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Evolutionary variational inequalities on the
Hellinger—Kantorovich and
spherical Hellinger—-Kantorovich spaces

Vaios Laschos, Alexander Mielke

Abstract

We study the minimizing movement scheme for families of geodesically semiconvex function-
als defined on either the Hellinger—Kantorovich or the Spherical Hellinger—Kantorovich space. By
exploiting some of the finer geometric properties of those spaces, we prove that the sequence of
curves, which are produced by geodesically interpolating the points generated by the minimizing
movement scheme, converges to curves that satisfy the Evolutionary Variational Inequality (EVI),
when the time step goes to 0.

1 Introduction

Let X be a geodesic metric space and M (X ) the space of all nonnegative and finite Borel measures
on X. Independently in [LMS16| LMS18], and [GaM17, [CP*15] the space (M(X), HK) was intro-
duced and studied, where HK denotes the Hellinger-Kantorovich or Wasserstein-Fisher-Rao distance.
In [CMS16], LMST8], it was proved that (M (X ), HK) is a geodesic space itself and all geodesic curves
were characterized. In [LaM19], the spherical Hellinger Kantorovich distance SHK was introduced and
it was proved that the set of all probability measures P(X) = { n € M(X) | u(X) = 1 } endowed
with SHK is also a geodesic metric space.

For the rest of the paper, we have that X C R and that X is a compact, convex set with nonempty
interior. We introduce a family of entropy functionals, i.e.

) = [ B(p()&'dn) + Budp’s o= pCl4u® and pLe? (1)
X

where B! = lim; 2O —

. lim; o E'(t), and p* the singular part of 1 with respect to £, i.e.
the Lebesgue measure restricted at X. In this paper we are going to study De Giorgi's minimizing
movement (MM) scheme, also known as JKO scheme (after [JKO98]) in the case of the Wasserstein

space,

p1 = inf {MJFE(M)} prp = inf {W+E(u)}, (1.2)

peEM(X) 2T peP(X) 2T

for the Hellinger-Kantorovich and Spherical Hellinger-Kantorovich space respectively. We are going to
limit our exploration to cases where the functionals E are of the form (1.1), and satisfy the following
basic convexity assumptions.

Assumption A
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V. Laschos, A. Mielke 2

1 E : R™ — R is a convex function.
2 E is geodesically \-convex for some \ € R.

We note that by [AFP00, Theorem 5.2], the functional E is lower semicontinuous, and it is the relaxation
of itself when is defined only on (M, (X)), HK) or on (P, (X ), SHK). We will also make the following
extra assumptions, that is necessary only for the case of (M(X), HK). This extra assumption, will
assure lower Lebesgue density bounds for the solutions of the MM scheme as long as the initial data
o has a Lebesgue density that is bounded from below. As it will be shown later, for the case of
(P(X), HK), Assumption |Alis sufficient, due to the total mass remaining fixed.

AssumptionB ¢, > 0:  E'(coy) < 0.

The main goal is to show that geodesic interpolation of points that are iteratively generated by the
scheme give rise to sequences of curves with good limiting properties. More specifically, we show that
such sequences of curves converge, when 7 converges to zero, to curves that satisfy the Evolution-
ary Variational Inequalities (EVI) for the metric gradient system (M (X ), E, HK) or (P(X), E, SHK),
respectively.

Before we proceed, we briefly remind the reader of the definition of EVI. It involves the upper right Dini
derivative

% (t) :== herIL?)l‘&p % (C(t+h) —((t)) .

Definition 1.1 (EVI solutions for metric gradient systems) Let (X, d) be a metric space and ¢ :
X — (—o0, ] a Isc functional, then (X, d, ¢) is called a metric gradient system. For T’ € (0, c0)
and X € R we say that a continuous curve x : [0, T") — X is an EVI, solution for the metric gradient
system (X, d, ¢), if p(x(t)) < oo forallt € (0,T) and for every “observer” xo, € X, we have

dt1 A

Eéd2(:z:(1t),gcc,b) + §d2(m(t),xob) < ¢(zop) — @(x(t)) forallt € (0,T). (1.3)

If furthermore T' = oo, we call x a complete EVI, solution.

EVIs are used to provide a generalization of the definition of gradient flows in the more abstract setting
of geodesic metric spaces, see [AGS05]. For a nice exposition on EVIs the reader is advised to follow
the trilogy of papers [MuS20, MuS22]. Our main result (cf. Theorem [5.6) relies on some these results
and reads as follows:

Main Result Let X C R? be a compact, convex set with nonempty interior. Furthermore, let E be of
the form (1.1) and let it satisfy Assumption|A.

Then, for all iy = poL® with 0 < p. < po(x) < Py < oo a.e. in X, the solutions of the MM

scheme for the gradient system (fP(X%, E, SHK) (see [1-2)gx) converge to a complete solution p :
———— 9K

[0,00) — P(X) of EVIy. Moreover, for all jiy € dom(E)" C P(X) there exists a unique EVI

solution emanating from L.

If in addition Assumption|B|is satisfied, then the minimizing scheme for the gradient system (M (X),

E, HK) (see (1-2)x) converges to a complete solution  : [0, 00) — M(X) of the EVI,. Moreover,

for each 1o € dom(E) ~ C M(X) there exists a unique EVI solution emanating from .
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Evolutionary variational inequalities on Hellinger—Kantorovich spaces 3

A family of functionals E satisfying both Assumptions |Al and |B| on the Hellinger-Kantorovich space
(M(X), E) is the following.

Example 1.2 (The case (M(X ), HK,E)) Consider E],,, generated by £, (c) = ac™ + ~c with
a >0, m > 1,andy < 0. Then, according to [LMS22, Sec. 7] we know that E is geodesically
A-convex on (M(X), E) with A = 2.

Another example of functionals satisfying both Assumption [A] and [B] on the Hellinger-Kantorovich
space but also on the Spherical Hellinger Kantorovich space follows.

Example 1.3 (Both cases (M(X),HK,E) and (P(X), 3K, E)) Let E(c) = —c? and assume that
eitherd = 1 andq € [1/3,1/2] ord = 2 and ¢ = 1/2, then [LMS22, Sec. 7] ensures that E is
geodesically 0-convex on (M (X), HK), and Proposition[5.8 gives the same for (P(X), SHK).

Open Question 1.4 In [LMS22] the functionals E of the form that are semiconvex were fully
characterized. For the case of the Spherical Hellinger-Kantorovich space, only very few semiconvexity
results are known, and these results are corollaries of general theorems that connect metric spaces
with their spherical counterparts, see Proposition[5.5 A general characterization of geodesically semi-
convex functionals on the Spherical Hellinger-Kantorovich space is still elusive. We leave this as an
open question, and we welcome any suggestion for collaboration in this direction.

Unlike with other definitions of gradient flows, the EVI approach guarantees some useful properties.
One of the most important, is the asymptotic stability for sequences of curves that satisfy EVI (see
[MuS20, Sec.3.2]). More specifically, under very weak convergence assumptions for a sequence of
functionals Gy, to some G, we get for free that the sequence of solutions to the respective EVI
converge to a solution of EVI with respect to the limit functional. One can easily show that the limit
case EVIfor G, = E. form — oo, where E7 |, asin Example corresponds to the functional

E7 (1) = {y,u(X) forp = pL with p(x) <1lae., (1.4)

00 otherwise,

which was studied in [DiC20]. By this stability property of the EVI,, the existence of complete EVI)
solutions follows for a bigger class of interesting functionals that satisfy a weaker version of Assumption
A particularly interesting case covered by this weaker assumption is the density £ (c) = ac™.
Comparing with Example [1.2) we observe that the negative term ¢, which controls the mass, is no

longer needed here. More specifically we have the following extension.

Extension Let X C RY be a compact, convex set with nonempty interior. Furthermore, let E be of
the form and let it satisfy Assumption If E'(0) = 0, then for every 1y € dom(E)H< there
exists a unique curve p : [0, 00) — M(X') emanating from p that is a complete EVI\ solution. For
d < 2, no extra assumption in E'(0) is needed.

One of the main reasons why gradient of entropy functionals on spaces of measures are studied is
that quite often are proven to be solutions to well known partial differential equations (PDEs), as it
was initially shown for the case of the Fokker-Planck and diffusion equations, which was to proven to
be a gradient flow of the differential entropy on the Wasserstein space, see [JKO98| |Ott01]. Further
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V. Laschos, A. Mielke 4

applications in [PQV14, DiC20] involve reaction-diffusion equations where the reaction term exactly
correspond to the Hellinger part in HK.

To emphasize this connection we follow [LiM13], LMS16] and provide some formal arguments show-
ing that these PDEs are gradient-flow equations for the metric gradient system (M(X), HK,E) or
(P(X), K, E), respectively. For this we use the concept of the Onsager operator, which can be
seen as the inverse of the formal Riemannian tensor associated with HK,, 5 or HK,, 5, where we now
allow for the general parameters «, 5 > 0 such that HK = HK; 4 and SHK = SHK| 4. Assuming that
1t = pdx we define the Onsager operators K!; and K3% via

= —div (apV§) + Bpé,
—div (apVE) + Bp (f — fX pé’dx) .

K (1) €
K35 (p) €

Assuming further that £L¢ = L[|y is the d-dimensional Lebesgue measure such that E(pdz) =
Jx E(p)da we have the derivative DE(pdx) = E'(p) and the (formal) gradient-flow equations read

p = —Ki¥s(pdz) DE(pdz) = adiv (pE"(p)Vp) — BpE'(p),
p = —K35(pdz) DE(pdz) = adiv(pE"(p)Vp) — Bp (E'(p) — [ pE'(p)dz) .

The gradient flow with respect to SHK is constituted by three parts, namely a classical nonlinear diffu-
sion term, a local reaction term, and a nonlocal that takes care of the mass constraint.

In [Fle20], the author provides a rigorous proof to the above heuristics, by showing that the curves
generated by the JKO scheme converge to solutions of some known reaction-diffusion PDEs. In com-
bination, the two results guarantee that solutions to these PDEs, satisfy an EVI with respect to those
functionals on the Hellinger-Kantorovich and Spherical Hellinger-Kantorovich space.

Our paper is separated in five parts. In Section [2|we are going to provide various equivalent definition
of the HK, and some useful Lemmas. In Section (3| we are going to to prove that if 1, has nice
densities bounds then the minimizers (i, of both the JKO schemes in has also nice densities
bounds. Specifically for the Spherical Hellinger-Kantorovich space we recover a discrete maximal
principle. In Section |4 we are going provide an abstract existence theorem for EVI solutions based on
geometric properties of the underlying geodesic space such k-concavity and the local-angle condition
(LAC). Here we use a series of results from [MuS22] which are cited in full detailed but without proof,
except for our abstract existence result in Theorem that relies on the density of UA,., where A,
are suitable subsets of X in which the metric is x-concave. Our abstract existence result extends the
approach provided in [MuS20, MuS22] of proving EVI solutions for A-convex functions to situations
where k-concavity of the squared distance is not globally true. We only need that x-concavity holds
only in suitable subsets A, instead of the whole space. We reckon that this localization approach is
an interesting extension on its own.

In Section[5| we then show that the necessary -concavity and the LAC for (M (X)), HK) and (P(X),
SHK) can be obtained from the theory developed in [LaM19]. Combining this with the theory of
geodesic convexity of [LMS22] then allows us to establish our main existence results for EVI solu-
tions.

DOI 10.20347/WIAS.PREPRINT.2973 Berlin 2022



Evolutionary variational inequalities on Hellinger—Kantorovich spaces 5

2 The metric spaces (M(X), HK) and (P(X), 3K)

2.1 Notation and preliminaries

We will denote by M(X) the space of all nonnegative and finite Borel measures on X endowed with
the weak topology induced by the duality with the continuous and bounded functions of C,(X ). The
subset of measures with finite quadratic moment will be denoted by Ms(X ). The spaces P(X) and
P4(X) are the corresponding subsets of probability measures. If p € M(X)andT : X — X isa
Borel map, T} will denote the push-forward measure on M(X), defined by

Ty(B) == u(T~'(B)) for every Borel set B C X. (2.1)

We will often denote elements of X x X by (1, z1) and the canonical projections by 7' : (g, z1) —
x; fori = 0, 1. A transport plan on X is a measure My, € M (X x X) with marginals y; := 7r§M01.

2.2 The logarithmic-entropy transport formulation

Here we first provide the definition of the HK(uo, pt1) distance in terms of a minimization problem
that balances a specific transport problem of measures oo and oy with the relative entropies
of o;u; with respect to 1i;. For the characterization of the Hellinger—Kantorovich distance via the
static Logarithmic-Entropy Transport (LET) formulation, we define the logarithmic entropy density [ :
[0,00] — [0,00[ via F'(r) = rlogr — r + 1 and the cost function ¢ : [0,00] — [0, c0] via
{(R) = —2log(cos (R)) for R < 7 and { = +o0 otherwise. For given measures /i, /1 the LET
functional LET (¢ ; p10, 1) : M(X x X)) — [0, 00| reads

LET (Hoz; o, 1) i=/ F(Uo)duo+/

Flodm + ([ tdx(@,20)dHy  (@22)
X X

XxX
with n; 1= (Wi)nHm = o;i; < ;. With this, the equivalent formulation of the Hellinger—Kantorovich
distance as entropy-transport problem reads as follows.

Theorem 2.1 (LET formulation, [LMS18, Sec.5]) For all 119, 11 € M(X) we have
HK? (119, p11) = min {LI:—I'(H(H; Lo, f41) } Hy € M(XxX), (m)sHo < ui}. (2.3)

An optimal transport plan Hj;, which always exists, gives the effective transport of mass. Note, in
particular, that only 7; << p; is required and the cost of a deviation of 7); from (; is given by the entropy
functionals associated with /. Moreover, the cost function / is finite in the case d x (7o, 71) < 7§, which
highlights the sharp threshold between transport and pure absorption-generation mentioned earlier.

Amongst the many characterizations of HK discussed in [LMS18] there is one that connects HK with
the classical Kantorovich-Wasserstein distance on the cone € over the base space (X, dx) with
metric

da (20, 21) := 18 + 17 — 211y cosy (dx (zo, 1)), 2 = [m4,74], (2.4)

where as above cosy(a) = cos(min{b, a}). Measures in M (X') can be “lifted” to measures in M(&),
e.g. by considering the measure i ® 0, for € M(X). Moreover, we can define the projection of
measures in M, (&) onto measures in M(X) via

L Me(€) — M(X),
m'{ A = [ 2o, dr).

DOI 10.20347/WIAS.PREPRINT.2973 Berlin 2022



V. Laschos, A. Mielke 6

For example, the lift A\ = mgdgoy + 1t ® #(L(.), with mg > 0 and r : supp(u) — ]0,00]
arbitrary, gives B\ = . Now, the cone space formulation of the Hellinger—Kantorovich distance of
two measures i, (11 € M(X) is given as follows.

Theorem 2.2 (Optimal transport formulation on the cone) For 1, 111 € M(X) we have
I—K2(,u0,,u1) = min {Wgc(/\(]ﬂ\l) Ai € Po(€), PA; = M}

= min{ jf d%(zo, 21)dAo1 (20, 21) 7TéA01 = \;, andB\; = ,ui}.

Ex¢

This result will be needed for proving K -semiconcavity in Theorem 5.1

2.3 Dilation-Transportation

Definition 2.3 [Dilation-transport system] A quintuple (v, qo, To, q1, T1) withv € M(Y), T; - Y —
X, and q; € L2(Y;v) is called dilation-transportation system for (o, j1), if

(Ty)s(q}v) = ps. (2.5)

is satisfied. If the dilation-transportation system, has the form (po, 1,1, q,T'), then we call (¢,T) a
dilation-transportation couple from i to 1. If for the dilation-transportation system/couple we have

HK? (1o, 11) = / ((g0 — @1)* + 4qoqy sin*(|To—T|/2 A 7/2)) dv, (2.6)
Y

then we will call that an optimal dilation-transportation system/couple from pig to pi;.
Definition 2.4 For p, 11 € M(X), we define the following sets:

Al ={x € X : dist(z,supp(ui1_; < 7/2))}, Al =X\ Al (2.7)
We also define the following measure

pit) = (i), (8) = palt 00 A7), pi (0) = () (8) = it N Ay (28)

Definition 2.5 (Reduced couple) A couple of measures (jig, p11) € M(X )2 is called reduced if
fo = Ho, 1 = -

For every couple (11, f41), the couple (p, it} ) is always reduced. Now, we have the following theorem
that is a simplified version of [LMS22, Corollary 3.5].

Theorem 2.6 Let X C RY be a compact, convex set with nonempty interior. Let (10, 111) € M(X)?,
and 1y ~ L£%. Then there exists an optimal dilation-transportation couple (q,T) from pg to piq, with
|T(z) — z|| < 7/2 L4-a.e. If furthermore 11, < L2, then T is essentially injective.

Remark 2.7 A transport plan T' as in Theorem|2.6 has a version that is fully injective. From now on,
without loss of generality we will make the assumption that T’ is fully injective to simplify the arguments.
Even more, a couple like that, will be called an injective optimal dilation-transportation couple from (i

to M-

DOI 10.20347/WIAS.PREPRINT.2973 Berlin 2022



Evolutionary variational inequalities on Hellinger—Kantorovich spaces 7

In the next Lemma, we will show that if the couple (¢, T") is an injective optimal dilation-transportation
couple from p to w1, then it acts as an injective optimal dilation-transportation couple from (M0)|A
to (Nl)\T<A)= for every measurable set A. Even more for any partition {A;} of X, the total dilation-
transportation cost squared is equal to the sum of the squares of the dilation-transportation costs
for each part of the partition. This straightforward lemma will be used in the next section, for the
construction of measures that violate the minimum assumption for the MM scheme if the minimum
candidate does not have nice density bounds. These construction will be achieved by cutting and
gluing the potential candidate with other measures.

Lemma 2.8 Let (1, j11) € M(X)? with pfy, iy < L% and ] = 0. Let (q,T) be an injective
optimal dilation-transportation couple from g to p11 and let A;,i = 1, ..., n, be a partition of X . If
[ is the restriction of py on A;, and 11, the restriction of pi; on T'(A;), then we have:

B (q,T) an injective optimal dilation-transportation couple from ug fo /ﬁi.

W=

B (o, 1) = D07, HC (s 1)

Proof. We have
[ ctemitn) = [ o (@@m(dn) = [ b TE)TE)d @)
X X X
- / b (T ()G (T () (@) o) + / b (T ()G (T ()2 () po )
(X\A7) A

—0+/< 2)po(d) = /c (2)b(de).

By summing over i, we also obtain > yi = jiy. Since | T'(x) — x| < %, it holds that for every

1 €1,...,n,the couple (,ug, ,uzl) is reduced and we can construct an optimal dilation-transportation
couple (¢*, T") for (pf, p12), with cost, HK? (b, 11}). For every i, we have that (¢, T') is a dilation-
transportation couple between y), and 1. Therefore we have

HK (4, )= /X (1+ ¢'(2)? — 24°(x) cos(|z—T"(x)])) i (dx)
< /X (1+ ¢(x) — 2q(x) cos(|—T (x)])) p(dz).

We now define (g, T') by
T(r) =T (x), € A, q(r) =q¢'(z), »e A, (2.10)

we have

and therefore it is a dilation-transportation couple for (11, j41) with total cost

S HC ) < 3 [ (1 6°(e) = 20(a) cos (o=T(a)])) (o) = H . ) (@1

DOI 10.20347/WIAS.PREPRINT.2973 Berlin 2022



V. Laschos, A. Mielke 8

If at least one of the estimates in|2.9]is strict then the above inequality is also strict which implies that
(¢, T) is a dilation-transportation couple that has less cost than (g, T'), which contradicts the fact that
the latter is optimal. From the above we have that is an equality for every ¢, and therefore (¢, T')
is an injective optimal dilation-transportation couple between 11, and 1}, and > 1 | HK? (), 1) =
|_K2(:u07 :ul)' u

We will also use the following results, which was discussed carefully in [LaM19].

Theorem 2.9 (Scaling property of HK) For all 119, ;11 € M(X) andto, t; > 0 we have
HC? (510, 15 101) = tott HK® (g0, 1) + (E5—tot1)po(X) + (E7—tot1) ua (X). (2.12)

Even more, if Hy; is an optimal plan for the LET formulation of HK (19, 11), then HS[{“ = tot1Hpy is
an optimal plan for HK ({310, t3111). Whento = t; = t,

Choosing t/t1 = (111 (X)/110(X))"/? in @12) we obtain the lower bound

H (g, 1) > (\/uo(X) - wul(X))Q. (2.13)

2.4 The Spherical HKK

The Spherical Hellinger-Kantorovich space (P(.X ), SHK) was introduced in [LaM19], and the distance
metric is related to the Hellinger-Kantorovich distance HK restricted to P(X)xP(X) through the
formula by

1 1
SHK (v, v1) = arccos (1 ~3 HK? (v, 1/1)) = 2arcsin (5 HK (v, 1/1)> :

The important point is that (P(X), SHK) is still a geodesic space in the sense of Definition 4.1} More-
over, it is shown [LaM19] how that all geodesics connection 1y and v in (P(X), SHK) can be obtained
by the geodesics in M (X ), HK).

3 Density bounds for the MM scheme

The purpose of this section is to show that the starting from a py with nice density bounds, the min-
imizer of the MM scheme also enjoy similar bounds. This will later be used to retrieve con-
cavity properties for the distance squared, along the geodesics that interpolate the points gener-
ated by the scheme. The approach is an extension of an idea by Felix Otto developed in [O1t96].
There, the author proved that for a specific class of functionals E, and for measures 1 that has
density bounded from below by a number c,,;, > 0, the one step minimizer of the MM scheme,

J41 = arg min {W + E(u)} , has also the same property. The main argument was, that if the

set of points with density smaller than c,,,;,, is not essential empty, then mass must have moved outside
from it to an another set, resulting in density bigger than c,,;,,. This would imply, that keeping some
of the mass at place would not only have been cheaper with respect to the Wasserstein distance, but
also would have resulted to a more “uniform"distribution of the density and therefor a smaller value of
the functional, getting a contradiction to the assumption that p; is a minimizer. Felix Otto, used this
argument in [O1t96] to prove that the MM scheme for the p-density functionals, converge to solutions
of the doubly degenerate diffusion equations. Our arguments are of similar nature, although we have
to take into account that our setting also allows for destruction and creation of mass.

DOI 10.20347/WIAS.PREPRINT.2973 Berlin 2022



Evolutionary variational inequalities on Hellinger—Kantorovich spaces 9

3.1 Motivation of density bounds

The ODE case already gives an indication that should be addressed.

Consider any convex domain X C R? with £L4(X) = 1. Moreover, we restrict our view to measures
with spatially constant Lebesgue density, i.e. ui(t) = c(t)L? as special solutions for the gradient
system (M(X), E, HK). Clearly, the equation for the scalar ¢ is

¢=—4cFE'(c).

Because of the above choices we have HK(cp L%, ¢ £%) = (,/01—,/00)2, and the MM scheme
reduces to

1
— (Va—+v/c)? + E(cy) ~ m;% — 1- g—(l) +27FE'(¢1) = 0. (3.1)
T 12

Assuming E'(ciow) < 0 < E'(cypp) We obtain the following trivial observations for the MM scheme
solutions:

(D1) Co > Cupp — ¢ < Co,
(D2)  c¢p < cCow <= 1 = Cp.

However, in the case inbetween, we obtain nontrivial estimates:

" (1427 min{ E’(a), 0})?
(1427 max{E’(b),0})?

(D3)  ¢; < max {a } whenever 27F'(a) > —1;

(D4) €1 > min {b, } forallb > 0.

To see that the upper estimate in (D3) holds we set /i, := min{E’(a),0} with 0 > u, > —1/(27)
and assume that (D3) does not hold, i.e. (i) ¢; > a and (i) ¢; > co/(1+27p) 2. Then, by (i)
and monotonicity of £ we have 0 < (1+27u,)? < (1+27E'(c;))?. Exploiting the Euler-Lagrange
equation in (3.1) we continue

2 ELegn

. (ii)
(14271,)* < (1427E (¢1))* "= cofer < (142714 )2,

which is the desired contradiction. The lower estimate in (D4) follows similarly.

We have considered the simple scalar case because it turns out that similar estimates hold for the
densities in a true minimization step for (M(X), HK, E), see 3-10) in Proposition [3.2 for the upper
estimate (D3) and in Proposition [3.4] for a simplified version of the lower estimate (D4) using
max{E’(cw), 0} = 0 following from Assumption B}

The “spherical” case for (M(X), E, SHK) is in fact much better, because no sign conditions for £’(c)
are needed. To see this we again consider the pure Spherical Hellinger space (P(X), E, SHe) with

1/2 1/212
SHe(vy, v1) = 2arcsin (He(z/o,yl)/Q) and He(uq, p11)? fX [( ) / (‘3—’?) / } dp for any
@ with po+p1 << . The corresponding gradient flow for for absolutely continuous measures v(t) =

¢(,-)dx leads to

c'(t,:c):—4c(t,x)<E/(c(t,x))— / c(t,y)E’(c(t,y))dy).

X
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For this flow it can be shown that ¢ — inf ¢(¢, -) is increasing and ¢ — sup c(t, -) is decreasing. For
this we consider any smooth convex function ¢ : |0, co| — R and observe

i= Xgp(c(t,a:))dx:E/Xgo’(c)c'dx:/XE/(c)cdx/Xgo’(c)cdx—/XE'(c)go’(c)cdx

— [ F@IAE [ v@dRE - [ EgedRE <o
0 0 0
where [(b) = [, c(t,x)eu,)<p(x) do with 0 < Fy(c) < Fy(oo) = 1. The estimate % is a

well-known rearrangement estimate following from the monotonicities of E’'(c) and ¢', see [HLP34,
Ch.10.13].

Given ¢ with ¢ < ¢o(z) < cwesetc, = 3(¢+c) and § = € — ¢,. For p > 2 we choose
¢(c) = |e—c.|P. Using £LI(X) = 1 again we find |c(t)—ci|tr < |lco—ci|le < 6. In the limit
p — oo we are left with ||c(t)—c.||L~ < 0, which implies ¢(t,x) € [c.—0,c+0] = [c, ] as
desired.

3.2 A single minimization step for KK

We will first prove a lemma that works for both spaces and their respective incremental minimization
schemes

M1 = inf

H<? (110, 1)
pEM(X)

o { SHK (120, 1)

+ E(,u)} , = inf o

peP(X)

+ E(u)} . (32

under the sole assumption that the function £/, which generates E in (1.1), is convex. We will write
(3.2)1k and (3.2)gk to distinguish the two different incremental minimization schemes.

We will start by providing a Lemma that is a generalization of Otto’s argument in [Ott96]. Let 11 the
one step solution to either of the minimization schemes (3.2). According to the Lemma, mass can be
transferred from a set A to some set T'(A), only if it results in a situation where the density p; = %L“—}l
at the destination T'(A), is less than the destiny in the origin A. In the case of the Wasserstein
distance where mass can only be transported, this is enough to prove bounds for p;, by studying the
set where the density is below the minimum of py. However, for the case of SHK the arguments are a

bit more involved, while for HK, we even need the extra Assumption to get the lower bound.

Lemma 3.1 Let X C R? be a compact, convex set with nonempty interior. Furthermore let E be as
in (T1) with E being a convex real function. Let finally pig ~ £9, and y; € M(X) as in 39w
or(3.2)gk. Then either j11 = 0 or p1y =~ L% and for the injective optimal dilation-transportation couple
(¢, T) from p to 11 provided by Theorem|2.6, we have

p1(T(z)) < pi(z) (alternatively p1(T " (x)) > pi(z)), almost everywhere. ~ (3.3)

Proof. We are going to prove the statement in two parts. First we are going to show that p; < £,
with p1 (T'(x)) < p1(z). On the second part we are going to prove £¢ < fi;.

Step A: Proving 111 < £ and p1(T(z)) < p1(z). Constructing the counterexample.
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Evolutionary variational inequalities on Hellinger—Kantorovich spaces 11

We note that since 119 ~ £ it exits a transportation dilation couple from 1 to yi1. In case 5 # 0, it
exists set BB such that 15 (B) # 0, and £4(B) = 0. The identity

0<w(B) = [ mids) = [ gy Pl @)

guarantees that for the set A = T'~(B) we have that j1o(A) # 0 and therefore £L¢(A) > 0. Having
in mind to generate a contradiction to the assumption, we get that in both cases where either i§ % 0,
or 1 = 0, if the assumption is violated then there exists @ < b and a set A with L4(A) > 0 such
that p(z) < a < b < p(T(x)) forevery x € A. When p5(T'(A)) # 0, while LT (A)) = 0, we

set p1(T'(x)) equal to co. We define i} to be the restriction of 11 onto T'(A), and 15 the restriction

of po onto A. For 0 < ¢ < 1, we define the measure p} = u; — tuf + tZ;g; 11, which satisfies

1 (X) = u1(X). Moreover, by assumption we have A N T'(A) = () and can decompose (i} as

i (T(A))
p = 'ul}X\(AﬁT(A)) + (1_t)'u1|T(A) + /”Ll‘A +1 /”LO‘A :
fo(A)

Thus, nothing is changed on X \ (A N T(A)), while mass is taken away on T'(A) proportional to
i = p41]7(a) and added on A proportional to /1§ = fig|a-

We will prove that the HK distance between iy and i1 is not smaller than the resulting cost for this
new dilation-transportation couple and therefore not smaller than HK (i, 12t). At the same time, we
will show that E(z¢) < E(p), for small enough ¢, leading this way to a contradiction.

Step A.1: Proving that the constructed measure is closer to (. By applying Lemma Efor Aand X'\
A, we obtain By applying Lemmagfor Aand X \ A, we obtain

HC (1o, 1) = HR? (=1, pa—pay) + HC® (g, 117)
:I‘K2 % % |_K2 * 1—t * tp’l( *
(fto—pigs 1 —p7) + <M07( )T+ )
1

0
i (X)
+ H2 (g, ) — HK? (u*, 1—t)py +t— ,u)
( 0 1) 0( ) ,u()(X)

subadd.

> HCP (1o, ph) 4+ HE (i, 1) — HK? (uo,(l—t)u +t i(X)uo>
Mo( )

subadd. . * * X)L
M o, )+ HC(5 ) — B (10 (L-0) = 1€ (i 0 )
0

&3
>

o)+t (G5 ) = 16 (s 255 ) ) = W€ )

In the last estimate we used that starting from a measure p, then among all measures with a given
mass M, the measure M 1 has the least distance. Indeed, we have

e (ua,“(X)uzs) M’{(X)FKQ(MS’MSH(M’{(X)_ u(X)>M6(X)

15(X) 1o(X) po(X) | pp(X)

+ 1/
i

We will treat the case where ji; has a singular part and the case ;11 < L£¢ separately.

— %

g;)%()ﬁ:(\/u”{(){) Vi) E e

O *

DOI 10.20347/WIAS.PREPRINT.2973 Berlin 2022



V. Laschos, A. Mielke 12

Step A.2.1: Entropy functional estimate; the case p° = 0

E(ut) — E() = /X (B(p(x)) — E(p(2))) £%(da)
< /X E(ph(2)) (6t () — p () £°(dz) 3.5)
- /X (B (o (2) — E' (%22)) (ol (x)—pa (2)) £%(da),

where in the last term the constant E'(%2) could be inserted because of [, p'dL? = p'(X) =
pi(X) = fX p1dL4. The integrand in the last term of (3.5) can be estimated as follows:

(E'(ph(x)) = E" (452)) (pr(2) — pr(2))

=t (min + ity —wi) -2 (57) ) (g —eie)
<{t(E’(a+t“*E§§po<w>) B (22)) 9 py(a) on A
L HE(E) - Ee—tn@) (ml@)  onT(4).

In both cases the factor multiplying ¢ are negative for very small values of ¢. Hence, we have shown
E(u*) < E(u1) which is the desired contradiction.

Step A.2.2: Entropy functional estimate; the case 11 # 0. Let B such that £L4(B) = 0 and 5 (B¢) =
0

E(h) — Eu) = [ (B @) — Blpe))) £°(n) + Buph (B9 = Eipn (B
< [ E0@) (@) = () £°) + g (B) = Bl ()
= [ (B0 @) - B (4) (6t 0)-mi ()

+ <Eéo ~F <a ;r b)) (11 (B%) — m(B°)),

where in the last term the constant E’(“}2) could be inserted because of p!(X) = p1(X). The
integrated in the last term of (3.5) can be estimated as follows:

[ (i) = B (4) (64 )-pa(a)) &)
< / ~ B (22)) (4} () - () 6% d) 8)
< [e(v (a” o) - # (57)) e

while

a+b

WA(B) — a(BY) = (4 (T(A)) — n (T(A))) = ¢ (E ( ) - E;o) m(T(A)  @9)

In both cases the factor multiplying ¢ are negative for very small values of ¢. Hence, we have shown
E(u*) < E(u1) which is the desired contradiction.
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Evolutionary variational inequalities on Hellinger—Kantorovich spaces 13

Step B: Proving 111 = 0 or £% < j1;. We will assume that ; 2 0 and that there exists B = {x :
p1(x) = 0} with £4(B) > 0 to reach a contradiction.

Since £L4(B) > 0, there exist 2o € X and ro € (0, F) such that £L4(B(zg,79) N B) > 0 and
B(xg,m9) C X. By the assumption y; # 0, the set B¢ = X \ B satisfies £¢(B¢) > 0, and

therefore there exist 7, € X and ry € (0, ) with LP(B(z1,71) N B¢) > 0 and B(xy,7r1) C X.

We setrg = (1—0)rg + 0ry and 29 = (1—0)xy + 01 and observe that the convexity of X implies
B(xg,79) C Rifor§ € [0, 1]. As yu; is absolutely continuous the functions 3(#) := L4(B(zg,79) N
B) and () = L4 B(zg,79) N B°) are continuous and satisfy 3(0) + y(0) = cqrd > 0 for
all @ € [0,1]. With 5(0) > 0 and (1) > 0 we conclude that there exists § € [0, 1] such that
LY B(xg,79) N B) > 0and £LY(B(zg,79) N B¢) > 0. For economy of notation, we denote By =
B(ZEQ,T‘Q) N B and B1 = B(l’g, 7“9) N Be€.

From the assumption that pg ~ £ we have to(Bg) > 0. Also by definition of B¢ and therefore of
By, we have y1;(B1) > 0. Furthermore it holds that sup,c g, ,ep, [7—¥y| < 279 < 5 which means
that 11, has positive value in a set that has distance less than 7 /2 from points in B,. More specifically,
it holds By C supp(4), and By C supp(y}), where i, and 4 are as in Definition [2.4]

However the optimality conditions in [LMS22], provide oo > o1 (T'(x)), oo(x) > 0on By C supp(u)
and therefore we know that mass in B could not be destroyed, but instead it must be transferred from
By somewhere in B€. This implies that T'(xz) € B¢ for all z € B,. However in Step A1, we proved
p1(T(x)) < p1(z) almost surely, therefore

0 < p1(T(x)) < pi(x) =0 for aimost every z= € By.

This gives us
0< [ pTE)et < [ pile)et =By =0
Bo BO
which is a contradiction.

The SHK case: The proof for 3K is exactly the same, because the constructed counterexample has
the same mass as the original and because the distance SHK is larger than HK distance, namely

S (110, 1) = 2aresin (5 HK (o, p11)) > HK (o, 1) .

We proceed with proving upper and lower bounds for the density p; of the measure p; defined by
(B-2)wk, given that p satisfies some density bounds of its own, i.e. ¢pin < pPo < Cmax- The upper
bound we retrieve is the same as in (D3), and the proof is relatively straightforward. We assume that
the density p; of the minimizer 11 in (8.2)k is bigger than the expected density given by (D3) in a
set of positive Lebesgue measure. By applying Lemma we infer excessive creation of mass in
some set B. We conclude that, what we “gain” in HK distance by restricting the growth on B is more
than what we “lose” for the entropy function. Therefore ending up with a measure that has total energy
less than p1, which is a contradiction. A similar bound was retrieved in [DiC20] for a class of Entropy
functionals that were studied in that paper.

Proposition 3.2 (Upper bound for incremental densities) Let X C R? be a compact, convex set
with nonempty interior. Furthermore consider E as in with E being convex. Let finally jio = poL?
with po(x) < Cmax and p11 € M(X) as in @2 Then, for all ¢upp, > 0 and T > 0 with E' (cypp )T >
—1/2 we have

)< {C Crmax } (3.10)
p1 = e (14 27 min{ £ (cyupp): 0})2 . |
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Proof. We start by setting

1

ke .= - >1 .
1 4 27 min{ E’(cypp), 0} re=ztre

Step 1: Construction of sets. In order to arrive a a contradiction we define the set

B:={zeX|p(z) =&} withé = max{(1+ €)*Cupp, k2 Crmax }
and assume 41 (B) > 0. By Lemmal3.1] for aimost every = € T~*(B), we have
p(T ™ (2)) = pi(2) = &,

which yields x € B, and we conclude T'~!(B) C B. By using this we find
1 (B) = / pr(2) 64 (dx) > / pr(2)£%(de)
B T-1(B)
> / K (da) > / K2p0(2) L (da) = R2puo(T(B)),
T-1(B) T-1(B)

where in the last estimates we applied both p;(z) > k2cimax and cmax > po(z). By combining the
estimate above with the definition of the injective optimal transport couple we have,

T B) < m(B) = [ atoae),

which leads to the existence of a set A C T~*(B), for which o(A) > 0 and ¢*(x) > k2 for a.a.
x € A

Step 2: Comparison of HK distances. We denote by i the restriction of ;o on A, and by p the re-
striction of 11 on T'(A). Since (T, tq) is a dilation transportation couple for pf, t2u} for t € [0, 1],
we get

H? (g, 2y) < /A (1+ (tq(x))? — 2tq(x) cos (| T (x)—=|))) pg(dz), (3.11)

from which we obtain

HC ) — P 1 ) = [ (14 (ala))? = 20(0) cos (T () ~a]) o)

— 1+ (ale)? — 210(0) cos () —a]) i)
= [ (=23 0) — 20-0ta)cos (T) ) i) a2
2\ 2 2(1_t) 2 * 2 2 *
> [ |- - 2] o = -0 (1= ) [ @eniian

2
= (10) (14 ¢ 2 ) i),
where in the last estimate, we applied ¢(x) > k.. Now, for 0 < ¢ < 1, we define the measure

ph = =y Py =+ (E =1y = (Larey + Ploey) pL7
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Applying Lemmal2.8|for A and X \ A, we get
HC® (10, p11) = HR* (o — gy, pa — o) + H (g, p17)
> H (0 — g, i — o) + HC (g, 82407) + H? (g, 1) — B2 (g, £2107)

> Hn ) + (1-0) (10— 2 ) (),

(3.13)

where the last inequality is a result of the sub-additivity of the squared distance and (3.12). So, for the
new measure i = puy + (£2—1)u}, we have

1 2 2 t 1t 2 *
— — > — - — . )
— (HC (o, 1) = HK (o, 1)) = =~ (1+t k) p1(X) (3.14)
For later use we recall that
i) = [ i) = [ Proldo) = [ Ko(do) = (el > 0. @1s)
X A A

Step 3: Comparison of entropies. On T'(A) we have p! = t?p; > t?£,, and the convexity of E gives

E() — EG) = [ (Elor(a) = Elpl () £(d0)

T(A)

Z/ E'(p)(p1(x) — pi(2))£%(dz) > E’(t2§€)/ (p1—p1) L% (dx).

T(A) T(A)

Forallt € ((1+€)7'/2,1) we have 12, > cupp, and therefore E'(t¢.) > E'(cypp) by the mono-
tonicity of £’. With this we arrive at the lower bound

E(r) — E(l) > E'(cupp) /T @) = i)
(3.16)

= E'(Cupp) /T(A)(l—tz)m(fc)ﬁd(dx) = (1=1*) ' (cupp) 1 (X)-

Step 4: Minimization provides contradiction. Because p; is a minimizer we reach a contradiction if we
findat € (0, 1) such that

010) = oM i) + EGa) = (-G t) + EG) ) >0,

Combining the estimates (3.14) and (3.16) we find, for ¢ € ((1—|—€)_1/2, 1), the lower estimate

00 2 TORCO winn(0) = 0 (14 2) 4 (12 ()

Clearly, we have 7j(1) = 0 and find

1 1 1 1 1 1 €
7 1 - — 1 2 E/ u _ — < —— _ e .
7 (1) - ( + 27 B (Cupp) ke) S (/{?E—E ke) P (—n <0

Recalling 5 (X) > 0 from (3:15) we obtain n(¢) > 0 for all ¢ < 1 that are sufficiently close to ¢ = 1.
Thus, the assumption 1(B) > 0 must have been false, and we conclude p;(z) < & a.e.in X. As
e > (0 was arbitrary, the assertion is established. [
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Despite what one would expect from (D4) in Section 3.1} we were unable to retrieve a strong lower
bound without assumption [Bl We expect that a proof, in case the results hold true, or a counterexample
in case it does not, will provide some interesting insight on the Hellinger-Kantorovich space. Therefore
we leave this as our second open question.

Open Question 3.3 Let X C R? be a compact, convex set with nonempty interior. Furthermore let E
be as in (1.1) with convex E. Let finally j1o ~ £ with po(x) > Cuin, and iy € M(X) as in B-2)wk.
Is it true that

Cmin

1427 max{ E’(c1ow ), 0})?

p1(x) > max {clow, ( } for all Cjo, > 07 (3.17)

We are now proceeding with our second result, which is proved under Assumption [B] i.e. there exists
Cow > 0 such that (o) < 0. The proof, like most in this section, is achieved by contradiction.
We assume that p; falls bellow ¢, > 0 in some set, then by Lemmawe get that mass inside that
set must have been destroyed. We argue that keeping part of that mass is not only cheaper for the HK
distance, but also results in a smaller value for E.

Proposition 3.4 (Lower bound for incremental densities) Let X C R be a compact, convex set
with nonempty interior. Furthermore let E be as in (T.1) with convex E an satisfying Assumption[B
Let finally j1o ~ £¢, and j1; € M(X) as in 32)w. Then, we have

p1(x) > min{ oy, Cmin }- (3.18)

Proof. We proceed as in the previous proposition by choosing € > 0 and setting

A — Ae — {(L’ c X ’ P1(CE) < mln{clowacmin}} '

- 1+4+€

We assume that £¢(A) > 0 with the intention to produce a contradiction.

By point Lemmal3.1} for £¢ aimost every = € A, we have p;(T'(z)) < p;(z), and therefore T'(z) €
A. We infer that L4(T'(A)) < L£(A), and therefore

(@)= [ e < min{Clow Cuin a0

1
. te (3.19)
mln{clowvcmin}ﬁd(A) < ,MO(A)
- 1+e€ ~ 14¢€e’

Since £L4(A) > 0 and therefore jio(A) > 0, in order for to hold, it must exist A* C A with
po(A*), LY(A*) > 0, such that ¢*(x) < 1 for every 2 € A*. Now we define /1 the restriction
of pp on A*, and 3, the restriction of i in T'(A*). For 0 < ¢ < 1, we define the measure i} =
pi1 + tps. Our next step is to show HK* (pg, 1) > HK® (g, i) for t € (0,t,) with ¢, := 1 —
wi(X)?/ s (X)2. We note that

00 = iH(T) = [ ) wide) < o [ win) = () = (),
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By (2.12) in Theorem 2.9 we have

HC (1) 15, 117)

VI=EHR (g, 1) + (1=t — VI2) uy(X) + (1 — VI=t) i (X)

BB Tt MR (1) — VI — £ (1= VI = 0) yp(X) + (1= VI8 pi(X)  (320)
= VIt K (g, 1) — (1= V1) (\/_uo( — 115(X))

<t
S 1—t H<2(:u07,u1) < I_K2(/LO>/L1>'
Combining this with Lemma 2.8 we find

Lem.[28] % " . .

I_KQ('“O’ 'ul) = I_K2(N0_M07 Ml—lh) + I'KQ(#Oa M1)
* * * %

> H (o —p, pa—piy) + HE (A=) i, 1) (3.21)

= HK® (o=t 1 —p17) + HCE (=) gy, p17) + H (tpa, b)) > HC (pao, 1),
where the last estimate follows from subadditivity. Thus, the HK distance is estimated.

For the energies we use pl(x) > Clow fora.a. x € A* C A and obtain the estimate

E(it) ~ En) = | Blpa)+tmn(a)) = Elpr () &)

< / E'(py(x))tpo(2) L% (dz) < tE’(Clow)/ po(@) L% (dx) = t E'(cron ) 15(X) < 0.

*

Using this and (3:21) we obtain, for ¢ € (0, t,) the estimate

| 1 .
LW g ) + En) (;H@(u; i) + E(ui)) > _tB (o) (X) > 0,

which is a contradiction to the minimization property of yi;. Hence, the assumption £L4(A) > 0 is
false, and the assertion (3.18) is established. n

3.3 A single minimization step for SHK

We will proceed with the theorem for the spherical Hellinger Kantorovich describing the propagation
of density bounds for the incremental minimization scheme for the gradient system (P(X), SHK| E).

For retrieving density bounds for the case where the metric is the spherical Hellinger Kantorovich
instead of the standard Hellinger Kantorovich, one does not need to impose any extra assumptions
on the derivative of E. The purpose for this assumption in the previous section, was to discourage
low values of the density. Since, the functional does not prefer very low density, and moving mass in
order to create this density increases the cost of the transportation, one can, by contradictions discard
a case like this. However for the case of the spherical Hellinger Kantorovich, one can utilize the fact
that the total mass remain fixed in order to negate the existence of such a possibility. Indeed the main
argument for the spherical Hellinger Kantorovich goes as follows. If the assumption for the lower bound
of p; is violated, then the fact that the mass remains constant, guarantees the existence of two sets
A, B of positive measure that lead to the contradiction. More specifically, for mass leaving A, we have

DOI 10.20347/WIAS.PREPRINT.2973 Berlin 2022



V. Laschos, A. Mielke 18

growth (i.e. ¢ > 1), with a resulting density at the target bigger than c,,;,. At the same time for B, we
have that the final density is strictly smaller than c,,;, and part of the mass that left B was destroyed,
(i.,e. ¢ < 1). One can show that it is cheaper to reduce the growth of the mass leaving A and going
T'(A) resulting in less density in T'(A), where at the same time for the mass leaving B we retain a
portion at place instead of destroying it during the transportation, which again leads to a cheaper cost.
This way we can construct a new measure that contradicts the optimality of ;.

Proposition 3.5 (Density bounds for SHK) Let X be the closure of an open and convex subset of
R?. Furthermore consider a finite doubling measure £¢ € M(X) with L ~ £ and let E be as in
with convex E. Let finally jio = pL® with cpin < po(z) < Cmax. and py € P(X) as in B.2)gx.
Then, we have the density bounds

Cmin < p1(2) < Cmax  @lmost everywhere in X . (3.22)
Proof. Step 1: Existence of sets A, B that lead to contradiction. Let (q,7') be an optimal

dilation-transportation couple from iy to ;. To prove the last statement we will need that if the set
{z : p1(x) < cmin} has positive measure, then we could find @ > 0, and two sets A, B, such that

1. Ve e A, ¢*(x) >1+aand pi(T(z)) > (1+ a)cmn.

2. Vz € B, ¢*(z) <1—aand pi(z) < (1 —a)cun.

If this is true then we can construct a new measure utl’s with unit mass, but with less density at T'(A)
and more density at B, resulting in a lower value in the minimizing scheme than 1. This will violate
the assumption that p; is a minimizer.

Since {x : p1(2) < cmin} has positive measure, it is straightforward to show that it exists a; > 0
such that for @ < ay the set {z : p1(x) < (1 — @) cin } has also positive measure. Now, by Lemma
3.1} it holds p1 (T'(z)) < p1(x), for L% almost every z € X, and therefore

A ={z:p(T(2)) < (1 — @) cmin} D {z: p1(x) < (1 — @) cmin} (3.23)
(T (x)),

has also positive measure. By using Lemma|3.1Jonce more, we obtain that p1 (T'(T'(z))) < p1
from which, we can deduce that T'(z) € A®for £ almost every z € A%, and therefore £L4(T'(A%)) <
L4(A%). Now that gives us

T = [ )d) < 108 ) 14D

(3.24)
< (1-a) (eainl?(4D)) < (1—a) p(A7).
By refining (3.24), we can also obtain that
11 (T(A%)) < po(A%). (3.25)

Indeed we have,

() = |

T(A0)

pr(y) £(dy) = /

T(AD\T(Ap")

o)L (dy) + / pr(y)£%4(dy)

T(A%1)

_ / or(5)C(dy) + / p1(y) £ (dy)
T(A\A%1)

T (A1)
< CainLUT (A \ A)) + (1 — a1) conin ST (A™))
< Cmin (LUT(A”\ A™)) + LYT(A™))) = cainL (T (A")) < cninL(A°) < po(A%).
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Now we set B* = {x : p1(T(z)) > (1 + @) ¢min} , Which gives B* U A~% = X. Since [3.25) is
true, we can find as > 0, such that pi (T'(A™%%)) < (A~ ). Now we have

110(X) = po(B®) 4 po(B~), and pu1(X) = p1 (T(X)) = puy (T(B™)) 4 py (T(A™2)).

By combining the inequalities we can find a; > ag > 0 for which p1 (T'(B*)) > (1 + a3) po(B*).
From (3.24) we can conclude that there exists a subset of A%2, with positive £ measure, for which

(z) > (14+a3) and pi(T(x)) > (1 + az) Cmin > (14 a3) Cuin.
To find B we repeat the same procedure that we used with A% but with the sets

{z:p1(z) < (1 —a)cmn}-

Step 2: Construction of counterexample. Now, we define ué‘ the restriction of 1o on A, uf(A) the

restriction of 111 on T'(A), uZ the restriction of 119 on B, and ,uT(B) the restriction of 11 on T'(B).
Let 11°, defined by

it = — s Yt
Using the splitting from Lemma 2.8 we obtain
HC (9, 1) = HC (o — ) — i pa — MT( P i) HC (1Y) + HE (i)
> HC (o — g — g o = i — i)+ HE (g, (1))
+HE((1=t)g ) + H<2<wo )
+ H (g 1] ) + HE (1 ul ) =W (g, (1=s) ™) = HC (A=)l )
> HC (o, p7°) + H (g i V) = B (1, (1=8) 7 )
+ HC (g, 1) — K ((1- )u§>u1T(B)),
where in the first estimate we used (3.20) and the last one is due to subadditivity.
By Theorem for0 <s<1—

HC (1!, (1=s5)p1 )
= VI=sHC (g i ) + (1= VI=s) i (X) + (1—5 — VI=s) pi P (X)

< W, 1) + (1 = VTS () (28 i
p M X)

1
< HC (g, p1 ) + (1= V=) Y (X) (1+_a - 1—3) < W (utd, T,

1
W, we have

Similarly for ¢ < a(1 — a), we have

HC (1=t g™, 15) = VI=t - (i, 15) + (1=t — V1—t) py(X) + (1 = VI-t) pi(X)

2/ A  T(A) A MT(A)(X)
< H (g )+ (1= V=g (X) (W_m>

< HR(u, 1uT) + (1= VIZE) (1— a — VI=t) < W (udd, p T,

TA) _

Now if we take 0 < to < a(l —a),0 < s9 < 1 — (+ ) = tul, we create a

measure 1"5(X) = 1, and HK? (o, 1) > HK? (o, 1°) To see that E(p}®) < E(u1), we repeat
1 1
the arguments from Lemma 3.1] n

~——3 such that s,ul
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3.4 Many minimization steps

Applying the MM scheme means to apply the minimization problems (3.2) iteratively. If we repeat the
minimization problems, we will show that the density bounds are such that we keep good a priori
bounds the depend only on the actual time ¢ = n7 but not on the number of steps.

For the MM scheme of (M(X), HK, E) we have derived the upper and lower bounds for p; that
depend on
p, =essinf py and Py = esssup po

in the form
- Po
H min § p , Clow ¢ < p1() < max {a, }, 3.26
{oy ciow} < () (1 + 27 min{ £'(a), 0})? (8:26)
SK: o p, < pilx) < o, (3.27)

where a > 0 is arbitrary as long as 27E'(a) > —1, and cjo, > 0 is from Assumption [B} which is
needed for (3.26) but not for (3.27).

Thus, when constructing p,, by the MM scheme (3.2) we easily can apply these bounds and obtain
= and with the corresponding density bounds. If £’ has a positive root ¢, > 0, then changes
sign, we immediately obtain a global bound for all iterates in the form

min{c., p } < pr(z) < max{c., py} ae.in X.

Thus, the more difficult cases are when E is either strictly decreasing (i.e. £’(c) < 0 for all ¢ > 0) of
strictly increasing (i.e. E'(c) > 0 for all ¢ > 0). Both these cases can occur and are relevant, e.g. for
the choices F/(c) = —+/cor E(c) = 2.

Also in these general cases we are able to provide suitable upper and lower density bounds that only
depend on k7, which is the original time in the gradient-flow equation.

Proposition 3.6 (General lower and upper density bounds for HK) Assume that E : [0, 00) — R
is Isc, convex. Assume ) < p, < p(x) < py < oo and set and set

S:=inf {E'(c) |c>7py } > —o0.

Assume further 7S > —1/4, then for all k € N we have i}, = pi.L?% where p}, satisfies, forallk € N,
the general density bounds

pi(x) < P S =S0HT g 0 in X (3.28)
If furthermore Assumption|[B,is satisfied then

pi(x) = min{p,, ciow } (3.29)

Proof. The result follows essentially by iterating (3.26).

We are going to prove only the upper bound since the lower one is trivial. We construct a nondecreas-
ing sequence (ay,) via ag = p, and the recursion aj, — apy1 = ap/(14+27 min{ £’ (az), 0})% > ay.
Using the upper estimate in (3.26) an an induction over £, we obtain for p,, := ess suppy,, the estimate

pe(®) < pp < ay foralk € N.
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However, the monotonicities of (ay) and of £’ imply
min{E’'(a;),0} > min{E’(az),0} = min{S,0} =.

Thus, the recursion for a; implies

ar < ap - < ag (1_47_ min{§7 0})2k < ﬁo eSmaX{_g,O} kT’

(1427 min{S, 0})

where in < we used 7.5 > —1/4 and the estimate (1—7)~2 < 1+2r forallr € [0,1/2]. =

The upper bound can be improved from exponential in ¢ = k7 into quadratic, if we impose a suitable
lower bound for E’, namely E'(c) > —e, //cfor ¢ > ¢, and some e, > 0.

The following result will not be needed for the rest of the paper, however, it is instructive because the

negative functionals E with F/(¢) = —a.c? play a special role later (see Proposition , and there
we have the restriction ¢ € [5%, ], which exactly provides E'(c) = —a.qc”' > —a.q/+/c for

1
¢ > 1 because of g—1 < —3.

Proposition 3.7 (lteration of the upper bound for HK) Assume that E : [0,00) — R is Isc, con-
vex, and satisfies E'(c) > —e../+/c forc > c,. Then, p;, = esssup pj, satisfies

2
o < <\/max{ﬁ0, Ci, 41262} + de, kT) forallk € N, (3.30)

Proof. We apply the upper bound for HK iteratively using p, = esssup pi With py = Cmax by
choosing suitable a = ay. Clearly, the estimate is monotone in p,,, hence we may replace p, by
max{py, Cx, 472€2, Conaz }- Thus, we obtain p, > P, > c. and choosing a;, = p,, is admissible
because 27 F'(ay) > —27e./\/p, > —1/2 > —1. Moreover, we obtain

: Vi ~ —>_ 3
w/pkﬂg1_i_27_€*/\/15_k§\/p_k(1—1—476*/\/5 = \/pp, +47e..

where we used the estimate (1—a)™! < 1+ 2« for @ € [0, 1/2]. Thus, the desired estimate (3.30)
follows. u

4 Existence for EVI using local xk-concavity

Following [Sav07, LaM19] we first give precise definitions of geodesics curves in a general metric
space (X,d) and the local angle condition (LAC). Based on these fundamental concepts, [Savii]
MuS22] introduces the two geometry-descriptive functions (-, -),, and (-, ) (cf. Definition that
allow us to quantify the relationship between two geodesics emanating from the same point. Next
we discuss semiconvex and semiconcave functions in the sense of geodesic k-concavity or geodesic
A-convexity. When the squared distance %d%c(t, Tob) IS K-concave along a geodesic £y with respect
to some observer ., the derivative of t — d3(ZF(t), zop) can be estimated in terms of the two
quantities mentioned above. Finally, we discuss Evolutionary Variational Inequalities EVI, for a metric
gradient system (X, d, ¢) and show that solutions can be constructed via the minimizing movement
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scheme, if ¢ is strongly A-convex with compact sublevels and the closure of dom(¢) can be written as
the closure of the union of sets A,., where %d& is k-concave. See Theoremﬁfor the exact statement.

The main arguments for our existence theory are based on results developed in [Sav07, Sav11] which
was a prelude for the work in [MuS20] and [MuS22]. Hence, we provide the corresponding result
here without our own proofs expecting a soon publication of the latter work. This contains in particular
Proposition [4.7]and the estimates on the Minimizing Movement scheme in Section We would like
however to remark that we extend some of the results in [MuS22] by weakening the assumption that
the functional ¢ must be universally K -concave for some K > 0. Instead, we assume that we have
concave bounds K, for a collection of nested sets A,,, whose closure is the domain of ¢. Proofs that
depend on this modified assumption are provided in both versions of the paper.

4.1 Geodesic spaces and the local angle condition (LAC)

We now provide some basic definitions for geodesics in metric spaces and some of their properties.

Definition 4.1 (Geodesics) Let (X,d) be a metric space. A curve g : [0,1] — X is called a
(constant-speed) geodesic joining x to y if

zy(0) =z, zy(l)=y, and
d(ZY(tr), £Y(t2)) = |ta—t1|d(z,y) forallty, ts € [0,1].

We will denote the set of all such geodesics with Geod(z, ).

The metric space (X, d) is called a geodesic space, if for all points x, y € X the set Geod(x,y) is
nonempty. The metric d is then called a geodesic distance.

For our theory it will be important to introduce the concept of geodesic covers of an arbitrary set. It
plays the role of the convexification in Banach spaces, however, our covering notion is not idempotent,
. Geod | .

e, AGeod C (AGe0d) ™% is possible.

Definition 4.2 (Geodesic cover) Let (X, d) be a metric space and A a subset of X. We define the
geodesic cover A% of A by

AGeod . — {@(t) | t €10,1], £y € Geod(z,y), z,y € A } (4.1)

In the following we introduce the two geometric concepts in geodesic metric spaces called the local
angle condition (LAC) and k-concavity. These properties are going to be utilized in the sequel to
prove that the curves occurring by geodesically interpolating the points produced by the minimizing
scheme, converge to solutions of the EVI,, when the minimization step 7 tends to zero. In order to
introduce LAC, we first introduce the notions of comparison angle between three points and of local
angle between two geodesics emanating from the same point.

Definition 4.3 (Comparison and local angles) Let (X, d) be a metric space. For three points x, v,

z € X withz & {y, z}, we set

dQ(xv y) + dQ(xv Z) _ d2(y7 Z)
2d(x, y)d(x, 2)

Az y, z) = € [-1,1]
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and define the comparison angle < (z;y, z) € [0, 7| with vertex x via
I(x;y, 2) := arccos(A(x;y, 2)) € [0, 7.

Let g and &Z be two geodesics in X emanating from point x = &g (0) = £2(0). The upper angle
Lup(ZY, ZZ) € [0, 7] and the lower angle <,(ZY, Z) € [0, 7], between &Y and L2 are defined

by

< (FG, £2) = limsup % (z, F(s), #2(1)),
srti0 (4.2)
(&P, £2) = liminf (2 9(s), 52(1)).

Jop Y

If <o (ZY, £2) = <o (Y, TZ) holds, we say that the local angle exists in the strict sense and write

The local angle condition concerns three geodesics emanating from one point and states that the sum
of the three local angles does not exceed 2.

Definition 4.4 (Local angle condition) We say that a point = of a geodesic metric space (X,d)
satisfies LAC, if for any three geodesics %, 2, W emanating from x, we have

= =

<up<wy7@> + <Iup(:i;z‘yw’lﬂ) + <Iup(zE—1B,:i:—‘) S 27‘(‘,

In geodesic spaces (X, d) the set of all geodesics emanating from a point x may be considered as a
(nonlinear) surrogate of the tangent space defined in the case of manifolds. We now introduce a kind
of scalar product between two geodesics emanating from one point as a generalization of the classical
inner product on the tangent space. Moreover, we define the function that measures how much two
geodesic curves emanating from one point are exactly opposite to each other.

Definition 4.5 (Comparing two geodesics) In the geodesic space (X, d) consider three points x, y, =
€ X and two geodesics &g € Geod(x,y), £Z € Geod(z, z) and define

(&, 82).p = d(x,y)d(x, 2) cos(<Lp (T, 2))

1, 2 e (4.3)
= liminf 5 (d*(z, £9(s)) + d*(z, 82(1)) — d*(&g(s), £2(1)))
2(29,%2) = d*(z,y) + d*(z, 2) + 2(2Y, £2),p > 0. (4.4)

The second form of (Zg, £2)., given in [.3) is easily derived from the above definition when taking
into account that cos is decreasing on [0, 7], which turns the limsup in <,,;, into a liminf.

Considering a Hilbert space with scalar product (x|y) and norm ||z|| the geodesic curves are given
viazyg = (1—t)x + ty, 2 = (1—t)x + tz and we easily find

T e T e 2
(#,52) = (y—o|2—2) and  2#9.82) = | (y—2) — (=)
i.e. we have ?(Zg,z2) = 0if and only if z = %(y+z). For general geodesic spaces we may
consider a geodesic §2 € Geod(y, z), choose x as the midpoint §2(1/2), and set

zy(t) =92 ((1-t)/2) and x2(t) =42 ((1+t)/2) fort € [0,1].

Then, g € Geod(z,y), €2 € Geod(z,2) and ?(zy,z2) = 0.
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4.2 Semiconvex and semiconcave functions

For a geodesic metric space (X,d), we now provide the definition of r-(semi)concavity and
A-(semi)convexity of a function ¢ : X — (—o0, 00| along a geodesic (X, d) or of a functional
F:X xX — (—o00, 0], along some geodesic with respect to some observer. For this, we recall
that a function f : [0, 1] — (—o0, oo] is called x-concave or A\-convex, if the mapping t — f—rt?/2
is concave or t — f—\t?/2 is convex, respectively. We emphasize that x and A can lie in all of R.
Subsequently, we will shortly say x-concave and A-convex.

For a k-concave function f : [0, 1] — (—o00, o] we have the inequality
1
f k-concave = Vtel0,1]: f(t)+ B kt(l—t) > (1—t) f(0) +t f(1).  (4.5)

For the following definition we recall that the elements of Geod(x, y) are constant-speed geodesics
of length and speed d(z, y).

Definition 4.6 (x-concavity/convexity) Let (X, d) be a geodesic space, A and B subsets of X, and
k€ R.

(A) A function ¢ : X — (—o00, 00| is called k-concave (convex) on A, if for all x,y € A there exists
an £y € Geod(z,y) such that the function t — ¢(£y(t)) is k d(z,y)-concave (convex). ¢ is
called strongly k-concave (convex) on A, if the previous condition holds for all zg € Geod(x,y). If
A = X, then we simply that ¢ is (strongly) k-concave (convex).

(B) For x,y € X, we say that a functional F' : X x X — (—o00, 0] is k-concave (convex) along
a geodesic £y € Geod(x,y) with respect to the observer o, € X, ift +— F(Zg(t),xop) is
K d2(:1:, y)-concave (convex). Furthermore, we say that F' is k-concave (convex) in A with respect to
observers from B, if for every couple of points x,y € A, there exists a geodesic g € Geod(z,y)
such that for every xo, € B we have that F' is k-concave (convex) along T4 with respect to xp.
We finally say that F' is strongly k-concave (convex) in A with respect to observers from B, if for
every couple of points x,y € A, all geodesics £y € Geod(x,y), and all xo, € B the function F is
k-concave (convex) along Ty with respect to Tp,.

In the previous definition, the points Zg(t) don't have to lie in A for ¢t € (0, 1). Of course, we have
zy(t) € ASdforallt € [0, 1].

A crucial step in the convergence theory of minimizing movement solutions is to exploit the xk-concavity
of the squared distance with respect to suitable observers x.,. The point is that one obtains an upper
estimate of the upper right Dini derivative %%dQ(@(t), Tob) in terms of the two geometric quantities
(-,-)up and introduced in Definition Here the upper right Dini derivative is defined via

%C(t) = limhfbup %(C(H—h) —¢(1)).

For the proof of the following result we again refer to [Sav11, MuS22].

Proposition 4.7 (Differentiation of squared distance along geodesics) /f (X,d) is a geodesic
space and x,y € X such that I = %d%c is k-concave along £y € Geod(x,y) with respect to

an observer x ., then we have
d+ 1 2/ = M~ —~
Eﬁd (ZY(t), xop) < — (XY, TXob)up + kd(z,y)d(ZY(t), ) a.e. on [0, 1]. (4.6)
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If furthermore (X, d) satisfies LAC at x, then for a.a. t € [0, 1] we have

dt1 —~
EédQ(@(t)axob) S <217 amwob>up + d(xaxob> (@,JIZ) + tlfdQ(x,y), (4-7)

forevery z € X and 2 € Geod(z, z).

4.3 EVI) and construction of solutions

We first recall the standard definitions and results from [MuS20, Sec. 3] and then introduce our nota-
tions.

We have the following theorem that provides an alternative form of that uses integration instead of
differentiation. This form can, in a straightforward manner, be combined with the lower semicontinuity
properties of the distance d and of ¢, thus allowing to show that various limits of EVI) solutions are
again EVI, solutions.

The two results given in the next theorem are taken from [MuS20, Thm. 3.3+3.5].

Proposition 4.8 (Characterizations and properties of EVI solutions)
(A) Acurve x : [0,T) — X satisfies EVI, with respect to ¢, if and only if for all xo, € dom(¢) the
two mapst — ¢(x(t)) andt — d*(x(t), xop) belong to LL ((0,T)) and

loc

1 A

3¢ (00),50) — 3 (s) ) + [ ()43 () 00) ) dr < (t-5)ofi)

2 s (4.8)

foralls,t € (0,T) withs < t.

(B) Ifx : [0,T) — X is an EVI, solution, thent — ¢(x(t)) is non-increasing and hence continuous
from the right (by Isc of ¢).

() Ifx*, x* : [0,00) — X are EVIy solutions, then we have

d(z!(t), () < e M=9d(x!(s), 22(s)) foralls,t € [0,T) withs < t. (4.9)

We are now able to formulate our main existence result for EVIy solutions for metric gradients systems
(X, d, ¢) which relies on the geodesic structure of (X, d), the A-convexity of the potential ¢, and
some “local k-concavity” of %d%c(t, xob). The construction of solutions will be done by the minimizing
movement scheme and geodesic interpolation. For a given x € X and a time step 7 the discrete
solutions (x;)n:0,17_,_,]v of the minimization movement schemes are defined via

1
r)=x and z € argmin{ 2—d§c(:p,$;_1) + ¢(x) ‘ reX } forn € N. (4.10)
T

As all our ¢ are A-convex for some A € R, the functional z > %d&(:c, x]_,) + ¢(x) is quadratically
bounded from below for all 7 > 0 with A+1/7 > 0. Thus under suitable assumptions on ¢ minimizers
exist for sufficiently small 7.

Theorem 4.9 (Existence of EVI, solutions) Let (X, d) be a geodesic metric space and ¢ : X —
(—o0, 00| a strongly A-convex functional with compact sublevels. Further assume that there exists a

nested sequence of sets A, C dom(|0¢|) with UA, = dom(¢), for which the statements (A1) to
(A3) are true:
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(A1) Forevery k € N, we have z‘hal‘%d2 : X x X — R is strongly k-concave in A, with observers
in ASe°d and satisfies LAC for every point in A,.

(A2) For all zo € UxenA, there exists kg such that for all k > kg there exists T'(zo, k) > 0 such
that for all time steps T > 0 the n-step minimization scheme (x7,)x—o,.., remains in A, as
longasn < T/T+ 1.

(A3) For every x € dom(¢), there exists a sequence x,, € UA, with z,,, — x and ¢(z,,,) —

¢(x).

Then, for every xo € UA, there exists a unique EVIy, solutionx : [0, Ty (o)) — X withx(0) = x,
where Too (o) = limy 00 T'(z0, k) (W.l.0.g. K — T(x0, k) is non-decreasing).

If additionally, assumption (A2) holds for all xq € UA, with Ty, (o) = 00, then for all Ty € dom(¢)
there exists a complete EVI\ solution x with x(0) = Zy.

The proof will be completed in Section after the necessary a priori estimates for the discrete
minimizing movement solutions are collected next.

4.4 Estimates for the MM scheme

In this subsection we state a few of the results from [Savi1, IMuS22] quite explicitly, especially to
emphasize the dependence on the semiconvexity parameter \ of ¢ and the semiconcavity parameter

 of $d2. This concerns our Lemmal4.10} Proposition[4.11] Corollary [4.13| and Lemmal4.14]

We first state some very basic estimates that hold true for the discrete solutions of the MM scheme.
Using geodesic interpolation, A-convexity of ¢ and k-concavity of the squared distance, one then
obtains sharper estimates that allows us to control the distance between different approximants.

These estimates will be used later prove the existence of curves that satisfy EVI,, but also to bound
the distance of the EVI, satisfying curve from the approximating curves occurring by geodesically
interpolating the points of the minimizing scheme. Before we proceed we are going to define the
metric slope |0¢| of ¢ at a point x € X via

+o0 for z ¢ dom(¢),
|0¢|(z) = 0 for z € dom(¢) is isolated, (4.11)
limsup,, ,, W otherwise.

Lemma 4.10 (Euler equation for discrete solutions) For a givenz],_, € X and 7 > 0, assume
that x7 € X is a solution to the minimizing movement scheme (4.10). Then, for every observer
Top € X and all geodesics x],x],_, € Geod(z],x]_;) and x] xon € Geod(x], zop), We have

1 —_ A —_ >\
;<"B:1$:L—17 w:-,,a:ob>up + §d2($;> xob) + ¢($;) S ¢(-T0b)a (4-12)
T d(i’fﬁ—pi’?ﬁ) d(ﬂf;_l,l’;) T

(©) (1+A7)[0¢|(x7,) < 09| (w7, —1)-
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We now provide an estimate of how much a geodesic interpolation of a minimizing scheme deviates
from being an EVIx solution for the modified X = 2min{0, A\} — 2 < —2, where \ is such that
¢ is A\-convex. We note and highlight that A-convexity of ¢ with A\ > 0 will not be helpful here. The
following technical estimate will be used later to prove that interpolating curves ™ converge to some
curve x when the time steps 7 converges to 0. One important feature of the following result is that the
error terms A7 are independent of the observer point Zop.

Proposition 4.11 (Discrete error estimates) Let A < 0, 7 > 0 with 14+ A7 > 0, and x| € A,, be
fixed that the discrete solution { x| } ,en of (#.70) satisfies the following: ForT > 0, let € N be such
that x] € A,, foralln € Ny withn < % + 1. Then, all geodesic interpolators ™ : [0, 00) — X,
given by

x’(t) = x]x]  ((t—n7)/7) fort € [nT, (n+1)7] withx]x],_, € Geod(x),z] ), (4.14)

satisfies, for all zo, € A% and almost allt € [0, T, the estimate

d1 X
T3 (@ (1), zab) + Zd (@7 (1), 7ab) < Slwap) — G(27 (1)) + AT(E),  (418)
with X = 2X\ — 2 and A (t) = AT fort € [nT, (n+1)7), where
poe_ { UPVEEED 0 00 DG =0,
" (1=2X+k/7)d* (2], 2] 1) + 5 (a:nzcn 1 a:};:c;_i_l) forn € N.

The next result exploits the strength of the EVI formulation with an arbitrary observer. If we have two
approximate solutions ; to the EVI, where the error term A;(¢) does not depend on the observer,
then we obtain a control on the distances between x; and .

Lemma 4.12 (Distance between approximate EVI solutions) LetA;,i = 1,2, be nonnegative real
functions in L' ([0, T)). Let also &; € ACi,([0,00)), i = 1,2, be two locally absolutely continuous
functions satisfying EVI, for some X < 0 in the form

d1 X

Eng(il’z(t) Tob) + §d2(:ci(t), Tob) < G(Tob) — O(i(t)) + Ai(t), (4.17)
fora.a.t € [0,T] and every xo, € x3_;([0,T]) fori = 1,2. Then we have the estimate

sup e 'd(@(t), z2(t)) < d(@1(0), x2(0)) + [|26*(A1+A») H1L/12[OT (4.18)

te[0,7

Proof. For s,t € [0,7] we define the function q(s,t) := id(w1(s),z2(t)). Applying [AGS0S,
Lem. 4.3.4] we obtain the differential inequality

——d? x5(t)) < limsu + lim su
G (0, 22(1) < msup LD 1sup 100
d1 d1 (4.19)

= d_ﬁd (x1(8), 22(t))|s=t + 5§d2(w1(t)aw2(7‘))|r=t
—/\*dQ(ml(t), $2(t)) + Al (t)+A2(t),

for almost every t > 0, where we used {.17) for x; with observer xo, = x3_;. Multiplying the
inequality by 2e2X* and integrating in time yields the desired estimate. .

The following result specifies this estimate by looking at the solutions obtained as geodesic inter-
polants from MM schemes with two different time steps 7 > 0 and o > 0.
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Corollary 4.13 (Comparison of MM solutions) Let 7, 0, two time steps and let x” and x° be two
piecewise geodesic interpolants defined in (&.14) for initial conditions ), xf € A,,, respectively. Let
¢ be \-convex with A\ < 0 and set X = 2\ — 2. Then we have

1/2

sup eX'd(z" (1), 27 (t)) < d(af, 2§) + HQez’\*t(AT—i—A")HLI[O’T],

t€[0,T]

(4.20)

where A™ and A’ are defined via (4.16) in Proposition[4.11

Thus, it remains to control the error functions A”. The main problem is to control the terms

L 2(prpr xTax’ which control the change of the “directions and length” of th t-
T n*“n—1 *n*n+41 ) g g 0 € connec

ing geodesic interpolants. For this we use the improved incremental energy estimate (4.12) which
allows us to invoke a telescope sum by inserting zq, = ] 4.

Lemma 4.14 (Controlling the incremental errors) Let A < 0,7 € (0,1) withTA > —1/2, 2] €
A,,, and let x, be defined iteratively by the MM scheme. For'T' > 0 and k > ko assume x], € A,
as long asn < T/T + 1. Then, the error function A™ defined in @#.16) in Proposition satisfies
the estimate

12X AT | Loy < 7 (4 + TR) |06)(27), (4.21)

where we recall that X = 2\ — 2.

4.5 Proof of the main abstract result in Theorem

Having prepared the above the preliminary estimates for the solutions x;, of the minimizing movement
scheme, we are now ready to give the proof of the abstract existence result. The important point in
the proof is that the value  of the x-concavity of d? is occurring only in a few places that are well
controlled. In particular, it is needed only on the time-discrete level (see e.g. and (4.16)), but it
disappears in the EVI formulation.

Proof of Theorem
Let A such that ¢ is geodesically A-convex, then ¢ is also geodesically min{\, 0}-convex. As before
we set X = 2min{\, 0} — 2.

Step 1. Limit passage on approximate solutions ™. We now exploit the assumptions (A1) to (A3) of
Theorem For a given initial point 7o € U.enAy there exist kg € N such that T'(zg, k) > 0 for
all kK > kq. Fixing a Kk, > ko we define time steps 7, = T'/k for k € N, where T' = T'(xz, K+)
from assumption (A2). Hence, we have z7¢ € A, aslongasn < T/7; + 1. By construction of
the geodesic interpolators in the function ™ : [0,7] — X satisfies ™ () € AZd for all
te0,T).

Thus, we are able to apply Corollary and Lemmal4.14|and obtain (for 7, 7r < 1)

sup d(x™ (1), 2™ (1)) < e 72 ((Tk+7'k/)(4+f-@*))1/2 |0 (z0). (4.22)
te[0,7)

Therefore the curves ™ : [0,7] — X converge uniformly in the compact and hence complete
sublevel { y € X | ¢(y) < &(wo) } to a continuous limiting curve @ : [0, 7] — X with z(0) = .

Step 2. x is the unique EVIx solution. We now return to the approximate EVI formulation (4.15) for
the interpolants x™.
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For a general observer o, € dom(¢) we can choose a sequence (Y., )men With

m—00

Ym € Anm C :X:, Ym Wﬂo Lob, (b(ym) — ¢<xob)~

Without loss of generality we may assume k., < K,. Choosing Zop = Y € Ay, C AF in @I5)
for ™ and integrating over the interval (s, t) we find

*

S @ (1), ) — 50 (@ (5), ) + / <¢(aﬂ(r>> S da(r), ym)) dr

< (t=5)9(ym) + (t=s)e™* ' (d+7kim) [06] (o).

(4.23)

Keeping m fixed, taking k& — oo, and using the lower semicontinuity of ¢, we obtain

%dQ(w(t),xm) - %dz(w(s), ) + / ((b(w(r)) + §d2(w(r), xm)) dr < (t—5)é(zm),

Note that «,,, has disappeared because of 7, — 0 for £ — 0o. Now m — o0 yields

%dQ(a:(t),xob) _ %dz(a:(s),xob) + / (¢(w(r)) n §d2(w<r),xob)) dr < (t—5)6(zep),

where we have convergence on the left-hand side and use the Isc of ¢ on the right-hand side. As the

inequality trivially holds for zo, € X \ dom(¢), we have shown that  : [0, 7] is an EVIx solution.
The uniqueness follows by applying Corollary with A™ = A% = 0.

Step 3. Extension to ¢ € [0, 7o (g)). In the previous step the solution & : [0, T'(xg, k«)] — X was
well-defined and unique. However, k. > ko(xo) was arbitrary. Hence, we can extend the solution
uniquely to any interval [0, 7'(xg, k)] with K > K. Taking the limit x — oo we obtain a unique
solution on [0, T (70)) C Uk, [0, T (20, K)]-

Step 4. Complete EVI flow on dom(¢). We now further assume T, () = oo forall g € U, A,. We

now consider an arbitrary xy € dom(¢). Since UA,, = dom(¢), there exists a sequence (x(")men
with 25" € A, C Uxen4, and 2™ 7S r. Define ™ : [0,00) — X to be the unique EVIyx
solution starting in {". By (4.9) in Proposition [4.8(C), we have

Xtd(x™(t), 2™ (1)) < d(z, ) forallt > 0.

Thus, for all T > 0 the sequence ™ is Cauchy in the space C([0, T]; X). Therefore, it converges
locally uniform to a limit  : [0, c0) — X, which satisfies the initial condition x(0) = z¢ = lim x7".
Since each curve ™ satisfies the integrated form of EVly, the lower semicontinuity of ¢ guar-
antees that the limit curve @ is again an EVI solution.

Step 5. Correcting X* back to A\. Above we have constructed EVIy solutions, but our functional ¢ is
geodesically A-convex and A > X'. To recover the correct A, we can apply [MuS20, Cor. 3.12] because
we know that & is an EVIy solution for (X, d, ¢) and that ¢ is A-convex with A > X. Hence, x is also
EVI, solution. ]

5 Semiconcavity and EVI flows for (M (X ), KK, E) and (P(X ), SK, E)

We now combine the theory developed in the previous two sections, namely the existence result for
EVI flows provided in Theorem [4.9|with the semiconcavity results established in [LaM19, Sec. 4].
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5.1 Semiconcavity of JH<” and $3K*

In order to apply Theorem in the case of HK, SHK, we need to provide some semiconcavity results.
More specifically, we need to prove that point (A1) is satisfied for a sequence of sets A,.. Before we
proceed, we will define the following two collections of sets. For § € (0, 1) we define the set

Ms(X) = {u EMX):p< L 6< %(x) < 5 for L%-a.e. x € X}. (5.1)
For positive numbers d;, ds, we also define
=~ p(B(z,di)) _ 1
= : X:d<—— -1 2 < — 3, 5.2
i (X) = {1 € MO0 Vo€ Xy < HEEAN < 52

It is straightforward to see that for all d; > 0 it holds Ms(X) C J\N{dl,g(X). Furthermore all elements

in M5(X) have total mass bounded by +£%(X).

In [CaMT9, Thm.4.8], it was stated and proved that for a set X C R? that is compact, convex and
with nonempty interior, there exists x(J) € R, such that (M(X), HK) is x-concave on M;(X). We
clarify at this point, that in practice Theorem 4.8 was stated for more general metric spaces and for
reference measures v that are doubling. However for simplification we are going to recall any theorems
or lemmas we need from [LaM19] directly adapted to to our setting, avoiding all the extra generality
related to doubling measures and abstract metric spaces. We remind the reader, that for a compact,
convex set X C R? with nonempty interior, the Lebesgue measure is doubling and the Euclidean
distance is 2-concave. Although [LaM19, Thm. 4.8] was stated in this weaker form, the given proof
provides a stronger result, namely the following:

Theorem 5.1 (K -concavity for (M(X), HK)) Let X C R? be a compact, convex set with nonempty
interior. Then, there exists k(0) € R, such that (M(X), HK) is k-concave on M;s(X), with respect
to observers in M§°4(X).

At the moment of writing [LaM19], we were not aware that this version will be useful, however now
this property is exactly the assumption (A1) in our Theorem[4.9] Therefore we will recall some lemmas
from there and provide a short proof of Theorem|5.1

Lemma 5.2 ([LaM19, Lem.4.9]) Let X C R%bea compact, convex set with nonempty interior. There
exists 0 < Chin < Cax Such that for every pg, 11 € My, 4,(X) and any optimal plan Hy, for
LET 4( - ; po, 11) we have

Cimin < 0:(2;) < Cpax, 1Mi-a.e. (5.3)

wheren; = w;é Hy, = o;pu; fori = 0, 1. Furthermore, any transportation happens in distances strictly
less than some 7, i.e. there exists © < 7 that depends only on dy, ds, such that dx (zo, 1) < D
for Hyy almost every (xo, 7).

Lemma 5.3 ([LaM19, Lem.4.10]) Let X C R? be a compact, convex set with nonempty interior
and M;(X) be as in (). Then, for each 6 > 0 there existd; € (0,7) and dy > 0 such that
any constant-speed geodesic |91 connecting iy to py with g, 1y € Mgs(X) satisfies py, (t) €
My, 4, (X) foralit € [0,1].
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From Lemma[5.3]we obtain

M5(X) C MgGeOd(X) - Mdl,dg(X)-
For the proof of [LaM19| Thm. 4.8] also the following result is used.

Lemma 5.4 ([LaM19, Lem.4.11]) Let X C R? be a compact, convex set with nonempty interior and
JT/[dl,dQ(X ) be as in (5.2). Then, there exist Ryin, Rmax > 0 that depend on dy,ds, such that for
Lo, p1 with o (t) € JV[dl,dZ(X) and iy € JT/[dl,dQ(X) we can find measures \g, A1, A2, \; €
CPQ(Q:[Rmin, Rmax] with

P = i, B = por(t), Wae(Ni; M) = H (g, por(t))  fori =0,1,2.

As the reader can see in both, Lemma([5.4} and in the actual proof of [LaM19, Thm. 4.8], the observer
does not need to be in Ms, but it suffices that it lies in My, 4,(X), which contains M§°d(X),
therefore the same proof follows through.

Proof of Theorem@ By Lemmathere exists 0 < d; < § and 0 < dj such that every geodesic

Wy, connecting fuo, 1 € Ms(X) satisfies py, () € JT/[dm (X) for all t € [0,1]. We also have
Mo € Mdl,dg (X) D) M(;GeOd(X).

We would like to utilize the equivalent definitions of A -concavity provided in [LaM19, Cor. 2.24(iii)]
where a function f : [0,1] — R is K-concave if for every t1,ts € [0, 1] with ; < 5 the mapping
FIR Y = f; (84t (ty—t1)) satisfies

1

FEN) + Kt (1=t (ta—t1)* = (1= f210) + £ (1) forallt € 0,1].  (5.4)

1 1

In that direction, we take fig = Uy (t1), fi1 = Koy (t2) forty, to € [0, 1], and fyy (t) = poy (((t2—11)+
t1). By Lemma [5.4] there exists Ruin, Rimax that depend on di, ds, and therefore on 4, such that
for every [ig, fi1, fl2 € J\Nidth(X) and 0 < t < 1 we can find measures \g, A1, Ao, A\ € Po
(€[ Rumin, Rmax]) with

m)‘l = lai) (‘BAt = ﬁ[)l(t)7 and Wd¢<>\ia /\t> = l_K([)“H ﬁ[)l(t))7 Z = 07 17 27 (55)
see Theorem Using the geodesic property of [, yields

Wdc(/\(b /\t) + Wde()‘la )‘t) = l_K(/'L(]a 1101(75)) + I'K(/ila l:l(n(t))
= HK(fi0, fi1) < Wy, (Ao, A1).

Hence, it is straightforward to see that there exists a geodesic Ag; connecting g, A1, such that
Ao1(t) = A;. Furthermore, by [Lis06, Thm.6] there is a plan Ay_,; on the geodesics such that
Ays := (er,e5)3A01 is an optimal plan between A(t) and A(s). Now, by using a gluing lemma,
we can find a plan A3;”" in P((C[0,1];€) x €), such that Aoy = (eq, e1); (mf 7' A3") , and
(e (m071) x I)yA9" is an optimal plan for Wy, (A2, Ag1(t)). Finally by applying the last part of
Lemma 5.2} we get the existence of a © < § such that [zo—2¢| < D for (e,(x°7) x 1);A3" al-
most every (29, 2;), similarly |zo—xz1| < D for Ay, almost every |2, z1]. Therefore, for AS;”! almost

every (2, z(+, 20, 21) ), where z(-, zg, 1) is a geodesic connecting 2, z1, we have

%0,%1,1’2,@(t,20,21) c B (ii(t,ZO, Zl),d> .
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By [LaM19], Prop. 2.27] we get a K’ such that

d%(ZQ, Z(t, 205 Zl)) + K/t(]_—t)dg(ZO, Zl) 2 (1_t)dg:(227 Z()) +1 dg:(ZQ, 21)7 (56)

for AS;! almost every (29, (-, 20, 21)). By integrating with respect to A9,

, we find
Wi, (A2, Ao1(1)) + K't(1=t)W3 (Ao, A1) = (1=t)W3 (A2, Ao) +t W3, (A2, A1), (5.7)

Using (5.5) we find the desired semiconcavity, and Theorem is proved. m

5.2 Geodesic semiconvexity of functionals on HK and SHK

In [LMS22] the question of geodesic \-convexity of functionals E with reference measure £¢ on a
d-dimensional domain are discussed in detail. It is shown that E defined as in in terms of a Isc
and convex density functions £ with E(0) = 0 is A-convex on (M(X), HK) if and only if the auxiliary
function

) A% 72+d )
New s (0,007 =+ RU{ocs (o) = (£)'B(L70) - 50
satisfies the following two conditions:

Ng.x : (0,00)* = RU{oo} is convex and

p— (d—1) Nga(p,) is non-increasing. (5:8)
It is shown that the density functions E of the form
E(c) = age + arc” + -+ + apc™
lead to geodesically 2a-convex E if ag € Rand a; > 0 and p; > 1fori = 1,..., m. Moreover in

dimensions d € {1, 2} the density function E(c) = —fc¢? with 5 > 0 and ¢ € [d/(d+2),1/2] lead
to geodesically convex functionals E.

So far there doesn’t seem to be a theory for semiconvexity on P(X), SHK) which can be used to
provide examples. In Appendix [A]we establish the following nontrivial class of examples.

Proposition 5.5 Consider dimension d € {1,2} and a bounded convex domain X C R¢ that is the
closure of an open set. Then, the functional E, defined via

Eq(u):—/pqu for n = pda + pt
X

is geodesically convex on (P(X), ) ifq € [d/(d+2),1/2].

With this result we are sure that the following main existence result for EVI flows on (P(X), S, E)
provides at least the solutions to a small, but nontrivial family of nonlinear partial differential equations.
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5.3 The Main Result

In this section we collect the results from the previous sections and provide the proof of our main
result, which we repeat here for convenience.

Theorem 5.6 Let X C R? be a compact, convex set with nonempty interior. Furthermore, let E be a
functional defined as in (1.1) that satisfies Assumption|A

Then, for all iy = poL? € P(X) with0 < P, < po(z) < py < o0 a.e.in X, the solutions of the MM
scheme ({.2)q converge to a complete solution p : [0,00) — P(X) of EVI\ for (P(X), E, HK).

———— 9K
Moreover, for all iy € dom(E)™ C P(X) there exists a unique EVI solution emanating from .

If in addition Assumption@is satisfied, then for all jig = poL? € M(X) with 0 < Py < po(z) <
Do < o0 a.e. in X the MM scheme (T.2),i converges to a curve p : [0, 00) — M(X) that satisfies

————9K
the EVI, for (M (X)), E, HK). Moreover, for each i € dom(E)™ subsetM(X) there exists a unique
EVI solution emanating from pig.

Proof. We start from iy = po L% with 0 < Py < po(x) < Py < 0. By Propositions(for SK)
and (for HK) we know that for every 1" there exists a 7 > 0, such that for all 7 < 73 and n with
nt < T, the solutions /,, of the MM scheme satisfy 11, = p,L?where 0 < § < p,(z) < 1/§ < .
But this means that y,, € Ms(X) for all n with nT < T. Therefore, by taking A, = Ms(X) and
using Theorem |5.1|we see that all assumptions of Theorem |4.9| are satisfied, and the convergence of
the MM scheme for density restricted initial data 1.y follows.

—— 3K kK
For general initial data /1 in the closure dom(E)"  C P(X) ordom(E)  C M(X) of the domain
of the functional E we can choose approximations ' = pi' £ satisfying pi* € [1/m,m] a.e.in X.
The associated EVI solutions ,,, are complete and converge to the desired, complete EVI solution

emanating from pio by applying (4.18). |

We conclude with a corollary that allows us to extend the existence of complete EVIs when Assumption
does not hold.

Corollary 5.7 Let X C R? be a compact, convex set with nonempty interior. Furthermore, let E be
a functional as in satisfying Assumption If E'(0) = 0, then for every iy € dom(E)H< there
exists a unique curve p : [0, 00) — M(X) emanating from i that is a complete EVI\ solution for
(M(X), E, HK). Ifd < 2, then the the same holds even without the extra assumption E'(0) = 0.

Proof. For dimension d < 2, we define a new functional E; given by Es(c) = E(c) — dc'/2. By the
results in [LMS22, Sec. 7] we know that E; still satisfies Assumption [Alif E does so. Moreover, the new
functional satisfies Assumption [B} i.e. there exists cjoy, > 0 with E5(clo) < 0. Therefore, for every
& > 0 Theorem [5.6/guarantees that we have unique EVI solution 1° for (M(X), E5, HK) emanating
from every 11o. Now by taking the limit 6 — O we have I"-convergence of Es to E, and therefore we
obtain the convergence of 11 to a complete EVI solution y for (M (X)), E, HK) by [MuS20, Sec. 3.2].

For the case of d > 2, we define Fs5(c) = E(c) — dc. If E satisfies E'(0) = 0, then E; satisfies
Assumption for every 6 > (. Now, the result follows with the same arguments as above. |
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A Transfer of A-convexity between HK and SHK

We rely on the interpretation of (M(X), HK) as a cone of over (P(X), SHK) that was developed
in [LaM19]. But first we consider a general geodesic space (X, d) and the associated cone (C, D),
which take the places of (P(X), SHK) and M(X), HK), respectively.

We provide a general result showing that under suitable conditions the geodesic convexity of a p-
homogeneous functional F on (€, D), the restriction of F to (X, d) is again geodesically convex.

Proposition A.1 (Transfer for negative, homogeneous functionals) AssumethatF : C — [—o0, 0]
is geodesically convex on (C, D), and that it is p-homogeneous for somep > 1/2, i.e.

F([x,7]) = rPF([x, 1]) for all [z, 7] € C.

Moreover, assume d(z,y) < 7 forall x,y € X.

Then, E(x) := F([z,1]) € [—o0, 0] is geodesically convex on (X, d).

Proof. We use the fact that all geodesics = : [0,1] — X connecting = and x; are given by the
geodesics z : [0,1] — [Z(¢),r(t)] € C by a simple reparametrization, see [LaM19, Thm.2.7],
namely, setting 0 = d(x, z1) € |0, 7| we have

sin(t9)
sin(t0) + sin((1—¢)0)’

x(t) = T(Bs(t)) with Bs(t) :=

where 35(0) = 0 and s5(1) = 1. Moreover, r(t) = 1 — t(1—t)D([z,1], [x1,1])? with
D([x,1], [1,1]) = (2(1— cos §))"/? can be rewritten via

sin(0)

) = 1) = o s € [1/21],

where (0) = r(1) = 1. With this we obtain
E(z(t)) = F([z(t),1]) (definition of E)

= F([z(Bs(1)),1]) (reparametrization)

_ ! F([Z(Bs(t)), rs(t)]) (p-homogeneity of F)

Tg(t)p

< r(;(lt)P ((1—85(t)) F([z(0),7(0)]) + Bs(t)F([®(1),7(1)])) (geodesic cvx of F on C)

= L=Ps) Batt) inition

= iy S e B (definition of E)

Because of E(z;) < 0 it suffices to show the two estimates

1—0s(t t
1=5s(t) >1—t and Gs(t) >t forallt €[0,1]and 6 € [0, 7]. (A1)
rs(t)P rs(t)P
For the second estimate and the case p > 1 we use the explicit form and obtain
Bs(t) 1 sin(t9)

= >t f It 0,1
rs(t)P rs(t)p~l sind orall € [0,1],
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where we used r5(¢) < 1 and that ¢ — sin(¢J) is concave on [0, 1] because of § € |0, 7[. Thus, the
result certainly holds for p > 1.

However, it also holds for p € [1/2, 1] by the following arguments. Define the function
_ sin(t0) : p—1
Qp(t, 5) = m (sm(té) + 5111((1—15)5)) .

It suffices to show @), (¢,6) > 1fort € |0,1[and 6 € |0, w[. Clearly, we have ),,(1,0) = 1 and we
find 5 5 5
cos
0,Q,(1,0) = —1 1— .
1Qp(1,0) tp s+ (1-p) o
For p € [1/2,1] one can show that 0;Q,(t, d) < 0 which implies Q,(t,9) > @Q,(1,6) = 1 which is
the desired second estimate in (A.1).

To see why p > 1/2 is necessary, we use lims_,,— (sind 0,Q,(1,0)) = m(1—2p). Thus, for p <
1/2 we have 0,Q),(t,d) > 0 for 6 ~ m, which implies Q,(t,d) < 1.

The first estimate in follows similarly, namely by changing ¢ to 1—t%. This proves the result. |

We now consider (M (X), HK) as the cone over (P(X), SHK) for some convex and compact X C
RY. We first observe that [LaM19, Thm. 3.4] guarantees SHK (1, 1) < 7/2 such that the condition
d(z,y) < 7 is automatically satisfied.

From [LMS22] we know by that the functionals

€)= [ ola)de forn=oda
X
are geodesically 0-convex on (M (X ), HK) whenever ¢ > 1. Moreover, in the sense of cones we have
n= 7"2Q,5d giving p-homogeneity with p = 2q, namely
Ey(1) = Eo(r*oL?) = Fy([0£?,1]) = r*'Fy([0L, 1]) = r*7E,(0L?).
However, the above result is not applicable because of F, (1) > 0.

Note also that the special case ¢ = 1 leads to the mass functional Ex;(p) = Ei (1) = [y p(dz) =
(X)) which is geodesically 2-convex for HK (as well as geodesically 2-concave). However, its spheri-
cal restriction is obviously constant, hence it is geodesically 0-convex and 0-concave. This means that
we have a drop in the convexity, namely

0=Agx S Aix = 2.
However, the above result can be applied in the case of functionals of the form
E, (1) = —/ o(z)?dx forq € (0,1)and u = oL + ™, (A.2)
X
where ,uL is singular with respect to L%, This leads to the

Proof of Proposition[5.5, For 1, 11 € P(X) we first observe HK? (1, v1) < 1(X) +21(X) which

implies SHK (v, 1) = 2 arcsin($HK (v, 1)) < 2aresin(3v2) = 7/2 < 7.

It is shown in [LMS22] that E, is geodesically 0-convex under the following conditions:
qge(1/3,1/2]Jandd=1 or ¢=1/2andd = 2.

Moreover, we obviously have E, (1) < 0 and E,(r?0L?) = F,([0L% r]) = r%F,([0L%1]) =
r2E,(0L?). Using ¢ > 1/3 we have p-homogeneity with p = 2¢ > 2/3. Hence, all assumptions of
Proposition[A.1] are satisfied, and the geodesic convexity of E, restricted to (P(X ), SHK) follows. =
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