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A drift-diffusion based electrothermal model for organic thin-film

devices including electrical and thermal environment
Annegret Glitzky, Matthias Liero

Abstract

We derive and investigate a stationary model for the electrothermal behavior of organic thin-
film devices including their electrical and thermal environment. Whereas the electrodes are mod-
eled by Ohm’s law, the electronics of the organic device itself is described by a generalized van
Roosbroeck system with temperature dependent mobilities and using Gauss—Fermi integrals for
the statistical relation. The currents give rise to Joule heat which together with the heat generated
by the generation/recombination of electrons and holes in the organic device occur as source
terms in the heat flow equation that has to be considered on the whole domain.

The crucial task is to establish that the quantities in the transfer conditions at the interfaces
between electrodes and the organic semiconductor device have sufficient regularity. Therefore,
we restrict the analytical treatment of the system to two spatial dimensions. We consider layered
organic structures, where the physical parameters (total densities of transport states, LUMO and
HOMO energies, disorder parameter, basic mobilities, activation energies, relative dielectric per-
mittivity, heat conductivity) are piecewise constant, and we work in a wha setting for some ¢ > 2.
We prove the existence of weak solutions using Schauder’s fixed point theorem and a regularity
result for strongly coupled systems with nonsmooth data and mixed boundary conditions that is
verified by Caccioppoli estimates and a Gehring-type lemma.

1 Introduction

The charge transport in organic semiconductors is realized by hopping processes [15, 28], that are
intensified if the temperature is raising meaning that the conductivity is increasing for higher tempera-
tures. On the other hand, the Joule heat due to electrical current leads to a self-heating of the device.
This interplay of electronic transport and heat flow results in a complex, nonlinear behavior of organic
semiconductor devices. E.g., organic LEDs possess S-shaped current-voltage relations with regions
of negative resistance (see [4} 13| [14])). The modeling and simulation of the electrothermal behavior of
spatially resolved organic devices is done at different levels (i) simulation based on coupled electrical
and thermal networks as performed in [4], or via macroscopic PDE models (i) using p(z)-Laplace
thermistor models, comp. e.g., [18l [17] or (iii) by so called energy-drift-diffusion systems, where a
generalized van Roosbroeck system is coupled to the heat equations, see, e.g., [1, 5, [10]. Additional
thermoelectric effects (Peltier, Thomson, and Seebeck) are not included in this model. In [16] 23, Sec.
11.D] it is argued that in the case of organic semiconductors such effects are negligible as the thermal
voltages are small compared to the applied voltage. Moreover, in comparison to classical inorganic
semiconductors, adapted statistical relations taking into account the disorder of the organic material
and obtained by Gauss-Fermi integrals, specific mobility laws, and a generalized Einstein relation
between mobility and diffusivity have to be used.

Experimental findings in [13] impressively demonstrate that the thermal environment enormously influ-
ences the electrothermal interplay and the behavior of the device, see also [23, 24} 26]. To study two
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A. Glitzky, M. Liero 2

different cooling regimes of the device, in one version of the structure, a layer of the poor heat conduc-
tor poly(methyl methacrylate) (PMMA) was sandwiched between the substrate and a cooling copper
block, see [13, Fig. 3]. For the structure with the additional PMMA layer, the current-voltage relation
shows a turnover point at lower current density and voltage. The PMMA functions as a significant
vertical heat barrier that prevents heat from leaving the device, the OLED gets a more pronounced
temperature increase with respect to the device placed directly onto the copper support and driven
with the same supply current. Its electrical conductivity rises more rapidly, which explains its shifted
current-voltage curve in [13, Fig. 4]. These non-linear switching effects cannot be ignored also with
respect to the long-term operation and stability of OLEDs. Moreover, they are important for the under-
standing of sudden-death scenarios as investigated in [14].

In the present paper, we study the electrothermal behavior of the organic device together with its
thermal environment and follow the energy-drift-diffusion approach. We take into account the Gauss-
Fermi integrals (see [21]) for the statistical relation between charge carrier densities and chemical
potentials. But instead of the full Extended Gaussian Disorder Model (EGDM) mobility ansatz that
contains a temperature, density and electric field strength dependent mobility, see [22], we concentrate
in our paper on the temperature dependency of the mobility and model it by an Arrhenius law (this
results from a linearization of the pure temperature dependent term in the EGDM mobility). For the
analytical treatment of the full EGDM mobility (for a unified domain), see e.g. [10].

1.1 Geometrical setting and model equations

We consider an electrothermal model for an organic thin-film device occupying the domain 9. It
is mounted on a glass substrate °"" (see Fig. , where only heat conduction takes place. The
whole domain = Qdev U Qsub is the union of the actual device and the substrate domains. The
electrically active region 29V consists of M (disjoint) layers Q' such that Qdev = Ufﬁlﬁ. The top
and bottom layers QM and Q! correspond to well-conducting metal electrodes with various organic
layers sandwiched in between, i.e., Qorg — Uﬁ;lﬁ denotes the stack of organic materials. We
emphasize that we include the thermal (substrate plus metal electrodes) and electric environment
(metal electrodes) of the organic layers into the model frame (in contrast to [10], where only the organic
layers are considered). This means, in particular, that we have to take transfer conditions between the
subdomains into account.

We assume the following layered geometric structure: The device domain 29V = w x (0, h), with
cross-section w, satisfies I'g := w x {0} C O je., it is mounted directly on top of the glass
substrate. Of the M layers of the device Qdev, each has a thickness h* > 0 such that the total
thickness of the device is given by b = S_2 h' (see Fig. . We put h° := 0 and h' := S b for
1=1,..., M, to denote the cumulative height of the device and define the subsets corresponding to
the layers

O —wx (L) € Q% fori—1,..., M.

We now introduce the system of coupled equations in the various subdomains:

In the metal electrodes Q' and 2, the charge and heat transport is described by the current and
heat equations for the metal Fermi potential ¢,,, and the temperature T°

Vo jm=0 with jm=—kVen, and —V-AVT)=kVe,| (1.1)

with electrical and thermal conductivities x and .
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F+= Of
% 008 = w x (?Ll,/f;5>
Qdev = x (0, h)

Figure 1: Sketch of the domain €2 consisting of the glass substrate 2" and the thin-film device 24V,
The latter is composed of 6 layers in this picture. The bottom and top layer 2! and Q° represent the
electrodes with Dirichlet boundaries I'~ and I'* (green) for the Fermi potential where the voltage is
applied. The device 29" is mounted on the surface I of the glass substrate 5.

In the organic subdomain (2", we assume an electrothermal drift-diffusion system, describing the
charge and heat transport. It consists of a generalized van Roosbroeck system (see e.g. [2]), formu-
lated in the quasi-Fermi potentials ¢,,, o, of electrons and holes and the electrostatic potential 1),
coupled to the heat equation for the temperature 1'. Hence, we consider in 2°¢ the system

V(YY) =C —n+p,
Vijn =R, jn=—npun(T)Ven,
—V-jp=R, jp=—pup(T)Ve,, R=ro(n,p, T)np(l — exp w» (1.2
=V - (AVT) = (1) Vepul* + piy(T) Vg [* + Rl — ).

The dielectric permittivity is denoted by . The mobilities 1., and 11, of electrons and holes in organic
materials are increasing with temperature. We model this behavior by an Arrhenius law and assume

i

pj = B exp {_T]} in {2 with positive constants B, a}, uj, > 0,

wherei =2,..., M—1,7 =n,p.

The total densities of transport states Ny, Ni; > 0, the energy levels £} and Ej; (related to
the so called LUMO and HOMO energies), as well as the disorder parameters o, , and a;, fori =
2,...,M—1, give rise to the statistical relation between the quasi-Fermi potentials ,, and ¢, and
the densities n and p of electrons and holes in the various organic layers, namely

E}{ — v+ g;
T T

i Y — o, — E] Ufz i Y
n:NnOQ(TL,T>, p:Np0g< ) mQ, (13)
where the function G is given by the Gauss—Fermi integral, see [21],

o0 2
g(n,z) = \/% /_OO exp (—%) p—_ 1_ E d¢.

In the glass substrate (2°">, we only have to solve the heat equation without any sources

—V - (AVT) = 0. (1.4)
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Having formulated the equations in the various bulk domains, we have to couple them via suitable
interface conditions. Moreover, we complement the system by boundary conditions:

On the electrode-organic semiconductor interface, 7 := (01 N Q2) U (QM-1NQM), we assume
that the metal Fermi potential ¢,,, splits up into the quasi-Fermi potentials ,, and ¢,, of electrons and
holes. We suppose that the contact between the electrodes and the organic layers is Ohmic (see e.g.
[25! Chap. 6]). Thus, at the interface I we have

Om|r = @nlr = @plr- (1.5a)

Moreover, denoting by 144 the outer unit normal vector to the domain 2°8, we assume that the net
normal current across the metal-semiconductor interface is continuous

Jm * Vorg = (Jn + Jp) * Vorg- (1.5b)

This equation follows from the flux balance at the metal-semiconductor interface j., - Vorg = (Jn +
Jp+ JD) - Vorg (s€€ [27, Chap. 11], where the displacement current density jp = —E%ng does not
appear in the stationary setting.

The electrostatic potential ¢/ satisfies
V=, +VI(T), i€{2,M-1}, (1.5¢c)

where the (built-in) potentials V2(T"), VM ~1(T) solve the local charge neutrality condition separately
at the lower and upper interface, i.e.,

- Vi—Ei gt . (B, -V o} ,
C_N:zog(TL7?) +Npog<HT,?p) =0, ie{2,M—-1}. (1.6)

They are determined uniquely provided that the doping at the contact satisfies C' € (—N;O, Nﬁo) G
is monotonously increasing in the first argument, see [10, Subsec. 2.1]).

To take relation (1.6) into account and to guarantee sufficient regularity for the Dirichlet boundary
condition for the Poisson equation, we will restrict our analysis in this manuscript to the spatially two-
dimensional case.

On the outer boundary, I' := 92 = 9(Q"P U Qd¢¥), we consider Robin boundary conditions for
the heat equation, v denotes the outer unit normal with respect to €2:

AT v+ p(T-T,) =0 (1.7)
with some heat transmission coefficient 5 > 0.

On the internal interfaces O(Q5"° N Qdev) J(QTNQ2), H(QM-TNQM), we suppose the transmis-
sion conditions [AV7" - v] = 0 and [T'] = 0 for the heat flux and the temperature, where [-] denotes
the jump across the interface.

The electronic boundary conditions read as follows: On ['" := v+ x (AWML M) and [~ :=
v~ % (0, hl) with v, 7~ C Ow (contacts at electrodes), we prescribe applied voltages

Om = VI (1.8)

app’

On the isolated parts of the electrodes w x {h}, w x {0}, (Ow x (RM~1, hM)) \ ', and (Ow x
(O,Bl)) \ I'" no flux-boundary conditions KV, - V. = 0 are supposed. On the isolated parts
of organic semiconductor Ow x (ﬁl,/ﬁM*I) also no flux-boundary conditions 141, Vg, * Verg = 0,
PUpV@p - Vorg = 0, and eV - 1o, = 0 are considered. Here, 1, and v, denote the outer unit
normals of the electrodes and §2°'¢, respectively.
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1.2 Related references

Electrothermal models for organic semiconductor devices on the drift-diffusion level, however, formu-
lated only in the organic subdomain €2 = 2°"® and substituting the charge transport in the electrodes
by fixed prescribed Dirichlet values in the generalized van Roosbroeck system, are investigated in
[10]. Moreover, the temperature dependence in the boundary condition for the electrostatic potential
1, as itis formulated in and (T.6), is ignored therein, and the Dirichlet data for ¢/ is a fixed T/ 1:>°
function. A temperature dependent built-in potential following for the Dirichlet function in the Pois-
son equation is only taken into account in the [1], 5], where the numerical simulation of electrothermal
behavior of organic devices is carried out. Regularity issues arising from this dependence were not
treated.

In [10], we proved for a weak notion of solutions (' setting for potentials and entropy solutions for
the heat equation) the solvability of the problem in the spatially three-dimensional case. Note that due
hysteretic effects, uniqueness of the solution cannot be expected.

On a coarser modeling level, p(x)-Laplace thermistor models were considered in [17] for the total
current and heat flow. Also here different subdomains for the electric and thermal problems were
taken into account. Therein, the whole electrothermal drift-diffusion system (1.2) in the organic layers
2°'8 is substituted by a p(x)-Laplace thermistor system.

Electrothermal models for inorganic semiconductors where the equations are considered on different
domains are studied, e.g., in [8]. There the full coupling including additional thermoelectric effects
(Peltier, Thomson, and Seebeck) is taken into account. In difference to our present paper, temperature-
independent fixed prescribed Dirichlet functions for the Poisson equation are considered. In this setting
for two spatial dimensions, the uniqueness of the stationary solution for data nearly compatible with
thermodynamic equilibrium is verified using W14 regularity (¢ > 2) and the implicit function theorem.

1.3 Structure of the paper

In Section[2l we fix our notation and assumptions, provide analytical properties of the prescribed
boundary functions for the Poisson equation, collect needed regularity results for (coupled) elliptic
problems with mixed boundary conditions and discontinuous coefficients, and give a weak formula-
tion of the electrothermal model for organic devices including electrical and thermal environment. In
Section[3] we formulate and prove our main result (Theorem[3.7), which guarantees the existence
of weak solutions. The proof is based on Schauder’s fixed point theorem and a regularity result for
strongly coupled systems with nonsmooth data and mixed boundary conditions (see Theorem 2.7).
The corresponding iteration scheme is introduced in Subsection and the required continuity prop-
erties of the fixed-point map are validated in Subsection[3.3l The proof of the regularity result in
Theorem is presented in Section 4] and uses Caccioppoli estimates and a Gehring-type lemma.

2 Notation, assumptions, and weak formulation

2.1 Assumptions and notation

In what follows, we use the (standard) notations for the Lebesgue and Sobolev spaces L9(£2) and
Wh(Q), q € [1, 00|, and write H'(£2) for ¢ = 2.
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We impose the following Assumptions (A) on the geometry and the data:

(A1) We consyer the following layered structure (as indicated in Fig.[I): The full domain 2 C R?
satisfies 2 = sub U Qdev with Q59> N Q4eY = () and "> C R? such thatw x {0} C 9P

forw := (0,L) and Q% := w x (0,AM), Q8 := w x (h',hM~1). Moreover, ) :=
w x (hi~1, h') denotes the ith layer for i = 1, ... M. The full boundary is given by I" := 9,
and the contacts by I'™ := " x (/sz‘l,ﬁM), ™=~ X (O,/le) with v™, v~ € dw. The
metal-semiconductor interface is I := (w x {h'}) U (w x {hM~1}).

(A2) The Dirichlet function satisfies 2 € W (Q4) with |2 || = (0aevy < K, the electrical
conductivities in the metal layers are such that x = x in £ with positive constants «* for i = 1
and? = M.

(A3) The mobilities of electrons and holes are temperature-dependent such that 11; = u%OB;:(T) in

Qifori =2,...,M—1and j = n,p, where B{(T) = Bijexp{—3} are of Arrhenius type
and B, a’, and 11}, are positive constants.

(A4) The dielectric permittivity, the effective densities of states, the disorder parameters, the LUMO
and HOMO energy levels, and the doping density are piecewise constant with e = &*, N;o =
NJ?O, o; =03, E, =L, Fy=Fy,andC =C"inQ)',1=2,..., M—1.The constants ¢*,
Ny, 0}, are positive with N7y < N, j = n,p, B} > E};. We define the energy gap E¢, =
Ej, — Ej; and assume that the energy levels satisfy |E7|, |Ey| < E, fori = 2,..., M—1
-E

. . i o'i N? i . _ @
and the doping profile is such that C? € [N;OQ(Tf; T_Z) — =2, % — N;,Og(%a; ;—z)] for

t = 2 and fori = M —1. Here, T,, > 0 is the constant ambient temperature.

(A5) The recombination rate reads R = R(n,p, T, ¢n, ¢p) = ro(-,n,p, T)np(1— exp £2-22),
where the reaction rate coefficient ro(-,n,p, T) : Q8 x (0, N)? x (0,00) + R, is a
Caratheodory function and such that (-, 1, p, T) < Fa.e.in Q% forall (n,p, T') € (0, N)?x
(0, o). Moreover, ro(, -, -, -) is locally Lipschitz continuous on (0, N)2 x [T}, 00) a.e. in Q°®.

(AB) The heat conductivity satisfies A € L>°(2) such that \ is constantin Q¢, i = 1,..., M, and
satisfies Ay < A(z) < Ag < oo a.e. in 2 for constants Ay, Ay > 0. The heat transmission
coefficient 3 € L (T") satisfies [, fdl" > 0.

For a unified description, we often use Q, = Q_dev, 2, := Q°&. With the notation [y, := 02, \
'+\I'—,I'p,:=TTUTl'",and I'n, := 9Q, \ I, I'p, := I, we introduce the spaces WI}N‘IJ(QJ) as
the closure of {w € C*°(R?) : suppw NTp; = ()} with respect to the W14(£2;) norm, W{;ﬂq(Qj)

stands for the dual of WIEN‘{(QJ) where 1/g+1/¢" = 1. Note that €2; U I'y; are regular in the sense
of Groger [12]. Moreover, let ; be the characteristic function of (2, j = n, p.

The letter ¢ denotes positive constants depending only on the data of the problem, they are allowed to
change from line to line. For Banach spaces X, Y, let £( X, Y") denote the space of linear, bounded
operators from X to Y.

2.2 The nonlinear boundary condition for the Poisson equation

In this subsection, we provide regularity properties of the boundary data for the solution 1) of the
Poisson equation in (1.5) that are needed for the analysis (see Lemma [2.2]below). We take advantage
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Electrothermal drift-diffusion model including electrical and thermal environment 7

of properties of Gauss—Fermi integrals established, e.g., in [10, Subsec. 2.1], and [11, Appendix]. First,
we consider arbitrary parameters —N,o0 < C' < Ny, £, Eg € R, 0y, 0, > 0,and T" > 0 and
discuss properties of the solution to the local charge neutrality condition (T-6). For fixed C, let V(T')
denote the unique solution to

—FE; o, —v O
H(T,V(T)) = 0, where H(T, v) := nog( L T) pog( : 7{’) el
Note that for fixed 7" and C, the map H (T, -) : R — (—N,—C, N,,0—C) is strictly monotonously
increasing since the function G is strictly monotonously increasing in the first argument.

We define the energy gap F¢ := E;, — Ey > 0 and consider doping densities

“Eg auy Mo Moo

—FE
T T pOg( G O_p)] CR

Ce%pzz[ NuoG (=~ 2 2 T, 'T

Using the implicit function theorem, we obtain the following result, whose proof is postponed to Ap-
pendix [Al

Lemma 2.1 We assume C' € €4,, and0 < T, < T. Let V(T') solve H(T,V (T')) = 0. Then the
function V (T') satisfies Ey < V(T') < Ey, forall T > T,. Moreover, the derivatives V'(T') and
V"(T') are bounded by constants depending on T,.

Next, given the solutions for the local charge neutrality, we construct the Dirichlet data for the electro-
static potential 1) in as follows: Let 7 : Qo5 — [0, 1] be the affine function depending only on
the second spatial coordinate z with (1, 2') = 1 and 7(21, h~1) = 0. Moreover, let VZ(T') and
VM=1(T) denote the function V (T') calculated with respect to the actual doping density C, effective
densities of state N,,0, N0, energy levels Er, Ey, and disorder parameters o, o, from Q% and
QOM-1 respectively. Then, we define on §°78

Y =YNT, 0,) = @n + 7VHT) + (1—7)VMHT). (2.1)
Thus, 1" is such that ¥/ = ¢, + V2(T) onw x {h1} and ¥ = ¢, + VM=1(T) onw x {hM~-1}.
Lemma 2.2 We suppose (A4). If p,,, T € WH(Q°®) for some q > 1 and0 < T, < T a.e. in

Q°re, then 1! defined in (2.1) satisfies also ! € W14 (Q°"®). If additionally p,, € L>(2°"), then
Yl € L=(Q°®), too.

Proof. Since VV(T) = V/(T)VT and |V'(T)| is bounded for temperatures T € W14(Q) with
0 < T, < T by LemmalZd] we obtain VV(T') € L%(£2°¢). Together with (A2), V(T') €
Wha(Qere) follows. If additionally ¢,, € W14(Q°8), then 1! (T, ¢,) € WH4(Q°8), too. Moreover,
©n € L°(Q°78) implies by and that ! € L>°(Q°r8). O

2.3 Reformulation of the current-flow equations
We establish the weak formulation of the model equations introduced in Subsection[1.1l First, we

reformulate the equations: Subtracting the second and third equation in (1.2), i.e., the continuity equa-
tions of electron and holes, yields V - (j,, + j,) = 0. Gauss’s theorem together with no-flux boundary
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conditions for j, and j, on Q¢ \ I (recall that I := (Q1 N Q2) U (QM-1 N QM)) gives for arbitrary
w € H(Q9) the identity

0= V- (Jn + Jp) wde = /(]n + Jp) * Vorgw dI' — / (Jn + Jp) - Vwdz. (2.2)
Qorg I Qorg

To simplify notation and to “save” one variable in our model, we consider the variable ¢,, on the whole
device domain 29V by identifying it in the electrodes with the metal Fermi potential ©m.- Note that the
interface condition in justifies to look for ©,, € Hl(QdeV), which incorporates that ¢,, = ¢,, at
1, see also Lemma[Bl

Letp, € HpNn(QdeV) be arbitrarily given. Exploiting the equation in (1.1) for the charge transport in
the electrodes in connection with the boundary and interfacial conditions in (1.5) as well as the identity

in (2.2), we find

0 = — / v ° (KVSOTL)@n dCE - / KVQOn * v@n d‘r - /jm : Vorgan dF
QluaM QtuaM I
= / KV, - Vo, dr — /(]n + jp) * VorgPp dl’
QluaM I
— [ Ve Vgar- [ (Gt i) Ve,
QlUOM Qors

= / kVi, - Vg, dr + / (npnVon + pupVe,) - Vg, d.
QlLuOM Qorg

Combining this equation with the weak formulation of the continuity equation for the holes in {2°'¢
and of the Poisson equation, where Dirichlet boundary conditions ¢, = ¢, and ¢ = ¢, + Ve,
i € {2, M—1}, have to be taken into account at I = I'p,,, we arrive at the weak formulation of the
current flow in the organic layers and the electrodes, namely

/Q . KV, - Vo, dr + /Q (npnVen - Vo, + pup,Ve, - (Vo, + Ve,)) do
1y M org

(2.3)
- / ronp(exp =5 — g, dz VP, € Hy, (), B, € Hy, (27),
Qorg
/ VY Doz = / (C—n+p)fde W e HL, (07%). (2.4
Qorg Qorg

Remark 2.1 Let us relate our model to the model in [10], where only the electrothermal drift-diffusion
system in the organic domain €2°"® is considered and electrodes are only modeled by Dirichlet contacts
at I: In this setting we would have H{. (Q%) = Hy,, (§2°'8) such that the test functions ©,, €
H%Nn(QdeV) would also belong to H%Np(ﬂorg). Thus, these test functions could be used also as
test function for the continuity equation of holes. Subtracting this relation from our weak formulation
(2.3) we obtain the weak formulation in [10]. Indeed, choosing ©,, = 0 in gives the usual weak
formulation for V - (pp,V,) = R. While for p, = 0, we get the weak formulation for —V -
(npaVon) =V - (pupVipp) = R in QO

2.4 Regularity results for elliptic problems with mixed boundary conditions
and discontinuous coefficients

Before we state the existence result for the system in (1.1)—(1.8), we start with a theorem ensuring

the higher integrability of the gradients of ¢, ¢, in the coupled current-flow equation in (2.3). For
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Electrothermal drift-diffusion model including electrical and thermal environment 9

this purpose, we consider the model Problem (P¢) for finding ¢,, € go{? + H%Nn(Qde"), Yp €
on + Hy, (Q2°%) such that

Qdev

Qorg
(Pc)
— fo®,dz Vo, € Hy, (), g, € Hy, (%),

Qorg

where the coefficient functions a,, and a,, are related to the conductivities 74, k!, and kM as well as
Py, respectively, and fc represents the recombination term R. Note that the Dirichlet value for ¢, on
the interface [ is given by the solution ,,, i.e., it is not known a priori.

Theorem 2.1 We suppose (A1) and (A2). Leta, € L®(Q), a, € L>®(Q8), fo € L>=(Q°8)
with a,,, a, € [d,d] a.e. (whered > 0), | fc| < f. Then there exist & > 1 and ¢, > 0 such that for
any solution (¢, ¢,) to we have

[enllwragiey < g, llpllwragaos) < ey g =20

The constants ¢ > 2 and c, depend only on Q4" Q8 d, d, f, and P.

The proof of this theorem is based on Caccioppoli-type estimates, Poincaré-type inequalities, and a
Gehring-type lemma. It is postponed to Section

Recall that the quasi-Fermi potential ¢,, for electrons is defined on the larger domain €2, = Qdev,
while the potential ¢, for holes lives on the smaller domain €2, = €2°*¢. On the layered structures (2,,
and €2,,, we define for notational simplicity the conductivity functions

k! in Q!

(0, 00, T) = § iy BL(T)NigG (L5 El ) in QY i=2,..., M1,
M in QM (2.5)
i i i o (Byu—W—¢p) o} S

dy(0, 0p, T) = i BL(T)NigG (Za=le=2) 70y in @i j=2,... M~1.

For the model introduced in Subsection we expect that (i) the temperature is bounded from below
by the ambient temperature T, (heat equation with Robin boundary conditions and nonnegative source
terms) and (ii) the quasi Fermi potentials ,,, ¢, are bounded by the constants /' from (A2), see
Lemma[3.2]later on.

For a right-hand side f € L>°(Q°®) with |f| < 3N and a Dirichlet function ¢! € H'(Q°%®) N
L>(Q°®) with |¢'| < K 4 E, let us consider the Poisson equation for ¢ € ¢' + H[\(Q°'%)

/ eV - Vipdr = fydr Y e Hp (Q7F).
Qorg Qorg

We denote by ¢, > 0 an L>(£2°®) bound for the (unique) weak solution ¢/ (see e.g. [2, Lemma
3.1]). Moreover, for K* := K + E + ¢y o < 00, we define the positive constants

d := min {FLl £Mmin  min  pé, Bl N’ exp {__a;- }g ——*‘ _a;-
a: y K, min 502504V 50 T 7))
Jj=n,pi=2,....M—1 Ia a a

d := max lil K max max LB NG b
) ? 03507750
j=n,pi=2,....M—1
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For arguments ¢;, 1, and T with |p,| < K,

Y] < ¢ypoo, and T > T, we find
C—igdj(w790]7T) SC—Z? j:n7p7 ’TOWP(GXPW—U} SC(K,TCL).

Thus, we apply Theorem 2Alwith a; = d;(+), ¢}, T), fo = ronp(exp £ — 1) to the current-flow
problem in (2.3). We fix the exponent q > 2, given by this theorem, for all our further consider-
ations.

According to [12, Theorem 1], there is a t* > 2 such that the strongly monotone, Lipschitz continuous
operator Ay : H'(Q) — H'(Q)*,

(.Z,\T, w) = /()\VT -Vw+Tw)dz, we HY(Q), (2.7)
0

maps W () into and onto W ~11(2) for all £ € [2, t*]. Next, we define ¢ € (2, ¢*] by

2t*
t* it 4 ¢ [1, }
q—2 t* —2
ti= ] . (2.8)
2q " q - 2t
i
4—q q—2 tr—2

This definition guarantees that L%/2(Q) — W~1*(Q). Remark 13 in [12] then ensures 1/ 1*-estimates

for solutions to problems of the form A,T' = F(T'), where F is any mapping from W12() into
W-(Q).

Moreover, we define the exponents ¢ and tA(Iater needed for the fixed point argument)

o q 21" }
q T — 2l
2"

= = > .
4—q q—2 tr=2

c [1
(2.9)

)
g
<
)
<
)|
)

Additionally, [12, Theorem 1] guarantees the existence of an exponent s* > 2 such that the strongly
monotone, Lipschitz continuous operator A. : Hy, (%) — Hy, (Q°%)%,

(A, w) = /Qorg (eVY - Vw +yw)dz, we H%Np(Qorg),

maps W 1¥(Q°'%) into and onto W ~1%(Q°") for all § € [2, s*]. Let A. denote the corresponding
operator on spaces without zero Dirichlet values. Finally, we define the exponent

s := min{q, s*, t}. (2.10)

2.5 Weak formulation (P) of the PDE system
In this last subsection, we provide a weak formulation of the whole system given by the equations

(1.1)—(1.8): For the exponent g > 2 defined in Subsection the Dirichlet data 1! introduced in(2.1),
and the conductivities d,,, d, setin @5) find ¢, € (¢ + Hf, (Q)) NWH(QY), o, € (@5 +
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Electrothermal drift-diffusion model including electrical and thermal environment 11

Hy,, (Q#))NWH(Q0E), 4 € (T, )+ Hyy, (%) and T € {0 € H'(Q) : Inf € L=(Q)}
such that

ey Qore (2.11)

= / ronp(exp 522 — 1), dr V@, € Hp (),
Qorg

/ eV - Vipdr = / (C—n+pipdr V€ H%Np(Qorg), (2.12)
Qorg

Qorg

/)\VT-VTda:Jr/ﬂ(T—Ta)TdF:/ dn|V o |*T daz
o r Qdev (2.13)

+ / (dp|chp|2T + ronp(l — exp £=22) (@), — gon)T) dr VT € H'(Q).
Qorg

The system (2.71) — (2.13) is called Problem (P). The splitting of ©,,, ¢,, ¥ in a function with ho-
mogeneous Dirichlet values and the inhomogeneous Dirichlet function is also to be understood in the
W4 setting.

Remark 2.2 i) Due to the choice of ¢ > 2, we have p; € L*(€;). Since alsoInT € L>(f2), the
generation-recombination rate in the continuity equations and the reaction heat term in the right-hand
side of the heat equation (2.13) are well-defined.

i) Since ¢y, @, belong to W4, also the Joule heat terms in the right-hand side of are well-
defined and the sum of all heat sources belongs to L%/?(§)). Our choice of ¢ andt > 2 in
ensures that L9/? < (W')*, and thus the W't isomorphism setting allows us to treat the heat
equation with quadratic gradient terms and reaction heat.

iii) Moreover, the Dirichlet function \)! = ! (T, ¢,,) belongs to W1*(Q°'®), see LemmalZ.2 There-
fore, also A" € W, 1})’5(Q°rg) for s > 2 from (2.10).

3 Solvability of Problem (P)

In this section, we formulate and prove our main result, Theorem 3.1] that concerns the solvability of
Problem (P). We start with preliminary results concerning the equilibrium solution and a priori esti-
mates for solutions to Problem (P).

Lemma 3.1 We assume (A). If gpff = const in Q24°V, then Problem (P) has the unique (equilibrium)
solution (o2 P 4p* T,), where 1* is the unique weak solution to the nonlinear Poisson equation
v — ol — B oy, Eg+oP —y* o

(EVYY) of T, T, wG T, T,

V= (T, 02) onl, eVY*-v =0 ondN°e\I.

> in Q'8
Proof. We use the test function (¢, — @2, ¢, — ¢,) € H%Nn(Qdev) % Hll“Np(Qorg) for @TT). Since
©P = const, we obtain

/d d|Vipn|* d + / (dp|Vipp|? + ronp(exp £2522 — 1) (g — ) dz = 0.
Qdev Qorg
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Due to the monotonicity of the exponential function this yields ¢, = ¢, = const = 90,?. Since all
source terms in the heat equation (2.13) are zero, it follows from that 7' = T,,. Finally, using
these observations in the statistical relation for n and p, it is clear that 1)* solves the nonlinear Poisson
equation as stated in the assertion. [

Lemma 3.2 We assume (A). Let the constants I and T, be as in (A2) and (A6). Then, for any
solution (¢, pp, ¥, T') to Problem (P), we have for j = n, p the estimates

i < K aein®, [0 <cpm aenQ T>T, aein® ol <o

Proof. Step 1. We test by ((pn — E)*, (0p = K)T = (pn — K)V) € HE () x HE (S2)
such that

S / 4|V (s~ K)o+ / ronplexp 2722 — 1) (g — K)* — (9, — K)*) dz = 0.

. org
J=n,p @

Discussing the four different cases ¢,, (¢,) > K (< K), we find that the integrand in the reaction
term is always nonnegative. This ensures that ¢; < K a.e. in {2;. On the other hand, testing with
(= (on+ K)",=(gp + K)™ + (¢ + K)7) € HE, () X Hy,, (Y,) gives the estimates
¢0; > —K ae.inQj, j = n,p.Since [C —n+p| < 3N and [¢!| < K + E ae. on Q% it
is guaranteed that ||1) || o (qors) < €400 a@s in the arguments of Subsection 2.4 and [2, Lemma 3.1].
Testing the heat equation with (7' — T,,)~ yields T' > T, a.e. in €2 due to the nonnegativity of
the heat sources.

Step 2. Testing the continuity equations by (¢, — ¢L, 0, —n) € Hf, () X Hy,, (€,) and using
Hoélder’s and Young’s inequality gives

/Q | Vign|” +/ (I9o0l? + romp(exp 222 = 1) (o0-y)) 0

1 1
< / 5 (IVenl” + [V ?) do + /Q 3G (Ve + [V ) dr.

Using d; € [d,d] a.e. in €2, the nonnegativity of 79np, the monotonicity of the exponential function,
that o2 € H'(Q,) is a fixed function, and the L™ estimates for ¢; from Step 1, we obtain the
estimates ||| m1(q,) < eyt j=mn,p. O

Theorem 3.1 (Main result) Under Assumptions (A) there exists a solution (., ¢, 1, T") to Problem
(P). For the exponents q from Subsection|[2.4, s and t defined in (2.10) and (2.8), respectively, there
are positive constants c;, cs, ¢, I, such that all solutions to (P) satisfy the estimates

HQOJ'HWq(Qj) S Cy, j =n,p, HwHWI,S(Qorg) S Cs, HTHWI”(Q) S Ct, Tu 2 T Z Ta a.e.in€l.

Remark 3.1 The uniqueness of solutions cannot be expected. Due to self-heating, S-shaped current-
voltage relations with regions of negative differential resistance are observed for OLEDs in experi-
ments and in simulations (see [4,15,(1]). This means that for certain applied voltages multiple solutions
exist with different temperature distributions. Even tristability phenomena could be detected, where for
certain applied voltages multiple solutions exist with different temperature distributions as well as for
certain currents in the IV characteristic different voltages are possible, see [14].

Our existence proof uses Schauder’s fixed point theorem. First, we introduce the iteration scheme

that defines the fixed-point map, then we study subproblems with frozen arguments, next we verify
continuity properties of the fixed-point map, and finally we prove the solvability of Problem (P).
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3.1 Ilteration scheme

We define our fixed-point map on the non-empty, bounded, closed, convex set

N = (pn 0 T) € HY(20) x HY(Q) x WH(Q) : [l llwracay < ¢,
(3.1)
[Tz < cors lojl < K aeinQy, j=np, T>T, ae.in Q},

where the constants K and 7, are from Assumption (A), c,, ¢, > 0 will be defined in (3.8) of
Lemma[3.4} the exponent ¢ is given in (2.9) and c; > 0 will be introduced in Equation (3.10) of
Lemma 3.5l For a more compact notation, we use the auxiliary function

Ey — (¢ — e
u(¢7@na¢p7T)::Np0g< i (;—{] Sop);%>_Nn0g<%:%> (3-2)

Our fixed-point map Q : N — N, (pn, pp, T) = Q({o’n,{o'p,f) is defined via the following three
steps:

Step 1. For given ($,, 3, T') € N and for the functions 7, V2(T)), and V~1(T') introduced in
Subsection 2.2, we define the H*(2°'¢) function

V() = (T(2), gulz)), 07| < Ky ae inQ® (3.3)

with YT given in (2.7) (see also Lemma@2.2). By Lemma[3.3] there is a unique weak solution ) €
P+ H%Np(Qorg) to the nonlinear Poisson equation

—V - (eVY) = C+ U, B, @, T)  in Q2

~ (3.4)
Yp=y" onl, eVi-v=0 ondQ"E\I.

Step 2. With 1 from Step 1, satisfying ||1)|| oo (qors) < Cy.00 (Se€ Lemma[3.3 below), we introduce
the quantities

~ - ~TL —F On ~ E —+ O, — g,
T T T T

Together with the definition of the set N and properties of the Gauss—Fermi integral, we verify that
d;(Y, @5, ) [d,d) a.e.inQ;, j = n,p,whered,d > 0 are defined in (2.6). With frozen coefficients
d; (4, Dj, ) and frozen reaction rate coefficient 7 := r4(n, p, T)np, we solve the problem

org

(3.6)

—/ Tlexp #2222 — 1), dv V@, € Hy,, ().
Qorg

According to Lemma 3.4 below, we obtain a unique weak solution (¢,,, ¢,) € (o2 + W () x
(pn + erlfp(Qp)) to (3.6). The pair fulfills ||¢; || () < K and [|¢;|lwra,) < ¢, j = n,p.

Step 3. Together with the L>° bounds forjiv = dn(¥, P, T) and d = dp(v, &p, T), these es-
timates ensure that the right-hand side & = 7,5, T, Vi, Vgop,gpn,gpp) = d,|Veon|*xn +

dp|Vipp|*xp + T(exp 2222 — 1) (n — )X Of the heat equation,

—V-(AVT)=h inQ,

AVT -v+pB(T-1T,) =0 onI’
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has a uniform L2 bound for all possible (&, {ofp,f) € N. Lemmal[3.5 below ensures a unique
weak solution 7" € W1(Q) to (3.7), it satisfies [T\l y1iq) < g and T = T, which in summary

confirms that Q(&y, ©p, T) = (¢n, p, T) € N.

Clearly, a fixed point (¢, ©,, 1) of this map with associated electrostatic potential ¢ is a solution to
the original problem (P) from Subsection

3.2 Solvability of subproblems and estimates for their solutions

Lemma 3.3 (Poisson equation) We assume (A). Let (py, Op, T) € N be arbitrarily given and {/;I
be defined by (3.3). Then there exists a unique weak solution ) € 1! + H%Np (€2°"8) to the nonlinear
Poisson equation (3.4). Moreover,

'lp”Loo(Qorg) S C’l/)700

Proof. Since {bv[ € Hl(Qorg), analogously to [2, Lemma 3.1] (here without any gate contact) one
obtains a unique solution v € ! + H%Np(Qorg) of the nonlinear Poisson equation (3.4) as well as a

uniform H' bound of the solution. Since |C' + U (¢, ¢, Py, T)| < 3N and [¢!| < K + E a.e.on
Q"¢ it is guaranteed that ||1)|| oo (qors) < Cypoo.

Lemma 3.4 (Continuity equations) We assume (A). Let (0y,, ¢, f) € N be arbitrarily given and
Y el + H%Np(Qorg) the unique weak solution to the nonlinear Poisson equation (3.4). Then there
exists a unique weak solution (p,,, ©,) € (2 + W (Q,)) X (@n+ WFII’V‘IP(QP)) to (3-6). It satisfies

l_‘N n
the following estimates that are uniform with respect to (y,, ©Ops T) € N,

Proof. First, we verify the solvability of the problem in an H' setting, show its uniqueness, and then
we derive the higher integrability and estimates for the solution to (3.6).
1. Existence. For £ > 0 let p, : R? — [0, 1] be a fixed Lipschitz continuous function with

lillz=@y < K, llejlwraqy <y J=np,
Pn— P (3.8)
~ — 1) (9071 - Spp) < c,.

Lo (Qp)

710('7 ﬁaﬁa T)ﬁﬁ( €xXp

0 if max{yl, [2[} = ¢,
pf(yv Z) = . 0
1 if max{Jyl, 4]} < &

For fixed (&, ©p, T') € N, the operator B(%m%’f) D Hy, () x Hi () = Hyy (Q0)° %

Hy,, (,)*, with the argument splitting in (i0;,, ¢,) for the reaction part and (&, &) for the main
part

Y 0 ,0\_ Dt 0 0 0 0
(¢n7¢p7f)(§0n7 Sop) - B(%L,@p,f) ((Sonu (pp)v (@nu ()Op))7
<Bf¢m¢m((s&2,<ﬁ2)7 (@ 89)), (@2,¢2)> :I/Q 4,V (2, +¢7) - Vo, dz

+ [ GT@E e oh) VE R a
QP
0

. —90\
+/ pelh + 92 ) + 9 + o) (1 — exp Tp> » Az,
Q

P
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@) € H%Nj(Qj), is an operator of variational type (see [19, p. 182]). Have in mind that the main

part (in the arguments @91, @g) is bounded, continuous, and monotone. Furthermore, the regularized
reaction term is bounded and the map

0
N —
(wﬁ,sog)sz(¢2+w5,¢2+¢2+wf)r( 'T”p>

l

¢ _ is coercive, the problem B - f)(gog,gpg) =

( Pn,P PvT)
0 has at Ieastone solution (¢%, ©0°) € HE, (2, )% Hi, (). Thus, (¢, b)) == (cpn +o, pot+

Nn Np

is Lipschitz continuous. Since the operator B

/ du(V, B, T)V Y, - VB, dz + / dy(1, Gp, T)V G, - (VE, + VB, dz
Qdev Qorg
(3.9)
= ¢ #n “%—1—d Vo, € Hp ().
A pe(iph,, 0y T (exp Jp,dz VP; € Hy, (€

org

Arguing as in the first step of the proof of Lemma[3.2] we find ng |z, < K, j = n,p. Therefore,

if we choose ¢ > 2K, each solution to Bf~ _ T)(gon, ¢n) = 0 leads via (¢n, @p) = (5 +

ol o0+ o) +ol) € (o) + Hp, () x (gpn + Hp, (€2,)) to a weak solution to (3.6), as well.
Again, as in the proof of Lemma[B.2, we obtain ||¢; ||~ ;) < K, j =n, p.

2. Uniqueness. To verify the uniqueness of the weak solution to (3.6), we assume there would be two
solutions ), € ¢ + Hi (), ¢}, € ¢}, + HE (), @ = 1,2. By testing (3.6) for these two
solutions with (¢;, — @5, ¢, — ¢, — 5 + ¢3) € Hy () x Hi (€,) we find

/ dn|V (o, — 5" da + / A,V (o) — ©2) - V(pp — o — 02+ 02 + ¢y, — 2) dx
Qn Q

P

_ 2_ .2
- / Flexp 222 — exp B ) (1 — ol — 02 4+ 2 o
Qp

Therefore the monotonicity of the exponential function ensures the uniqueness result.

3. Higher integrability. With the same arguments as in Step 2 of the proof of Lemmal[3.2] we estab-
lish a uniform H'-estimate for the weak solution to ( (3.6). Again, taking advantage of a; := d =

d;(1h, 3;,T) € [d,d] ae. in Q, ||[F(exp £2= fntr —1)||Loo o) < (K, T,), and ¢f) € Wh>(Q,),
we apply the regularity result of Theorem E]to problem (3.6) and obtain ||;||w1a,) < ¢j,j = n,p.
Moreover, the L> estimates of ¢,,, ¢, guarantee the Iast estimate in (3.8). [

Lemma 3.5 (Heat equation) We assume (A). Let(©y,, Py, f) € N be arbitrarily given, let) € QZI +
H}Np (Q2°"¢) be the unique weak solution to the nonlinear Poisson equation (3.4) and let (i, ©,) €

(P + erl’vqn (Q,)) x (pn + Wplj’vqp(Qp)) be the unique solution to (3.6). Then there exists a unique
weak solution T € WYI(2) to [@-7). Uniformly for all (&, Dp, T) € N, it satisfies

HT||WM <, |7 |wrt) < cir, and T > T, a.e. inf). (3.10)

Proof. By Lemma[3.4, the reaction heat 7(exp “*=*2—1)(i0, — ;) as well as the Joule heat terms
dn|Von|?, d,|Vp,|? have bounded norms in L>(€2,) and L%/2(€2,), L¥/2(S),), respectively. By
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(A6) and since g > 2, there is a unique weak solution 7" to the (linear) heat equation (3.7) with Robin
boundary conditions in the H*(2) setting. It satisfies

1T |z 2 <C<dH|V90n! o200y + AV s a2,y + Tall Bll )

$n — Pp
+H (eX —1) n — )gc.
p——= 7 (¢ ©p) Lo ()

We denote /2 := dp|Vion|2xn + dp|Veop|2x, + Texp =2 — 1) (0 — ©p)Xp- For t from (2:8)

the operator A, W) — W (Q)* (defined via (27)) is a topological isomorphism. Thus, we
obtain T € W1(Q)) and the estimate

ITlwsecer < el o oo (I + Tl + 181wy (IT i) + 7))
< (VP + V6o oy + [Tl + 1

?( exp SO”%‘PP _ 1) (SOn_QOp) Lo )) S Ce.T-
P

And also || T y16q) < ¢z follows. The testby (1" — T,) "~ yields T > T, a.e.in Q. [

3.3 Complete continuity of the fixed-point map O

Here, we prove the complete continuity of the fixed-point map Q : N — N, which directly implies the
continuity of Q. This proof is done in several steps: Let @} — @ in H'(Q;), j = n, p, and TN —~T
in WH(Q2) for | — oo. We denote (¢4, @b, T) = Q(@h, &L, T") and (n, 9, T) = QP §p: T)
and establish the following results: First, we verify for the Dirichlet functions for the Poisson equations
(see [3:3)) that 1ot — o) in H(Q°™8) (first part of Lemma[3.6). Then, we prove ¢)' — 1) in H'(Q°'8)
for solutions to (second part of Lemma[3.6). Next, in Step 1 of the proof of Lemma[3.7] we derive
that solutions (¢!, ¢!) to (3:6) converge strongly to (on, @) in H'(Q,) x H'(€2,,). Finally, in Step 2
of this proof it is shown that solutions 7" to (3.7) converge strongly to 7" in wh t(Q) We conclude that

Q(gt, §5p, Tl) converges strongly to Q(¢y,, Oy, T) as | — oo.

Lemma 3.6 We assume (A). Let (5, 5p, 1), (&%,%,ﬁ) € N for all | and (&%,Cp’é,fz) —

(B B, T) in HY(2,) x HY(Q,) x WH(Q).

i) Then ¥!' — ! in H'(2°") for the Dirichlet functions constructed in (3:3).

ii) Let Y ‘and 1) denote the unique weak solutions to (3.4) corresponding to the Dirichlet functions

It and !, respectively. Then i)' — 1) in H*(Q°®) and thus also ¢! — 1 in L™ (Q°8) for all
€ [1,00).

Proof. Step 1. We consider a sequence (@;,%,f’) — By B, T) in HY(Q,) x HY(,) X
WLt (). Recall that ¢! is defined via

=N (T,3) = &, + VAT + 1-r) VM T,

The weak convergence of the first term on the right-hand side follows directly from @' — ¢, in
H'(€2,,). For the properties of the function 7, see Subsection[2.2l The difficult part is to prove the
convergences of V2(T") and VM~1(T"). Since (&, &L, T"), (Pn, $p. T) € N, we have uniform
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L™ bounds for @}, @;, j = n, p, as well as uniform lower bounds T'. T > T, > 0. The results of
Lemma 2] ensure the needed continuity and differentiability properties of the map 7" — V*(T'). We
show the weak convergence for the terms 7V (T%) — 7Vi(T) in H(Q°8), i = 2, M —1: The com-
pact Sobolev embedding of W () into L>(£2) ensures T" — T in L*($2) and L>(£2). Moreover,
T' — T in WHH(Q) yields that VT — VT in L{(Q°8)2. Let v € H'(2°"%) be arbitrarily given.
Due to the continuous differentiability of the map 7" +— V*(T") and boundedness of the derivative (see
Lemma2.1) we have

[ (Vi@ = VD) vae < clola 1T = Tloe sup [ (0)] 0.
Qorg GZTG
For the convergence of the gradients, we use the following decomposition

[ V(v -vi@)] Vosr =t b+

where
I ;:)/ (vi(fl)—vi(f)ﬁr-vmx‘
Qorg
< ]|l o | T — Tl 2ggorsy 5D (vi)'(e)‘ 0,
0>T,
b|:=| / (V@) — YD) VT Voa
Qorg

< el [T s sy | T = Tl gy sup (V)" (6)] = 0

where we have used that || T ziiq) < ¢, v € H'(Q®), T' — T in L=(Q), and that (V)" (6)
is bounded. Moreover, since 7(V?)'(T)Vv € L?(£2°)? can be used as test function for the weak
convergence V1! — VT in L!(°'8)2, we obtain

Iy:= | V(T'=T) - Vor(VY(T)dz — 0.

Qp

We conclude that ¢/t — o7 in H(Q°'8).

Step 2. Let 1) be the solution to (3.4) corresponding to the boundary function 1;*' and let 12’ € QZ” +
H{(2°"¢) be the unique solutions to the linear elliptic problems

—V - (eVY) = C+ U, o, §p, T)  in Q8 -
@l = onl, 5V@l v =0 ondQe\I. '

(Note the right-hand side C' + U (¢, @, @y, T instead of C' + U (¢, 3, &, T"), where U is defined
in 3.2).)

Since the sequence 12” is uniformly bounded in H*(Q2°"®) and C' + U (v, @, @,,f) is bounded
in L>°(2°"8), the functions 1 are uniformly bounded in H(2°"%). Moreover, w' := 1) — ! is the
solution to the linear elliptic problem with zero right-hand side and mixed boundary conditions with
Dirichlet function w!! = 1! —1)!!. The solution operator that maps the boundary value function w? to
the solution w! € w!! + H%Np (€2°78) of the linear elliptic problem is bounded and linear, and therefore
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continuous. According to [20, Prop. 4.2, p. 159] this operator is also continuous with respect to the
weak topology, meaning that w!' — 0in H!(Q°") implies w! = ¢ — ' — 0in H(Q°®).

Step 3. Using the test function ¥ — ¢! € Hy,, (92°®) for problem (3.4) with solution Y for the
~

right-hand side C' + U (¢!, &, &L, T") and for problem (B-11) with solution ¢! for the right-hand side
C+UW, pn, ©p, T), it follows

~

C||1/Jl - QZZH%U(QO@) S/S;OY ( (W Szim éElp7 ) Z/{(1/1, S,Ena @va))(zbl - ¢l> dx

— [ B B T U B B T U B B, ) U5, 5 B ) (01 i
Qorg
The monotonicity of  — G(n, z) gives (U(W @ﬁl,&é, - (wl {5@,@’;, l))(wl — 1@) < 0.
Since (&, 2%, T"), ($n, @p, T) € N (uniform lower and upper bounds T, and T, for the temper-
atures are available) and the sequence wl is uniformly bounded, we have continuous and bounded

derivatives ‘gg 9% in the considered arguments (see [10, Subsec. 2.1]). The latter guarantees that

U, B 8 T) = U, B B, T < ([0 = 0] + |3, = Gl + 18, — &l + T = T1).
In summary we obtain
9 =" a1 qaomey < ([[9 =] 22 (qrore) + | B~ B 22 2008 | B~ Bl 2 rory | T T 2 200
which tends to zero because of Step 2 and @}, — &, &, = @, T — T in L2(Qr2).
Step 4. Together with 20! — 1) in H(2°7¢) from Step 2, we conclude that ¢)' — ¢ in H'(£2°"¢) and

thus also ¢! — ¢ in L™(Q°) forall r € [1,00) as | — co. [

Lemma 3.7 Under Assumption (A), the map Q : N' — N/, defined in Subsection|3.1}, is completely
continuous.

Proof. We consider (@%,&;,T’), (6n,&p,f) e N, where &5 — & in WH(Q;)), j = n,p,
and 7' — T in WH(Q) and show the strong convergence (gpfl,wé,Tl) = Q(gpn,@p,Tl)
((pna 90137 T) = Q(&na 6}07 T) in Hl(Qn) X HI(QP) X Wl’t(Q)'

Step 1. We first verify the strong convergence gpé» — p;in Hl(Qj), j = m,p. The assumed weak
convergences imply the strong convergences @ — @; in L™(€2;), j = n,p, and T" — T in L™(Q2)
forany ™ € [1, 00). Moreover, Lemma[3.6 guarantees for the corresponding unique weak solutions to
that also ¢! — 1 in L™(Q°8) for all 7 € [1, 00). We fix now 7 := q% > 2.

The Lipschitz continuity of the functions d; and r for bounded arguments with a positive lower bound
for the temperature leads to the convergences

d) = dj(0, 3, T') = d; = d;(,3,,T) nL7(Q). j=n,p,

2 (3.12)
= r(n Lo, Tl) —r=r(n,p,T) inL"(,).

We test the equations for (¢, p) and (¢, ¢, ) (same Dirichlet function ) by (¢ — ¢!, ¢, —
Pn — )+ 0,) € Hy, () x HE (). Let us note that

(i) (duVipn — dL VL) - V(on — k) = da|V(on — @) + (dn — d\) Ve - V(g — @h),
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(i) (dpViop = d,V}) - V(0p = on = @)+ 0 + 90— 41)
= d,|V(p, — ) + (d, — d! )Vsop V(pp — &),

(i) (7 (exp £=22 — 1) F1(e><p 222 1)) (10, — on — b + L)
= (7 — W)(eXp “’" #n_¢p _ 1)(% on — ¢+ )

Pnbr _ exp e )(wp on — @+ ).

+ r(exp

Moreover, we take into account that the last term on the right-hand side of (iii) is non-positive due to
the monotonicity of the exponential function. Since d > d;, dé- > d the identities in (i), (ii), and (iii)
yield after testing

Y IV = Dliia@y < € D Ids = dillmpllhlwramy IV (05 = 9))llze,
Jj=n,p Jj=n,p

+ [T = 7|20y Z s — illa@y)
J=n,p

Therefore Sobolev’s embedding and Young’s inequality ensure
Z lpj — ‘Pé’“fql(Qj) < C( Z |d; — d§'||%w(9j)||80§||124/1,q(9j) + [Ir = 7Aj”%?(ﬂ,,)) — 0,
J=n,p Jj=n,p

where we have also used ||} [|lw1.4q,) < ¢; and the convergence in 3-12).

Step 2. It remains to verify that 7! — T in W£(€2) for the corresponding solutions to the heat
equations (3.7). According to Lemma[.5] we have ||T"||,;.+ < ¢z for all [. First, we show that all

weakly convergent subsequences of {7"} in W”A(Q) converge weakly to 7". Then, we have 7" — T’
in TW14(Q2) for the entire sequence ([6, Lemma 5.4]).

Indeed, let us take some subsequence {T"} and some T* € W{(Q) such that T% — T* in
W“A(Q). We verify that 7" = T'. We consider a further non-relabeled subsequence, where especially
gpé-’“ — p;in H(Q;), c,pé-’“ — pjae.inQ, T — T ae.in €, ' — 1 ae. in Q8 j = n,p. Our
construction of ¢, q, ¢, ¢ > 2 in Subsection 2.4l ensures the embedding L12(Q) — WL?(Q)*. The
result of Gréger [12] for the linear heat equation guarantees the estimate,

1T = Tllyigy < cllb™ = hllyr g + 0% < el = hl| ja2q) + 60" (3.13)
with the right-hand sides
Rl = n(t B, T Vil Wl ol o) hi= W7, 5, T, Vion, Vi, @ns 0p),
and 6% — 0 for T% — T'in H(£2). We have to show || Al — 7L|]Lq/2(9) — 0. Since
P -
dF|Vr| — d;| V|
) l 3 l 3 7
< dFIV(QE — o) |[VEE| + dF [V, ||V (9F — o)) + |dF — d;l|[ V|
we find with (2.9)
) 2
& |V o> = d;| Vo 12

La/2(Q

~ ~ ~ ’7 ~ o~ ~
< c/ (Il - soj)lq”!Vsoj’“!‘”Q + IVEITIV (= )72 + |d — &|72 V5|7 da
£

l q/2 2 q/2 Tl 7 q
< cllgl = oilli ) (1413 0o yHWM%WmJ+cLIW—dNWVwPM-
J
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‘7, Lebesgue’s dominated

Using the a.e. convergence cflilf — c@ and the integrable majorant c|Vg0j
convergence theorem gives the convergence to zero of the last integral. Since ngé’“ —9illa,) =0

and |’g0§~kHW1,q(Qj)7 l¢jllwra,) < ¢; the right-hand side tends to zero for the considered subsub-
sequence. Moreover, exploiting

P — i Pn—
7 — 7 and exp % — exp =" a.e.in 08,
Tl

_2 ~
and the integrable majorant (AK7N "~ exp %)q/ 2 Lebesgue’s dominated convergence theorem gives
for this subsequence

b i
“ﬂc( M_1> el _~( Lﬂ_1> —
/Q G = (on — @) — 7 exp = (¢n — ©p)

Thus, we conclude |7/ — EHLW(Q) — 0. Therefore, by testing the heat equations for 7" and T'
(with corresponding right-hand sides) with 7" — T, we obtain || 7% — T'|| ;1) — 0. Moreover, due
to this ensures 7% — T in WH(Q). According to [12], the solution to with right-hand
side /1 is unique, and it follows that T% — T* = T in letA(Q), for this subsequence. Since we
verified for arbitrary weakly convergent subsequences T — T* in Wl’?(Q) that T* = T', we obtain
the weak convergence of the entire sequence " — T in WE((2).

/2
dz — 0.

Summarizing, at least for one subsequence {7}, we proved T — T in W(£2), and for the
entire sequence we know 7! — T in WLA(Q). The arguments of Step 3 and the uniqueness of the
weak limit ensure that every strongly converging subsequence converges to 7. If there would be any
subsequence {Tl"} that does not contain any converging subsequence then there would be a § > 0
such that || 7% — Ty = 0 for all L,,. Following again the arguments of Step 2, we lead this to
a contradiction using the convergences a.e. for a corresponding non-relabeled subsequence. At the

end, the entire sequence 7" must strongly converge to 7" in Wl’?(Q), which completes the proof. [

3.4 Proof of Theorem [3.1]

Proof. Step 1. Since the set \ is nonempty, convex, and closed in H'(€29°V) x H(Q°8) x WLE(Q),
Lemma[3.7} and Schauder's fixed point theorem ensure the existence of a fixed point (¢, ¢, T') €
N of Q. In particular, we have ¢; € W4(;), j = n,p, T > T, and InT € L>®(2). For
(Pns Pp, T) = (¢n, ©p, T'), we define the Dirichlet function IZI according to and solve uniquely
the nonlinear Poisson equation (3.4) (see Lemma[3.3) to obtain the electrostatic potential ) € zZI +

H}Np(Qorg). Then (¢n, ¢p, ¥, T') is a solution to (P).
Step 2. The norm estimates for ¢;, stated in Theorem[3.1] follow directly from Theorem2.1lfor a; =

dij(V, 05, T), j = n,p. Setting (Pn, Pp, T) = (¢n, pp, T'), the WH(Q) estimate for 1" is derived in
the proof of Lemma[3.5, the L> estimate then follows from the continuous embedding of W () in
L>°(2). Since Lemma[B.3 provides |1 || foc(qors) < €400, it ONly remains to verify the W* estimate
for 1. Lemma(3.4 and Lemma [3.5 together with Lemma[2.2] ensure that the boundary function for the
Poisson equation ¢/ is bounded in W1 (2°78). Additionally, we have ||C' — n + pl|~ < 3N. Since
A_ for s from is a topological isomorphism we find

[ llwrsersy < 19" llwrosaomsy + A2

;]\,11;5 (Qorg%WFl]’\fp (Qorg)) X

X (”C —n + p _I_ ,l/} - ¢[||W;175(Qorg) _|_ C||Ag||L(W1,s(Qorg)J/Vl,s’(Qorg)*) ,QZ)I”WLS(QOrg))

< C(HC — 1+ Pl Loo(qore) + Cypo0 + lele,s(Qorg)) <ec.
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org org
org org
I'np I Inp
(b) (c)

(d) (e)

org
() (g) (h)

(i)

Figure 2: Model sets C(0) with different materials (electrode/organics) and different boundary con-
ditions. Dashed lines indicate Dirichlet boundary conditions.

This estimate finishes the proof.

4 Proof of the regularity result in Theorem 2.1]

To prove the higher integrability of V¢,, and V¢, for solutions to Problem (P¢), we proceed in several
steps: First, we localize the problem to squares, where we distinguish between the different situa-
tions depicted in Fig.[2] (a) — (i). Then, we derive Caccioppoli-type inequalities near the boundary
(Lemma[4.1) and use reflection arguments to extend the estimates from half squares to full squares
(Lemma[4.2). The Caccioppoli-type inequalities for interior squares are derived similarly and hence
only briefly discussed (Lemma [4.3). Finally, we establish the higher integrability of the gradients by
applying a Gehring-type lemma (Subsection [4.5).

We highlight that from now on, the letters r, s, ¢ refer to arbitrary real numbers that are not related to
the reaction rate coefficient and the exponents in the previous sections.

4.1 Localization

We denote by C(0) C R? the unit square centered at 0 with side length 2 and by C"(0) its upper
half. For 2° € 9Q9 let ®,0 : U,o N QY — O (0) and for 2° € Q4 let Do 1 Uyo N QY —
C1(0) be bi-Lipschitz transformations with ®,0 () = y, which exist due to (A1). Let

Lg L
Qi c e (Cppu [ 250y 0)
i=1 i=Lg+1

be a finite open covering of Qdev_ If 20 € 909 is such that I'p, N Uyo # (), we denote fDn =
®,0(I'p,, NU,0) the localized part of the Dirichlet boundary I'p,,. We find constants 0 < 7<7 <

such that for 7;(y) := |det D®_J(y)| it holds 7; € L>(C1(0)) and v < 7(y) < 7 almost
everywhere. For the center points x?, 1=1,..., L, weintroduce

o -1 o -1 D._ . D_g-1 =
U =pno®y, vpyi=p,0Py, v i=¢, 0P, U :=p;00P
2 2 3

a](y) = aj(q);; (y))7 ]/C\C’(y) = fC((D;?l (y)>7 X\org(y) = Xorg(q);?l (y))
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and neglect the dependency on w? of the transformation @ .

In the following, we concentrate on the covering of the boundary. Fori = 1,..., L, we have z{ €
009V Let 2° be one of them. According to the transformation formula, we obtain for the solution to
problem and for test functions ; € Hy, (€;) with supportin Uyo N (2 UTw; ), j = n, p, that

U oﬁﬂn U OﬁQp

= [ w7 W) 07 0) - 9.7, (07 )
 Xors( @ ()] a0 (971 (1) Va7 (1) - Ve (7 (@71 (1) +5,(27 (1))
— fo(® (4))7,(®7(4)) } }l det DO~ ()] dy
which, for H () = D®|4-1(,), gives us the “localized” relation
0= an(Vyo, H) - (V,0,H
L (@ (Fatt) - (9,78

4 o (@, (T H) - (V,5,H + V,1,H) = fe,) .

(4.1)

Here and later we leave out the argument y. Note that 0 < dy < a,y < d7 ae. in C{(0),
0<dy<a,y< dya.e.in C;{(0)N SUPPXorg- Moreover, we introduce the notation

€= minL {e : € is the smallest eigenvalue of D@I()D@x() on U, N Qde"},
Z':].,...7 7 K3 7

€= max {en . €y is the maximal norm of D(IDIOD@:CQ on U, N Qdev}.
’i=1,..., 7 2 2

We have to study the different model cases for C (0) depicted in Fig. 2] The interesting situations are
the ones at the boundary, i.e., where 20 € 9Q%". The “interior” cases (), (b) and (c) with z° € Qdev
follow by similar arguments, hence, they are only briefly discussed.

4.2 Caccioppoli-type inequalities near the boundary

We consider further squares C,(y") with smaller side length 0 < 2s < 2 and centers 3°. For a given
y’ € C),(0)and 0 < r < 1 we have C3,(y°) C C1(0). We often abbreviate C..(y") with C,. and

CHy°) = {y € C.(y°) : y» > 0} with C., respectively. For a given °, we denote by C_ . (resp.

T org

C5 org) the part of C;F(y°) (resp. C5.(y°)), which belongs to the organic region, m;,..(v) (resp.
ma. Org(v)) stands for the mean value of a function v on C'Y, _ (resp. C, .,). A corresponding notion

Torg 3rorg
is used for the electrode region C'"

rel
Note that the geometric structure of the sets C,. C C1(0) and C;" C C77(0) is not necessarily the
same as for their parents C; and C", i.e., if C'; or C{ corresponds to one of the model cases in Fig. 2
the smaller sets are in general different (except for cases (a) and (b) in Fig. [2). The new resulting cases
for C'* are collected in Tables [1]and

Lemma 4.1 Let the assumptions of Theorem[21] be satisfied. We suppose that z° € 9V and that
D0 0 Upo N — Cfr (0) is the corresponding bi-Lipschitzian map leading to one of the Cases
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(d)-(i) in Fig.P2} Let (vy, ¢,) be a solution to andv; = pjo <I>;01 the corresponding localized
part of ;, Vg = 0 P — P o @} w0 = 0,0 O — ¢, 0 @ ). Lety° € C'1+/4(0) and
0<r< }L. Then there exists a constant ¢, > 0 independent of y° and r such that

[ AVt + Rl T}
5 (4.2)

~ ~ c 2 ¢ 2
§C1/ (|Vv7?|2+xorg)dy+—;</ |an0|dy> —|——;</ |va0|dy) :
fons T + T oF

3r 3r 3rorg

Proof. We fix an arbitrary y° € C’fr/4(0) and consider 0 < r < i. Moreover, we take ¢ and s such

that £ <t < s < r. We work with cut-off functions £ € C'(R?; [0, 1]) fulfilling

0
€|Ct = 17 €|R2\05 = 07 ’V€’ < ;; (43)
where 6 > 1 does not depend on t and s. For v,,g = v,, — vf, Upo = Up — U, We have
V(vj0€) = EV0ij0+0j0VE, |Vn| < [Vl +| Vo], [Vu,| < [Vuy|+| Ve +| VoD |. (4.4)

Depending on the position of Cj(yo), we consider different test functions for the localized current-flow
equation (4:7). In particular, we choose T, = (Uno — k)&, Tp = (v, — vn, — k)€, where k; € R are
constants to be fixed, see Tab. and Tab. |2l Assuming that (ﬁn, Ep) is an admissible test function we
can use it to test to obtain with

/C+ {anVUnH . [5V(Un —v2) + (v, — U,?—h)Vﬁ]H
s + Xorgp VU, H - [é’V(vp —0P2) 4+ (vp — g — ky + 0, — 0P —k,)VE|H  (49)
~ RorgEfo(Vp — va — kp)}7 dy = 0.
Applying again [@4), we continue by
/Cj E{@n|Vr HI? + Xorgliy| Vo, H|?) }y dy

< / {60 [V 0u H||[V0P H| + RongEiy | Vo, H| V0P H)
ot
+an|vvnHHUn0 - kn||v€H| + yorgap’vva’(‘UPO - kp‘ + ‘UnO - knmvéfﬂ
+ Xorg€| fel|vpo — kp‘}”Ydy
< / (& (Vv H| + Vo2 H)) Vo2 H]
ot

+ X\orgfap(|va0H| + |Vu,0H| + |VU$H|)|VU,?H|
+an|vvnHHUn0 - kn||v€H| + yorgap’vva’(‘UPO - kp‘ + ‘UnO - kan£H|

+ Xorg& | fol[vpo — Kyl }y dy.

Using that

VU0 H? + Rorg| Voo H|? < 2(2|thr|2 + Rorg| VU, HI? + |w}3H|2),
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no | situation kn PFon | PSon | ra Dir || kp PF on PSon | ra Dir

1| CH=Ct mi | - Cr 2rxr | - || 0

2 | |CT L 1CH gl >0 || mif | - Cr 2rxr | - || 0 Cohrong | - 2rx3r | 3r

3 | CF =CF,, my | - Cr 2rxr | - | mibs, | - Clorg | 2rxr
CFnTp, =0

4 | CF=CF,, mi | - Cr 2rxr | - || 0 Choe | - 2rxr | r
CFNTp, #0

Table 1: Parameters like constants k; and the domains for the application of Poincaré-Friedrichs (PF)
or Poincaré-Sobolev (PS) inequality Lemma[B.2l and Lemma[B.3lin the Case A. Here, ra’ indicates
the side lengths of a rectangle fully included in the domains for 'PF’ or 'PS’, respectively. 'Dir’ gives the
minimal length of the involved Dirichlet boundary for 'PF’.

the definition of € and € and taking into account the bounds for v, a,,, @, fg, (4.3), and applying
Young’s inequality, we find a constant ¢; > 0 such that

v [ €l1Vunol + Toel Vi)
Cs

< /C+ c{&(IVnol + [V DIVU | + Rore& (IVvpo| + [Vonol + Vo ) Vo, |

1 . 1
+ [V |vne — kn\g + Xorg| V| ([vp0 — kip| + |0 — kn\)g

+ Xore€|vpo — kp|} dy
C1 ~ ~
< [ {2Vl + Rl T0l?)} + €V + 6ol — i
C

S

n0 — kn 2
+2|an0]2—|—cwvﬂ2+c<—v 0 )
8 s—t
~ 1 &1 D UO_k 2 UnO_an
+ Xorg (g‘VUpOP + §|ano|2 + | VP |? + C<—ps—t p) + C(—s—t > )}dy.

We exploit that £=1 in C;" and £<1, we restrict to the smaller domain C;" in the left-hand side, use
s—t € (0,1) and |vyo — kp| < 14 (Jupo — kp|/(s—t))? for the reaction term and arrive finally at

/+ (’VUTID’Q + X\org’vvp0|2) dy

oh

1 9 A~
< / {5 (IVUnol? + Xorg| Vupo|*) + (VoD + xorg)} dy 4.6)
C+

s

+ (ér /C+ C{(UHO — kn)? 4 Xorg(vpo — kp)2} dy.

Case A: Let C_;F N fDn = (). In dependence of C;", we choose the constants k; and the domains
for the application of Poincaré-Friedrichs (PF) or Poincaré-Sobolev (PS) inequality Lemma[B.2] and
Lemma|B.3 as given in Tab.

We estimate the last two terms in the right-hand side of (4.6) (without the factor (s—t)_Q) and follow
for all cases in Tab.[lthe rules:
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no | situation k, | PFon|PSon | ra Dir || k, | PFon PSon | ra Dir

5 | CF=Cty, 0o (Cs |- 6rx3r | 2r || 0

6 | Gl Gl >0 (0 | Cf |- 6rx3r | 2r || 0 | Cgopg | - 2rx3r | 3r

7 | CF=Cf,, 0o (cf |- 6rx3r | 2r [0 | Ch., |- 2rxr | r
CFNTp, #0

Table 2: Parameters like constants k; and the domains for the application of Poincaré-Friedrichs (PF)
or Poincaré-Sobolev (PS) inequality Lemma[B.2l and Lemma[B.3 in the Case B. Here, ra’ indicates
the side lengths of a rectangle fully included in the domains for 'PF’ or 'PS’, respectively. 'Dir’ gives the
minimal length of the involved Dirichlet boundary for 'PF’.

B use k, and k, as given in Tab.

B enlarge the integration domain for these terms (without factor (s—t)_Q) to the domain for
Poincaré-Friedrichs (PF) or Poincaré-Sobolev (PS) inequality, respectively

B apply PF and PS inequality Lemma[B.2l and Lemmal[B.3] with a uniform constant (geometry
information in ra’ and 'Dir’ in Tab.ensure this), max{Cps, Cp } is finite

B enlarge the integration domains to C'5, and C5,. orgs respectively.

Exemplarily, for the situation 2, we obtain

/ (00 — 1 (00) 2 + Torglvpol?)ly < / 00 — 1 (wg0) [Py + / [upo?dly
cf lohy .

T 037" org

< CPS(/C;r |ano|dy>2 +CPF</C+ |va0|dy)2

3rorg

< CPS</C; ]ang]dy>2 —i—CpF(/C+ ]V'Upo|dy>2.

3rorg

Case B: Let C_jf N fpn # (). Here we have to distinguish the three situations occurring in Tab. Note
that in the case C;F = Cif._ with C+ N Tp,, # 0 it follows automatically C N I'p, # (). Have in

rorg
mind that situation 5 has to manage also the change of Dirichlet and Neumann boundary conditions
as indicated in Fig. 2] (h). We choose the parameters as given in Tab. [2/and follow exactly the rules in

the items fixed in Case A.
In all the situations 1 - 7 we end up with the estimate

. 1 -
/ (IVVnol* + Xorg| Vupo|?) dy g/ —(IVvnol? + Xorg| Vugol|*) dy
ct CS+ 2

t

+CL$(|V05|2+Qorg)dy+@{(/CJV%OM?/)Q%— (/C+ |va0|dy>2}.

3r 3rorg

SettingR:T,ng,u:ZL: , and

Z(t) = . (‘anol2 + X\org|vvp0|2) dy, Y = C/+ (|VU¢?|2 + Sé\org) dy,
Ct 037’

DOI 10.20347/WIAS.PREPRINT.3012 Berlin 2023



A. Glitzky, M. Liero 26

W = (/C;Janolde—l— (/C+ \vao!dy)Q,

3rorg

we apply Lemma [B.4lto obtain the claimed estimate in (4.2) of Lemmal[dil [

4.3 Reflection

To extend the estimates from Lemma@.lto full squares C,2(y°) and Cs,(y"), respectively, we ex-
pand functions v; from C;"(0) to C; (0) by reflection at {y € R? : y, = 0}. Defining
’17(,3/) - vj(yhyQ)v |fy € Cl+<0)a (4 7)

’ Uj(yla _y2)7 if ) € Cl_<0)a

and extending the Dirichlet function v,’? and Xorg in the same way to '177? and §Org gives v; €

WL2(C1(0)) forv; € WH2(C(0)). We work with 0,0 = 0y, — 02 and Uy = U, — Up,.

Lemma 4.2 Let the assumptions of Lemmal4.1 be satisfied, and let y° € C1,4(0) and 0 < r < 1.
Then there exists a constant ¢o > 0 independent of yo, 1 such that

\/C {|vaﬂ0|2+§org‘vgpo|2}dy
: (4.8)

~ ~ =~ [ - 2 ¢ - 2
<t [ (WP Ry +S( [ 1Voalay) + 2( [ VEelay)”
Csr r r CSrorg

CS T

Proof. We follow the ideas in [3] and discuss separately the following two cases.
Case A: C5,.(y°) N {y € R?: y, = 0} # 0:
i) In case of y9 > 0 we use the estimate

J

apply Lemmal.l and enlarge the integration domains from C.(y°) to Cs,.(y°), from Cj .. (3°)
to Cs, Org(yo) and change the integrands to the corresponding prolongated quantities to verify the

desired estimate of Lemma[4.2]

{‘vgno‘2 + §org‘V5p0|2} dy S 2/ {|an0|2 + X\org’vvpo‘z} dy7
5 (4°) Cy ()

ii) If y5 < 0 we find for 7° = (y?, —¢/9) that

J

0) {|V5"0|2 + X\org|vfﬁpol2} dy = /

0
Cr(y

) {|V5n0|2 + X\org|vfﬁp0|2} dy

r(y

< 2/ {|ano|2+5(\0rg|va0|2}dy.
@)

Next we exploit Lemmad.7land with estimates of the type

[oowles [ japa= [ @l
C;—r (?O) Csr (§0) Csr (yO)

for functions w = Vg, Xorg VUpo, V5 and = 1,2, we arrive at the desired result.
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Case B: (3, (y°) N{y e R? : y, =0} = 0:

i) If y3 > 0 then Cfy(y") = Crj2(y°) and C3.(y°) = Cs.(y°) and Tjo = vjo. Therefore we can
directly apply the result of Lemmal[4.dl

ii) In case of y9 < 0 we find for 3° = (¢, —y3) that C,2(7°), C5.(7°) C {y € R* : y, > 0}
which ensures

L 90l Rl Tl = [ (90l + Rl Tl e
Cr(y Y

Cr(y

g/

Thus, again Lemmal4.1] and arguments as in Case A ii) give the desired estimate. This finishes the
proof. [

(@)

4.4 Caccioppoli-type inequalities for interior squares

Lemma 4.3 Let the assumptions of Theorem[Z_1l be satisfied. We suppose that 2° € Q9 and that
D0 : Upo N QY — C1(0) is the corresponding bi-Lipschitzian map producing the Cases (a), (b) or
(c) of Fig.2] Let (vn, gop) be a solution to andv; = p; o <I>;01 the corresponding localized part
Of 9j, Uno = pn © Py — P 0 B, w0 = v, — v, Lety® € C174(0) and 0 < r < 1. Then there
exists 3 > 0 independent of y° and r such that

| AVl + Rl Vil
Cr
2

~ - C: 2 G 2
<o [ WP+ Sy + ([ 1Vuoldr) = 2( [ 1Vl
Car N Jes, Mo

3rorg

(4.9)

Proof. We work with the cut-off functions introduced in (4.3) and orient ourself by the procedure for
the Cases 1 — 4 of Tab. |1l We use v,g — mr(vno) (for all cases) but v, in Cases 2 and 4, and
UVpo — mmrg(vpo) in Case 3. We can follow all the arguments in the proof of Lemmald.d] substi-

tuting the sets C;" (1°), CF ("), Clu ("), CF(4°), 5. (1), Clarg(8”), Ciog(4°), @nd C17(0)

T T Oorg
by the corresponding sets C(y°), Cs(y°), Cr/2(¥°), Cr(y°), Csr(4°), Crrorg(¥°), Csrong (y”), and
C1(0). Having in mind that the uniform bound for the Poincaré-Sobolev constant in Lemma[B.3|covers
also this situation, we obtain the result. [

4.5 Higher integrability of the gradient

Our aim is to apply the Giaquinta-Modica Theorem [B.1]to establish the higher integrability of the gra-
dients of ©,, and , stated in TheoremZl If 20 € 9N let T}, vjo be given as in @.7), while for
2% € Q% we set v; = vj, Vjo = vjo. We introduce the functions

9() = [V )] + Xore W) [VT0@)|*s 1) = (VP ®)]* + Xog®)).  (4.10)

With this, the left hand side in (48) and (4.9) can be written as 1> , 9dy- Moreover, we have for
the last two terms in (4.8) and (4.9)

1 . 2 1 . 2 1 1 2 1 2
(L wowldy) s ([ 1VRelay) < ([ gbay) <e(H gtay)
r CBr r C3r org r 037' C3r
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Thus, in summary our estimates in (4.8) and (4.9) and the definition of g and A in (4.10) ensure the
uniform estimate

1 2
][ gdyﬁc{(f gidy) +f h(y)dy} VyOEC’i(O), Vr e (0,7). (4.11)
C’I‘/2 C3'r 037‘

We apply the Giaquinta-Modica Theorem |B.1| where we set Qi := C'/4(0) and a := 1/2 and take
g and h as in (@10). Since @2 € WL‘X’(QQ") there is some b > 1 such that h € L*(C1/4(0)).

Then, (4.11) guarantees the assumptions of Theorem [B.1|for all () C Q C ®r, where Q has six
times the diameter of (). Thus, Theorem B3] yields an exponent o > 1 and a constant ¢ > 0 such

that g = [V0|? + Xorg| V|2 € L (C1/24(0)) and

*

][0214(0) g(y)* dy < c { ( fc;l(m 9(y) dy)a + 7{}}}(0) h(y)™ dy}.

Therefore we obtain the estimate

( )(|V’ﬁno|2 + Xorg| VUpo|*) " dy
0

<o{(, (Rl mrot)en) [ (o)
4l C1(0

4(0) )

S~

b

1

If 20 € 94V, restriction to the upper half square and back transformation by means of d);ol (or only
back transformation by means of ®_ if z° € Q9°") leads to

/ (IV00%" + Xorg Vippol2*") d
<I>;01(Ci4)m§2dcv

< {( o To0 FxlTay ) [ (9EF ) ),
<I>;01(C1) q:‘;ol(cﬂ

nQdev NQdev
4 1

where Y0 = ©n — gofl), Ppo = gop ©n. This finishes the proof of Theorem[2.7] since by (A1) there
exists a finite number L of sets O (01/24) which cover Q4¢V. [0

A Proof of Lemma[2.1
For fixed T, let Vi (C') denote the unique solution to

H1(C, Vi (C)) = 0, where H1(C, v) := nog( — b Gn) B

—v+ By O'p>
— : —C.
T

wI( =T

1. Because of 2(T,v) = %(C,v) = M?—g<ﬂ"’—"> + M?—Q<M-U—P> > ( for all

T ag\ T ' T T on T T
veR, T >0,C € (—Ny, Ny), the implicit function theorem can be used to obtain the relations
, OH —10H
VIT) = = |SHTVT)| ST V(D)), a
’
, OH LOH OH -1 ’
VH(C) = =[SO TR(C)] SHCT(0) = [FHC )] >0
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In other words, in (1.6) for all fixed temperatures, the quantity v, increases with increasing doping
density C. For all T' > T, we evaluate and estimate for the values v = Ej and v = Epy the
expressions n — p and obtain for v = £,

On —F, a. Nn —F a. N E g
NaoG(0:77) = Nni (=73 77) 2 57 = NG (5 1) 2 57 = NG (55 7)
and for v = Ey that
Eq o, o —Fqs o, N. Es o, N
NuoG (=55 7) = NG (0: ) SN”OQ(TG;E)_TPO— 0§ ( TaG;E)—TpO

Since for every fixed T' > T, the map C ‘N/(C) is increasing, the last 2 estimates ensure for
C' € €4op the estimate £y < V(C) < E, meaning that for all fixed C' € €4,,, we have

Ey <V(T)< Ep foralT >1T,. (A.2)
2. We use the abbreviations 7,,(T) = % np(T) = % zj=%, j=n,p. For T and

V(T) from we have [1;| < 7 and estimate

2

% . 5 exp(2;€ — 11;)
on Ty (1:24) or / ¢ (eXp(ij —ny) +1)? &

—52 exp(z;§ — 1))
“ e Lo e
o L —1 exp(—7;) S0

Vo P (7) (oxp(Z —my) + 12~

This ensures 24(T, V(T'))T > cand Z4(T, V(T)) ' % < c. Moreover, we find

11
T

oM Npo [0G Y No 10G g
o TV ) = [0 (s 20) 5 (0 20) 2] = =5 | s ) 5 (i 20) 2|
Note that

oG 0G

£2> exp(z§ —n)(n — 2§) . A3)

S o= o [ e (- ) R

Using the fact that |(ew+1 —we | < 1forall w € R, we obtain from (A.3) that the absolute value of
TSH(T, V(T)) is uniformly bounded. From (&) it results the boundedness of the absolute value of

oH
ov

vy e @ v,

ViT) = [ T or

3. Moreover, implicit differentiation gives (here we leave out the arguments)

PH PH M, N2 OH_,
5 +28U8TV(T)+W<V (T)) V(1) =0
and results in
§ OHN\1[OPH _ PH PH N2
VAT) = _<%> [8T2 25577 (D + 5 (V (T>> } (A4)
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where it remains to show that 1" times the term in the brackets stays bounded for T" > T, to establish
the boundedness of V”'(T"). We calculate the second derivatives of  as

0? N.o 02
- Z 6'_jo—g(77j;2j), where e, =1, e, := —1,

(9?]2 = J T2 8772
O*H Njo10G, G, G
SoIT —j;p T [a_n(nj’ zj) + a—ng(% Zj)nj + m(ﬂj, Zj)zj]7
O*H Nio1.0G oG
a1z Z ejT_jgo [2817 (n53 23)m; + 28 (153 2)%5
J=n,p

PG G, L, PG, .,
+ Zanaz(% zj)nizj + a—nz(m, Zj)?’]j + @(ﬁj, Zj>Zj]~

(nj,zj)‘ <1,|%(n;52)| < Zij(l—l—exp\nﬂ).Moreover,
in Step 2 of the proof of [1 1l Lemma A.2] |t was verified that

0*G 0*G

0°G
a—nz(m,zj) 62—877(77j72j)

<~ exp | (1)) < 5 expln|
—exp (1, =57 —5 €xp |7
= Pl 52 i % =22 P 17

— )

forj =n,p, 0 < T, <T,and |v| < c. This together with the boundedness of V/(T") in the relevant
arguments gives the boundedness of the term in the bracket in (A.4). Finally, we obtain the desired
boundedness of V" (T') for 0 < T, < T.

B Some useful tools and inequalities

Lemma B.1 Let ), €2y # () be open, bounded, disjoint subsets of ) C R? with piecewise smooth
boundary, and Q@ = Q; U Q. Moreover, we assume ¢lg, € H'(Qy), ¢la, € H'() and
IUsl g0|3910@92 = Tn @|8Q1QQQ2 a.e. on an N an, where 77’Z . Hl(Qz) — L2(8QZ) denotes
the trace operator with respect to Q;, i = 1,2. Then o € H'(Q).

Proof. Let v denote the outer unit normal with respect to §2;, ¥ := 02y N 0§, and let p € C§°(N2)
arbitrarily be given. Then, foralli € {1, ..., d}, Gauss theorem yields

dp dp / E)go
é%m“‘ Aﬂ%ﬁx 0. 05

0 0
= gOpdac—/ Trlgppyidf+/ g0pdx+/ Tre p pv;dl’
o, 0r; oM 0, OT; ie%

0 0
:/Qafipdx—/z(Trlgp—Trg(p)pl/idF:/Qa;ipdx.

This means ¢ € H'(Q). O

The following two lemmas result from Lemma A.3 and Lemma A.4 in [9] for p = 2.
Lemma B.2 (Uniform Poincaré-Friedrichs type inequality) Lety° € C1(0), p € (0, i] LetG C
4

(y° + [=3p, 3p]*) N [—1,1] x [0,1] be an axis parallel rectangle with length (ag + a1)p and hight
asp, where agp = mes(G N{y € R? : y; > 0, yo = 0}) is the length of the Dirichlet boundary
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anda;p = mes(GN{y € R?: y; <0, y, = 0}). Additionally we assume that ay, as € [1,6] and
a; € [0, 6]. Then there is a constant C'pp > 0 such that

[w]|72) < Corl V|7 Yw € Wi H(G)

for all G with admissible 11°, p, ag, a1, as.

Lemma B.3 (Uniform Poincaré-Sobolev type inequality) Let y° € C,4(0) and p € (0, 4] Let
G C 3° + [-3p,3p* C [~1,1]? be an axis parallel rectangle with side lengths aip and asp,
ay, as € [1,6]. Then there is a constant C'ps > 1 such that

1
lw —ma(w)|[}2q < CrslVwlliige Ywe WHH(G), me(w) = al /Gw
for all G with admissible 1/°, p, a1, as.

Lemma B.4 Let Z(t) be a bounded nonnegative function on the interval [p, R]. Let for all p < t <
s < R the inequality

Z(t) < [W(s—t)—“ + Y} +uZ(s)

withW, Y > 0andp > 0and0 < ¢ < 1 be satisfied. Then

Z(p) < el o) [WH+ Y]
This lemma is a special case of [7, Lemma 6.1]. A form of generalized Gehring lemma is

Theorem B.1 (Giaquinta and Modica, Theorem 6.6 and Corollary 6.1 in [7])
Letbe g, h € Ll(Q r) with g, h > 0 a.e. and assume that for every pair of concentric cubes () C
Q CC Qg where Q has six times the diameter of (), we have for some constant w > 0

iggdxﬂw{(ijg“dx)i—i—]ghdx},

with 0 < a < 1. Let the function h € L*(Qr) for some b > 1. Then there exist constants ¢ > 0 and
o* > 1 such that g belongs to L* (Qr/s) and
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