure in Mg that is good in the
sense of Definition 2.7. Then

(a) Wp has at least one maximizer,
(b) there exists a R > 0 such that every maximizer of U lies in WWg,

(c) every maximizer has finite support,
and, if P satisfies (i) of Definition 2.7, then

(d) every maximizer v is a probability measure, i.e., v = Zle wié( fiu) forsomek € N, w € [0, l]k
Zle w; =1, fi € (0,00),y; € R fori € {1,...,k}. Moreover, Zle fi > 26.

Proof. (a) By Proposition 3.4, see also Remark 3.2, Wp is upper semicontinuous. }V is sequentially com-
pact by ( , Corollary 13.31). Therefore ¥p has at least one maximizer.

(b) By Proposition 3.4 (a), we may pick 12 > 0 so large that sup ey, Yr (1) < 0 < sup,epy, Yr(p).
This implies that every maximizer lies in Wg.

(c) Let v € Wr be a maximizer of Up. Clearly, v < P (otherwise Up () = —oo < WUp(0)). Under (ii) of
Definition 2.7, v has finite support. Therefore we assume instead that (i) of Definition 2.7 holds. Moreover,
without loss of generality we may assume that the supports of P and v are infinite. We are going to show
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that there exists a ;1 € Wg1 such that supp y is a finite set and ¥p (i) > WUp(v), which implies the
claim.

Let (f;,4:) € (0,00) x R?fori € N be distinct and such that {(f;,v;): i € N} = suppv. We may
assume that f1 > fo > f3 > ... and fr — 0 as k — oo (due to the fact that ¢, 00) X Qg is relatively
compact in &, because it is a subset of H; for some s, h > 0, and so there are only finitely many ¢
such that f; > ¢ for all ¢ > (). We separate the proof in two cases, depending on ZZEN fi: Case 1:

ZiEN fi S (29, OO], Case 2: ZiEN fZ S [O, 20]
Case1) . . fi € (20, 00]. The idea is that Proposition 3.8 tells us that Dp is maximized using a finite
number of points such that adding points the ® part will not enlarge, but the D part will increase.

Let 6 > 0 be such that ). fi > 20 + 26. Let K be such that Zf(:ll fi > 20 +96. Let K, > K, be
such that f; < Kil for all kK > K. Then for k > K, we have

Dp(v) < or(fiy-y fr) +6, (3.16)
k k K 5
izlfi — kfi = Zzl(fz = fe+1) 2 ZZl(fz - E) >20+6—6 = 20. (3.17)

By (3.16) it follows that (as the above can be done for any § > 0), for ¢ as in (3.6),

Pp(v) < supr(fi,. ... fr)-
keN

By (3.17) it follows that there exists a £ € N such that K, (f1, ..., fx) = Cforall k > K5, where K, is as
in (3.7). Therefore, by Proposition 3.8, we have pi(f1,..., fx) = ©m(fi,..., fm) foral m > K, and
thus, with w; as in (3.8), for w given by

wy ifi e {1776} and (fay) = (fzvyz)a
0 otherwise,

w(f,y) = {

we have for ;1 = wP that Pp (i) = e f1,- .., fi) = suppey @i (f1, - - -, fx) and thus

Op(u) > Op(v), Dp(u) <Dp(v)  andtherefore  Wp(u) > Up(v).

Case2 ) .. fi € [0,20]. Let us first introduce some objects. For k € N, let

20

ar ‘=

Then a — 0 as k — oo. Let Ry := inf{s > 0: suppr C (0,00) x Qs} the smallest r such that
v € W,.Then Ry < Rsince v € Wg. Then there exists a function ¢ : N — N such that y,,(,,) converges
toz = (z1,...,24) € 0Qg, as n — 0o. Assume, without loss of generality, that z; = R;. Let 5 > 2
and € = £p, 11,39 as in the condition (i) of Definition 2.7 on P. Pick k € N such that fa; — 8qa£ > (0 and
3a£ < landa; < e A 1. Then define

a = ay and Z:(Rl+2aﬁ,22,...,zd).
Observe that Z € (D, 1. By the assumption (i) on P from Definition 2.7 there exists a

(f,@ € (36a, 00) x B(z,a”) Nsupp P
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We observe that (f~, y) ¢ supprsince y & Qp,, buty € Qr, 13,6 C Qry1. Since limy,_,o0 Yop(n) = 2,
there exists a (f, 4) € supp v such that §J € B(z, a”) and therefore (f, ) € (30a, 00) x B(y, 4a”).

(30a,00) x B(%,aP)

Yyr Y2 Yys >z
Figure 4: Visualisation of z, Z and (f, §) (for d = 1).

We recall Proposition 3.8, Case 2, which tells us that the unique maximizer of ¢y, as in (3.6), is given by

(%7"'>29) Define 11 = wP (i.e., dg = w), where

I it (f.y) = (fi, i) forsome i € {1,....k},

w(f,y)=<a it(f,y)=(f,9), 3.18)

0 otherwise.
Because

= i >F

= ta==EL0 0,1
22:1:29 +CL 29 E[ 9 ]7

it is clear that 1+ € YWr 1 and that i has only finite support. We are going to show that Up (1) > Up(v).
Observe that

24_ Z(Z fz> :49 29@) = fa”.

i=k+1

2
Therefore, by using that >~ | 4‘0 =32 % — > ki Zle’ we see that

k k E o 0o 9
3 2 2\ _ [i ra 2 [i ra
pu)zgwifi—l—af—G(;wi—l—a>—;E+af—0a 2;E+af. (3.19)
By Proposition 3.8 it follows that

V)<Y e (3.20)
=1
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Moreover, we recall the definition of Dy in (1.20) and see that

DP(V) > DO({ylv s Yk g}) > DO({yh - Yk g?@/}) - 8&6, (3.21)
where the last inequality holds true since any path starting from 0 and visiting all points in {1, ..., yx, U}
can be extended to visit ¥ as well by traveling back and forth along the straight line linking 7 and y (which
are at most 4a” apart from each other). Since suppga ¢t = {1, - - -, Yx, ¥}

Do({y1, - ¥k, 9,9}) = Do({wrs - -, uk, U}) = Dp(p).

Thus, we deduce from (3.21) that
Dp(p) < Dp(v) + 8a”, (3.22)

and therefore, using (3.19), (3.20) and (3.22) in combination with the fact that f > 3fa we obtain

o0 2 . .
Up(p) —Up(v) > — Z 4—19 +af —60a® —8qa® > af —20a* — 8qa” > Ha® — 8qa” > 0. (3.23)
i=k+1

(d) Suppose that st = SF_| w;d( s, .. If pvis a maximizerand 3%, f; > 26, then S w; = 1 because
of Proposition 3.8 (as, like in Case 1, ®p (1) = wr(f1,- .-, fr)), so that i is a probability measure.

If Zle fi < 26 and p maximizes $p (observe ®p, not ¥p), then by Proposition 3.8, Zle w; < 1,ie.,
1 is not a probability measure. Moreover, like in Case 2 above, one can show that p is not a maximizer of
U Indeed, one chooses ana € (0,e A1) witha < 1 — Zle w;, a® — 8qa”® > 0 and 3a® < 1 and

follows the same lines as in Case 2 to find a (f, §) such that Wp (1 + ad 7 ;) > Up (). O

3.4 Proof of Theorem 2.8

In this section, we prove Theorem 2.8 subject to Proposition 3.4 (b) (Gamma-convergence of —WV) and
Proposition 3.10 (finiteness of support of maximizers).

Prove of Theorem 2.8. (a) follows directly by Proposition 3.10. (c) follows by the fact that W is upper-
semicontinuous and VWV is sequentially compact (see the beginning of the proof of Proposition 3.10), so
that, in particular, O€ is sequentially compact for any open set O C V. Therefore there exists a maximizer
of ¥» on OF, which by the uniqueness cannot be equal to the maximizer over WV, therefore proving the
desired inequality. (d) follows from Theorem 3.3 (b) and Proposition 3.4 (b).

Let us now prove (b). The idea is that the points in G are all worth visiting because of their large energy
values, but at the same time they are not distinct enough so as to give preference to only a couple of them.
Having no points in £, E? and E? contributes to make points outside of G not worth visiting, because
either their energy values are too low or their distance too large.

Fix P € M with P(G) = k and P(E") =0,i=1,2,3.Denote by (f1,y1), -, (fr, yr) the k points
of Pin G, with f; > fo > --- > f;. Take w; as in (3.8) of Proposition 3.8 and let v* := Zle Wid(f,,y,)-
Note that, since f; > L > 260 for 1 < i < k, the relevant formulas from Proposition 3.8 will (mostly) be
(3.8) and (3.9). We divide the proof into the following steps:

(Step1) w; > Oforalli e {1,...,k}.

(Step2) Ifv € Wandsuppr C G then Up(v) < Up(v*);

(Step 3) Ifv € Wandsuppr ¢ G then Up(v) < Up(v*).
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Steps 2-3 together with (a) will then show that * = v*, and this together with Step 1 implies (b).

Step 1 By Proposition 3.8 it suffices to check that k& = K,(f1,..., fx), where K, is as in (3.7). This
follows as forany j € {1,...,k — 1} we have

(k— )20 20

: 20 | | |
Zfi—wﬁ](lﬂ'?)_wzjlz— S]fj+1—? < Jfi+1- (3.24)
i=1

Step 2 We can assume that v << P. We will first show the statement for v € )V which are nonzero.
Observe that by (3.5), for any v € W with () # suppv C G,

Up(v) = @p(v) — Dp(v) < w11((fi)jer) — aDo((y))jer),

where J C {1,...,k}issuchthatsuppv = {(f;,y;) : 7 € J}. Therefore it suffices to show that for all
JcA{l,...,k}, J #0,onehas

@171 ((fi)jer — aDo((Ys)jer) < Vp(v*) = wr(fi, - fx) — qDo(yrs - - -, Yk)-

Of course for k = 1 the above is clear. Suppose that k > 2. Let J C {1,... k}withm :=|J| <k —1
and ¢ € {1,...,k} \ J. By an inductive argument on m, it suffices to show that

Om((fi)ies) — aDo((yi)ics) < @m+1((fi)icsurer) — aDo((¥i)icsugey)- (3.25)

First of all, a straightforward computation using (3.9) gives

2
1 0
i1 ((fi)icsurn) — ©i((fi)ics) = Wm(m +1) mfy — (; Ji— 29)] > i 4qe, (3.26)
where in the last line we used that
S fi—20<mfo— M (3.27)

icJ
which follows similarly as the estimate in (3.24). From this and the observations
Do((yi)icaugey) — Do((¥i)ies) < 4e, 4qe — 4 > 0,

we deduce (3.25). In order to finish this step, it suffices to observe that (because L > 20 + (¢ + 1)e),

Up(v*) > o1(f1) —qDo(y1) = fr =0 —qlpn| > L —0 —qe > > 0. (3.28)

Step 3 By (a) it suffices to show this step for v with supp v C P finite support. Let (f,y) € suppv \ G
be such that f is maximal among such points. Assume first that f > €. In this case, our assumptions on
P imply that |y| > f + 30.1f f > L+ 22, then ®p(v) < f, Dp(v) > |y| > f + 36 > [, and thus

Up(v) =Pp(v) —qDp(v) < f—qf <0< Up(v").

Ifinstead ¢ < f < L+ 260/k, then Pp(v) < L+ 2 and |y| > f+30 > e+ 6 + 2, so (remember
(3.28))

20 20
Up(r) S L+ —alyl <L —(¢-1)7 —¢0 =gz <L —0—qe < Up(r).
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Assume now that f < e. If supp vNG = (then Up(v) < e < Up(v*) (because of (3.28) again). Lastly,
suppose suppv NG = {(fi, vi)ics} # O where J C {1,...,k} with |J| = m > 1. Let N € N be
the number of points in supp v \ G. Denote by ( fx11, Ykt1), - - - (fren, Yksn) the pointsin supp v \ G
with f = fry1 > fis2 = -+ > fign. Observe that

mf§me5<mL—2(9§ij—%7

jedJ

sothatfor I = {k+1,...,k+ N}, Ki(([fi)icsur) = Ki((fi)ics)- The latter equals |.J| due to (3.27)
and thus @ () < @ur((fi)icaur) < @m((fi)ies) < Pp(v*) and so Up(v) < Wp(v*). O

4 Goodness of [I and of I1;

In order that we can apply Theorem 2.8 to the rescaled process 11; (for all ¢ > 0) defined in (1.9) and to
the PPP II defined in (1.10), we show in this section that they are good in the sense of Definition 2.7 for
any a € (2d, 00). Moreover, we prove Lemma 2.11 for € (d, 00). That is, we prove Lemma 2.9, see
Lemma 4.2 and Lemma 4.4. That both II and II; can be viewed as elements of /\/l;, has been shown in
Lemma 2.3.

Lemma 4.1. Lets,r > 0 andz € R% LetVy € (0, 00) be the volume of the unit ball in R®. Then

P(H([s, 00) X B(z,r)) = 0) =g VasTr?,

Proof. The random variable I1([s, o0) x B(z, 7)) is Poisson distributed with parameter

/ ay M dy @ dz = / lojra dy Vyr? = Vys—ore, (4.1)
[s,00) X B(z,r)

[s,00)

Lemma 4.2. Lett € (0, 00).
(a) Leta € (0, 00). With probability one, 11, satisfies (i) of Definition 2.7.

(b) Leta € (2d, o0). With probability one, 11 satisfies (i) of Definition 2.7.

Proof. (a) By construction II, satisfies (i) since II;((0,00) x Q) is simply the cardinality of {z &
Z%: |z| < Rry}, which is R7rd.

(b) Let 3 € (2, 2). First observe that Q; can be covered by balls B(z, ) with z € 7Z% and z € Q g1,
ie.,

QrC |J B9

ZE(%Zd)ﬂQR+1

Then, observe that therefore, with probability one 11 satisfies (i) of Definition 2.7 if

p( U NU U {n(ek?0)xBz1)=0}) =0.

R,C€(0,00)NQ NENE>N ze(%Zd)ﬂQRH
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By the Borel-Cantelli Lemma, the above holds if we can show that for any R, C' € (0, c0),

ZP( U {suppII N ([Ckf%,oo) X B(z, 1)) = @}) < 00.

keN Ze(%zd)mQR+1
Let R, C' > 0. We may assume R > 2. By estimating the probability of the union by the sum of the
probabilities, and observing that #(+Z%) N Qg1 < (2k(R + 1) 4+ 1)* < (5kR)“, by Lemma 4.1 (with
s = C’kf%, r= % so that s~ r? = C”O‘l{:%fd),

S P( U {fswpln((Ck F,00) x B(z 1) = 0}) < S (GkR)%e Ve

keN ZG(%Z"Z)OQRH keN

a

Because 3 < 9, we have 3> d and therefore the above sum is finite. O

Lemma 4.3. Let P € M;. Supposev € §(P), v # 0 and ¥V (v) = sup,czar Yp(p). Letk € N,

(fi,v1), .-, (fx,yx) € P besuchthatsuppv = {(f1,v1),-- -, (fx,yx)}- Then®p(v) = or(f1,-- -, fr),
where

~ 1 /< 1/ < 2
Bl f) = (-2 (X fi-20)). 2
=1 i=1

Proof. Observe that (for ¢, as in (3.6))
q)'p(V):(‘pk(fh”_’fk)? D'P(V>:-D0(y17’”7yk)'

By the definition of the support, we have v = Zle Wil (f, ) forsomewy, ..., wy € (0,1]. By Lemma 3.9

and (f) we may assume that k min{ f1, ..., fx} + 20 — Zle fi > 0 (otherwise w; = 0 for some 7).
Therefore, by (e) of that lemma, it follows that ®»(v) = @k (f1, - . ., fx) (see also (3.8) and (3.9)). O

Lemma 4.4. Let € (0,00) andt € (0, 00). Recall the definition of §(P) in (2.4).

(a) With probability one, V11 possesses at most one maximizer in §(11).

(b) With probability one, Wy, possesses at most one maximizer in §(11;). Moreover, for L. > 0 and
1" = Ljp-1,00)xq, L (see also (3.2)), the function U (1) possesses at most one maximizer in
t

S(IL).

Proof. (a) We show that the event that there exist 111, 1o € F(I1) with 117 # o and Upp(pg) = Yp(pe) =
sup,,cg(m Yir(#), has probability zero. For this it suffices to show that P(N,) = 0 for any L > 0, where,
with Sy, = [L™, 00) X Q1,

Ny = {3M17M2 e F(ID): p # po, supp p; C St, Yu(pr) = Yu(pe) = sup WH(M)}-

pES(IT)

Let L > 0. We give an explicit almost sure description of IT on S.. Let us write © for the intensity measure
of I, i.e., O(d(f,y)) = af 1+ df @ dy. Let N be a Poisson distributed variable with parameter m
where my, = O(Sy). Let (F}, Y;) en be i.i.d. random variables that are independent from N and whose
law is given by mLL]lSL@. Then,

N
1, II is equal in distribution to Z O(F;;)-
j=1
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Without loss of generality, we may assume 1g, II = Zj\;l 5(Fj7yj). Then, by Lemma 4.3 N}, is in-
cluded in the event (we make abuse of notation and for m = 0 we understand @, (F},, ..., F},) and
Dy(Y},,....Y], ) tobe equal to 0)

There exist k, m € Ny, distinct iy, . .. , iy, i, and distinct ji, ..., jm in {1,..., N}
such that i, ¢ {ji, ... ,jm} and
@k-ﬁ-l(FiU" EkaF ) (F}17“'7‘F}m)_’_DO(}/Z'U"‘?}/Z'}C’}/;*)_DO(}G‘N"‘ﬂ}/}m)
(4.3)

The above event is included in the one where we replace {1, ..., N} by N. Then, it follows that (4.3) has
probability zero by Lemma 4.5.

(b) Follows similar as the above argument: Besides replacing II by 11, replace © by the product measure
of af U+ L ae o (f)dfand 37 —174 6., and N by #(Qr N Z%). Then again, one can show that
the event (4.3) has zero probability by applying Lemma 4.5. From this, the “moreover” part immediately

follows too. [
Lemma 4.5. Suppose that F, F5, ... are iid. random variables with values in (0, o0) whose law has a
density with respect to the Lebesgue measure. Let Y1, Y5, ... be i.i.d. random variables with values in Re.
Letk,m € Ny. Suppose thati, . .., 1, i, are distinct element of N and 7, . . . , J,, are distinct elements

inN such thati, & {j1,...,Jm}- Then

P(@kﬂ(Fh,.. F,, F,. ):me(Fjl,...,ij)+D0(Y,~1,...,Yik,Yi*)—DO(le,...,ij)> —0.

Proof. We explain the following argument in more detail below. If we condition the above event in (4.4) on
all variables except F;_, thatis, on F; ... . F  Fy ... F; Y, ..., Y, Y, ..., Y, and Y, , then

k) Jm> ey I

by the formula for ¢y, (4.2), there exist 017 CQ, C5 € R, 01 # 0 or Cg # 0 such that the event in the
probability of (4.4) becomes

CiF} + CyF;, 4+ C5 = 0.
The probability of such event is equal to zero as F;, has a density with respect to the Lebesgue measure.

Indeed, observe that @1 (fi,) = fi, — 0 = Aof? + Bofi, — Co, for Ay = 0, By = 1 and Cy = —6, and
fork € N,

k

1 46° 5
Av= 50— =7), BkZBk(fl,...,fk):m<2fi_29>7

Cr = Cilfr, . o (Zf —Hl(Zfz—%))

that
Pr1(f1y oo Jos i) = Axf? + Bifi. + Ch.

So that for CN’k = Ck — (6m(fj1’ R 7fjm) + Do(yil, ce 7yik7yi*) — Dg(ij e ’yj'rn)))’ we have

F,)
Y;

P(&k-i-l(Fiw" Flka ) (F]17"'7
im)

Prm
+Do(Y;,,. .Y, Vi) — Do(Y,, ...

)

‘F =fY = y) = P(ALF? + ByF;. + Gy, = 0),

(4.5)
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where

F: (Fila"-7EkaFj17"'7F}m)7 ?: (fin'"afikafj1>"'afjm)7

Y = (}/;17 s aYtij}/i*y}/}la ce. 7ij)7 y = (yin s 7yik7yi*7yj17 ce ’yj'nL)'
As the law of F;, has a density with respect to the Lebesgue measure, the right-hand side (and thus the
left-hand side) of (4.5) equals zero. O

For the proof of Lemma 2.11, we use the following lemma.
Lemma 4.6. Let A € (0,00). Let( be a PPP on (0, 1) with intensity \. If k < (\/4)'/4, then
A

1
P(H distinct Zy, ..., Zu € C: Do(Zu, ..., Za) < d) S 1 exp (_<Z>d> |

Proof. Letw be a PPP on R? with intensity . In an almost sure and inductive sense we define sequences
(Ry)ien in (0,00) and (Y;)ien in [0, 00)% by setting Ry = 0 and Yy = 0 and (on the probability one set
such that the following infima are finite)

Ry :=inf {r > 0: w(¥; +(0,r]%) >0} ,
and by letting Y71 € [0, 00)¢ be the unique point in suppw N (Y; + (0, Ri41]%) (see also Figure 4).

Ry
>
°
° oY),
Y
R3
] ° [ Y2 °

Ry

—
R
Il
°
°
°

Figure 5: lllustration of choosing Ry, Ro, R3, Ry and Y7, Y5, Y3, Y.

Observe that
k

P<EI distinct Z1, ..., Zx € C: Do(Za, ..., Z4) < d) > P({Yl,...,Yk} C O D)LY Y~ Vi < d)
=1

Note that Y; € Qr,+..+R;»

Y; =Y 4| <dR;and (Ry + -+ Rp)? < k41 (RY+ -+ - + RY). Thus

k k k
A
d d
P <{Y17~-7Yk} Z (0,1)% or ;1 Y = Yial > d) <P (El R; > 1) <P ;1 ARS > W) :

On the other hand, the random variables AR¢ are i.i.d. Exp(1). Using E[ez *A1-2)] = 2671 < 1, M1 —
2k > 2k1-9, A1~ > (2)4 and the Markov inequality, we obtain

k k
P (Z ARS > )\kl‘d> <P (Z()\Rf —2)> %kl‘d> < I TR ORI £ omiRTY < =YY,

i=1 i=1
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Proof of Lemma 2.11. Let > 0. Forn, k € N let

n

Enk 1= { there exist distinct (f1,41), - .-, (fx, yx) € supp II N Q,, such that Dy (y1, ..., yx) < (5}.

1
Then I1(Q,,) is Poisson distributed with parameter \,,. For n € N let k, := [Ai]. Then on the event
En i, We have

which is larger than 26 for sufficiently large n.
Hence, for such large n we have P (11 satisfies (2.6)) > P (&, x, ) and so it suffices to show

n—o0

P(‘(:n,k:n) — 1. (4.6)

Note that the projection of 1o, IT onto (0, §/d)% is a PPP on (0, §/d)¢ with intensity \,(6/d) ¢ (because
I1(Q,,) is Poisson distributed with parameter \,,). Therefore, for a PPP ¢ on (0, 1) with intensity \,,, we
have

P&y ) = ]P(H distinct Z1, ..., Zu, € C: Do(Zu, ... Zy) < d).

Therefore, by applying Lemma 4.6, we conclude (4.6). O

5 Proof of Theorem 1.1 and Theorem 1.4

In the present section we will prove Theorem 1.1 (and implicitly also Theorem 1.4 (b)) subject to Proposition
5.2 and Proposition 5.4 below, whose proofs are postponed to Sections 6 and 7, respectively. In some
sense, Proposition 5.2 gives us the lower bound of Theorem 1.1 (b) whereas Proposition 5.4 gives us the
corresponding upper bound, as well as Theorem 1.1 (b).

Our strategy is the following. We first need to ‘compactify’ the partition function, i.e., to show that the
random walk in the partition function can be restricted to some large box with a diameter on the scale ;.
This is done in Proposition 5.4 (c) in the sense of a convergence in distribution. Furthermore, we derive
upper (in Proposition 5.4 (a)) and lower (in Proposition 5.2) bounds for the compactified partition function
that lead to the right limit, the variational formula =. Finally we need to upper bound the compactified
partition function with 1, outside a neighbourhood of the maximizer against something that has a strictly
smaller exponential rate. Here the stability of the variational formula from Theorem 2.8(c) will be crucial.

The upper and lower bounds for the compactified partition function are proved even in the almost-sure
sense with respect to &, using the Skorohod embedding. That is, we do not work with a fixed trajectory
t— Zf’ﬁ for a given realization of £, but with a sequence of realizations that are constructed jointly on
one probability space. For this, we fix a sequence of times (t,,),en- Since this construction is used several
times in the paper, we state it in the following remark.

Remark 5.1 (Skorohod embedding). Let (t,),en be a strictly increasing sequence in (0, 0o) such that
t, — oo. By Skorohod’s representation theorem (see, e.g., ( , Theorem 1.6.7)) and Lemma 2.4 we
can define on the same probability space a sequence (IL,,),cn of point processes and a Poisson point
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process IT on (0, co) x RY of intensity o f ~1~* df @ dy such that IT,, is the same in distribution as I1;,
(see (1.9)) for every n € N, and trivially I1 is the same in distribution as I1, and

IT, — II  almost surely in M.

Without loss of generality we may assume that

Z ) ) (5.1)

2€74 Tt

for some random variables &, () which are the same in distribution as £(z), forany n € Nand z € Z<. Fix
a metric 0 on W that is compatible with the vague topology and write B(v,0) = {u € W : 0(v, u) < d}
forv € Wand § > 0. We introduce the following notation:

T =Tt,, ¥, = Tnlogt,,
Z,— 25, HL(X) = HEP(X), B—pe, w,—wes, ®?
andfor R,0 > 0andn € N
VAR E[eH”(X) Il{ Srer[lggfl | X < anH and zZh+t =2z, - 7% (5.3)
ZR=0 = E[eHn<X> 1{o(W,, i) > 6} 11{ max |X,| < R’rnH. (5.4)

Recall (1.18). For a good point measure P (see Definition 2.7) on (0, 00) x Rd and v* € §(P) the unique
maximizer of Up (the existence is shown in Theorem 2.8) so that Z(P) = ¥p(v*), we define

=(P)=  sup  Up(v). (5.5)
veEW:(v,v*)>6

For the probability measure on the space where the IT and I1,,’s live, we make abuse of notation and write
P and assume this does not lead to confusion. &

We can now formulate the lower bound for the partition function.

Proposition 5.2 (Lower bound). Fix « € (d, 00). Then, with P-probability 1,

1
liminf — log Z,, > Z(I1). (5.6)

n—oo ’7n

The proof of Proposition 5.2 is given in Section 6. Now we formulate the appropriate upper bounds for both
assertions of Theorem 1.1. What will be crucial for the proof is the following observation:

Lemma5.3. Leta € (2d, 00). There exists a random variable ;. with values in § (II), such that P -almost
surely i1* is the unique element of VV such that

U (p') = =Z(1). (5.7)
Moreover, almost surely

=0(IT) < Z(T0). (5.8)
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Proof. Because @ > 2d, II is almost surely good by Lemma 2.9. Therefore by Theorem 2.8 (a) such
W* exists (that it is random in the sense that it is a measurable function on the probability space, is not
completely trivial; see Appendix B) and is unique almost surely and by Theorem 2.8 (c), (5.8) holds. O

Proposition 5.4 (Upper bounds). Fix a € (d, o0).

(a) Upper bound for compactified Z ,,:

1
P[ lim sup lim sup — log Z%~ < E(H)} =1 (5.9)

R—o0 n—oo  Yn

(b) Upper bound for compactified Z ,, away from maximizer: Assume that o > 2d. Then

1
P[ lim sup lim sup — log Z% =9 < 55(H)] =1, 0>0 (5.10)

R—o0 n—00 n

(c) Compactification:

1
lim liminf P {— log Zf’+ < —A} =1, A>0. (5.11)

R—o0o0 n—oo n

The proof of Proposition 5.4 is given in Section 7. We extract the following lemma from Proposition 5.2 and
Proposition 5.4 (c) which will be used for the proofs of Theorem 1.1 (a) and (b).

Lemma 5.5. Foralle,n > 0 there existan R > 0 and an N € N such that for alln > N

R,—
Zn

ZR,+
P[ - <5] >1-—n.

Proof. First, we bound Z f’_ from below by restricting the expectation to the trajectory that remains at the
origin up to time ¢,, and obtain (because by for example (1.13), for Yy = O forall s € [0,t,], H,(Y) >

—07,,)
ZEm > P4, (0) = t,)e M = e 20 n e N, R > 0. (5.12)

Because ~,, = 7, logt, = t-7(logt, )™ (see (1.8)), we have f/—" — 0asn — oo. Lete,n > 0. Then,
by also using (5.11) with A = 36 there exists an R > 0 and an N € N such that for all n > N,

n -

P [Zf”“ < e*397n] >1-n, Zh= > o727, et < ¢

so that

Now we prove Theorem 1.1 and and Theorem 1.4 (a) subject to the above propositions and lemma.

Proof of Theorem 1.1 (a) and Theorem 1.4 (a). Let D be the continuity set of the distribution function for
=(IT), i.e., the subset of R containing every continuity point of z — P(=(IT) < z). We will prove

t—oo

1
—log Z, = Z=(I1), (5.13)
Tn
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by showing the following two inequalities:

1
lim sup P {7 log Z,, < h} < P((E(I) <h), h e R, (5.14)
n—00 n
1
liminf P {— log Z, < h} > P(E(IT) < h), h € D. (5.15)
n—oo

The proof of (5.15) is more involved. Therefore we focus on (5.15), because (5.14) follows in a similar
fashion from Proposition 5.2. Observe that for any R > 0, because Z,, = Zf’* + Zf’+ (see (5.3)),

1 1 1 Zhr 1 1z
7—log Z, = 7—log Zh 4 7log <1 + ZR’) < 7log Zh- 4 ’TZR”' (5.16)

Pickann > 0. Let A,  := {Z" < Z%~}. By Lemma 5.5 there existan R > 0 andan N € N such
that P(A, gp) > 1 —nforalln > N.

Fix h € D and pick ¢ > 0. As ,Yi < ¢ for large n, we have for sufficiently large n that

n

1 o1
P{—logzngh] > P {—1ogzngh}m,4n,3}

n n

>P _{ilong <h-— 5} N .An,R:|

L n

(5.17)

1
>P|—log Z%- Sh—e} —P(A, R)

L /n

[ 1
>P —loanR’_gh—s} — .

n

At this stage, we use Proposition 5.4 (a), i.e., we use (5.9), to infer that (possibly by choosing R larger)

1
P(— log Z%~ < E(IT) + 5) =1, for large n. (5.18)

n

Combining (5.17) and (5.18) gives

n—oo

1
lim inf P {—log Z, < h} >P(E(ID) < h—2¢) —n, forany n,e > 0. (5.19)

By letting 17 and € converge to zero and by using the continuity at & of x +— P (Z(IT) < z), this completes
the proof of (5.15).

From (5.13) we deduce that ;. log 7 = Z(II) as we obtained the convergence along diverging

sequences of (,)nen in (0, 00). We are left to show that =(IT) is almost surely in [0, o) (which implies
also Theorem 1.4 (a)). That Z(II) > 0 follows directly by the fact that it is larger than Wy evaluated in the
zero measure. That it is finite follows by the fact that H " < H*” and thus Z\% = Z*" < Z\%? As
the limit of — égt log Z* is almost surely finite (by e.g. (1.6) in ( ), so'is the limit of - ﬁ)gt log Z;*,
which is Z(1I). O

Proof of Theorem 1.1 (b). Let 6 > 0. First we show that P,,[o(W,,, u*) > ] converges to zero in P-
probability, i.e., for all £ > 0,

t—o00

P [IPn[a(Wn, W) >0 > k| 2250, (5.20)
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Observe that for any R > 0

ZR,f,é + ZR,+ ZR,*,(S ZR,+
P, p(W,,u*) >0 < — < n_
(W) > 8] < 2t et

R,—,8
Let kK > 0. By Lemma 5.5 it is sufficient to show that there exists an R > 0 such that P[Z"z—n <
K] 2% 1. Lete > 0. By (5.8) there exists an m € N such that 0" < K, and

1
P[B,s| >1—¢, whereB, ;= {55(H) —-Z(M) < _%}

By Proposition 5.4 (b) and Proposition 5.2 there exists an R > 0 and an N € N such that foralln > N

1 1 1 1
P|—log Z" < =°(II) + —} >1-¢, P[—longf > =(I0) — —] >1-¢,
n 3m n 3m
so that
ZR,—,(5 1 ZR,—,5
se B2 o (- )] <r [ <.
3e < A < exp a )| S 7 = K

From this we conclude (5.20). From the convergence in probability we deduce the existence of a strictly
increasing ¢ : N — N such that Py, ,,) [0(W (), 1*) > 6] — 0 P-almost surely. This implies P-almost
surely that W,y == p* in W, more precisely, E, ) [g(W )] — g(p*) for any g € Cp(W).

Therefore,

E[E,[g9(Wom)]] = Elg(n’)], g€ Ch(W).

Therefore, as for each sequence (tn)neN with ¢,, — oo there exists a strictly increasing ¢ : N — N such
that

E[e [9(We,,))]] = Elg(u)], g€ (W),
it follows that for any sequence (t,, ) en With ¢, — 00
E[e;[9(Wi,)]] = Elg(u")], g€ C(W),
and therefore (1.17). O

t—o0

Remark 5.6. The proof of the more general convergence in distribution £{” = §,- as in (1.28) of
Remark 1.6 can be deduced from the first part of the proof of Theorem 1.1 (b) as follows.

First we observe that by Portmanteau’s theorem, for probability measures pq, p2,... on W and u € W,
one has p, — d,, weakly if and only if for all closed sets C' C W one has limsup,,_,.. pn(C) < 9,(C),
which in turns holds if and only if lim,, o p,(C°(1)) — 0 for all § > 0, where C°(u) = {v € W :
o(v, 1) > 6}

Letd > 0.LetC® = {v € W:d(v,u*) > 6}, ie., C° = B(u*,)°. We write L£,, = L;°™. From the fact
that

‘Cn(C(S) = Pn[D(WmN*) > 5]7

we deduce from (5.20) that £,,(C°) converges to zero in P-probability, i.e., for all & > 0, P[£,(C%) >
K] “—= 0. From this we infer the existence of a strictly increasing ¢ : N — N such that £,(,,)(C°) — 0
almost surely.

Therefore, by the above observation, it follows that £,y — 0, almost surely, and thus ﬁif:(n) = Oy

As for each sequence (tn)neN with ¢,, — oo there exists a strictly increasing ¢ : N — N such that

Eff:(n) = 0, it follows that £}’ = §,,- for any sequence (t,,)nen With ¢, — oo, implying (1.28).
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6 Lower bound: proof of Proposition 5.2

Our strategy follows the heuristics described in Section 1.5.

Recall the setting introduced at the beginning of Section 5, in particular Remark 5.1 on the Skorohod
embedding and the notations in (5.2). Let © € F1(I1), i.e., p € W, u < Il and p be a probability
measure (in case a € (2d, 00) one may take = p* as in Lemma 5.3). By Lemma 2.6 it is sufficient to
show that, with P-probability 1,

1
liminf —log Z,, > Yry(p). (6.1)
n—o0

Our approach to do this is to choose a specific path event \A,, and use the trivial estimate
Z, > B[ 4 ]. (6.2)
We describe the event A,, in Section 6.1, but first give an idea here after introducing the following ob-

jects. Since p is in §1(IT), there exist (‘P-random) k£ € N and (f1,v1),-- -, (fx,yr) € supp(II) and
wy, ..., wg € (0, 1] with Zle w; = 1 such that

k
K= Z Wi 5(}2‘7%‘)‘
=1

We may assume that the order of the (f1,v1), ..., (fx, Yx) is such that the minimal distance between the
Y1, ..., Yk points is given by Zle |y; — yi—1], where here and in the following we take y, = 0. Hence,

k

=(0) = ¥n(u) = Y (fos = 0(w)?) =4 Y s = i,

i=1

Because Il,, — Il in ./\/l; almost surely, there exists an N € N such that for every n > N there exist
distinct (f",y7), ..., (fi, y¢) € supp II,, such that almost surely

Observe that by (5.1),
&n(y?) :
flr= nd/; ’ ie{l,...,k},n> N. (6.4)
Tn
We will define the event \A,,, such that on this event the path visits the sites 7y}, . .., 7,4} in this order,

staying ~ w;t,, time units in 7,y forany ¢ € {1,..., k}. We define \A,, and estimate its probability from
below in Section 6.1. Then, we bound H ,,(X) from below on .4,, in Section 6.2. Finally, in Section 6.3
we combine these bounds and apply them in the framework of the Skorokhod embedding defined above
to finish the proof.

6.1 The path event

Let us introduce some useful notation involving paths that will be used to define the set \A,,.
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Definition 6.1. For x € Z% and t € [0, c0) we define the entry time at « after time ¢, 7,,(t), and the exit
time from « after time ¢, 0,.(t), by

T.(t) =inf{s > t: X; =z},  o0.(t) =1inf{s > t: X, # x}.
Lett € (0,00),

5756(071)7 kGN, 1903:07 ?/17'.-7%62(17 y:(yla"-ayk)a
k
(6.5)
wi, ..., wy € [0, 1] with Zwi: 1—s, w=(wy,...,wg).
i=1

We define .Af”,j(y, w) to be the event where the random walk X walks from 0 to 3/; and then to y- etcetera.
It takes at most % time to reach vy, then it spends at least (1 — 5)tw1 and at most {w; time at y; before
it jumps, then it spends at most % time to reach v, waits at least (1 — §)tw, and at most tws time at ¥
before it jumps, etc. More precisely, first we define inductively the entry 7'; and exit times o; of the y;, after

the time that y; _; and thus all of 0, 1, . . ., y;_1 are visited
1 i i—1 ;
=0, 71,:=7,0), T,=7,(r,", ie{l... Kk}
o, =o,(T,), 1€{0,1,... k},
- 0 _ 1 1 2 k
so that (by definition 7, = 0< T, < o, < T, < o, and)
i st
tk (y, w :ﬂ{ ol 11i22§?7 0;—726[1—6,1]15%}.

Observe that for i = 1 we have T), =T, — 0y 'Lizs < %L, so that the waiting time at 0 plus the “walking
time” to y; is less or equal to Furthermore observe that y;, is reached before ¢, i.e., o-k < t, because

o-’;:(o-’;—T§)+(T§—0";’1)—|—~~—|—(a;—7'11/)—|—(7';—0'2)—%(02—7'2)
k
<twp+ Lt + Lty 2 s+ D wi) =t
Wi+ — +twp_1+ —+ -+ tw + — =t(s w; ) =t.
= k L k—1 L 1 L -

Lemma 6.2. Foranyt € (0,00),0,s € (0,1), k € Nandy andw as in (6.5)

1 lyi—yi—1l|
( tk (y,w ) H |:P012det ly; — yi_1|)e_2dtw"(1_5)[1 — e_2dt5wi] <2_d> } (6.6)

=1

Proof. By independence we have

Atk(y, P(O<7,—0o) 'Lz < — st P(o, — 7, € [1— 6 1Jtw;}).
H :

By the strong Markov property and the fact that each jump occurs according to an Exp(2d) random
variable (as we assumed our continuous time random walk to have generator A), we have

i i i i i (d)
Oy~ Ty= Uy¢<Ty) — Ty = Oy (Tyi (Ty 1)) - Tyi(Ty ) = UO(O) - 7'0(0),
(d)

T; - 02_11122 = Tyi(T;;_l) - O-yi—l(TZ_l)ﬂiZQ = Tyi_yi—l(o) - 0-()(0)12'227
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and thus

P(a; —rel— 1]twi}) - ]P’(oo(O) —(0) €1 -4, 1]twi}> = o 2dtwi(1=0) _ o=2dtwr

IA

IP’(O <7l —0y iz < f) B P<O < Ty 1(0) — 00(0) Lizg < %) = P<Tyi_yi‘1(0) St>'

&
To estimate the latter probability, we use the following estimate for p € (0, 00) and z € Z¢, where N(z)
denotes the number of direct paths (i.e., of length |z|) from 0 to z:

]P(TZ(O) < ,0> > IP(X makes |z| jumps within p time, from 0 to z)
= Poiag(|2])(2d)*IN(2) > Poiag,(|2]) (24) 7.

6.2 Energetic lower bound

Now we derive a lower bound of H* on Ay (y, w).

Lemma 6.3 (Lower bound for H,”). Lett € (0,00), 4,5 € (0,1), k € Nandy andw as in (6.5). Then,
on the event At 2y, w),

k
1 ©
relogt H”(X z; d/a GZ — (E+5)0(0 + s). (6.7)

Proof. We have (see also (1.13))

L g =% (522 blz) e(“gtf)f). (6.8)

rylogt o t

Using that § > 0 and the basic estimate ), ;. a2 < >, aZ + (3,44 a2)*, which can be used to
show that the total normalized self-intersection local time (SILT) is not larger than the sum of the normalized

SILTs in the y1, . . ., Yx plus the square of the remaining total local time, we obtain that
k 2
1 §(yi) G(yi) (i) 2 G(yi)\?
HP(X >§ ( : Y0 : )—0(1—§ —) 6.9
rlogt ! (X) = — Tf/a t ( t ) —~ (6.9)

Observe that the local time at each y; is at least the time the random walk waits before jumping away, i.e.,
U(ys) > o) — 7, > (1= 6)tw. (6.10)

On Ay (y, w), in between the times o, and 7, the walker is allowed to visit sites y/; for j # i. Moreover,
after akt time, each of the y; may be revisited. We let m; € [0, 1] be such that m;t is the amount of time
the path visits y; after oxt, foralli € {1,..., k}. In particular,

(1—5)wi§£t<ty"> < w; + s+ my, ied{l,....k}, (6.11)

and consequently,

(1_zk:€t(§/i)>2 < (1_(1_5)

i=1 =1

]~

wi>2 < (s+0w)* < (s+6)>% (6.12)
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Since oy, is both bounded from below by (1 — d)tw = t(1 — 0)(1 —s) > t — (s + 0)t, we infer
Zle m;t <t — oy, < (s+ J)t and therefore deduce from the upper bound in (6.11) that

k k
ét(y,»)2 Z 2 Z Z 2
t : i 1(wi+s> +2i=1 mi(wi+8)+z’:1 .

=

hE

i=1 =
k k k
§Zw§+23w—|—k‘s2+32mi§2w3+(k+5)(3+6). (6.13)
i=1 i=1 i=1
Substituting these bounds (6.12) and (6.13) in (6.9) leads to (6.7). O

6.3 Conclusion

We now prove Proposition 5.2, by proving that (6.1) holds II-almost surely.

Proof of Proposition 5.2. Recall the definition of the approximating sequence of vectors in (6.3). We will
assume thatn > N (where N is as mentioned before (6.3)). We set (assuming /V is large enough)
1 S S
Op = 8y = ——, A6"’5”<r Ty, w——n,...,w——n>.
n n log tn Aﬂ ( nY1 nyk) ( 1 L k k )
By (6.2) we find a lower estimate for Z,, by estimating H ,(X) on \A,, from below and by estimating
P(A,,) from below. Recalling (5.2) and using Lemma 6.3 we see that on .4,,, by using (6.4),

k k

1
— H,(X)>(1-0)Y f —ez — (k4 5)0(6, + s)
! = (6.14)
"_>O° Z fz Ww; — z )
Due to the above limit, for (6.1) we are left to show
1
lim inf — log ]P’(An) > —qDo(Y1s - - Yr)- (6.15)
n—oo
With yg = 0, put
D?:"'n‘y?_y;llh iE{l,...,k’}-
From Lemma 6.2 we obtain
k 1\ o7
H |:P012dsntn Z»)e_th”w?(1_‘5")[1 — e 2dinonwi] <ZZ) L]. (6.16)

=1

Since for n large enough w} = w; — % = w; — is bounded away from O for all i € {1,..., k},

k klogt
since lim,, o, t,0, = 0o and since lim, ., e"(1 — e™*) = oo, we have that for n large enough - by

using that j7 > j! for j € N and that 3%, (w!' + ) <1,

- n
]P’( H [Poudsmn (D") —2dtpw? (;d)all

1

.
I

2dsntn

k " 2ty (w421 Lyor 2dt C Tsata]™
- n(W; T~ _ > - n n-n .
( o | © <2d> )—e H{kan}

v

1

(2
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Clearly, as v, = r,logt, = t,7(logt,)? (see (1.8)) we have ~, ' log(e~2d) — 0. Therefore,
because i—n = |y — " | = |y — yia| foralli € {1,...,k} and n € N and because v, =
T, logt, andlog ;72 = glogt, — qloglogt.,,

1 o
liminf—logIPJ(.Aﬂ)>hm1nf—10g(H{S } )

n—oo ")/n n—oo =1 k:D”
k
(AR Ul kr
> —limsu —’—"(1 ——HO n)
o n%oop Z Tn ©8 s tn n

i=1
k

_qz ‘yl - yi—1| - _qDO(ylv o ayk)a

=1

7 Upper bounds: proof of Proposition 5.4

Part (c) of Proposition 5.4 is a kind of ‘compactification’, which we will prove in Section 7.1. Part (a) is
proved in Section 7.2 (using the Skorohod embedding of Remark 5.1), and Part (b) in Section 7.3.

7.1 Compactification

In this section, we prove Proposition 5.4 (c). For this we actually do not need to consider a subsequence
and the objects considered as in Remark 5.1. That is, we prove the following in this section, from which
one directly derives Proposition 5.4 (c):

Proposition 7.1. Let € (d, 00) and 6 € (0,00). Forany A > 0,

lim lim inf P[

R—oo t—o00

logE[eHﬁ(Q(X)ﬂ{ max | X,| > th}] < —A} = 1. (7.1)

rylogt 5€[0,t]

Let us first state three auxiliary lemmas. In the first one we estimate the [P-probability that the random walk
X takes too many jumps before time £ (Lemma 7.2) and in the second one we estimate the P-probability of
the maximum of a modified version of the field £ outside a big box centered at the origin (Lemma 7.3). The
third one (Lemma 7.4) is a classical representation of the joint distribution of leading values in the -field.
The latter is used because it suffices to prove the estimate (7.1) but with Ht(g) replaced by the maximum
over the £ values in a box of radius M, where

M; = max | X,|, t€]0,00). (7.2)

s€[0,¢]

Lemma 7.2. Forevery R > 1 and all sufficiently large t,

P[M; > Rry] < exp ( — an log t). (7.3)

Proof. The number of jumps taken by X on the time interval [0, ¢] is in distribution equal to a Poisson
random variable Z with parameter 2dt. Therefore, P[M, > Rr;] < P[Z > Rr]. By using Stirling's
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inequality n! > ()", the crude bound P[Z > n] < (2dt)"/n! < (2dte/n)" for n € N implies (recall

that r, = (bgt)q“)
4det Er
P[Z > Rry) < ( ) < exp ( — gth log t). (7.4)
RTt 2
for any large ¢ (we took an additional factor 2 to cover up that Rr; might not be in N). O

Lemma 7.3. Let A,c > 0 ande € (0,1). Then there exists an R > 0 such that for all r > 1

{(x) |z
< >1—ec. .
P (merzr}ie\tgm (rd/a c— . ) —A)>1-—c¢ (7.5)

Proof. Recall that Qr = [—R, R]%. We write

NAr=QrN VAS
Pick a C' > 0 such that forall » > 1
#(Qnt1)r \ Q) < Cn®trd, n € N.

Note that 1 —z > e~ for z € [0, *%2]. Pick R € N large enough such that C R > A and R <

log 2
- Then

P( max (€<I> _(ﬂ) <) =T[P( __ max (€<x> W) < —4)
xEZd\QRT Td/a r n=R $Eg(n+l T\Dn'r Td/a T
d

2ﬁP<§592—cn§—A) ld_nlj[<1_ (en— A )O‘Td>

n=R
o (203 ().

The exponential term on the right hand side does not depend on r and converges to 1 as R — oo as

Cnd*lrd

d—1—a< O
We will use the following classical representation of the distribution of the maximum over the &-values.
Lemma7.4. Leta € (0,00),n € Nand 7, . .., Z, bei.id. random variables that are Pareto distributed

with parameter o.. Then the order statistics Z1., > +++ > Zp., Of Z1, ..., Z, is given by

(d) Fn+1 /o Fn+1 1/a Fn+1 1/a
Z-na--~7Zn'n>: ( > 7( > ,...,( ) , 7.6
(2 . ( 5 5 i (76)

where I'; = Ey + -+ E; and (E;);cn is a sequence of i.i.d. exponentially distributed random variables
with parameter one.

Proof. ltis a standard exercise, see for example ( , Exercise 2.1.2), to show that the order statistics of
. . L . . L . E; Ei++FE, .

n i.i.d. uniformly distributed random variables in distribution equals FirotBt Bitt Bt By using

that the Pareto distribution function is the composition of the uniform distribution function with ®(s) :=

(1— 3)_5 one finds the order statistics of Pareto distributions and in particular (7.6). O
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Proof of Proposition 7.1. We write £*(B) = max,¢p &(x) here. We have (recall (1.1))
H <t (Qu,). (7.7)
It is then sufficient to prove (7.1) with t£*(Qyy, ) instead of H,*'. Thus, we set
Cop =E[e€@00L{M, > Rr}|  and  Dypi= E[e€ @\ 2001 {0, > Rr}].

Because £*(Quy,) = £ (Qur, \ Qrr,) V £ (Qrr, ), the proof of (7.1) is complete once we show that for
every A >0

lim liminf P logCir < —A| =1, (7.8)
R—o00 t—o0 |7 logt ’ |

and that _ -
lim liminf P logDip < —A| =1. (7.9)
R—o00 t—o0 |7 logt ' |

Let us begin with proving (7.8). Pick A > 0. Recall that tr’® = rylogt. As Cir = e Qrr)P[M, >
Rr], from Lemma 7.2 we obtain a 7" > 0 such that forevery R > landt > T

1 1 6*(QRT ) q
1 < < LEAN —). 71
relogt ogCin < R R=d/e (Ryy)d/e 2 (7.10)
Pick Ry such that % > A and thus, forevery t > T and R > R, one has
£ (Qrr,) q9 514
P 1 < —A| >P |22 < IR/ 7.1
{n logt 8 C0n = } S [(Rn)d/“ =t 71

We apply Lemma 7.4 to £*(QRg,, ) to obtain

5*(QRH) g 1-d/a| __ F#(QRTt) g X pa—d
P[(th)d/a s 4ft =P Ryt = (PR

By the weak law of large numbers (th)_dF#(Qth) — 2%ast — o0, so that

. . F#(QR'r't) q\o a—d d q\—a d—a

Then, by letting R — oo we conclude (7.8).

It remains to prove (7.9). Since D, r is decreasing in R, it is sufficient to show that for every ¢ € (0, 1),
there exists a I € N such that

lim inf P{ log Dy g < —A} >1—e. (7.12)
t—00 rylogt ’
We set
r; = argmax{&(x): z € Qus, \ Qrr, - (7.13)
> €x) gl
x qlz
B T::{ ( ———> <—A}. 714
s zerzl}ig\%gm rdle 4y ) (7.14)
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We pick £ > 0 and we use Lemma 7.3 with ¢ = % to obtain the existence of an R > 1 such that for every
r>1,
P(Bg,) >1—c¢. (7.15)

As z; ¢ Qpg,,, 0on B, we derive the following estimates
Dir < E[etf@?)ﬂ{Mt > th}}

- E[exp( d/af(d/a) _ 4, logt)| t|> exp (%mylogz) 1{M, > th}}
t

4

5(95) q|z| 91271
<e r¢logt ma ( ) E[e4‘”t|°gt]l M, > Rr ]
< exp < t108 erd\gRTt dfa 4 Y { t t}

< e Artlogt ]E[e%Mt log ﬂ{Mt > th}] (7.16)
Furthermore, by Lemma 7.2, for large ¢ we have P[Mt > jrt} < exp(—%jn logt) for all j € N and so,

E et 8 1M, > Rr}| < 3OE[eHE 1 {jr, < M, < (5 + D}
j=R

oo

IN

e+ bgtP[Mt > ]'Tt}
=R

< e%rt logt Z exp (—%jn IOg t>
j=R
exp (4(1 — R)r;logt)
1 —exp (—Zrt log t) '

As R > 1, the latter converges to 0 as ¢ — oo. Therefore, by combining this with (7.16), we assert that
for ¢ large enough, we have

1
Br.,, C { log D; g < —A}. (7.17)
’ rylogt ’
It remains to combine (7.15) with (7.17) to derive (7.12). O

7.2 Proof of Proposition 5.4 (a)

We adopt the setting introduced in Remark 5.1; see also (5.2) for abbreviations. Before we start the proof
and state a lemma that we will use for it, let us make the following observations. First observe that by
(1.23) H,(X) = v, P, (W ). Let us write W for the restriction of W, to [¢, 00) x RY. Because for

w = ((11—”1_‘;: one has f(o,s)de fw(f,y) — 0w(f,y)?dIL,(f,y) < ¢, we have
H,(X) <ev, + P, (W5).

Let IT;, also be the restriction of IT,, to [¢,00) x R%. As on the event {max,ec(o ] | Xs| < Rr,} the
support of W is a subset of £, := suppga II;, N Qr, we have

zZh- :E[eH"(X)]l{ max | X,| < anH < Z 57"E[e7nq’nn(w )Il{supde W: = AH

$€[0,tn]

ACE,
< ) eMexp ( sup ¥, P (M))P[A = SUPPRa WZ]~
ACE HEWR
" SUppga p=A

(7.18)
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In the proof we will provide a probabilistic argument that allows us to restrict the A in the summand to
those which do not contain elements around zero, i.e., of A that are subsets of suppgs II;, N Qg \ Qs.
Then we will use that { A = suppr« W7} C {A C supprs W, } and the following lemma (for which we
do not need the Skorohod setting, i.e., we do not need to restrict to a sequence of times). To motivate the
condition of the lemma, observe that A C E,, implies that A C suppga I15, C suppga I1,, C 7 1Z%.

Lemma 7.5. Let R > § > 0. There exists a functiony : (0,00) — R such that lim;_,, v(t) = 0, and
such that forallt € (1,00) andall A C Qg \ Qs withr, A C 72,

IP’[A C SUppgd VVt] < exp ( — qDo(A)rilogt(1 + 7(25))) (7.19)

Proof. Lett € (0,00) and A be as mentioned. Without loss of generality we may assume that A is
nonempty (because Dy () = 0). Write A = r, A. Observe that suppga II; = r; *Z%, so that by definition
of Wi, see (1.11),

{A C SUppga Wt} = {Et(z) > (O forall z € ﬁ}

The paths that realise the above event, i.e., that have a strict positive local time at all points of A, they

make at least n = Dy(A) jumps. By using Stirling’s inequality n! > (2)™ and that —nl_ < % we

(n+m)!
obtain
(e.) oo

2dt)™
Plli(z) > 0 forall z € A] < Z Poigg(m) = Z e—2dt%
SR = | . (7.20)
_ (2dt)™ Z o2t (2dt)™ ol < 2dte
nl (m+n)! " —\ n '

Now we use that n = Dy(A) = r.Dy(A), that n > dr;y (because A is nonempty and a subset of
Qr \ Qs) and use that 7, = t'79(logt)~(1+9 so that logt — logr; = —qlogt + (1 + ¢) loglogt to
obtain

2dte\" 2dte\ P 2de
— < p— — —
( - ) < (57“t ) exp (DO(A)rt<log 5 +logt logrt>

2d
= exp (DO(A)rt<log Te —qlogt+ (1+ q)loglog t)),
so that by setting (t) = —(logt) ™! (log 2& + (1 + ¢) log log t) we obtain the desired inequality. [

Proof of Proposition 5.4 (a). Fixe > 0 and 1 > 0 and choose £ > (0 so small that

P (II([e, 00) x Q) =0) > 1—2. (7.21)

The P-almost-sure convergence I1,, — II in J\/lf) (see Lemma 2.4) entails that, see for example Re-

mark 2.2,

(e, 00) x Qu) =4 TI([=,00) x Q). (7.22)

Therefore there exists an NV € N such that P(By) > 1 — ), where

By =By = {II,,([e,©) X Q) =0foralln > N}.
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Henceforth, we will work on the event By. Let R > (. Observe that on By, for any n € N, one has
suppre W, C &, for

gn - gn,e,R,m - (SUPde Hi) N (QR \ Qn)

Therefore, by adapting the last inequality in (7.18) to restricting to subsets A of £,,, we have on By, for all
n>N

Zi <3 e sup 7,0, (1) )P[A C suppe W] (7.23)
AcE HEWnR
n Suppga p=A

Therefore, by Lemma 7.5 and because Dy(A) = Dy, (1) for any 1 € W with suppga pt = A, we have

Z8 <Y e sup [, @ () = v, (14 (t)ePr; ()] )

HEWR
ACéEn supppa p=A (7.24)
< 02 exp s [, 1)~ 1,1 2(4)aDr (0],
ne

Since II,, — Il in M; it follows by Remark 2.2 that for any ¢ > 0, IT;, — II° in M7, where IT" is the
restriction of IT to [, 00) X Qg \ Q. Therefore,

#Sn - #Sn,e,R,m - HZ((O, OO) X QR \ QH) - Hn([‘Ea OO) X QR \ Qn) — H([z’:‘, OO) X QR \ Qm)v

and thus

1
lim — (log 2#5") = 0,

n—roo ")/n

and, since lim,, . ¥(t,,) = 0, we have by Theorem 3.3 (a) and Proposition 3.4 (b),
limsup sup |y, @z (1) ~ 7, (1 + () )aDrrs ()| < sup[@pr=(1) — ¢ P ()] < Z(IT).
n—oo  peEW new
Therefore, on By, forany R > 0,
: 1 R,— — e
limsup — log Z,"~ < e + =(II°).
n—oo Yn

So summarizing the above, for every € and 7 in (0, 00) there exista x > 0 and an N € N such that
P[B%"] > 1 — n and thus

1
P[limsup— log ZP™ <e+ E(H‘f)] >P[BY]>1—n.
n—oo Yn

As IT° — TLin M almost surely, we have lim sup, |, Z(I1°) < Z(IT) almost surely by Theorem 3.3 (b)
(strictly speaking we should replace the occurrences of “c” by “c;” for a sequence (£ )ren that converges
to 0 and replace “lim sup, ;" by “lim sup,,_,..”). Therefore, for all > 0 and ¢ > 0 there exists an ¢ > 0
such that

Ple +Z(IT°) < E(IT) + (] > 1 -1,
and thus

| 1
P | limsup — log Z%~ < E(IT) + g‘} > P [hm sup — log ZB~ < e+ E(HE)] >1-1.

n—oo 777, n—o0 ’Yn

As the above holds for any n > 0 and { > 0, (by first taking 7 to zero and then () we obtain (5.9). O
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7.3 Proof of Proposition 5.4 (b)

In this section we prove Proposition 5.4 (b) by mentioning where to adapt the proof in of Proposition 5.4 (a)
as in the previous section.

Proof of Proposition 5.4 (b). Let us write
C={vew:dup) >0}, & = U {suppga v : v € C°(u*)}.

Thus & is the subset of R? where the v that are at least at distance § of ", are allowed to be supported.
Then, similarly to (7.18) and (7.23), the following estimates hold, with £% = £, N &°, on By, forn > N

280 B[O 1 o(W,, 1) > 6} 1{ max |X,| < Rr, ]

s€[0,tn]

< Z e exp ( sup v, Pne (u))]P’[A C SUppgd Wn]

5 ,U«EWRHC‘;
ACEr Suppgd p=A

Then, similar to (7.24), by using that £2 C &,,, we obtain (on By, for n > N)

Z8 0 < e mexp (sup (3, () — 7,1+ (6))P (1))

Aceg B A
< e exp sup 7, @1 (1) = 7, (14 (1)) P (1))
pnec

The rest of the proof follows in the same fashion as in the proof of Proposition 5.4 (a) in the previous
section, by taking Z° (see (5.5)) instead of =. O

A The space ¢

Lemma A.1. Let & be the union of (0,00) x R? with (0,00], € = ((0,00) x R%) U (0, 0c]. Define
0:E X E—[0,00) by

0(s,8') = |s — §| s,s € (0,00,
o0, (F) = 5 + |1 = 5 € (0,00], (£, ) € (0,00) x R
D((f, y>’ (f',y')) _ 7 /1 7 1— e—|logf—logf'\—|y—y/\> + ‘ : \f’y| _ ; vf‘y/| (f, y)’ (f/,y/) c (()’ OO) x RY.

(a) 0 is a metric on €.

(o) The function v : (0,00) x RT — &, ((f,v)) = (f,y), (f,y) € (0,00) x RY, is continuous
and open.

(c) € equipped with the topology generated by 0 is a locally compact Polish space, such that (i) and (ii)
of Lemma 2.1 hold. Moreover, for s, h > 0, the closure of H?, is given by

Hy ={(f,y) € (0,00) x R": f > s|y| + h} U s, o0], (A1)

and is a compact set.
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(d) For every compact set K in € there exist h, s > 0 such that K N (0, 00) X R? C ‘H; for some
h,s > 0.

Proof. (a) The idea behind this is very similar to the space described in ( , Section 13) (which
considers a larger space than R x R? instead of (0, 00) X R%. In order to see that  is a metric, we have
to show that the triangle inequality is satisfied. If a, b, ¢ € &, thend(a, b) < d(a, ¢)+0(c, b) follows easily
if at least one element of a, b, ¢ is in (0, 0o|. Therefore, we show that  satisfies the triangle inequality on
(0,00) x R4, Itis rather easy to see that it suffices to prove that 0 is a metric on R x R? (by plugging in
A =log f and z = y), where

(N, 2), (N, 2)) = e~ OW) (1 - e*M*XI*IZ*Z’l) (A, 2),(N,7) € R x R%

As we will see, this can be boiled down to the fact that (1 — e 2)(1 — e™®) > 0 for a,b > 0. Let
(A, 2), (N, 2), (\,2") € R x RY. We may assume A < N and N = A+a,\' = A+b,a > 0,b€R.
Thenwithp = |z — 2/|, ¢ = [z — 2"|, 7 = |¢/ — 2"|,sothatp < g +rand e * | = e > 707,

O [3(A2), (V' 2) + (N, ), (N, 2)) = B((A, 2), (X, 2)]

_ e—(b/\O) (1 . e—b—q) + e—(a/\b) (1 . e—|b—a|—'r) . (1 . e—a—p)

> (1 — e_b_q) +e™ (1 — e"b_al_r) — (1 — e_“_q_r)

— _e—b—q e — e—|b—a\—a—r P

_ e—a(l . ea—b—q . e—\b—a\—r + e—q—r)
>e(l—el—e"+e M) =e(l—-e9)(l—e")>0 b>a,
= e (1 — elbma=a)(1 — e~lb—al=7) > 0 b < a.

(b) It is rather straightforward to check that a sequence (fy, ¥n)nen in (0,00) x R? converges to an
element (f, %) of (0,00) x R with respect to 0 if and only if it converges with respect to the Euclidean
metric on (0, 00) x R% Therefore ¢« is continuous and open.

(c) That (A.1) holds follows by the definition of 9. Observe that for a sequence (a;, )nen in ’H_Z there either
exists a subsequence that is contained in [s, 0o] or a subsequence in (0, 00) x R? of the form ( f,,, ¥ )nen
for which either

(1) fn is contained in a set of the form [h, M| for some M > h (and thus the y,, are contained in a ball
of radius s(M + h)), or,

(2) f. — oo (and thus lim inf,,_, IZ_T:\ > 3).

In both cases one can find a subsequence of ( f,,, Yn )nen that converges in 7—[_2 Hence 7—[_; is compact.

Every (f,7) € (0,00) x R? has a compact neighbourhood in (0, c0) x R? and therefore in &, because
L is continuous. On the other hand, every ¢ € (0, oc] has a compact neighbourhood, for example H;, for
s < tand h = - (indeed, observe that {a € & : d(a,t) < t — s} C H;). Therefore € is locally

t—s
compact.

Observe that a sequence ( f,,, ¥n )nen Whose elements belong to (0, 00) x R? is a Cauchy sequence in
€ either if it is a Cauchy sequence in [k, h~!] x R? for some h € (0, 1) or if f, — oo and % — s
for some s € (0, 0o, this s is then the limit in . From this we infer that € is complete. It is separable as

Q-0 x QYU Q4 is dense, where Q- = (0, 00) N Q. Therefore €& is a Polish space.
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(d) This follows by the fact that every compact set in & is a subset of H_fl for some h,s > 0. Indeed,

first it will be clear that every compact set is a subset of {(f,y) € (0,00) x R?: f > h} U (0, oo] for

some h > 0. Secondly, (0, s] is not compact for all s > 0 and moreover, if (f,, Yn)nen is @ sequence in
fn

(0,00) % R? with f,,, v, — 0o and ] 0, then it does not possess a subsequence that converges in

¢. O

Proof of Lemma 2.1. The existence of & for which (i) and (ii) hold, follows by Lemma A.1.

(a) Because ¢ is an open map, +(B) is a Borel set in & for every Borel set B in (0, 00) x R%. Hence P o
defines a measure on &, clearly with values in Ny U {oc}. It is a Radon measure because ¢ is continuous
and so (k) is compact in € for every compact set K in (0, 00) x RY. Therefore it is a Point measure on
(0,00) x R,

(b) Because the embedding is continuous, it follows that P is a measure on &. Hence it is an element
of ./\/lp if and only if it is a Radon measure. Therefore by (i) it follows that P is an element of /\/lp if and
only if P(H;) < oo forall s,h > 0. Suppose the latter is the case. Then supp P C (0,00) x R,
as if otherwise, then there exists a sequence ( f,,, Yn)nen in this support that converges in & to 2s for a
s € (0, c0]. This can only be the case if that sequence is contained in #; for some h > 0, in which case
P(H;) = oc. O

B Measurability of the maximizer y*

In this section we show the measurability of the 1* as in Lemma 5.3.

First observe that IT, IT,, and ITI{" for all n, L. € N are all good point measures P-almost surely by
Lemma 4.4 and Lemma 4.2. Let (2, F) be the underlying (complete) measurable space of P. Let 2, € F
be such that on Q;, IT, IT,, and IT"”’ for all n, L. € N are all good point measures and such that IT,, — II
on €. Then, for all w € §2; and all n, L. € N, there exist p/*[w], 15, [w] and p1j, ; [w] such that

U (0" [w]) = EMW]), Vi, (e w]) = EA[w]), Yo, (W) = S0 [w).

L—oo L—oo

Let us set p1*[w] = pi[w] = iy, = Oforalln, L € N. As, on Qy, II}) —— II,, and II,, —— TI,

by Theorem 2.8 (d) we have (i, Loros, fty, and fuy 7% 11* on €. Therefore it suffices to show that
H, 1, is measurable for all n, L € N in order to conclude that 1 is measurable (likewise, i, for all n € N).

As IT is almost surely good, there exists an 21 C 2 with P(£2;) = 1 such that for each w € 4, by
Theorem 2.8 (a) there exists a unique 1*[w] € F(II(w)) such that

Vi) (p*[w]) = E(H[w]).

We will show that there exists an 2* C Q with P(Q2*) = 1 such that w — p*[w] is measurable.

This follows because IT has a finite support: For w € €2, there exist m[w] € Ny and distinct (f;[w], y1[w]),
ooy (f]w], Y |w)]) in supp TIE[w] such that

Unzp (W) = S 0]) = on(filw], ., fulw]) = aDo(yilw], - .. ym[w]).

These m, f1,..., fmandyy, ..., y,, are measurable as this is a finite optimization problem. Then 7., =
> w;dy, 4, where the w; are measurable functions of the fi, ..., f,,, due to Proposition 3.8.
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