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Stochastic homogenization of
Hamilton–Jacobi–Bellman equations on

continuum percolation clusters
Rodrigo Bazaes, Alexander Mielke, Chiranjib Mukherjee

Abstract

We prove homogenization properties of random Hamilton–Jacobi–Bellman (HJB) equations on con-
tinuum percolation clusters, almost surely w.r.t. the law of the environment when the origin belongs to the
unbounded component in the continuum. Here, the viscosity term carries a degenerate matrix, the Hamil-
tonian is convex and coercive w.r.t. the degenerate matrix and the underlying environment is non-elliptic
and its law is non-stationary w.r.t. the translation group. We do not assume uniform ellipticity inside the
percolation cluster, nor any finite-range dependence (i.i.d.) assumption on the percolation models and
the effective Hamiltonian admits a variational formula which reflects some key properties of percolation.
The proof is inspired by a method of Kosygina–Rezakhanlou–Varadhan [KRV06] developed for the case
of HJB equations with constant viscosity and uniformly coercive Hamiltonian in a stationary, ergodic and
elliptic random environment. In the non-stationary and non-elliptic set up, we leverage the coercivity prop-
erty of the underlying Hamiltonian as well as a relative entropy structure (both being intrinsic properties
of HJB, in any framework) and make use of the random geometry of continuum percolation.

1 Introduction

Consider a continuum percolation model resulting from the realizations ω ∈ Ω of a point process in Rd with
d ≥ 2. The translation group {τx}x∈Rd acts on Ω and it is natural to assume that the underlying law P of the
point process is invariant and ergodic under this action. If there is a unique infinite unbounded component
C∞(ω) containing the origin 0, for P-almost every ω ∈ Ω, then the event Ω0 = {0 ∈ C∞} has strictly
positive probability, allowing us to define the conditional probability

P0(·) = P(· |Ω0). (1.1)

Note that, because of conditioning on 0 being in the infinite cluster, the probability measure P0, in contrast
to its unconditional counterpart P, is not invariant under the action of {τx}x∈Rd .

For ω ∈ Ω0, we now consider the Hamilton-Jacobi-Bellman (HJB) equation on the infinite cluster C∞(ω)

∂tuε =
ε

2
div
(
a
(x
ε
, ω
)
∇uε

)
+H

(x
ε
,∇uε, ω

)
, in (0, T )× εC∞(ω) (1.2)

with an initial condition f(·) – we refer to (2.10) for a precise formulation. Here the diffusion coefficient
a(x, ω) = a(τxω) is degenerate elliptic in the sense that the support of x 7→ a(τxω) is contained in the
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closure of the infinite cluster C∞(ω), the Hamiltonian H(x, p, ω) = H(p, τxω) is convex and coercive in
p ∈ Rd w.r.t. the semi-norm induced by the degenerate matrix a and the initial condition f is uniformly
continuous. These conditions are natural and they guarantee that, for any fixed ε > 0 and T > 0, there is
actually a unique viscosity solution uε of (1.2).

Given this background, the goal of the present article is to develop a method for studying homogenization
of uε almost surely w.r.t. the conditional probability P0 – we will show that, P0-almost surely and as ε → 0,
uε → uhom with uhom solving the homogenized equation{

∂tuhom = H(∇uhom), in (0,∞)× Rd,

uhom(0, x) = f(x), on Rd.

The effective Hamiltonian H admits a variational representation

H(θ) = inf
G

(
esssup

P0

[
1

2
div
(
a(G+θ)

)
+H(G+θ)

])
∀θ ∈ Rd, (1.3)

and determines the effective equation uhom as a viscosity solution

uhom(t, x) = sup
y∈Rd

[
f(y)− tI(

y − x
t

)
]
, with I(y) := sup

θ∈Rd
[〈θ, y〉 −H(θ)],

we refer to Theorem 2.1 for a precise statement, and to Corollary 2.2 for an application to an P0-a.s. large
deviation principle for a degenerate diffusion with a random drift and on a percolation cluster.

The study of homogenization of HJB equations was initiated in a fundamental work of Lions, Papanicolaou
and Varadhan [LPV87] which treated first order Hamilton-Jacobi equations in the periodic setting – that is,
when a ≡ 0 and H(·+ z, ·) ≡ H(·, ·) for all z ∈ Zd. Since then, there have been very important works in
the field by Souganidis [So99], Ishii [I99], Evans [E92], Rezakhanlou-Tarver [RT00], Lions-Souganidis [LS05,
LS10], Kosygina-Rezakhanlou-Varadhan [KRV06] (see also Kosygina-Varadhan [KV08] for time-dependent
case), Armstrong-Souganidis [AS12, AS13] and Armstrong-Tran [AT14, AT15]. While particular conditions
vary from paper to paper, the main assumptions in these works on the Hamiltonian H involve convexity and
super-linearity in p, some regularity in p and x as well as uniform continuity on the initial condition f . In
all these works, homogenization holds in an almost sure (i.e., quenched) sense w.r.t. the law of the random
environment, which is assumed to be stationary and ergodic under the translation group. For aforementioned
reasons, the latter framework does not cover the conditional measure P0, which is relevant for studying
almost sure behavior of (1.2) on percolation clusters, where homogenization of elliptic equations of the form
−div(a(∇u + e)) = 0 in a reversible and discrete framework have been studied quite extensively in the
recent years [SS04, MP07, BB07, PRS15, LNO15, AD18].

In this context and to the best of our knowledge, the present paper is the first instance where homoge-
nization of HJB equations have been studied on percolation clusters – a fundamental class of models for
studying statistical mechanics of random media. As we will see, their inherent properties like non-translation-
invariance and non-ellipticity pervade through the sequel (including in the variational formula (1.3) of the
homogenized limit) and manifest into fundamental difficulties – we refer to Section 2.3 for the main ideas
of the proof. Also, the current method does not require any finite-range dependence (i.e. i.i.d.) assumption
on the percolation models which are allowed to have long-range correlations, we refer to Appendix A for

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



Homogenization of Hamilton–Jacobi–Bellman equations on percolation clusters 3

concrete examples of such models. Before turning to formal statements of the main results (cf. Section 2), it
is instructive to first provide the precise mathematical layout of the point processes.

1.1 Point processes and Palm measures.

1.1.1 Point processes.

Fix an integer d ≥ 2, and let Ω be the space of all locally finite subsets of Rd. We denote by B(Rd) to its
Borel σ-algebra. The Lebesgue measure will be denoted by λ (or by λd when we need to emphasize on the
dimension). We endow Ω with the smallest σ-algebra G that makes the maps ω 7→ #(ω ∩ A) measurable
for all A ∈ B(Rd), where #(ω ∩ A) denotes the cardinality of ω ∩ A. A Point process is a probability
measure P on (Ω,G).

On Ω, the group of translations (τx)x∈Rd acts naturally as

τxω := ω − x =
{
y−x : y ∈ ω

}
.

We say a point process is stationary if

P ◦ τx = P ∀x ∈ Rd. (1.4)

A stationary point process is ergodic with respect to (τx)x∈Rd if

∀A ∈ G ∀x ∈ Rd : τxA = A =⇒ P(A) ∈ {0, 1}. (1.5)

We also define the intensity measure of P as the measure on (Rd,B(Rd)) given by

Θ(A) :=

∫
#(ω ∩ A)P(dω) = E[#(ω ∩ A)]. (1.6)

Here and throughout the sequel, E will denote expectation w.r.t. P. Notice that when P is stationary and Θ
is locally finite, then there exists some ζ ∈ (0,∞) such that Θ = ζλ. We call ζ the intensity of the point
process.

1.1.2 Palm measures.

We now turn to the definition of Palm measures, which, on an intuitive level, formalizes the idea of the
distribution of a Point process conditioned on containing some fixed point x ∈ Rd. First, we define the
measure C on Rd ⊗ Ω as

C(A) := E
[∑
x∈ω

1lA(x, τxω)
]

for A ∈ B(Rd)⊗ G. (1.7)

The measure C can be decomposed when P is stationary: Indeed, by [SW08, Theorem 3.3.1], if P is a
stationary point process (i.e., if (1.4) holds) with intensity ζ ∈ (0,∞), then there exists a unique measure
P(0) on (Ω,G) such that

C = ζλ⊗ P(0). (1.8)

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



R. Bazaes, A. Mielke, C. Mukherjee 4

We call P(0) the Palm measure corresponding to P. It can be seen as the distribution of a point process
conditioned on containing the origin (see [LP18, Proposition 9.5]). In particular, P0(0 /∈ ω) = 0 (see [LP18,
Eq. (9.7)]. We can define more generally

P(x) := P(0) ◦ τx for x ∈ Rd.

The aforementioned decomposition allows us to disintegrate P in terms of (P(x))x∈Rd : Indeed, by [SW08,
Theorem 3.3.3], if P is a stationary point process with intensity ζ ∈ (0,∞), then for all f ∈ L1(Rd × Ω),
ω 7→

∑
x∈ω f(x, ω) is measurable, and

E
[∑
x∈ω

f(x, ω)
]

= ζ

∫
Rd

E(0)[f(x, τ−xω)]dx = ζ

∫
Rd

E(x)[f(x, ω)]dx. (1.9)

Similarly, one can define the n-fold Palm distribution P(x1,··· ,xn) for x1, · · · , xn ∈ Rd. In this case, we have
the equality

E
[ 6=∑
x1··· ,xn∈ω

f(x1, · · · , xn, ω)

]
= ζn

∫
(Rd)n

E(x1,··· ,xn)[f(x1, · · · , xn, ω)]dx1 · · · dxn (1.10)

for f ∈ L1((Rd)n × Ω), where the sign 6= above the sum indicates that the sum is taken over pairwise
distinct elements. Also, E(x1,··· ,xn) stands for expectation w.r.t. the n-fold Palm distribution P(x1,··· ,xn).

1.1.3 Assumptions on the point process P.

For any ω ∈ Ω, which denotes a locally finite point set in Rd, we define a random domain C(ω), which is an
open set

C(ω) :=
⋃
x∈ω

B 1
2
(x) ⊂ Rd, (1.11)

where Br(x) = {y ∈ Rd : |y−x| < r} denotes an open ball centered at x of radius r > 0. The set
C(ω) can be decomposed into a disjoint union of connected components. If there is a unique unbounded
connected component, then this component is denoted by C∞(ω) ⊂ C(ω) ⊂ Rd. Its boundary will be
denoted by ∂C∞, with int(C∞) denoting the interior. Moreover, we define

Ω0 :=
{
ω ∈ Ω: C∞(ω) exists, 0 ∈ C∞(ω)

}
⊂ Ω. (1.12)

If P(Ω0) > 0 (which we will assume in condition (P3) stated below), then we can define the conditional
probability measure P0 on Ω0 via

P0(·) := P( · |Ω0), viz. P0(A) =
P(A)

P(Ω0)
for all A ∈ G ∩ Ω0.

By the openness and the connectedness of C∞(ω), every two points x, y ∈ C∞ can be connected by a
curve in C1([0, 1];Rd) such that the interior distance dω is defined on C∞(ω) via

dω(x, y) = inf

{ ∫ 1

0

|ṙ(s)|ds : r ∈ C1([0, 1];Rd), r(0) = x, r(1) = y,

and r(s) ∈ C∞(ω) for all s ∈ [0, 1]

}
.
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To state the condition (P6) below we define n(ω, e) ∈ N for all e ∈ Zd with |e| = 1 and ω ∈ Ω0 to be
the “successive arrivalsöf C∞ along a certain direction e, i.e., we set

n(ω, e) = min{k ∈ N : ke ∈ C∞(ω)}. (1.13)

We are now ready to state the following assumptions on the point process P:

(P1) P is stationary ergodic with respect to (τx)x∈Rd . Moreover, P is also stationary ergodic with respect
to τe for all e ∈ Zd with |e|1 = 1 (namely, any A ∈ G such that τeA = A satisfies P(A) ∈ {0, 1}).

(P2) Recall the definition of Θ from (1.6). Then for any compact set A ⊂ B(Rd) we have Θ(A) < ∞. In
particular, Θ = ζλ for some ζ ∈ (0,∞).

(P3) With the above definition of C(ω) and Ω0 we assume P(Ω0) > 0, i.e. with with positive P-probability,
the set C(ω) has a unique open, unbounded and connected component C∞(ω) containing the origin
0 ∈ Rd.

(P4) There are constants c0, c1, c2 > 0 such that for each x, y ∈ Rd,

P(x,y)(dω(x, y) ≥ c0|x− y|∞; 0, x, y ∈ C∞) ≤ c1e−c2|x−y|∞ . (1.14)

where P(x,y) refers to the two-fold Palm distribution defined above (1.10).

(P5) The FKG-inequality is satisfied, i.e., if A1, A2 ⊂ Ω are increasing events (meaning that if ω1 ∈ Ai
and ω1 ⊂ ω2, then ω2 ∈ Ai for i = 1, 2), then P(A1 ∩ A2) ≥ P(A1)P(A2).

(P6) We let ve(ω) := n(ω, e)e and assume that there exist constants c3, c4 > 0 such that

∀ % > 0 ∀ e ∈ Zd with |e|1 = 1 : P0

(
|ve(ω)| > %

)
≤ c3e−c4%. (1.15)

Condition (P1)-(P3) are self-explanatory, (P4) guarantees that dω is comparable to the Euclidean distance
with high probability, while (P5) is a standard monotonicity inequality satisfied by many models. Since P is
ergodic with respect to τe (by (P1)) and since P(0 ∈ C∞) > 0, by the Poincaré recurrence theorem (cf.
[P89, Sec, 2.3]) we have n(ω, e) < ∞. Then (P6) implies that moving along the coordinate axes has good
recurrence properties and that ve possesses all moments under P0. These assumptions are natural and are
satisfied by many well-studied models – we refer to Appendix A.

2 Main results

In Section 2.1, we will introduce the equation (1.2) in a precise form and record the necessary assumptions.
In Section 2.2, we will announce our main results, while in Section 2.3 we will outline the principal ingredients
of the proof.
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2.1 The HJB equation. We now state the assumptions on the diffusion coefficient a, the Hamiltonian H
and the initial value f appearing in (1.2), which guarantee existence and uniqueness of a viscosity solution
(cf. Proposition 3.3). Stating these assumptions require some further notation.

Denote by Sd the space of d × d symmetric matrices. There is a natural partial order in Sd: we say that
for A,B ∈ Sd, A ≤ B if B − A is positive semidefinite, i.e., all its eigenvalues are nonnegative. For any
symmetric, positive semidefinite matrix a (which will be defined below in (F1)) denote by σ ∈ Sd the unique
(symmetric and positive semidefinite) matrix such that

a =
1

2
σσ on Ω0.

We also define the inner product 〈·, ·〉a = 〈·, ·〉a(ω) as

〈x, y〉a := 〈a(ω)x, y〉 = 〈x, a(ω)y〉 ∀x, y ∈ Rd, which defines a semi-norm

‖x‖a :=
√
〈x, x〉a.

(2.1)

We impose the following assumptions on a, H and f :

(F1) The matrix a : Ω→ Sd is positive semidefinite, and

a(x, ω) := a(τxω)

defines a stationary process with respect to {τx}x∈Rd . The restriction of a to Ω0 (defined in (1.12))
satisfies the following: there exists c5 ∈ (0,∞) and a measurable function ξ : Ω0 → (0,∞) such
that P0-a.s.

ξ(ω)|x|2 ≤ 〈a(ω)x, x〉 ≤ c5|x|2 ∀x ∈ Rd. (2.2)

Furthermore, there exists δ > 0, α > 1 + δ, γ > d such that

E0

[
ξ(ω)−χ

]
<∞, (2.3)

where

χ = χ(α, γ, δ) :=
α

2
max

{
1 + δ

α− (1 + δ)
,

γ

α− 1

}
. (2.4)

For P0-a.s. ω, the maps x 3 Rd 7→ σ(x, ω) := σ(τx · ) ∈ Sd and x 3 Rd 7→ diva(x, ω) ∈ Rd are
Lipschitz continuous, with Lipschitz constant independent on ω. Moreover,

supp(a) ⊂ C∞

and |div a| is uniformly bounded. Since a is Lipschitz, we can assume that x → ξ(τxω) is also
Lipschitz by taking the minimum eigenvalue of a.

(F2) The Hamiltonian H : Rd × Ω → R satisfies for each ω ∈ Ω that p → H(±p, ω) is convex.
Moreover, there are constants c6, . . . , c9 > 0 such that for all (p, ω) ∈ Rd × Ω0,

c6‖p‖αa − c7 ≤ H(p, ω) ≤ c8‖p‖αa + c9, (2.5)
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and H(·, ω) ≡ 0 outside Ω0. Here, α > 1 + δ and δ > 0 are arbitrary (but specified in (2.3)).
Equivalently, for α′ := α

α−1
and constants c10, . . . , c13,

c10‖q‖α
′

a − c11 ≤ L(q, ω) ≤ c12‖q‖α
′

a + c13, (2.6)

where L(q, ω) := supp∈Rd [〈p, q〉a −H(p, ω)]. In particular, L(·, ω) ≡ 0 outside Ω0.

(F3) The map x 7→ H(x, p, ω) := H(p, τxω) defines a stationary process with respect to translations.
Moreover, there are constants c14, c15, c16 > 0 such that for any ω ∈ Ω0, x, y ∈ C∞(ω) and p ∈ Rd,

|H(x, p, ω)−H(y, p, ω)| ≤ (c14|p|α + c15)|x− y|, (2.7)

|H(x, p, ω)−H(x, q, ω)| ≤ c16(|p|+ |q|+ 1)α−1|p− q|. (2.8)

(F4) The initial condition f : Rd → R is uniformly continuous. In particular, for any δ > 0, there exists
some Kδ > 0 such that for any x, y ∈ Rd,

|f(x)− f(y)| ≤ Kδ|x−y|+ δ. (2.9)

2.2 Main results.

For any ε > 0, T > 0 and ω ∈ Ω0, consider the Hamilton-Jacobi-Bellman equation{
∂tuε = ε

2
div
(
a
(
x
ε
, ω
)
∇uε

)
+H

(
x
ε
,∇uε, ω), in (0, T )× εC∞(ω),

uε(t, x) = f(x), on
(
{0} × εC∞(ω)

)
∪
(
(0, T )× ε∂C∞(ω)

)
.
(2.10)

We are now ready to state our first main result.

Theorem 2.1. Assume (P1)-(P6) on the point process P, (F1)-(F4) on a, H and f , and let uε be the unique
viscosity solution of (2.10). Then P0-almost surely and as ε → 0, we have that uε → uhom uniformly on
compact sets, where uhom is the unique viscosity solution of{

∂tuhom = H(∇uhom), in (0,∞)× Rd,

uhom(0, x) = f(x), on Rd.
(2.11)

Here, the effective Hamiltonian H is given by the variational formula

H(θ) = inf
G∈Gδ

(
esssup

P0

[
1

2
div
(
a(G+θ)

)
+H(G+θ)

])
, (2.12)

where the class Gδ contains L1+δ(P0) functions (with δ > 0 being arbitrary, but specified in (2.3)) defined
in Section 4. Moreover, the homogenized limit uhom is given by the Hopf-Lax formula

uhom(t, x) = sup
y∈Rd

(
f(y)− t I

(y−x
t

))
, with I(y) := sup

θ∈Rd

[
〈θ, y〉 −H(θ)

]
. (2.13)
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Remark 1 The equation (1.2) can also be rewritten in a non-divergence form as

∂tuε =
1

2
Trace

(
a
(x
ε
, ω
)
Hessxuε

)
+ Ĥ

(x
ε
,∇uε, ω

)
, with

Ĥ(x, p, ω) = H(x, p, ω) +
1

2
div(a(x, ω)) · p.

By (F1), |div a| ≤ C is bounded and therefore our assumptions on H translate to that of Ĥ . Consequently,
homogenization of the above equation is covered also by Theorem 2.1.

A particular case of H , which is appealing from a probabilistic viewpoint, is the quadratic Hamiltonian

Hb(p, ω) :=
1

2
‖p‖2

a + 〈b(ω), p〉a. (2.14)

With this choice, Theorem 2.1 leads to the following result. For any configuration ω ∈ Ω, let P ω
0 denote the

law of the diffusion

dXt = σ(Xt, ω)dWt + diva(Xt, ω)dt+ a(Xt, ω)b(Xt, ω) dt (2.15)

starting at 0 in the environment ω, where (Wt)t≥0 is a standard Brownian motion in Rd (whose law is
independent of P). Our next main result is a quenched large deviation principle for the a degenerate diffusion
with a random drift on a continuum percolation cluster:

Corollary 2.2. Assume (P1)-(P6) on the point process P, and (F1) on a(·) such that (2.3) holds with χ =
α(1+δ)

2(α−(1+δ))
. Let b : Ω → Rd be a map so that x 7→ b(τxω) defines a stationary process w.r.t. translations

and Hb defined in (2.14) satisfies (2.7)-(2.8) (for these to hold, it suffices to assume that x 7→ b(x, ω) is
bounded and Lipschitz). Then for P0-almost every realization ω ∈ Ω0, the distribution P ω

0 [Xt
t
∈ ·] satisfies

a large deviation principle with rate function

I(x) = sup
θ∈Rd
{〈θ, x〉 −H(θ)}, with (2.16)

Hb(θ) = inf
G∈Gδ

ess supP0

[
1

2
div(aG) + 〈b,G+θ〉a +

1

2
‖G+θ‖2

a

]
, (2.17)

being defined as in (2.12). In other words, for P0-a.e. ω ∈ Ω0 and every open set G ⊂ Rd and closed
set F ⊂ Rd, lim inft→∞

1
t

logP ω
0 [Xt

t
∈ G] ≥ − infG I(·) and lim supt→∞

1
t

logP ω
0 [Xt

t
∈ G] ≤

− infF I(·).

Remark 2 We can also consider Hamiltonians of the type

Hb,V (p, ω) :=
1

2
‖p‖2

a + 〈b(ω), p〉a − V (ω),

and show an P0-almost sure large deviation principle for the distribution of Xt/t under the measure dQω
0 ∝

e−
∫ t
0 V (Xs,ω)dsdP ω

0 if we assume some moment condition on the potential V w.r.t. P0, which provides an
absorbing random environment. We refer to a Armstrong-Tran [AT14, Corollary 2] where such a result has
been obtained (in a stationary ergodic setting) using the sub-additive ergodic theorem, which was developed
in a detailed study for Brownian motion (a ≡ Id, b ≡ 0) in a Poissonian potential by Sznitman [S94] (see
also Kosygina [K08, Section 7]).
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Remark 3 Note that the moment condition (2.3) would hold, for instance, for δ ∼ 0, α = 2 and any γ > d
(so that χ = max{1+δ

2−δ , γ} = γ > d). We also remark that (2.3) with the exponent χ = (αγ)/2(α − 1)
for γ > d is needed for Theorem 2.1 at one step in its lower bound (cf. the discussion on p.10 in Section
2.3), while the other exponent with χ = α(1+δ)

2(α−(1+δ)
is used to obtain a weak limit G ∈ Gδ. Note that the

former assumption (carrying the term γ > d) is not needed for Corollary 2.2 (see Section 5.4.2 for its
proof). Also, if we required ξ(·) ≥ c0 > 0 on Ω0 (i.e., if a were uniformly elliptic just inside the cluster,
which we do not assume), then the condition (2.5) would hold for any α > 1. Finally, we remark that when
the framework is discrete and b ≡ 0 (i.e., reversible), a more specific case of Corollary 2.2 corresponds
to studying large deviations for simple random walk on percolation clusters in Zd [K12, BMO16], see also
[SS04, MP07, BB07] for CLT results. However, by definition, this set up is automatically uniformly elliptic
inside the cluster (the transition probability πω(0 → e) ≥ 1/2d if the edge 0 ↔ e in the discrete lattice
is present in the environment ω) and also reversible where [KV86] plays a crucial role (this is different from
treating HJB equations). Also, for large deviations one uses a change of measure argument that is not
applicable to a general Hamiltonian as in Theorem 2.1.

2.3 Ingredients of the proof.

The goal of this section is to underline the main ingredients of the proof, for which, as a guiding philosophy
we will follow a novel method developed by Kosygina-Rezakhanlou-Varadhan [KRV06] for treating viscous
HJB equation (when a(ω) ≡ Id) in a stationary ergodic setting, see also Kosygina [K08, Sec. 6] for a review
on this approach and Kosygina-Varadhan [KV08] for an extension of this method to a time-dependent set up.
The root of this approach goes back to the seminal work of [LPV87] and the framework of environment seen
from the particle developed in [PV81, K85, KV86]. In the present scenario, fundamental difficulties stem from
a combination of non-translation invariance and degeneracy of HJB equations on percolation clusters. For
the convenience of the reader, we will briefly outline the [KRV06] approach and subsequently underline the
new input of the current method.

The previous approach of [KRV06]: Let us denote by P the law of a stationary and ergodic random environ-
ment, with ũε solving ∂tũε = ε

2
∆ũε + H̃(ε−1x,∇ũε, ω) with ũε(0, x) = f̃(x) being uniformly continuous

and p 7→ H̃(p, ω) being convex and satisfying uniformly in ω, H̃(p, ω) ∼ |p|α for α > 1 suitably large. To
avoid technicalities we drop recalling further conditions which were assumed earlier. The method consists of
three main steps.

Lower bound. The starting point is the optimal control representation

ũε(t, x, ω) = sup
c∈Cb

EQc
x/ε

[
f̃(εX̃(t/ε))−

∫ t/ε

0

L̃(X̃(s), c(s, X̃(s)), ω)ds

]
. (2.18)

Here Cb denotes the space of all bounded controls c : [0,∞) × Rd → Rd and Qc
x denotes the law of

the Rd-valued diffusion X̃(t) = x +
∫ t

0
c(s, X̃(s))ds + B(t) starting at x ∈ Rd. Then for fixed x = 0, a

lower bound on ũε(t, 0, ω) is obtained by restricting to controls of the form c(s, x, ω) = b(τxω) for some
b ∈ L∞(P) and invoking the ergodic theorem:

lim inf
ε→0

ũε(t, 0, ω) ≥ sup
(b,φ)

[
f

(
t

∫
P(dω)φ(ω)b(ω)

)
− t
∫

P(dω)φ(ω)L̃(b, ω)

]
. (2.19)
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Here the supremum is taken over those pairs (b, φ) such that φdP is an invariant measure for Ab :=
1
2
∆ + b · ∇ with b, φ,∇φ,∇2φ ∈ L∞(P).11 The above lower bound (at x = 0) is extended to a locally

uniform bound using the uniform ellipticity of the matrix a(ω) ≡ Id in this set up and also translation-
invariance of P.

Convex variational analysis: Note that, for linear initial data f(x) = 〈p, x〉, the lower bound
(2.19) is of the form tH(p), where H(p) := sup(b,φ) EP

[
φ(ω)

(
〈p, b(ω)〉 − L(b(ω), ω)

)]
. Because

infu EP[φ(ω)Abu(ω)] = −∞ unless φdP is an invariant measure for Ab, the supremum over (b, φ) can
be decoupled by adding a Lagrange multiplier, leading to

H(p) = sup
φ

sup
b

inf
u
EP[φ(ω)

(
〈p, b(ω)〉 − L(b(ω), ω) +Abu(ω)

)]
. (2.21)

Starting from the above observation, [KRV06] developed convex variational analysis by successively applying
min-max theorems. The success of this min-max method relies on, among other requirements, “compact-
nessöf the underlying variational problems. In the stationary ergodic setting of [KRV06], this compactness
becomes readily available if one restricts the relevant variational problem(s) (e.g. the infimum over u, the
supremum over φ etc.) to bounded regions. Then one can successively pass to further lower bounds Hk(p)
at finite truncation level k, which leads to approximate gradients vk := ∇uk. The uniform super-linearity
assumption p 7→ H(p, ω) & |p|α leads to a moment condition which implies existence of a weak limit point
v = limk→∞ vk ∈ Lα(P), which (in the stationary ergodic set up), is a stationary gradient and satisfies a
mean-zero property EP[v] = 0. It is worth noting that, in this set up, both properties are direct consequences
of the invariant action of τx w.r.t. the environment law P. Construction of such a v and successive application
of min-max theorems then lead to a suitable variational lower bound on H(p).

Upper bound: Using the stationary gradients v constructed above, one then considers the path integral
V (ω, x) =

∫
0→x〈v, dz(s)〉 with the normalization V (ω, 0) = 0 a.s. An important step for obtaining a

matching upper bound then entails showing the sub-linear growth property V (x, ω) = o(|x|) as |x| → ∞
almost surely w.r.t. P. In the stationary ergodic set up, this result was shown using the aforementioned
mean-zero property of v (w.r.t. P) and the ergodic theorem, combined with uniform coercivity and further
assumptions imposed on H (e.g. by using uniform gradient estimates for sufficiently regular H , or by the
Sobolev embedding theorem when α > d, or by a perturbation method when α > 2 and H satisfies
D2H(p, ω) ≥ cI on {p ∈ Rd : |p| ≥ k} for c, k > 0). Then by comparison with a super-solution
ûε(t, x, ω) := 〈p, x〉 + tH(p) + εV (x/ε, ω) and using that the perturbation caused by V is negligible,
thanks to its sub-linear growth, provide a “matching” upper bound.

11 Since the supremum in (2.18) is taken for every fixed ω, one can allow the control c ∈ Cb to be ω-dependent, and for a lower
bound, restrict to those c which are independent of the time variable s and stationary in the space variable x, i.e., c(s, x, ω) =
b(τxω) for some b ∈ L∞(P). Working with such controls allows one to a study the environment seen from the particle, which
is a diffusion process ω(t) = τX(t)ω ∈ Ω taking values in the environment space Ω, starting at ω ∈ Ω with generator Ab. By
restricting further to those b ∈ L∞(P) with an invariant density φ (for the generator Ab) with ∇φ,∇2φ ∈ L∞(P), one uses
ergodic properties of the environment process ω(t). These ergodic properties then translate also to those of the original diffusion
X(t), leading to (2.19). Let us also note that, here gradient∇ = (∇i)

d
i=1 (and likewise ∆) is defined in a weak sense:∇i is the

infinitesimal generator of the translation group {τx}x∈Rd acting on L2(Ω,F ,P) via

(∇if)(ω) = lim
h→0

f(τeihω)− f(ω)

h
. (2.20)
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Homogenization of Hamilton–Jacobi–Bellman equations on percolation clusters 11

The current method: In the current set up, we also follow the earlier philosophy for the lower bound and
consider a variational representation (3.8) of the solution uε of (1.2). For reasons to be explained below,
instead of deterministic and bounded c ∈ Cb, we choose progressively measurable controls sampled from
an auxiliary probability space (X ,F , P ) 22 and work with Lipschitz maps b ∈ L1

a(φdP0) (instead of
bounded b), see Section (3.2.2). Due to the non-invariance and non-ellipticity of P0, the ergodic theorem
(shown in Theorem 3.4) needs extra care which leads to a lower bound on lim infε→0 uε(t, 0, ω) at x = 0,
see Lemma 3.9 and Lemma 3.10. The usual step then is to obtain (uniform in ε) Lipschitz estimates for
the solutions of (1.2) in order to upgrade this inequality to locally uniform convergence. However, since
the Hamiltonian is not uniformly coercive in our case (recall (2.5)), the Lipschitz estimates are only local.
Nevertheless, one can control the oscillations of uε around x = 0 uniformly in t and ε for |x| small by
applying Morrey’s inequality and a comparison principle from [AT15] and [D19], cf. Lemma 3.11. To apply
this inequality, we need the moment assumption (2.3) with the exponent χ = (αγ)/2(α−1) for γ > d. The
locally uniform lower bound, which is first obtained for smooth initial condition, is extended to any uniformly
continuous f in Lemma 3.12-Lemma 3.15.

Now for the variational analysis, we are not allowed to apply the min-max route using restriction to bounded
regions. Indeed, first note that, one does not expect a mean-zero property of a prospective weak limit w.r.t.
P0 which is not shift-invariant. However, one can refine the mean-zero condition by studying shifts defined by
the successive arrivals of the continuum cluster along coordinate directions (see (1.13)). But then, restriction
to a bounded region is incompatible with non-translation invariance of P0 – for any prospective limit point,
the latter would deny the gradient condition (recall from (2.20) that gradients are defined on Ω0 with respect
to the usual shifts τx that leaves P0 non-invariant), while the former would be discordant with the refined
mean-zero condition which requires keeping track of arbitrarily long cluster excursions. Therefore, we use
a different route. For the first step of the min-max theorem, we exploit the intrinsic coercivity properties of
the Hamiltonian (w.r.t. a), which propagates to the accompanying variational formula. At this step, our choice
of the class (b, φ) ∈ E in (3.17) is important where we work with Lipschitz maps b ∈ L1

a(φdP0). If we
were to use uniformly bounded maps b ∈ L∞(P0) as considered previously, this class would not be closed
in Lp(P0) for p ≥ 1. This closeness is crucial for showing weak compactness in the first min-max step in
Lemma 5.3. For the second step, we introduce a subtractive relative entropy term which is structurally well-
suited to the optimal control variational formula accompanying from the preceding steps. This entropy term
provides the requisite coercivity in order to apply the second min-max theorem, see Lemma 5.4. Combined
with the moment assumption (2.3) for χ = α(1+δ)

2(α−(1+δ)
, subsequently we are able to deduce existence of a

weak limit G ∈ L1+δ(P0).

An advantage of this approach is that, the weak limitG is now both curl-free and refined mean-zero, being
conformant to the properties of P0 and that of the cluster, see Lemma 5.6-Lemma 5.8 for details. We note
that, while this technique seems to be a natural approach for treating degenerate HJB for non-stationary set
up, it is also unifying with the earlier [KRV06] approach in the sense that the coercivity of H , used in the
first min-max step, is an intrinsic assumption for HJB (regardless of the set up). Similarly, the relative entropy
structure invoked in the second min-max step is well-suited to the preceding variational formulas from here
that are applicable to both frameworks, and the desired limiting properties are established in a natural way,

22For conceptual reasons it might be useful to note that the progressively measurable control c is sampled from a fixed auxiliary
probability space, and therefore, the SDE (3.7) admits a strong solution which is not Markovian. In contrast, the SDE X̃ underneath
(2.18) admits a weak solution for c ∈ Cb.
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the properties being determined by the respective set up.

Turning to the upper bound, an important step here also involves showing sub-linearity of the path integral
VG(ω, x) =

∫
0→x〈G, dz(s)〉 = o(|x|), P0-a.s. Note that our assumptions on a, H , the geometry of the

continuum percolation as well as properties of the limit points G are different from [KRV06]. Therefore, the
proof of this step is also quite different here for which we build on the assumptions (P1)-(P6). Using these,
quite some technical effort is needed to show also this step in the current scenario, which constitutes Section
4. Note that in the continuum framework we are not allowed to invoke arguments based on combinatorial
counting, neither do not assume uniform ellipticity inside the infinite cluster, which are key properties used in
the aforementioned works on limit theorems for simple random walks on discrete percolation clusters (in a
reversible set up, which is different from studying HJB equations). Then using a mollification and continuity
argument, and combined with the arguments from the lower bound part, the requisite upper bound is shown
in Proposition 5.9 and Section 5.4.

An orthogonal approach to the [KRV06] method for treating HJB in a stationary ergodic set up involves
sub-additivity [So99, RT00, LS05, LS10, AT14]. We believe that such a method could also be extended to
the current percolation set up (with extra work). While sub-additivity does not immediately yield a variational
formula for the effective Hamiltonian (in contrast to the present method), we refer to the very interesting work
[AT14, Remark 3] in the stationary ergodic where such a variational formula has been obtained also using
the sub-additive ergodic theorem.

Organization of the rest of the article: In Section 3 we will provide the lower bound for the solution of HJB
equations. Section 4 is devoted to studying properties of the “correctorsänd in Section 5 we will carry out the
variational analysis and complete the proof of the upper bound and that of Theorem 2.1 and Corollary 2.2.
In Appendix A we will provide examples of percolation models covered by our set up and in Appendix B-C
we will collect some auxiliary arguments that are used in the sequel.

3 Viscosity solutions, ergodic theorem and the lower bound

3.1 Viscosity solutions of H-J-B equations on percolation clusters.

The goal of the section is to provide existence and uniqueness of the PDE (2.10), by explicitly representing
its solution as the value function of an optimal control problem. Notice that by (F1), the HJB equation (2.10)
with ε = 1 can be written as, for any ω ∈ Ω0,{

∂u
∂t

= H(x,∇u,Hessxu) in V,

u(t, x) = f(x) on ∂V
(3.1)

for the open set

V := (0, T )× C∞(ω), and the Hamiltonian

H(x, p, q) :=
1

2
div(a(x, ω)) · p+

1

2
Trace(a(x, ω)q) +H(x, p, ω).

(3.2)

Here and it what follows, we denote by ∂V the parabolic boundary. In the case when V = (0, T ) × U for
an open set U ⊂ Rd, ∂V = ((0, T )× ∂U) ∪ ({0} × U).
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Homogenization of Hamilton–Jacobi–Bellman equations on percolation clusters 13

To define the notion of viscosity solutions, we need some further notation. First, we recall the definition
of the upper and lower semicontinuous envelopes. For a set V ⊂ R+ × Rd, denote by USC(V ) the set
of upper semicontinuous functions w : V 7→ R ∪ {∞}. Similarly, LSC(V ) denotes the space of lower
semicontinuous functions w : V 7→ R ∪ {∞}.

Definition 3.1. Let V ⊂ R+ × Rd and u : V → R be a locally bounded function. We define the upper
semicontinuous envelope u∗ : V 7→ R ∪ {∞} as

u∗(x) := inf
{
w(x) : w ∈ USC(V ) and w ≥ u

}
. (3.3)

The lower semicontinuous envelope is defined as u∗ := −(−u)∗.

It follows directly from the definition that u∗ ≤ u ≤ u∗. Moreover, u∗ ∈ LSC(V ) while u∗ ∈ USC(V ).

Definition 3.2 (Viscosity sub/super-solutions). Let V ⊂ R+ × Rd.

� We say that a locally bounded function u : V → R is a viscosity subsolution of

∂u

∂t
= H(x,∇u,Hessxu) in V (3.4)

if for all (s, y) ∈ V and smooth function φ in a neighborhood of (s, y) such that the map (t, x) 7→
(u∗ − φ) has a local maximum at (s, y), one has

∂φ(t0, x0)

∂t
−H(x0,∇φ(t0, x0),Hessxφ(t0, x0)) ≤ 0.

� Similarly, we say a locally bounded function u : V → R is a viscosity supersolution of (3.4) if for all
(s, y) ∈ V and smooth function φ in a neighborhood of (s, y) such that the map (t, x) 7→ (u∗ − φ)
has a local minimum at (s, y), one has

∂φ(t0, x0)

∂t
−H(x0,∇φ(t0, x0),Hessxφ(t0, x0)) ≥ 0.

� We say a locally bounded function u : V → R is a viscosity solution of (3.4) if it is both a subsolution
and supersolution.

The existence of viscosity solution itself follows from Perron’s method (see for example [I87]). However, as
mentioned above, our goal is to characterize the solution as the value function of an optimal control problem
of diffusions on percolation clusters. This is carried out as follows: we fix an auxiliary probability space
(X ,F , P ), a filtration (Ft)t≥0 on F and an auxiliary d-dimensional Brownian motion (Bt)t≥0 adapted to
the filtration (Ft)t≥0 (whose law P is independent of the law P of the point process). Let

CT =

{
c : [0, T ]×X 7→ Rd : c is progressively measurable and (3.6) holds.

}
, (3.5)
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where

EP

[ ∫ T

0

c(s)2ds

]
<∞, (3.6)

By (F1), for each c ∈ CT and x0 ∈ C∞, there is a unique strong solution to the stochastic differential
equation (SDE)

Xt = x0 +

∫ t

0

σ(Xs)dBs +

∫ t

0

(diva)(Xs)ds+

∫ t

0

a(Xs)c(s)ds a.s. ∀t ≥ 0, (3.7)

see [T13, Theorem 3.1]. Let us also mention that the above display is understood to hold in a pointwise
sense for every fixed ω (and for each realization of the auxiliary probability space X ) which is suppressed
from the notation. Now, note that by our assumptions, Xt ∈ C∞ for all t ≥ 0 (cf. [BGHJ21, Lemma 3.4]).
Denote by P c,ω

x the law of the solution of (3.7) and set

u(t, x, ω) := sup
c∈CT

J(t, x, c), (3.8)

where

J(t, x, c) := EP c,ωx

[
f(Xt)−

∫ t

0

L(Xs, c(s))ds

]
. (3.9)

The characterization of the solution to (2.10) as an optimal control problem is given by the next proposition.

Proposition 3.3. Assume (F1)-(F4). Then for P0-almost every realization ω ∈ Ω0, the function u in (3.8) is
the unique viscosity solution (cf. 3.2) of{

∂tu = 1
2
div
(
a
(
x, ω

)
∇u
)

+H
(
x,∇u, ω), in (0, T )× C∞(ω),

u(t, x, ω) = f(x), on
(
{0} × C∞(ω)

)
∪
(
(0, T )× ∂C∞(ω)

) (3.10)

of at most linear growth.

Proof. The existence and uniqueness follow from dynamic programming and a comparison principle, re-
spectively, see Appendix C for details.

3.2 The ergodic theorem for the environment process on percolation clusters. The goal of this section
is to prove an ergodic theorem (cf. Proposition 3.4 below) for the so-called environment process which, for
homogenization of stationary ergodic random media (at least in the elliptic setting), goes back to the works
of Kozlov [K85] and Papanicolau-Varadhan [PV82]. In our context, this environment process is a diffusion
taking values in the space of conditioned environments Ω0.
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3.2.1 The environment process.

Recall that the group {τx}Rd acts on (Ω,G,P) via translations. This action allows us to define, for any
u : Ω→ R, its weak gradient via

(∇iu)(ω) := lim
ε→0

u(τεei(ω)− u(ω)

ε
, i = 1, . . . , d.

Likewise, we also define the corresponding divergence. Now for a : Ω→ Rd×d satisfying (F1), we set

(L (b)u)(ω) :=
1

2
div
(
a(ω)∇u(ω)

)
+ 〈b(ω),∇u(ω)〉a ∀ω ∈ Ω0. (3.11)

For a reasonable class of maps b : Ω → Rd (which do not depend on the probability space (X ,F , P ))
and class of test functions u, L (b) is the generator of a Markov process taking values on Ω0 which can be
defined as follows. Set b(x, ω) := b(τxω) and let Xt denote the Rd-valued diffusion solving the SDE

Xt =

∫ t

0

σ(Xs)dBs +

∫ t

0

(diva)(Xs)ds+

∫ t

0

a(Xs)b(Xs)ds a.s. ∀t ≥ 0,

with quenched law P b,ω
0 and generator

(L(b,ω)u)(x) =
1

2
div
(
a(x, ω)∇u(x)) + 〈b(x, ω),∇u(x)〉a. (3.12)

Then
ωt := τXtω (3.13)

is the Ω0-valued diffusion process with generator L (b) defined in (3.11). We call (ωt)t≥0 the environment
process with generator L (b), and its law with initial condition δω is denoted by Qb,ω.

3.2.2 Invariant density for the environment process.

Recall that P0 = P(·|Ω0). We write L1
+(P0) for the space of all non-negative and P0-integrable functions

on Ω. Any probability density φ ∈ L1
+(P0) with

∫
φdP0 = 1 is an invariant density with respect to Qb,ω if

1

2
div(a∇φ) = div(φ(ab)), i.e., (L (b))?φ = 0, in Ω0, (3.14)

with the generator L (b) defined in (3.11). For any probability density φ, we also set

L1
a(φdP0) :=

{
b : Ω0 → Rd measurable:

∫
dP0φ ‖b‖a <∞

}
. (3.15)

where we remind the reader from (2.1) that

‖b‖L1
a
(φdP0) :=

∫
dP0φ ‖b‖a =

∫
P0(dω)φ(ω)

√∣∣〈b(ω), a(ω)b(ω)〉
∣∣. (3.16)
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As usual,L1
a(φdP0) can be turned into a Banach space with the norm defined in (3.16) by taking the quotient

w.r.t the subspace of functions with zero L1
a-norm. Finally, for a suitable space X (which will be specified

later on depending on the context), we will denote by Lip = Lip(X) the set of 1-Lipschitz functions from
X → Rd. With this background, we define the class

E =

{
(b, φ) ∈ L1

a(φdP0)× L1
+(P0) : Rd 3 x 7→ b(x, ω) ∈ Lip ∀ω ∈ Ω0,∫

φdP0 = 1, (L (b))∗φ = 0

}
.

(3.17)

3.2.3 The ergodic theorem.

We are now ready to state the main result of this subsection:

Proposition 3.4. Suppose that there exists φ such that (b, φ) ∈ E . LetQ(dω) := φ(ω)P0(dω). IfQ� P0,
then the following three implications hold:

� Q ∼ P0.

� Q is ergodic with respect to the Markov process Qb,ω.

� There can be at most one such measure Q.

The proof of the above result will need a simple fact, for which we recall that Ω0 = {ω ∈ Ω: 0 ∈ C∞(ω)},
and also from (1.13) that n(ω, e) = min{k ∈ N : ke ∈ C∞(ω)}. We then define the induced shift
σe : Ω0 → Ω0 by setting

σe(ω) = τn(ω,e)ω. (3.18)

Then σe satisfies the following property:

Proposition 3.5. For every e ∈ Zd with |e|1 = 1, the induced shift σe : Ω0 → Ω0 is measure preserving
and ergodic with respect to P0.

Proof. See Appendix B.

We now turn to the

Proof of Proposition 3.4: We first show that Q is equivalent to P0. Let A := {φ > 0}. We need to show
that P0(A) = 1. Since φ is a density, we know that P0(A) > 0. As φdP0 is invariant with respect to the
environmental process, we have

0 =

∫
Ac
φdP0 =

∫
1lAcφdP0 =

∫
Eb,ω(1lAc(τX1ω))φ(ω)dP0

=

∫
A

Eb,ω(1lAc(τX1ω))φ(ω)dP0.
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Thus, for P0(|A)-a.s ω, Eb,ω(1lAc(τX1ω)) = 0. Equivalently, for P0(|A)-a.s ω, Eb,ω(1lA(τX1ω)) = 1. In
particular, for P0(|A)-a.s ω, 1lA(τX1ω) = 1 Qb,ω-a.s. We claim that this implies that A is P0-a.s. invariant
under the induced shift, so P0(A) ∈ {0, 1}. Since P0(A) > 0, the equivalence between Q and P0 would
be complete. To show the claim, notice that for ω as above, τxω ∈ A for almost all x ∈ C∞(ω). Indeed, if
there is a subset V of C∞(ω) of positive Lebesgue measure satisfying τxω /∈ A for x ∈ V , then since the
diffusion visits every set of positive Lebesgue measure inside C∞(ω), we would have P b,ω(X1 ∈ V ) > 0,
so that Qb,ω(τX1ω /∈ A) > 0, which would be a contradiction. Thus, for P0-a.s. ω ∈ A and almost all
x ∈ C∞(ω), we have τxω ∈ A. In other words,∫

A

∫
Rd

1l{x:τxω/∈A}dxdP0 = 0.

By Fubini’s theorem, ∫
Rd

∫
A

1lAc(τxω)dP0dx = 0.

Hence, for almost all x ∈ Rd,∫
A

1lAc(τxω)dP0 =
1

P(0 ∈ C∞)

∫
Ω

1lA(ω)1lAc(τxω)dP = 0.

By the continuity of the map Rd 3 y 7→ 1lA(ω)1lAc(τxω) ∈ L1(P), we deduce that for all x ∈
Rd, 1lA(ω)1lAc(τxω) = 0 P0-a.s. In particular, P0-a.s., for all x ∈ Qd we have 1lA(ω)1lAc(τxω) = 0. By def-
inition of the induced shift (see 3.18), n(ω, e) ∈ Qd and we conclude that P0-a.s., 1lA(ω)1lAc(σe(ω)) = 0.
In other words, A is invariant under the induced shift P0-a.s., which proves that Q ∼ P0. The other two
assertions follow from standard arguments.

The following consequence of the last theorem is a law of large numbers for the trajectory of the diffusion.

Corollary 3.6. Fix (b, φ) ∈ E . Then P0 × P b,ω
0 -a.s.,

lim
t→∞

Xt

t
= E0

[
φ(ω)

(
1

2
diva(ω) + a(ω)b(ω)

)]
. (3.19)

Proof. By definition, Xt satisfies

Xt =

∫ t

0

σ(Xs) dBs +

∫ t

0

(
1

2
diva+ ab)(Xs) ds. (3.20)

Since σ is bounded, the stochastic integral divided by t goes to 0 P0×P b,ω
0 -a.s. Moreover, Proposition 3.4

yields

lim
t→∞

1

t

∫ t

0

(1

2
diva+ ab

)
(Xs) ds = E0

[(1

2
diva+ ab

)
φ

]
P0×P b,ω

0 -a.s. (3.21)

This finishes the proof.

The following immediate consequence of Proposition 3.4 and Corollary 3.6 will be used several times in
the sequel:
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Corollary 3.7. Fix (b, φ) ∈ E . Then for P0 almost every ω ∈ Ω0 and P b,ω
0 -a.s. and in L1(P b,ω

0 ), we have

lim
ε→0

ε

∫ t/ε

0

b(Xs, ω)ds = t

∫
P0(dω)φ(ω)b(ω),

lim
ε→0

ε

∫ t/ε

0

L(Xs, b(Xs, ω), ω)ds =: th(b, φ) = t

∫
P0(dω)φ(ω)L(b(ω), ω)φ(ω)

lim
ε→0

εXt/ε =: tm(b, φ) = t

∫
P0(dω)φ(ω)

(1

2
div(a(ω)) + b(ω)

)
,

(3.22)

uniformly on [0, T ].

3.3 The lower bound. The main result of this section is the following the lower bound:

Theorem 3.8. Under (F1)-(F4), let uε(t, x) be the solution of (1.2) and uhom as in (2.13). Then P0-a.s., for
any T, ` > 0,

lim inf
ε→0

inf
0≤t≤T

inf
x∈εC∞:|x|≤`

(uε(t, x, ω)− uhom(t, x)) ≥ 0, (3.23)

where

uhom(t, x) = sup
y∈Rd

[
f(y)− tI

(y − x
t

)]
, I(x) = sup

θ∈Rd
[〈θ, x〉 −H(θ)], (3.24)

and

H(θ) := sup
(b,φ)∈E

(∫
φdP0

[
1

2
div(aθ) + 〈θ, b〉a − L(b, ω))

]
. (3.25)

The rest of this section is devoted to the proof of the above theorem, for which we will need some prelim-
inary results contained in Lemmas 3.9-3.11. First, we recall the definition of the space CT of progressively
measurable functions c : [0, T ]×X 7→ C∞ such that (3.6) holds. Then (cf. (3.7))

v(t, x, ω) := sup
c∈CT

EP c,ωx

[
f(Xt)−

∫ t

0

L(Xs, c(s))ds

]
solves (3.10). Let vε be the solution of (3.10) with initial data ε−1f(εx) and domain (0, T

ε
)× C∞. Then

uε(t, x, ω) := εvε

( t
ε
,
x

ε
, ω
)

(3.26)

solves (2.10). By the uniqueness of the viscosity solution (recall Proposition 3.3) uε can then be written as

uε(t, x, ω) = sup
c∈CT

EP c,ω
x/ε

[
f(εXt/ε)− ε

∫ t/ε

0

L(Xs, c(s))ds

]
. (3.27)

An alternative representation of the above expression is given by

uε(t, x, ω) = sup
c∈CT

EP ε,c,ωx

[
f(Xt)−

∫ t

0

L

(
Xs

ε
, c
(s
ε

))
dx

]
, (3.28)
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where P ε,c,ω
x is the law of the diffusion satisfying the SDE

Xt = x+
√
ε

∫ t

0

σ

(
Xs

ε

)
dBs +

∫ t

0

(diva)

(
Xs

ε

)
ds+

∫ t

0

a

(
Xs

ε

)
c
(s
ε

)
ds. (3.29)

In this section, we use constants C,C ′′ independent on ω, t, ε that may change from line to line.

Lemma 3.9. Assume (F1), (F2) and (F4). Then we can replace the supremum of c ∈ CT in (3.28) by a
supremum over c ∈ C∗T ⊂ CT of functions satisfying the following: for each δ > 0, there exists a constant
Cδ depending only on δ and the constants α, α′ appearing in (F2) and (F4) such that for all ω ∈ Ω0,

sup
x∈εC∞

εEP c,ω
x/ε

[ ∫ t/ε

0

∣∣L(Xs, c(s))
∣∣ds] ≤ Cδ(t+

√
εt) + 2αδ. (3.30)

In particular, for all c ∈ C∗T ,

sup
x∈εC∞

εEP c,ω
x/ε

[ ∫ t/ε

0

∥∥c(s)∥∥α′
a

ds

]
≤ Cδ(t+

√
εt) + 2αδ. (3.31)

Proof. First, recall that under P c,ω
x/ε, the diffusion satisfies

εXt/ε = x+ ε

∫ t/ε

0

σ(Xs)dBs + ε

∫ t/ε

0

(diva)(Xs)ds+ ε

∫ t/ε

0

a(Xs)c(s)ds. (3.32)

We will now use the upper bound (2.2) from (F1) to deduce that

|a(Xs)c(s)| ≤ C|σ(Xs)c(s)| = C‖c(s)‖a.

Note that the norm above implicitly depends on Xs. Also using (F1) we have uniformly |div a| ≤ C ′ for
some C ′ <∞. Using these two bounds,

EP c,ω
x/ε [|εXt/ε − x|] ≤ εEP c,ω

x/ε

[(∫ t/ε

0

σ(Xs)dBs

)2]1/2

+ C ′t+ εCEP c,ω
x/ε

[ ∫ t/ε

0

‖c(s)‖ads
]
.

Using Itô isometry, followed by employing the upper bound from (2.2), we have

EP c,ω
x/ε

[(∫ t/ε

0

σ(Xs)dBs

)2]
≤ C ′′t/ε.

Hence,

EP c,ω
x/ε [|εXt/ε − x|] ≤ C(t+ ε

√
t) + εCEP c,ω

x/ε

[ ∫ t/ε

0

‖c(s)‖ads
]
. (3.33)

By Hölder’s inequality and (2.6), we obtain the inequalities

εEP c,ω
x/ε

[ ∫ t/ε

0

‖c(s)‖ads
]
≤ t1/α

(
εEP c,ω

x/ε

[ ∫ t/ε

0

‖c(s)‖α′a ds

])1/α′

, (3.34)

εEP c,ω
x/ε

[ ∫ t/ε

0

‖c(s)‖α′a ds

]
≤ c−1

10

(
εEP c,ω

x/ε

[ ∫ t/ε

0

∣∣∣∣L(Xs, c(s)

)∣∣∣∣ds]+ c11t

)
. (3.35)
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Notice that by (3.30) and (3.35) we obtain (3.31). Thus, we only need to prove (3.30).

Using the formula (3.28) with c ≡ 0, by (2.6), (2.9) and (3.33), for any δ > 0 we obtain the lower bound

uε(t, x, ω)− f(x) ≥ EP ε,0,ωx

[
f(Xt)− f(x)−

∫ t

0

L

(
Xs

ε
, 0

)
ds

]
≥ −KδE

P ε,0,ωx [|Xt − x|]− c13t− δ
≥ −Kδ(

√
εt+ t)− c13t− δ.

(3.36)

So, we only need to consider c ∈ CT such that

EP ε,c,ωx

[
f(Xt)− f(x)−

∫ t

0

L

(
Xs

ε
, c

(
s

ε

))
dx

]
≥ −Kδ(

√
εt+ t)− c13t− δ,

and because of (2.9), such c has to fulfill

EP ε,c,ωx

[
Kδ|Xt − x| −

∫ t

0

L

(
Xs

ε
, c

(
s

ε

))
dx

]
≥ −Kδ(

√
εt+ t)− c13t− 2δ.

Set Θ(t) := EP ε,c,ωx

[ ∫ t
0
L

(
Xs
ε
, c

(
s
ε

))
ds

]
+ c11t. Applying the inequalities (3.33),(3.34) and (3.35) to

the last display, we only need to consider c ∈ CT satisfying

Kδ(t+
√
εt+ 2c

−1/α′

9 t1/αΘ(t)1/α′)−Θ(t) +Kδ(
√
εt+ t) + (c11 + c13)t+ 2δ ≥ 0.

If A := 2Kδc
−1/α′

9 t1/α and B := 2Kδ(
√
εt+ t) + (c11 + c13)t+ 2δ, we can write the last inequality as

AΘ(t)1/α′ −Θ(t) +B ≥ 0.

By Young’s inequality and using that 1
α

+ 1
α′

= 1, we deduce that

Aα

α
+

Θ(t)

α′
−Θ(t) +B =

Aα

α
+B − Θ(t)

α
≥ 0,

so that Θ(t) ≤ αB +Aα. Recalling the definitions of A and B, we deduce (3.30), finishing the proof of the
lemma.

Lemma 3.10. Assume (F1), (F2) and (F4). For any η > 0, there exists a set Nη with P0(Nη) > 1− η such
that for any (b, φ) ∈ E (recall 3.17),

lim inf
ε→0

inf
ω∈Nη

inf
0≤t≤T

[uε(t, 0, ω)− f(m(b, φ)t) + th(b, φ)] ≥ 0,

where h(b, φ) and m(b, φ) are defined in (3.22).
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Proof. For each ε > 0, (b, φ) ∈ E and (t, x
ε
) ∈ (0, T )× C∞,

uε(t, 0, ω) ≥ EP b,ω0

[
f(εXt/ε)− ε

∫ t/ε

0

L(Xs, b(Xs))ds

]
P0 − a.s.

Since f is assumed to be uniformly continuous, recalling (3.22) we obtain

lim inf
ε→0

uε(t, 0, ω) ≥ lim inf
ε→0

EP c,ω0

[
f(εXt/ε)− ε

∫ t/ε

0

L(Xs, c(s))ds

]
= f(tm(b, φ))− th(b, φ)

for any (b, φ) ∈ E . The lemma now follows from Egorov’s theorem.

The next lemma requires Lipschitz estimates to control the oscillation of uε around zero, uniformly in ε,
on balls of radius r, as r → 0. We will need a stronger condition on f . For proving Theorem 3.8 for any f
satisfying (F4), this condition will be relaxed in Lemmas 3.12-3.14.

Lemma 3.11. Assume (F1)-(F3), and that the initial condition f ∈ C∞(Rd) ∩ W 2,∞(Rd). Then for any
(b, φ) ∈ E ,

lim inf
r→0

lim inf
ε→0

inf
0≤t≤T

inf
y∈εC∞:|y|≤r

[uε(t, y, ω)− f(tm(b, φ)) + th(b, φ)] ≥ 0 P0-a.s.

Proof. By Lemma 3.10, it is enough to prove that P0-a.s.,

lim sup
r→0

lim sup
ε→0

sup
0≤t≤T

sup
y∈εC∞:|y|≤r

|uε(t, y, ω)− uε(t, 0, ω)| = 0. (3.37)

Recall that uε(t, x, ω) = εvε(
t
ε
, x
ε
, ω), where vε(t, x, ω) solves (3.10) with initial condition ε−1f(εx). Then

sup
y∈εC∞:|y|≤r

|uε(t, y, ω)− uε(t, 0, ω)| = ε sup
y∈C∞:|y|≤ r

ε

∣∣∣∣vε( tε, y, ω
)
− vε

(
t

ε
, 0, ω

)∣∣∣∣ .
By Morrey’s inequality (see [E10, Section 5.6.2]), for any γ > d, there is a constant C = C(γ, d) such that

sup
y∈C∞:|y|≤ r

ε

∣∣∣∣vε( tε, y, ω
)
− vε

(
t

ε
, 0, ω

)∣∣∣∣ ≤ Cr

ε

(∫
Br/ε(0)

|∇vε(t/ε, x, ω)dx|γ

λd(Br/ε(0))

)1/γ

.

Since |∇vε(t/ε, x, ω)| = |∇f(εx)| ≤ Cr if x ∈ Br/ε(0) \ C∞, the main contributing part in the in-
tegral comes from Br/ε(0) ∩ C∞. In view of the assumption that f ∈ C∞(Rd) ∩ W 2,∞(Rd), we can
apply [D19, Theorem 2.5], and the comparison principle Theorem C.1 to conclude that uniformly on t,
|∇vε(t/ε, x, ω)| ≤ Cξ(x, ω)−α/2(α−1), where C is a constant depending on d, α, the (uniform) Lipschitz
constant of σ, and the constants c6, · · · , c16 defined in Eqs. (2.5)-(2.8). Therefore, by the ergodic theorem
and using (2.3), we obtain

lim sup
ε→0

sup
0≤t≤T

ε sup
y∈C∞:|y|≤ r

ε

∣∣∣∣vε( tε, y, ω
)
− vε

(
t

ε
, 0, ω

)∣∣∣∣ ≤ CrE0

[
ξ(ω)−αγ/2(α−1)

]1/γ
.

We let r → 0 to conclude.
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We are now ready to provide the

Proof of Theorem 3.8: Let us first prove the result assuming that the initial condition f ∈ C∞(Rd) ∩
W 2,∞(Rd).

For any ` ≥ 1, we can consider the family of functions {f (y), |y| ≤ `}, where f (y)(x) := f(x + y).
Notice that f (y) is uniformly continuous with a constantKf as in (F4). Then exactly as in the proof of Lemma
3.10, we find a family of functions uyε such that for any η > 0, there exists some Nη with P0(Nη) ≥ 1 − η
and

lim inf
ε→0

inf
ω∈Nη

inf
0≤t≤T

inf
y∈εC∞:|y|≤`

[uyε(t, 0, ω)− f(y +m(b, φ)t) + th(b, φ)] ≥ 0.

By the ergodic theorem, in a set N of P0-probability 1 (we can assume it is contained in
⋃
η>0Nη), it holds

that

lim
ε→0

λd({x ∈ C∞ : |x| ≤ `ε−1, τxω ∈ Nη})
λd({x ∈ C∞ : |x| ≤ `ε−1)}

= lim
ε→0

λd({x ∈ C∞ : |x| ≤ `ε−1, τxω ∈ Nη})
/
λd({x : |x| ≤ `ε−1})

λd({x ∈ C∞ : |x| ≤ `ε−1})
/
λd({x : |x| ≤ `ε−1})

=
P[Nη ∩ Ω0]

P[Ω0]
= P0(Nη) ≥ 1− η.

For each ω ∈ N , and ε ≤ ε0(η),

λd({x ∈ C∞ : |x| ≤ `ε−1, τxω ∈ Nη}) ≥ (1− 2η)λd({x ∈ C∞ : |x| ≤ `ε−1)}.

In particular, every x ∈ C∞ satisfying |x| ≤ ε−1` is within distance `ε−1(3δ)1/d from some x′ ∈ C∞
satisfying τx′ω ∈ Nη. Thus, by Lemma 3.11, and noting that uxε(t, 0, ω) = uε(t, x, τ−x/εω), we deduce
that for each ω ∈ N ,

lim inf
ε→0

inf
0≤t≤T

inf
x∈εC∞:|x|≤`

[uε(t, x, ω)− f(x+m(b, φ)t) + th(b, φ))] ≥ 0.

Let
u(t, x) := sup

(b,φ)∈E
[f(x+m(b, φ)t)− th(b, φ)]. (3.38)

We claim that
u(t, x) = uhom(t, x), with uhom defined in (3.24). (3.39)

Indeed, note first that by definition of H and (3.22),

H(θ) = sup
(b,φ)∈E

[〈θ,m(b, φ)〉 − h(b, φ)]

= sup
y∈Rd

sup
(b,φ)∈E:
m(b,φ)=y

[〈θ, y〉 − h(b, φ)]

= sup
y∈Rd

[
〈θ, y〉 − inf

(b,φ)∈E:
m(b,φ)=y

h(b, φ)

]
.
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On the other hand, since I is the convex conjugate of H , we conclude that

I(y) = inf
(b,φ)∈E:
m(b,φ)=y

h(b, φ). (3.40)

As a result, and using (3.40),

u(t, x) = sup
(b,φ)∈E

[f(x+m(b, φ)t)− th(b, φ)]

= sup
y∈Rd

sup
(b,φ)∈E:
m(b,φ)=y

[f(x+ yt)− th(b, φ)]

= sup
y∈Rd

[f(x+ yt)− I(y)]

= uhom(t, x),

which proves the claim. As a consequence,

lim inf
ε→0

inf
0≤t≤T

inf
x∈εC∞:|x|≤`

[uε(t, x, ω)− uhom(t, x)] ≥ 0 P0 − a.s.

This finishes the proof as long as the initial condition f ∈ C∞(Rd) ∩W 2,∞(Rd). The next three lemmas
will extend the result to a uniformly continuous initial condition f (i.e., f satisfying (F4)), concluding the proof
of Theorem 3.8.

Lemma 3.12. Given any uniformly continuous function f : Rd → R, there exists a sequence (fk)k ⊂
C∞(Rd) ∩W 2,∞(Rd) such that fk → f uniformly.

Proof. First, we check that f can be approximated by Lipschitz functions. An explicit construction is given by

fk(x) := inf
y∈Rd
{f(y) + k|x− y|}.

Since fk is the infimum of k-Lipschitz functions over a convex set, then fk is also k-Lipschitz. Clearly fk ≤ f .
To verify that fk → f uniformly, we note that

f(x)− fk(x) = sup
y∈Rd

[f(x)− f(y)− k|x− y|].

For each δ > 0, let Kδ > 0 such that |f(x)− f(x)| ≤ Kδ|x− y|+ δ for any x, y ∈ Rd. Then

f(x)− fk(x) ≤ sup
y∈Rd

[(Kδ − k)|x− y|] + δ.

Therefore, for every δ > 0, if k > Kδ, we have f(x) − fk(x) ≤ δ for all x ∈ Rd. Since δ is arbitrary, this
shows that f can be approximated by Lipschitz functions. On the other hand, any Lipschitz function can be
approximated by functions in C∞(Rd) ∩W 2,∞(Rd) by mollification.
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Lemma 3.13. Let V ⊂ R+×Rd be an open set. Let f1, f2 be two uniformly continuous functions in V . Let
u1, u2 be the corresponding viscosity solutions to (3.1) with initial conditions f1 and f2 respectively. Then

sup
(t,x)∈V

|u1(t, x)− u2(t, x)| ≤ sup
(t,x)∈∂V

|f1(x)− f2(x)|. (3.41)

Proof. If the right-hand side is infinite, the claim is trivial. Otherwise, note that it is enough to show the
inequality

sup
(t,x)∈V

[u1(t, x)− u2(t, x)] ≤ sup
(t,x)∈∂V

[f1(x)− f2(x)].

By subtracting a constant, we can assume that sup(t,x)∈∂V [f1(x)− f2(x)] = 0, that is, f1(x) ≤ f2(x) for
all (t, x) ∈ ∂V . Then the result follows from the comparison principle, Theorem C.1.

Lemma 3.14. Let V ⊂ R+ × Rd be an open set, f : Rd → R, and (fn)n∈N, fn : Rd → R such that f is
uniformly continuous and (fn)n∈N ⊂ C∞(Rd) ∩W 2,∞(Rd) such that fn → f uniformly. For each n ∈ N,
let un be the viscosity solution to (3.1) with initial condition fn and u the viscosity solution to (3.1) with initial
condition f . Then un → u uniformly in V .

Proof. By Lemma 3.13, we have for each n

sup
(t,x)∈V

|un(t, x)− u(t, x)| ≤ sup
(t,x)∈∂V

|fn(x)− f(x)| ≤ sup
x∈Rd
|fn(x)− f(x)|.

Letting n→∞ and using that fn → f uniformly finishes the proof.

The following lemma will conclude the proof of Theorem 3.8.

Lemma 3.15. The conclusion of Theorem 3.8 holds if the initial condition f is uniformly continuous.

Proof. Using Lemma 3.12, let (fn)n∈N ⊂ C∞(Rd) ∩ W 2,∞(Rd) satisfy such that fn → f uniformly.
Given ε > 0, let unε , u be the solutions to (2.10) with initial conditions fn and f respectively. Similarly, let
unhom, uhom be the solutions to (2.11) with initial conditions fn and f respectively. By Lemma 3.14, P0-a.s.,
unε → uε uniformly (and uniformly on ε). Similarly, unhom → uhom uniformly. Moreover, by Theorem 2.1,
P0-a.s. we know that unε converges as ε→ 0 to unhom uniformly on compact sets. By the triangle inequality,
we can deduce that P0-a.s., uε converges uhom uniformly on compact sets.

4 Correctors

Given any δ > 0, we start this section by defining the class of gradients G ∈ Gδ and the corresponding
“correctors"VG : Rd × Ω0 → Rd. Let Gδ be the class of functions G : Ω0 → Rd satisfying the following
properties:

• L1+δ(P0)-boundedness: The following inequalities hold:

‖G‖L1+δ(P0) <∞, (4.1)
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and

esssup
P0

[
1

2
div(a(G+ θ)) +H(G+ θ)

]
<∞. (4.2)

• Curl-free property on the cluster: Given any G : Ω0 → Rd, with a slight abuse of notation we will
continue to write

G : Ω0 × Rd → Rd, with G(ω, x) = G(τxω).

Now, for P0-almost every ω ∈ Ω0, we require that G is curl-free, meaning ∇ × G(ω, ·) = 0 on C∞, or
simply, for P0-almost every ω ∈ Ω0, we have∫

C

G(ω, ·) · dr = 0 (4.3)

for every rectifiable simple closed path C on C∞. For any G satisfying (4.3) we define VG : Ω0 ×Rd → Rd

by

VG(ω, x) :=

∫
0;x

G(ω, ·) · dr, (4.4)

where 0 ; x is any piecewise smooth curve contained in C∞ (and 0 when x /∈ C∞). Note that the choice
of the smooth curve is irrelevant, thanks to (4.3).

• Zero induced mean: Recall the definition of n(ω, e) from (1.13) and set ve = ve(ω) = n(ω, e)e. Then
we require that

E0[VG(·, ve)] = 0. (4.5)

Definition 4.1. For any δ > 0, we say that G ∈ Gδ if (4.1)-(4.3) and (4.5) hold. Similarly, we declare that
G ∈ G∞ if the above conditions hold, but replace (4.1), by

ess supP0
|G(ω)| <∞. (4.6)

In this section we will prove the following result.

Theorem 4.2. Fix d ≥ 2 and G ∈ G∞. Then for P0-a.e. ω ∈ Ω0 and every ` > 0, we have

lim
ε→0

sup
x∈εC∞
|x|≤`

ε
∣∣VG(x

ε
, ω
)∣∣ = 0 P0 − a.s.

The rest of this section is devoted to the proof of Theorem 4.2, which will be carried out in few steps.

4.1 Controlling directional growth.

The main result of this section, Theorem 4.3 stated below provides a control on the growth of VG along co-
ordinate directions. For this purpose, we fix a unit coordinate vector e and for ω ∈ Ω0, define the successive
arrivals (nk(ω))k∈N of the cluster recursively as follows: Recall (1.13) and define

n1(ω) = n(ω, e), and for k ≥ 1 we set nk+1(ω) := min{l ∈ N : l > nk(ω), le ∈ C∞(ω)}.
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Theorem 4.3. Let e be any unit coordinate vector. If G ∈ Gδ, then P0-a.s.,

lim
k→∞

|VG(nk(ω)e, ω)|
k

= 0.

The proof of Theorem 4.3 will need the following result.

Proposition 4.4. For any unit coordinate vector e, recall that we denote the first successive arrival in direction
e by ve = ve(ω) = n(ω, e)e. Then for any G ∈ Gδ, we have E0|VG(ve, ·)| < ∞. More precisely, there is
a constant C = C(d, δ,P0) such that for any G ∈ Gδ, E0|VG(ve, ·)| ≤ C‖G‖L1+δ(P0).

Proof of Theorem 4.3 (assuming Proposition 4.4). For each k ∈ N, set x0 = 0 and xj = nje for
1 ≤ j ≤ k. We choose a path 0 ; xk from 0 to xk contained in C∞(ω) such that, for some 0 = t0 < t1 <
... < tk = 1 and r : [0, 1]→ (x0 ; xk), it holds r(tj) = xj . Then by the definition of VG in (4.4),

VG(nke, ω) =

∫
x0;xk

G(r, ω)dr =
k−1∑
j=0

∫
xj;xj+1

G(r, ω)dr =
k−1∑
j=0

∫
0;(xj+1−xj)

G(r, τxjω)dr

=
k−1∑
j=0

VG(xj+1 − xj, τxjω) =
k−1∑
j=1

VG((nj(ω)− nj−1(ω))e, τnj−1eω)

=
k−1∑
j=0

VG(n1(σje(ω))e, σje(ω)).

Recall (3.18) for the definition of the induced shift and Definition (4.4) for that of the corrector VG. We define
the function F (ω) = VG(n(ω, e)e, ω), so that

VG(nk(ω)e, ω) =
k−1∑
j=0

F ◦ σje(ω). (4.7)

From Proposition 3.5, the induced shift σe is P0-preserving and ergodic. Furthermore, from Proposition 4.4,
the function F ∈ L1(P0). Then by Birkhoff’s Ergodic Theorem,

lim
k→∞

∑k−1
j=0 F ◦ σje(ω)

k
= E0[VG(n(ω, e)e, ω)] = 0, (4.8)

where the last equality comes from the induced mean-zero property (4.5) of G ∈ Gδ.

To show Proposition 4.4 we require first a lemma.

Lemma 4.5. Let ` = `(ω) = dω(0, ve(ω)) be the graph distance between 0 and ve = n(ω, e)e. Then
there exist constants a, C > 0 such that for any t > 0,

P0

(
sup

0≤s≤n1(ω)

1l{se ∈ C∞(ω)}dω(0, se) > t

)
≤ Ce−at. (4.9)

In particular,
P0(` > t) < Ce−at.
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Proof. Let ε > 0. For t > 0 we write tε := bεtc. Then

P0

(
sup

0≤s≤n1

1l{se ∈ C∞(ω)}dω(0, se) > t

)
≤ P0 (n1(ω) ≥ tε) + P0

(
sup

0≤s≤tε
1l{se ∈ C∞(ω)}dω(0, se) > t

)
.

By (P6), the claim follows once we prove that the second term goes to zero at an exponential rate. This
probability is bounded above by

∑btεc
i=1 P0

(
supi−1≤s≤i 1l{se ∈ C∞(ω)}dω(0, se) > t

)
. Since the number

of summands is growing only polynomially in t, it suffices to show that each summand there decays expo-
nentially in t. We will proceed as follows:

We define

m := min{l ∈ N : l > tε, −le ∈ C∞}, Ax,y = {dω(x, y) ≥ t/2, x, y ∈ C∞}.

Now we observe that on the event {supi−1≤s≤i 1l{se ∈ C∞(ω)}dω(0, se) > t}, one of the following cases
must hold:

� m > 2tε, or

� at least one of the points le with l ∈ Z and |l| ≤ 2tε is in C∞ and for some i − 1 ≤ s ≤ i,
max{dω(0,−le), dω(−le, se)} ≥ t/2.

In the first of the two cases above we have |v−e ◦ σm−e| > tε for at least one m = 1, ..., tε. Hence,

P0

(
sup

i−1≤s≤i
1l
{
se ∈ C∞(ω)

}
dω(0, se) > t

)
≤

tε∑
m=1

P0

(
σm−e({|v−e| ≥ tε})

)
+

2tε∑
`=tε

P0

(
∃i− 1 ≤ s ≤ i : A0,−le ∪ A−le,se

)
.

By (P6), the probabilities of the events in the first sum are equal and exponentially small. The second sum is
bounded by

tεP0(A0,−le) +
2tε∑
`=tε

P0 (∃i− 1 ≤ s ≤ i : A−le,se) .

To bound the first term, we use (1.10) and (P4) to obtain the bound

P0(A0,−le) ≤
1

P(0 ∈ C∞)
P
(
∃x 6= y ∈ C∞(ω) : |x| ≤ 1

2
, |y − le| ≤ 1

2
, dω(x, y) ≥ t

2
+ 1; 0, x, y ∈ C∞

)
≤ 1

P(0 ∈ C∞)
E
[ 6=∑
x,y∈ω

1l

{
|x| ≤ 1/2, |y − le| ≤ 1/2, dω(x, y) ≥ t/2 + 1; 0, x, y ∈ C∞

}]
=

ζ2

P(0 ∈ C∞)

∫
[−1/2,1/2]d

∫
[le−1/2,le+1/2]d

Px,y
(

dω(x, y) ≥ t

2
+ 1; 0, x, y ∈ C∞

)
dxdy

≤ Ce−C
′tε
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for some constants C,C ′ > 0 which are independent of l, and for ε > 0 small enough, with ζ defined in
((P2)). Following the same calculations as in the last display, we can also show that

P0 (∃i− 1 ≤ s ≤ i : A−le,se) ≤ Ce−C
′tε

for constants C,C ′ > 0 independent of i and l, for ε > 0 small enough. After estimating the probabilities of
all events by an exponential upper bound, from the unions we get another factor that is linear in t, which can
be absorbed by the exponential bound for t large enough. Thus the proof of Lemma 4.5 is complete.

Now we are ready to show Proposition 4.4.

Proof of Proposition 4.4. Let B = B(ω) be an enumeration of the balls that appear in the construction
of C (ω) (recall (P3)). Then define the random variable

d̃ω(x, y) := min

{
n ∈ N : ∃ (Bi)

n
i=1 ⊂ B such that x ∈ B1, y ∈ Bn, and

Bi−1 ∩Bi 6= ∅ ∀ 1 ≤ i ≤ n

} (4.10)

and set
˜̀ := d̃ω(0, ve). (4.11)

Note that there is some constant c > 0 such that for all n > 0,

P0

(
˜̀> n

)
≤ e−cn. (4.12)

For j ∈ N, let Nj := Z/2 ∩ [−j, j]d. We consider this set as a graph, where for x, y ∈ Nj , x ∼ y iff
|x − y|1 = 1

2
. Note that if ˜̀ = j, then there is a nearest-neighbor path on Nj of length k ≤ 3dj such that

for all 1 ≤ i ≤ k − 1, the line segment between xi and xi+1 is contained in the cluster. Thus, we write

{˜̀= j} =

3dj⋃
k=1

⋃
x1,··· ,xk

{
˜̀= j ∩ A(x1, · · · , xk)

}
,

where

A(x1, · · · , xk) :=

{
x1, · · · , xk is a nearest-neighbor path on Nj,

∀1 ≤ i ≤ k − 1 the line segment between xi−1, xi is inside C∞
}
.

(4.13)
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If ˜̀= j, then one can write for some nearest neighbor path 0 = x0, x1, · · · , xk on Nj (1 ≤ k ≤ 3dj) such
that the line segment between xi and xi+1 is inside C∞ for all 0 ≤ i ≤ k − 1,∫

0;ve

|G(ω, ·)| · dr ≤
k−1∑
i=0

∫ 1

0

|G(τxiω, t(xi+1 − xi))|dt

≤ 2
k−1∑
i=0

∑
|e|=1

∫ 1/2

0

|G(τxiω, te)|dt

≤ 2(3dj)
∑

x∈C∞∩Nj :|x|≤3dj

∑
|e|=1

∫ 1/2

0

|G(τxω, te)|dt.

Therefore,

E0|VG(ve, ·)| =
∞∑
j=1

E0

[∣∣∣∣ ∫
0;ve

G(ω, ·) · dr
∣∣∣∣, ˜̀= j

]

≤ 2
∞∑
j=1

∑
|e|=1

∑
x∈Nj :|x|≤3dj

(3dj)

∫ 1/2

0

E0

[
|G(τxω, te)|, x; x+ e ⊂ C∞, ˜̀= j

]
dt (4.14)

≤ 2
∞∑
j=1

∑
|e|=1

∑
x∈Nj :|x|≤3dj

(3dj)

∫ 1/2

0

E0

[
|G(τxω, te)|1+δ, x; x+ e ⊂ C∞

]1/(1+δ)

P0(˜̀= j)
δ

1+δdt.

Since G ∈ Gδ, then for any x ∈ Rd,

E0

[
|G(ω, x)|1+δ, x ∈ C∞

]
≤ ‖G‖L1+δ(P0).

As a consequence, (4.14) can be bounded by

C(d)‖G‖L1+δ(P0)

∞∑
j=1

j2P0(˜̀= j)
δ

1+δ ≤ C(d, δ,P0)‖G‖L1+δ(P0)

due to (4.12). This finishes the proof of the proposition.

Corollary 4.6. Let G ∈ G∞. Then for any unit coordinate vector e and P0-a.s.,

lim
s→∞

1l{se ∈ C∞(ω)}|VG(se, ω)|
s

= 0.

Proof. If se ∈ C∞(ω), then there exists k ≥ 0 such that nk(ω) ≤ s < nk+1(ω). Note that k ↗ ∞ as
s↗∞. Then we have

|VG(se, ω)|
s

≤ |VG(nk(ω)e, ω)|
nk(ω)

+
|VG((s− nk(ω))e, τnk(ω)eω)|

nk(ω)
.
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By the ergodic theorem (as in the proof of Theorem 4.3) and (P6), limk→∞
nk(ω)
k

= E0[n1] < ∞ P0-a.s.
This fact, together with Theorem 4.3, allow us to deduce that the first term in the sum above goes to zero as
s→∞. It remains to bound the second term. Note that it suffices to show that

lim
k→∞

sup
nk(ω)≤s≤nk+1(ω)

1l{se ∈ C∞(ω)}
|VG((s− nk(ω))e, τnk(ω)e, ω)|

k
= 0 P0-a.s.

Since G ∈ G∞, it is enough to prove that

lim
k→∞

sup
nk≤s≤nk+1

1l{se ∈ C∞(ω)}dω(nk(ω)e, se)

k
= 0 P0-a.s. (4.15)

By the Borel-Cantelli lemma, it suffices to verify that for any ε > 0,

∞∑
k=1

P0

(
sup

nk(ω)≤s≤nk+1(ω)

1l{se ∈ C∞(ω)}dω(nk(ω)e, se) > kε

)
<∞. (4.16)

Since P0 is invariant under τnke, the sum above is equal to

∞∑
k=1

P0

(
sup

0≤s≤n1(ω)

1l{se ∈ C∞(ω)}dω(0, se) > kε

)
.

By Lemma 4.5, this sum is finite for each ε > 0, concluding the proof.

4.2 Controlling density of growth.

The main result of this section is the following result:

Proposition 4.7. Let d ≥ 2 and G ∈ G∞. Then for all ε > 0 and P0-almost all ω,

lim sup
r→∞

1

(2r)d

∫
x∈C∞(ω),|x|≤r

1l{|VG(x, ω)| ≥ εr}dx = 0. (4.17)

The proof of Proposition 4.7 consists of three main steps.

Step 1: We start this section with a definition: Given K > 0 and ε > 0, we say that a point x ∈ Rd belongs
to GK,ε(ω) for ω ∈ Ω if x ∈ C∞(ω) and

|VG(x+ te, ω)− VG(x, ω)| ≤ K + ε|t| (4.18)

for each t ∈ R, and e is a unit coordinate vector such that x + te ∈ C∞(ω). We will use the following
consequence of Corollary 4.6 in the sequel: for every ε > 0, P(0 ∈ C∞) = limK→∞ P(0 ∈ GK,ε). For
k ∈ {1, ..., d}, let us also define

Λk
r = {x ∈ Rk : |x|∞ ≤ r}, (4.19)

which is the k-dimensional section of the d-dimensional box {x ∈ Rd : |x|∞ ≤ r}, and set

%k,ε(ω) := lim sup
r→∞

inf
y∈C∞(ω)∩Λ1

r

1

|Λk
r |

∫
x∈C∞(ω)∩Λkr

1l{|VG(x, ω)− VG(y, ω)| ≥ εr}dx,

%k(ω) := lim
ε↘0

%k,ε(ω).
(4.20)
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Lemma 4.8. Let 1 ≤ k < d. If %k = 0 P-almost surely, then also %k+1 = 0 P-almost surely.

Step 2: Proof of Lemma 4.8. For k ≤ d, we consider the k-dimensional Lebesgue measure on Rk and we
call it λk. We assume that P-a.s. %1 = 0. In particular, for each ε > 0 and large enough r, there is some set
∆ ⊂ C∞ ∩ Λ1

r satisfying

λ1(Λ1
r ∩ C∞ \∆) ≤ ελ1(Λ1

r),

|VG(x, ω)− VG(y, ω)| ≤ εr x, y ∈ ∆.

Moreover, for K > 0 large enough (but deterministic), replacing ∆ by ∆ ∩ GK,ε grant us the following
properties for large r :

(i) λ1(Λ1
r ∩ C∞ \∆) ≤ ελ1(Λ1

r),

(ii) |VG(x, ω)− VG(y, ω)| ≤ εr x, y ∈ ∆,

(iii) ∆ ⊂ GK,ε, and

(iv) ∆ ∩ Λ1
r 6= ∅.

This is a consequence of the fact that limK→∞ P(0 ∈ C∞ \ GK,ε) = 0, and the ergodic theorem. We
stress that even though these conditions are easily satisfied in dimension one, the construction will allow us
to obtain the same properties in larger dimensions. In particular, we want that the “base” ∆ is contained in
each successive step, so that (iv) will be always valid.

Next, for L ∈ N and r > 0, define

ΞL,r(ω) := {x ∈ Λ1
r : #{0 ≤ i ≤ L− 1 : x+ ie2 ∈ C∞(ω} > 0}. (4.21)

we claim that for each δ > 0, there exists some L = L(δ) (deterministic) that satisfies P-a.s. λ(ΞL,r) ≥
(1 − δ)λ(Λ1

r) for large r (which may depend on ω). Indeed, by the ergodic theorem, the following equality
holds P-a.s. for all L ∈ N:

lim
r→∞

λ(ΞL,r)(ω)

λ(Λ1
r)

= P(#{0 ≤ i ≤ L : ie2 ∈ C∞(ω} > 0). (4.22)

Since

lim
L→∞

1

L
#{i ∈ {0, · · · , L− 1} : ie2 ∈ C∞(ω)} = P(0 ∈ C∞) > 0 P-a.s.

as L → ∞, the probability on the right in (4.22) converges to 1, so the claim holds. For fixed L, choose
K > 0 large enough so that P-a.s., for all i = 0, · · · , L − 1 the conditions (i)-(iv) above will hold some
∆i ⊂ τie2(Λ1

r) (replacing Λ1
r with τie2(Λ1

r) in (i) and (iv), for r large enough. Next, we define for r > 0 (and
setting ∆0 := ∆)

Λ = Λr := {x ∈ Λ2
r ∩ C∞

∣∣∃ 0 ≤ i ≤ L− 1, (y, t) ∈ [−r, r]2 : x = ye1+te2 and ye1+ie2 ∈ ∆i}.
(4.23)
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In words, Λ represents the points in x ∈ Λ2
r which have some x̃ ∈ ∆i that shares the same projection over

Re1. Note that ∆ ⊂ Λ, so in particular, Λ ∩ Λ1
r 6= ∅ for large r. We show that the density Λ is close to 1.

More precisely, if x ∈ (Λ2
r ∩C∞)\Λ, then x = ye1 + te2 for some (y, t) ∈ [−r, r]2, and either ye1 /∈ ΞL,r

or ye1 ∈ ΞL,r and ye1 + ie2 ∈ C∞ \∆i for all i = 0, · · · , L− 1. Therefore, for large enough r,

λ2((Λ2
r ∩ C∞) \ Λ)

λ2(Λ2
r)

≤ 1

2r

∫ r

−r
1l{ye1 ∈ Λ1

r \ ΞL,r}dy +
L−1∑
i=0

1

2r

∫ r

−r
1l{ye1 + se2 ∈ Λ1

r \∆i}dy

=
1

2r

[
λ1(Λ1

r \ ΞL,r) +
L−1∑
i=0

λ1((Λr
1 ∩ C∞) \∆i)

]
≤ Lε+ δ.

(4.24)
At this point, we choose ε and δ. Let ε, δ > 0 small enough so that Lε + δ < 1

2
P(0 ∈ C∞)2. By the

FKG-inequality in (P5) (note that {x ∈ C∞} is an increasing event), for every x, y ∈ Rd we have

P(x ∈ C∞(ω), y ∈ C∞(ω)) ≥ P(x ∈ C∞(ω))P(y ∈ C∞(ω)) = P(0 ∈ C∞)2.

Moreover, for K large enough, by the ergodic theorem we have for any s, t ∈ {0, · · · , L− 1}

lim
r→∞

1

λ1(Λ1
r)
λ1(x ∈ Λ1

r : x+ se2 ∈ GK,ε, x+ te2 ∈ GK,ε) = P(se2 ∈ GK,ε, te2 ∈ GK,ε) > Lε+ δ.

(4.25)
Thus, for large enough r, for every s, t ∈ {0, · · · , L−1}, the density of points x ∈ Λ1

r such that x+se2 ∈
∆s and x+te2 ∈ ∆t is positive. To finish the proof, we verify that for each u, v ∈ Λ, |V (u, ω)−V (v, ω)| ≤
7εr for large r such that all the above holds (in particular, (4.24), (4.25)). Indeed, if u = x1e1 + y1e2

and v = x2e1 + y2e2 ∈ Λ, then there are s, t ∈ {0, · · · , L − 1} such that if u′ := x1e1 + se2 and
v′ := x2e1 +te2, then u′, v′ ∈ GK,ε(ω) (forK = K(ω) independent on r that satisfies the conditions listed
above). Moreover, by (4.25), there exists some x3 ∈ Λ1

r satisfying u′′, v′′ ∈ GK,ε, where u′′ := x3e1 + se2

and v′′ = x3e1 + te2. Putting all together, we have

|VG(u, ω)−VG(v, ω)| ≤ |VG(u, ω)−VG(u′, ω)|+ |VG(u′, ω)−VG(u′′, ω)|+ |VG(u′′, ω)−VG(v′′, ω)|
+ |VG(v′′, ω)−VG(v′, ω)|+ |VG(v′, ω)−VG(v, ω)|
≤ K+ε|x2−s|+K+ε|x1−x3|+K+ε|s−t|+K+ε|x2−x3|+K+ε|y2−t|
≤ 5K + 3εL+ 6εr ≤ 7εr

for large enough r. In conclusion, by the last computation, the fact that Λ∩Λ1
r 6= ∅ and (4.24), %2,7ε ≤ Lε+δ.

By letting first ε↘ 0 and then δ ↘ 0, we deduce that %2 = 0 P0-a.s.

We can use the same construction to go to higher dimensions. More precisely, the element Λ for dimension
ρ becomes the element ∆ in dimension ρ+ 1. The base case guarantees that properties (i)-(iv) that appear
at the beginning of the proof remain true for ρ > 1. This finishes the proof of Lemma 4.8.

Step 3: Proof of Proposition 4.7. Theorem 4.7 will follows from Corollary 4.6 and Lemma 4.8. Since

inf
y
λ1({x ∈ C∞ ∩ Λ1

r : |VG(x, ω)− VG(y, ω)| ≥ εr})

≤ λ1({x ∈ C∞ ∩ Λ1
r : |VG(x, ω)| ≥ εr − |VG(0, ω)|}),
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and by Corollary 4.6, it holds %1 = 0 for P0-almost every ω. By changing over to appropriate shifts, we also
have %1 = 0 for P-almost every ω. We use Lemma 4.8 repeatedly, which shows that %d = 0 P-a.s. and thus,
P0-a.s. Again by Corollary 4.6, there exists r0 = r0(ω) with P0(r0 <∞) = 1 such that |VG(y, ω)| ≤ εr/2
for any r ≥ r0 and any y ∈ Λ1

r ∩ C∞(ω). Therefore,

λd({x ∈ C∞ ∩ Λd
r : |VG(x, ω)| ≥ εr})

≤ inf
y
λd({x ∈ C∞ ∩ Λd

r : |VG(x, ω)− VG(y, ω)| ≥ εr − |VG(y, ω)|})

≤ inf
y
λd({x ∈ C∞ ∩ Λd

r : |VG(x, ω)− VG(y, ω)| ≥ εr/2}),

and (4.17) holds for any ε > 0. This finishes the proof of Theorem 4.7.

4.3 Proof of Theorem 4.2. We will prove an equivalent version of Theorem 4.2, namely:

Theorem 4.9. Fix d ≥ 2 and G ∈ G∞. Then for P0-a.e. ω ∈ Ω0,

lim
r→∞

sup
x∈C∞∩[−r,r]d

|VG(x, ω)|
r

= 0.

Some preliminary lemmas will be required for the proof of the above result. Before that, let us set some
notation that will be useful in the sequel. We will be interested in consider sets on Rd × Rd, so we endow
this space with the standard product Lebesgue measure, which we denote by λ⊗2

d . The section on the
“first"coordinate of a measurable set A ⊂ Rd × Rd is

A(x) :=
{
y ∈ Rd : (x, y) ∈ A

}
∀x ∈ Rd. (4.26)

Given a ∈ (0, 1) and r, δ, ρ > 0, we also define

Cr(a) := {(x, y) ∈ Rd × Rd : ar < |x− y|∞ < r},
D(ρ) = D(ρ, ω) := {(x, y) ∈ Rd × Rd : dω(x, y) ≥ ρ|x− y|∞;x, y ∈ C∞},
E(r) := (C∞)2 ∩ ([−r, r]d)2.

(4.27)

Lemma 4.10. For any a ∈ (0, 1), there exists a constant ρ = ρ(a, d) such that for all δ > 0, P0-a.s.
for large enough n ∈ N, for every x, y ∈ C∞ ∩ [−n, n]d satisfying aδn < |x − y|∞ < δn, we have
dω(x, y) ≤ ρ|x− y|∞.

Proof. Fix any δ′ > δ and ρ < c0 (as in (1.14)), and choose 0 < a′ < a such that for a′δ′ < aδ, so that for
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n ∈ N large enough, δn+ 1 ≤ δ′n and aδn− 1 > a′δ′n. By (P4) and (1.10), we have

P0(∃x, y ∈ C∞ ∩ [−n, n]d, aδn < |x− y|∞ < nδ, dω(x, y) ≥ ρ|x− y|∞)

≤ 1

P(0 ∈ C∞)
P
(
∃x 6= y ∈ C∞(ω) ∩ [−(n+ 1), n+ 1]d , a′δn < |x− y|∞ < nδ,

dω(x, y) ≥ ρ|x− y|∞; 0, x, y ∈ C∞
)

=
1

P(0 ∈ C∞)
E
[ 6=∑
x,y∈ω

1l{(x, y) ∈ Cδ′n(a′) ∩ [−(n+ 1), n+ 1]2,

dω(x, y) ≥ ρ|x− y|∞; 0, x, y ∈ C∞}(x, y, ω)

]
=

ζ2

P(0 ∈ C∞)

∫
Cδ′n(a′)∩[−(n+1),n+1]2d

λ⊗2
d (dx, dy) Px,y

(
0, x, y ∈ C∞, dω(x, y) ≥ ρ|x− y|∞

)

≤ Ce−C
′n

for some C = c(a, d, ρ), C ′ = C ′(a, d, ρ) > 0, with ζ defined in (P2). The claim follows by the Borel-
Cantelli lemma.

Lemma 4.11. Let C ⊂ Rd be any box of the type [a1, b1]× [a2, b2]× · · · [ad, bd]. Then P-a.s.,

lim
r→∞

λd(C∞ ∩ rC)

λd(rC)
= p∞.

Proof. This is an application of [K02, Theorem 10.14].

We are now ready to prove Theorem 4.9 which will also prove Theorem 4.2.

Proof of Theorem 4.9. We consider some ` = `(d,P) ∈ N satisfying

p∞ >
1

2d(`−1)
. (4.28)

We claim the proof is complete once we show the following: in a measurable set A such that P0(A) = 1,
for all ε > 0 and ω ∈ A, there exists some r0 = r0(ω) such that if r ≥ r0, for all x ∈ [−r, r]d ∩ C∞ with
|VG(x, ω)|∞ > εr,

λd
[(
E(r) ∩ Cδr(2−`)

)x ∩ {|VG(·, ω)|∞ ≤ εr}
]
> 0 (4.29)

for some δ = δ(d,P, ε) that vanishes as ε → 0 (recall the notation (4.26) and (4.27)). Indeed, for any
x, y ∈ C∞,

|VG(x, ω)− VG(y, ω)|∞ ≤ dω(x, y)ess supP0
|G(ω, x)|∞. (4.30)

For a fixed x ∈ C∞ ∩ [−r, r]d, if |VG(x, ω)|∞ ≤ εr for all r ≥ r0, there is nothing else to do. Otherwise,
choose r1(ω) large enough so that Lemma 4.10 is true for r ≥ r1 and a = 2−` (of course the lemma is still
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true if we replace n ∈ N by r ∈ R). Now, if r ≥ r0 ∨ r1, by (4.29), for every x ∈ [−r, r]d ∩ C∞ satisfying
|V (x, ω)|∞ > εr, we find some y ∈ [−r, r]d∩C∞ such that 2−`δr < |x−y|∞ ≤ δr and |V (y, ω)| ≤ εr.
In particular, dω(x, y) ≤ ρ|x− y|∞ ≤ ρδr. Hence, by (4.30), we deduce that

|VG(x, ω)|∞ ≤ |VG(y, ω)|∞ + |VG(x, ω)− VG(y, ω)|∞
≤ εr + dω(x, y) ess supP0

|G(ω, x)|∞
≤ εr + δρr ess supP0

|G(ω, x)|∞.
(4.31)

Since δ → 0 as ε→ 0, this finishes the proof, once we prove the claim (4.29).

Now we turn to the proof of (4.29). By Theorem 4.7, there is a measurable set A1 with P0(A1) = 1, so
that for all ω ∈ A1,

lim sup
r→∞

1

rd

∫
C∞∩[−r,r]d

1l{|VG(x,ω)|∞>εr}dx = 0. (4.32)

On the other hand, by Lemma 4.11 we know that for a fixed box C = [a1, b1]× [a2, b2]× · · · × [ad, bd],
there exists a measurable set AC satisfying P(AC) = 1 and

lim
r→∞

λd(C∞ ∩ rC)

λd(rC)
= p∞ for all ω ∈ AC . (4.33)

Choose any κ = κ(d,P) ∈ (0, 1) (which exists due to (4.28)) and c = (d,P) > 0 satisfying

1− κ > 1

p∞2d(`−1)
and, (4.34)

c

(
1− κ− 1

p∞2d(`−1)

)
> 1. (4.35)

Next, for each ε > 0, let

δ :=

(
εc

p∞

)1/d

. (4.36)

We can cover [−1, 1]d with finitely many cubes C1, · · · , Cm ⊂ [−1, 1]d of side δ. In particular, for every
x 6= y in the same box we will have |x− y|∞ < δ. By Lemma 4.11 applied to these boxes, we deduce that
there exists a measurable set A2 with P0(A2) = 1 such that for all ω ∈ A2 and 1 ≤ i ≤ m we have

lim
r→∞

λd(C∞ ∩ rCi)
λd(rCi)

= p∞. (4.37)

Let A := A1 ∩ A2. Then for every ω ∈ A there exists some r0 = r0(ω) such that for all r ≥ r0 and
1 ≤ i ≤ m,

λd
(
C∞ ∩ [−r, r]d ∩ {|VG(·, ω)|∞ > εr}

)
< εrd, and

λd(C∞ ∩ rCi) ≥ p∞(1− κ)λd(rCi) = rdδdp∞(1−κ) = εc(1−κ)rd.
(4.38)

For every fixed x ∈ [−r, r]d∩C∞ that satisfies |VG(x, ω)|∞ > εr, we have x ∈ rCi for some 1 ≤ i ≤ m,
so that x ∈ C∞ ∩ rCi. We decompose λd(C∞ ∩ rCi) as
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λd
(
C∞ ∩ rCi

)
= λd

(
C∞ ∩ rCi ∩ {|VG(·, ω)|∞ > εr}

)
+ λd

(
C∞ ∩ rCi ∩ {|VG(·, ω)|∞ ≤ εr}

)
.

By (4.38), and noting that rCi ⊂ [−r, r]d, we know that λd(C∞ ∩ rCi ∩ {|VG(·, ω)|∞ > εr}) < εrd. This
inequality, combined with the equality above allow us to deduce that

λd
(
C∞ ∩ rCi ∩ {|VG(·, ω)|∞ ≤ εr}

)
≥ εrd (c(1− κ)− 1) > 0, (4.39)

and the last inequality holds since c > 1
1−κ by (4.35). Next, we decompose the Lebesgue measure of

D′ := C∞ ∩ rCi ∩ {|VG(·, ω)|∞ ≤ εr} as

λd(D
′) = λd

(
D′ ∩B∞rδ/2`(x)

)
+ λd

(
D′ ∩B∞rδ/2`(x)c

)
, (4.40)

where B∞
rδ/2`

(x) is the ball centered at x of radius rδ/2` with respect to the | · |∞ norm, which is a cube of

side rδ/2`−1.

We conclude that

λd
(
D′ ∩B∞rδ/2`(x)

)
≤ (rδ/2`−1)d =

εcrd

p∞2d(`−1)
. (4.41)

Therefore, by (4.39), (4.40) and (4.41),

λd(D
′ ∩B∞rδ/2`(x)c) ≥ εrd

(
c(1− κ)− 1− c

2d(`−1)p∞

)
. (4.42)

By the choice of c in (4.35), we deduce that

c(1− κ)− 1− c

2d(`−1)p∞
> 0.

Thus,
λd
(
D′ ∩B∞rδ/2`(x)c

)
> 0. (4.43)

Finally, recall the notation of A(x) from (4.26) and that of E(r) from (4.27). Then by construction,{
D′ ∩B∞rδ/2`(x)c

}
⊂
(
E(r) ∩ Cδr(2−`)

)(x) ∩
{
|VG(·, ω)|∞ ≤ εr

}
,

so by (4.43), the claim (4.29) follows, completing the proof of Theorem 4.9, therefore that of Theorem 4.2.

5 Entropic variational analysis

Recall the variational formula defined in Theorem 3.8:

H(θ) = sup
(b,φ)∈E

(∫
φdP0

[
1

2
div(aθ) + 〈θ, b〉a − L(b, ω))

]
. (5.1)
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We also set

Λ(θ) := inf
G∈Gδ

(
ess supP0

[
1

2
div(a(G+ θ)) +H(G+ θ)

])
, (5.2)

with the class Gδ from Definition 4.1. The goal of this section is to show the equivalence of lower bound
H(·) proved in Section 3 and the upper bound which will be provided by Λ(·) (see Section 5.3 below). The
equivalence is presented in the following theorem.

Theorem 5.1. Assume (F1), (F2) and (F4). Then for any θ ∈ Rd,

H(θ) = Λ(θ).

The proof is divided into several steps. In Section 5.1 is proved the estimateH(θ) ≥ Λ(θ) in Theorem 5.2
that crucially relies on Proposition 5.5, which is then proved in Section 5.2. In Section 5.3 complete the proof
of Theorem 5.1 by establishing the bound H(θ) ≤ Λ(θ). Finally, Section 5.4 is devoted to the completion of
the proof of the main result in Theorem 2.1.

From now on we assume the same hypotheses from Theorem 5.1.

5.1 Proving the lower bound H(·) ≥ Λ(·). We will first prove

Theorem 5.2. Under the assumptions of Theorem 5.1, for any θ ∈ Rd,

H(θ) ≥ Λ(θ).

The rest of Section 5.1 and Section 5.2 are devoted to the proof of the above theorem. We set

D :=
{
g : C2

c (Ω0) : g : Ω0 → R
}

(5.3)

to be the linear space of functions on Ω0 with compact support, such that their first and second weak
derivatives (defined in Section 3.2.1) exists and are continuous. For any g ∈ D, define

Rθg(ω) =
1

2
div
(
a(ω) (∇g(ω) + θ)

)
, and write R = R0. (5.4)

As already observed in [KRV06], we have that for any g ∈ D,∫
dP0φ

(
Rg + 〈b,∇g〉a

){= 0 ∀g ∈ D if (b, φ) ∈ E ,
6= 0 for some g ∈ D if (b, φ) /∈ E ,

(5.5)

and hence, by taking constant multiples if (b, φ) /∈ E , we conclude that the infimum over g ∈ D in (5.5) is 0
if (b, φ) ∈ E , and −∞ otherwise. Therefore,

H(θ) = sup
φ∈Φ

sup
b∈Bφ

inf
g∈D

[ ∫
dP0φ

(
1

2
div(aθ) + 〈θ, b〉a − L(b, ω)) +

(
Rg + 〈b,∇g〉a

))]
, (5.6)

where

Φ :=

{
φ ∈ L1

+(P0) :

∫
φdP0 = 1

}
. (5.7)
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Furthermore, for φ ∈ Φ,

Bφ :=

{
b ∈ L1

a(φdP0) : ∀ω ∈ Ω0 : x 7→ b(τxω) ∈ Lip

}
, (5.8)

with L1
a(φdP0) being defined in (3.15). We remark that, for any φ ∈ Φ, the set Bφ contains constant

functions b. First, we will prove

Lemma 5.3. Let H(θ) be the variational formula defined in (5.1) (or equivalently, in (5.6)). Then

H(θ) = sup
φ∈Φ

inf
g∈D

[∫
dP0φ

(
Rθg +H(θ +∇g(ω), ω)

)]
. (5.9)

Proof. By (5.6) and (5.4),

H(θ) = sup
φ∈Φ

sup
b∈Bφ

inf
g∈D

[ ∫
dP0φ

(
〈θ +∇g, b〉a +Rθg − L(b, ω)

)]
. (5.10)

First, we need to exchange the supremum over b with the infimum over g, for which we would like to apply
the min-max theorem from [AE84, Theorem 8, p. 319 ], the requirements for which are verified as follows.
Note that the map

b 7→
∫

dP0φ
(
〈θ +∇g, b〉a +Rθg − L(b, ω)

)
is concave and upper semicontinuous,

while the map

g 7→
∫

dP0φ
(
〈θ +∇g, b〉a +Rθg − L(b, ω)

)
is convex and lower semicontinuous.

We need to verify the remaining compactness (resp. coercivity): we will show that for a fixed φ ∈ Φ and
g ∈ D, the level sets

Ec : =

{
b ∈ Bφ :

∫
dP0φ

(
〈θ +∇g, b〉a +Rθg − L(b, ω)

)
≥ c

}
=

{
b ∈ L1

a(φdP0) : C∞(ω) 3 x 7→ b(x, ω) ∈ Lip and ∀ ω ∈ Ω0,∫
dP0φ

(
〈θ +∇g, b〉a +Rθg − L(b, ω)

)
≥ c

}
are weakly compact in L1

a(φdP0). Indeed, by the Eberlein-Šmulian theorem (see [DS58, p.430]), checking
the latter condition is equivalent to verifying that the set Ec above is weakly closed and sequentially weakly
compact in L1

a(φdP0). For the second condition, it is enough to show that Ec is bounded and uniformly
integrable, but both these conditions follow from the coercivity of L. Indeed, recall (2.6) from (F2):

c10‖q‖α
′

a − c11 ≤ L(q, ω) ≤ c12‖q‖α
′

a + c13, α′ =
α

α− 1
, 1 < α <∞.
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On the other hand, using that g ∈ D has compact support and ∇g is continuous, |θ + ∇g| ≤ (|θ| +
‖∇g‖L∞(P0) =: C1(θ, g) <∞. Moreover, by (F1), |div(a)| ≤ C , so we can find a constant C2(θ, g) such
that by (5.4), |Rθg| ≤ C2(θ, g). Hence,∫

dP0φ
(
〈θ +∇g, b〉a +Rθg

)
≤ C2(θ, g) + C1(θ, g)

∫
dP0φ‖b‖a <∞ (5.11)

since b ∈ L1
a(φdP0), recall (3.15).

Thus, it remains to show thatEc is weakly closed. SinceEc is convex, it suffices to show thatEc is strongly
closed. Indeed, suppose that (bn)n ⊂ Ec such that bn → b in L1

a(φdP0). Passing to a subsequence, since
L is lower semicontinuous and by Fatou’s lemma, one can easily verify that

∫
dP0φ

(
〈θ+∇g, b〉a +Rθg−

L(b, ω)
)
≥ c. We will construct a function b̃ such that b̃ = b P0-a.s. and for all ω ∈ Ω0, Rd 3 x 7→

b̃(x, ω) ∈ Lip. Let Ω′0 with P0(Ω′0) = 1 such that bn(ω) → b(ω) for all ω ∈ Ω′0. For a fixed ω ∈ Ω′0, we
know that the family (bn(·, ω))n is uniformly equicontinuous and on any compact set K ⊂ Rd and x ∈ K ,

|bn(x, ω)| ≤ |x|+ |bn(0, ω)| ≤ diam(K) + sup
n
|bn(0, ω)|.

As bn(0, ω)→ b(0, ω), the supremum above is finite. Hence, for fixed ω, the family of continuous functions
(bn(·, ω))n is globally uniformly equicontinuous and uniformly bounded on compact sets. By the Arzelà-
Ascoli theorem, the sequence (bn(·, ω)) converges uniformly on compact sets and therefore converges
pointwise to some function f̃(·, ω) ∈ Lip. By definition, f̃(0, ω) = b(ω) P0-a.s. Now let us consider the set

Ω
′′

0 := {ω ∈ Ω0 : ∃x ∈ Rd, ω′ ∈ Ω′0 : ω = τxω
′}.

Then we define

b̃(ω) :=

{
f̃(x, ω′) if ω = τxω

′ for some x ∈ Rd, ω′ ∈ Ω′0,

0 otherwise.
(5.12)

Let us first check that b̃ is well-defined. Indeed, suppose that ω = τxω
′ = τyω

′′ for some x, y ∈ Rd and
ω′, ω′′ ∈ Ω′0. Then

f̃(x, ω′) = lim
n→∞

bn(x, ω′) = lim
n→∞

bn(0, τxω
′) = lim

n→∞
bn(0, τyω

′′)

= lim
n→∞

bn(y, ω′′) = f̃(y, ω′′).

Hence, the function b̃ is well defined. Notice that on Ω′0, b̃(ω) = f(0, ω) = b(ω) , so b̃ = b P0-a.s. Finally,
let us check that for all ω ∈ Ω0, C∞(ω) 3 x 7→ b̃(x, ω) ∈ Lip. Indeed,

(i) If ω ∈ Ω′′0 , then ω = τzω
′ for some z ∈ Rd and ω′ ∈ Ω0 and for x, y ∈ Rd,

|b̃(x, ω)− b̃(y, ω)| = |b̃(x, τzω′)− b̃(y, τzω′)| = |f̃(x+ z, ω′)− f̃(y + z, ω′)|
≤ |x− y|.
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(ii) On the other hand, if ω ∈ Ω0 \Ω′′0 , then the same holds for τxω for all x ∈ C∞(ω), and the Lipschitz
condition is trivially satisfied.

This finishes the proof that Ec is weakly compact in L1
a(φdP0), and therefore, by the aforementioned

min-max theorem, we can exchange the supb∈Bφ and infg∈D in (5.10) to obtain

H(θ) = sup
φ∈Φ

inf
g∈D

sup
b∈Bφ

[∫
dP0φ

(
〈θ +∇g, b〉a +Rθg − L(b, ω)

)]
.

Since the integrand depends locally in b, we can bring the supremum over b inside the integral, and use the
duality between H and L to conclude that

H(θ) = sup
φ∈Φ

inf
g∈D

[∫
dP0φ

(
Rθg + sup

b∈Bφ

[
〈θ +∇g, b〉a − L(b, ω)

])]

= sup
φ∈Φ

inf
g∈D

[ ∫
dP0φ

(
Rθg +H(θ +∇g(ω), ω)

)]
.

(5.13)

In the last equality we used that, for any φ ∈ Φ, the set Bφ defined in (5.8) contains constants, so that

sup
b∈Bφ

[
〈θ +∇g, b〉a − L(b, ω)

]
= sup

y∈Rd

[
〈θ +∇g, y〉a − L(y, ω)

]
= H(θ +∇g(ω), ω).

We would like to now swap the order of supφ and infg in (5.13).

Lemma 5.4. With Rθ defined in (5.4), let

Sθ(g)(ω) := Rθg(ω) +H(θ +∇g(ω), ω)), g ∈ D. (5.14)

Then for any θ ∈ Rd,

H(θ) = sup
φ∈Φ

inf
g∈D

[∫
dP0φSθ(g)

]
≥ lim inf

ε→0
inf
g∈D

[
ε log

∫
dP0 exp

[
ε−1Sθ(g)

]]
. (5.15)

Proof. For any probability density ϕ ≥ 0 on Ω0 (i.e.,
∫

Ω0
ϕdP0 = 1), let

EntP0(ϕ) =

∫
ϕ logϕ dP0 ≥ 0

be the entropy of ϕ. Its non-negativity is a consequence of the Jensen’s inequality. Moreover, the map
ϕ 7→ EntP0(ϕ) is convex, weakly lower semicontinuous and has weakly compact sub-level sets, meaning,
for any ` > 0, {ϕ : EntP0(ϕ) ≤ `} is compact in the weak topology. Thus, for any ε > 0 we have the lower
bound

H(θ) ≥ sup
φ∈Φ

inf
g∈D

[ ∫
dP0φSθ(g)− εEntP0(φ)

]
= sup

φ∈Φ
inf
g∈D

[ ∫
dP0φ (Sθ(g)− ε log φ)

]
.
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Similarly as in (5.11), we use the fact that g ∈ D together with the assumptions (F1) to conclude that there
is a constant C2(θ, g) such that |Rθ(g)| ≤ C2(θ, g), so that∫

dP0φSθ(g) ≤ C2(θ, g) +

∫
dP0φH(θ +∇g) ≤ C2(θ, g) + c8

∫
dP0φ‖θ +∇g‖αa + c9

≤ C2(θ, g) + c8C(α, θ, g) + c9 <∞.

where for the second inequality we used the upper bound from (2.5) in (F2) and for the third inequality we
used 〈a(ω)x, x〉 ≤ c5|x|2 from (F1) and again that supω |θ + ∇g(ω)| ≤ |θ| + ‖∇g‖L∞(P0) for g ∈ D.
Now, for any fixed φ ∈ Φ, the map

g 7→
∫

dP0φ (Sθ(g)− ε log φ)

is convex and continuous, while for any fixed g ∈ D, the map

ϕ 7→
∫

dP0ϕ (Sθ(g)− ε logϕ)

is concave, upper-semicontinuous and has compact superlevel sets in the weak L1
+(P0) topology, we can

again use Von-Neumann’s minimax theorem to justify changing the order of supφ and infg∈D. This means,

H(θ) ≥ inf
g∈D

sup
φ

[ ∫
dP0φ (Sθ(g)− ε log φ)

]
.

The above variational problem over φ subject to the condition
∫
φdP0 = 1 can be solved explicitly and the

maximizing density is

φ =
exp[ε−1Sθ(g)]

P0

[
exp[ε−1Sθ(g)]

] .
We replace this value of φ in the last lower bound for H(θ) to obtain

H(θ) ≥ inf
g∈D

[
ε log

∫
dP0 exp

[
ε−1Sθ(g)

]]
.

We let ε→ 0, to deduce the lower bound claimed in (5.15).

Given the above results, the lower bound in Theorem 5.2 will now be a consequence of the following
technical result that will be established in Section 5.2.

Proposition 5.5. For any given ε > 0, there exists a sequence εn → 0 and a sequence of functions
(gn)n ⊂ D so that

H(θ) ≥ εn logE0

[
eε
−1
n Sθ(gn,·)

]
− ε, (5.16)

and Gn(ω) := ∇gn converges weakly in L1+δ(P0) (with δ > 0 as in (2.3)) and in distribution (along a
subsequence) to some G. Furthermore, G ∈ Gδ, which is defined in Section 4.
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Proof of Theorem 5.2 (assuming Proposition 5.5). : By Proposition 5.5, for r > 0, we pick some se-
quence εn → 0 and gn ∈ D satisfying

H(θ) ≥ εn logE0

[
eε
−1
n Sθ(gn,·)

]
− r.

For fixed n, the map λ ∈ [0,∞) → 1
λ

logE0[eλSθ(gn,·)] is increasing, so for each η, λ > 0, if n is large
enough,

H(θ) ≥ 1

λ
logE0

[
eλSθ(gn,·)

]
− r

=
1

λ
logE0

[
eλ
(

1
2

div(a(ω)(Gn(ω)+θ))+H(θ+∇Gn(ω),ω)
)]
− r.

For any M,λ > 0, the map

x 7→ eλ(M∧(
1
2

div(a(ω)(x+θ))+H(θ+x,ω)))

is continuous and bounded. Thus, letting n→∞ and using the fact (from Proposition 5.5) thatGn converges
to G in distribution, we conclude from the above bound that

H(θ) ≥ 1

λ
logE0

[
eλ
(
M∧
(

1
2

div(a(ω)(G(ω)+θ))+H(θ+G(ω),ω)
))]
− r.

Now by letting M ↗∞ and using monotone convergence theorem, we obtain

H(θ) ≥ log

∥∥∥∥e
1
2

div(a(ω)(G(ω)+θ))+H(θ+G(ω),ω)

∥∥∥∥
Lλ(P0)

− r. (5.17)

Finally, letting λ→∞, we obtain

H(θ) ≥ ess supP0

[
1

2
div(a(G+ θ)) +H(G+ θ)

]
− r

≥ inf
G∈Gδ

Λ(θ,G)− r.
(5.18)

Since r > 0 is arbitrary, we are done with the proof of Theorem 5.2.

5.2 Proof of Proposition 5.5 We divide the proof of Proposition 5.5 into three subsequent lemmas.

Lemma 5.6. For any given ε > 0, there exists a sequence εn → 0 and a sequence of functions (gn)n ⊂ D
so that (5.16) holds, and Gn(ω) := ∇gn(ω) converges weakly in L1+δ(P0) (with δ > 0 as in (2.3)) and in
distribution along a subsequence to some random variable G ∈ L1+δ(P0).

Proof. We start with the bound (5.15) in Lemma 5.4 which implies that there exist sequences εn → 0 and
(gn)n ⊂ D satisfying

εn logE0

[
eε
−1
n Sθ(gn,·)

]
≤ H(θ). (5.19)
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Using this we will first show that
sup
n
‖Gn‖L1+δ(Ω0) <∞. (5.20)

In particular, the above bound will imply that Gn converges weakly in L1+δ(P0) along a subsequence to
some G.

We now prove (5.20). Note that the map λ ∈ [0,∞) 7→ 1
λ

logE0[eλSθ(gn,·)] is increasing. Thus, recalling
the definition of Sθ from (5.14) and using (5.19), we obtain that for n large enough,

logE0

[
eRθgn(ω)+H(θ+∇gn(ω),ω))

]
≤ H(θ).

The lower bound on H(·, ω) from (F2) implies

logE0

[
eRθgn(ω)+c6‖θ+∇gn‖αa−c7

]
≤ H(θ).

Set Gn := ∇gn. Then Jensen’s inequality applied to the bound bound and the definition of Rθgn =
1
2
div(a(∇gn + θ)) from (5.4) leads to

E0

[
1

2
div(a(Gn + θ)) + c6‖θ +Gn‖αa

]
≤ H(θ) + c7.

Since Gn = ∇gn, we have E0 [div(aGn)] = 0. Thus by (F1) we conclude that for some constant C =
C(θ, η),

sup
n

E0[‖Gn‖αa ] ≤ C, α > 1.

But by (2.2),
‖Gn‖αa = 〈a(ω), Gn, Gn〉α/2 ≥ ξ(ω)α/2|Gn|α.

Combining the last two displays, we have

sup
n

E0

[
ξ(ω)α/2|Gn|α

]
≤ C. (5.21)

Hence,

E0[|Gn|1+δ] = E0

[
|Gn|1+δξ(ω)

1+δ
2 ξ(ω)−

1+δ
2

]
≤ E0

[
|Gn|αξ(ω)α/2

] 1+δ
α E0

[
ξ(ω)−

α(1+δ)
2(α−1−δ)

]α−1−δ
α

<∞.
(5.22)

In the first upper bound we used Hölder’s inequality with exponents α
1+δ

> 1 (recall that α > 1 + δ) and
α

α−1−δ , and for the second bound we invoked (5.21) and (2.3) with χ = α
2

1+δ
α−(1+δ)

. Hence,

sup
n

E0[|Gn‖1+δ] <∞,

with δ > 0. Consequently, Gn converges weakly in L1+δ(P0) and in distribution along a subsequence to
some random variable G ∈ L1+δ(P0), as claimed.
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Lemma 5.7. The limit G of Gn from Lemma 5.6 satisfies the closed loop condition defined in (4.3), i.e., for
any simple closed path C contained in the infinite cluster C∞, we have

∫
C
G(ω, ·) · dr = 0, almost surely

w.r.t. P0.

Proof. We first assert that it suffices to prove that for any measurable set A ⊂ Ω0,

E0

[
1lA∩(C⊂C∞)

∫
C

G(ω, ·) · dr
]

= 0 for each simple closed path C ⊂ C∞. (5.23)

Indeed, (5.23) says that for any fixed simple closed path, P0-a.s., 1lC⊂C∞
∫
C
G(ω, ·) · dr = 0. We want

to show that this holds P0-a.s. uniformly on each closed loop. Since line integrals are independent of the
parametrization of the path, for each C, we choose any (but fixed from now) smooth function

fC : [0, 1]→ Rd satisfying f(0) = f(1).

The space
X :=

{
f ∈ C∞[0, 1] : f(0) = f(1)

}
is separable under the | · |∞ norm, so there exists some countable dense subset Y ⊂ X . If (5.23) holds, we
can show that P0-a-s., the closed loop condition holds for each curve C such that fC ∈ Y . To extend this
to all simple closed curves in Rd, we can approximate each curve by a sequence Cn such that fCn ∈ Y .
Since the convergence is uniform, it is easy to deduce that P0-a.s., 1lC⊂C∞

∫
C
G(ω, ·) · r = 0 for any simple

closed curve C. Thus, we only need to show that (5.23) holds for fixed A ⊂ Ω0 and simple closed curve C.

Let f : [0, 1] → Rd be any smooth function that parametrizes C. For each fixed n ∈ N, we know that
Gn = ∇gn satisfies the closed loop condition (because it is a gradient). By Fubini’s theorem we have

0 = E0

[
1lA∩(C⊂C∞)

∫
C

Gn(ω, ·) · dr
]

= E0

[
1lA∩(C⊂C∞)

∫ 1

0

Gn(ω, f(x)) · f ′(x)dx

]
=

∫ 1

0

f ′(x) · E0

[
1lA∩(C⊂C∞)Gn(ω, f(x))

]
dx.

Since Gn converges weakly to G in L1+δ(P0) (as shown in Lemma 5.6), for fixed x ∈ [0, 1],

lim
n→∞

E0

[
1lA∩(C⊂C∞)Gn(ω, f(x))

]
= E0

[
1lA∩(C⊂C∞)G(ω, f(x))

]
.

Using that supn E0[G1+δ
n ] < ∞, and that f ′ is bounded on [0, 1], we can apply dominated convergence

theorem to conclude that

0 = lim
n→∞

E0

[
1lA∩(C⊂C∞)Gn(ω, f(x))

]
=

∫ 1

0

f ′(x) · E0

[
1lA∩(C⊂C∞)G(ω, f(x))

]
dx.

As G ∈ L1+δ(P0), we can again exchange the order of integration using Fubini’s theorem so the right-hand
side in the last display is E0

[
1lA∩(C⊂C∞)

∫
C
G(ω, ·) · dr

]
. This shows (5.23) and concludes the proof of the

lemma.

The following result will complete the proof of Proposition 5.5.
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Lemma 5.8. The limit G of Gn from Lemma 5.6 belongs to the class Gδ from Definition 4.1.

Proof. We have already proved (4.1). On the other hand, the proof of (4.2) follows from the first inequality
in (5.18) (note that for this part we are only using the weak convergence of Gn towards G in L1+δ(P0) and
in distribution, which have been established in Lemma 5.6). Also, the closed loop property (4.3) was shown
in Lemma 5.7. Thus it remain to check that G satisfies the zero induced mean property E0[VG(·, ve)] = 0,
recall (4.5).

Let us fix a coordinate unit vector e, and recall the definitions of ve = n(ω, e)e from (1.13), that of ˜̀(ω) =
d̃ω(0, ve) from (4.11) and of the setsA(x1, · · · , xk) from (4.13). Choose Ã(x1, · · · , xk) ⊂ A(x1, · · · , xk)
so that

{˜̀= j} =

3dj⊔
k=1

⊔
x1,··· ,xk

{˜̀= j ∩ Ã(x1, · · · , xk)},

where
⊔

represents disjoint union. Next, for any R > 0 define

ηR := E0[VG(ω, ve), ˜̀≤ R]. (5.24)

By dominated convergence theorem, the required identity E0[Vg(·, ve)] = 0 follows once we show that
ηR → 0 as R→∞. For this purpose, we further claim that

ηR = lim
n→∞

E0

[ ∫
0;ve

Gn(ω, ·) · dr, ˜̀≤ R

]
= − lim

n→∞
E0

[ ∫
0;ve

Gn(ω, ·) · dr, ˜̀> R

]
.

(5.25)

We observe that the second equality in (5.25) follows from the fact that

E0

[ ∫
0;ve

Gn(ω, ·) · dr
]

= E0

[
gn(σeω)− gn(ω)

]
= 0,

because σe is measure-preserving under P0 (recall Proposition 3.5) and for each fixed n, gn is bounded
and continuous. Thus, the only nontrivial claim is the first equality in (5.25). We decompose ηR as (below,
x0 := 0)

ηR =
R∑
j=1

3dj∑
k=1

∑
x1,··· ,xk∈Nj

E0

[ ∫
0;ve

G(ω, ·) · dr, ˜̀= j, Ã(x1, · · · , xk)
]

=
R∑
j=1

3dj∑
k=1

∑
x1,··· ,xk∈Nj

k∑
i=1

E0

[ ∫
xi−1;xi

G(ω, ·) · dr, ˜̀= j, Ã(x1, · · · , xk)
]
.

On Ã(x1, · · · , xj), we can always choose the straight line between these two points as a curve. Using that
Gn converges to G weakly in L1+δ(P0) (cf. Lemma 5.6) we deduce that

lim
n→∞

E0

[ ∫
xi−1;xi

Gn(ω, ·)·dr, ˜̀= j, Ã(x1, · · · , xj)
]

= E0

[ ∫
xi−1;xi

G(ω, ·)·dr, ˜̀= j, Ã(x1, · · · , xj)
]
.
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Therefore,

ηR =
R∑
j=1

3dj∑
k=1

∑
x1,··· ,xk∈Nj

k∑
i=1

lim
n→∞

E0

[ ∫
xi−1;xi

Gn(ω, ·) · dr, ˜̀= j, Ã(x1, · · · , xj)
]
.

Finally, we can exchange the limit with the sum over x1, · · · , xk by noting that

E0

[ ∫
xi−1;xi

Gn(ω, ·) · dr, ˜̀= j, Ã(x1, · · · , xj)
]

is uniformly bounded because supn ‖Gn‖L1+δ(P0) <∞. This shows (5.25). To conclude proving that ηR →
0 as R→∞, we use (5.25) to estimate |ηR| as

|ηR| = lim
n→∞

∣∣∣∣E0

[ ∫
0;ve

Gn(ω, ·) · dr, ˜̀> R

]∣∣∣∣ ≤ lim sup
n→∞

∞∑
j=R

E0

[ ∫
0;ve

|Gn(ω, ·)| · dr, ˜̀= j

]
.

Now, following the arguments exactly as in the proof of Proposition 4.4 and using that supn ‖Gn‖L1+δ(P0) <
∞, we can show that the last display is bounded above by C1e−C2R for some constants C1, C2 > 0,
implying that |ηR| → 0, which in turn completes the proof that G satisfies the induced mean zero property.
Thus Lemma 5.8 and therefore Proposition 5.5 are proved.

5.3 Proof of Theorem 5.1. Note that the bound Λ(·) ≤ H(·) has already been proved in Theorem 5.2.
The proof of Theorem 5.1 will be complete once we show the reversed bound

Λ(·) ≥ H(·). (5.26)

The above inequality will follow once we prove an upper bound for Theorem 2.1 w.r.t. a linear initial condition
f(x) = 〈θ, x〉 for any θ ∈ Rd (The upper bound for a general initial condition f satisfying (F4) will be
provided in Section 5.4 in Theorem 5.10 there).

Proposition 5.9. Assume (F1) and (F2). Let uε,θ be the unique viscosity solution to (2.10) with initial condi-
tion f(x) = 〈θ, x〉. Then

lim sup
ε→0

uε,θ(t, 0, ω) ≤ tΛ(θ) P0-a.s., (5.27)

where Λ is defined in (5.2).

Assuming the above fact, we can conclude

Proof of Theorem 5.1 (assuming Proposition 5.9): Combining the lower bound from Theorem 3.8 for the
particular case f(x) = 〈θ, x〉 with Proposition 5.9 we conclude that H(θ) ≤ Λ(θ). The reverse bound has
been shown in Theorem 5.2, which proves Theorem 5.1.
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Proof of Proposition 5.9: Let us first sketch the main idea of the proof. To simplify notation, for a fixed
θ ∈ Rd, we will simply write

uε(t, x, ω) = uε,θ(t, x, ω).

Recall that for a fixed t > 0, by Lemma 3.9,

uε(t, 0, ω) = ε sup
c∈C∗T

EP c,ω0

[
〈θ,Xt/ε〉 −

∫ t/ε

0

L(Xs, c(s))ds

]
. (5.28)

Next, let us fix any G ∈ Gδ as defined in (4.1), with VG(ω, x) :=
∫

0;x
G(ω, ·) · dr as defined in (4.4), and

set
hG(x) := 〈θ, x〉+ VG(x, ω)

for a fixed ω ∈ Ω0. If VG were smooth enough,∇hG = θ +G and by Itô’s formula,

〈θ,Xt/ε〉+ VG(Xt/ε, ω) =

∫ t/ε

0

(θ +G(Xs))σ(Xs)dBs +
1

2

∫ t/ε

0

div(a(θ +G))(Xs)ds

+

∫ t/ε

0

〈c(s), θ +G(Xs)〉ads.

Therefore, we would obtain

EP c,ω0

[
〈θ,Xt/ε〉 −

∫ t/ε

0

L(Xs, c(s))ds

]
= −EP c,ω0 [VG(Xt/ε, ω)]

+ EP c,ω0

[ ∫ t/ε

0

(
1

2
div (a(Xs))(θ +G(Xs)) + 〈c(s), θ +G(Xs)〉a − L(Xs, c(s))

)
ds

]
≤ −EP c,ω0

[
VG(Xt/ε, ω)

]
+ EP c,ω0

[ ∫ t/ε

0

1

2
div(a(Xs))(θ +G(Xs)) +H(Xs, θ +G(Xs))ds

]
≤ −EP c,ω0

[
VG(Xt/ε, ω)

]
+
t

ε
ess supP0

[
1

2
div(a(G+ θ)) +H(G+ θ)

]
.

(5.29)
Together with (5.28), we would have the bound

uε(t, 0, ω) ≤ −ε inf
c∈C∗T

EP c,ω0 [VG(Xt/ε, ω)] + t ess supP0

[
1

2
div(a(G+ θ)) +H(G+ θ)

]
.

If VG were bounded, we could apply Theorem 4.9 and deduce that P0-a.s., for all r > 0 there exists some
cr = cr(ω) such that for all x ∈ C∞, |VG(x, ω)| ≤ r|x|+ cr, leading to

uε(t, 0, ω) ≤ tΛ(θ) + εcr + r sup
c∈C∗T

EP c,ω0 [|εXt/ε|].

By Lemma 3.9 and the inequalities (3.34)-(3.35), one can deduce (see (5.34) below for details) that
EP c,ω0 [|εXt/ε|] is uniformly bounded over 0 < ε ≤ 1 and c ∈ C∗T . Thus, one simply let first ε → 0
and then r → 0 to conclude the proof.
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However, a priori G ∈ G1+δ is neither smooth enough nor bounded. Nevertheless, we can mollify G to
get a smooth and bounded version, so that we can apply the same reasoning as above.

If ρ is any spherically symmetric mollifier with support the unit ball and such that
∫
Rd ρ(y)dy = 1 and

r > 0, we set

Gr(ω) :=

∫
Rd
G(τryω)ρ(y)dy = G ∗ ρr, (5.30)

where ρr(y) := δ−dρ(y/δ). Similarly, define V r
G(x, ω) :=

∫
Rd VGr(x + δy, ω)ρ(y)dy = VG ∗ ρr. In

particular, ∇V r
G = Gr and by Young’s inequality, ‖Gr‖∞ ≤ Cr for some constant depending on r. As a

consequence, for any x ∈ C∞ and any path 0 ; x inside C∞,

V r
G(x, ω)− V r

G(0, ω) =

∫
0;x

Gr(ω, r) · dr, (5.31)

so that the line integral is independent of the path 0 ; x. By Proposition 4.4, it also holds that

E0

[∫
0;ve
|Gr(ω, ·)−G(ω, ·)| · dr

]
→ 0 as r → 0. Therefore, we can replace Gr by Gr − cr with

some constant vector cr such that |cr| → 0 as r → 0 to obtain a smooth, bounded element in G∞ on which
Theorem 4.2 applies. Repeating the arguments in (5.29) with Gr − cr (equivalently, replacing θ by θ − cr),
we obtain

EP c,ω0

[
〈θ, εXt/ε〉 − ε

∫ t/ε

0

L(Xs, c(s))ds

]
≤ −εEP c,ω0 [V r

G(Xt/ε, ω)− V r
G(0, ω)− 〈cr, Xt/ε〉]

+ εEP c,ω0

[∫ t/ε

0

1

2
div (a(Xs))(θ +Gr(Xs)− cr) +H(Xs, θ +Gr(Xs)− cr)ds

]
.

The first term can be bounded exactly as before. To handle the second and third terms, we use the convexity
of H and Jensen’s inequality to bound the sum of the second and third expectations above by

εEP c,ω0

[ ∫ t/ε

0

∫
Rd

1

2

[
div(a(Xs))(θ +G(Xs + ry)− cr)

]
ρ(y)dyds

]
+ εEP c,ω0

[ ∫ t/ε

0

∫
Rd

[
H (Xs, θ +G(Xs + ry)− cr)

]
ρ(y)dyds

]
≤ t ess supP0

[
1

2
div
(
a(G+ θ − cr)

)
+H(G+ θ − cr)

]
.

(5.32)

Letting ε→ 0, then r → 0 and using the continuity of the map

θ 7→ ess supP0

[
1

2
div(a(G+ θ)) +H(G+ θ)

]
we conclude the proof of the proposition.

5.4 Proof of Theorem 2.1 and Corollary 2.2. In this section we will complete the proof of Theorem 2.1
and Corollary 2.2.
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5.4.1 Proof of Theorem 2.1:

Given Theorem 3.8, it remains to show the following result:

Theorem 5.10. Let uε(t, x) be the solution of (1.2) and uhom as in (3.24). If (F1)-(F4) hold, then P0-a.s., for
any T, ` > 0,

lim sup
ε→0

sup
0≤t≤T

sup
x∈εC∞:|x|≤`

(uε(t, x, ω)− uhom(t, x)) ≤ 0. (5.33)

Proof. For any fixed t, ε, x and ω,

uε(t, x, ω)− uhom(t, x)

= sup
c∈C∗T

(
EP c,ω

x/ε

[
f(εXt/ε)− ε

∫ t/ε

0

L(Xs, c(s))ds

])
− sup

y∈Rd

(
f(y)− tI

(y − x
t

))
≤ sup

c∈C∗T
EP c,ω

x/ε

[
tI
(
εXt/ε − x

t

)
− ε

∫ t/ε

0

L(Xs, c(s))ds

]
= sup

c∈C∗T
EP c,ω

x/ε

[
sup
θ∈Rd
〈θ, εXt/ε − x〉 − tH(θ)− ε

∫ t/ε

0

L(Xs, c(s))ds

]
.

Since by Lemma 3.9 and Eqs.(3.34)-(3.35)

S := sup
c∈C∗T

sup
0<ε≤1

sup
0≤t≤T

sup
x∈εC∞:|x|≤`

EP c,ω
x/ε

[
|εXt/ε|+

∣∣∣∣ε∫ t/ε

0

L(Xs, c(s))dx

∣∣∣∣] <∞ (5.34)

and H also satisfies the estimates of (2.5) with the Euclidean norm, we deduce that it is enough to show
that for any fixed θ ∈ Rd,

lim sup
ε→0

sup
c∈C∗T

sup
0≤t≤T

sup
x∈εC∞:|x|≤`

EP c,ω
x/ε

[
〈θ, εXt/ε − x〉 − tH(θ)− ε

∫ t/ε

0

L(Xs, c(s))ds

]
≤ 0. (5.35)

Following as in the proof of Proposition 5.9, for any G ∈ Gδ and r > 0, we apply Itô’s formula to θ+Vr− cr
with |cr| → 0 as r → 0, obtaining

EP c,ω
x/ε

[
〈θ, εXt/ε − x〉 − ε

∫ t/ε

0

L(Xs, c(s))ds

]
− tH(θ)

≤ −εEP c,ω
x/ε
[
V r
G(Xt/ε, ω)− V r

G(x/ε, ω)− 〈cr, Xt/ε〉
]

(5.36)

+ εEPx/εc,ω
[ ∫ t/ε

0

1

2
div
(
a(Xs))(θ +Gr(Xs)− cr

)
+H(Xs, θ +Gr(Xs)− cr)ds

]
− tH(θ).

(5.37)

To bound the first term (5.36), we recall that, thanks to Theorem 4.2, P0-a.s., for all τ > 0 there is some
Cτ = Cτ (ω) such that for all x ∈ C∞, |V r

G(x, ω)| ≤ τ |x|+Cτ . Then the first expectation (5.36) is bounded
above by

2εCτ + (τ + |cr|)EP c,ω
x/ε [|εXt/ε|+ |x|].
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By (5.34), we deduce that

lim sup
τ→0

lim sup
ε→0

sup
c∈C∗T

sup
0≤t≤T

sup
x∈εC∞:|x|≤`

(
− εEP c,ω

x/ε [V r
G(Xt/ε, ω)− V r

G(x/ε, ω)− 〈cr, Xt/ε〉]
)

≤ S|cr|.

We bound the second term as in (5.32), implying that (5.37) is bounded above by

t ess supP0

[1
2

div
(
a(G+ θ − cr)

)
+H(G+ θ − cr)

]
− tH(θ).

By Theorem 5.1, for any ε′ > 0, there is some G ∈ Gδ so that the last display is bounded by

ε′ + tH(θ − cr)− tH(θ),

so that the final bound is S|cr| + ε′ + tH(θ − cr) − tH(θ). As H is continuous, letting first ε → 0, then
ε′ → 0 and finally r → 0, we deduce (5.33), concluding thus the proof of Theorem 5.10 and Theorem
2.1.

5.4.2 Proof of Corollary 2.2.

Let uε solve (2.10) for the particular choice (2.14) and initial condition f(x) = 〈θ, x〉. We set

v(t, x) := exp

{
uε(εt, εx)

ε

}
, (5.38)

then v(t, x) solves

∂

∂t
v(t, x) = (L(b,ω)v)(t, x), v(0, x) = e〈θ,x〉, where

L(b,ω) = div
(
a(·, ω)∇· ) + 〈b(·, ω),∇· 〉a

(5.39)

is the generator of the Rd-valued diffusion Xt. By Feynman-Kac formula, we have v(t, x) =
Eb,ω
x [exp{〈θ,X(t)〉}] with Eb,ω

x denoting expectation with respect to the diffusion with generator L(b,ω)

starting at x ∈ Rd. Since uε(t, 0) = 1
ε

log v(t/ε, 0), we have

lim
ε→0

εuε(1, 0) = lim
t→∞

1

t
log v(t, 0), (5.40)

and the result follows from Theorem 2.1. Note that to prove Corollary 2.2, we only need to prove (5.40) for
x = 0, the lower bound for which follows from Lemma 3.10. Hence, we require (2.3) only for χ = α

2
1+δ

α−(1+δ)

for some α > 1 + δ and δ > 0 which is needed for (5.22) to show weak compactness of the gradients
and that G ∈ Gδ. As explained earlier, the other moment assumption in (2.4) with χ = αγ

α−1
with γ > d is

necessary to deduce Lipschitz estimates, which guarantee locally uniform convergence in the lower bound
for Theorem 2.1.
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A Percolation models satisfying assumptions (P1)-(P6)

Let us illustrate some important percolation models that satisfy the assumptions imposed earlier.

The Boolean model: The simplest continuum percolation model, known as the Boolean model, is defined
as C(ω) :=

⋃
x∈ω B1/2(x), where ω is sampled with respect to a probability measure P = Pζ that satisfies

the following (recall the notation from Section 1.1):

� For any bounded A ⊂ Rd and any n ∈ N0,

Pζ(#(ω ∩ A) = n) =
(ζ|A|)n

n!
e−ζ|A|. (A.1)

� For any collection of disjoint, bounded Borel sets A1, ..., Ak ⊂ Rd,

Pζ
(
#(ω ∩ A1) = n1, ...,#(ω ∩ Ak) = nk

)
=

k∏
i=1

P(#(ω ∩ Ai) = ni). (A.2)

The Boolean model satisfies the above assumptions (P1)-(P6) for ζ large enough.

Proposition A.1. Fix d ≥ 2. Then there exists ζc ∈ (0,∞) such that for all ζ > ζc, (Ω,G,Pζ) satisfies
(P1)-(P5) and also (P6) if d ≥ 3.

Proof. The proof of these results are well-known: (P1) is a consequence of [MR96, Propositions 2.6-2.7 ].
(P2) is consequence of (A.1), (P3) follows from [MR96, Theorems 3.5-3.6 ]. Property (P4) can be found in
[CGY11, Lemma 3.4], and (P5) appears in [MR96, Theorem 2.2]. To verify (P6) in d ≥ 3, given ζ > ζc,
let L > 0 be large enough so that in Rd−1 × [0, L] there almost surely exists an infinite cluster c∞. That
existence is guaranteed by the fact that the critical intensity for Rd coincides with the limit of the critical
intensities for R2 × [0, L]d−2 as L → ∞ (see [T93, Theorem 1]). By the uniqueness of the percolation
cluster in Rd, the cluster c∞ is almost surely a subset of C∞. Now let AL be the event that at least one
element of the set {je : j = 1, ..., L} is an element of c∞. Then

{|ve| ≥ Lt} ∩ {0 ∈ C∞} ⊂
⋂
k≤btc

τkLe(A
C
L).

Since all the events in the intersection above are independent, with pL = P(AL), we have

P(|ve| ≥ Lt, 0 ∈ C∞) ≤ (1− pL)btc

for all t > 0, and (P6) follows.

Continuum random cluster model: Besides the Boolean model, we mention briefly a model which presents
long-range correlations, namely the continuum random cluster model (CRCM) [DH15, H18]. We proceed to
define the model and give a sketch of the validity of properties (P1)-(P6). For ω ∈ Ω and Λ ⊂ Rd, set
ωΛ := ω ∩ Λ. A probability measure P on (Ω,G) is a continuum random cluster model with parameters

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



R. Bazaes, A. Mielke, C. Mukherjee 52

q ≥ 1 and ζ > 0 (CRCM(q, ζ)) if it is stationary and for P almost every configuration ω and each bounded
set Λ ⊂ Rd, the conditional law of P given ωΛc is absolutely continuous with respect to a Poisson point
process restricted to Λ, PζΛ, with density

qN
Λ
cc(·∪ωΛc )

ZΛ(ωΛc)
.

Here, NΛ
cc is the Λ-local number of connected components of a configuration [H18, Definition 2.1] and ZΛ is

the partition function

ZΛ(ωΛc) :=

∫
Ω

qN
Λ
cc(ω

′
Λ∪ ωΛc )PζΛ(dω′Λ).

Equivalently, the DLR equations are satisfied: for every bounded and measurable function f and bounded
set Λ ⊂ Rd, ∫

Ω

f(ω)dP =

∫
Ω

∫
Ω

f(ω′Λ ∪ ωΛc)
qN

Λ
cc(ω

′
Λ∪ ωΛc )

ZΛ(ωΛc)
PζΛ(dω′Λ)P (dω).

By [DH15, Theorem 1], there exists at least one stationary CRCM(q, ζ), which can be chosen ergodic, so
that (P1) holds, while (P2) is satisfied by construction. Assumption (P3) is a consequence of [H18, Theorems
1 and 2].

Next, we sketch the ideas behind the proof of (P4) for which we need some definitions.

� Given a finite subset Λ ⊂ Zd, the outer boundary of Λ is given by ∂outΛ := {x ∈ Λc : ∃y ∈
Λ, |x− y|1 = 1}.

� If B :=
∏d

i=1[ai, bi] is a box in Rd, we say a connected component C contained in B is crossing
for B if for all i ∈ {1, · · · , d}, there exist vertices x(i) = (x1(i), · · · , xd(i)) ∈ C and y(i) =
(y1(i), · · · , yd(i)) ∈ C such that |xi(i)− ai| ≤ 1

2
and |yi(i)− b| ≤ 1

2
.

� For each M > 0, we define a random field {Xz : z ∈ Zd} as follows. Let Bz and B+
z be concentric

cubes centered at z of radius M and 5M
4

respectively. Define the event

Az : = {∃! crossing component Cz in B+
z , each subbox of radius M/4 and center

z + h, h ∈ Zd ∩ [−M/2,M/2]d contains a unique crossing component, and all

of these crossing components are connected to Cz},

and set Xz := 1lAz . If one can prove that for some integer k ≥ 1,

lim
M→∞

sup
z∈Zd

ess supP (Xz = 1|σ(Xy : |y − z|∞ > k)) = 1, (A.3)

then for all p ∈ (0, 1), if M = M(p) is large enough, the product measure of i.i.d random variables
{Yz : z ∈ Zd} such that Yz = 1 with probability p and 0 otherwise, is stochastically dominated by
the law of {Xz : z ∈ Zd} [LSS97, Theorem 1.3]. Then following as in [CGY11, pp. 160-161] one
can conclude the proof of (P4). To check (A.3), see for example [P96, Theorem 3.1] when d ≥ 3 and
[CM04, Theorem 9] when d = 2.

Finally, we mention that, at least for ζ sufficiently large (large enough so that it surpasses a slab
critical parameter ), it can shown that (P6) is satisfied. Regarding the FKG inequality, we could not find
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in the literature the version for the CRCM, but following ideas from [G06, Theorem 4.17] and [MR96,
Theorem 2.2] we believe it should yield the desired result.

Beyond the models discussed above, there are many other models which exhibit long-range correlations
and which satisfy assumptions (P1)-(P6) – examples of such models include random interlacements, the
vacant sets of random interlacements and the level sets of the Gaussian free field in d ≥ 3, see [Sz10, T09,
T09a, CP12, DRS14, PRS15].

B Ergodic properties.

Here we will provide the proof of Proposition 3.5, which is a consequence of the following known result from
ergodic theory (see [P89, BB07]). We include it here for the sake of completeness.

Lemma B.1. Let (X,F , µ) be a probability space and let T : X → X be invertible, measure preserving
and ergodic with respect to µ. Let A ∈ F with µ(A) > 0. If n : A→ N ∪ {∞} is defined by

n(x) = min{k > 0 : T k(x) ∈ A}

and S : A→ A by S(x) = T n(x)(x) for x ∈ A, then S is measure preserving and ergodic with respect to
µ(·|A) and almost surely invertible with respect to the same measure.

Proof. We first prove that S is measure preserving. By the Poincaré Theorem, n(x) < ∞ almost surely.
For any j ≥ 1 we define Aj = {x ∈ A : n(x) = j}. By definition, the Aj are disjoint and as n(x) < ∞
almost surely, µ(A \ ∪j≥1Aj) = 0. As the restriction of S to Aj is T j and since T j is measure preserving,
S is measure preserving on Aj . We claim that S(Ai) ∩ S(Aj) = ∅. This, together with the fact that S is
measure preserving on Aj , proves that S is measure preserving on the disjoint union ∪j≥1Aj and therefore
on A.

Thus, we only owe the claim S(Ai) ∩ S(Aj) = ∅. We assume that there exists x ∈ S(Ai) ∩ S(Aj) for
1 ≤ i < j. This requires the existence of y, z ∈ A with n(y) = i, n(z) = j and x = T i(y) = T j(z). As
T is invertible, y = T j−i(z). Thus, n(z) ≤ j − i < j, which is a contradiction to n(z) = j and the desired
claim follows.

Next, we note that T is invertible. Thus, S is almost surely invertible, as the intersection S−1({x}) ∩
{S is well defined} is a one-point set.

We finally want to show that S is ergodic. Let B ∈ F such that B ⊆ A is S-invariant. Then if x ∈ B
and n ≥ 1, it follows that Sn(x) /∈ A \ B. This implies that for any x ∈ B and k ≥ 1, if T k(x) ∈ B,
then T k(x) /∈ A \ B. We conclude that C = ∪k≥1T

k(B) is T -invariant and B ⊆ C ⊆ (X \ A) ∪ B. In
particular, µ(B) ≤ µ(C) ≤ 1 + µ(B) − µ(A). Therefore, ergodicity of T implies µ(C) ∈ {0, 1}, which
forces µ(B) ∈ {0, µ(A)} and thus, the ergodicity of S with respect to µ(·|A).

Proof of Proposition 3.5. The shift τe is invertible, measure preserving and ergodic with respect to P. It
follows from Lemma B.1 that the induced shift σe is P0-preserving, almost surely invertible and ergodic with
respect to P0.
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C Proof of Proposition 3.3.

We now sketch the ideas behind the proof of existence and uniqueness of solutions of (3.10). While these
arguments are well-known, we include them here for the sake of completeness. Since ω ∈ Ω0 is fixed, we
omit it from the notation.

Let us first address the existence of solution. Recall from Section 3.1 that we fix a probability space
(X ,F , P ), a filtration (Ft)t≥0 and a Brownian motion (Bt)t≥0 adapted to the filtration. We set S :=
(0, T ) × C∞, where T > 0 is fixed. The controls take values in U = Rd. The diffusion will be governed
by controlled functions b : S × U → Rd and σ : S × U → Sd, where σ is defined as in Section 2.1 and
b(t, x, u) := a(x)u+ diva(x). Note that both b and σ are independent on t, so we omit such dependence
in what follows. Then for each c ∈ CT , there exists a unique solution of the SDE

dXt = b(Xt, ct)dt+ σ(Xt, ct)dBt (C.1)

for each initial condition x ∈ Rd. We follow the set up from [T13], where the cost function J̃ : [0, T ]×Rd×
CT → R is defined as

J̃(t, x, c) := EP

[
f(X t,x,c

T )−
∫ T

t

L(X t,x,c
s , cs)ds

]
,

with (X t,x,c
s )s≥t being the solution to (C.1) with initial condition X t,x,c

t = x. Then the value function V :
S→ R is defined by

V (t, x) := sup
c∈CT

J̃(t, x, c).

The corresponding Hamiltonian H̃ : Rd × Rd × Sd → R is given by

H̃(x, p, A) := sup
u∈Rd

[
b(x, u) · p− L(x, u) +

1

2
Trace(a(x)A)

]
=

1

2
Trace(a(x)A) +

1

2
diva(x) · p+H(x, p),

with H defined in Section 2.1. By [T13, Theorem 7.4], V is a viscosity solution of the (backward) equation{
∂tV = −1

2
Trace(a(·, )HessxV )− 1

2
diva(x) · ∇V −H(·,∇V ), in [0, T )× C∞,

V (T, x) = f(x), on C∞.
(C.2)

But note that defining u(t, x) := V (T − t, x) transforms (C.2) into (3.10) and J̃ into J from (3.9). This
completes the existence proof.

To verify uniqueness, we will appeal to the following comparison principle:

Theorem C.1. [AT15, Theorem 2.3] Let U ⊂ Rd open and T > 0. Assume that u ∈ USC([0, T )×U), v ∈
LSC([0, T )×U) are of at most linear growth. Suppose that u is a viscosity subsolution and v is a viscosity
supersolution of

∂tu =
1

2
Trace(a(x)Hessxu)−H(x,∇u), (C.3)

in (0, T )× U such that u(·, 0) ≤ v(·, 0) on U and u ≤ v on [0, T )× ∂U . Then u ≤ v in [0, T )× U .

DOI 10.20347/WIAS.PREPRINT.2955 Berlin 2022



Homogenization of Hamilton–Jacobi–Bellman equations on percolation clusters 55

Note that our equation (3.10) is of the form

∂tu =
1

2
Trace(a(x)Hessxu) +H(x,∇u). (C.4)

But (C.3) and (C.4) are equivalent by mapping u to−u if p→ H(·,−p) is also convex, which we are assum-
ing. This change leaves the hypothesis from (F2)-(F3) invariant, so that it is enough to obtain a comparison
principle for (C.3). The assumptions on a, σ,H in the mentioned articles are similar to ours, except that the
coercivity assumption (2.5) in our case is defined with respect to the a-norm instead of the usual Euclidean
norm. But this coercivity with respect to the a-norm is enough to use the above comparison principle. Indeed,
(2.2)-(2.5) imply that P0-a.s. ξ(ω) > 0 and for all x ∈ C∞, there exists a neighborhood of x such that for all
y in such a neighborhood, ξ(τyω) > ξ(τxω)/2. In particular, for each x ∈ C∞, there is a neighborhood of
x such that the lower bound in (2.5) can be replaced by c(x)|p|α. The rest of the argument follows from the
above result.
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