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Hyperbolic—parabolic normal form and local classical solutions
for cross-diffusion systems with incomplete diffusion

Pierre-Etienne Druet, Katharina Hopf, Ansgar Jiingel

Abstract

We investigate degenerate cross-diffusion equations with a rank-deficient diffusion matrix that
are considered to model populations which move as to avoid spatial crowding and have recently
been found to arise in a mean-field limit of interacting stochastic particle systems. To date, their
analysis in multiple space dimensions has been confined to the purely convective case with equal
mobility coefficients. In this article, we introduce a normal form for an entropic class of such
equations which reveals their structure of a symmetric hyperbolic—parabolic system. Due to the
state-dependence of the range and kernel of the singular diffusive matrix, our way of rewriting
the equations is different from that classically used for symmetric second-order systems with a
nullspace invariance property. By means of this change of variables, we solve the Cauchy problem
for short times and positive initial data in F*(T4) for s > d/2 + 1.

1 Introduction

In the present paper, we are interested in the Cauchy problem for a class of cross-diffusion systems
with a rank-deficient diffusion matrix and a porous medium-type degeneracy. For n species with partial
densities u = (uq, . . ., u,) and partial velocity fields v, . .., v,,, we consider the conservation laws

i + div(u;v;)) =0, t>0,2€T% i=1,...,n. (1.1)

Here, T denotes the periodic box and n, d € N are arbitrary integers. From a simple phenomeno-
logical viewpoint, the type of diffusion system we are interested in arises when the motion is driven by
density gradients according to

VvV, = — Z bijVuj7 (1 2)
j=1

where b;; are phenomenological coefficients. For a derivation of such equations from a weakly inter-
acting stochastic many-particle system, we refer to [6].

In the special case where b;; = k@ujﬁfor some k > 0 and a suitable equation of state for the
thermodynamic pressure p = p(uy, ..., u,), we obtain a purely convective motion with Darcy law
v; = v = —kVp. Problems of this type have been studied in several works concerning the well-
posedness of classical and weak solutions [8, [14] as well as with regard to their segregation property,
see for instance [4, [15], where the model is enhanced by competition-type reactions arising in tissue
growth modelling.

A prototypical example motivating the present work is obtained for the choice

bij:kiaj with kl,---akn>07 ai,...,ay > 0, (1.3)
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P-E. Druet, K. Hopf, A. Jiingel 2

leading to the equations

Owu; — div(ku; Vp(u)) =0 with p(u) = Z a;u;. (Rk1)

=1

This is the model considered by Bertsch et al. [2, 3] for d = 1, n = 2 and segregated solutions.
It was first proposed in [13] to describe populations that disperse in order to avoid spatial crowding.
Few further rigorous studies exist for this or similar models when the k; are not all equal. The study
in [21] on a two-species model illustrates numerically and through travelling wave analysis that unequal
coefficients k; # ks can lead to instabilities in the presence of a reaction term.

There are several energy functionals F'(u) = [, f(u)dz available for the simple model (RkT),
allowing to exhibit an underlying gradient-flow structure,

Oyu — div(M(u)Vu) =0, (1.4)

where i = 0, F'(u) is the vector of chemical potentials and M (u) denotes the mobility tensor. First,
we note the so-called Shannon entropy [27] generated by the density

fi(u) = ;m(ul logu; —w;) with m; = Z—:

In this case, the i'"" chemical potential is 11; = 7; log u;, and (T-4) is true for Ml(u) = (ku)® (ku) with
ku = (kyuy, ..., knu,). Every density function f of the form f(u) = (¢op)(u) with a strictly convex
function ¢ € 02(0, o0) generates another Lyapunov functional for system (Rk1). If we choose, for
instance,

n 2
fo(u) = % <Z GU) : (1.5)

=1

then the chemical potential is given by p; = a;p(u), yielding with M[(u) = diag(u;/m;). This
shows that the constitutive equations underlying (1.1)—(1.2), and in particular the rank deficiency of
the diffusion matrix, may be subject to different interpretations: strictly convex free energy and rank-
deficient mobility tensor for (1.4), or full-rank mobility tensor but rank-deficient Hessian for the free
energy (1.5). Interestingly, only the choice f3(u) = p(u)logp(u) — p(u) of the free energy yields
the identity p = — f3 + Z?:l u;0y, f3, which can be interpreted as the Gibbs—Duhem equation for
the thermodynamic pressure p.

In the general case of (1.2), we assume that the matrix

B = (b;;) € R™ " is symmetric, positive semidefinite
J

(1.6)
andhasrank 1 <r < n.

More generally, our results hold for matrices B for which there exists a vector T € R such that the
product B diag(7y, ..., T, ) obeys the properties in (1.6). Indeed, this case can be reduced to (1.6)
by the rescaling u; — u;/7;. In particular, the asymmetric case (1.3) can be covered in this way.

Note that in many physical and biological situations, where the dynamics of the species is driven by
pressure-like quantities or frictional interactions, it is reasonable to further impose the non-negativity
of the coefficients b;;. However, our analysis shall reveal that positivity is a requirement only for (bij)
as an operator.
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Cross-diffusion systems with incomplete diffusion 3

System (1.1)—(1.2) with (1.6) admits the free energy functions

n

Alu) =Y (ulogu; — ), fo(u) = % > bijuiu.

i=1 ij=1

In the context of mathematical biology, the functional associated with the quadratic function fg is known
as the Rao entropy [24]. Rank-deficiency can for example be justified if the driving functional measures
some dissimilarity between the species (genetic characters, fo(u) = Ezjzl(ui — u;)?). Recently,
in the context of electrochemistry, Eisenberg and Lin proposed a similar quadratic correction of the
standard entropy to describe repulsive interactions between ions crowded in small channels; see [20,
eq. (2.11)] with b;; = €;;(a; + a;)'?, the interaction energies €;; > 0 and the diameter a; > 0 of the
i*h ion species. More generally, rank-deficiency for the Hessian of the free energy function is a singular
limit, which can be motivated from general representation theorems for the free energy function (see
equations (30), (32) in [5]), when the behaviour of the system is widely dominated by its response

under pressure, hence by the equation of state rather than by the statistical entropy of mixing.

Motivation and key aspects

With the choice (1.3), the second-order system (1.1)—(7.2) does not enjoy full parabolicity, and even
for u; strictly positive, the system is not parabolic in the sense of Petrovskii. Thus, the theories by
Amann or Solonnikov do not apply in the present setting and we cannot expect the classical parabolic
smoothing properties. Therefore, even the local-in-time well-posedness in spaces of high regularity
is a non-trivial question, which has hardly been investigated in the literature for rank-deficient cross-
diffusions. The present article aims to provide an answer to this question for system (1.1)—(1.2) under
conditions (1.6). Our key idea is to separate the degenerate variables from the parabolic evolution
in such a way that the resulting system has a (symmetrisable) hyperbolic—parabolic structure. After
identification of such a proper set of variables, we are able to obtain closed higher-order a priori es-
timates for short times by means of classical energy methods, which then allow for the construction
of local-in-time strong solutions by iteration. We emphasize that for general second-order quasilin-
ear symmetric systems, the commutator terms arising upon higher-order spatial differentiation in the
equation for %u;, e € N?, may not be controlled and standard parabolic estimates generally fail in
the rank-deficient case.

For positive densities, the diffusion matrix associated with system (1.1)—(1.3) (resp. (1.1), (1.2), (1.6))

has rank one (resp. rank r). Thus, we are looking for a change of variables that transforms the system
into a composite problem coupling a Friedrichs-symmetrisable hyperbolic system for n—1 (resp. for
n—r) components to a scalar parabolic equation (resp. to a parabolic system for r components).
We recall that Friedrichs-symmetrisable first-order systems allow for energy estimates in a similar
way as scalar equations and that, as is well known, symmetrisability is a direct consequence of the
existence of a strictly convex entropy [9,[12]. While the entropic structure of the present models allows
us to recast the equations in the form of a (degenerate) second-order symmetric system (see the
introductory comments in Section[5), it is not obvious why symmetrisability should be inherited by any
first-order subsystem that might be obtained after changing coordinates.

The main results of this article can be summarized as follows:

B We provide transformations leading to a normal form of symmetric hyperbolic—parabolic type
for the rank-one systems (RkT).
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B We derive a transformation that allows us to write system (1.1), (1.2) with (1.6) for an arbitrary

rank r € {1,...,n} in a symmetric hyperbolic—parabolic form.

B We show that such systems, for any rank r € {1, ..., n}, admit unique local-in-time classical
solutions provided the initial densities lie in F*(T¢) for some s > d/2 + 1 and are strictly
positive.

Comparison to existing literature on hyperbolic—parabolic systems

Normal forms of symmetric hyperbolic—parabolic type have first been introduced in the context of vis-
cous compressible fluid dynamics. In their seminal work [17], Kawashima and Shizuta rely on entropic
variables and a nullspace invariance condition of the matrix associated with the second-order spatial
differential operator in order to derive an appropriate composite form. In our class of systems, this
invariance condition amounts to a state-independence of the kernel or range of the underlying mobility
tensor M((u), a property which is not fulfilled in the present cross-diffusive problem. Thus, the results
by Kawashima and Shizuta, including their extensions in [11}, 25, [26], are not directly applicable.

The normal forms that arise here (see equation (2.2)) are structurally different from those appearing in
the fluid dynamics context. They also seem to be new with respect to more recent work on hyperbolic—
parabolic problems considered, for instance, in thermoviscoelasticity [7]. A trivial version of our normal
form is obtained for when setting k; = 1 for all 7 (or equal to any other fixed constant). Then,
if n = 2, the change of variables wy = u1/(u; + us), we = aju; + asus, as first employed in [4],
leads to the pure transport equation J;w; = Vw, - Vw; whose velocity field is given by the negative
gradient of the solution to the porous-medium equation J;wy = div(wQng).

From a technical point of view, the difficulties in the Cauchy problem associated with our class of
normal forms are not very different from those arising in (viscous) systems of conservations laws.
The symmetrisability of the hyperbolic subsystem allows us to adopt an L2-approach, which was
first applied by Kawashima to symmetric hyperbolic—parabolic systems, requiring initial data in H* for
s > d /242 [16]. This regularity condition was improved by Serre [25], who only required s > d/2+1
and obtained strong solutions. With regard to the classical solutions constructed here, the condition
s > d/2 + 1 in the L*-framework should essentially be optimal, as it just yields the continuous
differentiability of the hyperbolic components as well as the spatial Lipschitz continuity of the ‘velocity
field’. We obtain classical solutions by exploiting a modest regularising effect in the quasilinear strongly
parabolic subsystem, whose coefficient matrix has limited regularity due to its dependence on the
hyperbolic components. It turns out that the regularity is sufficient to deduce classical solvability for
small positive times.

Finally, we point out that specific situations may allow for improved results and alternative methods.
Besides the one-dimensional case d = 1, the binary case n = 2 and, more generally, the case
r = n — 1 are special, since then the hyperbolic part of the system is scalar and can thus be treated
by the method of characteristics for quasilinear first-order equations. Boundary-value problems may
also be treated more easily in this case.

Outline
The remaining part of this article is structured as follows. In Section [2, we formulate our main results

on the rank-one system (Rk1) and the general problem (1.2), (1.6). We provide in Section[3|an explicit
transformation leading to a simple normal form for (Rk1). Subsequently, we establish the existence of a
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Cross-diffusion systems with incomplete diffusion 5

unique local-in-time classical solution for systems of that form; see Section 4] Section |5|is concerned
with general rank-r systems. Here, a different change of variables is used leading to a somewhat
different, though structurally similar normal form. In Appendix[A] we briefly discuss possible alternative
transformations in the rank-one case.

Notation

For s € Ny := N U {0}, we equip the space H® := H*(T%) with the canonical norm ||v| gs =
(X aj<s Jpa 10°0|*dz)'/2. We do not distinguish between the spaces H*(T?) and H*(T% R") if

no confusion arises. For any vector v = (vy,...,v,)" € R", we introduce v = (vy,...,v,_1)".
Moreover, given r € {1,...,n}, we write v = (v,vy;)T, where vy == (vy,...,v,,)" and vy :=
(Un—r41, - - -, y)" with the understanding that v = vyy if r = n. We denote by RYX" the space

of symmetric real (N x N)-matrices and by Ré}iﬁN the space of symmetric positive definite real
matrices. Finally, we set R = (0, 00) and let R"} := (R )™

2 Main results

2.1 Main results in the rank-one case

We abbreviate n’ = n—1 and let D := R” x R,. Given Y = (Yy) € C®(D;R"*"), Y, =
(Yy;) € C®°(D;R™) and a € C=(D;R_,.), we consider for w := (w', w,) = (w1, ..., Wa_1, W)
PDE systems of the form

o' = Vwy, - Y(w) V' + Y, (w)|Vw,|?, (2.1a)
Oyw,, = div(a(w)Vwy,), (2.1b)

where we abbreviated

d n'
(Vw, - Y(w)Vu'); := Z Oy, Wy, < Z Yiz(w)a%uM) ., oi=1,...,n.
v=1 /=1

Definition 2.1 (Symmetrisable hyperbolic part). We say that system (2.1) has a symmetrisable hyper-
bolic part if there exists a smooth mapping Ay € C*°(D; ]R"/X”/) with the following properties:

sym

(1) Ag(u) € RY %" forallu € D, or equivalently (given the smooth dependence of Ay on ), for
spd

each IC € D there exists cxc > 0 such that

ETA(v)E > cxc|€)? forallé € R™ andv € K.

(ii) Ay symmetrises (2.1a)) in the sense that

Ao(v)Y(v) € REX™  foreveryv € D.

Sym

The above definition is motivated by the structural properties of system (Rk1) after a suitable change
of variables and the fact that, under reasonable hypotheses, quasilinear Friedrichs-symmetrisable
hyperbolic systems admit local smooth solutions.

Our first result asserts the existence of such a change of variables.

DOI 10.20347/WIAS.PREPRINT.2967 Berlin 2022



P-E. Druet, K. Hopf, A. Jiingel 6

Theorem 2.2 (Normal form). Suppose that k;, a; > 0 and max;x, k; < k,. Then there exists a
smooth diffeomorphism ® : R} — D, u — w, such that system in the w-variables takes the
form (2.1) with a symmetrisable hyperbolic part. The transformation ® can be chosen in such a way
that w,, = p(u).

The theorem is proved in Section (3l We note that the condition max;, k; < k, is not restrictive in
the sense that it does not appear in Theorem[2.4]on the local existence and uniqueness for (Rk1). The
symmetriser and the normal form derived in the proof of Theorem[2.2]are explicit and take a relatively
simple form; see Section For example, if n = 2, the change of variables u — w reads as

Lk
wy = log ( 1/1@2)’ wy = p(u).
Uy

Other transformations leading to somewhat different, albeit structurally similar normal forms are pos-
sible. For instance, one may alternatively consider

1/k
ul/l

wy = T W2 = p(u);

ui/ Mo Us
see Appendix [A] for details.

Our second result asserts the local-in-time existence of classical solutions for symmetrisable systems
of the form (2.7) for data in the Sobolev space H® = H*(T%), s > d/2 + 1.

Theorem 2.3 (Local classical solutions for systems in normal form). Suppose that system has
a symmetrisable hyperbolic part. Let s > d/2 + 1 and w™ € H*® withr := minga w™ > 0. Then
there exists a time T = T(||w™||zs,7) > 0 and a unique classical solution w = (w',w,) €
C([0,T]; H®) to system in (0,T) x T satisfying wj,—o = w™, inf o 7)xra wy, > 1 and

o' € C([0,T); H¥), w' € C*([0,T] x TY),
Oy, V2w, € L*(0,T; H*) N Croe((0,T] x TY).

See Section [4] for the proof of this theorem. The local existence of classical solutions to our original
cross-diffusion system is now essentially obtained as a corollary.

Theorem 2.4 (Local classical solutions for (Rk1)). Suppose thats > d/2 + 1 and let k;, a; > 0 for
i =1,...,n. Then, for every initial condition u™ € H*(T% Dy), where Dy € R, there exists a time
T = T(||[u™|| gs, Do) > 0 such that system has a unique classical solutionu : [0, T] x T¢ —
R” in the regularity class v € C([0,T]; H®),

O, V3p(u) € L*(0,T; H 1 (T%) N Cloe((0, T] x T%)

that satisfies u—o = u™.

We refer to Section [4.6]for the proof of this theorem.

2.2 The general case of incomplete diffusion

Given the above results, it is natural to ask whether a similar theory can be obtained for the rank-r
generalisations with r € {1,...,n}, as introduced in Section [1| Thus, given a symmetric positive
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Cross-diffusion systems with incomplete diffusion 7

semidefinite matrix B = (b;;) € Rgpfin such that rank B = r, we aim to identify an appropriate

normal form for the induced equations of motion,

(9tui — div (qu Z bij’LLj) = O, 1= 1, Lo, n. (B)

Jj=1

Our main results on this problem may be summarised as follows.

Theorem 2.5 (Normal form). Letr € {1,...,n}. There exists a domain Dy C R™ and a smooth
diffeomorphism ® : R — Dy, u — w = (wr, wn), where wy = (w1, ..., W,—,) and wy =
(wn_,H, cee wn), such that system in the w-variables can be recast in the symmetric hyperbolic—

parabolic form

A ( 8tw1 ZAI w &Cywn)@%wl —+ f (w VU)H) (2.23.)
v=1
A[I)Iatwn = div (AIll(’w)VU)H), (2.2b)

where Al : D; — Régd VX and ALl Dy — Rs are smooth mappings and Ay € RIX1 is
a constant diagonal matrix. The smooth map AL : D; x R" — R&"*"" s linear in the second

argument, and f' : D; x R" — R"™" is smooth and quadratic in the second argument.

The precise form of the coefficient matrices appearing in Theorem[2.5]is described in Proposition
The transformation & is built upon an orthonormal basis of constant eigenvectors associated with
B and slightly differs from that in Theorem We emphasise that normal forms are generally not
unique, and in different applications different choices might be preferable.

The local existence of a unique classical solution to the symmetric hyperbolic—parabolic systems of
the form will be established in Section 5.3 cf. Theorem[5.5] As a consequence of the analysis in
Section|5.3] we obtain the local existence of a unique positive classical solution to the cross-diffusion
system for smooth positive initial data.

Theorem 2.6 (Local classical solutions in original variables). Let B € R™*" fulfil the conditions
and let s > d/2 + 1. Then, for every initial condition u™ € H*(T% Dy), where Dy € R"., there
exists a time T = T(||[u™||gs, Do) > 0 such that system (B) has a unique classical solution u :
0,T] x T¢ — R in the regularity class uw € C([0,T); H*),

O, V2Bu € L*(0,T; H*H(T%) N Cioe((0, T] x T%)
that satisfies u—o = u™.

Remark 2.7. By a rescaling, we see that our results apply more generally to systems

n

Oy — div (u;Vp;(u)) =0, pi(u) =) ayu;,

J=1

for which the matrix A = (a;;) € R™™ is such that for some @ € R the product B :=
Adiag(m, ..., T,) satisfies the properties in (1.6).

DOI 10.20347/WIAS.PREPRINT.2967 Berlin 2022
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3 An explicit normal form for rank-one systems

In this section, we provide the proof of Theorem Observe that if a diffeomorphism ¢ has the
required properties in the case a; = 1 fori = 1,...,nin (1.3), then the transformation ® o I" with
I';(u) = a;u; enjoys the properties needed in the general case a; > 0 for all i. We therefore assume
thata; = 1fori=1,...,nin ({1.3).

3.1 Change of variables

Between the domains D := R} and D := R™ x R,, where n’ := n — 1, we consider the
transformation ® : D — D,

log (ui/kl/u}/kn)

d(u) = : foru € D. (3.1)
R P
Z?:l Uj
Its Jacobian
1 0 1
kiuy 1 T knlun
O kousg O _knun
D®(u) = : (3.2)
0 : 0 /lu / _knlun
1 1 1 1
has a non-vanishing determinant,
- 1
det D®(u) = ’ > 0. (3.3)
i1 ipe i

Lemma 3.1. The map ¢ : D DisaC® -diffeomorphism.

Proof. By definition, ® € (C°°, and by the implicit function theorem and (3.3), the map ® is locally
invertible with smooth inverse. To show that & is a bijection from D to D, we observe that the equation
®(u) =wforu € Dandw € D is equivalent to

u; = exp(kjwj)unkj/k", j=1,...,n/, and Zuj = Wy, (3.4)
j=1

Inserting the first relation into the second one, we find that

I

ur (1) 1= w3 exphyy)un O/ = @9
=1

For fixed w = (w’, w,) € D, the function g, : Ry — R, is strictly increasing and continuous with
limgp gur(s) = 0 and limg o gur (s) = +00. Hence, there exists a unique solution u,, € R of

the equation g, (u,) = w,, which in turn uniquely determines u; € Ry, j = 1,...,n/, by means
of the first condition in (3.4). O

DOI 10.20347/WIAS.PREPRINT.2967 Berlin 2022
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3.2 PDE system in new variables
We now formulate our original equation in the new variables w = ®(u). We recall that the original
PDE system takes the form
Owu; = div(k;u;Vw,), i=1,...,n, (3.6)
and let U (w) = u denote the inverse of . Summing up the n equations leads to
Oyw,, = div(a(w)Vwy,),

where a(w) = a(¥(w)) witha(u) = >, ku,;. Foru = ¥(w), we have a(u) > (min; k;) > | u; =
(min; k;)w,,. Since ¥ € C*(D;D) and inf,ecx w, > 0 for every € D, we find that a €
C>(D;Ry).

Next, leti = 1,...,n’. We deduce from (3.2) and (3.6) that

oyw; = Z@uﬂ) )Opup = ?Z — ktz = div(u; Vw,) — . div(u, Vwy,)

=V(logV; —logV¥,) - Vw, = 8w (log W; — log ¥, )Vw - Vw,.
14

To determine the term 0, (log ¥; — log ., ), we use relation (3.5),

n' n' Lo
O,y U = O, (wn — Z exp(kjw; )uki/ ) =1- 32: k:Lui Dup U

J=1

and solve this identity for 0y, .,

(Ouy V) (1) = Dot = (1 " Z i “ﬂ) - ’,;(Z)

k,u,
In a similar way, it follows for / = 1, ..., n’ that
kju;

8 = —k‘gUg Z k} u] 8Wun

and consequently, after solving for 0,,,, u,,
" l{fj’LLj ! knun
(&Wklfn)(w) = ngun = —/{ZgU,g (1 -+ Z:: knun) = —mkﬂm.

Hence,

Ky, Ky '

(O, log U, (P(u)) = ——, (O, log¥,,)(P(u)) = — keugfor{ =1,...,n'.

a(u)

Next, we differentiate w; = log( ks /ul/k )= (1/ki)logV; — (1/k,)log ¥, i = 1,...,n/, with
respectto wy, £ = 1,....n/, WhICh gives 6;y = (1/k;)0y, log ¥; — (1/k;,)0y, log U,,. This shows
that

kg

k
wl \Ijz_wl \Ijn:kzéz — — =\
O, log Ow, log rl—(k 2(u)

n

1> Ouw, log U, = k;by + (ky — ki)

DOI 10.20347/WIAS.PREPRINT.2967 Berlin 2022
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Similarly, differentiating w; = (1/k;)log¥; — (1/k,)log ¥, i = 1,...,n/, with respect to w,,, we
obtain 0 = (1/k;)0,, log ¥; — (1/k,,)0w, log ¥, or, equivalently, d,,, log ¥; = k;/a(u). Thus,

ki — k,
Ow, log ¥; — 0, log¥,, = — )
a(u)
In summary, the components w’ = (wy, ..., w,) satisfy the system
d
o' = Z Oz, W, Y (W) 0y, w' + Yy (w)| Vaw, |2, (3.7)
v=1
where Y = (Yig)zlzzl, Y, = (Y,))",, and
Foug ,
Yzf(w> = k;zézé_f— (kn_kz)/\_a 7€: 1a ,
a(u)
ki — k
Ym an = lA n7 = 17 ) '
(w) (w) o) i n

3.3 Symmetriser for the first-order subsystem

We look for a matrix Ag(w) € R™ X" which is w-locally uniformly bounded and positive definite, such

Sym

that A (w)Y(w) is symmetric for all w. The ansatz of a diagonal symmetrising matrix
holw) = diag(X, (w), . .., Xoo(u0)) 8)

leads to the conditions
XlY” :Xijla Z,j = 1,...,n/,
for the unknown smooth and positive functions X;, i = 1,...,n’. Since, by hypothesis, 0 < k; <
... <k, < k,, an admissible choice of X; is
k:iul-
Thus, (3.8), (3.9) defines an admissible symmetriser for system (3.7). In view of Lemma this
completes the proof of Theorem

X, =

(3.9)

4 Local classical solutions

In this section, we prove Theorem and deduce Theorem as a corollary. Thanks to its sym-
metry, the hyperbolic part can be treated following a well-established procedure based on H® energy
estimates at the linear approximate level and a Picard iteration, cf. [1, 22] and the references therein.
Hence, our main task is to properly take care of the coupling between the hyperbolic and the parabolic
problem.

We only present the proof for integer s. Using basic tools from Fourier analysis, the extension to
fractional s > d/2 + 1 should be straightforward. For the most part, we avoid using the explicit
structure obtained in Section 3| In this way, we only require a few minor changes to treat the Cauchy
problem for the general rank-r system once brought into a normal form.
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4.1 Preliminaries

Let Ay be a smooth symmetriser for (2.7a). We will construct a strong solution (within the appropriate
regularity class) to the symmetric hyperbolic—parabolic system

Ag(w)0w' = Vw, - A (w)Vw' + Vi, (w)|Vw,|?, (4.1a)
Oywy, = div(a(w)Vwy,), (4.1b)

with w|;—g = w™, where A (w) = Ag(w)Y(w) and V,,(w) = Ag(w)Y,, (w).
By hypothesis, we can define positive constants
ro= inf w™(z) and R := ||w™|ys.
rETd
As an immediate consequence, this gives

Jw||lze < LR fori=1,...,n,

where L < oo denotes the constant from the Sobolev embedding H*(T?) s L°°(T¢). Defining
ay := (r/2) min; k; > 0, we infer the bound a(v) > a; for all

vEDy:={veED:v, >r/2and ;| <2LR,i=1,...,n}.
We further choose A\; € (0, 1] and A; > 1 such that

ALy, > AO(U) > M, forallv € Dy, (4.2)

g M
K =2 N (4.3)

Note that a;, A1, A; and K depend on w™ through 7 and R only.

and abbreviate

To avoid regularity issues during the iteration process, we mollify the initial data. Let (7;)sen, C
C>(T4) be an approximate identity, that is, Jpamedz =1, ||nel| 1 S 1andlimy,o f{lw\>6} |neldx =
Oforall 0 < § < 1. Here, a* < b’ means that there exists a constant C' > 0 such that a* < Cb*
for all ¢ € Ny. We choose (7,) such that 17, > 0 for all £ and introduce the mollified initial datum
2t = e * w'™ for every ¢ € Nj. After possibly passing to a subsequence of (1¢), we may assume
that

[ — e S 2R (44)

The construction by convolution immediately yields 2/ > 7 and |zf| < LR, i = 1,...,n and thus,
2Y(x) € Dy forallz € T¢ and ¢ € Ny. Moreover,

12|l zrs < R forall £ € Ny. (4.5)

Before starting with our analysis, let us recall the following classical inequalities from calculus [18],123]:
For all p, 1) € C*°(T?) and any multi-index o € N2 with |a| < o,

10%(Wo)llzz S 19l Nl e + 1] aellll e,

. (4.6)
1[0%, V]ellre S (IVYlellellme-r + [Vl ool L,
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P-E. Druet, K. Hopf, A. Jiingel 12

where [A, B] := AB — BA denotes the commutator of two linear operators A and B. Furthermore,
for g € C>°(D),K € D,and p € H°(T% K),

lg()ae < llellae +1, (4.7)

where the constant associated to this inequality depends on ||g||ce(x) and ||¢|| L. Finally, let us
introduce the Banach space X7 := C([0,t]; H°(T%)) with the norm

[vllxg = sup [[v(7)]|m--
7€(0,t)

4.2 Iteration scheme

We initialise w® := 2° and t;, = oo, and consider the following iteration scheme. Given v := w’~! €
C>([0,t—1)xT% D), £ € N, with v, > r and ||[v]|x; < KRforallt < t,_y, we let the next iterate

w’ be the solution w = (w’, w,) to the linear decoupled system

Ao(v)0w" = Vo, - Ay (v) V' + V,(v)|[Vo,|?, (4.8a)
dyw,, = div(a(v)Vw,), (4.8b)

supplemented by the initial condition w|,—¢ = 2. Notice that w* is well defined and smooth on the
entire time interval [0, ¢,_1) thanks to classical theory for linear, uniformly parabolic equations resp.
linear symmetric hyperbolic systems with smooth coefficients (cf. [19] resp. [1, Chapter 2]) and the fact
that there is no coupling between w’ and w,,. Moreover, the maximum principle implies that

r<wi(t,-) <LR foralltc[0,t, ). (4.9)
We then let 0 < t, < t,_1 be the maximal time less than or equal to £,_; such that
|w'||xs < KR forallt <t (4.10)

where K > 1 is the constant in (.3). In view of (4.5), the time ¢, € (0, t,_1] is indeed well-defined.

The above construction and the Sobolev embedding H® C L™ (with constant L) gives us a first
rough control of the values of the iterates:

w'(t,z) € [-LKR, LKR]" x [r, LR] forall (t,z) € (0,t;) x T% (4.11)

Since K depends on the constants A; and Ay, the control (4.77) needs to be upgraded before we can
take advantage of the strict positive definiteness of A in D.

4.3 Uniform bounds
Lemma 4.1 (Control of values). There exists a time Ty = T} (R, ') > 0 such that for all { € Ny,
w'(t,z) € Dy forall(t,z) € (0,,) x T, wheret, :== min{t,, T\ }.

Proof. The assertion is true for ¢ = 0 since, by construction, 2°(x) € D, for all z € T<. Let now
¢ > 1. It follows from equation (4.8a) that, forall 7 < t, < t,_1,

10:(w") | xe=r < C (0 lxs, 1w llxz, B,r7") < Co,

DOI 10.20347/WIAS.PREPRINT.2967 Berlin 2022



®

(i)

Cross-diffusion systems with incomplete diffusion 13

where Cy = Cy(R, 1), and we used inequalities (4.6)—(4.7) and the control (@ 10)—@.11). Hence,
forallt < t,andeveryi € {1,...,n'},

[w! (t) — w!(0)||ceray < tL1Co.
Here, L, denotes the constant associated with the embedding H*~*(T%) — C(T¢). Thus, with the
choice T} := LR/(2L,Cy), we find that
3
lwi(t, z)| < w0, )] + tL,Cy < LR+ T\ L,Cy = SLR <2LR

fori = 1,...,n and all (t,z) € (0,%,) x T% Combined with inequalities (@.9), we deduce the
assertion. 0
Lemma 4.2 (Uniform bounds). For all { € Ny, let t; = min{t,, 71}, where T1 > 0 denotes the

constant from Lemma

There exists F'(t) = F(t, R,7~') > 0 which is continuous on [0, c0)® and non-decreasing in each
of its arguments such that for all ¢ € N,

t
/mm%w%ng@,tenaa @.12)
0

There exists T, = T,,(R,r~') > 0 such thatt, > T, for all { € N.

Remark 4.3. We infer inmediately from Lemmal4.3 and equations (4.8) a uniform bound on the time
derivative of the iterates: for all { € N,

10:(w) | s+ < €, [1Bewn |2 mim—y < C(T), (4.13)

where C and C(T,) may depend on R and r—.

Proof of Lemmal4.2 Let ¢ € N and abbreviate, as before, w := w’ and v := w’"'. We will always
suppose that ¢ < t,_1, which guarantees that v(7, z) € Dy forall (7, z) € (0,%) x T? and ||v|xs <
KR.

Rel(i)]: For a multi-index o € N¢ of order 0 < |a| < s, we differentiate by the spatial differential
operator 0“:
00wy, = div (a(v)0*Vw,) + div ([0%, a(v)]Vw,).
Testing this identity with 0%w,,, we obtain
1d
il +ar [ 109w, Pds < €0, a(e)| T2 07w 12,
Td
and hence,
1d le' 2 a1 fo" 2 le' 2
S0 wnllze + 10 Vwn|z: < Ca1)[10% a(v)] Vew|lz..

Upon taking the sum over a, 0 < |ar| < s, integrating in time and using inequalities (4.6)—(4.7) and
the Sobolev embedding H*~! < L, we arrive at

d _
Fllwalle + ar[[Vwa|lf. < RC(R,r)llwal |-
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Gronwall’s lemma implies that

[wa(t)| 2 d7 < |Jwn (0)|| %6 exp(tC(R, 7)) (4.14)

t
2 4 / Vo,
0

forall t € (O,tAg,l). The rough bound (4.12) is a consequence of (4.14) and the initial condition
Wi=p = 2, combined with the control (#5) and the fact that the above argument holds for any
¢ € Ny.

Re: In the following, we abbreviate w!, := 9“w’. We first left-multiply (4-8a) by the matrix Ao(v)_l,
differentiate the resulting identity by 0% and subsequently left-multiply by Ag(v). This gives

Ag(v)owwl, = Vu, - A1 (v)Vw,, + Ag(v)Ra, where
Ro = [0% Vu, - Y(v)] V' + 0% (Y, (0)|Vu,]?).

Next, we test this equation with w/,:

%% Td(w&)TAo(v)w;dx — /Td(w;)T(DAO(v)atU)w;dx
- % LV (V (W) A (v)w)) = (W) T (DA (0)Vo)u!, }da
"’/Td(w&)TAo(U)Radx.

Hence, after a rearrangement and an integration by parts in the second step,

1 1
1d (wl) TAg(v)whde < = [ Vo, - V((wh) A (v)w),)dz
2 dt Td 2 Td
1
+ 5/ (|Vun| DA (v) V| + ]DAO(U)ﬁtv])\w;de+/ |Rao||w!, |da
Td Td

S [1Ava] + V0 + 050 || L llwg 122 + [1Rall c2llwg ] 2,

where the constant associated to the last inequality depends on R and !,

To proceed, we estimate the remainder term R, using again inequalities (4.6)—(4.7), the bound
sup,, , |v]lxs < KR and the embedding H5~' < L

> IRallie < 3 (I9(T 00 Y@ e [V e

o] <s la|<s
19 (T YD s 19 i+ 107 ()T )
S, (van| Hs + 1) (HVU}/HHS—I + 1)

To estimate the time derivative J,v, we use the equation for v = w e (4.8) with ¢ replaced by
¢ — 1 supposing that £ > 2 (if ¢ = 1, then 0;v = 0 and there is nothing to show). This gives

Hs—1 + 1 SJ ||V/Un’

18:0]] e < 1810n]| e + 00]] e S 1AW me + 1.

In combination, we infer for v/(t) := ||Vv,(t)||gs+1and C; = C1(R,r~!) that

d
G5 [ hoo)utde < Cotlle' Ol +Cunte), .19
']Td

laf<s
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where we used the elementary estimate p < p? + 1.

Taking into account the equivalence (cf. (4.2) and Lemma[4.1)

|w'[|%s ~ Z/ "TAg(v)w! da

|a|<s
with associated constants \; and A1, and Gronwall’'s inequality, we deduce a bound of the form
Mllw' ()7 < (Aallw'(0)][3 + VEB) exp(vEB), where (4.16)

¢ 1/2
B = (/ ||an||§{sd7'> Cy + V0.
0

Recalling (4.12), adding inequalities (4.14) and (4.16), inserting the initial value wy—q = 2* and
recalling definition (4.3) of K, we infer the bound

A
|w(t)]|% < 2)\—11}22 < (KR)?

for all t € [0, 7], provided that T, € (O,tAg_l) (depending on R and 7~!) is small enough. This
implies that ¢, > T, and inductively we infer O

4.4 Convergence

We show that the approximate solutions converge to a strong solution of system (2.7) as ¢ — oc.

Lemma 4.4 (Convergence). There exists a solution w = (w',w,) : [0,T,] x T¢ — Dy to sys-
tem @) in (0, T..) x T satisfying wy—o = w™ and the regularity

w e L0, T.; H) N C,([0,T.]; H®), w, € L*(0,T,; H*™), (4.17a)
Ow, € L*(0,T,; H*™Y), o' € L=(0,T,; H*™) (4.17b)

such that, as { — oo,

w' = w in X7, foreveryo < s, (4.18a)
wh(t) — w(t) in H* uniformlyint € [0, T.], (4.18b)
wh — w, in L*(0,T,; H*™), (4.18¢)
ow! — duw,  in L*(0,T,; HY), (4.18d)
O, (w') = 0w’ in L*°(0, T,; H™Y). (4.18e)
As a consequence,
w, € C([0,T.]; H®), w' € C*([0,T.] x TY), (4.19a)
Oywn, Vw, € L*(0,T,; C(T%)). (4.19b)

Proof. We split the proof into several steps.
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Step 1. We assert that there exists a function p : N, — R of at most polynomial growth such that
forall / € N,

NGt < 27%p(f) + 27'N%,  where (4.20)
Nz, = sup [[w(t)=w ()2 + IV (w—w, ) 203200
te(0,T%)

This estimate is the key point of the proof. To verify the assertion, we subtract the equations for two
subsequent iterates, yielding
Ag(w)op(w™ —w®) = Vu! - A (W) V(T — ) + F,
Op(wt —wl) = div (a(we)V(w"“”rl —wh)) + G,

where
Fy = Vo(w) [V [ = Vi (w ™)V, P (Ao (w) — Ag(w ™)) Oy (w”)’
+ (Vwh - Ay (w') — Vit Ay (w1)) V(')
Gy = div ((a(w") — a(w" ")) Vau}).

Energy estimates similar to those in the proof of Lemma[4.2] yield the following stability estimates for
the hyperbolic and the parabolic components, respectively:

1d

5y Ao (w) 2w =)', (@.21)

S (L 10wy Lo + [ Ay [ eea) | (™ =) |17
+ (llw' =0 |22 + 1V (wp—w ) [[22) | (™ ="l e,
1d

a
St B+ IV (w0l — w2 S fluf - wf R “22)

with associated constants depending on R and . Let us now define the quantity
Qe(p,v) = [[Ao(w”) (0 = ¥)' |22 + llon — ¥nllZ-

It satisfies Q¢(, 1Y) ~ |l — |2, for all £.
We add (4-27) and (#.22) and use Young’s inequality to find for any § € (0, 1] that

d
SQu ) + 0|Vl - )|

< (s + Clldwwy |l o1 + Cll Awp | o1 ) Qe(w™, w)
+C Qe (w', w'™h) + 0|V (wy, — w, )12

Invoking the Gronwall lemma, inserting the bounds (4.12)—(4.13) and applying (4.2), we conclude that

nl(t) < O, exp(Cst) (w™(0)—w"(0) 12 + on’(t)), where
t 1/2
(1) 1= [l (t) — ot (8) 12 + ( v - wf;1>ui2d7)

forallt € [0,6] and any 0 € (0, 7%, where Cr, = C (/T F (1)) with a function F as in 412).
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Let us now fix § = min{1/(4C7,), T\ }. By construction, [|w*™(0)—w’(0)||2 < 27R (cf. (@-4)).
If we choose t, = t.(6, R,r~') € (0,] so small that exp(Cjst,) < 2, we deduce an estimate
of the form with 7T, replaced by ¢, and with p(¢) = ¢ = const. It follows by recursion that
Nt < 27%c + 27N} and as a consequence ||w*™ (t,)—w’(t.) ||z < 27/C¥. Using this decay
property in ¢ at the new initial time ¢.., we can repeat the above argument on the interval [t., 2t,| and
obtain an estimate of the form with 7', replaced by 2t,. and with p(¢) = C. Iterating for a total
number of i := |7, /t.] times, we infer with the time T, and p({) = C/(".

Step 2: Inequality implies that ), Nf, < oo. Hence, the sequence (wt!'—w"), C X7,
is summable, and by completeness, there exists w & X% such that w® — w in X% as { —
o0. The uniform bounds in Lemma and Remark [4.3] combined with classical compactness and
interpolation arguments, further yield the convergence as well as the regularity (4.17). We omit
the details, since an exposition of such arguments in a similar context has been provided, e.g., in [1}
Chapter 10.1.1] and [22] p. 39-40].

Step 3: We assert that the limit w further has the regularity and is a strong solution. Indeed,
the regularity is an immediate consequence of (4.17b). Next, the convergence allows
us to pass to the limit £ — oo in equation (where v = w*~! and w = w*), giving in particular
o' € C([0,T.] x T?) and showing that w’ € C*([0,T,] x T?) is a classical solution to (#.8a).
Finally, the convergences (4.18a), (4.18c) and (4.18d) imply that equation is fulfilled in the strong
sense, and the regularity follows from the embedding H*~ < C(T?). O

4.5 Regularity

To deduce the temporal continuity of w’ with values in H*, we need some basic uniqueness properties.

Lemma 4.5 (Uniqueness). LetT > 0 and s > d/2 + 1. Then the following holds:

(i) For a given initial value w™, there exists at most one strong solution w of system (@.1) in
(0, T) x T satisfying the regularity @.17) (with T\, replaced by T'), the initial condition w |;—y =
w™ and ming 7ypd wy, > 0.

(i) For fixed strictly positive w,, satisfying the regularity #170) and a given initial condition (w™)’,

the hyperbolic subsystem (4.8a) with the coefficient function w,, has at most one classical solu-
tion w'.

Proof. The assertions can be deduced from energy estimates similar to those in the proof of Lemmal4.4]
O

Lemma 4.6. The solution w constructed in Lemmal[4.4 satisfies w’ € C([0,T.]; H®).

Proof. In the proof we closely follow [22, Theorem 2.1 (b)]. Since we already know the weak continuity
w' € Cy([0,Ty]; H?), it is sufficient to show the continuity of the norm in the Hiloert space H*. We
first show the continuity at ¢ = 0. Equip *(T%; R™) with the equivalent norm

1/2
g i= (3 [ o ha(wlo)uvdc)
ja<s /T
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It then suffices to show that

limisoup [0 (Ol . < [w'(0)]| 7. (4.23)
t

To prove this inequality, we recall estimate (#.15), valid for w = w’ and v = w’"!. Thanks to
the uniform bounds in Lemma the right-hand side of (4.15) can be estimated above by an /-
independent function f € L?([0, T.]; [0, 00)) so that

forallt € [0,7,] and ¢ € N,.

It follows from the convergence properties in Section [4.4]and a weak lower semi-continuity argument
that, in the limit £ — oo,

> /T 0 (£) T Ao(w(t)) o' () (4.24)

|| <s

< Z /Jl‘d c%w’(O)TAo(w(O))aaw’(O)dx—|—/0 f(r)dr.

laf<s

Recalling the weak continuity in (4.77a) and taking the lim supy,, we find (4.23), where we used the
fact that limy o [[Ao(w(0)) — Ao(w(t))||c(rey = O to recover the H*-norm on the left-hand side

of (4.23).

The right-continuity of w’ with values in H* at general ¢ € [0, T’,) follows by applying the above result
to the time-shifted problem with initial condition w(¢) € H* and exploiting the fact that 7 — w(t + 7)
is the unique solution emanating from w(t).

It remains to show the left-continuity of w’. To this end, we consider the hyperbolic subsystem with
the fixed coefficient function w,, and apply the above argument to the time-reversed problem. More
precisely, for establishing an analogue of the crucial H* energy estimate (4.24), one possibility is to
use a Picard iteration for the hyperbolic subsystem, while approximating the coefficient function w,,
by the smooth functions wf; from Lemma The uniqueness property in Lemma then implies
that the limiting function coincides with the time-reversed version of w’. O

To complete the proof of Theorem it remains to show the regularity

Oywn, V2w, € Coe((0,T,] x TY). (4.25)
To this end, let 3 € (0, min{s — d/2 — 1,1}). The regularity w’ € C([0,T,]; H®) and the Sobolev
embedding imply that w’ € C([0, T.]; C*#(T?)). Combined with the space-uniform temporal Lips-

chitz regularity of w’, i.e. 9w’ € C([0, T,] x T?), we infer from [19, Chapter I, Lemma 3.1] a temporal
Holder regularity of the gradient:

vu' e CP/U+A ([0, T,]; C(TY)). (4.26)
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Now, we can use classical regularity results for quasilinear parabolic equations in divergence form,
where w' is viewed as a given function: Thanks to (4.26), V' satisfies a space-time Holder condition,
which makes Theorem 5.4 in [19, Chapter V] accessible and gives us an interior space-time Hélder a
priori estimate for d;w,, and V2w,,. To conclude from the a priori control, we approximate w’
by smooth functions whose spatial gradient is uniformly bounded in some space-time Hélder norm,
and exploit the uniqueness of regular solutions to the parabolic equation in w,, (with w’ acting as a
fixed parameter). As a consequence, O,w,, and V2w,, satisfy a space-time Holder condition away
from ¢ = 0, which entails (4.25).

4.6 Original variables
We now conclude the existence of classical solutions for the degenerate cross-diffusion system (Rki1).

Proof of Theorem[2.4. Without loss of generality, after rescaling time, relabelling components and
rescaling u; — a;u;, we can assume that k1 < ... < k,» < k, = 1 and a; = 1 for all 7. It then
suffices to consider the following two cases.

Case 1:Let k1 < ... < k,» < k,. Then the assertion is a consequence of Theorems and
The time of existence 7' can be bounded below by a positive constant that depends on the datum ™
only through ||w™|| r= and minga w!®, where w™ = ®(u™) with ® denoting a diffeomorphism as in
Theorem 2.2 with the property that w,, = ®,,(u) = p(u).

Case 2: There exists a minimal m € {1,...,n'} such that k; = 1fori = m,...,n. In this case,
we define u; := u; for1 < ¢ < m —1and U, := U, + -+ + u,. The system formulated in
terms of u satisfies the hypotheses of Case 1 with n replaced by m, which provides a local strong
solution 7 and in particular a velocity field v = —V Z;"Zl u;. Subsequently, we determine the unique
solutions to the linear continuity equations for w,,, . . . , u,, with the fixed velocity field v, so that u =
(U, .oy Uy U1, - - -, Uy) is the desired classical solution to (RkT). O

5 The general system (B) with incomplete diffusion

In this section, we turn to the general PDE system (see page for symmetric positive semidefinite
matrices B = (b;;) € R™™ withrank r € {1,...,n}. In particular, we aim to bring equations
into a normal form that makes them accessible to the energy methods from Section

In the following, we use the notation D(v) := diag(vy,...,v,) € R forv = (v;) € R"
Moreover, we use the convention f(v) := (f(v1),..., f(v,))T for a function f : R — R and a
vector v € R".

5.1 Preliminary consideration: the full-rank case

We first note that for symmetric strongly parabolic PDE systems, local strong solutions to the Cauchy
problem in suitable function spaces can be obtained by means of basic energy estimates in the
spirit of Section (4l More generally, initial-boundary value problems may for instance be treated us-
ing Schauder-type estimates as in [10].

System can be symmetrised in several ways. For instance, following Kawashima and Shizuta [17],
we may consider a change to entropy variables v; = log u; for the strictly convex Shannon entropy. In
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this way, we obtain the symmetric system
D(e")dv = div (D(e")BD(e") V),

which is strictly parabolic if and only if rank B = n. Likewise, we may use the quadratic Rao entropy
H(u) = tu" Bu, which is strictly convex if B possesses full rank. In this case, we find B~'0,v =
div(D(u)Vv), u := B~ v. Of course, the classical inversion of B is only possible for rank B = n.
Alternatively, equation (B) may be put in symmetric form directly by means of the symmetriser B giving
Boywu = div(BD(u)BVu), where we used the fact that B is constant.

In order to find a symmetrisation suitable to conveniently treat the rank-deficient case, we use again the
fact that 13 is constant, but somewhat modify the previous alternative. To this end, denote by ¢!, .. ., &”
an orthonormal basis of eigenvectors of B with the corresponding vector of positive eigenvalues A =
(A1, ., A\,) and define wy, := &% -ufork =1,...,n. With O;; = 5;'- fori,7 =1,...,n, we obtain
BOT = 0"D()) and u = OTw. Hence, we can write (B), i.e. O;u = div(D(u)BVu), in terms of
the variable w = (w1, ..., w,) as

D(N)8w = D(A\)0div(D(u)BO"Vw) = div (D(A\)OD(u)0" D(A\)Vw).

If B possesses rank n, these equations define a symmetric strongly parabolic system for w as long as
u remains positive componentwise. We further develop this approach in the next paragraph to derive
a normal form inthe caserank B = rwith 1 <r < n.

5.2 Normal form of symmetric hyperbolic—parabolic type

We suppose that rtank B =r € {1,...,n — 1}. To ease the notation, we partition the set of indices
{1,...,n}intoI={1,...,n—r}and I ={n—r+1,...,n}. We choose an orthonormal basis
£ ..., &M of eigenvectors of B with corresponding eigenvalues \; = 0 for i € Tand \; > 0 for
i € II, and further introduce the orthogonal matrix O;; = fji- fori,5 = 1,...,n and the rectangular
blocks

Qij :§; fori €1, Pij :sz foreell, j=1,...,n. (5.1)
For later reference, we note the elementary matrix identities

QQ"=1I,.,, PPT=I, Q'Q+P™P=1I, PQ"=0, QPT=0. (5.2)

Left-multiplying system (B) by (£*)T, k € 1, the functions w,,_,;1, . . . , w, defined via wy, := &~ - u

satisfy the parabolic system

MOpwy, = div (Z akg(u)ng), where (5.3)

Lell

ae(u) = D(u)(M€F) - (N5 forall k, ¢ € 1.
Moreover, multiplying (B) by £¥ /u; for k € 1, summing overi = 1, ..., n and using the fact that ¥ is
in the kernel of B yields for wy, := &* - log u the first-order equation

Oywy, = Z SfbijVIOg u; - Vu; forallk €L (5.4)

ij=1
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This leads us to propose the change of variables ®(u) = w defined via

& logu  fork €1,
W = & (5.5)
& -u for k € II.
With wy := (w1, ..., w,—,) and wy := (Wp_r41, - .., W,), we then have w; = Qlogu and wy =
Pu. We next prove a diffeomorphism property for this change of variables.
Lemma 5.1. The map ® is smoothly invertible between R’} and D := R"™" x PR"}.
Proof. It follows from definition (5.5) and the identity log u; = (OTO log u); that
n
logu; = Zlogu CERek = Zwkéf + Zlogu SRR fori=1,...,n,
k=1 kel kell
n n
wy = Z ey = fo exp (Zwkgf + Z log u - é’ké‘f) for ¢ € 11 (5.6)
i=1 i=1 kel kell

We assert that for arbitrary w € D, the last line defines the r components log u-£7, j € 11, implicitly as
functions X; (w). Indeed, we can write the algebraic system (5.6) in the form F'(X; w1, ..., w,) =0,
where

Fy(X;w) = &exp (Z wilf + > ngf) —wy, Lell
i=1 kel kell

It is readily seen that F'(X; w) = dxG(X;w) for G given by

G(X; w) :=exp (QTwI—I— PTX) 1 —wip - X,

where we abbreviated 1 := (1,...,1)T. Moreover, we compute for j, £ € I,
Ox,Fr =Y &€ exp (Z wil + Y Xkﬁf) = &du,
=1 kel kell =1

thatis Ox F' = PD(u)PT. Thus, Ox F is symmetric positive definite, and X +— G(X;w) is strictly
convex on R". The equations F'(X;w) = 0 possess a unique solution X = X (w) if and only
it X is the unique global minimiser of G(-; w). To prove its existence, a sufficient condition is that
G(X;w) — oo for | X| — +oo. To establish this property, recall that for wy;; € P(R,)", there
exists ¢ € R} such that wy; = P(, and then

G(X;w) :=exp (QTui +PTX)-1—-¢-PTX.

For | X| — +o00, we must also have |PT X | — +o0o and we distinguish two cases:

If max;—;__,(PTX); — o0, the exponential term dominates and G(X; w) tends to infinity. Oth-
erwise, if max;—1__,(P"X); is bounded above, then min;—; _,(PTX); = —oo as | X| — +o0.
The exponential term is bounded, but since min,;—; __,, ¢; > 0, we see that —( - PTX — 400, and
G(X; w) again tends to infinity. Thus, we may recover u € R’} from w € D via

u; = exp (Zwkﬁf + ZXA@U)S?”) = U (w), i=1,...,n. (5.7)

kel kell

This completes the proof. O
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For later reference, we note the formula
(0xF)™' = P[D(w)]"'PT — P[D(w)]'QT(QD(x)'Q") 'QD(u)~'PT, (5.8)
which can be verified using (5.2), as well as the identity
Ow,, X (0) = —(0x F) 'PD(u)E™, m €1, (5.9)

which follows from 0 = 0, (F(X;w)) = Ox F0y,, X + Oy, F = OxF0,,, X + PD(u){™.

We are now in a position to derive an appropriate normal form for system (B). We continue to denote
by W the inverse of the diffeomorphism ®.

Proposition 5.2 (Normal form). A vectoru = (u1, ..., u,) of positive functions is a classical solution
to (B) if and only if the transformed variables w = (wI, wyy) defined viawy = Q log u and wy; = Pu
satisfy, in the classical sense,

A ( 8tw1 ZAI w 8mywn)8xuw1 + f (U) VUJH) (5.103.)
v=1
DH()\)ath = diV(AllI(w)va), (5.10b)

where
AY'(w) = DY (\)PD(¥(w))PTD"(N),

D)) = diag(Ap_r11, - - -, \n) @and D(¥(w)) := diag(¥;(w), ..., ¥, (w)). The maps
AL :D - RETCT AL D xR REX 1D xR — R

spd Sym

are smooth, and All is linear in the second argument. More specifically,

Aj(w) = (QD(F(w) Q") ",
A (w, 0, wi) = QE(¥(w)) D(¥(w)) ™' D[P Ay, wu] B(¥ (w)Q",

where D[PT O, wr] is the diagonal matrix with diagonal entries given by the vector PT D' (X)0,,, wry.
Moreover,

S(¥(w) = QT (QP(W(w)'QT) Q. fH(w, Van) = Aj(w)g(w, Vun),
andg = (g1, ..., gn_) is defined in (5.73).
Proof. We differentiate to find that

O, logu; = &M+ D, Xp(w)€f, mel (5.11)

kell

Introducing j1; :== > =, b;;u;, it follows that (5.4) is equivalent to
j=1"ij%j

Owy =Y €V Iogu - Vi =Y &Y O, loguiVwy - Vi + g, k€L (512)

i=1 =1 mel
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where Vi, = ZjeH )\jf’ngj does not depend on the gradient of the hyperbolic variables, and

gk = gr(w, Vry) : Zf Z Ow,, log u;Vw,, - Vp; (5.13)
i=1 mell
is a quadratic expression in the second argument. Thus, for v = 1, ..., d, the critical term multiplying

Oz, Wy, in equations (5.12) equals
Zk — ka<w agvl,UJII Z’Sk Wi log uza:ryljll
=1

_Zg’f(§m+20me §J>axyuz, k,m e, (5.14)

jell

where the last equality follows from (5.11)). Using identity (5.9), we have

ui » 0y, X;(w)¢ = ¢ [D(w)PTy, X (w)] = =€ - [D(w)PT(9x F) ' PD(u)¢™],

jEIL
where €' is the standard i*" unit vector of R”. We combine this result with (5.14):

m aﬂﬁu:ul
kauz (5 +Zame )U—z

J€ell

=D _&e [(D(w) = D()PT(Ox F)'PD(w) "] === et

U

=> ket (S(wpem 2t (5.15)

where ¥(u) := D(u) — D(u)PT(0x F)"*PD(u). A computation using and the third identity
in show that

S(u) = Q"(QID()] Q") '@
The symmetric positive definite matrix Al (w) € R™="*(=") given by

Al(w) = QRW)Q" = (QD(w)'QT) ™, w:= U(w), (5.16)

is our candidate for the symmetriser. We note that the identity QQT = I,,_, and the form of E(u)
imply that

Al(w)Q = QQT(QD() Q") T'RQTQ = QQT(QD(1)'QT) Q= QB(w).  (5.17)

For/,m e landv =1,...,d, we define

(A (w, Op,wnr)) ) = > (AY(W)) 45 Zjm (1, O, 0r).

jel
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Using and (5.17), we compute
- 7 m 8.1’1, 7
(A, 0, 0m),,, = D D (A ())5 Qi€ - (B(u)e™)) =22

=Y Qe (S 2L
=3 (e @) (e (Sugm) 2,

which is a symmetric expression in £ and m. In matrix notation, we have
Al(w, 0, wrr) = QB(u)D(u) " DIPTAD,, w]X(v)Q".
Hence, after left-multiplication by A (w), equations (5.12) turn into the system

d
Aé(w)@twl = Z AIl (w, (‘Lywn)@%wl -+ fI(w, an), (5.18)

v=1

whose principle part is symmetric and where f!(w, Vwy) 1= A} (w)g(w, Vwy). Combining (5.3)
and (5.18), we have obtained a composite symmetric hyperbolic—parabolic normal form as asserted.
O

Remark 5.3. In some cases, we may derive explicit expressions for the symmetriser. For instance, if
r=1 and b;j=k;k;, formula (5.16), the definition of () and the fact that P=+ (> k?)~/2kT €
RY™" Jead to

aj(w) = (D) - 2L i w)

where k = (ky, ... kn)T.

Remark 5.4. In Section we have obtained a different symmetriser, which takes a simple diag-
onal form. On the other hand, the corresponding transformation (3.1) was not constructed using an
orthonormal system. This shows that other choices for the basis (£ Lo € ") might be practically rel-
evant, at least in the rank-one case. In a similar spirit, the observations in Appendix[A show that more
involved nonlinear multipliers might also be considered.

5.3 Local classical solutions in the general case
We recall from the preceding section that the change of variables ® maps R} diffeomorphically onto
D :=R"" x PRY. For wy; € PR}, we define

p(wn) :== sup inf ¢ >0.

P¢=wrr i=1,...,n

Theorem 5.5 (Local classical solutions). Let s > d/2 + 1 and w™ = (wy,wy) € H*(T?) with
p := minga p(wi) > 0. Then there exists a time T = T'(||w™ ||z, p) > 0 and a unique function
w = (wr,wrr) € C([0,T]; H*) withinf ¢ 7, ra p(wir) > p/2 and

Oonwr € C([0,T); H™Y), wy € CH[0,T) x TY),
Oywry, VQUJH S L2(0, T, Hs_l(’]l‘d)) N Cloc((O, T] X Td)
that is a classical solution of system in (0, T) x T¢ and satisfies w(0, -) = w'™.
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Proof. By virtue of Theorem [2.5, we have reduced the question of the local existence of strong so-
lutions to system (B) to that of constructing strong solutions to system (5.10). For the latter, we may
essentially follow the proof of Theorem and we only describe the necessary modifications. The
main point is that for r > 1, we no longer have a maximum principle for the parabolic problem. In
particular, we need to ensure that, on a short time interval, the approximate solutions stay in an appro-
priate domain of uniform parabolicity of the parabolic subsystem. We therefore modify the definition of
ty € (O, tg,l], now requiring it to be the maximal time less than or equal to ¢,_1 such that the smooth
solution w* to the linear approximate problem analogous to satisfies

|w|x; < KR and  inf p(wf) > g forall t < .

(0,¢)xTd

In the next step, we derive an estimate analogous to that in Lemma Thanks to the relatively
simple symmetric form of the quasilinear parabolic subproblem, this is achieved essentially in
the same way as in the proof of Lemmal4.2[(i)] (Since the matrix D'(\) multiplying 9wy in is
constant, we may even bring the parabolic subsystem in a canonical form by the change of variables
wip — DM(AY2)wyr.) We deduce an estimate of the form

t
/ |Vt (7)||%.d7 < C(R, p) forallt € (0,min{t,_,,1}), £ € N,. (5.19)
0

Let us emphasise that we do not yet need the improved control of the values to conclude (5.19).

At this stage, we are in a position to derive a refined control of the values substituting for Lemma[4.1]
For the hyperbolic components w;, we proceed as before. For the parabolic components, we rely on
the following estimate for all 0 < ¢ < min{¢,, 1}

t
lwi(8) = wi(0)lleeray < C'/O 10wy (7) || re-2d7 < VIC(R, p),

where in the second step we used the bound (5.19) in conjunction with the equation in order to control
(9twf1 by suitable spatial derivatives. Thus, by choosing 77 € (0, 1] small enough depending on  and
R, we can ensure that

w'(t, ) € Dy := {u? €D :|w| < 2LR and p(wy) > g}

for all (¢, x) € (0,;) x T%and ¢ € N, where #, := min{t,, T} }. At this point, we may proceed with
the proof of the lower bound t, > T\, > 0 along the lines of the proof of Lemma

The convergence in a weaker norm and regularity results analogous to those in Lemma [4.4] can be
deduced as in Section[4.4] The regularity w; € C([0, T.]; H*) is obtained in the same way as in the
proof of Lemma4.6]

It remains to prove the regularity
agwn, VQU)H € O]OC((O,T*] X Td) (5.20)

As in the proof of (4.25), we show that the gradient Vw; of the hyperbolic component satisfies a space-
time Holder condition. Moreover, since wy; € W12([0, T,]; H*™1), this component also satisfies a
space-time Holder condition. Applying the linear theory for strongly parabolic systems in divergence
form (see for instance the Schauder-type estimate in [10, Theorem 2.1]), we find that Vwr; and hence
Vuw satisfy a space-time Holder condition. Thus, the coefficient matrix A(w) of the parabolic sub-
system is sufficiently regular to deduce, by invoking once more classical linear theory, interior Holder
regularity of 9wy and V 2wy, which implies (5.20). This completes the proof of Theorem [5.5 O
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Theorem|2.6]is a consequence of Theorem|[5.5and Proposition[5.2) (with ¥ = &~ as in Lemmal5.1).
The regularity of Bu asserted in Theorem [2.6]follows from the identity

b= (§>T (D“&)wu) ’

combined with the regularity of wy; obtained in Theorem

A Alternative transformations

A.1 A general ansatz

Here, we briefly sketch an ansatz towards a characterisation of the set of possible diffeomorphisms
w=®(u),u €D := R, leading to a normal form of hyperbolic—parabolic type. For simplicity, we
restrict to the rank-one case r = 1 and abbreviate n’ := n — 1. As in Section [5, we introduce the
partiion I = {1,...,n'} and II = {n}, write (wr, wr1) = (P1(u), Prr(u)) and use the notational
conventions introduced above. We further set ¥ = &1,

For the hyperbolic components, the essential condition for cancelling the second-order derivatives
is D®;(u)D(u )B = 0. For problem (T.3), i.e. with B = k ® a for vectors k = (kl, k)T,
a=(ay,...,a,)", ki, a; > 0, this amounts to requiring that D®;(u) D(k)u = 0 € R™. Hence, the
map P; must be constant along the integral curves v, (t) = D(e ’“)u*,t eER,u, € D of the vector
field V (u) := D(k)u. Any candidate mapping must thus satisfy

O1(y. (1)) = c(u,) forallt € R,u, € D. (A1)

Notice that for the transformation in Section [3| l this condition is fulfilled with

Pri(Vu () = Z Qij log (v, (1) Z Qi (kjt +log(us,;)) Z Qi log(us
J

where we used the fact that the rows of the matrix Q defined in (5.) are orthogonal to k. For the
transformation (3.1), property follows from a similar Calculation. In Section we will briefly
discuss a different change of coordinates that is subject to (A.1).

With the choice wyr := a - u as the diffusive variable and under condition (A.1), system in the
new variables w = ®(u) takes the form

Oywr = Vwyy - Y(w)Vwr + f(w, V),

Oywyy = div (a(w)VwH),
where a(w) = Y. a;u;k; and

Y(w) = D®r(u) D (k) Dy, ¥ (w),
f(w, Vwy) = D®p(u) D (k)D,yy, ¥ (w)|Vwy|?,
and we recognise the structure of (2.1).
We note that Y can be written as
Y(w) = Dy, ®1(u) D' (k) Doy Ur(w) + Doy Pr(w) ki Doy Pra(w),

where D' (k) := diag(ky, ..., k). If D, ®1(u) is diagonal, it commutes with D'(k), and hence the
expression for Y (w) can be simplified, using the fact that D®y(u)D,,, ¥ (w) = L,/ in the first term on
the right-hand side. This is essentially the technique used in Section (3| The following section provides
an example where D, ®1(u) takes a more complicated form.
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A.2 An example

Consider the system
Oru; = div(kiu;V (k - u)),

which falls into the setting of with the choice @ := k. We then let D := R%, D; := & x Ry,
E:={wr € (0,1)" : 3, ,;w; < 1} and define ® : D — D by

1 1/k . ’
w1 <i<n
> i kjug, i=mn,

where L(u) := Z;‘:l u;/kj. Definition (A.2) readily shows that ® fulfils condition (A.1). We observe
that in the special case where all k; equal (without loss of generality we may take k; = 1), the change
of variables is more regular near zero and reduces to that used in [4].

We assert that ® : D — D, is a diffeomorphism. Fori € Iand j = 1, ..., n, we compute
1/k;
D, (u) w71
/ ( ) kluz J ( )L(U> kj’dj

In particular, the (n’ x n’)-matrix D,,,®; is the sum of a diagonal and a rank-one matrix. Moreover,

1/kn
Un 1
DUHCI)I<U> = —a(u)(I)I(u)7 where a(u) = mm7

and D®1;(u) = k. Using the formula det(M + ¢ ® £) = det(M) + (T (cof M)E, we see that

)
detDqu)I = H%(l — Zw]) > 0.

el jel

Similar calculations show that det D® > 0. The bijectivity of ® from D to D, is also elementary to
verify, and we conclude the diffeomorphism property.

Again, let ¥ be the inverse of ®. Using the following identities, involving L = L(u),

-1
uj = (ij)kj, jel, L= (1 - ng> u}/k", w, = ijijwfj + kpuy,,

tel jel

we compute

8wi\11j(w) = k?jUj (T + w—éw), jelbi=1,...,n,

O, L -
6wi\11n(w):knun{ uz —(I—ij) 5i1}, i=1,...,n,

jeI

n -1
= = Lk = ) (Z kg.uj) , iel
j=1

where 6,1 := 1if7 € I and d,,; := 0. Since the transformation (A.2) is still non-smooth as soon as
one of the densities vanishes, this change of variables does not lead to an improved local existence
theory for classical solutions compared to that based on (3.1).
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Remark A.1. In contrast to transformation (3.1), D,,, ®1 is not diagonal in the present case. An alter-
native splitting of Y such as

Y(w) = kpLy + Dy ®1(D(k) — D(ky))Duy U

might therefore be favourable for a possible symmetrisation. Thus, it suffices to find a positive definite
matrix Ag(w) € RYX" such that the product Ag(w)Dy, ®1(D(k) — D(k,))D., V1 is symmetric. A

Sym

computation yields

G(w)ie == (Du®1(D(k) — D(k,)) Doy 1),
B, L
T

where AN(u) = > i(kj — k,,)®;(u). We observe that G is a rank-two perturbation of a diagonal
matrix, which means that the question of symmetrisability is not trivial in general.
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