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Stochastic homogenization of
Hamilton—Jacobi—Bellman equations on
continuum percolation clusters

Rodrigo Bazaes, Alexander Mielke, Chiranjib Mukherjee

Abstract

We prove homogenization properties of random Hamilton—Jacobi—Bellman (HJB) equations on con-
tinuum percolation clusters, almost surely w.r.t. the law of the environment when the origin belongs to the
unbounded component in the continuum. Here, the viscosity term carries a degenerate matrix, the Hamil-
tonian is convex and coercive w.r.t. the degenerate matrix and the underlying environment is non-elliptic
and its law is non-stationary w.r.t. the translation group. We do not assume uniform ellipticity inside the
percolation cluster, nor any finite-range dependence (i.i.d.) assumption on the percolation models and
the effective Hamiltonian admits a variational formula which reflects some key properties of percolation.
The proof is inspired by a method of Kosygina—Rezakhanlou—Varadhan [KRV06] developed for the case
of HJUB equations with constant viscosity and uniformly coercive Hamiltonian in a stationary, ergodic and
elliptic random environment. In the non-stationary and non-elliptic set up, we leverage the coercivity prop-
erty of the underlying Hamiltonian as well as a relative entropy structure (both being intrinsic properties
of HJB, in any framework) and make use of the random geometry of continuum percolation.

1 Introduction

Consider a continuum percolation model resulting from the realizations w € € of a point process in R? with
d > 2. The translation group {7, },cr« acts on €2 and it is natural to assume that the underlying law IP of the
point process is invariant and ergodic under this action. If there is a unique infinite unbounded component
Coo(w) containing the origin 0, for P-almost every w € (2, then the event 2y = {0 € C.} has strictly
positive probability, allowing us to define the conditional probability

Po(-) = P(- | Qo). (1.1)

Note that, because of conditioning on 0 being in the infinite cluster, the probability measure P, in contrast
to its unconditional counterpart I?, is not invariant under the action of {7, } ,cga.

For w € g, we now consider the Hamilton-Jacobi-Bellman (HJB) equation on the infinite cluster Co (w)
€ .. T T .
O, = §d1V (a(—,w) Vu5> + H(—, Vug,w>, in (0,7) x eCo0(w) (1.2)
€ €

with an initial condition f(-) — we refer to (2.10) for a precise formulation. Here the diffusion coefficient
a(x,w) = a(T,w) is degenerate elliptic in the sense that the support of = +— a(T,w) is contained in the
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R. Bazaes, A. Mielke, C. Mukherjee 2

closure of the infinite cluster Co(w), the Hamiltonian H (x, p,w) = H(p, T,w) is convex and coercive in
p € R? w.rt. the semi-norm induced by the degenerate matrix a and the initial condition f is uniformly
continuous. These conditions are natural and they guarantee that, for any fixed ¢ > 0 and 1" > 0, there is
actually a unique viscosity solution u,. of (1.2).

Given this background, the goal of the present article is to develop a method for studying homogenization
of u, almost surely w.r.t. the conditional probability P, — we will show that, [Py-almost surely and as ¢ — 0,
Ue — Unhom WIith Upem SOIVing the homogenized equation

ékuhom = F(Vuhom), in (0, OO) X Rd,
Unom (0, ) = f(), on R<.

The effective Hamiltonian H admits a variational representation

H()) = iréf (esssup Bdiv(a(G—i—@)) + H(G—i—G)}) V6 € RY, (1.3)

Po

and determines the effective equation uym as a viscosity solution

o (t.7) = swp | f(y) —1Z(=5)], with Z(y) == sup[(6,y) — H(B)],

yeRC t R4

we refer to Theorem [2.1]for a precise statement, and to Corollary [2.2| for an application to an Py-a.s. large
deviation principle for a degenerate diffusion with a random drift and on a percolation cluster.

The study of homogenization of HIB equations was initiated in a fundamental work of Lions, Papanicolaou
and Varadhan [LPV87] which treated first order Hamilton-Jacobi equations in the periodic setting — that is,
whena = 0and H(- + z,-) = H(-,-) forall z € Z*. Since then, there have been very important works in
the field by Souganidis [S099], Ishii [I99], Evans [E92], Rezakhanlou-Tarver [RT00], Lions-Souganidis [LS05,
LS10], Kosygina-Rezakhanlou-Varadhan [KRV0€] (see also Kosygina-Varadhan [KVQ8] for time-dependent
case), Armstrong-Souganidis [AS12, IAS13] and Armstrong-Tran [AT14, [AT15]. While particular conditions
vary from paper to paper, the main assumptions in these works on the Hamiltonian H involve convexity and
super-linearity in p, some regularity in p and = as well as uniform continuity on the initial condition f. In
all these works, homogenization holds in an almost sure (i.e., quenched) sense w.r.t. the law of the random
environment, which is assumed to be stationary and ergodic under the translation group. For aforementioned
reasons, the latter framework does not cover the conditional measure Py, which is relevant for studying
almost sure behavior of on percolation clusters, where homogenization of elliptic equations of the form
—div(a(Vu + €)) = 0 in a reversible and discrete framework have been studied quite extensively in the
recent years [SS04, [MP07, [BB07, [PRS15,ILNO15, /AD18].

In this context and to the best of our knowledge, the present paper is the first instance where homoge-
nization of HIB equations have been studied on percolation clusters — a fundamental class of models for
studying statistical mechanics of random media. As we will see, their inherent properties like non-translation-
invariance and non-ellipticity pervade through the sequel (including in the variational formula of the
homogenized limit) and manifest into fundamental difficulties — we refer to Section for the main ideas
of the proof. Also, the current method does not require any finite-range dependence (i.e. i.i.d.) assumption
on the percolation models which are allowed to have long-range correlations, we refer to Appendix [A| for
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Homogenization of Hamilton—Jacobi—Bellman equations on percolation clusters 3

concrete examples of such models. Before turning to formal statements of the main results (cf. Section[2), it
is instructive to first provide the precise mathematical layout of the point processes.

1.1 Point processes and Palm measures.

1.1.1 Point processes.

Fix an integer d > 2, and let {2 be the space of all locally finite subsets of R?. We denote by B(Rd) to its
Borel o-algebra. The Lebesgue measure will be denoted by A (or by \; when we need to emphasize on the
dimension). We endow (2 with the smallest o-algebra G that makes the maps w +— #(w N A) measurable
for all A € B(R?), where #(w N A) denotes the cardinality of w N A. A Point process is a probability
measure [P on (€2, G).

On (), the group of translations (7,.),cr« acts naturally as
TeW =W — T = {y—x:yEw}.
We say a point process is stationary if
Por,=P VzeR% (1.4)
A stationary point process is ergodic with respect to (7, ) ,cpa if

VAegVzeRY: A=A = P(A)e{0,1}. (1.5)

We also define the intensity measure of P as the measure on (R¢, B(R?)) given by

O(A4) = /#(w NA)P(dw) = E[#(w N A)]. (1.6)

Here and throughout the sequel, £ will denote expectation w.r.t. IP. Notice that when IP is stationary and ©
is locally finite, then there exists some ¢ € (0, 00) such that © = (. We call ¢ the intensity of the point
process.

1.1.2 Palm measures.

We now turn to the definition of Palm measures, which, on an intuitive level, formalizes the idea of the
distribution of a Point process conditioned on containing some fixed point x € RY. First, we define the
measure € on R? @ () as

C(A) :=E[> lu(z,7w)] forAecBR)®G. (1.7)
TEW

The measure ¢ can be decomposed when [P is stationary: Indeed, by [SW08, Theorem 3.3.1], if P is a
stationary point process (i.e., if holds) with intensity ( € (0, c0), then there exists a unique measure
P© on (€2, G) such that

¢ =P, (1.8)
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We call P the Palm measure corresponding to IP. It can be seen as the distribution of a point process
conditioned on containing the origin (see [LP18|, Proposition 9.5]). In particular, IP’O(O ¢ w) = 0 (see [LP18,
Eq. (9.7)]. We can define more generally

P@ .=P® o7,  forz € R

The aforementioned decomposition allows us to disintegrate P in terms of (P)),cga: Indeed, by [SW08|
Theorem 3.3.3], if IP is a stationary point process with intensity ¢ € (0, 00), then for all f € L}(R? x Q),
W=y e, f(x,w) is measurable, and

E[S faw)] =¢ [ EOf(e,70w)de = ¢ [ E®[f(z,w)]dr. (1.9)
zEW R4 R?
Similarly, one can define the n-fold Palm distribution Pt #») for 2, - - - , z,, € R%. In this case, we have

the equality

?
Z1

for f € LY((R%)™ x ), where the sign # above the sum indicates that the sum is taken over pairwise
distinct elements. Also, [E*1--*n) stands for expectation w.r.t. the n-fold Palm distribution (=1 =),

4
Z f(xlv"' 7$n7w):| :Cn/ E(ml,-»-,wn)[f(xb_” 7xnaw)]dx1”'dxn (110)
(R

LT EW

1.1.3 Assumptions on the point process P.

For any w € (2, which denotes a locally finite point set in Rd, we define a random domain C(w), which is an
open set
C(w) == Bi(z) C R, (1.11)

where B,.(r) = {y € R? : |y—z| < r} denotes an open ball centered at x of radius 7 > 0. The set
C(w) can be decomposed into a disjoint union of connected components. If there is a unique unbounded
connected component, then this component is denoted by Co.(w) C C(w) C RY. Its boundary will be
denoted by OC,, with int(C,, ) denoting the interior. Moreover, we define

Qo = {w € Q: Coo(w) exists, 0 € Coo(w) } C . (1.12)

If P(Q) > 0 (which we will assume in condition ((P3)| stated below), then we can define the conditional
probability measure Py on €, via

Po(-) :==P(-|Q0), viz.Po(A) = I]P?((Si)) forall A € GN Q.

By the openness and the connectedness of C..(w), every two points =,y € C., can be connected by a
curve in C1([0, 1]; R?) such that the interior distance d,, is defined on C, (w) via

dy(z,y) = inf{ /0 17(s)|ds : € CY([0,1];RY), 7(0) = =, (1) =y,

and r(s) € Coo(w) forall s € [0, 1]}
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Homogenization of Hamilton—Jacobi—Bellman equations on percolation clusters 5

To state the condition |(P6)| below we define n(w, e) € Nforall e € Z? with |e| = 1 and w € ) to be
the “successive arrivalséf C., along a certain direction e, i.e., we set

n(w,e) = min{k € N: ke € Coo(w)}. (1.13)
We are now ready to state the following assumptions on the point process P:
(P1) P is stationary ergodic with respect to (7,.),cra. Moreover, P is also stationary ergodic with respect

to 7, for all e € Z¢ with |e|; = 1 (namely, any A € G such that 7, A = A satisfies P(A) € {0, 1}).

(P2) Recall the definition of © from (1.6). Then for any compact set A C B(R?) we have ©(A4) < oo. In
particular, © = (\ for some ¢ € (0, 00).

(P3) With the above definition of C(w) and €2 we assume P(€2y) > 0, i.e. with with positive IP-probability,
the set C(w) has a unique open, unbounded and connected component C.(w) containing the origin
0 € R4

(P4) There are constants ¢, c1, ca > 0 such that for each z,y € R,
P (d, (2, y) > col® — Yloo; 0,2,y € Cop) < cre~ 2Pyl (1.14)

where P refers to the two-fold Palm distribution defined above (7.70).

(P5) The FKG-inequality is satisfied, i.e., if A1, Ay C €2 are increasing events (meaning that if w; € A;
and wy C wo, thenwy € A, fori = 1,2), then P(A; N Ag) > P(A;)P(A2).

(P6) We let v.(w) := n(w, e)e and assume that there exist constants c3, ¢4 > 0 such that

Vo>0VeeZiwithle]s =1: Po(|ve(w)| > 0) < cze ™2 (1.15)

Condition are self-explanatory, guarantees that d,, is comparable to the Euclidean distance
with high probability, while is a standard monotonicity inequality satisfied by many models. Since P is
ergodic with respect to 7, (by and since P(0 € C) > 0, by the Poincaré recurrence theorem (cf.
[P89, Sec,2.3]) we have n(w,e) < 0. Thenimplies that moving along the coordinate axes has good
recurrence properties and that v, possesses all moments under Py. These assumptions are natural and are
satisfied by many well-studied models — we refer to Appendix [A]

2 Main results

In Section 2.1} we will introduce the equation (1.2) in a precise form and record the necessary assumptions.
In Section[2.2] we will announce our main results, while in Section[2.3|we will outline the principal ingredients
of the proof.
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2.1 The HJB equation. We now state the assumptions on the diffusion coefficient a, the Hamiltonian H
and the initial value f appearing in (1.2), which guarantee existence and uniqueness of a viscosity solution
(cf. Proposition [3.3). Stating these assumptions require some further notation.

Denote by S, the space of d x d symmetric matrices. There is a natural partial order in S;: we say that
for A,B € S;,A < Bif B — A s positive semidefinite, i.e., all its eigenvalues are nonnegative. For any
symmetric, positive semidefinite matrix a (which will be defined below in[(F1)) denote by o € S, the unique
(symmetric and positive semidefinite) matrix such that

1
a = 500 on .

We also define the inner product (-, ), = (-, ) a(w) s

(2,9)q := (a(w)z,y) = (z,a(w)y) Vo,y € RY  which defines a semi-norm

[2]la := V(% 2)a

(2.1)

We impose the following assumptions on a, H and f:

(F1)

(F2)

The matrix a : 2 — S, is positive semidefinite, and
a(z,w) = a(mw)

defines a stationary process with respect to {7, },cra. The restriction of a to €2y (defined in (1-12))
satisfies the following: there exists ¢ € (0, 00) and a measurable function £ : Qg — (0, 00) such
that [Py-a.s.

EW)ef? < (a(w)z,z) < eslz]® Vo e R (2.2)

Furthermore, there exists 6 > 0, & > 1 + 6, 7 > d such that

Eo [ﬁ(w)_x} < 00, (2.3)
where L1 s
_ _ @ + i
X_X(a77a5)'_Qmax{a_(1+5)7a_1}' (24)

For Py-a.s. w, the maps z > RY — o (z,w) := 0(7,-) € Sgand z > R? s diva(r,w) € R? are
Lipschitz continuous, with Lipschitz constant independent on w. Moreover,

supp(a) C Co

and |div a| is uniformly bounded. Since « is Lipschitz, we can assume that z — &£(7,w) is also
Lipschitz by taking the minimum eigenvalue of a.

The Hamiltonian H : R? x Q — R satisfies for each w € ) that p — H(dp,w) is convex.
Moreover, there are constants cg, . . . , cg > 0 such that for all (p,w) € R? x Qy,

cllplla —cr < H(p,w) < cslpllz + co, (2.5)
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Homogenization of Hamilton—Jacobi—Bellman equations on percolation clusters 7

and H(-,w) = 0 outside €. Here, « > 1 + d and § > 0 are arbitrary (but specified in (2.3)).
Equivalently, for o/ := ~%- and constants cyg, . . . , €13,

crollglld = enn < L(g,w) < caallgl| + cas, (2.6)
where L(q,w) := sup,cga[(p, ¢)a — H(p,w)]. In particular, L(-,w) = 0 outside (2.

(F3) The map x — H(z,p,w) := H(p, T,w) defines a stationary process with respect to translations.
Moreover, there are constants ¢4, ¢15, c16 > 0 such thatforany w € Qg, z,y € Coo(w) andp € Rd,

|H(z,p,w) — H(y,p,w)| < (cualp|™ + c15)|z — yl, (2.7)
|H(z,p,w) — H(z,q,w)| < ci6(|p| + g| + D> p — gl

(F4) The initial condition f : R? — R is uniformly continuous. In particular, for any § > 0, there exists
some K5 > 0 such that for any z,y € R¢,

|f(z) = f(y)] < Kslz—y| + 6. (2.9)

2.2 Main results.

Foranye > 0,7 > 0 and w € (), consider the Hamilton-Jacobi-Bellman equation

{&tua = %div(a(f,w) VUE) + H(f, Vu,,w), in (0,7) x eCo(w),

us(t,z) = f(x), on ({0} x eCx(w)) U ((0,T) x £0Co0(w)).
(2.10)
We are now ready to state our first main result.

Theorem 2.1. Assume on the point process IP, ona, H and f, and let u. be the unique
viscosity solution of (2.10). Then Py-almost surely and as € — 0, we have that u. — Upom uniformly on
compact sets, where uyqn, is the unique viscosity solution of

= , d
{atuhom = H(Vunem), in(0,00) x R, (2.11)

Unom (0, ) = f(), onR4.

Here, the effective Hamiltonian H is given by the variational formula

H()) = G}ggé (essﬂ)sup Ediv(a(GJrQ)) + H(G+9)}), (2.12)

where the class Gs contains LH‘S(IP’O) functions (with & > 0 being arbitrary, but specified in (2.3)) defined
in Section[4, Moreover, the homogenized limit Uy, is given by the Hopf-Lax formula

Unom (£, ) = sup (f(y) — tl(?)), with Z(y) := sup [(9,y> —F(@)}. (2.13)

yeR? 9eRrd

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



R. Bazaes, A. Mielke, C. Mukherjee 8

Remark 1 The equation (1.2) can also be rewritten in a non-divergence form as

1 ~
O, = §Trace<a(£,w)HeSSxUs) + H(g Vus,w), with
£ e

~

H(x,p,w) = H(x,p,w) + %div(a(x,w)) - P.

By|(F1), |div a| < C'is bounded and therefore our assumptions on H translate to that of H. Consequently,
homogenization of the above equation is covered also by Theorem 2.1 O

A particular case of H, which is appealing from a probabilistic viewpoint, is the quadratic Hamiltonian

1
Hy(p,w) := 5lIplla + (b(w), Pa- (214)

With this choice, Theorem Ieads to the following result. For any configuration w € €2, let P’ denote the
law of the diffusion

dX; = o(Xy, w)dW; + diva(Xy, w)dt + a( Xy, w)b( X, w) dt (2.15)

starting at 0 in the environment w, where (W;);>¢ is a standard Brownian motion in R? (whose law is
independent of IP). Our next main result is a quenched large deviation principle for the a degenerate diffusion
with a random drift on a continuum percolation cluster:

Corollary 2.2. Assume|(P1}{(P6) on the point process P, and|(F1) on a(-) such that holds with x =
%. Leth : Q0 — R? be a map so that x — b(T,w) defines a stationary process w.r.t. translations
and H,, defined in satisfies ([2.7)-([2-8) (for these to hold, it suffices to assume that x +— b(z,w) is
bounded and Lipschitz). Then for Py-almost every realization w € €y, the distribution P§’ [% € | satisfies

a large deviation principle with rate function

I(x) = sup{(f,x) — H(0)}, with (2.16)
HeR?

— 1. 1 )

Hy(0) = 5255 ess Supp, 5chv(a G) + (b, G+0), + §HG+6|ya : (2.17)

being defined as in 2.12). In other words, for Py-a.e. w € € and every open set G C R? and closed
set F C RY liminfy o $log PY[% € G] > —infgI(:) and limsup,_, +log PY[3: € G] <

Remark 2 We can also consider Hamiltonians of the type

Hyw(p,0) = I+ (0(e), o — V(@)

and show an Py-almost sure large deviation principle for the distribution of X, /¢ under the measure dQ§ o
e~ Jo V(Xsw)dsq Pe if we assume some moment condition on the potential V w.r.t. Iy, which provides an
absorbing random environment. We refer to a Armstrong-Tran [AT14, Corollary 2] where such a result has
been obtained (in a stationary ergodic setting) using the sub-additive ergodic theorem, which was developed
in a detailed study for Brownian motion (¢ = Id, b = 0) in a Poissonian potential by Sznitman [S94] (see
also Kosygina [K08| Section 7]). ]
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Homogenization of Hamilton—Jacobi—Bellman equations on percolation clusters 9

Remark 3 Note that the moment condition (2.3) would hold, for instance, for 6 ~ 0, « = 2 and any v > d
(so that x = max{3t2,7} = v > d). We also remark that with the exponent x = (ay)/2(a — 1)
for v > d is needed for Theorem [2.1| at one step in its lower bound (cf. the discussion on p.10 in Section
, while the other exponent with y = % is used to obtain a weak limit G € G;. Note that the
ormer assumption (carrying the term ~v > d) is not needed for Corollary (see Section for its
proof). Also, if we required £(-) > ¢o > 0 on $Qq (i.e., if a were uniformly elliptic just inside the cluster,
which we do not assume), then the condition would hold for any o > 1. Finally, we remark that when
the framework is discrete and b = 0 (i.e., reversible), a more specific case of Corollary corresponds
to studying large deviations for simple random walk on percolation clusters in Z? [K12, BMO16], see also
[SS04, IMPQ7,, BBO7] for CLT results. However, by definition, this set up is automatically uniformly elliptic
inside the cluster (the transition probability 7,,(0 — e) > 1/2d if the edge 0 <> e in the discrete lattice
is present in the environment w) and also reversible where [KV86] plays a crucial role (this is different from
treating HJB equations). Also, for large deviations one uses a change of measure argument that is not

applicable to a general Hamiltonian as in Theorem |2.1 ]

2.3 Ingredients of the proof.

The goal of this section is to underline the main ingredients of the proof, for which, as a guiding philosophy
we will follow a novel method developed by Kosygina-Rezakhanlou-Varadhan [KRV06] for treating viscous
HJB equation (when a(w) = Id) in a stationary ergodic setting, see also Kosygina [K08} Sec. 6] for a review
on this approach and Kosygina-Varadhan [KV08] for an extension of this method to a time-dependent set up.
The root of this approach goes back to the seminal work of [LPV87] and the framework of environment seen
from the particle developed in [PV81],[K85, [KV86]. In the present scenario, fundamental difficulties stem from
a combination of non-translation invariance and degeneracy of HJB equations on percolation clusters. For
the convenience of the reader, we will briefly outline the [KRV06] approach and subsequently underline the
new input of the current method.

The previous approach of [KRV06]: Let us denote by IP the law of a stationary and ergodic random environ-
ment, with . solving 0,ti. = 5AU. + H(e 'z, Vi, w) with 4.(0, x) = f(a:) being uniformly continuous
and p — H (p,w) being convex and satisfying uniformly in w, H(p,w) ~ |p|® for a > 1 suitably large. To
avoid technicalities we drop recalling further conditions which were assumed earlier. The method consists of
three main steps.

Lower bound. The starting point is the optimal control representation

. . t/e B
. (t, x,w) = sup E%e [f(sX(t/s)) - /o L(X(s),c(s,X(s)),w)ds]. (2.18)

ceCy

Here Cy, denotes the space of all bounded controls ¢ : [0,00) x R? — R and Q¢ denotes the law of
the R%-valued diffusion X (t) = z + fot c(s, X (s))ds + B(t) starting at z € R?. Then for fixed = = 0, a
lower bound on . (t,0,w) is obtained by restricting to controls of the form ¢(s, z,w) = b(7,w) for some
b € L>(IP) and invoking the ergodic theorem:

lim inf @ (¢, 0, w) > sup {f(t / ]P’(dw)gzb(w)b(w)) —t / P(dw)¢(w) L(b, w)]. (2.19)

e=0 (b,9)
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Here the supremum is taken over those pairs (b, ¢) such that ¢dP is an invariant measure for A, :=
SA+b-Vwithb, ¢, Vo, V¢ € LOO(]P’).1 The above lower bound (at # = 0) is extended to a locally
uniform bound using the uniform ellipticity of the matrix a(w) = Id in this set up and also translation-
invariance of IP.

Convex variational analysis: Note that, for linear initial data f(x) = (p,), the lower bound
is of the form ¢tH(p), where H(p) := sup, 4 EF [¢(w)((p,b(w)) — L(b(w),w))]. Because
inf, E¥[p(w)Ayu(w)] = —oo unless ¢dP is an invariant measure for Ay, the supremum over (b, ¢) can

be decoupled by adding a Lagrange multiplier, leading to

H(p) = sup sup inf E* [¢(w) ({p, b(w)) — L(b(w),w) + Ayu(w))]. (2.21)

Starting from the above observation, [KRV06] developed convex variational analysis by successively applying
min-max theorems. The success of this min-max method relies on, among other requirements, “compact-
nesso6f the underlying variational problems. In the stationary ergodic setting of [KRV06], this compactness
becomes readily available if one restricts the relevant variational problem(s) (e.g. the infimum over w, the
supremum over ¢ etc.) to bounded regions. Then one can successively pass to further lower bounds H, (p)
at finite truncation level k, which leads to approximate gradients v, := Vuy. The uniform super-linearity
assumption p — H(p,w) 2 |p|* leads to a moment condition which implies existence of a weak limit point
v = limg_,o, vy € LY(IP), which (in the stationary ergodic set up), is a stationary gradient and satisfies a
mean-zero property EF [v] = 0. Itis worth noting that, in this set up, both properties are direct consequences
of the invariant action of 7, w.r.t. the environment law [P. Construction of such a v and successive application
of min-max theorems then lead to a suitable variational lower bound on H(p)

Upper bound: Using the stationary gradients v constructed above, one then considers the path integral
V(w,z) = [, {(v,dz(s)) with the normalization V'(w,0) = 0 a.s. An important step for obtaining a
matching upper bound then entails showing the sub-linear growth property V (z,w) = o(|z|) as |z| — oo
almost surely w.r.t. IP. In the stationary ergodic set up, this result was shown using the aforementioned
mean-zero property of v (w.r.t. P) and the ergodic theorem, combined with uniform coercivity and further
assumptions imposed on H (e.g. by using uniform gradient estimates for sufficiently regular H, or by the
Sobolev embedding theorem when «@ > d, or by a perturbation method when o« > 2 and H satisfies
D?H(p,w) > cl on {p € R? : |p| > k} for ¢,k > 0). Then by comparison with a super-solution
G (t,z,w) = (p,x) + tH(p) + eV (x/e,w) and using that the perturbation caused by V' is negligible,
thanks to its sub-linear growth, provide a “matching” upper bound.

'L Since the supremum in is taken for every fixed w, one can allow the control ¢ € Cy, to be w-dependent, and for a lower
bound, restrict to those ¢ which are independent of the time variable s and stationary in the space variable z, i.e., ¢(s, z,w) =
b(ryw) for some b € L (IP). Working with such controls allows one to a study the environment seen from the particle, which
is a diffusion process w(t) =Tx@)W € ) taking values in the environment space (2, starting at w € ) with generator Ay. By
restricting further to those b € L°°(P) with an invariant density ¢ (for the generator Ay) with Ve, V2¢ € L>°(P), one uses
ergodic properties of the environment process w(t). These ergodic properties then translate also to those of the original diffusion
X (t), leading to (2:19). Let us also note that, here gradient V = (V;)Z_; (and likewise A) is defined in a weak sense: V is the
infinitesimal generator of the translation group {7, } ;cra acting on L2($), F,P) via

(Vif)(w) = lim et = J()

2.2
h—0 h (2.20
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The current method: In the current set up, we also follow the earlier philosophy for the lower bound and
consider a variational representation of the solution wu. of (1.2). For reasons to be explained below,
instead of deterministic and bounded ¢ € Cy,, we choose progressively measurable controls sampled from
an auxiliary probability space (2", F, P) % and work with Lipschitz maps b € L.(¢dPy) (instead of
bounded 0), see Section (3.2.2). Due to the non-invariance and non-ellipticity of [P, the ergodic theorem
(shown in Theorem needs extra care which leads to a lower bound on lim inf. o u.(¢,0,w) atx = 0,
see Lemma and Lemma The usual step then is to obtain (uniform in ¢) Lipschitz estimates for
the solutions of in order to upgrade this inequality to locally uniform convergence. However, since
the Hamiltonian is not uniformly coercive in our case (recall (2.5)), the Lipschitz estimates are only local.
Nevertheless, one can control the oscillations of u. around z = 0 uniformly in ¢ and ¢ for |z| small by
applying Morrey’s inequality and a comparison principle from [AT15] and [D19], cf. Lemma [3.11] To apply
this inequality, we need the moment assumption with the exponent x = (ay)/2(ac—1) for v > d. The
locally uniform lower bound, which is first obtained for smooth initial condition, is extended to any uniformly
continuous f in Lemma[3.12lLemmal3.15

Now for the variational analysis, we are not allowed to apply the min-max route using restriction to bounded
regions. Indeed, first note that, one does not expect a mean-zero property of a prospective weak limit w.r.t.
Py which is not shift-invariant. However, one can refine the mean-zero condition by studying shifts defined by
the successive arrivals of the continuum cluster along coordinate directions (see (1.13)). But then, restriction
to a bounded region is incompatible with non-translation invariance of [Py — for any prospective limit point,
the latter would deny the gradient condition (recall from that gradients are defined on €2, with respect
to the usual shifts 7, that leaves Py non-invariant), while the former would be discordant with the refined
mean-zero condition which requires keeping track of arbitrarily long cluster excursions. Therefore, we use
a different route. For the first step of the min-max theorem, we exploit the intrinsic coercivity properties of
the Hamiltonian (w.r.t. a), which propagates to the accompanying variational formula. At this step, our choice
of the class (b, ¢) € £ in is important where we work with Lipschitz maps b € L!(¢dPy). If we
were to use uniformly bounded maps b € L>°(Py) as considered previously, this class would not be closed
in LP(Py) for p > 1. This closeness is crucial for showing weak compactness in the first min-max step in
Lemma[5.3] For the second step, we introduce a subtractive relative entropy term which is structurally well-
suited to the optimal control variational formula accompanying from the preceding steps. This entropy term
provides the requisite coercivity in order to apply the second min-max theorem, see Lemma 5.4} Combined
with the moment assumption for x = 2(a(l+5) subsequently we are able to deduce existence of a

a—(144)’
weak limit G € L'°(P).

An advantage of this approach is that, the weak limit (7 is now both curl-free and refined mean-zero, being
conformant to the properties of Py and that of the cluster, see Lemma [5.6}Lemma [5.8| for details. We note
that, while this technique seems to be a natural approach for treating degenerate HJB for non-stationary set
up, it is also unifying with the earlier [KRV06] approach in the sense that the coercivity of H, used in the
first min-max step, is an intrinsic assumption for HJB (regardless of the set up). Similarly, the relative entropy
structure invoked in the second min-max step is well-suited to the preceding variational formulas from here
that are applicable to both frameworks, and the desired limiting properties are established in a natural way,

22Fgr conceptual reasons it might be useful to note that the progressively measurable control ¢ is sampled from a fixed auxiliary
probability space, and therefore, the SDE admits a strong solution which is not Markovian. In contrast, the SDE X underneath
(2-78) admits a weak solution for ¢ € Cy,.

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



R. Bazaes, A. Mielke, C. Mukherjee 12

the properties being determined by the respective set up.

Turning to the upper bound, an important step here also involves showing sub-linearity of the path integral
Va(w, ) = [,_.(G,dz(s)) = o(|z]), Po-a.s. Note that our assumptions on a, H, the geometry of the
continuum percolation as well as properties of the limit points G are different from [KBRV06]. Therefore, the
proof of this step is also quite different here for which we build on the assumptions Using these,
quite some technical effort is needed to show also this step in the current scenario, which constitutes Section
Note that in the continuum framework we are not allowed to invoke arguments based on combinatorial
counting, neither do not assume uniform ellipticity inside the infinite cluster, which are key properties used in
the aforementioned works on limit theorems for simple random walks on discrete percolation clusters (in a
reversible set up, which is different from studying HJB equations). Then using a mollification and continuity
argument, and combined with the arguments from the lower bound part, the requisite upper bound is shown
in Proposition [5.9)and Section[5.4

An orthogonal approach to the [KRV06] method for treating HJB in a stationary ergodic set up involves
sub-additivity [S099, [RT00, ILS05, ILS10, [AT14]. We believe that such a method could also be extended to
the current percolation set up (with extra work). While sub-additivity does not immediately yield a variational
formula for the effective Hamiltonian (in contrast to the present method), we refer to the very interesting work
[AT14, Remark 3] in the stationary ergodic where such a variational formula has been obtained also using
the sub-additive ergodic theorem.

Organization of the rest of the article: In Section [3|we will provide the lower bound for the solution of HJB
equations. Section[4]is devoted to studying properties of the “correctorsénd in Section [5|we will carry out the
variational analysis and complete the proof of the upper bound and that of Theorem and Corollary 2.2
In Appendix [A] we will provide examples of percolation models covered by our set up and in Appendix [BJ[C|
we will collect some auxiliary arguments that are used in the sequel.

3 Viscosity solutions, ergodic theorem and the lower bound

3.1 Viscosity solutions of H-J-B equations on percolation clusters.

The goal of the section is to provide existence and uniqueness of the PDE (2.10), by explicitly representing
its solution as the value function of an optimal control problem. Notice that by [(F1) the HJB equation (2.10)
with ¢ = 1 can be written as, for any w € €,

at (3.1)

9u — (2, Vu, Hess,u) in'V,
u(t,x) = f(x) on dV

for the open set

V:=(0,T) X Coo(w),  and the Hamiltonian

1. 1 (3.2)
H(ﬂ?,p, Q) = 5d1V(CL(;L’, w)) “p+ §Trace(a(x, w)Q) + H(.?I,p,(A)).
Here and it what follows, we denote by OV the parabolic boundary. In the case when V' = (0,7") x U for
anopenset U C R%, 0V = ((0,T) x dU) U ({0} x U).
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Homogenization of Hamilton—Jacobi—Bellman equations on percolation clusters 13

To define the notion of viscosity solutions, we need some further notation. First, we recall the definition
of the upper and lower semicontinuous envelopes. For a set V' C R, x R, denote by USC(V) the set
of upper semicontinuous functions w : V ~— R U {co}. Similarly, LSC(V') denotes the space of lower
semicontinuous functions w : V + R U {co}.

Definition 3.1. LetV C R, x R? andu : V — R be a locally bounded function. We define the upper
semicontinuous envelope u, : V — R U {oco} as

u*(z) == inf {w(z) : w € USC(V) andw > u}. (3.3)
The lower semicontinuous envelope is defined as u, 1= —(—u)*.

It follows directly from the definition that u, < u < u*. Moreover, u, € LSC(V) while u* € USC(V).

Definition 3.2 (Viscosity sub/super-solutions). LetV C R, x R

B We say that a locally bounded function u : V —>Risa viscosity subsolution of

Ju
T H(x, Vu, Hess, u) inV (3.4)
if for all (s,y) € V and smooth function ¢ in a neighborhood of (s, y) such that the map (t,z) —
(u* — ¢) has a local maximum at (s, y), one has

8¢ tOu Zo

(T> — H(zo, V(to, xo), Hess, d(tg, xo)) < 0.

W Similarly, we say a locally bounded function v : V — R is a viscosity supersolution of [34) if for all
(s,y) € V and smooth function ¢ in a neighborhood of (s, y) such that the map (t, x) — (u. — @)
has a local minimum at (s, y), one has

0o(ty, T

% — H(zg, Vo(to, x0), Hess, o(to, ) > 0.

B We say a locally bounded function u : V - Risa viscosity solution of (3.4) if it is both a subsolution
and supersolution.

The existence of viscosity solution itself follows from Perron’s method (see for example [I87]). However, as
mentioned above, our goal is to characterize the solution as the value function of an optimal control problem
of diffusions on percolation clusters. This is carried out as follows: we fix an auxiliary probability space
(2, F, P), afiltration (F;);>0 on F and an auxiliary d-dimensional Brownian motion (B;),>¢ adapted to
the filtration (]:t)tzo (whose law P is independent of the law [P of the point process). Let

Cr= {c 20, T] x 27— R?: ¢is progressively measurable and holds.}, (3.5)
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EP { /0 ' c(s)*ds

By [(F1), for each ¢ € Cr and xq € C,, there is a unique strong solution to the stochastic differential
equation (SDE)

where

< 00, (3.6)

t t t
X =9 +/ o(X,)dB; +/ (diva)(X;)ds —|—/ a(Xs)c(s)ds as. Vi >0, (3.7)
0 0 0

see [113, Theorem 3.1]. Let us also mention that the above display is understood to hold in a pointwise
sense for every fixed w (and for each realization of the auxiliary probability space 2°) which is suppressed
from the notation. Now, note that by our assumptions, X; € Co for all t > 0 (cf. [BGHJ21, Lemma 3.4]).
Denote by P the law of the solution of and set

u(t,z,w) := sup J(t,z,c), (3.8)
ceCr
where
t
J(t,x,c) = B {f(xt)— / L(Xs,c(s»ds} (3.9)
0

The characterization of the solution to (2.10) as an optimal control problem is given by the next proposition.

Proposition 3.3. Assume|(F1) Then for Py-almost every realization w € (), the function u in (3.8) is
the unique viscosity solution (cf. of
ou = %div(a (x, w) Vu) + H(x, Vu,w), in(0,T) X Coo(w), (3.40)
u(t,r,w) = f(x), on ({0} x Coo(w)) U ((0,T) X OCos(w)) '

of at most linear growth.

Proof. The existence and uniqueness follow from dynamic programming and a comparison principle, re-
spectively, see Appendix [C|for details. O

3.2 The ergodic theorem for the environment process on percolation clusters. The goal of this section
is to prove an ergodic theorem (cf. Proposition below) for the so-called environment process which, for
homogenization of stationary ergodic random media (at least in the elliptic setting), goes back to the works
of Kozlov [K85] and Papanicolau-Varadhan [PV82]. In our context, this environment process is a diffusion
taking values in the space of conditioned environments €.
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3.2.1 The environment process.

Recall that the group {7, }ra acts on (€2, G,P) via translations. This action allows us to define, for any
u : ) — R, its weak gradient via

(Viu)(w) := lim Wree(@) —ulw) g

e—0 £

Likewise, we also define the corresponding divergence. Now for a : £ — R?*? satisfying , we set
1
(L) (w) = édiv(a(w)Vu(w)) + (b(w), Vu(w))s  Vw € Q. (3.11)

For a reasonable class of maps b : 2 — R? (which do not depend on the probability space (2, F,P))
and class of test functions u, .Z® is the generator of a Markov process taking values on {2y which can be
defined as follows. Set b(z,w) := b(7,w) and let X; denote the R%-valued diffusion solving the SDE

t t t
X, = / o(X.)dB, + / (diva)(X,)ds + / a(X)b(X)ds as. V>0,
0 0 0
with quenched law P and generator

(LO90)(x) = %div(a(w,w)Vu(x)) + bz, w), Vu())a. (3.12)

Then
Wy 1= Tx,W (3.13)

is the €y-valued diffusion process with generator . ) defined in (3.11). We call (wt)tzo the environment
process with generator .Z®, and its law with initial condition ,, is denoted by Q"%

3.2.2 Invariant density for the environment process.

Recall that Py = P(:|Q). We write L’ (IPy) for the space of all non-negative and Py-integrable functions
on §2. Any probability density ¢ € L (Py) with [ ¢dPy = 1 is an invariant density with respect to Q" if

1
idiv(aV@ = div(¢(ab)), ie., (LP)¢=0, inQy, (3.14)
with the generator .2’ defined in (3:11). For any probability density ¢, we also set
Ll (opdPy) = {b : Q — R? measurable: /dIEl’o(b I|10]]« < oo}. (3.15)

where we remind the reader from (2.1) that

[¥l4(6B0) i= [ aBog 1l = [ Po(w)ofw)y/|(blw) atw)blw))] (3.16)
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As usual, L! (¢dPy) can be turned into a Banach space with the norm defined in by taking the quotient
w.r.t the subspace of functions with zero L}l-norm. Finally, for a suitable space X (which will be specified
later on depending on the context), we will denote by Lip = Lip(X) the set of 1-Lipschitz functions from
X — R<. With this background, we define the class

E= {(b, ¢) € LL(¢pdPy) x L1 (Py): RY 5z + b(z,w) € Lip Yw € Q,
(3.17)

/d)dIP’o =1, (LV)¢ = 0}.

3.2.3 The ergodic theorem.

We are now ready to state the main result of this subsection:

Proposition 3.4. Suppose that there exists ¢ such that (b, ¢) € £. LetQ(dw) := ¢(w)Po(dw). IfQ < Py,
then the following three implications hold:

. @ ~/ Po.
B Q is ergodic with respect to the Markov process Q.

B There can be at most one such measure Q.

The proof of the above result will need a simple fact, for which we recall that ) = {w € Q2: 0 € Coo(w)},
and also from (1.13) that n(w,e) = min{k € N: ke € Co(w)}. We then define the induced shift
0. : Qg — p by setting

Oe(W) = Tn(w,e)w- (3.18)
Then o satisfies the following property:

Proposition 3.5. For every ¢ € 7% with |e|; = 1, the induced shift o, : Qg — Qg is measure preserving
and ergodic with respect to P.

Proof. See Appendix O
We now turn to the

Proof of Proposition [3.4: We first show that Q is equivalent to IPy. Let A := {¢ > 0}. We need to show
that Po(A) = 1. Since ¢ is a density, we know that Po(A) > 0. As ¢dPy is invariant with respect to the
environmental process, we have

0= / 9Py = / yepdPy = / B (L e )P,
- /A B (Lae(Tx,w))p(w)dPo.
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Thus, for Py(|A)-a.s w, B> (1ac(Tx,w)) = 0. Equivalently, for Py(|A)-a.s w, E**(14(7x,w)) = 1. In
particular, for Py(]A)-a.s w, T4(7x,w) = 1 Q*“-a.s. We claim that this implies that A is Py-a.s. invariant
under the induced shift, so Py(A) € {0, 1}. Since Py(A) > 0, the equivalence between Q and Py would
be complete. To show the claim, notice that for w as above, T,w € A for almost all z € Co(w). Indeed, if
there is a subset V' of C..(w) of positive Lebesgue measure satisfying 7,w ¢ A for z € V, then since the
diffusion visits every set of positive Lebesgue measure inside Co. (w), we would have P*“(X; € V) > 0,
so that Q"“(7x,w ¢ A) > 0, which would be a contradiction. Thus, for Py-a.s. w € A and almost all
x € Cx(w), we have T,w € A. In other words,

// H{I:wagA}ddeOIO.
A JRE
//llAc(wa)dPde:O.
R JA

1
/A]IAC(TIW)d]P’O = m /Q 14 (w)Dpe(T,w)dP = 0.

By Fubini’s theorem,

Hence, for almost all zz € R,

By the continuity of the map R? > y — T4(w)lse(r,w) € LY(P), we deduce that for all x €
R? T4 (w) M ge(T,w) = 0 Py-as. In particular, Pg-a.s., for all z € Q% we have 14 (w) 1 4¢(7,w) = 0. By def-
inition of the induced shift (see[3.18), n(w, €) € Q¢ and we conclude that Py-a.s., 14(w)14c (0, (w)) = 0.
In other words, A is invariant under the induced shift Py-a.s., which proves that Q ~ Py. The other two
assertions follow from standard arguments. O

The following consequence of the last theorem is a law of large numbers for the trajectory of the diffusion.
Corollary 3.6. Fix (b, ¢) € £. ThenPy x P*-as.,

lim % _E, {(ﬁ(w) (%diva(w) + a(w)b(w))} | (3.19)

t—o00

Proof. By definition, X, satisfies
t t 1
Xt:/ o(Xs) dBS+/ (§diva+ab)(Xs) ds. (3.20)
0 0

Since o is bounded, the stochastic integral divided by ¢ goes to 0 [P ng’“’-a.s. Moreover, Proposition
yields

1 [t/1 1
lim — (—diva + ab> (X,)ds =Eg (—diva + ab)qb Pong’w-a.s. (8.21)
t—o0 t 0 2 2
This finishes the proof. O

The following immediate consequence of Proposition and Corollary [3.6] will be used several times in
the sequel:
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Corollary 3.7. Fix (b, ¢) € E. Then for Py almost every w € Qq and P.*-a.s. and in L' (P*), we have

t/e
lim ¢ /0 b(X,, w)ds = ¢ / Po(dw)b(w)b(w),

e—0

t/e
lim = /0 L(X,,b(Xy, ), w)ds = th(b, &) — t / Po(dw) (@) Lb(w),w)o(w)  (322)

lim e X,y = tm(b, ) = ¢ / Po(dw) 6 (w) (%div(a(w)) ().

uniformly on [0, T').

3.3 The lower bound. The main result of this section is the following the lower bound:

Theorem 3.8. Under|(F1){(F4), let u.(t, x) be the solution of (1-2) and unom as in @13). Then Py-a.s., for
anyT, (> 0,

lim inf Oglng meaggﬁxlg(ug(t, T,w) — Unom(t,x)) > 0, (3.23)
where
y—a =
uhom(tv I’) = sup [f(y) - tI( t )]a I(‘T) = Sup[<97 fL’> - H<0)]7 (3.24)
yeR HcRd

and )
H() := sup (/gbd]P’O {—div(a@) +(0,b), — L(b,w))} : (3.25)

(bp)es 2

The rest of this section is devoted to the proof of the above theorem, for which we will need some prelim-
inary results contained in Lemmas First, we recall the definition of the space C of progressively
measurable functions ¢ : [0, 7] x 2" +— Co such that (3.6) holds. Then (cf. (3:7))

o(t, z,w) == sup B [f(Xt) - /:L(Xs,c(s))ds}

ceCrp

solves (3.10). Let v. be the solution of (3-10) with initial data ¢! f (sx) and domain (0, %) X Coo. Then

t x
us(t, z,w) = 51)5(—, —,w) (3.26)
e e

solves (2.10). By the uniqueness of the viscosity solution (recall Proposition u. can then be written as

o t/e
u(t, ,w) = sup B o/ [f(eXt/E) - 5/ L(Xs,c(s))ds}. (3.27)
0

ceCr

An alternative representation of the above expression is given by

t
ue(t, z,w) = sup ol |:f(Xt) —/ L(é,c(f))dx}, (3.28)
0

ceCrp £ 15
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where P:““ is the law of the diffusion satisfying the SDE

t t t
Xi=x+ \/E/ o (é) dB, +/ (diva) (é) ds +/ a <&> c <f> ds. (3.29)
0 € 0 € 0 € 5

In this section, we use constants C', C” independent on w, t, € that may change from line to line.

Lemma 3.9. Assume|(F1)|(F2) and|(F4). Then we can replace the supremum of ¢ € Cr in (3.28) by a
supremum over ¢ € C3. C Cy of functions satisfying the following: for each 6 > 0, there exists a constant
C's depending only on ¢ and the constants «, o appearing in and such that for all w € €,

e t/e
sup eE's/e [/ |L(X, c(s)){ds} < Cs(t + Vet) + 2ad. (3.30)
0

r€eCoo

In particular, for all c € C%,,

c,w t/E ’
sup B’/ {/ (€1 ds} < Cs(t + Vet) + 2ad. (3.31)
0

z€eCoo

Proof. First, recall that under Pj/‘: the diffusion satisfies

t/e t/e t/e
eXife = T+ 5/ o(Xs)dBs + 5/ (diva)(Xs)ds + 5/ a(Xs)e(s)ds. (3.32)
0 0 0

We will now use the upper bound from[(F1)|to deduce that
|a(Xs)e(s)] < Clo(Xs)e(s)] = Clie(s)la-

Note that the norm above implicitly depends on X. Also using |(F1)| we have uniformly |div a| < C for
some (' < 00. Using these two bounds,

c,w C,w t/E 2 1/2 C,w t/€
EP”EHth/a—ﬂ]SEEPw/EK / a<X5>st)} +C’t+sCEPw/E[ / uc<s>||ads}-
0 0

Using 1t6 isometry, followed by employing the upper bound from (2.2), we have
e t/e 2
EPele K / U(XS)dBS) ] < (C"t/e.
0

- e t/e
E" e (|eXy)e — 2] < Ot + eVt) + eCE e { / ||c(s)!|ads]. (3.33)
0

Hence,

By Hélder’s inequality and (2.6), we obtain the inequalities

C,w t/E C,w t/E ’ 1/0/
oL {/ HC(S)HadS:| < ¢l (gEPz/s {/ lle(s)||e ds}) : (3.34)
0 0

et [ [ esiras] < e (e [ [ 0 x
: le(s) i ds| < eig (B | [ ]E( Xeelo
0
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Notice that by (3.30) and (3.35) we obtain (3.31). Thus, we only need to prove (3.30).
Using the formula (3.28) with ¢ = 0, by (2.6), (2.9) and (3.33), for any 4 > 0 we obtain the lower bound

wltin) — 1) 2 B 5000 - o) - [ £(2.0) 0

—KsEPX, —xf] — et — 0
> —Ks5(Vet +1t) — cyst — 6.

(3.36)

v

So, we only need to consider ¢ € Cy such that

3

EP [f(Xt) — f(z) — /;L(é,c(g)>dx} > —K;(Vet +t) — cist — 6,

and because of (2.9), such ¢ has to fulfill

3

£€,C,w t XS
EFs [K5|Xt —z|— / L<—, c(f))dx} > —Ks5(Vet +1t) — cyst — 20.
0 g

Set O(t) := EP” [f(f L(%, c(f))ds] + cq1t. Applying the inequalities (3.33),(3.34) and (3.35) to

the last display, we only need to consider ¢ € C satisfying
Ks(t + Vet + 2¢5 /0 ()Y — O(t) + Ks(Vet +t) + (c11 + ci3)t + 26 > 0.
If A= QK(;c;l/O‘/tl/O‘ and B := 2K;(\/et +t) + (c11 + c13)t + 25, we can write the last inequality as
AB(t)Y™ —0O(t)+ B > 0.

By Young’s inequality and using that £ + & = 1, we deduce that

A* Ot A” Ot

A0 _emip= 455y

o a a o

so that O(t) < aB + A®. Recalling the definitions of A and B, we deduce (3.30), finishing the proof of the
lemma. O

Lemma 3.10. Assume|(F1),|(F2) and|(F4). For anyn > 0, there exists a set N, with Po(N,)) > 1 —n such
that for any (b, ¢) € & (recall|3.17),

liminf inf inf [uc(¢,0,w) — f(m(b, @)t) + th(b,¢)] >0,

e—=0  weN, 0<t<T

where h(b, ¢) and m(b, ¢) are defined in (3.22).
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Proof. Foreache >0, (b,¢) € £and (¢, %) € (0,T) x Cx,

" t/e
ue(t,0,w) > B {f(aXt/g) — 5/ L(Xs, b(XS))ds] Py — a.s.
0

Since f is assumed to be uniformly continuous, recalling (3.22) we obtain

e—0

o t/e
lim inf u.(¢,0,w) > lim iglf B lf(th/E) - 5/ L(X, c(s))ds} = f(tm(b, ¢)) — th(b, ¢)
E— 0
for any (b, ¢) € €. The lemma now follows from Egorov’s theorem. O

The next lemma requires Lipschitz estimates to control the oscillation of u, around zero, uniformly in €,
on balls of radius r, as  — 0. We will need a stronger condition on f. For proving Theorem [3.8|for any f
satisfying [(F4)} this condition will be relaxed in Lemmas [3.12}{3.14

Lemma 3.11. Assume[(F1)i(F3), and that the initial condition f € C>(R?) N W?*>(R%). Then for any
(b,¢) €€,

liminf liminf inf inf  [uc(t,y,w) — f(tm(b,®)) + th(b,¢)] > 0 Py-as.

r—0 e—=0  0<t<T yeeCoo:ly|<r
Proof. By Lemma|3.10} it is enough to prove that Py-a.s.,

limsuplimsup sup  sup  |u.(t,y,w) — u(t,0,w)| = 0. (3.37)

r—0 e—0 0<t<T yescoo:|y|§'r

Recall that u. (¢, z, w) = ev.(£, £, w), where v.(t, 2, w) solves B10) with initial condition £ f(ex). Then

Ve | —HY, W | — Ve _707("} .
e e

By Morrey’s inequality (see [E10} Section 5.6.2]), for any v > d, there is a constant C' = C’(% d) such that

" " fB o | Voe(t/e, z,w)dx|?
Ve (_ay7w) — Ve (_7Oaw) = r/<0
£ £ e

Ad(Br/2(0))

Since |V (t/e,z,w)| = |Vf(ex)| < Critx € B,/.(0) \ Cu, the main contributing part in the in-
tegral comes from B,;.(0) N Cw. In view of the assumption that f € C*°(R%) N W2>(R?), we can
apply [D19, Theorem 2.5], and the comparison principle Theorem to conclude that uniformly on ¢,
(Vo.(t/e, z,w)| < O&(z,w) /21 where C is a constant depending on d, c, the (uniform) Lipschitz
constant of o, and the constants cg, - - - , c16 defined in Egs. (2.5)-(2.8). Therefore, by the ergodic theorem

and using (2.3), we obtain
t t
Ve (_7y7w) — Ve <_707w>
€ €

We let r — 0 to conclude. O

sup  |ue(t,y,w) —u.(t,0,w)| =¢  sup
yEeCoo:|y|<r y€Coo:|y|< T

sup
yE€Coo:|y|<L

limsup sup € sup
€50 0<IST  yeCootly|<E

< CrEq [g(w) 72 0]7
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We are now ready to provide the

Proof of Theorem[3.8: Let us first prove the result assuming that the initial condition f € C°°(R?) N
WQ’OO(Rd).

For any ¢ > 1, we can consider the family of functions {f®, |y| < £}, where f¥(z) := f(z + y).
Notice that £’ is uniformly continuous with a constant /s as in Then exactly as in the proof of Lemma
, we find a family of functions u¥ such that for any 1 > 0, there exists some N, with Py(N,)) > 1 — 17
and

liminf inf inf inf Y(t,0,w) — b,p)t) +th(b > 0.
im in Jélzvnoé?gTyegclf.l\yy[“E( ,0,w) = f(y +m(b,d)t) +th(b,$)] > 0
By the ergodic theorem, in a set N of Py-probability 1 (we can assume it is contained in Un>0 N,), it holds

that

fim M{z € Cx i 2] < le™',myw € N, })
e—0 M({r € Cx 1 |z| < le~1)}

 Ma{r €Co i x| < le™h uw € N ) [ Aa({z 2| < le71))
20 (€ Co 1] < ) INa({z - 2] <l
:%:MM) >1-0,

Foreachw € N, and e < g(7),

A({r € Coo i 7| <l mow € Ny b) > (1 —2n)M\a({x € Coo : |2 < £}

In particular, every x € Co, satisfying |z| < £7'¢ is within distance /=~!(35)'/? from some 2’ € C,,
satisfying 7,;w € N, Thus, by Lemma3.11} and noting that uZ(¢,0,w) = u.(t, z,T_,/.w), we deduce
that for each w € N,

liminf inf inf  [u.(t,z,w) — f(x +m(b, ¢)t) +th(b,¢))] > 0.

e—=0  0<t<T z€eCoo:|z|<L

Let
u(t,z) == sup [f(z+m(b,d)t) — th(b, ¢)]. (3.38)
(b,p)€E
We claim that
u(t,x) = Unom(t, ),  With Upem defined in (3:24). (3.39)

Indeed, note first that by definition of H and (3.22),

H(0) = sup [{#,m(b,¢)) — h(b,¢)]
(bp)ee

=sup sup [(0,y) — h(b, )]
yeR? (bp)et:
m(b,p)=y

= su 0,y) — inf h(b, )
sup () = inf h(b.)
m(b,¢)=y
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On the other hand, since 7 is the convex conjugate of H, we conclude that

T(y) = inf h(b, o). 40
(y) ot (b, ) (3.40)
m(b,¢)=y

As a result, and using (3.40),

u(t,z) = sup [f(z+m(b,@)t) —th(b, )]
(byp)e€

=sup sup [f(z+yt)—th(b,¢)]
yeR (b,p)EE:

m(b7¢):y
= sup[f(z +yt) — Z(y)]
y€ERd
= uhom(tv .T),
which proves the claim. As a consequence,
liminf inf inf  [uc(t,z,w) — Unom(t,2)] > 0Py — a.s.

e—0 0<t<T z€eCoo:|z|<L

This finishes the proof as long as the initial condition f € C>°(R%) N W2 (R%). The next three lemmas
will extend the result to a uniformly continuous initial condition f (i.e., f satisfying|(F4)), concluding the proof
of Theorem 3.8 O

Lemma 3.12. Given any uniformly continuous function f : R? — R, there exists a sequence (f)r C
C>=(RY) N W?2>°(R?) such that fi, — [ uniformly.

Proof. First, we check that f can be approximated by Lipschitz functions. An explicit construction is given by
fu(@) := inf {f(y) + klz —y|}.
yER4

Since f, is the infimum of k-Lipschitz functions over a convex set, then f}. is also k-Lipschitz. Clearly f; < f.
To verify that f. — f uniformly, we note that

f(@) = fi(z) = sup[f(x) = f(y) — klz —yl].

yER4
Foreach d > 0, let K5 > O suchthat |f(z) — f(x)| < Ks|w — y| + § for any x,y € R% Then

f(@) = fr(z) < sup[(Ks — k)[z —y[] +0.

yERY

Therefore, for every § > 0, if k > K, we have f(z) — fi(x) < § forall x € R Since ¢ is arbitrary, this
shows that f can be approximated by Lipschitz functions. On the other hand, any Lipschitz function can be
approximated by functions in C°°(R%) N W?2°°(IR%) by mollification. O
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Lemma3.13. LetV C R, x R? be an open set. Let f,, f- be two uniformly continuous functions in V. Let
U1, Uy be the corresponding viscosity solutions to (3.7)) with initial conditions f, and f- respectively. Then

wp fn(ta) —ws(ta)| < sup |fi(e) — fale). (6a)
(t,x)eV (t,x)edV

Proof. If the right-hand side is infinite, the claim is trivial. Otherwise, note that it is enough to show the
inequality

sup [u(t, ) —us(t, )] < sup [fi(z) — fa(x)].
(tx)eV (t,z)EV

By subtracting a constant, we can assume that sup, ,ycov [f1(2) — f2(x)] = 0, thatis, fi(z) < fo(w) for
all (t,z) € V. Then the result follows from the comparison principle, Theorem|[C.1] O

Lemma 3.14. LetV C R, x R? be anopenset, f : R? — R, and (f,)nen, fn : RY — R such that f is
uniformly continuous and (f,,)nen C C°°(R%) N W2°°(R?) such that f,, — f uniformly. For eachn € N,
let u,, be the viscosity solution to with initial condition f,, and u the viscosity solution to (3-3) with initial
condition f. Then w,, — w uniformly in' V.

Proof. By Lemma(3.13] we have for each n

sup |un(t, ) —u(t,z)| < sup |[fu(z) = f(2)| < sup [fu(z) = f(2)].
(t,x)eV (t,x)edV z€R4

Letting n — oo and using that f,, — f uniformly finishes the proof. O

The following lemma will conclude the proof of Theorem (3.8

Lemma 3.15. The conclusion of Theorem holds if the initial condition f is uniformly continuous.

Proof. Using Lemma [3.12 let (f,)nen C C(R?) N W2°(RY) satisfy such that f, — f uniformly.
Given € > 0, let uZ, u be the solutions to (2.10) with initial conditions frn and f respectively. Similarly, let
Up o Unom b€ the solutions to with initial conditions f,, and f respectively. By Lemma[3.14] Py-a.s.,
u! — u. uniformly (and uniformly on ¢). Similarly, uy,, — Unom uniformly. Moreover, by Theorem 2.1}
Py-a.s. we know that u converges as ¢ — 0 to u;, . uniformly on compact sets. By the triangle inequality,
we can deduce that [Py-a.s., u. converges uyq, uniformly on compact sets. O

4 Correctors

Given any 0 > 0, we start this section by defining the class of gradients G € G5 and the corresponding
“correctors"Vg : R? x Qy — RY. Let G; be the class of functions G : €y — R satisfying the following
properties:

e L'*9(IPy)-boundedness: The following inequalities hold:

||G||L1+5(]p0) < 00, (4.1)
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and

esssup %div(a(G +0))+ H(G+0)| < occ. (4.2)
Po

e Curl-free property on the cluster: Given any G : Q, — R?, with a slight abuse of notation we will
continue to write
G: QxR = RY with G(w,r) = G(T,w).

Now, for Pp-almost every w € €, we require that G is curl-free, meaning V x G(w,:) = 0 on Cq, or
simply, for Py-almost every w € £, we have

/ G(w,:) -dr=0 (4.3)
C
for every rectifiable simple closed path C on C.. For any G satisfying we define V : Qp x R — R?
by
Vo(w,x) = / G(w,-) -dr, (4.4)
O~z

where 0 ~ x is any piecewise smooth curve contained in C, (and 0 when = ¢ C..). Note that the choice
of the smooth curve is irrelevant, thanks to (4.3).

e Zero induced mean: Recall the definition of n(w, e) from (1-13) and set b, = v.(w) = n(w,e)e. Then
we require that
Eo[Ve (-, 0e)] = 0. (4.5)

Definition 4.1. Forany 6 > 0, we say that G € G; if (4.1)-(4.3) and (4.5) hold. Similarly, we declare that
G € G, if the above conditions hold, but replace (4.), by

ess supp, |G(w)| < oo. (4.6)

In this section we will prove the following result.

Theorem 4.2. Fixd > 2 and G € G.. Then for Py-a.e. w € )y and every { > 0, we have

. x
ll_r}(l) fe?cli €‘Vg(g,w)‘ =0 Py — a.s.
|z|<e

The rest of this section is devoted to the proof of Theorem which will be carried out in few steps.

4.1 Controlling directional growth.

The main result of this section, Theorem [4.3]stated below provides a control on the growth of V¢; along co-
ordinate directions. For this purpose, we fix a unit coordinate vector e and for w € 2, define the successive
arrivals (ny(w))ren of the cluster recursively as follows: Recall (1.73) and define

ni(w) =n(w,e), andfork > 1weset ngii(w):=min{l € N:[ > ng(w),le € Cx(w)}.
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Theorem 4.3. Let ¢ be any unit coordinate vector. If G € Gs, thenPy-a.s.,

i Walmaw)e,w)

The proof of Theorem will need the following result.

Proposition 4.4. For any unit coordinate vector e, recall that we denote the first successive arrival in direction
e byv, = v.(w) = n(w,e)e. Then for any G € G5, we have Eq|V (b, -)| < oo. More precisely, there is
a constant C' = C(d, 6, o) such that forany G € Gs, B[V (0, -)| < C||G|| 145y

Proof of Theorem [4.3| (assuming Proposition[4.4). For each k € N, set zp = 0 and z; = nj e for
1 < j < k. We choose a path 0 ~» z, from 0 to x}, contained in C,(w) such that, for some 0 = t; < t; <
. <ty=1landr:[0,1] — (x¢~ ), it holds r(t;) = z;. Then by the definition of Vi in (4.4),

Va(nke,w) :/ G(r,w)dr = E / G(r,w)dr = g / G(r, Ty,w)dr
To~T g Tj~ATj41 0~ ( J?J+1 $j

—1 k—1

VG<J;J’+1 — Ty, Tl“jw> = Z VG((nj (w) - n]'*1<w))€7 7—7Lj716("'})

E

Va(mi(ol(w))e, ol (w)).

J=0

=0
1

> .

Recall (3.18) for the definition of the induced shift and Definition (4.4) for that of the corrector V. We define
the function F'(w) = Ve (n(w, €)e, w), so that

Vo(nk(w)e,w) = Z Fodl(w). (4.7)

From Proposition the induced shift o, is IPy-preserving and ergodic. Furthermore, from Proposition |4.4]
the function F' € L'(IPy). Then by Birkhoff’s Ergodic Theorem,

Sh o Fool(w)

lim = Eo[Va(n(w, e)e,w)] =0, (4.8)
k—o0 k
where the last equality comes from the induced mean-zero property (4.5) of G € Gs. O

To show Proposition we require first a lemma.

Lemma 4.5. Let ! = ((w) = d,(0,0.(w)) be the graph distance between 0 and v, = n(w,e)e. Then
there exist constants a, C' > 0 such that for any t > 0,

]P’o( sup  I{se € C(w)}d, (0, se) > t) < Ce™™, (4.9)

0<s<n1(w)

In particular,
Po(¢ > t) < Ce ™,
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Proof. Lete > 0. Fort > 0 we write t. := |t]. Then

P, ( sup 1{se € Coo(w)}du(0, s€) > t>

0<s<ni

< Py (ny(w) > te) + Py ( sup I{se € Co(w)}dy(0, se) > t) .

0<s<te

By [(P6)} the claim follows once we prove that the second term goes to zero at an exponential rate. This
probability is bounded above by 3" Py (sup,_;<,<; 1{se € Coo(w)}d,(0, s¢) > t). Since the number
of summands is growing only polynomially in ¢, it suffices to show that each summand there decays expo-
nentially in ¢. We will proceed as follows:

We define
m:=min{l e N: [ >t,, —le € Co}, Ay ={du(z,y) >1/2, 2,y € Cso}.

Now we observe that on the event {sup, ;.,; I{se € C(w)}d, (0, se) > t}, one of the following cases
must hold:

B m>2t,or

B at least one of the points le with [ € Z and |l| < 2t.isin Cy and for some i — 1 < s < 4,
max{d, (0, —le),d,(—le,se)} > /2.

In the first of the two cases above we have |b_, o 0™ | > t. for at least one m = 1, ..., t.. Hence,

Po( sup 1{se € Co(w)}du(0,se) > t)

i—1<s<1i
te 2te
<D Po(om({lo—el >t )+ ) Po(Fi— 1< s<i: AgieUA o).
m=1 l=te

By [(P6)} the probabilities of the events in the first sum are equal and exponentially small. The second sum is
bounded by

2te
t-Po(Ao1e) + > Po(Fi—1<s5<i: Aoy,
=t.
To bound the first term, we use and|[(P4)|to obtain the bound
1 1 1 t
P Afe < ———P(d Coo : <_7 —1 é_adw ’ > = 1707 ) Coo
(o) < ey (30 # 0 € Cul) s el 3y =1l < 5 dlog) 2 5+ 10,y € o)
1 7
<——F& 1 <1/2, |y —le| <1/2,dy,(x,y) >t/2+1;0,2,y € C
< sree [Z {lel < U2ty = el < 1720000 2 /2 100 € 0}
¢ / / IP’”(d( )>t+10 el )d:vdy
= on - ’ w\Y) Z 5 U, L, Y 00
IP’(OGCOO) [—1/2,1/2)¢ J[le—1/2,le+1/2]¢ 2
S Ce—cltg
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for some constants C', C’ > 0 which are independent of [, and for ¢ > 0 small enough, with { defined in
((P2)). Following the same calculations as in the last display, we can also show that

Po(3i—1<s5<i:A o) < Ce ¢t

for constants C, C’ > 0 independent of 7 and [, for ¢ > 0 small enough. After estimating the probabilities of
all events by an exponential upper bound, from the unions we get another factor that is linear in ¢, which can
be absorbed by the exponential bound for ¢ large enough. Thus the proof of Lemma[4.5]is complete.

O
Now we are ready to show Proposition [4.4]

Proof of Proposition[d.4} Let # = % (w) be an enumeration of the balls that appear in the construction
of € (w) (recall|(P3)). Then define the random variable

dy(z,y) :==min {n eN: 3 (B)r, C ABsuchthatx € By,y € B, and

(4.10)
and set
(:=d,(0,0,). (4.11)
Note that there is some constant ¢ > 0 such that for all n > 0,
P, (E > n) <e (4.12)

Forj € N, let N; := Z/2 N [}, j]*. We consider this set as a graph, where for 2,y € N;, & ~ y iff
|z —y|y = % Note that if £ = j, then there is a nearest-neighbor path on N; of length k& < de such that
forall 1 < i < k — 1, the line segment between x; and x;  is contained in the cluster. Thus, we write

34
k=111, @k
where
A(zy, -+ ) ::{xl, -+, Ty is a nearest-neighbor path on NV,

(4.13)
V1 <1 < k — 1 the line segment between z;_1, x; is inside Coo}.

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



Homogenization of Hamilton—Jacobi—Bellman equations on percolation clusters 29

If 0 = J, then one can write for some nearest neighbor path 0 = x, z1,--- ,zzon N; (1 < k < 347) such
that the line segment between z; and ;1 is inside Co, forall 0 < i < k — 1,

k—1 1
/ Glw, )| - dr < Z/ G (w0, H(in — 2))]dt
O~~be i=0 0

k—1 1/2

1/2
< 2(3%) Z Z /0 |G (1w, te)|dt.

TECooNN;:|z| <325 |e|=1

Therefore,

Eo|Ve (v, )| = ZEO{ Gw,-) - dr

,/sz]
j=1

e 1/2 )
< ZZZ Z (3dj)/0 Eo {|G(wa,te)|,x«»x—|—e CCoo,fzj}dt (4.14)

J=1 le|=1 z€N;:|z|<34j

> 1/2
§2ZZ Z (3dj)/ E0[|G(Tww,te)|1+5,x«»x+eCCOO

3=1 |e|=1 zEN;:|z|<34; 0

O~ 0e

1/(1+6) S
] Po(¢ = j)1+dt.

Since G € Gj, then for any = € R,
Eo [|G(w,2)|'*, 7 € Coe] < Gl uiss(eo)
As a consequence, can be bounded by
C(D)|| Gl Lr+s(py) Z]QPO(E: j)% < O(d, 6, Po)|| Gl L1+s(py)

J=1

due to (4.12). This finishes the proof of the proposition.

Corollary 4.6. Let G € G... Then for any unit coordinate vector ¢ and IPy-a.s.,

lim 1{se € Co ()} V29

S§—00 S

Proof. If se € Coo(w), then there exists k > 0 such that ng(w) < s < ngy1(w). Note that & 7" oo as
s ' 0o. Then we have

Va(se,w)| _ [Velnp(w)e,w)| | [Va((s — np(w))e, Ty w)ew)|
s S ) ) |
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By the ergodic theorem (as in the proof of Theorem and |(P6), limj_, ”k,gw) = Eg[n1] < 0o Pp-as.
This fact, together with Theorem 4.3 allow us to deduce that the first term in the sum above goes to zero as
s — 00. It remains to bound the second term. Note that it suffices to show that

Va((s = ns(w))e, Tuywye; @)

lim sup 1I{se € Coo(w)} = 0Pp-a.s.
k—o0 ng(w)<s<ng41(w) k
Since GG € G, it is enough to prove that
dy(ng(w)e, se
lim sup 1{se €Cx(w)} w(ne(W)e, s¢) = 0 Py-a.s. (4.15)
k=00 ny <s<npyq k
By the Borel-Cantelli lemma, it suffices to verify that for any £ > 0,
o
ZIP’O sup 1{se € Coo(w)}d,(ng(w)e, se) > ke | < 0. (4.16)
1 ng(w)<s<npi1(w)
Since Py is invariant under Tnye» the sum above is equal to
[e.e]
Z]P’O sup  I{se € Cx(w)}d,(0,s€) > ke | .
1 0<s<ns (w)
By Lemmal4.5] this sum is finite for each ¢ > 0, concluding the proof. O
4.2 Controlling density of growth.
The main result of this section is the following result:
Proposition 4.7. Letd > 2 and G € G... Then for all¢ > 0 and IPy-almost all w,
1
lim sup y / {|Vg(z,w)| > ertdax = 0. (4.17)
rooo (21)% Syl () al<r

The proof of Proposition [4.7] consists of three main steps.
Step 1: We start this section with a definition: Given K > 0 and € > 0, we say that a point z € R belongs
to Y - (w) forw € Qif z € Cop(w) and
Vo (z + te,w) — Vo(z,w)| < K + elt] (4.18)

for each ¢ € R, and e is a unit coordinate vector such that x + te € Co(w). We will use the following
consequence of Corollary [4.6]in the sequel: for every e > 0, P(0 € Cy) = limg o P(0 € ¥ ). For
k € {1,...,d}, let us also define

A = {2z e R¥ : |2] <7}, (4.19)
which is the k-dimensional section of the d-dimensional box {z € R? : |z|., < r}, and set
1

Oke(w) :=limsup  inf — K |Va(r,w) — Valy,w)| > erlde,
kel r—o0  YECoo(w)NAL |AK] 2E€Coo (w)NAK Ve ) ( ) J (4.20)

or(w) == }:{ﬂ% Ok (w).

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



Homogenization of Hamilton—Jacobi—Bellman equations on percolation clusters 31

Lemma4.8. Let1 < k < d. If o = 0 IP-almost surely, then also g1 = 0 P-almost surely.

Step 2: Proof of Lemma For k < d, we consider the k-dimensional Lebesgue measure on R* and we
call it A\,. We assume that IP-a.s. o1 = 0. In particular, for each € > 0 and large enough r, there is some set
A C Cy N Al satisfying

M (A,

MATNC\A) <e
| <er z,y€A.

Va(z,w) = Va(y,w)

Moreover, for i > 0 large enough (but deterministic), replacing A by A N ¥ . grant us the following
properties for large 7 :

() M(ArNCo \ A) < eAi(Ay),
(ii) |Vg($,u}) - Vg<y,W>| <er T,y € A!
(i) A C Yk ., and

(iv) ANAL=#£0.

This is a consequence of the fact that lim IP(O € Co \ %Kvg) = 0, and the ergodic theorem. We
stress that even though these conditions are easily satisfied in dimension one, the construction will allow us
to obtain the same properties in larger dimensions. In particular, we want that the “base” A is contained in
each successive step, so that|[(iv)| will be always valid.

Next, for L € N and r» > 0, define
Errw)={z €A :#{0<i<L—-1:2+iey € Colw} > 0}. (4.21)

we claim that for each 0 > 0, there exists some L = L(0) (deterministic) that satisfies P-a.s. A\(Z1,) >
(1 — 8)A(A}L) for large 7 (which may depend on w). Indeed, by the ergodic theorem, the following equality
holds P-a.s. for all L € N:

L AGL)

i =S P(#{0 <i < L:iey € Coo(w} > 0). (4.22)

Since
1
Llim z#{z €{0,---, L —1}:ies € Coo(w)} =P(0 € Cs) > 0 P-ass.
—00

as L — o0, the probability on the right in converges to 1, so the claim holds. For fixed L, choose
K > 0 large enough so that P-a.s., forall¢ = 0,--- , L — 1 the conditions v)| above will hold some
A; C Tie,(A}) (replacing A} with 7, (AL) m.and- (iv), for r large enough. Next we define for > 0 (and
setting A := A)

A=A ={z€ANNCs|30<i<L—1, (y,t) € [-r,7]*: & =ye+tes and yei+ies € A}
(4.23)
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In words, A represents the points in x € Af which have some = € A; that shares the same projection over
Re;. Note that A C A, so in particular, A N A} # () for large 7. We show that the density A is close to 1.
More precisely, if z € (A2NCy) \ A, then = = ye; + teq for some (y,t) € [—r, r]?, and either ye; ¢ =y,
orye; € Zr,and ye; +ieg € Coo \ A; foralli =0, -+, L — 1. Therefore, for large enough r,

L—1

M((ATNC)NA) _ 17 = L/ |
o (A2) < o /r Nye; € A, \ Zp,Fdy + ; 7 /_r Hyes + sex € A, \ Aj}dy

L-1

M\ ELy) + ) M((ATNCe) \ A

1=0

< Le + 6.

1
2r

(4.24)
At this point, we choose ¢ and 9. Let £, > 0 small enough so that Le + § < %IP(O € Cx)?. By the
FKG-inequality in|(P5)|(note that {x € C..} is an increasing event), for every x,y € R? we have

P(2 € Coo(w),y € Coo(w)) > P(z € Con (w))P(y € Coo(w)) = P(0 € Co)*.

Moreover, for K large enough, by the ergodic theorem we have for any s,t € {0,--- , L — 1}

1
lim m/\l(x € A}“ X+ sey € gK,a>$ + tey € g]gg) = P(SGQ S g}(@,teg € gK7g) > Le + 0.
r—00 1 r
(4.25)

Thus, for large enough r, for every s, ¢ € {0, --- , L — 1}, the density of points = € A! such that = + se, €
Agand z+tey € Ay is positive. To finish the proof, we verify that for each u, v € A, |V (u,w) =V (v,w)| <
Ter for large 7 such that all the above holds (in particular, (4.24), (4.25)). Indeed, if v = x1e1 + y1e2
and v = xge; + Y26 € A, then there are s,t € {0,---,L — 1} such that if v’ := x1e; + se; and
V' 1= xgeq +teg, thenu' v’ € Yy (w) (for K = K (w) independent on r that satisfies the conditions listed
above). Moreover, by (#.25), there exists some 3 € A} satisfying u”, v" € @y ., where u” := z3e1 + sey
and v” = x3e; + te,. Putting all together, we have

Ve (u, w)=Ve(v,w)| < [Va(u,w)=Ve (', w)| + Ve (u',w)=Va(u" w)| + Ve (u",w) = Ve (v",w)|
+ |VG(U”7 w)_VG(U/7 w>| + |VG(U/7 w)_VG<Uv w)'
< K+e|xg—s| + K+e|zy—z3| + K+e|s—t| + K+e|ro—xs| + K+e|ys—t|
< 5K + 3eL + 6er < Ter
for large enough . In conclusion, by the last computation, the fact that ANA} # () and @24), 02 7. < Le+4.
By letting first £ ™\, 0 and then ¢ \, 0, we deduce that g, = 0 Py-a.s.

We can use the same construction to go to higher dimensions. More precisely, the element A for dimension
p becomes the element A in dimension p + 1. The base case guarantees that properties that appear
at the beginning of the proof remain true for p > 1. This finishes the proof of Lemma 4.8 O

Step 3: Proof of Proposition Theorem [4.7] will follows from Corollary [4.6/and Lemma[4.8| Since
inf A\ ({z € Coo NAL: [Vg(z,w) — Valy,w)| > er})
y
<M{r €Cu NAL : |Va(z,w)| > er — [Va(0,w)]}),
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and by Corollary it holds 0, = 0 for IPy-almost every w. By changing over to appropriate shifts, we also
have p; = 0 for [P-almost every w. We use Lemmarepeatedly, which shows that o; = 0 [P-a.s. and thus,
PPy-a.s. Again by Corollary[4.6] there exists 9 = r¢(w) with Py(ry < c0) = 1 suchthat [Ve(y, w)| < er/2
forany r > rgandany y € Al N Cy(w). Therefore,

Mi({z € Coa AT 2 [V(2,w)| > er})
<inf M({z € Coo NAY: Vo (z,w) — Va(y,w)| > er — |[Valy,w)[})
)

<inf A\g({z € Coo NAY: |Via(z,w) — V(y,w)| > er/2}),
Yy

and (4.17) holds for any € > 0. This finishes the proof of Theorem 4.7 O

4.3 Proof of Theorem We will prove an equivalent version of Theorem 4.2, namely:

Theorem 4.9. Fixd > 2 and G € G.. Then forPy-a.e. w € €,

Vi
lim sup Ve (a,w)] —0.
790 peCooN]—r,r]d r

Some preliminary lemmas will be required for the proof of the above result. Before that, let us set some
notation that will be useful in the sequel. We will be interested in consider sets on R? x R?, so we endow
this space with the standard product Lebesgue measure, which we denote by )\?2. The section on the
“first"coordinate of a measurable set A C R? x R%is

AW ={ye RY: (z,y) € A} Vz e R<. (4.26)
Givena € (0,1)andr,d, p > 0, we also define

(a) == {(z,y) e R xR : ar < |2 — y|oo < 7},
(p) = D(p,w) = {(r,y) € R* x R : d,(2,y) > plr — yloo; T,y € Cso}, (4.27)
(r) == (Co)* N ([=r, 7)),

5o Q

Lemma 4.10. For any a € (0, 1), there exists a constant p = p(a,d) such that for all § > 0, Py-a.s.
for large enoughn € N, for every x,yy € Co N [—n,n]? satisfying adn < |x — y|oe < On, we have
du(z,y) < plz = ylo.

Proof. Fixany ¢’ > 0 and p < c¢q (as in ({.14)), and choose 0 < a’ < a such that for a’d’ < ad, so that for
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n € N large enough, on + 1 < §'n and adn — 1 > a’é'n. By|(P4)|and (1.10), we have

Po(3z,y € Coo N [—n,n]%, adn < |z — Y|oo < 16, du(z,y) > pl2 — y|oo)
1

<——P(3 - — 1 10 .d —
< Poccy) <x7éy€C (wW)N[=(n+1),n+1]%,d'on < |z — yloo < N,

dw(z,9) > plr — Yloo; 0,2,y € Coo>

#*
- mﬂz{ > H(w,y) € Cynla) N [=(n+1),n + 1],

x,ycw
dW(xay) 2 p’$ - y’oou 0,1’,3/ € Cw}($7y7w>1

<2

=2 A2 (dz, dy Px’y(o,x,yecm,dw T,y Zp:c—yoo>
P(0 € Cx) /C'(;/n(a’)ﬂ[—(n+1),n+l]2d I ) (:9) | |

S Cefcln

for some C' = ¢(a,d, p),C" = C'(a,d, p) > 0, with ¢ defined in|(P2), The claim follows by the Borel-
Cantelli lemma. m

Lemma 4.11. Let C C RY be any box of the type [ay, bi] X [az, by] X - - - [ag, bs]. ThenP-a.s.,
li )\d((goo N T’C)
m ————— = Poo-
e g0y T
Proof. This is an application of [K02, Theorem 10.14]. O

We are now ready to prove Theorem [4.9 which will also prove Theorem 4.2

Proof of Theorem[4.9L We consider some ¢ = /(d,P) € N satisfying

1
We claim the proof is complete once we show the following: in a measurable set A such that Py(A) = 1,
foralle > 0 and w € A, there exists some 7y = ro(w) such that if r > r¢, for all 2 € [—r,7]? N Cs with
Vo (z,w)|s > er,
— x
A [(E(r) N Cs(279) N {|Va(-,w)|e <er}] >0 (4.29)

for some 9 = 4(d, P, ¢) that vanishes as ¢ — 0 (recall the notation (#.26) and (4.27)). Indeed, for any
$’ y E COOy
‘VG<x7 w) - VG(y> w) ‘oo < dw('r? y)eSS Supp, ’G(UJ, l‘) ’oo (4.30)

Forafixed 2 € Coo N [—7, 7], if |Vg(2,w)|s < erforall r > 1, there is nothing else to do. Otherwise,
choose 71 (w) large enough so that Lemma is true for 7 > 71 and a = 27* (of course the lemma is still
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true if we replace n € N by r € R). Now, if > ro \V rq, by @29), for every = € [—7,7]? N Cy satisfying
|V (2, w)|s > er, we find some y € [—7,7]*NCq such that 2761 < |z —y|s < 07 and |V (y,w)| < er.
In particular, d,,(z,y) < plr — y|e < pdr. Hence, by (#-30), we deduce that

|VG<x7w)|OO < |Vg(y,W)|oo + |Vg(l’,w> - VG’(y7w)|oo
< er+dy(z,y) esssupp, |G(w, T)|so (4.31)
< er+ 0pr esssupp, |G(w, T)|oo-

Since 6 — 0 as ¢ — 0, this finishes the proof, once we prove the claim (4.29).

Now we turn to the proof of (#.29). By Theorem there is a measurable set A; with Py(A;) = 1, so
that for all w € Ay,

. 1
lim sup —~ ﬂ{lVg(w,w)|x>ar}dx =0. (4.32)

rooo T CooN[—r,r]d

On the other hand, by Lemmal4.11|we know that for a fixed box C' = [ay, b1] X [ag, ba] X -+ X [ag, ba],
there exists a measurable set A¢ satisfying P(A¢) = 1 and

lim )\d(Coo N TC)

= P for all Ac. 4.
Vo) Poo forallw € Ag (4.33)

Choose any k = r(d,P) € (0, 1) (which exists due to (4.28)) and ¢ = (d,P) > 0 satisfying

1
1—kxr> Zm and, (434)
1
Next, for each € > 0, let
e\ M
§ = (—) . (4.36)
Peo
We can cover [—1, 1] with finitely many cubes C1, - -+, C,, C [—1,1]? of side §. In particular, for every

x # y in the same box we will have |z — y|, < J. By Lemma applied to these boxes, we deduce that
there exists a measurable set Ay with Po(As) = 1 such that for all w € Ay and 1 < i < m we have

)\d(Coo N TCZ)
lim ——= = . 4.37
Let A := A; N As. Then for every w € A there exists some 7y = 7¢(w) such that for all » > 7, and
1< <m,

)\d(%oo N [—r, r]d N{|Ve(-,w)|eo > 5r}) <er?, and

4.38
Ai(Coo NTC5) > poo(1 — K)Aa(rCh) = 196% e (1—k) = ec(1—k)r?. (4.39)

For every fixed 2 € [—r, r]¢ N Cy that satisfies |V (2, w)|s > er, we have z € rC; forsome 1 < i < m,
so that x € C,, N 7C;. We decompose \y(Coo N 7C;) as
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)\d(Coo N rCi) = /\d(Coo NrC; N{|Va(s, w)|eo > €7‘})
+ X (Coo NTC; NV (-, w)| oo < er}).

By (4.38), and noting that rC; C [—r, 7]%, we know that A\y(Coo N7C; N {|Va(, w)|ee > r}) < erd. This
inequality, combined with the equality above allow us to deduce that

A (Coo NTC N{VG (- w)|oe < er}) > er? (c(1 — k) — 1) > 0, (4.39)

and the last inequality holds since ¢ > ﬁ by (4.35). Next, we decompose the Lebesgue measure of

D' :=Coo NTC; N {|Va(,w)|ew < er}oas
Aa(D') = Xa(D' N B e () + Aa(D' N B g (2)°), (4.40)

where B 5/24( ) is the ball centered at z of radius 76 /2¢ with respect to the | - |, norm, which is a cube of
side 10 /2t L,

We conclude that

(DN B < (re2tTyt = ST 4.41
( 7"6/25( )) = (T / ) - pOOQd(g_l)' (4.41)
Therefore, by (4.39), (4.40) and (4.41),
c
A (D,mBr(S/QZ( ) )Zé’]"d (C(l—li)—l—m) (442)
By the choice of c in (4.35), we deduce that
c
Thus,
Ai(D' 0B e (x)°) > 0. (4.43)

Finally, recall the notation of A’ from and that of F(r) from (@.27). Then by construction,
{D' N B ()} € (E(r) N Csr(279) N {[Va (- w)lo < er},

so by (4.43), the claim (4.29) follows, completing the proof of Theorem[4.9] therefore that of Theorem[d.2l O

5 Entropic variational analysis

Recall the variational formula defined in Theorem [3.8}

A6) = s < / gbd]P’o{ div(af) + (6, b)s — L(b,w))| 5.1)

,¢> 68
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We also set

A(f) = C}g& (ess supp, Ediv(a(G +0))+ H(G+ 0)]) : (5.2)

with the class Gs from Definition The goal of this section is to show the equivalence of lower bound
H (-) proved in Section [3/and the upper bound which will be provided by A(-) (see Section ﬁ below). The
equivalence is presented in the following theorem.

Theorem 5.1. Assumel(F1 }, |(F2)| andl(F4)l Then for any 0 € R¢,

H(0) = A (0).

The proof is divided into several steps. In Sectionis proved the estimate H (/) > A(#) in Theorem
that crucially relies on Proposition|5.5| which is then proved in Section In Section[5.3|complete the proof
of Theorem H by establishing the bound H () < A(6). Finally, Sect is devoted to the completion of
the proof of the main result in Theorem |2.1

From now on we assume the same hypotheses from Theorem [5.1

5.1 Proving the lower bound H(-) > A(-). We will first prove

Theorem 5.2. Under the assumptions of Theorem for any 0 € R¢,
H() > A®0).
The rest of Section|5.1|and Section [5.2| are devoted to the proof of the above theorem. We set
D = {g:CCQ(QO) D g QO—HR} (5.3)

to be the linear space of functions on {2, with compact support, such that their first and second weak
derivatives (defined in Section [3.2.1) exists and are continuous. For any g € D, define

1
Rog(w) = 3 div(a(w) (Vg(w) +6)), andwrite R = Ry. (5.4)
As already observed in [KRV06], we have that for any g € D,
=0 VgeD it (b,¢) €€,
dPyp(Rg + (b, Vg), 55
/ o0 (g +{ g>){7é0 forsome g € D it (b, ¢) ¢ &, 59

and hence, by taking constant multiples if (b, ¢) ¢ £, we conclude that the infimum over g € D in (5.5) is 0
if (b, ) € £, and —oo otherwise. Therefore,

H(#) =sup sup inf {/dIP’U¢(%div(a9) +(0,b)q — L(b,w)) + (Rg + (b, Vg)a)ﬂ, (5.6)

$c® beBy 9EDP

where

o = {¢ € LL(Py): /qdeF’o = 1}. (5.7)
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Furthermore, for ¢ € P,
By = {b € L (¢dPy) : Vw € Qo : x> b(T,w) € Lip}, (5.8)
with L1 (¢dPy) being defined in (3-15). We remark that, for any ¢ € ®, the set By contains constant

functions b. First, we will prove

Lemma 5.3. Let H (0) be the variational formula defined in (5.1) (or equivalently, in (5.6)). Then

H(0) = sup inf {/ d[P’ogb(Rgg + H(0 + Vg(w), w))} ) (5.9)

ped 9€D

Proof. By (5.6) and (5.4),

H(A) =sup sup inf [/dIP’O(b((H +Vg,b)q + Rog — L(b,w))} . (5.10)

$pc® beB, 9€P
First, we need to exchange the supremum over b with the infimum over g, for which we would like to apply

the min-max theorem from [AE84], Theorem 8, p. 319 ], the requirements for which are verified as follows.
Note that the map

b— /dIF’ngS((@ +Vg,b), + Reg — L(b, w)) is concave and upper semicontinuous,
while the map
g /dIP’wﬁ((@ + Vg,b)e + Reg — L(b,w)) s convex and lower semicontinuous.

We need to verify the remaining compactness (resp. coercivity): we will show that for a fixed ¢ € ® and
g € D, the level sets

E. .= {b € By : /dIP’wﬁ((G +Vg,b)a + Rog — L(b,w)) > c}

= {b € L (¢dPy) : Coo(w) D 2+ b(z,w) € Lipand V w € €,

/dIP’()(b((H + Vg,b)q + Rog — L(b,w)) > c}

are weakly compact in L!(¢dPy). Indeed, by the Eberlein-Smulian theorem (see [DS58, p.430]), checking
the latter condition is equivalent to verifying that the set F. above is weakly closed and sequentially weakly
compact in L. (¢dPy). For the second condition, it is enough to show that E. is bounded and uniformly
integrable, but both these conditions follow from the coercivity of L. Indeed, recall from [(F2);

’ ’ 8]
collglls — e < L(g,w) < callqlls + s, o = ik I <a<oo.
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On the other hand, using that ¢ € D has compact support and Vg is continuous, |6 + Vg| < (6] +
Vgl o= sy =: C1(6, g) < c0. Moreover, by [(F1)| [div(a)| < C, so we can find a constant C(6, g) such
that by (5.4), | Reg| < Cs(6, g). Hence,

/dIP’od)((H +Vg,b)a + Rog) < Ca(6,9) + Ci1(8, 9) /dP0¢HbHa < 00 (5.11)

since b € L!(¢dPy), recall (3:15).

Thus, it remains to show that F. is weakly closed. Since F. is convex, it suffices to show that E. is strongly
closed. Indeed, suppose that (b, ),, C E,. such that b, — bin L!(¢dP,). Passing to a subsequence, since
L is lower semicontinuous and by Fatou’s lemma, one can easily verify that f dPoqb((H +Vg,b)a+ Ryg —

L(b,w)) > c. We will construct a function bsuch that b = b Py-as. and forall w € Q, R? 3 z —

b(z,w) € Lip. Let Q) with Py(€2)) = 1 such that by, (w) — b(w) for all w € €. For a fixed w € €, we
know that the family (b, (-, w)),, is uniformly equicontinuous and on any compact set X' C R?and z € K,

b (2, w)| < |z| + b, (0,w)] < diam(K) 4 sup |b, (0, w)].

As b, (0,w) — b(0,w), the supremum above is finite. Hence, for fixed w, the family of continuous functions
(bn(+,w)), is globally uniformly equicontinuous and uniformly bounded on compact sets. By the Arzela-
Ascoli theorem, the sequence (bn(-,w)) converges uniformly on compact sets and therefore converges
pointwise to some function f(-,w) € Lip. By definition, f(0,w) = b(w) Py-a.s. Now let us consider the set

Qy={weQ:FIzeRw e :w=rw}.

Then we define

bw) = {f(m,w’) if w = 7,0 forsome z € R4 o' € Qf, 5.12)

0 otherwise.

Let us first check that b is well-defined. Indeed, suppose that w = T,w’ = T,w" for some z,y € R? and
W', w” € €. Then

f(z,0) = lim b,(z,') = lim b, (0,7,w’) = lim b, (0, 7,w")
n—oo

n—o0 n—oo

= lim b,(y,w") = f(y,w”).
n—oo

Hence, the function b is well defined. Notice that on €2, b(w) = f(0,w) = b(w) , so b = b Py-a.s. Finally,
let us check that for all w € g, Coo(w) > = — b(z,w) € Lip. Indeed,

(i) fw € Qf, thenw = T,w' for some z € R% and w’ € ) and for x,y € RY,

b(z,w) — by, w)| = |b(z, :0') = by, )| = | flz + 2,0') — fly+ 2,0")]
<lz -yl
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(i) On the other hand, if w € €2 \ €27, then the same holds for 7w for all x € C(w), and the Lipschitz
condition is trivially satisfied.

This finishes the proof that E. is weakly compact in L!(¢dPy), and therefore, by the aforementioned
min-max theorem, we can exchange the SUPpe, and inf ¢p in (5.70) to obtain

H(#) = sup inf sup {/ dPog((f + Vg,b)a + Reg — L(b,w))} :

pc® 9€D beB,

Since the integrand depends locally in b, we can bring the supremum over b inside the integral, and use the
duality between H and L to conclude that

H() = sup inf /dIP’Oqﬁ(Rgg + sup [(§ + Vg,b), — L(b, w)])
ped 9€P beB, (5.13)

= sup inf [/de(R@g + H( + Vg(w),w))} .

pe® 9€D

In the last equality we used that, for any ¢ € ®, the set B defined in (5.8) contains constants, so that

sup [<8 + Vgu b>a - L(b7 W)} = Sup [<0 + ngy>a - L(yaw)}

beBy, yeRd

=H(0+ Vg(w),w).

O
We would like to now swap the order of sup, and infy in (5.13).
Lemma 5.4. With Ry defined in (5.4), let
So(9)(w) == Reg(w) + H(O + Vg(w),w)), g€ D. (5.14)
Then for any § € R,
H(9) = sup 3275 { / dPy¢ Sg(g)] > lim inf ;273 {5 log / dPy exp [e7'Sy(g)] |- (5.15)

Proof. For any probability density o > 0 on € (i.e., fQo pdlPy = 1), let

Entp, (¢) = /gploggpd]P’o >0

be the entropy of (. Its non-negativity is a consequence of the Jensen’s inequality. Moreover, the map
¢ — Entp,(¢) is convex, weakly lower semicontinuous and has weakly compact sub-level sets, meaning,
forany ¢ > 0, {¢ : Entp,(¢) < £} is compact in the weak topology. Thus, for any £ > 0 we have the lower
bound

H(0) > sup inf [ / APy Sy(g) — gEntpo(gzb)} = sup inf [ / dPo¢ (Sy(g) — clog ¢) | .

¢ ¢
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Similarly as in (5.11), we use the fact that g € D together with the assumptions|(F1)|to conclude that there
is a constant Cy (6, g) such that | Ry(g)| < C2(0, g), so that

/ dPe3S)(g) < Ca(6, ) + / dPysH(6 + V) < Ca(B,g) + cs / dPys)|0 + Vgl|? + o
< C%(0,9) + csCla, 0, g) + cog < 0.

where for the second inequality we used the upper bound from (2.5) in [(F2)| and for the third inequality we
used (a(w)x,z) < cs|z|? from and again that sup,, |0 + Vg(w)| < 10| + || V|| L, for g € D.
Now, for any fixed ¢ € ®, the map

g /dP0¢(30(9) —clog @)

is convex and continuous, while for any fixed g € D, the map

@ /dIP)osO (So(g) — elog )

is concave, upper-semicontinuous and has compact superlevel sets in the weak L}r(IP’O) topology, we can
again use Von-Neumann’s minimax theorem to justify changing the order of sup, and inf ep. This means,

() > s | [ aPao (Sito) - clog ).

The above variational problem over ¢ subject to the condition f ¢dPy = 1 can be solved explicitly and the
maximizing density is
_ exple”'Sp(g)]
P [ exple~'Ss(g)]]

We replace this value of ¢ in the last lower bound for F () to obtain

H(0) > in% [5 log/dIP’o exp [e7'S(9)] |-
ge
We let ¢ — 0, to deduce the lower bound claimed in (5.15). O

Given the above results, the lower bound in Theorem will now be a consequence of the following
technical result that will be established in Section[5.21

Proposition 5.5. For any given € > 0, there exists a sequence €, — 0 and a sequence of functions
(gn)n C D so that

H(0) > e, logEqy {esnl‘se(g"")l — &, (5.16)

and G, (w) = Vg, converges weakly in L'*°(P,) (with 6 > 0 as in @.3)) and in distribution (along a
subsequence) to some (5. Furthermore, G € Gs, which is defined in Section@r
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Proof of Theorem[5.2] (assuming Proposition[5.5). : By Proposition for r > 0, we pick some se-
quence €, — 0 and g,, € D satisfying

H(0) > ¢, logEg [efﬁlse(gm-)] -

For fixed n, the map A € [0,00) — 1 logEq[e*%(9")] is increasing, so for each n, A > 0, if n is large
enough,

— 1
H(6) > Xlog E, [e’\s‘)(gn")} —r

_ %1 oz o o (3iv (@) (G (@) +0) +H O+ G (w)))

—T.
For any M, A > 0, the map

N e/\(M/\(%div(a(w)(x+9))+H(9+x,w)))
is continuous and bounded. Thus, letting n — oo and using the fact (from Proposition that (&, converges
to (7 in distribution, we conclude from the above bound that

() > %10 o Eo {eA(MA(;div(a(w)(G(w)+9))+H(9+G(w),w)))] .

Now by letting M * oo and using monotone convergence theorem, we obtain

E(Q) > log e%div(a(w)(G(w)+9))+H(0+G(w)7w) . (5.17)

L (o)

Finally, letting A — 00, we obtain

H(0) > esssupp, Ediv(a(G +0))+ H(G+ 9)} —r

B (5.18)
> inf A(0,G) —r.
GEgGs
Since r > (0 is arbitrary, we are done with the proof of Theorem O

5.2 Proof of Proposition[5.5] We divide the proof of Proposition [5.5]into three subsequent lemmas.

Lemma 5.6. For any givene > 0, there exists a sequence ¢,, — 0 and a sequence of functions (g,,), C D
so that (5.16) holds, and G,,(w) := Vg, (w) converges weakly in L'*°(Py) (with § > 0 as in (2.3)) and in
distribution along a subsequence to some random variable G € L'*° ().

Proof. We start with the bound (5.15) in Lemma [5.4 which implies that there exist sequences ¢,, — 0 and
(gn)n C D satisfying
-1 R
e, log K [e‘E" 89(9"")] < H(0). (5.19)
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Using this we will first show that
sup ||Gn||L1+‘5(QO) < 0. (5.20)
n

In particular, the above bound will imply that (7,, converges weakly in L1+5(P0) along a subsequence to
some G.

We now prove (5.20). Note that the map A € [0, 00) — ilog [Eq[e*50(97)] is increasing. Thus, recalling
the definition of Sy from (5.14) and using (5.19), we obtain that for n large enough,

1Og ]EO [eRQQn(W)‘FH(Q‘FV.‘]n("J)vw)):| S ﬁ(@)
The lower bound on H (-, w) from|(F2)|implies
log Eo [eRegn(W)‘i’C(SH'9+V9an*C7:| < F(G)

Set (G, := Vg,. Then Jensen’s inequality applied to the bound bound and the definition of Ryg, =
+div(a(Vg, + 6)) from (54) leads to

1 —
]EO §le<a(Gn + 9)) + CGHH + Gan S H(G) + Cr.

Since G,, = Vg,, we have E [div(aG,)] = 0. Thus by [(F1)]we conclude that for some constant C' =
C(0,m),
sup Eo[||G]|5] < C, a> 1.

But by (2:2),
Gl = {a(w), Gu, Ga)*? 2 €(w)*|Gul*.

Combining the last two displays, we have

sup Eg [f(w)a/2|Gn]a} <C. (5.21)
Hence,
Eof G| "] = Eo |G| *96(w) ¢ (@)~ F']
145 (143) a=1=¢ (5.22)
< B[IGul"€()""] * Boe) ] T <o
In the first upper bound we used Hélder’s inequality with exponents 1—+5 > 1 (recall that « > 1 4 ) and

——, and for the second bound we invoked (5.21) and (2.3) with x = ga}aia)' Hence,

sup Eo| G| +*] < oo,

with & > 0. Consequently, (z,, converges weakly in L“‘;(IP’O) and in distribution along a subsequence to
some random variable G € L'*™9(P,), as claimed. O
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Lemma 5.7. The limit G of G,, from Lemmal5.6 satisfies the closed loop condition defined in (&.3), i.e., for
any simple closed path C contained in the infinite cluster C.,, we have fc G(w,-) - dr = 0, almost surely
w.r.t. Pg.

Proof. We first assert that it suffices to prove that for any measurable set A C ),
Eqy {]lAﬂ(CCcoo) / G(w,") - dr} = 0 for each simple closed path C C C.. (5.23)
C

Indeed, (5.23) says that for any fixed simple closed path, Py-a.s., locc., fc G(w,-) - dr = 0. We want
to show that this holds [Py-a.s. uniformly on each closed loop. Since line integrals are independent of the
parametrization of the path, for each C, we choose any (but fixed from now) smooth function

fc:[0,1] = R? satisfying f(0) = f(1).
The space
X ={feC™0,1: f(0) = f(1)}
is separable under the | - |, norm, so there exists some countable dense subset Y C X. If (5.23) holds, we
can show that IPy-a-s., the closed loop condition holds for each curve C such that fo € Y. To extend this
to all simple closed curves in R?, we can approximate each curve by a sequence C,, such that fc, € Y.

Since the convergence is uniform, it is easy to deduce that Pp-a.s., lccc., fc G(w, -) - r = 0 for any simple
closed curve C. Thus, we only need to show that (5.23) holds for fixed A C €2 and simple closed curve C.

Let f : [0,1] — R? be any smooth function that parametrizes C. For each fixed n € N, we know that
G, = Vg, satisfies the closed loop condition (because it is a gradient). By Fubini’s theorem we have

1
0=E, |:IlAﬂ(CCCOO)/CGn(w7 ) - dr] = Eo |:]1AF‘I(CCCOO)/ Gn(w, f(x)) - f/(if)dx}
0

— /01 f'(x) - Eo [ﬂAﬂ(CCCW)Gn(w,f(x))] Q.

Since G, converges weakly to G in L1*?(IPy) (as shown in Lemma5.6), for fixed = € [0, 1],

lim EO [ﬂAﬁ(Cccm)Gn(Wv f($))} = ]EO []IAQ(CCCOO)G(UJ’ f($))] .

n—o0

Using that sup,, Eg[G1+°] < oo, and that ' is bounded on [0, 1], we can apply dominated convergence
theorem to conclude that

0= lim Eo [Lanccen)Gnlw, f(2))] = /0 f'(x) - Eo [Manccen) Glw, f(x))] da.

n—oo

As G € L”é(IP’O), we can again exchange the order of integration using Fubini’s theorem so the right-hand
side in the last display is [Eg [HAQ(CCCOO) fc G(w,-) - dr} . This shows (5.23) and concludes the proof of the
lemma. O

The following result will complete the proof of Proposition (5.5
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Lemma 5.8. The limit G of G,, from Lemmal5.6 belongs to the class Gs from Definition[4.1

Proof. We have already proved (4.1). On the other hand, the proof of follows from the first inequality
in (5.18) (note that for this part we are only using the weak convergence of (7,, towards G in L1+5(]P’0) and
in distribution, which have been established in Lemma5.6). Also, the closed loop property was shown
in Lemma Thus it remain to check that G satisfies the zero induced mean property Eq [V (-, v.)] = 0,
recall (4.5).

Let us fix a coordinate unit vector e, and recall the definitions of v, = n(w, e)e from (1-13), that of £(w) =
d,,(0, v,) from and of the sets A(zy, - - -, ,) from (@13). Choose A(x1, - - - ,x5) C Az, -+ ,

so that
34

{g:]}zu |_| {g:jm"i<x1a"' vxk)}>

k=1x1,- ok

where |_| represents disjoint union. Next, for any R > 0 define
e = Eo[Va(w,v.),l < RJ. (5.24)

By dominated convergence theorem, the required identity Eo[Vj(-,v.)] = 0 follows once we show that
nr — 0as R — oo. For this purpose, we further claim that

n—o0

ng = lim EOU Gp(w,-)-dr, l < R}
Orbe (5.25)

= — lim EOU Gp(w,-) -dr, 0 > R}
O~ve

n—o0

We observe that the second equality in (5.25) follows from the fact that

| [ Gl | = Ba[gn(o.) = 9u(0)] =0

because o, is measure-preserving under [Py (recall Proposition and for each fixed n, g, is bounded
and continuous. Thus, the only nontrivial claim is the first equality in (5.25). We decompose 7r as (below,
o :=0)

3d; k

— XR: Z ZEOMHW Gw,-) -dr, 0 = j, A(zy, - - ,a:k)}

7=1 k=1 J?1,~--,J?kENj 1=1

On A(xl, .-+, x;), we can always choose the straight line between these two points as a curve. Using that
G, converges to G weakly in L'*(IP) (cf. Lemma we deduce that

lim EO{/ Gn(w,~)'dr,g:j,fl(x1,~~ ,:cj)] :EO{/ G(w,~)~dr,g:j,fl(x1,--~ ,xj)].

n—oo
i—17 T i—17 T
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Therefore,
R 3 k
:ZZ > ZlimEo[/ Gn(w,.).dr,£:j7A(x17...,Ij)}‘
n—oo
=1 k= 1, 7$k€N]’ =1 T;_1~I;
Finally, we can exchange the limit with the sum over x4, - - - , 2} by noting that

EO[/ Gn(w,-)- dr,Z:j,fl(xl, e ,l‘j)‘|

is uniformly bounded because sup,, ||G,| L1+¢p,) < 0. This shows (5.25). To conclude proving that nr —
0as R — oo, we use (5.25) to estimate |np| as

Ing| = lim EO[ Gplw,-) -dr, l > R” SlimsupZEo[/ G(w, )| - dr, £ = j|.
n—00 O~rbe n—00 =R O~0e

Now, following the arguments exactly as in the proof of Propositionand using that sup,, |G || 1+5(p) <
00, we can show that the last display is bounded above by Cie™ 2 for some constants C1,Cy > 0,
implying that [r| — 0, which in turn completes the proof that GG satisfies the induced mean zero property.
Thus Lemma(5.8|and therefore Proposition [5.5]are proved. O

5.3 Proof of Theorem El. Note that the bound A(-) < H(-) has already been proved in Theorem
The proof of Theorem will be complete once we show the reversed bound

A() > H(). (5.26)

The above inequality will follow once we prove an upper bound for Theorem w.r.t. a linear initial condition
f(x) = (0,z) for any € R< (The upper bound for a general initial condition f satisfying [(F4)| will be
provided in Section[5.4]in Theorem there).

Proposition 5.9. Assume|(FT) and|[(F2), Let u. g be the unique viscosity solution to (2.10) with initial condii-
tion f(x) = (0, ). Then

limsupucp(t,0,w) < tA(0) Py-a.s., (5.27)

e—0
where A is defined in (5.2).
Assuming the above fact, we can conclude
Proof of Theorem 5.1 (assuming Proposition[5.9): Combining the lower bound from Theorem 3.8]for the
particular case f(z) = (0, x) with Proposition |5.9|we conclude that H (#) < A(#). The reverse bound has

been shown in Theorem which proves Theorem O
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Proof of Proposition[5.9; Let us first sketch the main idea of the proof. To simplify notation, for a fixed
6 € R?, we will simply write
us(t, x,w) = ucp(t, z,w).

Recall that for a fixed ¢ > 0, by Lemma[3.9]

t/e
u:(t,0,w) = ¢ sup B0 {(H,th) —/ L(Xs,c(s))ds} (5.28)
ceC, 0
Next, let us fix any G € Gy as defined in @), with Vi; (w, z) := [, G( -dr as defined in (4.4), and

set
ha(z) = (0, x) + Vg(x,w)

for a fixed w € €)y. If V; were smooth enough, Vhg = 0 4+ G and by Itd’s formula,

t/e 1 t/e
(0, X1/e) + Va(Xie,w) = /0 0+ G(Xy))o(X,)dBs + 5/0 div(a(0 + G))(X,)ds

t/e
+/0 (c(s),0 + G(Xs))ads.

Therefore, we would obtain
B |0, X - [ T, (9| = ~ B Wiy )]
L R [ /O " (%div (a(X) (0 + G(X)) + (c(s), 0+ G(Xs))a — L(X,, c(s)))ds}
< =B [Va(Xyeyw)] + B [ / " SAV(a(X.))(0 + G(X.)) + H(X,, 6+ G(Xs»ds]

c,w t ]_
< —EP" [Vo(Xeye,w)] + - esssUpp, [édiv(a(G +0))+ H(G + 9)} :

(5.29)
Together with (5.28), we would have the bound

u (t,0,w) < —¢ inf BN V(X e, w)] +tess SUpp, [%div(a(G +0))+ H(G + 9)} :

ceC,

If Vo were bounded, we could apply Theorem [4.9] and deduce that Py-a.s., for all » > 0 there exists some
¢, = ¢(w) such that for all € Cu, |V (z,w)| < r|x| + ¢, leading to

ue(t,0,w) < tA(0) +ec, + 7 sup B0 [|eXye]].

ceC,

By Lemma and the inequalities (3.34)-(3.35), one can deduce (see (5.34) below for details) that
Er [|eXy/c|] is uniformly bounded over 0 < ¢ < 1 and ¢ € C%. Thus, one simply let first e — 0
and then r — 0 to conclude the proof.
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However, a priori G € G;. s is neither smooth enough nor bounded. Nevertheless, we can mollify G to
get a smooth and bounded version, so that we can apply the same reasoning as above.

If p is any spherically symmetric mollifier with support the unit ball and such that [;, p(y)dy = 1 and
r > 0, we set

G.() = [ Glrlpl)dy = G (5.30)

where p,(y) = 6 %p(y/d). Similarly, define Vi(z,w) = [z, Ve, (z + dy,w)p(y)dy = Vi * p,.
particular, VV/ = G, and by Young’s inequality, |G |eo < C.. for some constant depending on . As a

consequence, for any x € C, and any path 0 ~» x inside C,

Va(z,w) — VE(0,w) = / G (w,r) - dr, (5.31)

O~x
so that the line integral is independent of the path 0 ~» . By Proposition [4.4] it also holds that
Eo [f[)«»ne |G (w, ) — Gw, )| -dr] — 0 as r — 0. Therefore, we can replace G, by G, — ¢, with
some constant vector ¢, such that |¢,,| — 0 as  — 0 to obtain a smooth, bounded element in G, on which

Theorem [4.2] applies. Repeating the arguments in (5.29) with G, — ¢, (equivalently, replacing 6 by 6§ — ¢,),
we obtain

fou

t/e
(0,£X,.) — ¢ / L(Xs,c(s))ds]
0
< B V(Xyer0) — VE0,0) — (e Xuy2)]

+eEM0

/t/a Saiv (X)) (6 + Gr(X.) — ) + H(X, 0+ Go(X,) - c»)ds] .

The first term can be bounded exactly as before. To handle the second and third terms, we use the convexity
of H and Jensen’s inequality to bound the sum of the second and third expectations above by

cEh” [/Ot/a /Rd % {div(a(Xs))(Q + G(X; +1y) — CT)] p(y)dyds}
+eER” l/t/g /Rd [H (X,,0+G(X,+ry) —c) }p(y)dyds} (5.32)
< t esssupp, Ediv(a(G +0—¢))+H(G+6— cr)} :
Letting € — 0, then r — 0 and using the continuity of the map
0 — esssupp, Bdiv(a(G +0))+ H(G + 9)1

we conclude the proof of the proposition. O

5.4 Proof of Theorem [2.1/and Corollary [2.2} In this section we will complete the proof of Theorem
and Corollary [2.2]
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5.4.1 Proof of Theorem 2.1k

Given Theorem|[3.8] it remains to show the following result:

Theorem 5.10. Let u.(t, ) be the solution of (1.2) and unom, as in (3.24). If[(F1)}i(F4) hold, then Py-a.s., for
anyT. ¢ > 0,

limsup sup  sup  (ue(t, z,w) — Upom(t, x)) < 0. (5.33)
€20 0<t<T z€eCoo:|z|<L

Proof. For any fixed ¢, ¢, x and w,

u(t, z,w) — Unom (, x)

— sup (EPE’/“? [f(aXt/e) —a/ot/EL(Xs,C(S))dSD — sup (f(y) — (= x))

ceCr, yERd t
e eX . — t/e
< sup Bl [tI(M> - 5/ L(Xs,c(s))ds]
ceCx. t 0

e o t/e
= sup Efe/e [ sup(0,eXy/. —x) —tH(0) — 5/ L(X, c(s))ds} .
0

ceCs HeR?

Since by Lemma[3.9|and Egs.(3.34)-(3.35)

< 0 (5.34)

e /0 t/EL(XS,c(s))dx

pow
S:= sup sup sup sup E'w- [leXt/gl +
ceC%, 0<e<1 0<t<T z€eCoo:|x|<l

and H also satisfies the estimates of (2.5) with the Euclidean norm, we deduce that it is enough to show

that for any fixed 8 € R¢,

e o t/e
limsup sup sup  sup B e/ {(9, eXy)e —x) —tH(0) — 5/ L(Xs, c(s))ds} <0. (5.35)
0

€0  c€CL 0<t<T z€eCoo:|z|<Y
Following as in the proof of Proposition forany G € Gsand r > 0, we apply Itd’s formulato 6 + V, — ¢,

with |¢,.| — 0 as r — 0, obtaining

o t/e .
EFere [(9,€Xt/g —z)— 5/ L(X,, c(s))ds} —tH(0)
0
< —eEPE [VE(Xye,w) — Vi(a/e,w) — (er, X)) (5.36)
t/e
LTS [ / S (a(X))(0+ G (X) — ) + H(Xo 0+ Go(X,) — e)ds| — H().
0

(5.37)

To bound the first term (5.36), we recall that, thanks to Theorem Py-a.s., for all 7 > 0 there is some
C; = C-(w) suchthatforall z € Co, |Vi4(x,w)| < 7|x|+ C;. Then the first expectation (5.36) is bounded
above by

2eCr + (T + |cr|)EP;?i[|5Xt/€| + |z|].
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By (5.34)), we deduce that

lim sup lim sup sup sup sup < — gl VE(Xyew) — Vi(z/e,w) — (¢, Xt/g)])
T30 0 ceCh 0<t<T 2€eCos:|z|<L
< Sley|.

We bound the second term as in (5.32), implying that is bounded above by
t ess supp, [%div(a(G +0—c))+H(G+0—c)|] —tH(0).
By Theorem forany ¢’ > 0, there is some GG € G so that the last display is bounded by
e +tH (O —c.) —tH(0),
so that the final bound is S|c,| + &' + tH (0 — ¢,) — tH(0). As H is continuous, letting first ¢ — 0, then

¢’ — 0 and finally r — 0, we deduce (5.33), concluding thus the proof of Theorem and Theorem
2 =

5.4.2 Proof of Corollary[2.2,

Let u. solve (2.70) for the particular choice (2.74) and initial condition f(x) = (0, x). We set

e(€t,
o(t, ) == exp {M} (5.38)
then v(t, x) solves
av(t,x) = (L®)(t,x),  v(0,z) =e") where (5.39)

L = div(a(-,w)V-) + (b(-,w), V- )q

is the generator of the R%valued diffusion X,. By Feynman-Kac formula, we have v(t,x) =
Eblexp{(0, X (t))}] with E>“ denoting expectation with respect to the diffusion with generator £
starting at # € R%. Since u.(t,0) = T logv(t/e,0), we have

1
li 1,0) = lim -1 t,0 5.4
limewu.(1,0) = lim —logu(t,0), (5.40)
and the result follows from Theorem Note that to prove Corollary 2.2} we only need to prove (5.40) for
x = 0, the lower bound for which follows from Lemma|3.10, Hence, we require (2.3) only for y = %a—laié)

for some @ > 1 + § and & > 0 which is needed for (5.22) to show weak compactness of the gradients
and that G € Gs. As explained earlier, the other moment assumption in with x = I with v > dis
necessary to deduce Lipschitz estimates, which guarantee locally uniform convergence in the lower bound
for Theorem O
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A Percolation models satisfying assumptions

Let us illustrate some important percolation models that satisfy the assumptions imposed earlier.

The Boolean model: The simplest continuum percolation model, known as the Boolean model, is defined
as C(w) := U,e, Bi2(), where w is sampled with respect to a probability measure P = P* that satisfies
the following (recall the notation from Section [1.1):

M For any bounded A C R% and any n € Ny,

PS(#(wNA) =n)= CAD" (A.1)

n!

B For any collection of disjoint, bounded Borel sets A1, ..., A, C R,

P (#(w N Ar) = ny, o, #(w N Ag) = i) = [[PH#w N A) = ). (A.2)

=1
The Boolean model satisfies the above assumptions [(P1)H(P6)|for ( large enough.

Proposition A.1. Fix d > 2. Then there exists (. € (0, 00) such that for all { > (., (Q,G,P°) satisfies

and also[(P6) if d > 3.

Proof. The proof of these results are well-known: [(P1)]is a consequence of [MR96, Propositions 2.6-2.7 .
[(P2)]is consequence of (A7), [(P3) follows from [MR96], Theorems 3.5-3.6 ]. Property [(P4)] can be found in
[CGY11l Lemma 3.4], and appears in [MR96, Theorem 2.2]. To verify [P6)|in d > 3, given { > (,
let L > 0 be large enough so that in R%~! x [0, L] there almost surely exists an infinite cluster ¢... That
existence is guaranteed by the fact that the critical intensity for R coincides with the limit of the critical
intensities for R? x [0, L]d‘2 as L. — oo (see [T93], Theorem 1]). By the uniqueness of the percolation
cluster in R%, the cluster € IS almost surely a subset of C... Now let A}, be the event that at least one
element of the set {je : j = 1,..., L} is an element of ¢,. Then

{loc] > Lt} n{0 € Co} C () Tare(AD).

k<[t)
Since all the events in the intersection above are independent, with p;, = P(Ay), we have
P(|v.| > Lt,0 € Coo) < (1 — pp)¥
for all t > 0, and [(P6)| follows. O

Continuum random cluster model: Besides the Boolean model, we mention briefly a model which presents
long-range correlations, namely the continuum random cluster model (CRCM) [DH15, [H18]. We proceed to
define the model and give a sketch of the validity of properties Forw € Qand A C RY set
wp = w N A. A probability measure P on (2, G) is a continuum random cluster model with parameters
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g > 1and ¢ > 0 (CRCM(q, Q)) if it is stationary and for P almost every configuration w and each bounded
set A C RY the conditional law of P given wy. is absolutely continuous with respect to a Poisson point
process restricted to A, ]P’C , With density
Né\c('UwAc)
¢
Here, Ncﬁ is the A-local number of connected components of a configuration [H18], Definition 2.1] and Z is
the partition function

Zp(wpe) = / gNee AU @ae) P (dus ).
Q

Equivalently, the DLR equations are satisfied: for every bounded and measurable function f and bounded

set A C R,
(UJAU UJAC) ,
/f )dP = //fwAUwAc Zn (o) P (dwy) P(dw).

By [DH15, Theorem 1], there exists at least one stationary CRCM(q, (), which can be chosen ergodic, so

that[(P1)|holds, while is satisfied by construction. Assumption is a consequence of [H18|, Theorems
1 and 2].

Next, we sketch the ideas behind the proof of [(P4)] for which we need some definitions.

B Given a finite subset A C Z, the outer boundary of A is given by 0°'A = {x € A° : Jy €
A —y| =1}

BB = HZ Llai, b;] is a box in R?, we say a connected component C' contained in B is crossing
for B if forall i € {1,---,d}, there exist vertices x(i) = (x1(@),--- ,24(i)) € C and y(i) =
(y1(3), -+ ,ya(i)) € C suchthat |z; (i) — a;| < 5 and |y;(i) — b] < 3

B For each M > 0, we define a random field { X, : z € Z?} as follows. Let B, and B be concentric
cubes centered at z of radius M and % respectively. Define the event

A, : = {3 crossing component C,, in B, each subbox of radius M /4 and center

z )
z+4h,h € Z* N [~M/2, M/2]* contains a unique crossing component, and all
of these crossing components are connected to C, },

and set X, := 1 4. If one can prove that for some integer k > 1,

lim sup esssup P(X, = 1]|o(Xy : |y — 2] > k)) = 1, (A.3)
M—00 ,czd
then for all p € (0, 1), if M = M (p) is large enough, the product measure of i.i.d random variables
{Y,:z € Zd} such that Y, = 1 with probability p and 0 otherwise, is stochastically dominated by
the law of {X, : z € Z¢} [LSS97, Theorem 1.3]. Then following as in [CGY11} pp. 160-161] one
can conclude the proof of [[P4)} To check (A-3), see for example [P96, Theorem 3.1] when d > 3 and
[CM04, Theorem 9] when d = 2.

Finally, we mention that, at least for ( sufficiently large (large enough so that it surpasses a slab
critical parameter), it can shown that|(P6)|is satisfied. Regarding the FKG inequality, we could not find
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in the literature the version for the CRCM, but following ideas from [G06, Theorem 4.17] and [MR96,
Theorem 2.2] we believe it should yield the desired result.

Beyond the models discussed above, there are many other models which exhibit long-range correlations
and which satisfy assumptions [(PT)H(P6)] — examples of such models include random interlacements, the
vacant sets of random interlacements and the level sets of the Gaussian free field in d > 3, see [Sz10, T09,
T09a, [CP12,IDRS14, [PRS15].

B Ergodic properties.

Here we will provide the proof of Proposition (3.5, which is a consequence of the following known result from
ergodic theory (see [P89, BBQ7]). We include it here for the sake of completeness.

Lemma B.1. Let (X, .Z, 11) be a probability space and let'T : X — X be invertible, measure preserving
and ergodic with respect to . Let A € . with ;i(A) > 0. Ifn : A — N U {oco} is defined by

n(z) = min{k > 0: T"(x) € A}

and S : A — AbyS(x) =T"®)(x) forx € A, then S is measure preserving and ergodic with respect to
w(-|A) and almost surely invertible with respect to the same measure.

Proof. We first prove that S is measure preserving. By the Poincaré Theorem, n(z) < oo almost surely.
Forany j > 1 we define A; = {x € A : n(z) = j}. By definition, the A; are disjoint and as n(x) < oo
almost surely, 1(A \ U;>14;) = 0. As the restriction of S to A; is 77 and since T” is measure preserving,
S is measure preserving on A;. We claim that S(A;) N S(A;) = (. This, together with the fact that S is
measure preserving on A;, proves that S is measure preserving on the disjoint union U, A; and therefore
on A,

Thus, we only owe the claim S(A;) N S(A;) = (). We assume that there exists € S(A;) N S(A;) for
1 <4 < j. This requires the existence of y, 2 € Awith n(y) = i,n(z) = jandz = T'(y) = T7(z). As
T is invertible, y = T7~*(2). Thus, n(z) < j — i < j, which is a contradiction to n(z) = j and the desired
claim follows.

Next, we note that T is invertible. Thus, .S is almost surely invertible, as the intersection S~!({z}) N
{S is well defined} is a one-point set.

We finally want to show that .S is ergodic. Let B € .% such that B C A is S-invariant. Thenif x € B
and n > 1, it follows that S™(z) ¢ A\ B. This implies that forany x € B and k > 1, if T*(x) € B,
then T%(x) ¢ A\ B. We conclude that C' = Uy, T"*(B) is T-invariantand B C C C (X \ A)U B. In
particular, u(B) < pu(C) < 1+ p(B) — u(A). Therefore, ergodicity of 7" implies (C') € {0, 1}, which
forces u(B) € {0, u(A)} and thus, the ergodicity of S with respect to 1(-|A). O

Proof of Proposition @ The shift 7, is invertible, measure preserving and ergodic with respect to IP. It

follows from Lemmathat the induced shift o, is IPy-preserving, almost surely invertible and ergodic with
respect to IP. O
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C Proof of Proposition 3.3

We now sketch the ideas behind the proof of existence and uniqueness of solutions of (3.10). While these
arguments are well-known, we include them here for the sake of completeness. Since w € () is fixed, we
omit it from the notation.

Let us first address the existence of solution. Recall from Section that we fix a probability space
(2, F,P), afiltration (F;);>o and a Brownian motion (B;);>¢ adapted to the filtration. We set S :=
(0,T) x Coo, where T > 0 is fixed. The controls take values in U = R®. The diffusion will be governed
by controlled functions b : S x U — R?and o : S x U — S, where ¢ is defined as in Section and
b(t, z,u) := a(x)u+ diva(z). Note that both b and o are independent on ¢, so we omit such dependence
in what follows. Then for each ¢ € Cr, there exists a unique solution of the SDE

dXt = b(Xt, Ct)dt + O'(Xt7 Ct)dBt (C1)

for each initial condition 2z € R%. We follow the set up from [T13], where the cost function .J : [0, 7] x R? x
Cr — Ris defined as

T
J(t, x,c) = EV | F(XE) — | L(X5™¢ ¢,)ds]|,
T ] s

with (X5%¢) -, being the solution to (C.T) with initial condition X;"*“ = x. Then the value function V'
S — R is defined by

V(t,x) = sup J(t,z,c).
ceCr

The corresponding Hamiltonian H : R? x RY x S; — R is given by

H(x,p,A) := sup |b(z,u) - p— L(z,u) + %Trace(a(x)A)

u€ER4

= %Trace(a(x)A) + %diva(w) -p+ H(zx,p),

with H defined in Section By [T13] Theorem 7.4], V is a viscosity solution of the (backward) equation

{&V = —1Trace(a(-, )Hess, V) — idiva(z) - VV — H(-,VV), in[0,T) x Cs, ©2)

V(T,x) = f(x), on Coo.
But note that defining u(t,z) := V(T — t,z) transforms into (3.70) and .J into .J from (3.9). This

completes the existence proof.

To verify uniqueness, we will appeal to the following comparison principle:

Theorem C.1. [AT15, Theorem 2.3] LetU C R% openand T > 0. Assume thatu, € USC([0,T)xU),v €
LSC([0,T) x U) are of at most linear growth. Suppose that u is a viscosity subsolution and v is a viscosity
supersolution of

Oyu = %Trace(a(x)Hesswu) — H(z,Vu), (C.3)

in (0,T) x U such thatu(-,0) < v(-,0) onU andu < v on[0,T) x OU. Thenu < v in[0,T) x U.
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Note that our equation (3.10) is of the form
1
Oru = §Trace(a(x)Hessmu) + H(z,Vu). (C.4)

But and are equivalent by mapping u to —u if p — H (-, —p) is also convex, which we are assum-
ing. This change leaves the hypothesis from |(F2) invariant, so that it is enough to obtain a comparison
principle for (C.3). The assumptions on a, o, H in the mentioned articles are similar to ours, except that the
coercivity assumption in our case is defined with respect to the a-norm instead of the usual Euclidean
norm. But this coercivity with respect to the a-norm is enough to use the above comparison principle. Indeed,
(2:2)-(.5) imply that Py-a.s. {(w) > 0 and for all z € C., there exists a neighborhood of = such that for all
y in such a neighborhood, &(7,w) > &(T,w)/2. In particular, for each © € Co, there is a neighborhood of
x such that the lower bound in can be replaced by c(z)|p|®. The rest of the argument follows from the
above result.
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