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Anderson Hamiltonians with singular potentials

Toyomu Matsuda, Willem van Zuijlen

Abstract

We construct random Schrédinger operators, called Anderson Hamiltonians, with Dirichlet
and Neumann boundary conditions for a fairly general class of singular random potentials on
bounded domains. Furthermore, we construct the integrated density of states of these Anderson
Hamiltonians, and we relate the Lifschitz tails (the asymptotics of the left tails of the integrated
density of states) to the left tails of the principal eigenvalues.
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1 Introduction

In this paper, we consider random Schrédinger operators of the form
—A—¢, (1)

where A = Zle O? is the Laplacian on R? and ¢ is a random potential. Such operators are also
called Anderson Hamiltonians. We consider the construction of such operators for very irregular po-
tentials £ that do not need to be functions, hence there is —a priori— no obvious interpretation of (1).
In fact, we consider a fairly general class of irregular potentials under the minimal assumption on the
regularity of the potential &, which means that we assume that the regularity of £ is —2 + ¢ for some
0 > 0. Typical examples of potentials that are within this regularity regime include the white noise,
namely the centered Gaussian field with delta correlation, in d-dimensions with d € {1, 2, 3}. Another
example is a Gaussian noise £ whose covariance is formally given by

E[6(2)&(y)] = clr —y| . c€ (0,00), a € (0,min{d, 4}).

We consider a bounded domain U and construct the Anderson Hamiltonian on U with both Dirichlet
as well as Neumann boundary conditions. For the latter, besides that the domain needs also to be
Lipschitz, we have to impose more restrictive assumptions on the potential. For example, these as-
sumptions do not allow us to construct the Anderson Hamiltonian with Neumann boundary conditions
for a white noise potential on a three dimensional domain. In order to construct this operator one ex-
pects — due to the work of Hairer and Gerencsér [29] for the parabolic Anderson model — the need to
perform an additional renormalisation, but then only on the boundary.

After constructing the Anderson Hamiltonian it is natural to investigate its spectral properties. One
of the most studied objects in the theory of random Schrédinger operators is the integrated density
of states (IDS), see for example [18, Chapter VI] and [41] for overviews. The IDS is a nonrandom,
increasing and right-continuous function on R and is often characterized as the vague limit of the
normalized eigenvalue counting functions. The left tail asymptotics of the IDS are called Lifschitz tails.
Relating the Lifschitz tails to the tail asymptotics of the principal eigenvalues is a classical result, see
for example Kirsch and Martinelli [40] and Simon [59].

We construct the IDS of the Anderson Hamiltonian with a singular potential and we relate its left tail
to those of the principal eigenvalues. In particular, by applying the work [36] by Hsu and Labbé, we
derive the precise tail behaviour of the IDS for the white noise in d dimensions, for d € {2, 3}.
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Anderson Hamiltonians with singular potentials 3

In Section 1.1 we discuss the history and references towards the Anderson Hamiltonians with irreg-
ular potentials. In Section 1.2 we state our assumptions for our main results, which are presented in
Section 1.3. In Section 1.4 we discuss the strategies and techniques that we use to derive our results.
In Section 1.5 we describe the outline of the rest of the paper and in Section 1.6 we give an overview
of some notation that is used throughout the paper.

1.1 Literature on the Anderson Hamiltonian and its spectral properties

The mathematical study of Anderson Hamiltonians with singular potentials dates back to the work [28]
by Fukushima and Nakao. They constructed the Anderson Hamiltonian with a white noise potential
and with Dirichlet boundary conditions on the one dimensional domain (—L, L), as the self-adjoint
operator associated to the closed symmetric form on H} ((—L, L)), (formally) given by

(u,v) — / Vu - Vv — / Euv.
(—L,L) (—L,L)

For £ being the white noise one has to make sense of the term f(_L L) &uw. To do so, Fukushima and

Nakao replaced it by
/ (uwv" + vu')B,
(_L7L)

where B is the Brownian motion on (— L, L) (as £ is the derivative of B, this is an integration by parts
identity). In general, as shown in Theorem 4.6 (a), for a bounded open set U in R? and a potential V'
of regularity greater than —1, it is possible to make sense of

/ Vuv
U

foru,v € Hy(U). Therefore, in that case, one can construct the Anderson Hamiltonian by considering
the associated symmetric form.

However, this approach fails to work if the regularity of £ is below —1. The treatment of such singular &
became possible only after the advent of the theory on singular stochastic partial differential equations
(singular SPDEs), most notably the theory of regularity structures by Hairer [32] and the theory of
paracontrolled distributions by Gubinelli, Imkeller and Perkowski [31].

Motivated by the theory of paracontrolled distributions, Allez and Chouk [2] constructed the Anderson
Hamiltonian with white noise on the 2D torus as the limit of

_A_€£+Caa

where &, is a regularized potential and c. is a suitably chosen constant. They obtained an explicit do-
main of the operator and its action. Subsequently, Gubinelli, Ugurcan and Zachhuber [30] constructed
the Anderson Hamiltonian with white noise on the 2D and 3D torus and studied SPDEs whose linear
part is given by (1). Chouk and van Zuijlen [20] constructed the Anderson Hamiltonian with white noise
and with either Dirichlet or Neumann boundary conditions on 2D boxes. Mouzard [3] constructed the
Anderson Hamiltonian with white noise on 2D compact manifolds, which can also be viewed as a gen-
eralisation of [2], based on the theory of higher order paracontrolled distributions [9]. Additionally, he
proves a Weyl law for that Anderson Hamiltonian; we also prove this in Proposition 5.29. Ugurcan [66]
constructed the Anderson Hamiltonian on R? using the methods of paracontrolled distributions.

The works [20], [30], [20], [3] and [66] mentioned above use the techniques of the theory of paracon-
trolled distributions [31]. Labbé [43] used the theory of regularity structures to construct the Anderson
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T. Matsuda, W. van Zuijlen 4

Hamiltonian with d-dimensional white noise (d < 3) on the box () with Dirichlet or periodic boundary
conditions. Instead of directly constructing the operator itself, he solved the resolvent equation

(a=A=&g=f feL*Q) (2
with Dirichlet boundary conditions for a large a > 0, and he defined the operator
G.f =g, where g solves (2).

Then, the Anderson Hamiltonian with Dirichlet boundary conditions is defined as G, ! — a. Although
this approach is robust, the construction is abstract and the domain of the operator is implicit.

Fukushima and Nakao [28] studied the integrated density of states (IDS) for the Anderson Hamil-
tonian with white noise potential on one dimensional intervals and derived the explicit formula that
was predicted by physicists. The IDS for the Anderson Hamiltonian with white noise potential on two
dimensional boxes was constructed by Matsuda in [47].

Besides the study of the IDS, quite related are the studies of the asymptotics of the eigenvalues. Chouk
and van Zuijlen [20] showed the asymptotics of the eigenvalues in two dimensions for a white noise
potential and Labbé and Hsu [36] extended this to three dimensions. Most recently, Bailleul, Dang and
Mouzard [5] studied different properties of the Anderson Hamiltonian and its spectrum, for example
the corresponding heat kernel and heat kernel estimates are studied, estimates of the norms of the
eigenfunctions in terms of the size of their corresponding eigenvalues are given and a lower estimate
on the spectral gap is given.

We remark that in one dimension with white noise, beyond the asymptotics of the eigenvalues and the
study of the IDS, more is known about the spectrum properties.

Namely, McKean [48] showed that appropriately shifted and rescaled principal eigenvalues converge,
as the segment size grows to infinity, to the Gumbel distribution in law. Cambronero and McKean [15]
and Cambronero, Ramriez and Rider [16] derived precise tail asymptotics of the principal eigenvalue
on the fixed torus. Dumaz and Labbé investigated the detailed statistics of the eigenvalues and the
eigenfunctions in a series of works [25], [26] and [24]. No analogous results are known for singular
potentials other than the white noise in one dimension (see the conjectures in the introduction of [36]).

1.2 Assumptions

The following will be assumed throughout the paper.

Assumption. We fix the dimension d € N\ {1}. We let Q := &’(R?), P a probability measure on
the Borel-o-algebra on €2 that is translation invariant. The random variable £ is defined by &(w) := w.
There exists a & € (0,1) such that for all o € (0, 00) one has P(¢é € C~2%7(R9)) = 1. where
C~2%7(R%) is a weighted Besov-Holder space, see Definition 2.2. A smooth, symmetric function
p € S(R?) with [ p = 1is given and we set

o —d (o~ .
ps($) =€ p(g 137) and & = pex¢.
Besides the above assumptions, the following three assumptions will appear in our main results.

I Assumption | (see 3.10) guarantees the convergence of the BPHZ models associated to the
regularity structure of the generalized parabolic Anderson model

d d
Ou = Au + Z gi.;(w)Ojud;u + Z hi(uw)Oiu + k(u) + f(u)é.

ij=1 i=1
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Anderson Hamiltonians with singular potentials 5

In principle, we assume this convergence to hold throughout the paper. However, since its pre-
cise formulation requires a labour, it will be stated at the end of Section 3.1.

Il Assumption Il (see 5.7), stated in Section 5.3, is necessary to construct the Neumann Anderson
Hamiltonians by our approach (but not necessary for the Dirichlet Anderson Hamiltonian). This
assumption allows the 2D white noise but excludes the 3D white noise.

[l Assumption Ill (see 5.22), stated in Section 5.4, supposes that the probability measure P is er-
godic under the action of translations. This assumption is very natural to construct the integrated
density of states.

Remark 1.1. We do not allow d to be equal to one for the reason that in that case we are not guar-
anteed to have an admissible kernel for our green kernel G as mentioned in the beginning of Sec-
tion 3.1.2. However, the use of the theory of regularity structures in this case is an overkill. Moreover,
the case d = 1 has been well-studied (for a white noise potential).

1.3 Main results

Now we state our three main results of the paper. The first result concerns the construction of Ander-
son Hamiltonians on bounded domains, with Dirichlet boundary conditions. With a “domain” we mean
an nonempty open subset of R? (remember we assume d € N\ {1}).

Definition 1.2. Assume | (see Assumption 3.10). Let ¢ > 0 and c, be the constant defined as in (89).

(a) For a bounded domain U we define H>V to be the self-adjoint operator on L2(U),
—A - 55-: +Ce 3)
with Dirichlet boundary conditions.

(b) For a bounded Lipschitz domain U we define H>V to be the self-adjoint operator (3) on L*(U)
with Neumann boundary conditions.

Remark 1.3. Actually, in Section 5 we first define the operators H2>V and H>-V as those that corre-
spond to symmetric forms given in terms of the stochastic terms that we introduce in Section 3. Then
we show that these equal (3).

Definition 1.4. [54, Definition p. 284] Let A, A, A», ... be self-adjoint operators on a Banach space
X. We say that the sequence (An)neN converges in norm resolvent sense and write

NR

A, —

n—oo A

Tim (4 A,) 7~ (4 4) 7 xox = 0.

A sequence converges in norm resolvent sense if and only if the above convergence holds with “i”
replaced by “\” for any A € C \ R [54, Theorem VIII.19].

Theorem 1.5 (Theorem 5.4). Assume | (see Assumption 3.10). Let U be a bounded domain. There
exists a self-adjoint operator H>Y on L?(U) such that

HOU LN 10 HY in probability.

Furthermore, each of the operators has a countable spectrum of eigenvalues and the eigenvalues of
H>U converge in probability to those of HU .

The limit H™V is independent of the mollifier p.

DOI 10.20347/WIAS.PREPRINT.2976 Berlin 2022



T. Matsuda, W. van Zuijlen 6

The second main result concerns Anderson Hamiltonians on bounded Lipschitz domains with Neu-
mann boundary conditions.

Theorem 1.6 (Theorem 5.17). Assume | and Il (see Assumptions 3.10 and 5.7). Let U be a bounded
Lipschitz domain. There exists a self-adjoint operator H™Y on L*(U) such that

H U —>5 10 HNU in probability.
Furthermore, each of the operators has a countable spectrum of eigenvalues and the eigenvalues of
HNU converge in probability to those of H™V.
The limit H™Y is independent of the mollifier p.
Remark 1.7. The statement of Theorem 5.4 is actually slightly more general. Convergence in prob-
ability implies that there exists a subsequence and a set {2; C () of probability one such that the

subsequence converges everywhere on (2. For the convergence of the Dirichlet operators, this set
(21 can be chosen independently from the choice of bounded domain U.

The last main result concerns the integrated density of states (IDS) of Anderson Hamiltonians. For
example, we show that the notion of the IDS for Anderson Hamiltonians with smooth potentials can be
extended to irregular potentials.

For a bounded domain U and L € [1, co) we write |U| for the Lebesgue measure of U and
Up:=LU={zreR*| L'z e U}.

Recall that for the Anderson Hamiltonian with a smooth ergodic potential V' the integrated density of
states Ny is given by the right-continuous and increasing function R — R with lim, _, o, Ny (\) =
0 for which, with (A} (U))ren being the eigenvalues of —A — V' with Dirichlet boundary conditions
on U (counting multiplicities), for any bounded domain U and continuity point A of Ny,

Jm |UL| kEZN Loy = Nv(d).

Theorem 1.8. Assume I and Il (see Assumptions 3.10 and 5.22). There exists a right-continuous and
increasing function N : R — R with

lim N(X) =0,

A——00
such that the following holds:

(@) For(AR(U))ken being the eigenvalues of H™V as in Theorem 1.5 (counting multiplicities), almost
surely, one has for every bounded domain U and every continuity point A of N

hm |UL| Z]]_{/\ (U)K} — N()\)

L—oo
keN

(NN is called the integrated density of states of the Anderson Hamiltonian with potential £.)

(b) Let N. be the integrated density of states of the Anderson Hamiltonian with potential £. — c.,
where c. is the constant defined by (89).
Then, N . converges vaguely to N (see Definition 5.33).

(c) One haslimy_ oo A2 N(N) = ”féfﬂ’)?‘

DOI 10.20347/WIAS.PREPRINT.2976 Berlin 2022



Anderson Hamiltonians with singular potentials 7

(d) For any bounded domain U and o € (0, 00), the following identities hold in [—oc, 0]:

lim sup(—A)"%log N (A\) = limsup(—\)"*log P(\}(U) < \),

A——00 A——00
liminf(—=A)"*log N (A) = liminf(—=\)"*log P(AT(U) < \).
A——00 A——00

(e) Assume furthermore Il (see Assumption 5.7). For (A} (U))ren being the eigenvalues of H™U as
in Theorem 1.6, for every bounded Lipschitz domain U and every continuity point A of N,

. 1
LIL%%O U_L! keZN Loww<ay = N()), almost surely.

Proof. See Theorem 5.38, Theorem 5.41 and Theorem 5.42. O

With the above theorem in combination with [36] we obtain the precise tail behaviour of the IDS for the
Anderson Hamiltonian with white noise potential in d dimensions.

Corollary 1.9. Letd € {2,3} and £ be the d-dimensional white noise. Then,

8 —4
Rg

, _4-d
/\1_1>1_noo(—)\) 2 logN(\) = _dd/2(4 — d)z-df?

where K, is the best constant of the Gagliardo-Nirenberg inequality

1/ llsay < CIV ANt 1 £ ail
Proof. This follows from Theorem 5.42 and [36, Theorem 2]. O
Remark 1.10. The case d = 1 is of course known, see [28]. The case d = 2 was proved in [47]. In

physics literature, these tail behaviours have been already expected (e.g. [17], [12]).

1.4 About the strategies and techniques

Let us discuss our strategy of proving Theorem 1.5. The core idea is the following: instead of directly
working on the operators themselves, we work on the symmetric forms associated to them. In fact, we
are inspired by Gubinelli, Ugurcan and Zachhuber [30], where they figured out that the form domain of
the Anderson Hamiltonian is quite simple on the torus with 2D or 3D white noise. To see how we can
benefit from this idea, we observe the following elementary lemma (the proof follows by integration by
parts, see also Lemma 4.5).

Lemma 1.11. Let U be a bounded domain, (,w € C=(U) andu € C=(U). Setw’ = e “u.
Then, one has

/(|vu|2 ) = / (V|2 — / (¢ + [Vl? + Aw) ()2, @
U U U
As Lemma 1.11 suggests, to make sense of the symmetric form

(u,v) — /U(Vu -V — &uv),

DOI 10.20347/WIAS.PREPRINT.2976 Berlin 2022



T. Matsuda, W. van Zuijlen 8

for the singular potential £, one hopes to find smooth functions w. such that the sequence of functions

e (& + |Vwe* + Aw,) (5)

converges to some limit y of sufficient regularity such that (yyu”, v”) makes sense for u’, v’ € H}(U).
It turns out that this is possible, when we replace &. in (5) by . — c. for some constants c. that diverge
as ¢ | 0. For a description on how to choose w,, see the discussion after Theorem 3.3.

As mentioned, our proof of Theorem 1.5 relies on the theory of symmetric forms. In particular, the
work [42] by Kuwae and Shioya is important for us as it provides a correct notion of convergence of
symmetric forms bounded below. Another key ingredient to the proof of Theorem 1.5 is the theory of
regularity structures initiated by Hairer [32] and developed by Bruned, Hairer and Zambotti [13] and
Chandra and Hairer [19]. Regarding this, see Section 3.

An important idea used in Lemma 1.11 is the exponential transformation. This is now a well-known
technique in singular SPDEs. The most notable one is the Cole-Hopf transform of the KPZ equation
as used by Bertini and Giacomin [10]. Hairer and Labbé [33] used the exponential transformation to
simplify the 2D parabolic Anderson model. As already mentioned, Gubinelli, Ugrucan and Zachhuber
[30] used it to construct the Anderson Hamiltonian with 2D or 3D white noise. Recently, Jagannath and
Perkowski [38] applied it to simplify the construstruction of the dynamical <I>§ model and Zachhuber
[67] applied it to prove global well-posedness of multiplicative stochastic wave equations. A major
drawback of the exponential transformation is the lack of robustness. For instance, it does not work if
we replace the Laplacian with a fractional Laplacian.

The strategy of proving Theorem 1.6 in which the Neumann operator is considered is similar to that of
Theorem 1.5 in which the Dirichlet operator is considered. However, as one has to deal with a bound-
ary term in the Neumann setting (basically due to the integration by parts formula, see Lemma 4.5),
we will have to impose an additional assumption.

Finally, let us discuss Theorem 1.8. There are two standard approaches to construct the IDS: the
path integral approach [18, Section VI.1.2] and the functional analytic approach [18, Section VI.1.3].
In our framework, we cannot use the path integral approach. Indeed, it was shown in [47] that the
2D white noise is critical for this approach in that the Laplace transform of the IDS is finite only for
small parameters. Therefore, if the regularity of the potential £ is lower than that of the 2D white noise,
we expect the blow-up of the Laplace transform of the IDS for any parameter. Hence, in this paper
we adopt the functional analytic approach. This approach, introduced by Kirsch and Martinelli [40], is
based on the super-(sub-)additivity of the Dirichlet (Neumann) eigenvalue counting functions and the
ergodic theorem by Akcoglu and Krengel [1]. There is one significant problem in our situation. That is,
without Assumption 5.7, we do not have Neumann Anderson Hamiltonians. To solve this problem, we
introduce artificial Neumann Anderson Hamiltonians (see Definition 5.19). For this to be possible, it is
crucial that we have a rather explicit representation of the symmetric form associated to the Anderson
Hamiltonian. Many technical estimates here are inspired by Doi, lwatsuka and Mine [23].

1.5 Outline

In Section 2, we introduce some notation related to the function spaces that we use. Technical esti-
mates related to the objects introduced in Section 2 are postponed to Appendix A. In Section 3, we
describe a theorem (Theorem 3.3) to construct some continuous functions Wy and some distribu-
tions Y that are required to define the symmetric forms associated to the Anderson Hamiltonians.
We postpone the proof of this theorem to Appendix C: This is done because it requires the full-fledged
theory of regularity structures [13], which will be reviewed in Appendix B. In Section 4, we cover some
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Anderson Hamiltonians with singular potentials 9

theory on (deterministic) symmetric forms that will be relevant to our problems. In Section 5, we give
the definition of the Anderson Hamiltonians and prove the main theorems.

1.6 Notation

We set N := {1,2,3,...} and Ny := {0} U N. We call a subset of R? a domain if it is an open
subset of R?. We denote by U the closure of a subset U of RY. Given a subset U of R?, L € (0, c0)
and z € RY, we set

Up:=LU ={yeR| L'y e U},
d(z,U) = inf{lz —y| |y € U}, BU,R) :== {y € R?|d(y,U) < R} and B(x,R) :=
B({z}, R). We denote by |U| the Lebesgue measure of a measurable set U.

We denote by S (Rd) the space of Schwartz functions equipped with the locally convex topology
generated by the Schwartz seminorms, and, by S’(Rd) the space of tempered distributions, that
is, the dual space of S(IR?). We denote by supp(f) the support of a distribution or a continuous
function f in R%. Let k € N U {cc}. For a domain U, we write C*(U) for the k times continuously
differentiable functions on U and C*(U) for those functions in C*(U) with compact support. For a
closed set V' C R? (we will consider U and AU for domains U), we define

CH*V) = {flv : f € C*R)}.
For a subset U of RY, either open or closed, we define

I fller@y = sug Z 0% f(x)| ifk < oo

T e <k

We denote by LP(U), p € [1, 00, the usual Lebesgue LP-space on U. We denote by (F, f) the dual
paiting of ' € S'(R?) and f € S(IR?) and the dual pairing of Besov spaces [57, Theorem 2.17].
We denote by f * g the convolution of f and g. By duality, the convolution f * g for f € S(R?) and
g € S'(R?) is defined and represents a smooth function.

Let A, X besetsand f,g: Ax X — [0, 00]. We write f(a,z) <, g(a,x) if there exists a constant
C' € (0, <] (possibly) depending on a —for which we also write either C' = C'(a) or C' = C,— such
that f(a,z) < Cg(a,x) for all . We will not explicitly write the dependence on the dimension d, i.e.,

”

we write “<,,” instead of “S4.,”.

2 Function spaces

2.1 Besov spaces on R?

Here we describe definitions and important properties of Besov spaces on R?. Technical estimates
related to Besov spaces will be given in Section A.1.

Definition 2.1. The Fourier transform of f is defined by
Ffly) = [ flx)e™ ¥ dz
R4

for f € S(R?). We define Ff for f € S'(RY) by duality: (Ff, g) := (f, Fg) for g € S(R).

DOI 10.20347/WIAS.PREPRINT.2976 Berlin 2022



T. Matsuda, W. van Zuijlen 10

Definition 2.2. Let X, yx be smooth radial functions with values in [0, 1] on R? with the following
properties:

m supp(X) € B(0,4), supp(x) C {z € R4 | ¢ < Jo| < 5},
B X(r) + > Zgx(27x) =lforz € R7and 3., x(2772) = 1forz € R\ {0}.
The existence of such X and  is guaranteed by [4, Proposition 2.10]. For f € S'(R%) we set
ALf=F'xFf), Af=F'x@7)Ff), jeN.
Let p, g € [1,00] and r € R. For o € R, we set
we(x) = (14 |z|*)75.

The weighted nonhomogeneous Besov space B)7(R?) consists of those distributions f in S'(R?)
such that || f{| g7 ray < 00, where

7 laggn = || (277 w0y lluoas)

=—1

Lq

Let us mention that the norm actually depends on the choice of y and y, though the space does not.
See for example [4, Corollary 2.70]. [4, Lemma 2.69] implies that different choices of Y and y as above
give equivalent norms.

We set C™7(R?) := BL7 (R?) and write C"(R) := C"°(R?), B} (R%) = BJ9(RY).

2.2 Sobolev-Slobodeckij spaces on bounded domains

Recall that a bounded domain U of R? is called a bounded Lipschitz domain if its boundary can be
locally approximated by Lipschitz functions (for the precise definition see [65, Definition 4.3]).

Definition 2.3. Let U be a domain in R?. Let p € [1,00] and r > 0.

(a) The space W (U) is the completion of { f| | f € C*=(U), | flullws @) < oo} with respect
to the norm

| fllwy @) = Z 10% fll ey + Z (0% Flyyr=1r1 5
a€eNG al<r a€eNg,|al=|r]

where [glwo() = 0 and for s € (0,1),

(W)I?
[9lws ) = (fUXU |lz— y\g+yps dwdy) p <00,
! l9(@)—g(y]]

SUPgyet lo—y|<1 ~ [a—y[s + P = OO
We set H"(U) := W3 (U). We denote by W ;(U) the completion of C2°(U) with respect to
the norm ||-[|yy;y gy (not |- [|w; () and we set HT’(U) = W3,(U).
(b) Let U be a bounded Lipschitz domain and € (0, 1). The space W (OU ) is the completion of
C>°(0U) with respect to the norm
lglov lwravy = llgllLr@vy + [glwr o0y
where
P
<f3U><(9U Jg( y|dg(1%’r);|7r dZE dg) p < 0,

lg(x)—g(w)I _
Supx,yeé)UJa:—y\gl |lz—y|" p = oo.

[g] Wr(oU) “=
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Anderson Hamiltonians with singular potentials 11

Remark 2.4 (Equivalent definitions). For a bounded domain U, let W;(U) be the space of f € LP(U)
such that the distributional derivatives 0° f for [a| < r arein LP(U) and | f||wy ) < oc.

Then W (U) is the closure of C2°(U) in WZ’,"(U) and if U is a bounded Lipschitz domain, then
Wr(U) = W;(U), see for example [52, Theorem 1.2] or [50].

Definition 2.5. For U a domain in R% and r > 0 we also write C"(U) = W2 (U) and || f||cr ) =
1/ lwz @)-

The following lemma relates the Sobolev-Slobodeckij spaces W (and C™) for U = R to the Besov
spaces.

Lemma2.6. Lets € (0,00)\Nandp € [1,00]. Then W (R?) = B; (R%), C*(R?) = C*(R%) and
the norms ||-||yys ey and ||| ps (e are equivalent (hence || cs(re) are equivalent).

Cs(R9) and H .

Proof. This follows by [64, p.90]: For p € [1,00) one has W;(R?) = Bj (R?) with equivalent
norms, see [64, p. 90 and p.113] (W*P(RY) is written instead of WS(RC?) and it is shown that
WS(RY) = A3, (RY) = B3, (R9)), for C*(RY) = C*(RY) = B2, __(RY) with equivalent norms, see
[64, p.90 (9), (6) and p.113] (actually, in [64] C*(R?) is defined differently but shown to be the same
as B3, . (R7)). O

Lemma 2.7. Let U be a bounded Lipschitz domain.

(@) SetD := Upept,colrefo,e) W, (U). There exists an extension operator . : D — S'(R?) such
that

B .(f) = f asdistributions on U for f € D,
[ ||L(f)||W;;(Rd) N ||f||w;(U) foreveryp € [1,00], 17 € [0,00) and f € D,
B (f) € C®RY) forall f € C=(U).

(o) Letp € (1,00) andr € (1,1 +1). Then, the map C>*(U) — C=(0U), f +— f|ou extends
p p

1
uniquely to a bounded linear operator T = Ty w) : Wy (U) — W, ?(dU). Furthermore,
there exists a bounded linear operator that is the right inverse of T .

Proof. For (a) see [61, Chapter 6] in combination with [63, Section 4], or, for - € [0, 1), [22, Theorem
5.4]. For (b), see [45, Theorem 3]. O

Definition 2.8. An extension operator ¢ as in Lemma 2.7 (a) is called a universal extension operator
from U to RY. The operator 7 as in Lemma 2.7 (b) is called the trace operator.

3 Stochastic terms for the Anderson Hamiltonian

As we motivated below Lemma 1.11, for a singular random potential £, in this section, see Theo-
rem 3.3, we derive random functions W, and scalars ¢, such that

Ve (€ — co + VW2 + AWL)

converges to some random Y of sufficient regularity.
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In the rest of the section, i.e., in Section 3.1, we discuss the necessary definitions of the theory of
regularity structures such that we can describe our main assumption: Assumption 3.10. The proof
of Theorem 3.3 needs the full-fledged theory of regularity structures and is therefore postponed to
Appendix C.

The W. are given in terms of a convolution with the Fourier cutoff of size /N of the Green’s function.
We tune this IV (randomly) in such a way that we can get desired bounds on .. Therefore, we first
introduce some notation on the Green’s function and its Fourier cutoff of size V.

Let G be the Green’s function of —A on R? (d > 2), which means that —AGx f = f for f € S(R?).
That is, G is the distribution which is represented by the function defined for x # 0 by

= log|x| ! d=2
G([L’) — 2 o )
{mm a2,

where wy is the volume of the unit ball in R? (for d > 3,G = F1(|2m - |72)).

Definition 3.1. Let y be the function introduced in Definition 2.2. For N € N, we set
Gy = F (1 =x@2"N))2r]7?).

Remark 3.2. Let ¢ € (C°°(RY) be such that ¢ is a Schwartz function for all 1) € S(R?) (equiva-
lently, ¢ and all its derivatives are of at most polynomial growth). If g is a tempered distribution, i.e.,
g € S'(R%), then the product ¢g is defined by

(69, 0) = (g, 0¥), ¥ € SRY).

The function ¢ = (1 — x(27V))| - | 72 is such a smooth function. Therefore we can define its Fourier
multiplier, for which we use same notation as the convolution (as it generalises the convolution), i.e.,

we write Gy * f = F (1 — x(27V)| - |2 Ff).

Theorem 3.3. Under Assumption 3.10 stated below, fore € (0,1) and N € N there exist random
variables X¢ and Y5 in C*(R?), X in §'(R?) and Yy in S'(R?) with the following properties:

B roreveryo € (0,00), X is almost surely inC~2%? (R%) and Yy is almost surely inC =157 (R%),
and forallp € [1,00)

lsiﬂ)lHXE = Xl o (e c-2+e(ray) =0,

lingY]@ —Ynllor@c-1+s0o@ay =0, N EN.
€.

Furthermore, for all p € [1,00), X — £ is an element of LP(IP, C~22%7(R4)),

161%”)(5 o 55 _ (X — §)HLP(P7672+26,0(Rd)) = 0,

and there exists an integer b = b(9) € N, independent of o and p such that

a:=a(d,0) = sup 27"V || Yy |lc-1450(ge) € LP(P). (6)
NeN

The limits X and Yy are independent of the mollifier p.
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B For N € NysetW§ =Gy x X and Wy = G x X, where G is as in Definition 3.1. Let
U be a bounded domain.

If M and € are random variables (depending on U) with values in Ny and (0, c0), respectively,
such that ||Was|| Loy < 1 and ||W5; — Wiyl ey < 1 almost surely, then one has

VW5 |? + AWE, + e 2WiYs, = —€ +c.  onU almost surely,

for some scalars c. that are defined in (89).
Proof. It follows from Proposition C.27 and Corollary C.36. O

Let us present the heuristic idea behind the derivation of TV For this purpose, we introduce a formal
notion of degree deg, which coincides with |-|; given below. We set deg(§) = —2 + 4, deg(0;7) =
deg(7) — 1, (=A)™'7 = deg(7) + 2 and deg(r; - 7») = deg(m) + deg(7s). The degree deg(7)
more or less reflects the regularity of 7.

Remember that we are going to construct a W such that £ + [VIV|? + AW is sufficiently regular.
Our strategy is to first neglect the | VIV |? term (as its degree deg(| VIV |?) is greater than deg(AW))
and try to find a W such that AW compensates the irregularity of £&. The most natural choice for this
is W = (—A)~'¢ Then,

E+ VWP + AW = [V(=A) TP = .

Observe deg (1) = —2 + 20, which is greater than deg(£) = —2 + 4. If the degree —2 + 24 is too
small to our taste, then we instead set

W= (=A)"(E+ 7).
For this W we obtain

E+ VWP + AW =2V(=A)"'¢ - V(=A) ' + [V(=A) 7'

where deg(mz) = —2 + 30 and deg(73) = —2 + 40 are both greater than —2 + 2. One can
repeat this argument until one obtains a sum of terms for £ + |VIV|?> + AW such that each term
has sufficiently large degree. (As Theorem 4.6 (a) shows, “sufficiently large” means that the degree is
greater than —1.)

The above arguments are not yet mathematically rigorous, as for instance, the term |V (—A)~1¢|?,
that is the inner product of V(—A)~!¢ with itself, a priori does not make sense since V(—A)~!¢ is
not a function in general. Moreover, it turns out that |V (—A)~1£,|? itself does not converge as ¢ |. 0,
but if we take a “renormalization” of it, namely

[V(=A)7 —E[V(=A)7&[*(0)],

then it does converge in probability. Then, we take the limit of it as our definition of 7 (instead of
the nonrigorous definition |V (—A)~1£|? above). The theory of regularity structures, which aims to
solve singular stochastic partial differential equations, provides a correct framework for this operation
of renormalization.
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3.1 A brief discussion on regularity structures

The theory of regularity structures was first introduced by the seminal work [32] and developed by
[13], [19] and [14]. It provides a general framework to solve singular stochastic partial differential
equations. There are other theories to solve singular stochastic partial differential equations, most
notably the theory of paracontrolled calculus [31], [9], [7], [8]. In this paper, we use a regularity structure
(A, 7, G) for the generalized Parabolic Anderson model (gPAM)

d d
=1

ij=1

as constructed in [13]. In what follows, we simply say that .7 is the regularity structure for the gPAM
instead of the triplet. The vector space .7 is equipped with Hopf algebras

(9+7%7+71+7A+71/+7%+) and (9,,,/(7_,1,,A,,1L,427,)

(written in the following order: vector space, product, unit, coproduct, counit and antipode) and coac-
tions
AT - T®F and AT =T 07.

For the precise definitions of them, see Definition B.26. In the terminology of [6], the pair (7, 7, ) is
a concrete regularity structure and the pair (.7, ) is a renormalization structure.

A decorated forest is a 5-tuple (F,F,N, 0,¢) equipped with a type map t, see Definition B.3 for
the precise definition. If F' is a tree, we call it a decorated tree. We write (F), F)QN" for brevity. The
vector space .7 has a canonical basis B(.7) = B(HZE) (see Definition B.22), whose elements are
decorated trees. The symbol =, which represents the noise &, is identified with the decorated tree

a
o:= Ie (7)
p

with F'(p) = F(a) = F(e) = N(p) = N(a) = o(p) = o(a) = ¢(e) = 0 and t(e) = =. This
decorated tree belongs to B(.7). The polynomial X" is identified with the decorated tree ® with
F(e) =0,N(e) = k and o(e) = 0, which belongs to B(.7). We write 1 := X°.

A grading ||, (see Definition B.6) is assigned to each element 7 of B(.7) and one has a grade
decomposition .7 = @©3.73, where 7 is the subspace generated by {T € B(.7) | |7|+ = S}
In fact, the index set A of the regularity structure is identified with {|7| | 7 € B(.7)}. We have
2|, = —2 + 4. One has integration operators .¥ := %, %, : T — 7 for k € Nd with |[k| = 1
(see Definition B.5). We often write .7, := .%,, where e; is the ith unit vector of R¢.

3.1.1 Models

Recall the notion of models 2 = (II,I") from [32, Definition 2.17]. In our situation, the scaling s is
uniform: s = (1,1,...,1). We also need the functional ||||.x and the psuedometric ||; -||.x from
[32, (2.16) and (2.17)].

Definition 3.4. A smooth map K : R?\ {0} — R with supp K C B(0, 1) is called an admis-
sible kernel if it satisfies [32, Assumption 5.1] with K (x,y) := K(z — y) and with § = 2 and if
Jpa @K (z)dz = 0 for |k| < 1.
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Definition 3.5 ([32, Definition 5.9]). Given an admissible kernel K, a model (I, ") for .7 is said to
realize K if one has

A
I, %7 =0"K « 7 — Z %

MK e T (2)

JENG:|7| L +2—|5]—|k|>0

for every 7 € B(7), k € Nd with |k| < 1and z € R%. The space .# (.7, K) of all K-admissible
models is endowed with the topology induced by the collection of pseudometrics (- ; -[[l,x)+,x- In
fact, the space . (.7, K) is a complete metric space.

Definition 3.6 ([13, Definition 6.9]). We call a linear map IT : 7 — S’(Rd) a (C-)realization if
M1 =1, TI==¢(, TII(X*7r)=2"Ir foreveryr € B(7).

A realization is called smooth if its image is a subset of C*°(R?). Given an admissible kernel K, a
realization I1 is called K -admissible if it additionally satisfies

MM.9,(7) ="K x 7 forevery 7 € B(.7) and k € NI with |k| < 1.

Definition 3.7 ([13, Definition 6.8]). Let /X' be an admissible kernel. To a smooth K -admissible real-
ization I1, one can associate a model

Z (1) = (I1,T)
realizing K as in [13, Definition 6.8]. We denote by . (.7, K) the closure in .# (.7, K) of
{Z(IT) | IT is a smooth K -admissible realization}.

Definition 3.8 ([13, Proposition 6.12]). A (K -)canonical realization I1°*™¢ for &. is the smooth K-
admissible &.-realization characterized by the identities

Hcan,5<7_0_) — [rcane (T)Hcan,s(o_)’ Trcane <%a7> — Hcan,eT’
where Z,7 is obtained from 7 = (F, F')N° by resetting F'(p,) = 1 and o(7) = o We set

D@pcan,a = (HC&H,€’ I‘\C&Il) = g(HC&Hﬁ)‘

3.1.2 BPHZ renormalization

In this section, we fix an admissible kernel K : R%\ {0} — R such that the function K — G
on R?\ {0} extends to a smooth function on R? and K = K(—-). The existence of such K is
guaranteed by [32, Lemma 5.5]. All models below are supposed to realize this K.

In the situation of our interest, the model 2°°*™¢ does not converge as ¢ | 0. To obtain a limit, one has
to “twist” the realization I1°**. This operation of twisting is called renormalization. The most natural
renormalization is called the BPHZ renormalization, as introduced in [13].

Definition 3.9 ([13, Theorem 6.16]). The BPHZ realization TI®Y1%< is a unique ¢.-realization char-
acterized by the following properties:

B II8PH2%e = (g @ TI°™¢) A° for some algebraicmap g : 7~ — R;
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B Forevery 7 € 7 with |7, < 0, one has E[ITBPHZ27(0)] = 0.

We set
gyBPHZe . _ (HBPHZ,s PBPHZ,s) — Qp(HBPHZ,s)‘

Now we can state our important assumption of the noise £. Heuristically, it claims the convergence of
FBPHLE i [7(P).

Assumption 3.10 (Assumption I). As € | 0, the family of models (ZP"%) 1) converges to
some model Z°BPHZ — (T[BPHZ TBPHZ) ‘independent of the mollifier p, in .4 (.7, K) in probability.
Furthermore, there exists a &’ € (0, 1) with the following property. For every p € 2N, there exist
constants CPP"” € (0, 00) and a map eJ"1% : (0,1) — (0, 00) such that lim, o )" (c) = 0
and the estimates

E[|<HEPHZT, ¢Q)C\>|p] < C}]UBPHZ)\p(|T\++6/)’
EH <HIBPHZT - HIBPHZ,ET7 ¢i>|p] < E:I]?PHZ(g))\p(|T|++6/)
hold for all z € RY, A € (0,1), ¢ € C*(RY) with ||¢||c2(ray < 1 and with supp(¢) € B(0, 1) and
7= (T,0)%° € T with |7] . < 0. Here we write ¢ := A~9p(\71(- — x)).

Remark 3.11. The work [19], see especially Theorem 2.31 and Theorem 2.34 therein, gives conditions
of the noise £ under which Assumption 3.10 holds. It is worth observing that Assumption 3.10 holds
for the 2D and the 3D white noise, and the Gaussian noise £ whose covariance is formally given by

E[§(x)¢(y)] = v(z — y),

where v : R\ {0} — [0, 00) is smooth and bounded away from 0 and for some § € (0, 1) we have

sup  sup  |OFy(a)||x|mEDHE < o0
keNg, z€B(0,1)\{0}
|k|<6d

see [19, Theorem 2.15]. For example one could take 7y to be given by

V(@) = cla[™"
for some ¢ € (0,00) and a € (0, min{d, 4}).

4 Analysis of symmetric forms

It is common practice in the theory of rough paths [44] to first show the existence of sufficiently many
stochastic objects and then apply deterministic analysis to derive results. In this section we consider
the (deterministic) analysis of symmetric forms, which we use in Section 5 in combination with Theo-
rem 3.3 to construct the Anderson Hamiltonian and derive its spectral properties.

First we recall the definition of a symmetric form and some related definitions in Definition 4.1, then
we describe the symmetric forms 5{{,73 (in Definition 4.2) that we will study in Sections 4.2 and 4.3.
We motivate the study of SVL{,,Z from the viewpoint of the Anderson Hamiltonian, before we turn to the
examples of bounded symmetric forms in Section 4.1, basic spectral properties of the symmetric forms
and their associated self adjoint operators in Section 4.2 and finally consider estimates of eigenvalues
in Section 4.3.

We recall some definitions of symmetric forms.
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Definition 4.1. Let H be a Hilbert space over R. A bilinear map Q : D(Q) xD(Q) — R, with D(Q)
a dense subspace of H, is called a symmetric form on H if Q(u,v) = Q(v,u) for all u,v € D(Q).
Let O be a symmetric form on H. We write

9]y = sup |Q(u, u)]. (8)

u€D(Q),[|lullm=1

If [Q]x < oo, then we call Q a bounded symmetric form. In that case, without loss of generality we
assume D(Q) = H. The set of bounded symmetric forms is a Banach space under the norm [-] .
Then, a sequence (Z,,),en of bounded symmetric forms converges to a bounded symmetric form Z
if

[Z. — Z]u — 0.

Let M > 0. A symmetric form Q is called M -bounded from below if Q(u,u) + M |ul|3, > 0 for all
u € D(Q). Itis called bounded from below if it is M-bounded from below for some M > 0. If Q
is M-bounded from below and (D(Q), Q + M (-, -)y) is a Hilbert space for some M > 0, then Q
is said to be closed. If Q is a closed symmetric form and M is as above, then a subset of D(Q) is
called a core for Q if it is dense in the Hilbert space (D(Q), Q + M (-, ) u).

Observe that a symmetric form is determined by its values on the diagonal of H x H, i.e., Q(u,v) =
1[Q(u+ v,u+v) — Q(u,u) — Q(v, v)]. For this reason we often only define symmetric forms on
the diagonal.

Definition 4.2. Let U be a bounded domain, W € L>°(U) and Z be a bounded symmetric form on
H*(U) for some s € [0,1). We define the symmetric form £ = £f}, ; on eV H'(U) as follows: for
u = e’ withw’ € H'(U), we set

E(u,u) == & z(u,u) == / A\ ()2 dz + Z(u’, ).
U

Let us turn to the motivation of studying the symmetric forms of the form 5{/{,72 as above, by extending
the motivation given below Lemma 1.11. As we also want to motivate the construction of the An-
derson Hamiltonian with Neumann boundary conditions, in Lemma 4.5 we prove a generalisation of
Lemma 1.11 that allows to consider smooth functions up to the boundary. For that we first recall an
integration by parts formula on bounded Lipschitz domains.

Lemma 4.3 ([27, Theorem 5.6]). Let U be a bounded Lipschitz domain. Then, the outer unit normal
v exists a.e. on OU and we have

/ Vf(a)- Vola / f@Ag@)dr+ [ f@)V.aa)as() ©

for every f € H'(U) and g € C*(U), where S is the (d — 1)-dimensional Lebesgue measure on

oU and forx € OU "
© o) o i 25 @) — o),
h—0 h

IfU is not necessarily Lipschitz, then
[ V@) Vowyde = - [ j@)agle)da
U U

forevery f € H'(RY) and ¢ € C?(U).
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Definition 4.4. Let U be a bounded Lipschitz domain and v be the outer unit normal on OU. For
measurable functions f and g such that g is continuously differentiable, and fV, g is integrable on
OU (with respect to .S, see Lemma 4.3) we write

fVg-dS = fV,gdS.
ou ou

Lemma 4.5. Let U be a bounded Lipschitz domain, {,w € C*(U) andu € C>®(U). Setu’ :=
e~ “u. Then, one has

[ vuk =t
= / |V’ )? — / (¢ + |Vw|? + Aw) (u°)? —|—/ e (u’)*Vw - d8S.
U U

ou

Proof. One has

/e2w|w\2:/ €20V (¢~ /|Vw|2u2+/|Vu|2 /Vw-V(u2>
U U U

and by integration by parts (Lemma 4.3) one has

/Vw V(u / u*Vuw - dS—/U(Aw)u2. O

By this lemma (or Lemma 1.11) and by Theorem 3.3 (with the notation as therein) we see that the
Anderson Hamiltonian with potential &, — c.,

-A - & + ., (10)

on U with Dirichlet boundary conditions, corresponds' to the symmetric form on H&(U) given by

Vul? = (& —cu? = | V|V |2 + 25, 00), o =eVu
| M
U U

g/fw’z]s\/[ (u’ U,),

where, due to the identity
£ —co + VW52 + AWE, = —e 2y s,

the symmetric form Z5, is given by

Z&(U,v):/UYf/[vQ.

When we instead consider (10) on U with Neumann boundary conditions, we additionally have a
boundary term, in the sense that the corresponding symmetric form on Hl(U) is given by £V _
where

Z]M

Zy (v, v) = Z5,(v,v) +/ Wi? VW5, - dS.
ou

"For a discussion on the correspondence between operators with Dirichlet (Neumann) boundary conditions and sym-
metric forms on H{ (on H?), we refer to [21, Section 6 and 7].
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The latter integral over the boundary OU will be decomposed into a few different terms. Let us recall
from Theorem 3.3 that W}, = G * X°. Then

/aU VP VWE, - dS = Z5,(v,0) + 25, (v, v),
where
ZE,(v,v) /a Wi?V(Go + &) - d8S,
/d WitV (G + (X° — &) - dS

+/ V2V ((Gay — Go) +E.) - dS
ouUu

Cj

Q

In order to study the convergence of the Anderson Hamiltonian with potential £, — c. with Dirichlet
and with Neumann boundary conditions in the resolvent sense, as we will show in the present section
(see Lemma 4.15 and Theorem 4.17), it suffices to consider a certain continuity of gv[{/,z as a function
of W and Z.

Before we turn to that more general setting, let us elaborate on this a bit more for the limits we want
to consider. By Theorem A.3, for all o € (0,00) we have &, — £inC~2%7 almost surely (as
Assumption 3.10 actually guarantees that & € C~2+9+%9 for some k > 0), and by Theorem 3.3 we
have almost surely

Vi — Y inC7HO0(RY), (11)
X = XinC 2 (RY), X°—& — X —€inC 220 (R,

Therefore, by Corollary A.10 and Lemma A.6 we have the following convergences almost surely

W, — Wy in C7(RY), (12)
V(Go* &) — V(Go ) in C~17%7 (RY), (13)
V(G * (X —&)) = V(G * (X =) in 717207 (RY), (14)
V(G — Go) x£) = V((Gar — Go) %) in C>7(RY). (15)

For the convergence of the Anderson Hamiltonian with potential £. — c. on U with Dirichlet boundary
conditions, (12) and (11) suffice (the latter convergence implies the convergence of the symmetric
form Z3,).

If we instead consider Neumann boundary conditions, we additionally need Z~§4 and ZAj4 to converge.
The convergence of 2‘,5\/[ is guaranteed by (15) and by (14) if we assume ¢ > % as then both con-
vergences imply convergence of the restricted function to QU in L>(QU). In order to deal with the
convergence of Ze , the convergence (13) does not seem to suffice, due to the integration over the
d— 1 dimensional boundary OU. Let us elaborate on this. We can write 25, = (KU e*Wiry?), where
YV is the distribution ¢ Jou V(Go*&:) dS. The distribution YV could be formally interpreted as
the product of V(G * &) with the distribution d4r;, given by ¢ +— fBU © dS. The distribution dg;; is
of regularity —1 (e.g., for ' = [0, 1]4~! x {0}, 0 is the tensor product of 1,141 and dg, which are
in C°(R4~1) and C~*(R), respectively; hence the tensor product is in C~1(IR%), see [58]). Hence the
product of these two, and thus ?EU, converges only in the space of regularity —2 + §. Under additional
assumptions (Assumptions 5.7) on &, we will basically show the latter for 6 > % This turns out to be
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sufficient; and we do not need to have regularity > —1 but only > —%. This is due to the following
identity

Zi(v,0) = (Y, R(VHT (0)%).

The allowance of % less/ regularity is due to the use of the trace operator 7 and the operator R
(which is the composition of the right inverse trace operator and the extension operator); observe that
v — v* forms a map Wfq(U) — WP (R") whereas v — R[(Tv)?] forms a map WZ(U) —

L_¢
W, (R

4.1 Main examples of bounded symmetric forms

Recall the notation [-] from (8) and the constants in Definition A.11.
Theorem 4.6. Letd € (0,1),0 € (0,00) ands € (1 — 9, 1).

(a) LetY € C~1*+%9(R%). For any bounded domain U and ¢ € C>°(R?) such that¢ = 1 on a
neighborhood of U, the formula

ZI(v,v) = (oY, 1yv?)

defines a bounded symmetric form on H3(U) and if U is moreover Lipschitz, it also defines a
bounded symmetric form on H*(U). The symmetric form Zg is independent of the choice of
¢. Moreover, for . > 1

[[ZgL]]HS(UL) Seev L* 1Y |g-1+5.0(Ray, (16)
0
and if U is a bounded Lipschitz domain, then

1204 i) Soer LN (o145 ray- (17)

(b) Let U be a bounded Lipschitz domain. Suppose that § € (%, 1) and s € (% —9,1). Let

e€(0,6—13),p€(200)andq € (1,2) besuchthat% +§: 1 and

1 1 d
fi=2—04+e—-<—, 2—04+e——+4+ —<s. (18)
2 29  2p

Q| =

LetY € B, 20 (RY) with supp(Y) C U, ||Y: — ?“B;,Z*‘s(]l{d) =% 0 for some Y- given by
p = [y efedS for f. € LYOU), andV € CP(U). Then, with T =T 4,1 'R aright
2 (U)

14%
inverse of T and v a universal extension operator from U to R? as in Lemma 2.7,

Z(v,v) = Z?Uy(v,v) = (Y, 1o R[V(Tv)?])

defines a bounded symmetric form on H*(U) that is independent of the choice of R and .
IFY; € B;g*‘s(Rd) with supp(f/L) C UL andVy, € CO(Uy) for L > 1, then

. ) ~
1255 L) Ssepv LN Villosw) IVl 240 zay. (19)
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(c) LetU be abounded Lipschitz domain. Supposed € (0,1) ands € (3, 1). LetY € ClHoo(RY)
andV € C°(R%). Then, with T = Tys(ury as in Lemma 2.7 (for the notation see Definition 4.4),

é’\gv(v,v) ::/ V(Tv)?VY - dS
ouU
defines a bounded symmetric form on H*(U) for every s € (3,1). Moreover, for L > 1

~Y

(22 Vv Soowr LNV loswn ¥ lerso ey, (20)

Proof. (a) Let us first consider U to be a bounded Lipschitz domain and v € H*(Uy,). We comment
on how to obtain (16) afterwards. Let ¢ be as in the statement. It is rather straightforward to check that
the definition of Z¥ does not depend on ¢. Observe that therefore ZJ% (v, v) = (¢(L~")Y, Lyv?)
forall L > 0. Chooseap € [1,00|andance € (0,0) suchthat 1 — 6 4+ ¢ + 2% < sand po > d.By
the duality of Besov spaces [57, Theorem 2.17], we have

(ALY, Ly, 0%)] Sep [O(L™H)Y N pes gy 11w, 07| 1o -

By Lemma A.4 and Lemma A.1 (more specifically, (62) using that po > d) we have
Hgb(L_l‘)YHB;;l)JrJ(Rd) 5]),6,0’7(;5 L20‘|Y‘|B;;+6’20(Rd) §p,67o' LQUHYH(jflJré,U(Rd).

Then by Lemma 2.6 (see Definition A.11 for Cyrue and Cproq)

11y, v° ||31 (R Sop 11, v? ||W1 ey = Cl\ljlfllt[wl 6]””2”14/1 S(Ur)

v LU (o e Ul |

Now we apply the embedding estimate (see Definition A.11 for Cgmpeq) and the estimate HUHHH+S+% )
L
Soep Ul ms@,) (@81 —0+¢e+ 2% < s), we have

HUHWl te(U) Soep CEmbed[Hl eta Wl HE]HUHHS(UL)-

Hence

[2)i ) Sacwo L2 Orae Wy ™) Cplog[H' 7 — Wi

X Capea H® = Wag “F|[Y [le-1s50 ).

Therefore (17) follows by Lemma A.15. If U is not necessarily Lipschitz but v € H§(U), in the above
estimates, we can replace the constant C] . [qu_‘s} by 1 and the estimate (16) follows similarly.

(b) First, observe that the requirements for the existence of 7 and R as in Lemma 2.7 are satisfied.
Indeed, (3 + 2—1q € (2q7 1+ 5 ) or equivalently, 5 € (0,1),and2 —§ € ( 1+ ) On the one hand
wehave2—4d € (1,2) C (q, 1+ é) and because ¢ € (0,6 — ) and + 5 € (5, 1), on the other hand
wehave6:2—(5—|—€—%<2—%—%zland6>2—(5—1:1—(5>0.

Again by the duality, we have

(Y, o RIV(TOP D] Sop 1Y [l 520520l 0 RIV(T )] 525 - (21)
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Again, by using Lemma 2.6,
lo o RIV(T0) ) 25 ey S ltlliwz-snmwi-s @ IRV (T hyp-e o0y (22)

Now we estimate ||V (7 v)?
(Tv)?, then

[Vw]wﬁ “(8U) /8U /8U |V|x_y|d 1)+|q(|gb())| dS(z) dS(y))a
/aU/aU |¢|x_ = 1)-‘y|-q|v<)>| dS(x) dS(Z/))a
S Wl ([ [ A0 56)as0) " + IVl lblus<n,

dS(y) 7
Sﬁﬁ ”VHCLS(Rd) (1 + sup /BU —‘x — y‘d—l—qe> 1 HwHWqﬁ*S(aU)’

zedU

lyw5- 1)~ Recall the notation [-] from Definition 2.3 (b). If we set ) :=
q

where we used ||V oy V [V @w) S IV IIws @) = IV llesw) which holds because § <
1

53 < 0.

Therefore, by observing

||(TU) ||WB €(oU) < CProd[W2q - Wﬁ €]||TU||Wﬁ . (9U)
< ChroaWay = W ITIol?

6+2
2q
s B+, ,
and [[v]| 51 < ChupealH® = Wy “][[0]lm=(v), we obtain
Waq, U
_ s Bt _
IIZ]]HS(U ~56,E,p CProd[WQBq — Wqﬁ 6]C'Igvlrlb(ed[‘[{ — W ’ ] C [Wq2 6]

dS(y) 7 U 2
X <1+ sup/ —) Cht Wl s Ry s T !
veoU Jour |l’ . y|d_1_qg E t[ 2 6]” W, (8U)|||| Wf:Tq(U)H

X ||V||06(U)||Y||Bp—,g+5(Rd)~

Let us now check that Z is independent of the choice of R and ¢. For ¢ € C(T) N W7 (U) and
V € C>=(U) the function t o R[V(T ¢)?] is equal to V? on QU and thus for ¢ > 0

f(Lo RV(Tp)?])dS = -V dS.
ou U

By the above estimates we have already seen that ’ZYU V(’U) is continuous as a function of Y, V and
v. As C=(U) N W} (U) is dense in W (U), V is the limit of smooth functions in C**(U) and Y is
the limit of Y7, it therefore follows that Z is independent of the choice of R and ..

Therefore, by (21) and (22) (as we may take the infimum over + and R),

Y, 0o RIV(To) D Sop 1Y 1l 572490y s Wa_sl IV (T0)? =< o0y

With this (19) follows from Lemma A.15 (for the estimate on the C'gupeq We Use the second inequality
in (18)) and because

/ _dSy) / () / dS(y)
(21053 |I - y|d—1—qa au |L.I‘ — Ly|d—1—qa oU |£L’ _ yld—l—qa’
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so that

d i ds i
sup <1 —i—/ %) < Lf sup (1 +/ +>1_> .
zedUy Uy, |:)3 - y| * xcoU ou |:L‘ - y| *

The latter supremum is finite: f@U Ixylci—qu is finite for all x € OU due to the fact that U is a

Lipschitz domain, so that by the compactness of QU it follows that the supremum is finite as well. The
other L factor comes from Cipo s (W3, — Wi =¢] <, L¢, see Lemma A.15.

~D;

(c) First, observe that (for v being the outer normal on OU)

/a ) vrrv)?vums‘ < IV o0y 199 ey 1T o

U B
‘Zf,’v(v,v)‘ =

Secondly, use || T v||L2(a0) < ||Tv||W5,%(aU)
2

IVY || ovy) < NIO(L7H)VY || oomay S QL) VY lles@ay Ssos LY [lcrvoemay, where
the Iast inequality is due to Lemma A.4. (20) then follows by Lemma A.15 (observe that we use that
s > 3 in order to have sup > || Tysu,)|| < 00). O

< | Tasa)lllvlzswy, IV le@oy < IV les@wy and

4.2 Basic spectral properties

In this section we study the spectral properties of the Dirichlet and Neumann operator corresponding
to £, which are introduced in Definition 4.9.

Assumptions for this section 4.7. In this section, U is a bounded domain.

Definition 4.8. Let Q be a symmetric form on a Hilbert space H. Let D be the set of u € D(Q) such
that there exists a @ € H such that Q(u,v) = (@, v) g forallv € D(Q). For such u the element @
is unique, and we will write Au = @. Then A on D forms a linear operator on H, called the operator
associated with Q.

Definition 4.9. If Z is a bounded symmetric form on HJ(U), then we write 551/% for 5U7Z with

DQ(SI?‘}’UZ) = " Hj(U) and let H> = HPV = sz be the operator associated with 53/% on
LA(U).

It Z is a bounded symmetric form on H'(U), then we write £y for SVZ{,Z with D(Ey'z) = eV HY(U)
and let HY = HNU = ’HWZ be the operator associated with 5 = on L2(U).

Definition 4.10. Let U be a bounded Lipschitz domain and s € (0, 1). We define

| f1] 225 )
C’II{D[HS] = sup
serm@nioy 1o 1 5 o

If U is a bounded domain that is not necessarily Lipschitz, we define C{{)[HS] similarly as above by
replacing “H*(U)” by “H{(U)” for a being either s or 1.

Lemma4.11. Lets € (0, 1). Let Z be a bounded symmetric form on H§(U). Then, forany § € (0,1)
andv € H}(U), we have

2zl
20,0 <5 | 9o + (6 +6 5 CRI= 1250 ) ol

If Z a bounded symmetric form on H*(U'), then the above statement holds with H; replaced by H*.
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Proof. We only prove the claim for a bounded Lipschitz domain. One has | Z (v, v)| < [Z] s w)l[vl| 3+ -
By interpolation and Young’s inequality (using that a*b'=* < a + b),

S S 2(1—s S __s
01wy < CRIE Pl @ vl < CRIETMllvl3n ) + 177 [vl32 )

for any 7 € (0, 00). Therefore,
|2 (v, 0)| < lZ] @) CR P 0l ) + 07 = (2L CEo P 0] 2o .

We can choose 7 so that & = 1[Z] =) Ctp[H°]? and use that [|v]|71 ) = 1]1Z200) + [y [VOI
O

Proposition 4.12. Let W € L>(U) and Z be a bounded symmetric form on H(U) for some
s € (0,1). Then SE,UZ is closed and eV C>°(U) is a core. Consequently, H® is self-adjoint.

If Z instead is a bounded symmetric form on H*(U), then SVNVUZ is closed and "V C>(U) is a core.
Consequently, H~ is self-adjoint.

Proof. In view of Lemma 4.11 and the symmetric form version of the Kato-Rellich theorem [39, Theo-
rem 1.33 in Chapter VI], we can assume Z = 0. Observe that for u = e"'u’, v’ € H'(U)

e Wl € o (1, 0”) < Ewolu,u) < MW=y (u”,0).

Therefore the claim follows as & ¢ is closed and C'2°(U) is a core for & .

The self-adjointness of the corresponding operators follows as they are closed densely defined and
symmetric, cf. [21, Section 4.4]). O

By applying a standard result from the spectral theory, we can easily show that the spectrum of H" on
a bounded domain and that of 1" on a bounded Lipschitz domain are discrete and that the min-max
formula (also known as the Courant-Fischer formula) holds for the eigenvalues.

Proposition 4.13. The spectrum of H is given by a sequence of eigenvalues (/\E)zozl (counting
multiplicities), such that (with the notation  for “is a linear subspace of’) \} > \5 > -- -,
vi=NU; W, 2) = inf sup  (H u,u) 20y,

LCD(H)  wel
dim L=k [|ul| ;2 (=1

= inf sup  E(u,u),
LceWHLU)  wel
dim L=k |lull 2 =1

= inf sup  E(u,u)
LceW R (U)  wel
dim L=k " [Jul| 21, =1

and limy_,. A) = oc. In particular, (A — ”;'-[D)_1 is a compact operator for all A that are not in the
spectrum of HP. If U is a bounded Lipschitz domain, an analogous statement for H™ holds if H} (U)
and C°(U) are replaced by H'(U) and C>°(U).

Proof. By well-known results of spectral theory (see e.g., [21, Corollary 4.2.3, Theorem 4.5.2, Theo-
rem 4.5.3] in combination with Proposition 4.12), it suffices to show that the form domain is compactly
embedded in LQ(U), which follows from the compact embeddings of Sobolev spaces (see [11, Theo-
rem 8.11.2] for the fact that the embedding H] (U) — L*(U) is compact for any bounded domain U
[11, Theorem 8.11.4] for the fact that the embedding H*(U) < L?(U) is compact for any bounded
Lipschitz domain U). O
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We show continuous dependence of the spectral structure with respect to W and Z. This follows from
the result of [42].

Definition 4.14. Let H be a Hilbert space and M > 0. Let (Q,):2, and Q be closed symmetric
forms that are M -bounded from below. We use the following convention: if u ¢ D(Q), then we set

Q(u,u) := oo,
(a) [42, Definition 2.8] We say the sequence (Q,,)°2; I'-converges to Q, if the following hold:

(i) If the sequence (u,,)5°, converges to w in H, then

Q(u,u) < liminf Q, (uy, uy). (23)

n—oo
(i) Forany u € D(Q), there exists a sequence (u,,)5>; in H such that

u, —uwin H and lim Q,(up,u,) = Qu,u).

n—oo
(b) [42, Definition 2.12] The sequence (Q,,)>°_; is said to be compact if the condition

sup Qy, (tn, up) + (M + 1)||un |3 < o0
neN

implies (u,, )22, is precompact in H, that is the sequence has a converges subsequence in H.

(c) [42, Definition 2.13] We say the sequence (Q,,)22; converges compactly to Q if (Q,,)>
[-converges to Q and if (Q,,)° ; is compact and write

compact

Lemma 4.15. Let H be a Hilbert space and M > 0. Suppose that (Q,,)>>_, is a sequence of closed
quadratic forms on H that are M -bounded from below and converges compactly to Q. Let A,, (resp.
A) be the self-adjoint operator associated with Q,, (resp. Q).

(@) [42, Theorem 2.4 and Theorem 2.5] For any bounded continuous function f on R, we have
1£(An) = f(A)|l o — 0. In particular, A, >, o A (see Definition 1.4).

(b) [42, Corollary 2.5] Let .., (resp. \i) be the k-th eigenvalue of A,, (resp. A), counting multiplic-
ities. Then, we have lim,,_,oc \i, = A\, for any k. Moreover, for any k there exist (a choice of
the) k-th eigenfunctions ¢y, ,, (resp. ¢i,) of A,, (resp. A) such that ¢y, , converges to ¢y, in H.

Remark 4.16. In the proof of the following theorem we use the following elementary fact. If (an)neN is
a sequence in R and lim inf,, ., a,, < 00, then there exists a strictly increasing function ¢ : N — N
such that lim inf,,_, o, a,,) = liminf,_, a, and sup,,cy apm) < 0.

Theorem 4.17. Let s € [0, 1). Suppose that W,, — W in C'(U).

| S IIZ’VI — Z]]HS(U) n—>_c>o> 0, then

ED’U compact 5D’U
Whn,2Zn n—oo YW 2

B /fU is a bounded Lipschitz domain and [ Z,, — Z] He(U) 7% ), then

N,U compact N,U
g Zn n—00 SW,Z :
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Proof. We only prove the second statement. We first show that (Sﬁfmzn)neN is compact. Suppose
supply Ey, 2, (Un, upn) + (M + 1)HunHL2 < 00. We set 1’ := e~ "Wru,,. By Lemma 4.11, we
have sup2%, ||| 117y < oo because for any (5 € (0,1),

SUp Ew,, 2, (U, Upn) = sup/ AV VU 12+ 2, (u, u)
U

n=1 n=1

> sip e~ 2Wallz= (1 ) / |V’ |? — (5 + OO TS [Z,] 5 Ho ) >||un||2Lz(U),
U

n=1

and thus supS ;|| uy, || 1y < 0o as W,, — W in C(U). Since the embedding H'(U) < L*(U)
is compact, the sequence (un) | is also precompact in L2(U).

Next we show that (&}, 2 )o2, I'-converges to EW.z- Since (ii) of Definition 4.14 (a) is trivial, we
focus on showing (i) Definition 4.14 (a (a).

Suppose that (u,,)°2, converges to u in L?(U). As we want to show (23), we may assume
lim inf,,_,~ Swfizn (U, u,) < 0o and by Remark 4.16 we may as well assume

SUp,,en cS'N’an(un, u,) < oo (by possibly considering a subsequence), so that by the above
sup,en ||, || 1oy < 0o It suffices to show

/62W|Vub|2 gliminf/ eQW”|VuZ|2, (24)
U n—oo U
lim Z,(u,u) = Z(u’,u). (25)
n—oo

Since the sequence (u”,)°_, is uniformly bounded in H'(U) and converges to v in L?(U), by inter-

n

polation it converges to v’ in H*(U) from which (25) follows. For v € C(U),
<VUEL, U>L2 ) = <U VU>L2 U) — — <U V’U>L2(U) <VU 'U>L2(U)

which implies that (V)% , converges weakly to Vu’ in L2(U). Therefore, (V" Vu’ ), con-
verges weakly to "V Vu’ in L?(U) and this implies (24) (this follows for example by the dual repre-
sentation of the norm on L?(U)). O

4.3 Estimates of eigenvalues

In this section, we give deterministic estimates of the eigenvalues and the eigenvalue counting func-
tions of the operators constructed in Section 4.2. The motivation comes from the study of the integrated
density of states in Section 5.4.

Assumptions for this section 4.18. We assume the following throughout this section:

B W is a continuous function defined on R
W s < [0,1),U is the collection of bounded Lipschitz domains.

B ZYis a bounded symmetric form on H*(U) forall U € U.

For each U € U, we let EY = £, ., be the symmetric form defined in Definition 4.2. Recall the
notations H™Y and H™Y from Definition 4.9 and A} (U), A2(U) from Proposition 4.13.
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Remark 4.19. For Dirichlet boundary conditions we do not necessarily need to consider Lipschitz
domains. Indeed, if I/ would instead be the collection of all bounded domains and ZY a bounded
symmetric form on H(U) for all U € U, then the statements of Lemma 4.21, Lemma 4.27 (a) and
Lemma 4.31 (a) remain valid.

Definition 4.20. For # € {N,D} and U € U, we define the eigenvalue counting functions N (U, \)
for A € R by

N#(U,/\) N#vz U, ) :Zﬂ{x (U;W,2)<A}
k=1

We set N7 (U, \) = Ngfo(U, A), which is the eigenvalue counting function of the Neumann or the
Dirichlet Laplacian on U.

For L > R > 0 we set
UR:=U,NBOUL,R), COULR):={xecU|dz,doU) =R} (26)

(Observe C(9UL, R) = OUf*\ OUL.) We denote by H, »(Uf*) the closure in H' (Uf") with respect
to H'-norm of the set

{¢ € C=(UE) | ¢ = 0 on a neighborhood of C'(dU, R)}.

Let N'(UE, \) be the eigenvalue counting function of the operator associated with the symmetric
form (u,u) — [;;z|Vu|® with the domain Hy; (UT").
L

Lemma4.21. LetU, U, Uy, € U, U; C Uy and A € R. Then
NP(U,\) < NY(U,\),
NP(Uy, \) < NP(Us, N).

Proof. Since Hg(U) C H'(U), the min-max formula (Lemma 4.13) implies A\2(U) > A\¥(U) for
all k£, and thus the first inequality. The second also follows by the min-max formula, as H&(Ul) -
Hi(Uy). O

Lemma 4.22. LetU € U, s € (0,1),60 € (0,00) and A € R. We set
A5 oW, Z) = (1 £ 0)e W= (X £ Ay),

where

0 _%‘3 2 2s
Api= ALY =0+ () ORI me 2] 7

Then, one has

NB(U,A5,(W, 2)) < N°(U,\) < NYU,\) < N3(U,Ajy(W, 2)).

Proof. We onIy prove NY(U, \) < Ny (U, Aj\r@(U W, Z)); the other inequality follows similarly. By
setting & := 25¢ e 2IWlz>w) | emma 4.11 yields

1Z(u’, )| < 5/\Vub\2+A+e2”W”L°°<U)/(ub)2.
U

U
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One has [, 2V |Vu’|> > e 2IWlle=w) [ |Vu’[2 Therefore, by Proposition 4.13,

A(U) = inf sup /UeQWIVubF + Z(’, )

LCHY(U), weL,
dlmL:k‘ fe2w(ub)2*1
e 2WllLeow)
> inf sup /\ —A+62”WL°°(U>/(ub)2
L:Hl(U), v eL 146 U
dimL f62w ) _1

e 2WliLeew)

> inf Vb
- 146 {L:gll(U), sup /l u\

- u EL
dim L=k I W (40)2

We compute
inf sup / IVw’|? = inf sup / IV’ |?
L[Hl( uEL LCHY(U) ’ uEL
dim L= f62W dim L= f€2W 2<1
: b2
> inf sup /]Vu]
L;Hl(U), welL, U
LR p e Wz w)
e 2IWlew) \¥(17; 0, 0). (27)
Therefore,
N e~ WL ) N1 y
> — ;0,0) —
k( ) e 1 +0 k:( s Yy ) +
and the claimed inequality follows. O

As Lemma 4.22 suggests, we need estimates of N#(U, A). The following lemma is sufficient for our
purpose.

Lemma 4.23. Let U be a bounded Lipschitz domain.
(a) Then, there exist Cy;, Ry > 0 such that
NMUE N) < CyRE(L+ A2 L4
forevery L > 1,A\>0and R > Ry.
(b) [56, Theorem 3.1 and Theorem 3.2] There exists a C{; > 0 such that

%wu — Oy Tog A < N2(U, )

[B(0,1)

o) ||U|A*+0,;A% log A

< Ny(UN) <
for every \ > 2.

Proof. The claim (a) follows from the proof of [23, Theorem 6.2]. Indeed, we can combine the esti-
mates (6.20), (6.23), (6.24) and (6.25) therein. O
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Definition 4.24. Let Q; and O, be closed symmetric forms on Hilbert spaces H; and H, that are
bounded from below. We write Q; < Qs if there exists an isometry & : H, — H; such that

®(D(Q2)) € D(Q1) and Q1(P(f), D(f)) < Qal(f, f) forevery f € D(Qs).

Lemma 4.25. Let Qq, Q5 be as in Definition 4.24 and let A, and A, be the associated self-adjoint
operators. Suppose that the spectrum of A, and that of By are discrete and we denote them by
(i (A1))e2, and (ur(As))e2, respectively. Then, Q1 < Qo implies (A1) < px(Asz) for every k.

Proof. This follows from the min-max formula. O

In order to compare the eigenvalue counting functions on different domains, it will be convenient to
introduce the following symmetric forms.

Definition 4.26. Let J € N. Let £; be a symmetric form on a Hilbert space H; for j € {1,...,J}.
We define the symmetric form @jzl &; on the Hilbert space €@ H; by D(@jzl &) = @}]:1 D(E;))
J . J J

and for v = Bj_, v; with v; € D(&;), (D=, &) (v, v) == 35, Ei(vs,v)).

Observe that if A; is the operator associated with &; for all j, then the operator @j:l A; defined by
@j:l A = @‘j:l Ajvjforv = @}]:1 vj € @}]:1 D(A;) =: D(@jzl A;) is the operator asso-
ciated with @;']:1 &;. In particular, the principal eigenvalue of @}]:1 A, is given by min;]:1 A (4A;),
where \;(A;) is the principal eigenvalue of A, for all 5.

. . J
Moreover, if A; has a countable spectrum for all j, then one has N@lefj = ijl Ngj, where
N g is the eigenvalue counting function corresponding to the operator associated with Q.

Observe that using this notation, one also has IN 0455 =0 (252), where J is the symmetric form
J(v,v) = ||v||*. Moreover, Q; < Qy implies Ng, > No,.

Lemma4.27. LetU,U,...,U; €U, U = UleUj WithUj NU; = oU; N OUy, for j # k.

(@) If

ZYi(v,v) = ZY(v,v),  ve Hy(U;),5 €{1,...,J}, (28)
then
J
A(U) < zjnzi?Xf(UJ) and N°(U,\)>> N°(Uj,\) (29)
j=1
(o) If
ZU<U,U) = ZZUJ'(U|Uj,U\Uj), ve HY(U), (30)
j=1
then ;
J
N(U) = minX}(U)) and N¥(UA) <) N(U;, )
j=1

Proof. (a) follows from the fact that &7_, Hj (U;) € Hy(U).
(b) As L*(U) and @jzl L*(U;) are isometric, H*(U) C &7_, H*(U;) and

J
EV(u,u) = Z}]=1 EY (uly,,uly,) for u € eV H'(U), we have &7_,ENYi < ENY. Now both

inequalities follow from Lemma 4.25 (see also the comments in Definition 4.26). O
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Remark 4.28. Observe that (28) and (30) hold for U, Uy, ..., Uy as in Lemma 4.31 (a) if § € (0, 1),
o € [0,00), Y € C'(R?) and ZY is given by Z{ for U € U as in Theorem 4.6 (a); or if
Y € C*(R?) and ZY is given for U € U by

ZY(v,v) = / Vv2VY - dS,
U
or if it is a linear combination of the above examples.

We can give a “reversed” inequality of (29). First we present an auxiliary lemma which is based on the
IMS formula, see [60].

Lemma 4.29. LetJ € NandU,Uy,...,U; € U. Letn, ..., n; be smooth functions R? — [0, 1]
such that there exists an A > 0 such that

J
IVl <A, GE{L.... T} > n=1lonU.

j=1
Then

J
Eivo(uu) = Y Exo(nyu,nyu) — Alnyullzz, ue " HY(U).

j=1
Proof. Observe that >_7 | V(n;)? = 0. Letu = Vv’ with v’ € H'(U). Then

njz-]VubP = V(") — [V, (v")? — V(n?)- WV,

and therefore

/62W|Vub|2:Z/eQWn?|Vub|2
U = Ju
J
>3 { [ V)P - Al .

j=1

O
Remark 4.30. So far we have only considered the Anderson Hamiltonians on bounded domains, which
means bounded open subsets of R?. However, whether one considers U or U, does not intrinsically
make a difference. In the following lemma and further on we will consider the Anderson Hamiltonian

on closed boxes of the form [0, L]d for example. One may read (0, L)d instead in order to align with
the rest of the text, though we write [0, L]? as this is more common in the literature.

Lemma4.31. Let Z € C~'T(R%) with 6 € (0, 1) and suppose ZV = ZY as in Theorem 4.6 (a) for
every Lipschitz domain U .

(@) There exists a K > 0 (which depends only on d) such that for all U € U, all |, L. > 0 with
L >2landn € N,

K
A([0,nL]") > min (KL + [, L+1]%) - =

T kezdn[—1,n+1])d 12’

N(o.nZ) < Y ND(k:L+[—l,L+l]d,A+5).

2
keZ4n[—1,n+1]4
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(b) There exists a K > 0 (depending only on d) such that for all U € U and s € (1 — §, 1) there
exist Cs 7, Ry > O such thatforall L > 1, \ € R and R > Ry,

NYUp,\) < N°(Up, A+ KR™?)

d372s

1
+ Cop RILY e = Wl wn (1 4 max{\, 0} + [2] .11,

d
2 .

Proof. (a) According to [20, Lemma 8.2], there exists a smooth function 1 : R — [0, 1] with = 1
on [0, L — 2I]* and supp(n) -2, L] such that || V|7« (ga) < 1> and

Z n(z+kL)? =1 forz e RY
kezd

We set 1y, := n( -+ (I,1,...,1) + Lk) for k € Z%. Observe that supp(n;,) C kL + [—I, L + []4,
and,

Z n: = 1on[0,nL)"
ke[-1,n+1]9NZ4
Therefore, the map

D Lz([ou nL]d) - @ L2(kL + [_l’ L+ l]d)7 u (nku>k€[—1,n+l]dﬁzd'
ke[—1,n+1]4nZd

is an isometry and @ (e Hy ([0, nL]?)) C @1 n41janzaee” Hy (kL 4 [—1, L+ 1]%).
Observe that for v € H{([0,nL]%), for ¢ € C>(IR?) such that ¢ = 1 on a neighborhood of [0, n.L]¢,

nL)?
Zg) } (U7U) = <¢Z> ﬂ[O,nL}dU2> = Z <¢Z7 1[0,nL]‘”7]302>

ke[—1,n+1]dnzd

= Z ZgLH_l’LH]d(??kU, ).
ke[—1,n+1]4nzd

Therefore, by Lemma 4.29,
nL]4 — d K
EONLIT (4 ) > Z {SRLH DI (g, ) — l_ganu||%2(kL+[fl,L+l]d)}'
ke[—1,n+1]dNZ4

d o d
and thus S‘[,&Z,L} = Drel1ni1jdrza [551,?;[ R 3] (where J is as in Definition 4.26), from

which we conclude the estimates (use the discussion in Definition 4.26).

(b) As given in [23, Proposition 4.3], there exist smooth functions c; and ci; on R? anda K > 0 (only
depending on d) such that

supp(a;) € Uy \ B(OUL, %), supp(as) C B(8U., R),

2
a7 + a3 = 1 on a neighborhood of Uy, Z]Vaj|2 < KR
j=1

Recall the definitions of Uf* and H,, (U}*) from Definition 4.20. The map

®: L2 (UL) — L*(UL) @ LA(UF), ur aqu® agu
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is an isometry and (e H'(U,)) C eV Hj(UL) ® " Hy, p(UT).

Observe that ZV% (auv, asv) = ZVL (apv, apv) as supp apNU;, C UE. Therefore, by Lemma 4.29

2
EVE(u,u) > EVE (aqu, aqu) + 8U§(a2u, aou) — Z KR_2||aju||%2(UL).
j=1

*2HW“LOO(UL)

By applying Lemma 4.11 with § = © 5 , we obtain

e 2WllLeowy)

5 \/UR|V(CY2U,b)|2 - AHO&QUH%Q(U?),

L

EVL (anu, anu) >

where
e 2WllLeowy) . o )

1
A=y e e G () 2]

Therefore, ENVE = (EPVL — K R723)+(E™RUL — (K R~24A)7J), where E™R-UL is the restriction
of EVUE to Hy r(UF), and thus, by Lemma 4.25 (the additional factor ¢?I" /11 is explained
similarly as in (27)),

NY(UL,\) < N°(Up, A+ KR™%) + NYUE, 2e*IWle=wi) (X + KR™2 + A)).
By Lemma 4.23 (a), for R > Ry,

N™UR, 26HWleew) (A + KR + A))
<y Rde—1{€4||WHL°°(U)(1 +max{\,0} + KR? + A)}g-

It remains to apply Lemma A.15, more specifically (68): CI%L [H*] <suv L. O

5 The Anderson Hamiltonian with Dirichlet and Neumann boundary condi-
tions

Based on the results obtained in Section 3 and in Section 4, we can give the definition of the Anderson
Hamiltonian —A — £ with Dirichlet- and with Neumann boundary conditions, and show that it is the
limit of the operators —A — £, + ¢., where the constants c. are defined in (89).

The construction of the Dirichlet Anderson Hamiltonian is given in Section 5.1.

For Neumann boundary conditions we have to deal with the additional boundary term (see the be-
ginning of Section 4). We impose another assumption (Assumption 5.7) in order to deal with these
boundary terms. More precisely, we are able to handle this by means of Theorem 4.6 (b) by showing
that the terms fer (as mentioned in the beginning of Section 4) converge. Let us indicate that the 3D
white noise does not satisfy the conditions of Assumption 5.7, though the 2D white noise does. The
additional assumption and the convergence of the terms f@U are considered in Section 5.2.

The construction of the Neumann Anderson Hamiltonian is given in Section 5.3. Finally, in Section 5.4
we consider the integrated density of states associated to the Anderson Hamiltonian.

Let us now introduce the random variable M with values in N such that the conditions of the second
part of Theorem 3.3 are satisfied. For that we first observe the following:
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Lemma 5.1. Assume 3.10. Let U be a bounded domain, o € (0,00) and 6_ € (0,6). Then for
L>1andn €N

Wallgs- w,) Svs-ae L7277 X]|e-2t50 (pay.

Consequently, almost surely lim,, . ||V, || o) = 0.

Proof. This follows by Lemma A.5 and Corollary A.10, because W,, = G,, * X. The consequence
follows because X € C~27%7(R?) almost surely. O

5.1 The Dirichlet Anderson Hamiltonian

Assumptions for this section 5.2. In this section we assume 3.10.

Definition 5.3. Let U be a bounded domain and let» € (1—4, 1). Using the notation of Theorem 4.6,
for N € Ny we define the following symmetric forms on H};(U):

ZyU) = 2y, Z§[U] = Zy.. (31)
Ford_ € (0,6] and vy € (0, 00), we set
MU, 6-;7) == nf{N € N[ [[Wplcs_ iy < yforalln > N}. (32)

Recalling the notation from Definition 4.9, for M = M (U, §;1) (which attains its values in Ny by
Lemma 5.1), we set

D._ DU .__ D,U D.__ DU .__ DU
H =H>" = HWM’ZM[U], H, =H" = HWE;»ZRI[U}'

Recalling Proposition 4.13, we set
N (U) = AU War, ZulU)), Apo(U) = AR (U; Wi, 25,[U)).
Theorem 5.4. Fore € (0, 1),
HY = —A—& +c.. (33)

Let (£,,)5°, be a sequence in (0, 1) such that e, — 0. Then, there exist a subsequence (£, ),
and a subset (21 C ) of P-probability 1 such that on €2, the following holds: for any bounded domain
U, one has

woU M WO, (34)

Enm

and forallk € N
lim )\g;anm(U) =\ (U).

m—r0o0

Proof. (33) follows by our choice of M (see (32)) and by Lemma 1.11 (see also Lemma 4.5) and
Theorem 3.3.

Let o € (0,1). By Theorem 3.3, there exist a subsequence (&,,,)5%_, and a subset 2; C € of
[P-probability 1 such that on €24, for every N € Ny,

%i_r)rgoHXE"m — XHcé,a(Rd) = O, nll_I};OHY]\Elnm — YNH671+6,0(Rd).
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Observe that by Lemma A.5 and Corollary A.10, like in the proof of Lemma 5.1, for all e € (0, 1),
Wit = Watlleswy Svso 1X° = Xlle-2+50 may,
and that by Theorem 4.6 (a), for r € (1 — 4, 1),

125 — 2l ;) Sopv 1Yar — Yalle-1+6.0@a)-
Therefore, the claim follows from Theorem 4.17 and Lemma 4.15. O

Remark 5.5. Let 91 be a random variable with values in Ny such that 9t > M (U, J;1). Then,
almost surely, H”(U) = Hyy, = 1n(U), because HEVQ;,Z%[U](U) =—-A—-¢ +c. =H(U)and
similarly as in Theorem 5.4, %IV)V%ZW[U](U) is the limit (in the sense of (34)) of HY ginzén[U](U)' We
will apply this in Section 5.4 with 0t = M (U, ;) for v € (0, 1].

As will be needed in Section 5.4, we give estimates on M (U, d_;v) and Zy.

Lemma 5.6. Let U be a bounded domain, 0 < 6_ < § and o € (0,00). Then, there exists a
C=C(U,é_,0) € (0,00) such that forall L > 1 and~y € (0, 00) one has

M(Up,6-57) <1+ (8 —6-)""ogy (Cy L[| X [lc-2+5.0(ge)) - (35)
Moreover, forr € (1 —9_,1),v € (0,00) and L > 1, one has for My, s . := M(UL,0_;7)

—(5—6,)*%L(2+b(5_5,)71)gHXH(5—6,)*15 (36)

IIZML,(S_ ,w [UL]HHS(UL) SU,(L,E,U Y C-2+6.0(Rd) a.

Proof. (35) is a direct consequence of Lemma 5.1.
(36) follows by Theorem 4.6 (a) (see (16)) since by definition of b and a (see (6)),
HYNHC—HL,U(R@ < QbNCl, (37)

and by using (35). O

5.2 Stochastic terms for the Neumann Anderson Hamiltonian

Assumption 5.7 (Assumption I). We assume d € (1, 1) and that there exists a 0’ € (0, 1) such that,
for each p € (1, 00), there exist a constant C? € (0,00) and a map &7 : (0,1)* x R? — (0, 00)
with the following properties.

(i) One has

sup sg(el, E9; A\, &) < 00 (38)
€1 ,827A€(071),$€Rd

and for each fixed A € (0,1) and z € R? one has lim,, , 0 €2 (¢1, £2; A, ) = 0.

(i) Foreveryey,eq, A € (0,1), p € (1,00), bounded Lipschitz domain U, x € B(U, 1) and ¢ €
C?(RY) with ||@||c2ray < 1 and supp(¢) € B(0,1), one has (for ¢} see Assumption 3.10)
E[l{&,, Lugp)[P] < CACEHo+er (39)

E[[{(&, — &, Ludd) 7] < €9(er, 03 X, 2)A2HHO0P, (40)
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Furthermore, for every bounded domain U, we assume that, as € | 0, the distributions 1 £, converge
to some limit that is independent of the mollifier p, in S’(R?) in probability.

Remark 5.8. In the proof of the Lemma 5.9 we will use the following facts, which are straightforward
to check. For functions f, g, ¢ : R? — R (for which the following expressions make sense)

(f* ¢, 9)r2 Rd>—<f¢( ) * 9)12(ra),
(f*d(N), 9)r2@ay = AU F(5) * 6, 9(5 ) p2ay, A >0,
(f*g)( —w) = [f( w)] xg=fxlgl-—w)], weRY,
(f xo(- —w), >L2 Rd) = (f(- —w) * 7g>L2(Rd) = (f*¢,9(-+ w)>L2(Rd)a w e R%

Lemma 5.9. Let be a centered Gaussian noise whose covariance is given by

E[(& )& V)] = (v * 0, ¥) 12ge), 0,9 € CE(RY).

Suppose one has a bound
V< f+g (41)

where g € L>®(RY) and f satisfies f(\x) = A\~°f(x) with « < 3 for every X € (0,00) and
x € RY. Furthermore, suppose f is locally integrable. Then, & satisfies Assumption 5.7.

Proof. As £ is Gaussian, so is for example (€., 1@ )ga. As for Gaussian random variables Z one
p

has E[|Z|P] = E[|Z|?]*E[| X |F], for X a standard normal random variable, it is sufficient to consider

p=2.

Let U be a bounded Lipschitz domain and ¢ be as in Assumption 5.7. Let z € R<. Observe that
(similarly to the first equality in Remark 5.8, using that p is symmetric)

<€51 - 56271/}> = <£ * Pey — f *p€27¢> = <£ * (IO€1 - p€2)7¢> = <£7 <p€1 - pEQ) * ¢>

Therefore,

E[<§€1 - 5627 1U¢§c\>2] - <’7 * (p€1 - :062) * <1U¢2)7 (p51 - p€2) (ILU¢ )>L2 (R)-

We set

52(61762; )‘7‘%1) = )‘a‘h/ * (p51 - p82) * <1U¢2)7 (:081 - p62) * (1U¢i\>>L2(Rd)}

For fixed )\, one has

lim (7 * pe, * (ﬂUﬁbi)a Pey * (ﬂUgb;\))L?(Rd) = (7 * (1U¢/\) (]1U¢ )2 (Rd),

€1,6240

and hence lim,, ., |0 €9 (1, €2; A, ¥) = 0. To prove the bound (38) and (39), it suffices to show

sup X’“(y * pg % (]qubi), Pe * (1U¢;\)>L2(Rd)| < 0.
€€(0,1),A€(0,1),z€R?

Let us write

Ur=\"YU —2). (42)
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By Remark 5.8 and (41),

Sug\ (% pe * (Lued), pe * (Ludl)) 2wy
x€eR

= sup [{y(\-) * (ﬂU,?Qb) * Pe/xs (HUQW) * pe//\>|

z€ER4

SN %1 * [peyals [0 * [pesal) + (g(A) * |B] % [peyal, |D * [pe/al)-
Since, using Young’s inequality one can bound the second term by
191l oo @y | 81171 ey 121171

it comes down to showing

sup (f * [d]  [pul, 0] * [p]) < oc.
1e(0,00)

e Suppose 1 < 1. Let 0 > d. By the weighted Young’s inequality, Theorem A.2, one has
(f *1ul * |puls 1ou] * 1pul) So llwefllr @l w-od |72 @) |00l 71 ga-

As ¢ is a continuous function with compact support, we have ||w_,¢|| 12re) < 00. Since f is locally
integrable and satisfies the scaling property,

fwnflin = [ (f@lds() [t <o
8B(0,1) 0

Then, we observe, as i1 < 1,

lw-opullirey = / (A2 leP) 7ol () dar < / (At [oP) 7ol () dar < oo.
R R
e Now suppose 1 > 1. By change of variables, see Remark 5.8,

(f 1ol [puls [0 # [oul) = w=(f * @] % lpl, [ @1 |p])-

Therefore, it reduces to the case ¢ < 1.

As Lemma 5.12 below shows, the estimate (40) implies the convergence of 1/&.. To see the indepen-
dence of the mollifier p, we note that the limit £V is a centered Gaussian and

E[(€”, 6)?) = / e = p)ola)o(y) de dy. =

Remark 5.10. An example of a y that satisfies the conditions of Lemma 5.9 is the following. Let
ne{l,...,dyanddy,...,d, € Nbesuchthatd =d; +--- + d,. Letay, ..., € (0,00) are
such that a; < d; forall jand g + ... + v, < 3. Then, forz = (1, ..., x,) € R x ... x R,
we set

For this example, f = v and g = 0.

Remark 5.11. The 2D white noise §2D does not satisfy the conditions of Lemma 5.9. However, one
has

E[(€2) — 62, Ludn)*] = A2 1(Lupd) * (persn = Peasn) 12 ray,

where Ug‘ is as in (42). Therefore, the 2D white noise satisfies Assumption 5.7 as well.
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Lemma 5.12. Assume 5.7/(i). If the estimate (40) holds, then there exists a ¢V with values in C~2+% (R?)
such that the distributions 1. converge as follows, for allp € (& + 1,00),

16%1“ L& — £ Lo c—2+5(raY)-

If, furthermore, also the estimate (39) holds, then there exists r € (0,00) such that for all p €
(5 +1,00),
E[I€V112-215ga) Sps [BU,7)ICy- (43)

Proof. Letd, € (§,6 + ¢'). We need the wavelet characterization of Besov spaces given in Proposi-
tion C.30. Using the notation therein, we have

]E[HILUfm - ]1U£5H2;—2+6+]
PP

S DECIEa L S o [ e e

neNy GeGn meZd

Since 15 and 1)y, are compactly supported, there exists an r € (0, 00) such that the sum with respect
tom is over Z* N 2" B(U, 7). Therefore, by (40), as 3, con gy S 21 B(U,7),

~Y

Ef 1o, — W&l .o,

5p,6+ Z 27n(5+5’,6+)2—nd Z 82(81, £ 2fn7 27max{n71,0}m). (44)
n€Ng me2"B(U,r)

Because Y,y 27T T0H2ENT e py LS IBU ) e, 2700, inview of 5.7(i),
the dominated convergence theorem yields that the right-hand side (and thus left-hand side) of (44)
converges to 0. Now the convergence of 1;&. follows by the Besov embedding (61) of Lemma A.1
(we may choose and x > 0 small enough such that g + Kk < <, — 0). Due to 5.7 Using (39),
one can similarly prove the estimate (43). O

Recall the notation G (N € Ny) from Definition 3.1.
Proposition 5.13. Assume 5.7. Let U be a bounded Lipschitz domain, o € (0, c0) and
p € (dfo+2 00).

Let YQU be the distribution (see Definition 4.4 for the notation)

O eV (G * &) - dS.
U

Then there exists aYV in B, 2+*(R?) such that || YV — VY| B2 249 (Ra) =% 0 in probability. Further-
more, for every m € (0, 00), uniformly over L > 1 one has

]E[”?UL Hg};;#—é(Rd)] Sp,(S,U,U,m LzmaE[HfH?—us,o(Rd)] + LngL

Proof. By the integration by parts formula (Lemma 4.3),

(ffsUL, ) = / oV (Go* &) - dS = Vo VG * & — / OAGy * &.. (45)
UL

Ur UL
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We first consider the first term. Let ¢ be a smooth function on R¢ such that ¢ = 1 on a neighborhood
U. The map

S(Rd) - Ra Y= <1ULVS07 ¢(L_1)V<GO * §)> (46)

is well-defined, is independent of ¢ and is an element of B 2™(R?). Indeed, if ¢ € (1,00) is such
that p~! 4 ¢! = 1, by the duality [57, Theorem 2.17],

(Lo, Vo, S(L )V (Go D < 1L, Vel gy 1L ™) V(G * )l s g

By Lemma A.6 and Lemma A.15 (see Definition A.11 for Cyruii), as 1 — 0 < % <1- }D = %,

U _
"EULV90||B;55(Rd) Sao CMﬁlt[qu 6]"V90||B;55(Rd) SasU ‘|90||B§55(Rd)'
By Lemma A.1 (remember that we have po > d) and Lemma A.4,
l(L™)V(Go * )l g 145 ay Spar L NV(Go * €)[le-14s0 ).

By Lemma A.6 and Corollary A.10,

IV (Go * &) lle-1+5.0wey oo IElle-2+50 (ra)-

Therefore, the distribution defined by (46) belongs to the dual space of B;;‘S(]Rd), which is identified
with B 2+(R?), and its norm in B, 2*°(IR?) is bounded by

Cp5.00 L7 ||€llc-2+30 ma)-

Now it is easy to see that this distribution is the limit of the first term of the right-hand side of (45) (as
”55 — §||C—2+6,J(Rd) — 0).

Now we consider the second term of the right-hand side of (45). Note

K}m%wr-/y& / A(Go— G)] +£.

The second term converges to
| #l8(G0- )1 x
U

as [A(Gy— G)]*£ is a smooth function. The convergence and an estimate of the first term is provided
by Lemma 5.12. O

5.3 The Neumann Anderson Hamiltonian

As described in the beginning of Section 4 (below Lemma 4.5), the boundary term will be dealt with
by the decomposition into symmetric forms Z and Z. Let us first consider the ingredients for the latter
symmetric form.

Definition 5.14. Let U be a bounded Lipschitz domain. For N € N, we define

Yy =Gy (X — &) + (Gy — Go) %€,
Vi =Gy *(X°—&)+ (Gy — Go)x&,  c€(0,1).
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Lemma 5.15. Let U be a bounded Lipschitz domain. Then for § € (3,1) and N € N
Yillertse Sus X — Elle-2+anomay + 27 [|€ [le-2+0m ra)-

In particular, | Yy — Y||c1+5 converges in probability to 0.

Proof. The estimate and a similar one for ||}A/N — }/}]\Ef||cl+6,v from which the convergence follows by
Theorem 3.3, follow from Corollary A.10. O

Definition 5.16. Assume 3.10 and 5.7, let U be a bounded Lipschitz domain. Let € (1 — 4, 1).
Using the notation of Theorem 4.6 and of Proposition 5.13, we define the following symmetric forms
on H"(U), for N € Ny

ZN[U] = Z}?UU,eQWN7 Zla\f[U] = Z{/UU 2WE
ZN[U) = 2Y vy, ZR[U)= z?gﬁ s, -

We furthermore make abuse of notation (compared to the symmetric forms on H{(U) as in (31)) and
define the following symmetric forms on H" (U),

ZyU) = 2y, Z§[U] = Zy;. (47)
Then we define
Zy|U] == Zn[U] + Z'N’N[U] + ZAN[U],
ZNIU) = Z5[U) + Z5[U) + Z25[U], =€ (0,1).

Recalling the notations from Definition 4.9 and Proposition 4.13, for M = M (U, J; 1) (see (32)) we
set

HY = HOVY = H%ZI,Z?\’/[[U]’ )‘Z(U) = )‘Z(U§ Wi, Z]T/[[U])a
HY =AY =Hy,. M (U) == N(U; Wiy, Z37[0]).

w2 [U)

Theorem 5.17. Assume 3.10 and 5.7. Let U be a bounded Lipschitz domain. For e € (0,1),

H? =—-A— fe + c. (48)
Then, one has (see Definition 1.4 for RLN ")

HYU B HY in probability,

Y (U) 25 NX(U) in probabiliy, k€ N.

Proof. (48) follows by Theorem 3.3 and Lemma 4.5.
The rest of the proof is similar to that of Theorem 5.4 and uses Proposition 5.13 and Lemma 5.15. O
Lemma 5.18. Assume 3.10. Let U be a bounded Lipschitz domain and

1
= < 0_ <.
5 <0-<

Letr € (1 —0_,1). Fory € (0,00), we define My 5 ~ := MU, 0_;7).
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(a) Then, foreveryo € (0,00), L > 1 and~v € (0,00),

—(6-6-)7"b f (2+b(6—6-)" 1)UHXH (6—6_)"1b

[Zups_ULllir ) Svs oo ¢ gty O

(b) Additionally, assume 5.7. Suppose thatr € (— —0_,1),e € (0,6_ — %) p € (2,00) and
q € (1,2) are such that X 5 +1 ; = 1 and (18) holds for s = r. Then, for every o € (0, 00),

L>1andy € (0,1],

123, Ullarw,)

<

1 1p)o (6—d—
s sre 70O LEHE) T 0 x) 0707

C—2+8,0 (Rd )(a+ ”gHC 2*‘“’(11@))
+ L ||y ;245 may + LN X — &llc-2v200 me).-

Proof. (a) follows as in the proof of Lemma 5.6 by (37) and (35).
For (b) we use (a) and estimate Z’;ML,A/ [Ur] and ZAMLw [UL]. By Theorem 4.6 (b) and (c) we have

21y, L] Ssept LN e llas @) 1YV Nl 20 gy,

21, [UL) S50 LN M0 lles iy 1¥ar, , ller e may.
Asforany z,y € R,
le® —e¥| = €|l — eV " < Cely — x| < Ce™ |y — 1],

by definition of M, ., we have [|e*" 2. ||es iy S 27€? < 262,
Therefore, we obtain the desired inequality by the estimate of ||}A/ML’W |¢1+6.0 (ray from Lemma 5.15
and (35). O

Without Assumption 5.7, we can still construct an artificial Neumann Anderson Hamiltonian, which will
be used in Section 5.4 as a technical tool.

Definition 5.19. Assume 3.10 and let U be a bounded Lipschitz domain and € (1 — §,1). For
M = M(U,6;1), we set

N,U

H =1y ooy w(U) = N (U Wy, 2u[U]).
Remark 5.20. Similar to Remark 5.5, for 901 being a random variable with values in Ny such that
M > M (U, 6, 1), one has, almost surely, 7~ Y= ’HW; Zy (] @Nd, under Assumption 5.7, H™V =
%g&i,zmw]-

Remark 5.21. To construct the natural Neumann Anderson Hamiltonian without Assumption 5.7, we
conjecture that “boundary renormalisation” is necessary. For instance, if ¢ is the 3D white noise, the
recent work [29] suggests that the operators associated to the symmetric forms

(u,v)|—>/VU~VU—(§€—05)UU+C’E/ uv dS
U

ou

converge, where the constants ¢. diverge logarithmically.
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5.4 Integrated density of states

The aim of this section is to construct the integrated density of states associated to the Anderson
Hamiltonian with potential £. For this sake, we need the following assumption.

Assumption 5.22 (Assumption Ill). Recall that our probability space €2 is the space S’(R?) of tem-
pered distributions. Then, we have maps T}, : ) — Q (x € RY) of translations w — w(- — x). We
assume the probability measure P to be ergodic with respect to (77, ) ,cra-

Lemma 5.23 ([55, Proposition 6.1]). Let & be a centered Gaussian field such that

lim E[£(0)§(x)] = 0.

T—00

Then, Assumption 5.22 holds.

Assumption 5.24. (Assumptions for this section) Throughout this section, we assume 3.10 and 5.22.
We fix d_, 6,7 € (0,1) and p € (2,00) such that 6_ < § and (18) is satisfied for ¢ € (1, 2) such
that % + % = landsomee € (0,0_ — 3). We also fix o € (0, }) satisfying

1
2

2+ (—6_)"0(5.))do <1 —r. (49)
We set

€N =1 + | X [le-2+s0 ey + @ + | X = &le-24200 (may,
ae = aa((S’ O') = Sup 2_bN||Y§||c—1+6,a(Rd) c Lpap)),
NeN

€Ml := 1+ 1 X lle-2+s0 @) + @° + || X* = &flc-2+250 e, €>0.

Whenever we assume 5.7, we implicitly also assume ¢_ > % and for any bounded Lipshitz domain
U, we set (with YV as in Proposition 5.13)
1 1.5
ll§loo = sup L5V || gy, Mécllow = sup L4V gys gy 2> 0.
S

(P) for every ¢ € [1,00) and under Assumption 5.7,
(IP) for every ¢ € [1,00). By Lemma 5.6, Lemma 5.18 and the
condition on o, (49), there exists an m € N such that for all bounded Lipschitz domains U, for all
L>1andy € (0,1], for My, = MU, 0_,7),

(50)
(H\£|Hm + |I€]llov)  under Assumption 5.7. (51)

[Zu,, ULl i) Sv v 1bL

-1
(23, [Ullarw,) Svy 0L
(For (51) observe that 0 < ﬂ and that we may choose € > 0 as in Lemma 5.18 (b) such that
2e < =5%.) In (50) one may replace “Z” and “€” by “Z°” and “€.” and in (51) one may replace “Z"”,
“€” and “5” by “ZN=" €. and “£.”.

Definition 5.26. Recall the notation from Definition 4.20. For a bounded domain U, A € Rand e > 0,
weset N* := Ny, - and N_ := Ny z e,

A) = Z E{AE(U)S/\% N5D<Ua A) = Z E{AE;E(U)gA}.

keN keN
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If U is a bounded Lipshitz domain, we set N := N}, - and N. := N < zc e,

—N
M=) Txnoay N (U= Tn o

keN keN
and under Assumption 5.7 we set N™ := Ny, -« and N7 == Ny, ve, i€,
]\[
A=) Laa =D L=
keN keN

Remark 5.27. In most of the following we restrict our statements to IN°, N and N". However, by
——N
‘adding some €’s’ the statements are also valid by replacing the occurrences of “N"”, “N 7 “IN"”,
——N
ugu and uf‘u, and by uNDn, “Ng ” nNN!! “€ » and ufsn.

Lemma 5.28. Let U be a bounded Lipschitz domain. Then, for any 6 € (0, 1), there exist Ay,
Cuor € (0,00) and an integer | € N such that for every A > \g i/

B(0.1
NN > (1 - ) BO L <(°) 0100+ 0+ Cuan il 52)
|B(0,1)]
N (UN < (1+6)——2 @) UI{N + 6+ Cuo, €N} (53)
In particular, E[N" (U, \)™] < oo for everym € (0,00) and A € R.
If we furthermore assume 5.7, then
B(0,1
N o) < 1+ 0 PO a0 04 cpa el + el (54)

(2m)4

Proof. The proof of (52) and (54) are similar to (53), hence we only give the proof of the latter. Re-
member that IN ) and IV are the eigenvalue counting functions of —A with Dirichlet and Neumann
boundary conditions, respectively. By Lemma 4.23 (b), there exists a iy > 0 such that for A > Ay
we have

NY(U, ) < (1+9)%%|U|A3.

Let 0 € (0,00),7 € (0,1]. By Lemma 4.22, and Remark 5.20, with Ay, := AY, (War,, Zar,)
where )., is the random variable M (U, 0;y) (see (32)), one has

N(UN < +0)5%IU|(AI@)?

Recalling the definition of A} ,,, one observes that there exists a constant Ctrg - such that
1
Ay <(1+ 0) et (N + 0 + Curo o200 ) 1 0))-

Therefore, if v := (2 + =) log(1 + #') and ¢’ := (1 + 0)2a — 1 € (0,0), and Cpy, =
C{]ﬂ,mv%” (see (49)), using (50), one has

ALy S (1 +0) TN+ 0+ Cup, €N,

which yields (53). O
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As a direct consequence of Lemma 4.31, we obtain the following asymptotics. These asymptotics
agree with the asymptotics of the eigenvalue counting function for the Laplacian operator, as proven
by Weyl (also called Weyl's law) and later generalised for a class of Schrédinger operators by Kirsch
and Martinelli [40, Proposition 2.3] (observe that our results agree with the work of Mouzard on two
dimensional manifolds, see [3]).

Proposition 5.29. Let U be a bounded Lipschitz domain, then

— B(0,1
lm A" 2NP(U,A) = lim A 2N (U, \) = M]U!
A—00 A—00 (27T)
and under Assumption 5.7,
B(0,1
tim AN, ) = BOD
A—00 (2 )

Proposition 5.30. There exist functions R — [0, 00), N® and N/ " such that for all A € R and

y € R, P-almost surely and in L' (P), with Q = y + [—3, 3]%,
1
N(A) = lim —N"(Qy, A,
L—oo

N\ = lim idNN(QL, )

LeQ,L—oo L

exist. Moreover,

sup B[N (Q, \)] = N ()

L>0

SN’N()\):mf L—E[ QN (55)

Under Assumption 5.7, one may simultaneously replace N by N~ and WN by AN in the above
definition and inequality.

Proof. This follows by the ergodic theorem by Akcoglu and Krengel [1], see [40, Section 3] for more
details, for which applicability we use Assumption 5.22 and check the following. By Lemma 4.27 and
Remark 4.28 Q — N"(Q, \) is superadditive and @) WN(Q, A) is subadditive. Furthermore, if
Q C [—1,1]¢, Lemma 4.21 implies

N(Q,\) < N°([-1,1]Y.0) < N ([-1,1]4 \),
and N ([—1,1]%, \) isin L*(P) by Lemma 5.28. O

Remark 5.31. The cube () in Proposition 5.30 does not need to be centered at the origin. This is
important in the proof of Theorem 5.38.

Definition 5.32. We define

N°(A) := inf N°(N)and N (A) := inf N (\),

N> N>

respectively. Note that they are right-continuous functions that satisfy limy_,_ ., N#()\) = 0 for #
denoting either D or N.
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Definition 5.33. A sequence (f,)nen Of increasing functions R — [0, 00), is said to converge
vaguely to some function f : R — [0,00) if f,(A) — f(A) for all A\ € R that are continuity
points of f.

Remark 5.34. If \ is a continuity point of N (), then N°(\) = N°(\).

Remark 5.35. Observe that by Lemma 4.31 (b) and (50) for v = 1, for all 4 > 0 and bounded
Lipschitz domains U, there exists a C’UM > (0 such that

NP(UL,\) <N (U, \)
< N°(Ug, A+ 1) + Curu L2 [1 + max{, 0} + €] ™7)2,
and under Assumption 5.7,
N°(Up,\) < N(Ug, \)
< N°(Uz, A+ 1) + Curpu L4731 + max{ X, 0} + ([I€]1™ + 1€ lov) =,

Proposition 5.36. N° = N and, under Assumption 5.7, N° = N~.

Proof. Let \ be a continuity point of both N and N By Remark 5.35 applied to U = [—%, %]d, by

Proposition 5.30, because N”(\) = N°(\) and N (\) = I ()), see Remark 5.34, we have for
all u > 0,

N°(A\) <N (\) < N°(\ + p),

so that the equality follows as both IN" and N are right-continuous. Under Assumption 5.7 we can
—N
argue similarly with “N"” instead of “IN ”. O

Definition 5.37. Thanks to Proposition 5.36, we may simply write

N

N := N° =N (= N~ under Assumption 5.7).
We call IN the integrated density of states for the Anderson Hamiltonian with potential &.

Theorem 5.38. Let U be a bounded domain. Then, almost surely,

1
lim ——N"(Uyp,-) = N vaguely. (56)
L—oo |UL|

IfU is a bounded Lipschitz domain, then

. 1 —
LE%}{EILOO mN (Ur,-) = N vaguely. (57)

Under Assumption 5.7, one can replace N by N~ in (57).

Proof. Firstly, observe that we may assume U to be a bounded Lipschitz domain due to the mono-
tonicity of ND(U, A) as a function of U. By Remark 5.35 it suffices to prove (56) (also for N™ under
Assumption 5.7).

Let A € R be a continuity point of IN. We set

Li={keZ' | k+[0,)? C2"U}, J,:={keZ|(k+][0,1]")N((2"VU) # 2}.
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By Lemma 4.21 and Lemma 4.27,
> NP Lk +[0,1]%),0) < N°(U, ) < Y N (27"L(k +[0,1]%), A).
kel, keJn

Therefore, by Proposition 5.30 and Remark 5.34,

I
d#—nND(/\) <liminf — N"(Up, \) < limsup — N"(Up, \) <
240 |U| Loo |Up L—oo UL

47,

T N
= 2dn|| (A)-

By Proposition 5.36, one has N = N" = N Thus, the proof is complete by letting n — co. [
Remark 5.39. Recall Remark 5.27. Let ¢ € (0, 1). There exist functions ./\/'ED,NN and N} such

€

that analogues statements as in Proposition 5.30 hold. Then we define N2 () := infy/- AND(/\’)
and similarly N and NN By analogous arguments as in Theorem 5.38 we also have ND = NE
(= N? under Assumption 5.7). In this case N, := N? is called the integrated density of states for
the Anderson Hamiltonian with potential £, — c.

For the convergence of IN. to IN as in Theorem 5.41, we introduce the following auxiliary lemma.

Lemma 5.40. Let # denote either D orN. Forall L > 0, A\ € R and . > 0,
liffi%nfE[Nf(QL> N] > EIN#(Qp, A — p)].

Proof. First we observe that as )‘k#;s(QL> — /\k#(QL) in probability for all k& (by Theorem 5.4 and
Theorem 5.17), the following holds: For all (£, )nen in (0, 00) with &,, | 0 as n — 00, there eX|sts a
subsequence (&, )men and a 2y C €2 of P-probability 1, such that on €2, A ka (QL) — )\ (Qr)
for all k£, and therefore for all ;« > 0

hmlan#(QL A) > N#(Qb}\ — 1)

el0

(indeed, if 11 1 < plom < -+ and fig,m — pi in Rasm — oo, forall k € N, then

Hminf oo Doy Lipemsny = Dopet Liuw<p—ey forall p € R and & > 0). Therefore, for all
(€n)nen in (0,00) with &, | 0 as n — oo, there exists a subsequence (&,,, )men such that by
Fatou’s lemma

liminf E[N7 (Qr,\)] > E[lim inf NT (Qr,N)] = E[N*(Qr, A — p)].

m—0o0

From this the inequality follows. O

Theorem 5.41. N. — NN vaguely.

Proof. Let Q := [—1/2,1/2]%, L € Nand 1 € (0,1). Let A € R be a continuity point of IN. By
(55) (see also Remark 5.34)

N = N.() < BN (Qr. A) ~ N2(Qu. V)]

By Lemma 5.40, forall L > 1 and > 0,
. 1 =
A:=limsup{N(A) = N:(\)} < ZEN Q1. A) = N°(Q1, A — ).
el0
Therefore, by (55), taking the infimum over L > 1 in the above inequality, we obtain A < N (\) —
N (A—p)forall u > 0. As X is a continuity point of IV, it follows that A < 0. Similarly, one can show

liminf{N () ~ N.(3)} > 0. 0
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Theorem 5.42. One has the following tail estimates of the IDS.

(@) One haslim,_, . )\_%N()\) = %.

(b) For every bounded domain U and every o € (0, c0), one has

limsup(—A)"*log N (A\) = limsup(—\)"*log P(A\}(U) < \), (58)

A——00 A——00

l/'{m inf(—\)"*log N(\) = l;m inf(—\)"*log P(AT(U) < \). (59)
——00 ——00

Proof. (a) Let Q := [0, 1]¢. By applying Fatou’s lemma, then (55), using the definition of N and
using Lemma 5.28

B(0,1
E[lim inf ATENP(Q,N)] < lim inf AEN() < lim sup AEN(N) < 2o, (é?;)d”'

Since lim_, )\_%ND(Q, A) = |?2(2’)1d)| by Proposition 5.29, (a) follows.

(b) Let A < 0. Thanks to the monotonicity of A} (see Proposition 4.13), we may and do assume
U = [0, L)% for some L € (0, 00). By (55) (see also Remark 5.34),

P(AY(U) < A) <E[N"(UN] < LIN(N).

Therefore, we establish that the left-hand sides are greater or equal to the right-hand sides of (58) and
(59). By Lemma 4.31 (a), for [ € (0, L/2) and n € N, one has

N°(U,, N < Y. N°(k+[-LL+0 N+ KI™?)

kezZin[—1,n+1]d

and hence

1 (n+2)?

—EIN"(U,, M) < E[N"([0, L + 207, A + K17?)].

nd

Letting n — oo, for p, ¢ € (1, 00) with p~* + ¢! = 1, one obtains

N(\) <E[N®([0,L + 2% X\ + KI72)]
= E[N"([0, L + 2% XA + KI™*) Lo (o, 4200y <t k123
< E[NP([0, L + 2%, KI2)aP(\([0, L + 2]%) < X + KI72)7.

where we applied Hélder’s inequality in the second inequality. Note that
E[NP([0, L + 20]%, K17?)1] < o0
by Lemma 4.22 and Lemma 4.23 (b). Therefore, for U = [0, L + 2I]%, the left-hand sides are less or

equal to the right-hand sides of (58) and (59). As L and [ € (0, L/2) are can be chosen arbitrarily,
the equalities follow. O]
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A Estimates related to function spaces

A.1 Estimates in Besov spaces

This subsection gives estimates in weighted Besov spaces (see Definition 2.2).

Lemma A.1. Letp,q € [1,00|,7 € Rand oy, 0, € [0,00). Then

llresen Sprn 100y ()
I lerrs ) Sparmon W o o 20 (61)

Ifpos > d, then
£l groitor may Spamoros [flleror ey (62)

Proof. By [65, Theorem 6.5], one has || f{|gy:ort) ~paro |Wof| 5y, ma)- Therefore (60) and (61)
follow by the (unweighted) Besov embedding, see [64, Section 2.7.1]. For (62), the product estimate
in the Besov space (see [46, Corollary 2.1.35], which follows also from [53, Lemma 2.1]) yields

I/

||f||BT"1+"2(Rd) /Sp q,7,01,02 “szH \r|+2 (RY) Cmo1(R4)-

~ H 02” || 02” ~ HwU?HWZ‘,TlH(Rd) (by Lemma 2.6).

(R) By, @ ~
Since |amwa2| Simoz Woo—|m|» We have ||w(,2||Wl|or|+1

Now [|we, | B+ Wit (gay

(Rd )<00|fp02>d. O

Theorem A.2 (Weighted Young’s inequality). Letp,q,7 € [1,00], 2 +1 = i + % ando € [0,00).
Then

lwo(f * 9)llLr So llw—ofllerllwog]l L.
Proof. Using that w, () S, we(z — y)w_,(y), one can estimate w, (x)|f * g|(z) < [(|flw_s) *
(lglws)](x), see also [51, Theorem 2.4]. The rest follows by Young’s inequality, [4, Theorem 1.4]. O

Theorem A.3. Letr € Rando € [0,00]. Letp € S(RY) and [ ¢ =1 and p.(x) = e p(c ).
Then, for alln € C™° (R%), 6 > 0,
el0
e *n — 77“6’*“‘7"”(1&@) — 0.
Proof. In this proof we refrain from writing “(R%)”. Let § > 0 and p € (%, o0). By Lemma A.1, (62),
is an element of B, ] o+ As by Lemma A.1, (60),

e %0 = llgrsassar S lloe ¥ 0 =0l grars = 3 27 ||wors(pe * A — Agn)l|z-

j=—1
It suffices to show for all ¢ that ||we45(: * Ajn — An)|| e =% 0 and

|wors(pe * Ajn — Am)|lze S [[WorsAjn|| e (63)

As . * A;n converges to Ajn almost everywhere (as it does at every Lebesgue point, see [37,
Proposition 2.3.8]), the converges follows from (63) by Lebesgue’s dominated convergence theorem.
By the weighted Young inequality, we have ||woi.5(¢e * Ajn)|[r So [[w-(o+6)%e || 11 [ wors Bjm| Lo
As W_(o15)(€) < W_(py5)(x) fore € (0,1), we have ||w_ (o159l < [|w_ (o189 2 Which is
finite because ¢ € S(IR?). This proves (63). O
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Lemma A4. Letp,q € [1,00],7 € Rando € [0,00). Let Z € B)7(R?) and ¢ € S(R?). Then,
one has

Hgb(L—l')Z”B;,q(Rd) Sp,q,r,mqb LJHZ| Bpg (R4)s L>1

Proof. By the product estimate in the Besov space [57, Theorem 4.37], we have

1022 3 89y S 1L )0l g3 g 10 Z 3 -

Since ||woZ||py (®t) Sparo [|Z]Bygme by [65, Theorem 6.5] and ||-|]

C|T\+% SJ ||'||W\r|+% S
o0

[[[[ 111 by Lemma 2.6, it suffices to show

||¢(L_1')w—a ||W0‘g|+1(Rd) 57’,0,(25 L7,

For this, it suffices to show

|’am[w—a¢(L_1')]||L°°(Rd) ga,m#) L7

for every m € N¢. By the Leibniz rule,

m

0" w_op(L7")] =D (”;) LIm=Ughy_,om~tp(L 7).

=0

a—li

Since [0'w_, (z)] Sou (1 + |2]?) 2, we obtain

o=l

sup|am[w_g¢<L-1->]<x>|smz(”f)vm—“ sup (1 + [22) 7" |07 o(L"2)|
=0

z€R4 zcRd

=~ (m o1
=2 ( )L_’”‘” sup (14 | Laf?) 2" [0 6(a)
-0 ! zER?
Smwons L. O
Lemma A.5. Let U be a bounded domain,r € R and o € (0, 00). Then for for Z € C™° (R?)

1Z]

Cr(UL) Sve LUHZHC“’(Rd)a L>1.

Proof. Let ¢ € C*(R?) be 1 on a neighborhood of U. Then ||Z||cr@w,) = ||¢(L)Z||crw) <
|¢(L-) Z||cr(ray- By Lemma 2.6,

[0(L-) Z|crray S [|0(L0) Z][er (ray-
Therefore, we obtain the desired estimate by an application of Lemma A.4. O

Lemma A6. Letp,q € [1,00],7 € R, 0 € [0,00), m € Nd anda € R.

(@) One has ||0™ f]

B ™ (Ray Searom |fllspg@e)-

(b) Let X be a smooth function on R? such that Y = 0 in a neighborhood of O and all the derivatives
are bounded. Then, one has ||~ [|27-|**XF f]|| g 20 (pay Spairras 1]

Bpg(R)-
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Proof. We only prove (a), as the proof of (b) is similar. We use the notations from Definition 2.2. Let
1) be a compactly supported smooth function on R¢ such that ¢» = 1 on a neighborhood of supp(x)
and set ¢; := 1)(277+). Because A;0™ f = F[x(277-)1);] x A, f for j € Ny, by Theorem A.2 we
have
[wo (8;0™ Pl Lpay < llw—gF = [(=270)" ;][ 2 ety 1w A £ || Lo ety (64)
It remains to observe that for all 7 € Ny
27w _ o FH(=26)™ ] || 1 ) = [0 F (=274 i)™ 0 (279)] || 1

= (|27 \w_o (277 )[F M (=210 )" [ (27)]] 1 (o)

< NJw_o[FH(=2mi)" ]| 11 may,
as w_,(277-) < w_,. For j = —1 a similar estimate as (64) holds for a 1) € C°(R%) with ) = 1
on supp(X). O
Definition A.7. For J € Ny or J = —1 we write

J 00
Acsf =D Aife Asyf=) Ajf
j=—1 j=J

Remark A.8. Observe that by definition of ¥ and x (Definition 2.2), for N € N
(1-x)2N2) =) x(27z), =zeR’
j=N

and therefore
Monf = FHA=0@)Ff), danf =F (M2 V)FS).

Lemma A.9. Letp,q € [1,00], 7,8 € Rwithr < 5,0 € [0,00) and N € Ny. Then, one has
(observe the difference of the positions of r and s)

||A>Nf||B“’ (R%) Ss o 2_(S_T)N||f||Bf,Z(Rd)>

q (RY) Ss r,o 2(5 T)NHfHBTZ(Rd)'

Proof. We first observe by Remark A.8 that As A, f = 2N4F~1(1 — ) (2V) = f. Thus, by [51,
Theorem 2.4 and Lemma 2.6], one has

Hwa(AjAsz)HLp(Rd) N Hwo(Ajf)HLp(Rd)

Therefore,
o0 1
||A>Nf||BTg(Rd = ( 2]qr||wo-(AjA2Nf)||%p(Rd)> !
j=N—-1
< 2—(N—1)(S—7")< Z 2qu||wU(AjA2Nf)||%p(Rd)> q
ij 1
1
e 280 I (B, )
j=N-1
< 2—N(s—r)
The second inequality can be proven similarly. O
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Recall the definition of an admissible kernel and of GGy, see Definition 3.4 and Definition 3.1.

Corollary A.10. Letp,q € [1,00|,r,s € Rwithr < 5,0 € [0,00) and N € Ny. Let K be an
admissible kernel. Set Hy := G x — K. Then, one has

|G * fHB{,jf"’(]Rd) Sparso 27 (=N f]

[ H v * f”BZi}Q’”(Rd) Spars.o Q(Sir)NHfHB;’,Z(Rd)’

[(Gn — Go) * f|

Bplq (RY)s

B2 (Re) Sparse 267N £l g ey -

Proof. Suppose ¢ € C>°*(IR%) is 0 in a neighborhood of 0 and is equal to 1 on supp(1 — ). If we
set g := F![|2m| "2 F f], then Gn * f = Asyg. Therefore, the first claimed inequality follows
from Lemma A.6 (b) and Lemma A.9.

To prove the second claimed inequality, recall that one has Hy = (Gn — Gy) + (Go — K). By
Lemma C.4 below, Gy — K belongs to S(R?). Therefore,

1(Go — K) * f|

By 27 (RY) Searso “fHB;iZ(Rd)’

On the other hand, one has (Gy — Go) * f = (Asy — Asg)g = (A<y-1 — A_1)g. Hence, by
Lemma A.6 (b) and by Lemma A.9, the third inequality and thus the second follow. O

A.2 Estimates of constants of functional inequalities on bounded domains

In Definition 4.10 we have introduced the smallest constant that appears in interpolation inequalities.
In this section we introduce also other constants that appear in functional inequalities and study their
behaviour (also under scaling of the underlying domain).

Definition A.11. Let U be a bounded domain and p, p1, p2 € [1, 0], 71,72, s € [0,00), 7 € (0, 00)
and d € (0,7). We set

I llwzzw
Clupea Wit = Wil = sup =t
feWL(U)\{0} ||f||W;11 U)
[
U 57 . Wy °(U)
C’Prod {WZTp — W; ] = sSup W'
feWS,(U)\{0} Wy (U)
Similarly, we set Cf . [Wylo — W21, ... by replacing the function spaces “WV,” to those with
zero boundary conditions “ ;’0”. If U is a bounded Lipschitz domain, for a universal extension oper-

ator ¢« from U to R? as in Lemma 2.7, we set

CEUxt[W;;la W;;] = inf{HLHW,I} (U)Wl (Rd) T HLHW,Zg(UHW,Ig(Rd)

|¢ is an universal extension operator },

COU(WT™Y := inf{||R .t R is arightinverse of T .1 ,
EO) =Ry [ Risar )

U)—Wp )
oU r r—4 HfQHW;ﬂ;(aU)
CPI‘Od [WQp — Wp ] = sSup 2 )
rews, 0003 1l oo
, 1o fllwy ey
Cl\g[ult[wp] = sup - 9
rewzongoy I lwgw)
and C (W] := CE . [W), W]

xt
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Lemma A.12. Let U be a domain.

(@) Letpi,ps € (1,00) withpy < py and ry,ry € [0,00) withry = r; — d(pi1 — piQ) Then,
one has Cf p.a[Wylo — Wi2o] Spipem 1. I U is a bounded Lipschitz domain, one has
CEmbed[VVT1 WTQ] ~P1,P2,T1 OExt [W;H

(b) Lets € (O 1). Then, one has CH,[HS] <, 1. If U is a bounded Lipschitz domain, one has
Crp[H] Ss Cig[L?, H').

Proof. We only prove the claim for a bounded Lipschitz domain U'.

(a) Let ¢ be a universal extension operator from U to R%. Then, by using the Sobolev embedding in
R9 [11, Theorem 8.12.6] for the second inequality,

||f||W;22(U) < || ( )”W”(Rd) Spl b2, || ( )HW;ll(Rd < || ||W’"1(U)—>W”"11(Rd)||f||W,§11(U)>

and thus || flv72 ) Sprpers Chtena[Warllf llwzt o)-
(b) We can prove the claim similarly by using the inequality [4, Proposition 2.22]
1 sre ety S 1PN L i gy =
Lemma A.13. Let U be a bounded domain, p € [1,00),r € (0,1) ande € (0, 7). Then we have
ChroaWapo = Wyo®l Spe 1,

and if U is a bounded Lipschitz domain

Cgrod[WQTp — W;_E] Sp,e ]—7

e dy 7
ConalWy, = W, ]NpelJrfeuaI()](/aUW) :

Proof. We only prove the first inequality. Since

by
a|>1 |]dTPr=e) v

@ = FPP

o — g9

one has

12hgay S 1 + [

lz—y|<1
Observe that || || Lo(ga) < || f]|720(ga)- Furthermore, observe that

f (@) = fW)?*P _ (If(fC)Jrf(y)l)p(lf(x) —f(y)|>1’7

|(L’ _ yld-i—p(r—e)

o=y %7 N ey

so that, by Hélder’s inequality

[ ML sy < g ([ I ey

’x - y’d+p(r 2 lz—y|<1 ’il? - y’d72ps

Now the latter integral can be estimated by || f|| 2 times the following integral over the unit ball that

can be estimated as follows
1
/ _de o / _dr _ 1 -
o<1 ‘x|d72ps ~ 0 prl—2pe 2p€
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Lemma A.14 ([62, Proposition 5.3]). Letp € (1,00), r € (0, Zl)) and let U be a bounded Lipschitz
domain. Then, the map

r d r d
By (RY) — B} (RY), f~ fly
is a bounded linear operator.

Lemma A.15. Let U be a bounded Lipschitz domain. Then, we have

ilili Cgit[W;117 Wrz] o0, P1,P2 € [17 00}77‘177"2 € [07 00)7 (65)
SLlill)HTW;(UL)H <oo, p€(l,00),r€ (zlo’ 1+ %), (66)
sup Cp A [Wy] < o0, p € (1,00),7 € (0,1), (67)
L>1
- , p1,p2 € (1,00),71, 72 € |0,00),
Sup Embed[W - W, 2] 0, { 1 <2 ( —> 1 d2 1 [ 1 ) (68)
L>1 D1 =p2,T2 =71 — (171—172)7
sup CLF[H®] < o0 s € (0,1), (69)
L>1
sLlip CMfllt[WT] oo, pe€E (1,00),r € (0, ]%), (70)
SupC’PUrod[ 2p_>W;_€} <00 pcE [17OO>7T€ (071)756 (07T)7 (71)
sup L~ gngﬁ[W{p — W, ] < oo, pe€ll,00),r€(0,1),c€(0,r). (72)

L>1

If U is a bounded domain (that is not necessarily Lipschitz), then (68) and (71) hold by replacing the
occurrences of the form “W'” by ‘W',

Proof. Let ¢ be a universal extension operator from U to R? (Definition 2.8). For L > 1, we define
a universal extension operator ¢z, from Uy, to R? by «1,(f) = «(f(L-))(L~!-). By change of vari-
ables, and using that 9*(f) = (9“f) it is straightforward to check that || ||y w,)wy @) <
HL|’W5(UHW5(Rd)- This implies (65). The two (66) and (67) estimates can be proven similarly.

(68) and (69) follow by Lemma A.12 and by (65).

(70) First observe 7 € (0,1). Set I := r(f) for f € W} (UL). Then, 1y, f = 1y, F and thus
1Tv, fllwg@ay < I1Fllze + [Lv, Flwya)- By change of variables, one has [g(L ™" )]y =

Lgfs[g]W;(Rd) and thus
[Lv, Flwr ey = WT[EUF(L')]W;(W)-

By Lemma A.14 and Lemma 2.6, one has

Lo F(L)]wyeey < Lo F (L) lwy ey Svps [F(L )| 2o@ay + [F(L)]wy @)
_d _d_,
= L7 ||Fl| ey + L2 [Flwy ey

The claim follows because || '[|wr ey < [esllwywo) [ fllwr @) < lelwzanlfllwews)-

(71) and (72) follow from Lemma A.13. O
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B A regularity structure for the gPAM

In this appendix, we consider a regularity structure for the generalized Parabolic Anderson model

d d
Ou = Au+ Y gij(wdudiu+ Y hi(u)du + k(u) + f(u),

ij=1 i=1

based on the abstract theory by Bruned, Hairer and Zambotti [13]. See [6] as well.

B.1 Terminologies

Here we review some terminologies from [13].

Definition B.1. We fix a type set £ := {=, .7 }. The symbol = represents the noise £ and the symbol

# represents an abstract integration operator.

Definition B.2. We define the following notions regarding graphs.

(a) A rooted tree is a finite connected simple graph without cycles, with a distinguished vertex called
the root. We do not allow for an empty tree but we allow for a trivial tree ® which consists of only
one vertex. Vertices will be called nodes. Given a rooted tree 1', the set of nodes and that of
edges are denoted by N = Ny and by & = E7 respectively. We denote by pr the root of 7.
Nodes of a rooted tree are endowed with a partial order < by their distances from the root. We

orient edges (z,y) € F sothatz < y.

(b) A forest is a finite simple graph without cycles. We say a forest is rooted if every component of
the forest is a rooted tree. We allow for an empty rooted forest. Given a rooted forest [, the set

of nodes and that of edges are denoted by N = N and by £/ = E respectively.

(c) A tree or a forest is called typed if it is endowed with amap t : £ — £ where E is the set of

edges.

(d) We say A is a subforest of a forest F', and write A C F,if Ny C Nr and E4 C Ef and if
(x,y) € E4implies {z,y} C N4. We note that a subtree of a rooted tree is again a rooted tree
whose root is the unique vertex which is closest to the root of the original rooted tree. Therefore, a
subforest of a rooted forest is again a rooted forest. If a forest is typed, a subforest inherits types
by restriction. If A and B are (rooted, typed) forests, we denote by A LI B the disjoint union of A

and B with types naturally inherited.

Definition B.3. In this paper, a typed forest F’ is often equipped with a colouring F' and decorations

N, 0, ¢ as follows.
(a) A pair (F, F) is called a colourful forest if the following hold:

B F = (Ep, Np,t)is a typed rooted forest.

B One has ]? . Ep U Np — {0,1,2} such that if F'((x,y)) =i > 0for (z,y) € Ep then

F(z) = F(y) =i.
(b) If (F, F) is a colourful forest and

-NINF—>Nd,
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B o: Ny — Z & Z[€] with supp(0) € Uz F (i),
B ¢: Ep — Ndandsupp(e) C Ep \ supp(F),
then the 5-tuple (F, F.n,o, ¢), also written (F, F)Ij" is called a decorated forest. We denote by
3§ the set of decorated forests.
(c) Forx,y € N, we write x ~ y if they are connected in Ui>0ﬁ’_1(i).

(d) Given a decoreted forest (F, ﬁ’, N, 0, ¢), we view a subforest A C F as a decorated forest by
restricting the associated maps (F', N, 0, ¢).

(e) We write o™ for the decorated tree (e,2,m, 0,0).

Many examples of colourful forests can be found in [13].

Definition B.4. Two notions of product for forests are defined as follows.
(a) For decorated forests 7; = (F;, Fi, N;, 0;,¢;) (i = 1, 2), we define the forest product by
T T i= (Fl L FQ, Fl -+ FQ7N1 + No,01 + 09,01 + 22)

where, for i # 7, (FZ, N;, 0;,¢;) are setto 0 on Fj.

(b) For a a decorated forest 7 = (F), F)N,o0, ¢), we denote by _#Z () the decorated tree

(7 (F), [F],[N], [o]; ¢),

where # (F) is the tree obtained by gluing all the roots of F,

A A

[F)ppey) = max  Fy), [F](z)=F()fora #p s

y is a root of F’

and [N] and [o0] are defined at the new root by summing the values at the roots of ', and are
equal to N and o elsewhere, respectively. The tree product is defined by

TTy = _J (T - Ta).

Definition B.5 ([13, Section 4.3]). For a decorated tree 7 = (7, T)¥° and k € NY, we write .7, ()
for a decorated tree 0 = (S, S)I;’” obtained by connecting the old root p to a new root p, with a new
edge e = (py, p,) and by defining S, N, 6 and ¢ as an extension of 7', N, 0 and ¢ such that

S(ps) = N(ps) =6(ps) =0, t(e) =7, S(e)=0, &)=k,
Fori € {1,...,d}, wewrite .%;(7) := .%,,(T), where e; is the ith standard basis of R.

i

Definition B.6 ([13, Definition 5.3]). Let ¢’ be the constant appearing in Assumption 3.10 and we fix
asmall k € (0,0") such that § +  is irrational. We assign the degree |-| to the types by?

Z|=—-24+0+k, [F]|:=2 (73)
We extend the degree to (k,v) € Z¢ @ Z[£] by

d
[(k,0)| := > ki + alZ[ +0].7]

=1

%In Section 3, we set |=| := —2 + 4, but the new definition (73) is more convenient in Section C.6.
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where v = a= + b.#. For a decorated tree T = (F, F N, o0, ¢), we set

A ~ A A ~ A

E,:=F'i\)NEp, E:=EUFE, N;:=F(i)NNp

and we define two notions of degrees |-|_ and ||+ by

rl- = ) (el —e(e) + Y N(x)

eGEF\E‘ rzENp
o= > (e —ele)+ D N@)+ > o).
EEEF\EQ zENF xGNF\NQ

Remark B.7. Since Schauder’s estimate does not hold for integer exponents, we assume that 6 + «
is irrational.

B.2 Hopf algebras on forests and trees

In this section, we introduce Hopf algebra structures on some spaces of forests and those of trees.
For this purpose, we begin with introducing contraction operators.

Definition B.8 ([13, Definition 3.18]). We set

H(F )30 = (A F, BN,

where

B 7 F is the quotient forest '/ ~, where the equivalent relation ~ is in the sense of Defini-
tion B.3-(c);

B F and [¢] are natural “restrictions”;

B one has [N|(z) :== >, _, N(y);

M one has

ol(@) ==Y o)+ D te), E(a)i={(n2) € Ely~ 2~}

For a decorated forest 7 and ¢ € N, one has a unique decomposmon T = 1 - v such that on v the
map Fis equal to 7 and on each component of 1 the map Fis not equal to 7 everywhere.

Definition B.9. Then, we set

ki(v) = {(.7272966% N(@),0,0) i 2 e, N(z) > 0

%) otherwise

and
Hi(r) = K (1) - ki(v):

In addition, we denote by JZ(T) the decorated forest that is obtained from J#;(7) by setting 0 to 0 on
F1(3).
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Remark B.10. v is allowed to be an empty forest & and k;(9) = @.

With these operators, one can write Hopf algebras associated to regularity structures and renormal-
ization structures.

Definition B.11. We define vector spaces H,, H, as follows.
(a) We denote by H, the free vector space generated by
B(Hy) = {(F,F)Y° | F <1, #4(F) = F}.
(b) We denote by H, the free vector space generated by B(H,), where 7 € B(H,) if and only if

lTisatreeandﬁgl; .%(7):

Definition B.12 ([13, Definition 3.3]). Given a decorated forest 7 = (F, F)N ?, we denote by ill( )
the set of all subforests of F which contains '~ !(1) and subforests of F' that are disjoint from - 1(2).

We set
AlT = Z Z Z F‘ (NA> A F|A7NA+7T€A,0|NA,€’EA)
A€ty (1) NANASN cF (74)
®(F,FU1A,N—NA,0+NA+7T(€A—e]lA),eﬂEF\EA+€A),
where

| 55{ runs over all maps Erp — Ng supported on the (outgoing) boundary

(A, F) = {(et,e) € Er\ Eales € Na};
B fore : Er — N¢ one defines e : Np — Z% by

me(x) == Z e(z);

QGEF
e=(z,y) for some y

B U Aisthe map defined by

xTr) = ~
! F(z) otherwise.

Some of the main results from [13] are the following.
Proposition B.13 ([13, Proposition 4.11]). The vector space H, is a Hopf algebra with multiplication
M(1 ® 7o) == (11 - T2),
with unit &, with coproduct (% @ 1)/, and with counit
L, (F, F){°) = Ly ((F, F)Y),
The Hopf algebra H, is graded with respect to |-| _.

Proposition B.14 ([13, Proposition 4.14]). The vector space H, is a left comodule over the Hopf
algebra H, with coaction
(’%fl®‘%/)A1 : HO —>H1®HO.
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B.3 Rule

We set X X
T :={(F,F,N,0,¢) €§| Fisatree, =0, 0 =0}.

The set T is a monoid with the tree product and with the trivial tree as unit. We simply write 77" for
(T,0,N,0,¢) € .

Definition B.15. Given a decorated tree 7,' € T, we associate to each © € Ny a node type

Nr(x) = A (2) = ((ter), e(er)), .-, (en), elen))

where (e, ..., e,) are the edges leaving the node x, namely, for each j one can find a y;j € Np
such that e; = (z, y;).

Definition B.16. Let (£ x Ny)™/ ~,, be the set of unordered n-tuples valued in £ x Ny and let PA
be the power set of U,cn, (£ X Ng)"/ ~,,. We define the rule R : £ — PN by

R(Z) = {0},
R(I) = {([F]n), (I, £0), (L n, i, F5), ([F]n, B)in € Noy i, 5 € {1, .., d} },

where we write [.#],, for the n-tuple of (.#, 0) and write .#; for (.#, e;), where e; is the ith unit vector
in RY.

It is not difficult to show that the rule R is subcritical in the sense of [13, Definition 5.14] and complete
in the sense of [13, Definition 5.20].

Definition B.17 ([13, Definition 5.8]). Let7 =T € ¥.

(a) We say 7 conforms to the rule R at the node x if the following hold:

B if x is the root, then A (z) € R(E) or A (z) € R(F);

B otherwise, one has .4 (z) € R(t(e)), where e is the edge such that e = (y, ) for some
node .

(b) We say T conforms to the rule R if T comforms to R at every node, except possibly the root.

(c) We say 7 strongly conforms to the rule R if T comforms to R at every node.
Definition B.18 ([13, Definition 5.13]). We define sets T, (¢ € {o, 1, —}) as follows.

(@) We denote by T, C T the set of trees which strongly conform to R.
(b) We denote by T; C § the smallest submonoid under the forest product which contains <.

(c) We denote by T_ C T, the set of trees T with the following properties:

B one has |7|- < 0and N(pr) = 0;

B if there exists only one edge containing pr, then

(1

T = I . Nlpr) = ¢e) =0, t{e) =
Pr

(75)
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B.4 Definition of the regularity structure

The content of this section is parallel to [13, Section 5.5]. Our goal here is to construct subspaces of
H, (¢ € {1,0}) which provide a correct framework for the theory of regularity structures. Since we
desire that elements of those spaces conform to the rule R, one might want to consider a subspace
spanned by T,. However, T, is not closed under the coproduct of H,,. Therefore, we introduce the
following definition.

Definition B.19. Recall the notation introduced in Definition B.12. For ¢ € {1,0}, we denote by
B(HE) C B(H,) the set consisting of

Ji/l(F,ﬁ’Ul A,N—NA,NA+7T(5Z—eILA),eILF\A—st;) (76)
for 7 = (F,F)} € ,, A € (1), Ny < Nwith supp(N4) € N4 and % : Ep — N¢ with
supp(ef]) C O(A, F). We denote by HS the free vector space generated by B(HY).

Remark B.20. By choosing A = & one observes T, C B(HS) for o € {1,0}. In fact, as
Lemma B.21 below shows, ch is the smallest subbialgebra of H, both containing ‘€, and closed
under the coactions.

Lemma B.21. The subspace H 10 is a subbialgebra of H,. Furthermore, the statements of Proposi-
tion B.14 remain valid if one replaces (Hy, H,) by (HE, HY).

o

Proof. This is essentially proven in [13, Lemma 5.25 and Lemma 5.28]. O
Definition B.22. For ¢ € {1, o} we denote by Hf the free vector space generated by
B(HL) = {(F,F)}* € B(HC) | (F,FLp,)Y" € T.}.
Definition B.23. We denote by .7] the free vector space generated by
B(F) = {r € B(HS) | (F,0)™° € T_ for every connected component (F, F')N° of 7}
and by .7; the free vector space generated by B(.% ), where 7 € B(.%) if and only if
K[ Iy (11) -+ I, ()™

forn € No, k1,...,kn,m € N§ and 1,...,7, € HE such that |.%(7;)|+ > 0 for every j =
1,...,n. We denote by plc : ch — 7] the natural projection. We note that .7] is an algebra under
the forest product and .7 is an algebra under the tree product.

Proposition B.24 ([13, Proposition 5.35]). The linear map
Ap = (pf @p)) (A @ )AL T — TR S

defines a coproduct over the algebra .7, (with the forest product as multiplication). With this coproduct
and the counit as in Proposition B.13, .7, is a Hopf algebra. Furthermore, the vector space H f is a
right comodule over .7, with coaction

A° = (pC e ld)( @ )A, : HE - 7 @ HE.

Remark B.25. As shown in [13, Proposition 5.34], one can view .7 as a Hopf algebra with grade |-| ;.
and one can define a coaction A? : HE — HE® 5, of which we do not need the precise definition
here but will only use the recursive formula [13, Proposition 4.17].

Definition B.26. We set
gZ:Hf, y—&-::%a y—::yia

Then, in the language of [6], the pair (.77, 7,.) is a concrete regularity structure and the pair (.7, 7)
is a renormalization structure for the generalized PAM. For ¢ € {—, +}, we denote
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B by A, the coproduct of .7, B by 1/ the counit of .7, and

B Dby 1, the unit of .7, B Dby .7, the antipode of .7,.

Recall that the product .#_ of .7_ is the forest product while the product .#, of .7, is the tree
product. We write 1 € .7 for o°. For o € {—, +}, the Hopf algebra .7, is graded with |-|,,. The vector
space .7 is graded both with |-|_ and with |-| ;..

Definition B.27. As shown in [13, Proposition 5.39], if
A=Alrly [T € B(T)},

and we denote by GG the character group of 7., the triplet (A, .7, G) is a regularity structure in the
sense of [32, Definition 2.1]. We have the graded decomposition

T =&reay, T, i=span{r € B(T) ||, =1}
We write p for the natural projection from .7 to I3 := @, 5.7,

Definition B.28. If 7,0 € B(.7) are such that 7o € B(.7), we write 7 x 0 := 70. We extend the
product  bilineary. Note that the product  is not defined for all pairs (7, o).

The following lemma essentially states that the product « is regular in the sense of [32, Definition 4.6].

Lemma B.29 ([13, Proposition 3.11]). If 7,0 € B(.7) are such that To € B(.7), then AS (Tx0) =
AL ()AL (o).

Definition B.30. Let V' be the subspace of .7 generated by
(1) I (Tn), Ti,e..,Tn € .

Fori € {1,...,d}, we define the linear map &, : V' — 7, called a derivative, by

d

Z[I(n) - I ()= ) [[ 7).

j=1 k]

Proposition B.31 ([13, Section 6.1]). Leti_ : T_ — Hf? be the natural projection. Then, there exists
a unique algebra morphism </ : J_ — H lR such that

My, (- @Td s ) H) i =1 (g, on T,
where .y, is the product in H; .

Definition B.32. We call &/ a negative twisted antipode.

As for eszf_, we only use the following property. As shown in [13, Proposition 6.6], one has the following
recursive formula:
AT = =My, (F- @dpr) (AT —TR 1), (77)

where A_ 1= (p¢ ® Idyr) (1 @ K1) A
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List of symbols from Appendix B

<, antipode of the Hopf algebra .7, 53

o negative twisted antipode 53

B Dbasis 49

& contraction operator for decorated trees 49

|| degree or simply absolute value 48

. abstract symbol for integration 47

# joining trees at their roots 48

P the natural projection from .7 to ®- 5.7, 53
(7, 7,) concrete regularity structure for the gPAM 52
(Z_,7) renormalization structure for the gPAM 52
T setoftrees (T,0)"% 50

T_  set of trees which conform to R and have negative homogeneity 51
T, set of trees which strongly conform to R 51

t type map:El — £ 47

£ typeset{Z, .7} 47

1. counit of 7, 53

%1 free monoid generated by T, 51

1, unitof .7, 53

e the decorated tree (e,2,m,0,0) 48

Er edge setof F' 47

(F,F) colourful forest 47

(F, F, n,0,¢) decorated forest 48

H, vector space of trees invariant under %~ 49

H, Hopf algebra of forests invariant under .#; 49
Hg subspace of H,, which contains ‘¥, and is closed under coproducts 52
HE  subspace of HS whoses basis belongs to T, 52
9; derivative in .7 53

Nr node set of F' 47

R rule 51

A7(x) node type of T at x 51

A°  coaction I — T ® T 52

A, coproduct 7, — I, ® J, 53

= abstract symbol for a noise 47

pr rootof atree 1" 47

T1 - To forest product of 7y and 7, 48

T1T9 tree product of 74 and 7 48

C Proof of Theorem 3.3
Based on the framework discussed in Appendix B, here we provide the details to prove Theorem 3.3.

C.1 Modelled distributions

An important concept in the theory of regularity structures is the modelled distribution ([32, Defini-
tion 3.1]). We denote by DV(.7, %) = D7 (%) the space of modelled distributions with respect to
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the model 2 whose images are in 7., = ®g<,J3. We set
DT, Z)={feD(T,Z)| fis Ba<p<y Tp-valued}.
We will use the norm ||-|[|,. given by [32, (3.1)].

Definition C.1. Let 2 be a model over .7 and let v,[ > 0. By [32, Theorem 3.10], there exists a
unique continuous linear operator R = R : DV(.T, Z) — Cin4(R9) with the following property:

loc

there exists a C' = C(, 1, 7) > 0 such that for every compact set & C R?

(Rf =T f(2))(¢2)] < CXNNZ |bipsollf iy, where @3 = A™6(A7! (- — 2)), (78)

uniformly over ¢ € C*(B(0,1)) with ||@||crrey < 1, A € (0,1), f € DV(T, Z) and x € R The
operator R is called the reconstruction operator.

Proposition C.2 ([32, Theorem 4.7]). LetV; and V5 be subspaces of  closed under the action of the
structure group. Suppose the product T, x5 is well-defined for every Ty € V, and o € V,. Let & be a
model for 7 and let f; € DY (V;, Z) fori = 1, 2. Then, if we set~y := min{y; +az, 72 + a1}, one
has p(fi * f2) € D}, 10,(T, Z). Moreover, there exists a constant C' € (0, 00) which depends
only on .7 such that

o< (1% fo)llris < COA 12 s 4250) ML il folllsi for every compact set & € RY.
Definition C.3. Let F' € C°(RY) and let V be a subspace of {7 € 7 | po7 = 0} that is closed
under the product x and under the action of the structure group. We define the map £™* : V' — V by
DFF(7) _ _
F*(1) = Z T(T — 7R F =T
keNg
According to [32, Theorem 4.16], if v > 0 and f € DV(V, %), then one has
FI()(@) :=py F7(f(x)) € DV, Z).

Furthermore, there exist a constant C' € (0, o) and an integer k € N, which depend only on .7, F’
and -y, such that

19 ()l < COA 12 s+ 1 1l.)* for every compact set & € R (79)

C.2 Operations with kernels

In the rest, we fix an adimissible kernel K as in Section 3.1.2. Recall the notation GG from Defini-
tion 3.1 andwe set Hy := Gy — K.

Lemma C.4. Forevery N € Ny, the function Hy belongs to S(R?).

Proof. Since the Fourier transform of Gy — G has a compact support, we observe that Hy =

(Gy — G) + (G — K) is smooth. Thus, it comes down to showing that Hy decays rapidly or
equivalently, as K is supported on B(0, 1), to showing that G v decays rapidly. For m € N¢, one has

"Gy = F (1 = x)2 V)2 (2mi)"]
for some polynomial P,,. Then, for n = (ny,...,n4) € N4,
2"0"Gy = 2mi)"F (1 —x)(27V)0"(|-| 2 Pa)] + R,

where R € S(R?). Therefore, if ny,. .., ny are sufficiently large, 0" (|-|~2P,,) is integrable. This
means 0™ (G y is bounded and hence GGy decays rapidly. O
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Remark C.5. Thanks to Lemma C.4, the convolution Hy * f is well-defined for f € S’ and the
distribution H * f represents a smooth function.

Definition C.6. For f € §'(R?), N € Ny, we set
[AGN =G * f=F [x(27" )] * f.
By considering their Fourier transforms, one observes

(AGN) x f=—f+[A(GN = G)] x f (80)

We recall operations of kernels on modelled distributions from [32, Section 5].

Definition C.7. Let 2 = (I, I") be a model realizing K in the sense of [32, Definition 5.9].
(a) We set
Xk
T (x)1 =T (2)7 = Z —‘[DkK * HIT(Q:)], r € RY,

k| <|7|4++2
for 7 € $B(.7) and extend it linearly for 7 € .7.
(b) Lety € (0,00) \Nand f € D'(7,Z). We set

Xk

Nf@) =N fa) = Y G DK« (R7f = T f(0)(x) 81)
|k|<v+2
and
Kf(x):=KZ f(z) = (I + T () f(x) + N f(). (82)

By [32, Theorem 5.12], K maps D7 (.7, %) to D"**(.7, %) and one has RKf = K * Rf.
More precisely, one has

S llrs2n S 70 1+ N ZMl2e8.0)*I1F i mes- (83)

uniformly over 2 € .4 (7 ,K), f € D(7, %) and compact sets & C R%. See [34, Theorem
5.1].

(c) For a smooth function " on R? and 3 € (0, o), we set
X* d
RyF(x):= ) D), zeR
[kl<p

Then [32, Lemma 2.12] implies RgF' € D° (.7, Z).

Definition C.8. Suppose that the model £ realizes K. For v € (0,00) \ N, f € D' (7, %) and
N € Ny, we set

On f(2) =GN, f () == K f(2) + Rypo[ Hy * Rf](2).

Note that one has R? G f = Gy * R f. For the meaning of the parameter IV, see Remark C.15
below.
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C.3 Definition of modelled distributions

Definition C.9. We define 7,7_ C .7 and B(T ), B(7-) C B(7) as follows.
(@) ForTy, 7o € 7 we write “V.7 (1) - V.7 (12)” instead of “Z?:l Fi(11) I (12)".
(b) We denote by 7 the smallest subset of .7 with the following properties:

B =c7Tand
| if7'1,7‘2 € T, then Vf(Tl) : Vﬂ(’Tg) € T

Furthermore, we associate ¢(7) € N to each 7 € T by setting ¢(Z) := 1 and by inductively
setting for 7, 75 € T

26(7’1)0(7’2) if 1 7é T2,
c(r)e(r)  ifm =T

(VI () -VI(r)) = {

(c) One defines B(T) C B(.7) as the minimal subset with the following properties:
B =cB(7T)and
m if Ty, Ty € %(T) and i € {1, Ce ,d}, then %(Tl);ﬂi(TQ) < %(7—)

d) WesetT_ :={r €T ||r|+ <0}and B(T_) := {7 € B(T) |||+ < 0}.

Definition C.10. Given a model 2 realizing K, we associate 7 = ™% € D" (.7, Z) to each
T € T_ by setting Z* := = and by inductively setting

d
Vr = min{’YTl +1+ ‘7-2|+7’77'2 + 1+ |7—1|+}7 TIC = Z @l[KT{C] * gl[ICTéc]
i=1

for = V.Z(7) - V.Z(13). The exponent ~y= is choosen so that -y, > 2 for every 7 € T_.

Remark C.11. Thanks to Proposition C.2 and [32, Theorem 5.12], indeed one has 7% € D7.
Furthermore, for 7 = V. (1) - V.Z(72) and a compact set R, one has

72

K7 K, 7
leig S7 (L4 2Ny vmy 42860 M1 ey 172 llymgiB8.0)-

Therefore, there exist a constant v, C' € (0, 00) and integers k,! € N, which depend only on .7,
such that
175 Ml < CA+ N2 Minean)” (84)

uniformly over 7 € 7, Z € .4 (7, Z) and compact sets & C R%

Definition C.12. Let F' € C°(R) be such that F(x) = —e** if |z| < 2. Given N € N and a model
% realizing K, we set

X =X7? = Z ()7
TET_

WN = W% = p<2gf;2X'ff

and

Yy =YY%
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d
=P [F*(Wﬁ) * { Z Z c(11)c(m2) Z; [’Cfr{c’ff] * 9; [/Cijf]
T1,m2E€T_, =1
[71|++[72]+>—2

+23° Z[K? X 7] % Rol0,{Hy + (R X 7)) H .

=1

Proposition C.13. Suppose that a model % realizes K. Let N € N. Then, one has W}% €
DAT,%)and Y% € D’y 5(T,%). More precisely, there exist constants v, C' € (0,00) and
integers k, 1 € N such that the following estimates hold uniformly over N € N, 2, % € .# (7, K)
and convex compact sets & C R%:

I1X“lzie < OO+ N2 Mi50)"

W R llzis < C{ + |2 li500)" + 11 Hy * (R X?) ez}
1Y X lllsis < CA+ N2 speap + [ Hy * (R7 X ) ||c2gny)”s

and furthermore

X% x7
Wz wz

2t < O N 2 et 1 Z i)l 25 Z s,

o8 < CL+ 12 lmsny + M) 1125 Zlllces
+ | Hy x (R7X” = REXT ) ea

1Y %5 ¥ Rllss < C(1+ 12 Wiy + 12 s

S k
+ [1H o+ (RZX)loxgay + [ Hy + (RTXZ) o))
% (125 Z o + 1Hy * (R? X = RZXP)l|oze)-

Proof. The estimate for X< follows from (84). As for the estimate of sz), the Schauder estimate
(83) gives the estimate for XX Z. The estimate for Ry[Hy * (RZ X %] follows from the estimate

IR [Hy % (RZ X llzie < ) 0™ [Hy * (R X 7)][|z=(s),

m:|m|<2

where the convexity of K is used. The estimate for Yf; follows from Proposition C.2, the estimate (79)
and the Schauder estimate (83).

For the estimates of the differences, let us just mention that for differences there exist analogue esti-
mates to those in Proposition C.2, the estimate (79) and (83), see [32, Proposition 4.10], [35, Proposi-
tion 3.11] and [32, Theorem 5.12] respectively. Using them, we can prove the last three inequalities of
the differences similarly. O

Definition C.14. Given a model £ realizing K and N € N, we set
X:=X"=R"X", Wy =Wy =R"W}
and

Yy =YZ =RYY7 + F(W;V”f){W[HN £ (X)) +[A(Gy — Q)] * Xf}
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Remark C.15. The parameter NV will be used to ensure Wy is bounded on a given bounded domain.
Therefore, N will be random and will depend on the domain. The idea of introducing such parameter
is also used in [3]. As noted in Definition C.8, one has Wy = Gy * X.

Lemma C.16. Lete € (0, 1). To simplify notation, we write X “** := X 2" here for instance. Then,
one has the following idenitty:

|VW§[an 2 + ij(\:[an — _ga
+ Z (1) e(12) V(K % ROV L (K s RO r-em)

T1,m2€T—,
|71+ +] 2|+ >—2

+2V[K « X V[Hy # (X9)] + [V[Hy = (X)]]” + [A(Gy — G) + X
Proof. One has W™ = K + X" + Hy * X" and

VIWy|* = o(T1)e(72) VIK % RO - VK 5 Rem e
1
T1,T2€T-

+2V[K % X . V[Hy * X + |[VHy * X“?|?

Furthermore,
AWy == Y c(r)R™MO L [A(Gy — G)] % X
TET_

Now it remains to observe

Z C(Tl)C(T2>V[K * RcanT{Cvcan] . V[K * RcanTéC,Can] _ Z C(T)RcanTlC,can

T1,T2E€T_ TeT-

= _fg + Z C(TI)C<7'2)V(K * fR/canT{C,can) . V(K * RcanTéC,can). 0

T1,72€7-,
71l 4|24 >—2

C.4 BPHZ renormalization for X

The goal of this section is to show X2 % = XZ“™ _ ¢_ (Proposition C.24). To this end, our
first goal is to obtain the basis expansion for modelled distributions 752 ¢ T_, which will be given in
Lemma C.19.

Lemma C.17. Forevery 11,7y € T_ with |1 |4, |72|+ < —1 andi,j € {1,...,d}, one has
AL[Fi(n)] = Si(n) @ 1y, AL[A(1)I5(n)] = [Hi(11) ()] @ 1.

In particular, the constant map & + .7;(11).%;(T2) belongs to DY, | .1, ,(7, Z) for any model
% =(IL,T) and
R[Ii(11)I(12)] = e [Fi(1) F(72)],

where the right-hand side is independent of x.

Proof. In view of the recursive formula [13, Proposition 4.17], one can prove the claim by induction
on |-|4. Indeed, suppose one is going to prove A7 = 7 ® 14, where 7 = Z;(71).%;(72) and
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A5 T, = T, ® 1. By Lemma B.29, A5 7 = AS [Z(11)]AL[F(72)]. Therefore, it suffices to show
A% [I5(11)] = [Fi(11)] ® 1. By [13, Proposition 4.17], one has

Xk
AL (n) = (Field)An+ Y Sr @)

k:|7|++1—|k|>0

It remains to observe that (.%; ® Id)Arm = [.#(71)] ® 1, by hypothesis of the induction and that
the set over which k ranges is empty. O

Definition C.18. We use some notations from Section B.1. Let 7 € B(7") and let e be an edge of T
with t(e) = .. By removing the edge e, we obtain a decorated forest with two connected components.
We denote by

Remove(T;e)

the component containing the root of 7, with decoration inherited from 7. For instance,
Remove( ; |) = ,
where O represents the noise (7). We set

Remove(B(T)) := {Remove(r;e) | 7 € B(T),e € E, with t(e) = .7},
Remove"(B(T)) := {(T,0)™" | (T,0)*° € Remove(B(T))}.

Lemma C.19. Suppose Z = (I1,I") is a model realizing K. Then, one has a claim for T € T_ as
follows.

@) Ifr=Zort =V.I () - VI () with|11| 1, ||, < —1, then ™% = 1.

(b) IfT =V (1) - VI (1) with |14 > —1 and |12|+ < —1, then one has the expansion

Y() =7+ Z af;,(x)a, (85)

oeY(T)
with the following properties:

B U(7) is a finite subset of Remove" (B (7)) that is independent of %,

M one has

az,()

T,0

n
_ U1yl ,015,0n ) IC,,Z’ Iy
- > (P)[;K * I,p N[0 K « a0 (2)
je{1,...,d},n€Ny,peT_, k=1
11, ln€NE,01,...,0n ERemove™ (B(T)),
ok | +4+2—13>0,—1<|p|+- <|7|+
11, 5ln,01,500,0m, L K% K,Z
+ > (R)OK « (R™p™7 =™~ (2))](2)
n€Ng,peT_,
L1, ln€NS 01,...,0n ERemove™ (B(T)),
ok |+ +2—1>0,—1<|p| 4 <|7|+

x [[10" K = ,o0) (x),
k=1
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where the sum is actually finite and the constants

Cll,...,ln,al,...,an (’P) and Cl1,---,ln,01,---70n (R)

T,0,p T,0,p,l

are independent of & .

Proof. To see the claim (a), if |[7|, < —1, thanks to Lemma C.17, the identity (82) becomes
Kr=Y974+(KxR7)(x)1

and hence ;KT = .Z;T. The claim (b) seems complicated but can be proven easily by induction.
Suppose that one has 7 = V.7 (7y) - V. (73) such that 71 has the expansions of the form (85) and
7} = 7. Furthermore, one has —1 < |71|, < O since |7|; < 0. Therefore, one has

T{C =7+ Z as0, TQ’C =Ty (86)
o€Remove" (B(T))

where a,, has the desired property. By the definition (82) of K , one has

DKt () = S + Z ap(z) I (0) + [0 K * 7] ()1
c€Remove™ (B(T))

n Z aa(x)[ﬁeiHK*HxO](x)%—l— Z [aei-ﬁ-lK*(RT{C—HIT{C)](x)%;

o€Remove" (B(T)),leNd ’ 1| <vyry +1
lo|4+1—|l|>0

where 7, is chosen so that 7 € D71 (.7, %), see Remark C.11. Since Z;,K 7y = %7, as shown
in the part (a), one has

I:(0).I(12), X' (1) € Remove™(B(T)).

Since |11|4+ < |7]4, we complete the induction. O

We recall an explicit formula of the BPHZ realization.

Definition C.20 ([13, Theorem 6.18]). Let 7 be the free algeb[a generated by .7 under the forest
product. (In fact, recalling Hﬁ from Definition B.22, we have 7_ = Hf%.) We define the algebra

homomorphism g. : .7 — R characterized by
9e (lo7) := E[II*"*r(0)],
where i, : I — ﬁA_ is the natural injection. Then, we have
TIBPHZe _ (g;;z/_ ® TIPS A° ). (87)
In view of the identity (87) and Lemma C.19, we need to understand (g;&/, ® II™€)A° 7 for
7 € T_and 7 € Remove"(B(T)). As one can easily guess from the definition of g_, it is necessary

to estimate E[I1¢*"=7(0)] for such 7. The following simple lemma is a consequence of the symmetry
of the noise €.

Lemma C.21. For7 € Remove(*B(7T)), one has E[II®*"*7(0)] = 0.
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Proof. Let 7 = (T,0)%° € Remove(B(T)). Let II"™* be the canonical realization for &.(—-).
Since & < £(—-), one has IT""g < TI°*"<5 for every o € 7. If we set

n(T) = #{e € Er|tle) = 7},

by using the identity
O [f(—=)] = =[O = f](—),

where the fact K = K(—-) is used, one has IT™"s7 = (—1)"TII®"<7, However, since 7 €
Remove(B(T)), n(T') is odd. Therefore, one has

HminusT g Hcan,sT and HminusT — _]-—-[can,{-:T7
and concludes E[IT®"¢7(0)] = 0. O

Lemma C.22. For7 = (F, F)™ € B(T) U Remove"(B(T)) and = € R%, one has

AT =7®14+1_®7+ker(¢- & @ 1) N ker(g7 o @ TI),

Proof. Recall from Definition B.2-(a) that edges are oriented. We call an edge ¢ = (a, b) a leaf if b
is not followed by any edge. We call a node a of F true if there exists an edge e = (a, b) such that
t(e) = .. We denote by N'™* the set of all true nodes of F'. For a subforest G of F', we set

Ng; = {a € Ng N N"™®| there exist exactly j outgoing edges in G at a}.

Recalling the coproduct formula (74), one has

AN T=TQR;,1+1_Q71

DI

ng+nek 0 n—ng,m (sA elg)
F ( ) (G,0), @ H(F, HG)QIEF\EGJ“EG )
GCF G;é@ ncfn 5G G
where Z,, is defined in Definition 3.8. However, note that II**"*%,1 = I1°*™1. We fix G # &,

ng # nand el and set

. ng+7r£g,0 L u—ng,ﬂ(ag—e]lg)
T = (G, 0)¢ s Ty = %(F, ]]_G)RHEF\EG"fg
We will prove (g7 o7 ® I1%") (1, ® 75) = 0 by considering various cases, which will complete the
proof. When a case is studied, we exclude all cases considered before.

1. Suppose that G # F and that a connected component T' of G satisfies NY. = & and N} =
N} N Ng. Then, the forest 7, contains a leaf (a, pr) of edge type .# and hence I1¢*"¢7, =
1eemy = 0.

2. Suppose G contains a leaf of edge type # . Then, in view of ‘the recursive formula (77), this is also
the case for each forest appearing in o 71 and hence g_ o 7 = 0.

3. Suppose Ng + . If the case 2 is excluded, then a connected component of 7 is of the form "

and hence 7, = 0 (as an element of .7_).

4. Suppose T contains a connected component 73 = (7', 0)™" such that #£N;. > 2. Leta € N..

B If ais the root of T', then 73 = .%;(74) and hence 71 = 0 (as an element of .7_).
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B If ais not the root of 7', one can merge two consecutive edges (a1, a) and (a, as) into a single

edge (a1, az) to obtain a new tree 75 € T, with |73|_ = |75|- + 1. Since |o|- > =2+ ¢
forevery o € T, if #£(N} \ {pr}) > 2, then |13|_ > 0 and hence 71 = 0 (as an element
of 7).

5. Suppose that 71 contains a connected component 7 = (T, 0)"? such that N%3 = N%,s = .
Then, T} = Ty = F and 11 € B(T ). However, this implies n = ng = 0, which is excluded.

6. Therefore, it remains to consider the case where every connnected component 7, = (7%, 0)27’0
of 71 satisfies #N}7 = 1 and N% = @ and all leaves of 7 are of type =, namely 77 €
Remove™(B(T)). If n; # 0 on Np, then |77|— > 0. Thus, we suppose n; = 0. We will show
ga‘;z/,ﬁ = 0, which implies g;,;z/,ﬁ = 0 since the character g;,;zf, is multiplicative. To apply
the recursive formula (77), consider the expansion

A_T7 —mm®1_=1 ®T7+ZCTST8®7'9.
78
Then, one has

g9z -7 = —E[II*™7;(0)] — ZCTg x (g2 o/_7s) x B[ 1(0))].

78

By the same reasoning as before, one can suppose that every component 719 = (7o, 0)9’O of 73
belongs to Remove(B(7T)). However, since T}, has a strictly smaller number of edges than 7%

~

does, one can assume ¢ .27 73 = 0 by induction. Therefore, it remains to show E[IT*"¢7;(0)] =
0. But this was shown in Lemma C.21. O

Corollary C.23. If 7 € Remove(B(T)), then g- o/ 7 = 0. If T € T_, then

~

gz 7 = —E[II*"7(0)).

Proof. The claim for 7 € Remove(B(7)) is proved in the proof of Lemma C.22, see the case 6. If
T € T_, by Lemma C.22 one has

HBPHZ,aT — TIcer 4 gs_JZfAT
However, since |7|_ < 0, one has E[TTBFHZ<7(0)] = 0 by definition, which completes the proof. [

Proposition C.24. ForT € T_, one has

HfBPHZ,ST’C"yBPHZE (l‘) _ Hf’can,sTICw(fcan,s ([L‘) . E[Hcan’eT(O)L T 6 Rd7 (88)

aBPHZ,e wBPHZ,e gpcan,e gpcan,e
Rf TIC,Q':" — R,f TIC,J . E[Hcan’ET(O)].

In particular,

#BPHZ,e can,e
X =X*" —c..

where

Ce 1= Z c(7)E[II**7(0)]. (89)

TET_
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RffBPHZ’E

Proof. To simplify notation, we write RBPH% .= here, for instance. Since

R¥5 (1) = [T# 75 (2)]|(x), # € {can, BPHZ},
it suffices to prove (88). By Lemma C.19, one has the expansion

7_IC,BPHZ _7_+§ : BPHZ

In the expression of a®} 17
one can assume aBPHZ

given in Lemma C.19, every p in the sum satisfies |p| < |7|.. Therefore,
= a;™ by induction. By Lemma C.22 and Corollary C.23,

A"_T’C’BPHZ( )=T®14+1_ ®T—|—Za°an )1_ ® o + ker( ;&/,@cha“).

Furthermore, by [13, Theorem 6.16], one has

IBPH2 = (g7 ol @ TIE™)A°.

Therefore,
[[BPHZ K.BPHZ (1) _ g;,fz/_T PO 4 Z S (1) I
B[ (0)] + IR ),
where we applied Corollary C.23 to get the last equality. O

C.5 BPHZ renormalization for Y

. . . gpcan,e BPHZ,e
The goal of this section is to compare Y & and Y %

Again, we need to obtain the basis expansion for Y y.

, as we did for X in the previous section.

Lemma C.25. LetT, 7o € T_,i € {1,...,d} and N € N. Let % be a model realizing K . Assume
71| + |T2| L > —2. Then, for x € R%, one has

bes{ FOWR)(@) » KA (o >*@-vc 2)(@))
—pos{ 30 ZEULD) (57 ) s gt )« il o)}

keNy TET_
and
ps{ F(W)(x) % Zi[K” X7 ](2)  Ro[0:{ Hy = (R'?Xg)}}(lf)}

:M{,;NOW(’“L@&[HN (T; 77) " w27 X))}

Proof. By Lemma C.19, one has

Wi(x)= Y I+ W (x)1+ Wy (),
TET-
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where Wf,+(x) S @QZI%. Recalling Definition C.3, one has

k z T o *k
FWZ) @)=Y %( S e wi (3:)) .

keNp TET
Since Lemma C.19 implies that
G () % D[ Kry 7 | ()

is Ba>—1+67-valued, one can ignore the contribution from Wf,“r(x) when the projection ps is
applied. This observation proves the claimed identities. O

Lemma C.26. Let N € N. Then, one has

RgBPHZ,EY%’BPHZ,S _ F(W]%'PBPHZ,E)
X { Z C(Tl)C(T2>V(K * Rgcan,sT{C"Qf’can,E) . V(K * Rfcan,STQC’gcan,s)

T1,72€T-, |71 [ 4+ 2|+ >—2

F2VIK % X7 V[Hy « X4}

BPHZ,e ._ 772BPHZe
HI = Hx

Proof. To simplify notation, we write here, for instance. One has

BPHZ,evyBPHZ, BPHZ,cvyBPHZ,
RETHY T () = [II5°Y 0 ()] ().
In view of Lemma C.19, Proposition C.24 and Lemma C.25, it suffices to show

(7n) Fi(Tn12)];

(70) Fi(Tn11)Fi(Tn2)],
(90)

ML (1) (7). 51 (g)] = TS5 (1) o
M0 (1) (1) 55 55 )] = TS5 (1)

for 71, ..., Tn, Tny1 € T— and 7.2 € Remove(*B(T)). We only prove the second identity of (90).
We set
7= (F,0)° := (1) - - I (1) Fi(Ts1) Ji(Tus2), (Fj,O)?’O = Tj.

The proof of (90) follows the argument in the proof of Lemma C.22. We claim

AT=1_QT1+ Z [%(Tnﬂ)Htﬂ(Tj)} ® [%(T"”)Hj(ﬁ)}

JCA1,..n} jeJ j¢J
+ > )i [[ @] o [[2(). @
JC{1,..n} jedJ JjgJ

Indeed, let ¢ @0’ be a basis appearing in the coproduct formula (74) for A° 7. If we set (G, 0)™0 := o
and oy, == (G N F};,0)*°, by repeating the argument in the proof of Lemma C.22, the forest oy, is
either &, 71, or Remove(py; ex) for some py and ey.

B Ifo, =@, theno = 0in 7_ unless (p-, pr,) ¢ Es.
B If 0, = 7%, then ¢’ has a leaf of type . unless (pr, pr,) € E,.

B If 0, = Remove(py;ex), then |o|, > 0 and hence 0 = 0in 7_.
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Therefore, the claimed identity (91) is established. It remains to show

gz . [i(Tos1) H I (1;)] =0, A [i(T11) Zi(Tora) H F(m)] =0. (92

jeJ jedJ

Without loss of generality, we can suppose J = {1, ..., n}. The proof is based on induction. We only
consider the first identity of (92). As for the case n = 0, the first identity of (92) is shown in Lemma
C.21. Similarly to (91), one can show

Ar=1_o1+ Z [Fi(Ts1) Hf(Tjﬂ ® Hﬂ(Tj)

JC{1,...,n} jeJ Jj¢J
In view of the recursive formula (77) and the hypothesis of the induction, it remains to show
E[TI"<7(0)] = 0.

However, this can be proved as in Lemma C.21, since T has an odd number of edges e such that
t(e) = 7 and [e(e)| = 1. O

Proposition C.27. Let U be a bounded domain.

Suppose that M and € are random variables (depending on U ) with values in Ny and (0, 00), respec-

tively, such that [W2"""°| < 2 on U and |[W ;" — W] L) < 1 almost everywhere.
Then,
R . B BPHZ,e . .
|VW]‘VQFBPHZ’ ’2 + AW]‘VQ?BPHZ + e 2W1%y Y&ZBPHZ _ _é_s + CE on U7 (93)

where the constant c. is defined in (89).

Proof. By Proposition C.24, one has WZ"" "% = WZ"". Therefore, by Lemma C.16 and Lemma

C.26, the left-hand side of (93) is equal to

_6«5 - [A(GN - G)] *Ce = _fa + c.. O

C.6 Stochatstic estimates and Besov regularity

Proposition C.13 gives pathwise estimates for the modelled distributions X, W and Y n. Here we
give stochastic estimates for X and Yy in suitable Besov spaces. To this end, we will need a wavelet
characterization of weighted Besov spaces.

Theorem C.28 ([49], [65, Theorem 1.61]). For any k € N, there exist i, € C¥(R) with the
following properties.

B Forn € Ny, if we denote by V;, the subspace of L*(R) spanned by

{t5(2" - —m) [ m € Z},

then the inclusions Vo C V3 C --- C V,, C V,,uy C -+ hold and L*(R) is the closure of
UnENovn-
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B The set
{s(- =m) | m € Z} U {tpn(- —m) | m € Z}

forms an orthonormal basis of V. Therefore, the set
{;(- —=m) |meZ} U {2%¢m(2” -—m) |n € Ng,m € Z}
forms an orthonormal basis of L*(R).

B One has [ #'m(x)dz =0 foreveryl € {1,2,..., k}.

One can build an orthonormal basis of L?(R?) as follows.

Proposition C.29 ([65, Proposition 1.53]). Let k € N and let ¢y, 1n € CF(RY) be as in Theo-
rem C.28. Forn € Ny, we define the sets of d-tuples by

PR R (GRE ) ifn =0,
(Gr,....Gy) € (Fm}? [T st Gy =m) ifn> 1.
Forn € Ny, G € &", m € Z¢ and x € R?, we set
d {n—1,0} d
UC(z) =27 2 [ e, @ —my). (94)
j=1

The set {U™% | n € Ny, G € 8", m € Z*} forms an orthonormal basis of L?(R?).

With the expansion by the basis {U¢ | n € Ny, G € &",m € Z%}, one can give a wavelet
characterization of weighted Besov spaces.

Proposition C.30 ([65, Theorem 6.15]). Letp,q € [1,00], 7 € R and o € (0, 00). Suppose

k:>max{r,2?d+g—r}

and let {U™C | n € Ny, G € &", m € Z*} be as in Proposition C.29. Then, there exists a constant
C € (0,00) such that for every f € By7(R?) one has

C_1||f||B;;g(Rd)
1/p
< <2n(r7d/p)( Y 27 m)P 2nd/2 7‘I}TL,G p) )
<| > w@my ) )

Ge®n mezd

19(No)

< O\ fll g mey-
We fix k € N such that k& > %d + 2, and we consider the orthonormal basis { U™} given by (94).
We set ¥ := qu*f*"’f).

Definition C.31. Let 2 = (II,T), 2 = (IL,T) € .#(.7, K). Given a compact set & C R?, we
set

[Z]s = sup sup  sup 2”|T‘+|<Hz7', 2”d‘11(2”(- —x)))rd,
=(T,0)"°eB(7)NTo "EN zefN2—"Z4
12 Z]a = sup sup  sup 2" |(IT,7 — T,7, 270 (27(- — x)))pal-

7=(T,0)°eB(7)NT<o NEN z€fN2- 74
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Lemma C.32. Foreachy € R, there exist a constant C' € (0, 00) and an integer k € N such that
the following estimates hold uniformly over ., % € .# (7, K) and compact sets & C R%:

12 0s < CO+[2]0)", 1125 Z s < CO+ [2]0)" (125 Z]s + [ 25 Z]R)-
Proof. Using the recursive formula [13, Proposition 4.17], one can prove the claim as in [43, Lemma
2.3]. O

Lemma C.33. Let L € [1,00) and set Q;, = [—L, L]%. Let p € 2N. Under Assumption 3.10, if
pd’ > d + 1, one has

E[[[D@pBPHZ]]gL] S CI})BPHZLd’ E[[[QpBPHZ; gBPHZ,eHgL] S EPBPHZ<€)Ld.

Proof. The proof is essentially the repetition of [43, Lemma 4.11]. Set
By(7) == {r = (T,0)¢° € B(T) |||+ < 0}
If we write U2 := \~4W¥(A\~1(- — 1)), one has

E[[Z"""]0, ] =E[ sup sup sup  2"HPIL7, 02" gal?]
T€B0(T) neN geQn2—nZd

S D0 DML IR Mar, U el
T7€B(T) neEN

where the stationarity of the noise ¢ and the estimate #(Q, N 27"Z4) < 2" [L¢ are used. By
Assumption 3.10,
EH(HOT, @%‘")Rd|p] Swf CZ]?PHZ2fnp(\T\++6 )

Therefore,
E[[[QpBPHZ]]p L] 5 C«Z]?PHZLdPBO(g)KQp& —d __ 1)—1.

The estimate for the second claimed inequality is similar. O

Lemma C.34. Let & C R? be a compact set and ¢ € (0,00). Then, there exists a constant C' €
(0, 00) such that for all N € N

HHN * XHCQ(_@) S C23NHXHC*2,U(R11)-

Proof. Let ¢ € C°°(R?Y) be such that ¢ = 1 on &. By Lemma A.4, one has
[Hy * Xl[c2) S l0(Hy * X)lle2mey So [Hy * X|lc2o ma).

It remains to apply Corollary A.10. O

Recall from Definition B.6 that we have, for instance,

Ely = -2+ + kforsome k € (0,4").

Proposition C.35. Under Assumption 3.10, there exist a deterministic integer k = k(5_) € N such

that for allo € (0,00),p € 2N withp > (d+1)/ min{é’' — k,c} and N € N we have the following:
QﬂBPHZ
]E[HX ||1;;§+5+~/2,U(Rd)] 55,5’,&0,}7 OI?pPHZa

BPHZokpN
71+5+~/2,U(Rd)] 55,5/,&0710 Ck’p 2
p.p

gBPHZ P
E[J|v:Z™")”
and

BPHZ BPHZ,
E[HXQF - Xﬁa : ||po—2+5+ﬁ/2,a(Rd)] 56,6’,5,0,1) CEpPHZ [€E§HZ (5) + egPHZ (5)]a

P
fé/’BPHZ

IE[||YN BPHZ,e BPHZ BPHZ

YN e ) Sz O 2N B ) + P ),
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Proof. Set Z := Z’BPHZ_|n the proof, we drop superscripts for BPHZ. Natural numbers &, [,y
depend only on .7 and they vary from line to line. We will not write down the dependence on
T,6,0_,p, 0. Recall the notation U™ from (94).

Suppose we are given a modelled distribution f € D) (7, %) with a < 0 < . We decompose

(Rf,2°PU0C ) g
= (Rf — Tyonp f(27"m), 2020 bt (g f(27 M), 2V 2T™C Y

Using (78), the first term is bounded by a constant times

27" f s —rmpy 12 ;B 2—mm.) -

To estimate the second term, consider the basis expansion
f@) = aq(x)o.
ag

One has |a, (27"m)| < || flll,:z@-7m.) and
(g0, 22U pa| S 27N Z s mmoy-

Therefore,
(R, 22U gal S 27N fllsm@—rman |2 s B—rm- (95)

Applying the estimate (95) to X and Y y, by Proposition C.30, we get

XTI _sssen s g

S 27N w2 P NXE oy 1250 nm

neNg GeGnmeZd
||YN||Z;11)+5+N/2,U(Rd)
S 2N w27 mP Y N i 125 p oy
n€Np GeG™ mezd

To estimate || X|| ,—2+5+x/2.0 4, We use Lemma C.13 and stationarity to obtain
PP

(R9)
BT sosveno] S 30 270D ST (2RI + 2 i00)
neNy GeGnmeZd

Since
S w, (2 my 5/ (4 270 F do = 29 2, g

meZd R?
and by Lemma C.32 and by Lemma C.33

E[(1+ |Hgmv;B(o,z))kp] < C,BIITHZ

for some k' € N, we conclude

E(IXI7, o1 ) S Ch

The estimate of Yy is similar by using Lemma C.34. The estimates of the differences can be proved
similarly by using [32, (3.4)]. O
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Corollary C.36. Under Assumption 3.10, letc € (0,00), p € [1,00) and N € N. Then, ase | 0,
(X2 (0.1 converges in LP(P) to X277 in =207 (RY), and (YiZ"™""").e(0.1) converges

in LP(P) to YZ"™ in C~1%7(R%). Furtheremore, there exists a deterministic k = k(6) € N,
independent of o and N, such that
sup 2” ENYE™ o150 (gay € LP(P). (96)

Proof. The claim on the convergence follows from Proposition C.35 and by applying Besov embed-
dings. To show (96), let p € 2N be such that d/p < k/2. By Proposition C.35 and the Besov
embedding, for some k&’ € N,

BPHZ BPHZ /
[HYJ Hc 1+6U(Rd)] 51075,0 [HY]\% HprlJréer/p,U(Rd)] Spﬁymﬂ it
p,p
Therefore, if & > &/,
_ wBPHZ
Z 27 PNE[| Y - 146, (Rd) ] < o0 O

NeN
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