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Adaptive weights community detection
Franz Besold, Vladimir Spokoiny

Abstract

Due to the technological progress of the last decades, Community Detection has become a
major topic in machine learning. However, there is still a huge gap between practical and theo-
retical results, as theoretically optimal procedures often lack a feasible implementation and vice
versa. This paper aims to close this gap and presents a novel algorithm that is both numerically
and statistically efficient. Our procedure uses a test of homogeneity to compute adaptive weights
describing local communities. The approach was inspired by the Adaptive Weights Community
Detection (AWCD) algorithm by [2]. This algorithm delivered some promising results on artifi-
cial and real-life data, but our theoretical analysis reveals its performance to be suboptimal on a
stochastic block model. In particular, the involved estimators are biased and the procedure does
not work for sparse graphs. We propose significant modifications, addressing both shortcomings
and achieving a nearly optimal rate of strong consistency on the stochastic block model. Our
theoretical results are illustrated and validated by numerical experiments.

1 Introduction

1.1 Community detection

Community detection has become a major topic in modern statistics with applications in various fields.
A very illustrative example is social graphs. Originally discussing relatively small examples such as the
famous Zachary’s network of karate club members [40] consisting of only 34 vertices, it is nowadays
possible to process huge data with millions of vertices such as the Facebook graph [37,[12], the ama-
zon purchasing network [8], mobile phone networks [7] or most recently, data of COVID-19 infections
[39]. Moreover, community detection has various applications in biology and bioinformatics [20]. Other
popular examples are citation networks [34] and the world wide web [10]. For a more exhaustive list of
applications we refer to [28, 14} [17].

The topics of community detection and clustering are clearly related. In fact, after embedding the
nodes in a metric space, the problem of community detection can be reduced to the problem of clus-
tering. Nevertheless, the underlying data of a graph is fundamentally different from a point cloud in R
and there is no canonical method to embed the vertices in a metric space. Consequently, the theoret-
ical analysis and underlying models differ for each field. This has motivated the development of many
methods that deal specifically with community detection.

Similar to the topic of clustering, the task of community detection lacks a clear definition leading to a
vast amount of algorithms with varying objectives. Most generally, the goal of community detection can
be described as recovering groups of vertices with a similar connection pattern from a given graph.
The graph may be weighted or directed. The most common case is that vertices inside each commu-
nity are more densely connected to each other than to vertices of other communities. The set of groups
may be a partition, a set of overlapping communities or a hierarchical structure. One of the earliest and
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best-known methods is the Kernighan-Lin algorithm [21] which aims to find a bisection of a graph with
a minimal number of edges connecting the two components through successively swapping vertices
between the two communities. Applying it iteratively, this method produces a partition of the vertices.
The number and size of the communities need to be known. A similar but faster method is the spectral
graph bisection [13| 5] 132]. However, the cut size, i.e. the number of edges connecting the different
components, is not a suitable quality measure of a community structure where the number and size
of the communities are unknown. Instead, the so-called modularity [27] has become the most popular
quality function. It measures the discrepancy between the given number of edges between different
communities and the expectation of this term for a similar random graph without the community struc-
ture. Originally, it was introduced as a stopping criterion for the algorithm of [16]. However, there have
been introduced many algorithms since that directly maximize modularity, starting with the greedy op-
timization [25/ (8, [7] and including for example spectral optimization [26] and simulated annealing [18].
Modularity can be extended to the case of weighted graphs [24], directed graphs [3] and overlapping
communities [35]. There are plenty of other methods available besides modularity maximization, such
as the Clique Percolation Method [29] constructing each community as a union of heavily overlapping
cligues and thus allowing for overlapping communities, or most recently, also neural networks [36].
Hierarchical methods can be separated into agglomerative and divisive methods. Divisive algorithms
iteratively split the communities into smaller communities. An example is the algorithm by [16] starting
with the original graph and successively removing edges based on a certain measure of betweenness,
e.g. of the number of shortest paths containing a given edge. Conversely, agglomerative algorithms
iterative merge communities into larger communities. An example is the greedy optimization of modu-
larity proposed by [25] starting by removing all edges from the graph and successively adding edges
based on the impact on the modularity. Considering the communities as connected components, a hi-
erarchical structure can be obtained. For a comprehensive survey on community detection algorithms,
we refer to [14].

A big challenge in Community Detection is the gap between theoretical results and practically relevant
algorithms. Many of those lack a rigorous statistical analysis even on the most basic models, while
statistically efficient algorithms are often not numerically feasible. For example, the rate-optimal proce-
dure suggested by [41] offers no implementation of polynomial complexity, whereas surprisingly little
is known about the performance of the popular Louvain algorithm [7] on the stochastic block model
despite some recent progress [9].

1.2 Stochastic block model

The stochastic block model (SBM) [19] is the simplest and by far the most studied model for community
detection. Under the SBM, edges are generated by independent Bernoulli variables, with the param-
eters only depending on the corresponding communities for each pair of vertices. The minimax rates
are well known for different forms of recovery [1]. In this paper we will only discuss exact recovery,
also known as strong consistency, i.e. we want to recover the entire partition with large probability and
without any misclassified vertices.

The SBM is of course not a very realistic model, as the degree distribution inside communities is
usually not uniform in applications. It has for example been shown, that the SBM provides a poor fit
for the famous karate club network [6]. However, there has been recently a lot of progress on the
theoretical foundations of community detection that go beyond the SBM, such as the study of degree-
corrected block models [15] or graphons [22] [30]. And also for practical simulation, there have been
various models introduced that are much more realistic than the standard SBM such as the LFR
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benchmark [23] or [4] where the degree distribution follows a power law.

Nonetheless, the study of the SBM for a new method can be very useful, as this model already cap-
tures a major information theoretic bottleneck for random graphs. We will start discussing a very simple
version of the SBM, which is also called symmetric SBM. We consider the size of each community to
be deterministic.

Definition 1. Suppose K € Z~, is fixed,n > 0 and0 < p < 6 < 1. By SBM(n, K, 0, p) we denote
a random graph with n KK vertices that are divided into K communities of size n and whose edges are
generated according to independent Bernoulli variables of mean 6 inside the communities and mean
p between different communities.

We will later also discuss the generalization of our results to a more general SBM.

1.3 AWCD revisited

This paper follows up on a proposal by Larisa Adamyan, Kirill Efimov and Vladimir Spokoiny for a novel
community detection method based on a hypothesis test of homogeneity for an SBM called adaptive
weights community detection (AWCD) [2]. The idea of this test originates from a likelihood-ratio test
for local homogeneity [31] with applications to image processing. Later, the same test was also used
for the problem of adaptive clustering [11]. Unfortunately, no theoretical analysis was provided for the
AWCD algorithm. We will provide the first theoretical study in this paper and demonstrate that signifi-
cant modifications are necessary to achieve a good performance on the SBM. We start by introducing
the original algorithm and the idea behind it: Let us consider a general SBM with two disjoint commu-
nities C; and C;. The communities may have different sizes. The edges are independent and follow
Bernoulli distributions. For i = 1,2, edges inside community C; follow a Bernoulli distribution with
parameter 6;, the remaining edges between the two communities follow a parameter p. We consider
the null hypothesis

Hy: 61 =60,=p€]0,1]
against the alternative
Hi: 01,65, p € [0,1].
The likelihood-ratio test statistic turns out to be
T = NuK (5117 9~1v2> + Nk (522, 51v2) + NioK (512, §1v2) ,

where

W 0, denotes MLE of 0, under Hy,
[ | 512 denotes MLE of p under H1,

B N;; denotes the sample size of the respective MLEs and

[ | 51v2 denotes MLE of p under H,.
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Given data in form of an adjacency matrix ), the AWCD algorithm applies this test iteratively on local
communities C; that are computed for each node ¢ and represented by a weight matrix 1/ such that
Ci = {j : W;; = 1}. An exact description is given in Algorithm [1| [2] propose to use the usual
graph theoretic neighborhood ) as a starting guess. Ideally, for some tuning parameter \, the local
community structure W, which is updated at each step of the procedure, converges towards the true
underlying community structure 13 *. Note that the proposed starting guess violates the setup of the
likelihood ratio test w.r.t. the following points:

B Local Communities are overlapping.
B Local Communities are small compared to true communities.

B Local Communities are of low precision, i.e. they contain many false members.

As we will discuss in the following, these violations lead to practical and theoretical limitations of the
procedure and motivated us to propose substantial modifications.

In this paper, we address the current gap between theoretical and practical results in Community
Detection. Our contributions include:

B A novel procedure based on [11] with the following modifications:

B Reducing the bias of the involved estimators.

B Increasing the size of the initial communities.

B Rates of strong consistency of the new algorithm on the SBM: Contrary to [11], the rate is nearly
optimal in the most common case where the quotient between two Bernoulli parameters of a
symmetric stochastic block model is constant.

B Numerical illustrations and validation for our theoretical results.

The rest of the paper is organized as follows. In section [2| we present our main results. We start in
subsection by discussing rates of strong consistency for both the original version of the algorithm
as well as a modified version that removes bias terms. In subsection2.2lwe will show that these results
can be extended to sparse graphs by increasing the size of the initial starting guess for each neighbor-
hood. In particular, this extension of the algorithm achieves a nearly optimal rate of strong consistency
for stochastic block models using two Bernoulli parameters having a constant quotient. For simplicity,
these results are stated for the symmetric stochastic block model. We discuss the generalization to a
more general stochastic block model in subsection[2.3] In the following section[3|we present numerical
results illustrating the main results of section[2] All proofs are collected in section[4] In appendix [Awe
discuss further details on the presented rates of consistency.

2 Results

2.1 Improvement of rates via bias correction

For simplicity, we start by considering the very simple model SBM(n, K, p, #) introduced in Definition
As we are interested in the asymptotics n — oo, the parameters 6 and p may depend on n.
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Adaptive weights community detection 5

Algorithm 1 AWCD algorithm from [2]
1: input: adjacency matrix ), number of iterations /,,,,, and a test threshold A € R
2: initialize the weight matrix W©) =)
3: for [ from 1 to [,,,, dO
4 S=WOywo). .
50 Ny =G| (IC;| = 1(i = j))

i

6: 01 =
J
7. 5 o Siit285i+8;;
’ VI T Nii+2Ns 4N

8: compute test statistic 7" = NHIC (511, 51\/2) + NQQ’C <§22, 51\/2) + N12IC (512, 51\/2)

9:  update weight matrix W = (1 (Tj; < A)),
10:  update initial weight matrix W) = W/
11: end for

12: output: matrix of binary weights 1V

However, we will not use the index n explicitly to simplify the notation. In contrast to 6 and p, we
consider the number of communities K to be fixed. We denote the corresponding adjacency matrix
by ). Moreover, we will only consider the first step of algorithm [1| for our theoretical analysis, i.e.
lmax = 1.

The first modification of the algorithm that we propose is related to the definition of .S;;. This sum is
supposed to count the number of edges connecting the initial communities C; and C;. In particular,
after conditioning on C; and C;, we would like to have a sum of independent Bernoulli variables.
However, if we also condition on ;; = 1, the sum contains a deterministic part of size |C;| + |C;| — 1
which is with large probability of order On:

Sij = Z YVirVikVj + Vij Z (Viedwi + Vi) + Vi
k,l¢{i,j} k¢{i,j}

= Z VadDudi; +1( Vi = 1) | 1G] +Cj] — 1
—_—

klg{i.g} O(6n)

0O(03n2)

As the sum S, is of order #°n?, it can only be informative as long as 6 > n~3. This problem can be
easily fixed by redefining

Siy = (WOYWO) = 1Yy = 1) (G| + ¢ = 1)

= Z Vit

YViu=1,Vp;=1,k,1¢{i,5}

Let us call this debiased version of the algorithm AWCD; and the original version AWCD?. Indeed, this
modification improves the rate of & — p significantly:

Theorem 1. For both versions of the algorithm we consider the asymptotics % = (' as well as the

more general condition % < C for the symmetric SBM(n.,, K, 6, p) with a fixed number of communities
K. Consistent exact recovery, i.e.

P(Vi,j: Wy = W) — 1,

DOI 10.20347/WIAS.PREPRINT.2951 Berlin 2022



F. Besold, V. Spokoiny 6

is achieved after the first step as long as 6 < % and
b= b <
L £ 1,1 1,5
6 — p > max{n 303,n 05 (logn)

AWCDS | 0> n~
AWCD; | 0> n~3(logn)3 | 0 — p>> max{n~302(logn)s,n 0

} 1
(logn)s}.

WIN N[y
alot o=y

Remark 1. In the above table, we use the notation x > vy to describe the following: There exists a
constant c such that the statement of the theorem holds as long as cx > y.

Remark 2. The constant % may be replaced by any positive constant smaller than 1.

We have visualized the consistency regime for % < (C'in a log,,-log,, plot of the quotient % against
the parameter 6 in Figure Note that in the case % = (, the minimax rate of consistent exact
recovery is (log n)nil, matching the minimal rate ensuring consistent connectivity of the graph, c.f.

[1].

0.00 A

—0.05 A

6-p
6

—0.10 A1

Iogn(

. AWCD,
~0-1571 =2 Awcp;

-0.6 -0.4 -0.2 0.0
109 (6)

Figure 1: A log,,-log,, plot of the regime of strong consistency for AWCD; and AWCD?

2.2 Increase of starting neighborhood for sparse graphs

Although the introduced modification improves the rate of strong consistency, the obtained rate is still
far from optimal. As previously mentioned, the algorithm violates the likelihood-ratio test setup with
respect to the assumptions on the starting guess. In particular, the local communities are relatively
small and also contain many members from different communities. The following observation shows,
that a better starting guess does indeed improve the rate further.

Observation 1. Suppose instead of WO =Y weare given an improved starting guess for each i in
form of a random subset of its true community of the same size < On as before. We assume 0=

P
and 0 < % Then AWCD, achieves consistent exact recovery after the first step as long as

=

6> n"3(logn)
If the size of the above starting guess is increased to < H%n, then this rate improves to

6> (logn)in "
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0.0 1 0.00
-0.1- -0.01 A
a0 —0.2 1 s, —0.02 1
ol L)
o o
8 —0.31 8 -0.034
= AWCD,
—0.4 1 minimax regime —-0.04 1 [Z2 AWCDS
mm AWCD, <1 AWCD;
-0.5 T T T T -0.05 . . :
-0 -08 -06 -04 -02 0.0 -0.9 -0.8 -0.7 -0.6 -0.5
10gn(6) l0gn(6)

Figure 2: Left: A log,,-log,, plot of the strong consistency regime of AWCD;. under a proper choice
of the neighborhood parameter k£ in comparison to the minimax regime [41]. Right: A log,,-log,, plot
compares the consistency regime of the three versions of the algorithm in case k = 2.

Considering that the reconstruction of the community structure from such a good starting guess is
trivial, it is surprising, that the rate from Theorem [1] does not improve from increased precision of the
starting guess (at least in the case % = (). However, we observe the expected improvement after
additionally increasing the size of the starting guess. The reason for this phenomenon is that for the
computation of each test statistic 7;; we only use a part of the available data ). The larger the starting
guess is, the larger part of the data we use. If the size of the starting guess is too small, we cannot
expect the algorithm to recover the community structure correctly, even if the starting guess is a subset

of the true community.

As we will see in the following, the algorithm also benefits from an increased starting guess if the
precision is not increased or even slightly worse. A simple way to increase the size of the starting
guess is to take into account members that are connected via a path of minimal path length k. We
call this set of members k-neighborhood of © and denote it by Cf. Similarly, we can also work with the
neighborhood C?k of members that are connected via a path of length k& or smaller. If the graph is
sparse enough, these neighborhoods are almost of the same size and we expect very similar results.
To simplify some technical details, we will focus on using the neighborhood Cf.

Moreover, an alternative but similar approach to increase the part of the data )’ used for the compu-
tation of test statistic 7;; is to instead (or additionally) change the way how we count the number of
connections between two different local communities: Instead of only counting the edges that directly
connect the two local communities, we can also count connections via paths of a certain (maximum)
length. This approach should lead to very similar results to those presented in the following.

Let us modify the definitions in the first step of algorithm [1]to

Sij = Z V0, and

v1€C,{“,1}2€Cﬂ’-C

N;; == |CF| (|Cf| —1(i = j)).

We will call this version of the algorithm AWCD;,. Moreover, we also consider an analogous bias
correction term as before:

v1 EC%C U2 GC;-“
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F. Besold, V. Spokoiny 8

We denote the corresponding algorithm by AWCD;.. We will show that the bias correction does signifi-
cantly improve the rates. However, this is only an approximate bias correction. A completely unbiased
version AWCD]" can for example be defined via

Sij = Z Vo,v, @and

leCf\Cj’?*l,UQGCf\Cffl

v €CH\CE T #vpeCk\CF !

leading to even better rates. Unfortunately, we do not know if there exists an efficient implementation.
Conversely, the other two versions can be implemented efficiently using matrix multiplications: The
starting neighborhood guesses C’Z-’c can be represented by the weight matrix

k k—1
wo = [1 (Zyl> >0] -1 (Zyl) >0
=1 =1 iP5

v

v

allowing us to compute S as previously as a product of matrices S = W (@YW Computation of
N and the bias correction only requires O(n2) operations. Thus, the overall complexity is the same
as the complexity of the involved (sparse) matrix multiplications. Consequently, AWCD;, is the main
algorithm that we propose in this paper. The other two versions are just considered for the sake of
comparison.

This extension of the algorithm adds a tuning parameter & to the procedure. However, this does not
increase the parameter space much, as k will only take very few different values in practice, e.g.
k € {1,2,3,4}. Moreover, it may be estimated from the sparsity of the given adjacency matrix.

[2] demonstrated, that starting from the 1-neighborhood, multiple iterations of the algorithm can im-
prove the quality of the result further if the first step already produces a reasonably good estimation
of the community structure. This idea of using the output of the previous iteration as a new starting
guess can of course also be applied to the algorithms introduced above. However, this approach will
not improve the rate any further, see section

In the following theorem, we collect the rates of strong consistency for the cases b= C' and % <C
for each of the three algorithms introduced above. The rates are visualized in a log,,-log,, plot in Figure

2l

Theorem 2. Suppose k > 2. Consistent exact recovery is achieved on SBM(n, K, 6, p) after the first
step as long as

% =C % <C
AWCDY | n 1 < 0 < n~ 0 — p>> max{C,,CS}
AWCD, | n~ 5+ (log n)ﬁ <O<n™F | 0—p>max{C, Cy}
AWCD | n~ BT (log n)ﬁ <l<n T | 0—p> max{C, C5}
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Adaptive weights community detection 9

for
C) = O + Q%n_ﬁ(logn)ﬁ,
CS = gmrip me,
Cy = (9%;%_%(10@1)?12 and
Cy = G%nfﬁ(logn)ﬁ.

Remark 3. In particular, if k is tuned correctly, the algorithm AWCD,, nearly achieves the optimal rate
of strong consistency for the case 2 = (' as the regimes for different k are overlapping.

2.3 General SBM

We suspect that any of the above results may be generalized to an SBM having communities of
different sizes and more Bernoulli parameters. Indeed, continuing the study of AWCD, we can extend
the results of Theorem[{]to more general stochastic block models.

Proposition 1. We consider the SBM with communities of different sizes n,, ..., ng and only two
Bernoulli parameters 6 > p as before. We denote the minimal and maximal community size by N,
and nmax. Then AWCD, achieves consistent exact recovery after the first step (under the asymptotics
Nmin — OO and% < () as long as

S
ol

Nmax 3 -1 1 1 -1
9—p>>( ) max{n_23 02 (log nmin) 8, n,> 06 (10g nyin) 6 }

min
and 0 < 3 (or any constant smaller than 1).

Remark 4. The lower bound no longer simplifies to a single term in the case = C but rather to

4 4
nmax 3 —2 = nmax
6 > max { < ) n_ 2 (log nmin)il’), ( ) n i log nmm} :
Nmin Nmin

Only forn!’ < nll does the condition further simplify to

max ~v min

2

4
3
0> <nm“) N 108 Ninins

Nmin

similarly to the rate of Theorem([1]

Proposition 2. We consider a stochastic block model with two blocks of block sizes ny and no with
parameters 0,0, > p under the asymptotics N, — 00. Then AW C' D, achieves consistent exact
recovery after the first step as long as

[N

emax % Nmax 2 11 1 _1 5
Omin — p > ( ) < ) max {nmf’HQmax(log Nomin) 85 Myt Ofax (108 Mmin )

emin Nmin

and 0. < %(or any constant smaller than 1).

zma,x _) 0. If nmax and zmax are

Remark 5. Note that we do in general allow for Z’"a" — 00 or
bounded by a constant M, then the rates in Proposmonl [1and(3 are exactly the same as in Theorem

[11 However, the respective implicit constant factor in the lower bound depends on M.
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initial weights for k=2 initial weights for k=3

initial weights for k=1

1.0 1.0
1000 -4 %8 1000 08
0.6 0.6
2000 2000
0.4 0.4
3000 0o 3000 02
4000 — — ; 0.0 4000 0.0 =
0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000
o test statistic for k=1 o test statistic for k=2 test statistic for k=3
: B | 500 B '
250
1000 1000 400 1000 B
200
300 R
2000 2000 2000 : 150
200 100
3000 3000 3000
100 50
4000 : 4000 4000 N M ; 0
0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000

Figure 3: We consider a realization of SBM(2000, 2, 0.01, 0.0025). Top: Adjacency matrix of the start-
ing guess W (® of the community structure from AWCDy, for k = 1, 2, 3. Bottom: The corresponding
test statistics.

3 Experiments

[2] already demonstrated a state-of-the-art performance of the original algorithm on the LFR bench-
mark [23] for a total sample size of n = 1000 as well as on smaller real-life examples such as the
famous Zachary’s karate club network [40]. Moreover, it has been shown that optimizing modularity
is a reasonable method to choose the tuning parameter \. In this section, we focus on validating
our theoretical results and consider only the simple symmetric stochastic block model SBM(n, 2, 6, p)
consisting of two communities of identical size n and having two Bernoulli parameters 6 > p. We want
to study two questions:

1 How does the performance of the procedure depend on the starting neighborhood via the pa-
rameter k

2 Can we observe the stated rates of consistency?

We do not study the effect of the bias correction term. This aspect of the algorithm is important for
strong consistency. However, in terms of the accuracy of the final weight matrix, also known as Rand
index [33], the effect is rather small: If the matrix is relatively dense, then the bias term is also relatively
small, whereas the bias correction only applies to a relatively small fraction of the test statistics 77, if
the matrix is sparse.

We start by studying one realization of the SBM as described above with the parameters n = 2000,
6 = 0.01 and p = 0.0025. In Figure[3|we see the original adjacency matrix, the corresponding 2- and
3-neighborhood adjacency matrix as well as the test statistics of the algorithm AWCDy, for k = 1, 2, 3.
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6=0.04,0=0.02 6=0.004,p=0.002 6=0.004,p=0.002
0.60 A
— k=1 — k=1
0.58 A 0.56 1 k=2 056 k=2
— k=3 — k=3
x 0.56 1 x x
[ [ [
2 0.541 20544 2 0541
o o o
S 0.52 1 5 £
e © 0.52  0.52
0.50 A
0.48 1 T I B e— [ I e————————
0 2 4 6 8 10 0 25 50 75 100 125 0 25 50 75 100 125
A A A
06=0.04,p=0.01 6=0.01,p=0.0025 6=0.004,p0=0.001
— k=1 0.9 — k=1
0.91 k=2 k=2 0.65
— k=3 i — k=3
x 0.8 1 x 0-8 x
[ [ [
2 2 2 0.60 1
507 5 0.7 =
c c c
& & &
0.6 0.61 0.55
051 | 0.5 = 0.50
0 10 20 30 0 50 100 150 200 250 0 100 200 300
A A A

Figure 4: Rand index achieved by AWCD; on SBM(2000, 2, 8, p) for different algorithm parameters
(k, \) and for several Bernoulli parameter combinations (6, p)

We can see that the test statistic is only informative for & = 2: For k = 1, each sum S;; consists
only of a few summands, so the test statistic cannot be reliable, whereas, for k = 3, each starting
neighborhood contains almost all members of the network. This is confirmed by a plot of the Rand
index of the final weight matrices corresponding to these test matrices and different tuning parameters
A in Figure (4] (oottom, middle): Only for £ = 2 does the algorithm correctly identify the community
structure. [2] have demonstrated in the case k£ = 1 that multiple iterations of the algorithm can improve
the final weight matrix further if enough information on the community structure is recovered after the
first step. However, in this example, we do not benefit from these additional iterations, as the data is
too sparse and the weight matrix after the first step is not informative enough. This is demonstrated in

Figure 5

We repeated the above experiment for several other parameter combinations (6, p) and plotted the
resulting Rand indices in Figure |4 We can see that the performance of the algorithm is stable with
respect to the tuning parameter \. Moreover, for any parameter combination of the SBM, we find
parameters k and A which recover the community structure with a non-negligible accuracy. As ex-
pected by Theorem 2| increasing the sparsity of the data significantly enough requires also increasing
the parameter k. Note that the overall sparsity depends on both parameters ¢ and p: In the case of

= (0.004 we see on the right-hand side of Figurethat the optimal parameter &k depends on p. Un-
surprisingly, we also observe that for a given 6, an increase of the quotient % allows a more accurate
recovery of the community structure.

Lastly, we discuss the second question raised above: Can we observe the stated rates of consistency
in numerical experiments? To minimize the computation time, we will focus on the case £ = 1. We
have repeated the above experiment for many different parameter combinations (n, #) with a fixed
quotient % = 4. For each parameter combination, we computed the maximum Rand index that can
be achieved by optimizing the tuning parameter A. We repeated this experiment ten times for each
parameter combination with n < 2000 and averaged the resulting maximum Rand index. The results
are shown in Figure [6] According to Theorem [, AWCD; achieves strong consistency at a rate of

n=i up to logarithmic factors. Indeed, it seems that the function yielding the minimum 6 necessary to
achieve a certain level of accuracy for a given community size n can be reasonably well approximated
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Figure 5: Rand index achieved after the first three iterations of algorithm (1| for a realization of
SBM(2000, 2,0.01, 0.0025)
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Figure 6: Two plots visualize the Rand index achieved by AWCD; for different SBM parameters (1, 0)
with % = 4 using the optimal tuning parameter \. The right plot only differs in the logarithmic scale on
both axes.

by a function of the form On~s.

4 Proofs

Lemma 1. For X ~ Binom(m, q) and a > 0 we have

a’*m
P(|X —EX|>am) <2exp | ———— | -
(' (-76)

Proof. This is a special case of Bernstein’s inequality for bounded variables [38, Theorem 2.8.4]. O

Lemma 2. Suppose X; are independent Bernoulli variables of mean 6; < 6 and a > 0. Then for
N
Z CiXi — ]ECZXZ
=1

¢; € {1,2} andm := 3V, ¢; we have
P > <2 a’m
am exp | — :
2 = am | < 2exp | ~ep

Proof. This is a special case of Bernstein’s inequality for bounded variables [38, Theorem 2.8.4]. O
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Proof of Theorem[dl Let us first consider the AWC” algorithm. Suppose € > 0 and o € {1,2,...,K}.
We will denote the corresponding true community by C:. According to Lemmawe have

IC;NC:| =60n+ O (en + 0) (1)
for
oo — 0 ,z: €C},
i ¢ C,
on an event of probability at least
e2(n —2)
1-2 —_—— ).
P ( 20 + € )

Similarly, we conclude for ¢ # j
IC; N C;| = O(6*n + en) )

on an event of the probability of at least the same lower bound. The above identities are still valid if
we replace C; by C] := C; \ {j}. In the following, we will restrict to an event where (1) and (2) are
satisfied for any ¢ # j. By union bound, this event is of asymptotic probability 1 as long as

. [én
min {7, en} > logn. (3)
Note that according to our assumptions fn — oco. We conclude from () and (2) for e < 0

E[S;|CL, Cl] = ez c/nealie;nes| +p > |CInealc;Nesl + 0b)c; N ey)
a#fB
=0 Z 02050 + p Y 6267n* + O(6°n + 6%en?)
a#p
_ Ja+0(@n+6*en®) Sa:ijeCl
" e+ O+ 62n?) | otherwise

for

a:=n%0®+3(K —1)0p* + (K — 1)(K — 2)p’] and
c:=n*[3°p+3(K —2)0p" + (K — 1)(K —2) + 1)p"] .

Note that we have to add the term O(6|C; N C;|) because for any point [ in the overlap, we have
Vuludu: = 0. To simplify the notation, we will drop the superindex in C; from now on. Similarly, we
have

E[Su|Cil = 0> [C:NCa>+p ) |C;NCLlIC N Csl + O(BICi|)
o a#B
=0 (67)°n +pY 07070 + O(0°n + 0%en?)
& a#B
=a+ O(0*n + 0%en?)
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as well as
E[N3|Ci, Cj] = Ny
= (Z Ci mc;|) (Z C; ﬂc;|)
=d +a(’)(92n + €n?) )
for
d:=n*[0>+2(K — 1)0p + (K — 1)*p?]
and
E[Ni|Ci] = d + O(On + en?).
For
R = 0n + efn?® (5)
we conclude
E[f:]C)) = %.
For
0= max{%,g} (6)

under the assumption 0 < 1 we can rewrite
E[f(C] = = (14 0(9))

and analogously

Bl c)= {10 OO S b e
S(140(0)) ,otherwise
5 < (1 do 4,9 *
and B[l ,[C,, ¢, — { 1\l HO0) o Rain et
SF(1+0(6)) ,otherwise.

In the case of ¢ and j belonging to different communities we conclude for large enough n

Blf; — 041G, )] = 55 (14 0(8) - 5 (1+ 0(5)
= S+ 0()
o ;2’))3 + O(60) (7)
and otherwise
Effu; — 0ylC. €] = 5 (1 +0(9) = 5 (1 + 0(3))
= 0(59). ®)
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Recall that with large probability, N;; = d(1 + O(4)). From Lemma[2|we deduce that on an event of

large probability,
! ,c;>) S —pd

< —6%n”.

1 ,od
log( (|sw B[S, lcl. ¢l = 2

As the RHS does not depend on Cf or CjZ the bound is valid for the unconditional probability as well.

From our assumption #3n? > logn and 6 < 1 we deduce that with large probability for some

2
x € {a,c} C [pd, 0d]

By e[St o). A+ o)
505 ®

Similarly, with large probability

Oivj € [g,9+ g} :

In particular, the Fisher information of a Bernoulli variable with a mean parameter bounded as above
is up to bounded constants given by 6~1.

Analogously, the condition ¢ > (log n)%n—g and Lemmaimply that with large probability

and

[Sivj = E[Siv;1Ci, Cj]| S (logn)262n.
In particular, _ B o

10;; — E[0;5]C;, C;]| < (logn)20"2n"" (10)
and

Bivs — Elfi;|Ci,C)]| S (logn)2072n ™",
Using the quadratic Taylor expansion of the Kullbach-Leibler and (7)), we conclude in the case where ¢
and j belong to different communities

QEIC (szez\/J) ~ |6)1] iVj|
E[QZJ|C“CJ] - [ z\/]|czvc ]

— |0iv; — E[0v,1Ci, C)]

0 [QZJ|CZ, C;]

>(0—pP02+0 (59 + (log n)%H_%n_1> : (11)

whereas in the other case we conclude analogously from
02K (0,5, 0ns;) S 060 + (logn)26~2n . (12)
The same inequalities hold for K%(@i, GNM) and IC%(gjj, givj). To ensure that the Kullback-Leibler

divergence in the second case is significantly smaller than in the first case (1), it will suffice to
check

(0 —p)?
92

" Lel o (0=r) 13
maxee 0 (13)
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and

1 6 —p)?
ogn _ (0-p)°

14
On? 2 (14)

With - < - we denote that inequality is satisfied for small enough yet not specified constant. These
are all conditions in the proof that remain to be checked except the large probability assumption

) en  en
min , > 1 (15)
flogn’ logn

givenin (3). An € > 0 satisfying and exists as long as

] o1 0 — p)3
ogn ogn<<( p) | (16)
n n 62

whereas the e-independent part of conditions and can be summarized by
1 logn

(0 —p)?
n + On? < 92

(17)
By simple calculus, we can verify that our assumption
1 1 1 1 5 1
0 — p> max{n 302(logn)s,n"s6s(logn)s}

implies conditions and (7). In view of the fact that test is scaled with N;; = d(1 + O(¢)) and
0 < 1 this also ensures consistency of the test (provided a proper threshold is given).

Next, let us consider the original AWCD algorithm. The proof deviates because we need to add an
additional summand O(|C;| + |C;]) = O(6n) to the conditional expectation of .S;; in (). Therefore
we also need to modify the definitions R := n + efn” and 6 := max{gz-, <}, cf. () and (6).
Otherwise, we can follow the above proof, although .S;; is, after conditioning on C; and C;, not any
longer a sum of independent Bernoulli variables. However, it can be split into a deterministic part and
the same sum of independent Bernoulli variables as above. By bounding the deterministic part, we
can still establish inequality (9). Similarly to and we end up with the sufficient condition

1 Ologn \/logn 0 — p)?
%—i_\/ n * On? < 62

which is satisfied by our condition

=

0—p> max{n’%eé,n’éﬁg(log n)s}.

Proof of Observation[1l We can follow the proof of theorem [1]by modifying (1) to
IC;NC:| = 1(i € Cy)On

in the first case and in the second case to

IC;NCE| = 1(i € Ca)07n.
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In both cases, we end up with
E[6iv; — 0:4]Ci,Cj] o< 0 — p+ O(n™").
However, using the larger starting guess, the stochastic bound can be improved to
105 — E[0;4]C;. C;]| < (logn)2n~".
Finally, we end up with the sufficient condition
60— p>> (logn)z6 2n"!
in the case of the smaller starting guess and in the other case with

0—p> (logn)%n_l.

Lemma 3. Suppose K, k and ¢ > 0 are fixed. We assume

: 627'1
[ | mm{T,en} > logn,
W<,
W On > 1, and

B il <1

Then with large probability, we have
; €
IcFNCi| = ay*n” (1 +0 (— + ank_1>) ,
p

where we define recursively

a; =10,

b1 = p,

ap = Oag_1 + (K — 1)pby_1,

by = pag_1 + Obx_1 + (K — 2)pbi_1 and

(e ag 77’66:4
a =
k be ,idC.

The upper bound can be improved to

CE Nyl < aint (1 +0 (;)) .

Remark 6. As |CF~' N C*| is significantly smaller than |CF N C*|, exactly the same concentration
result holds for |C;*" N C};|. The increase corresponds to an additional factor (1 + O (7)) - however
in view of £ >> o= this factor can be omitted.
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Remark 7. By induction, we can compute an explicit formula for the difference
ar — by = (9 - p)(ak—l - bk—l)
k
=(0—p)".

Proof of Lemmal3 Applying Lemma [] and the union bound, a simple induction yields the following
upper bound

k
CE Nl < ain® (1 + 5) (18)
p

as long as
. 627’L
min § —=, en > c(k)logn. (19)
The lower bound is not as simple because of the potential overlap of the involved 1-neighborhoods.

First of all, our assumptions € < 6, On > 1 as well as #*n*~! < 1 are designed to ensure the
upper bound

k l
Ny <> KT (1 + %)
=1

<

|3

This allows us to apply Lemmato the set of members not contained in Cff while the large prob-
ability of the bound is still ensured by condition (19). The obtained lower bounds on the size of the
1-neighborhoods around points in Cf‘l take into account the potential overlaps and can thus be
summarized. To be precise, let us condition on the event that the (kK — 1)-neighborhood is equal to
{v1,vs,... v }. Letus fix v € C*~1 and denote by S(Cfl) the set of edges contained by a path of

length at most [ starting from 7. We condition additionally on S(C=""") U (Uvﬁév S(CUZ.)). Now we
apply Lemmato get a lower bound of the number of members in C that are connected to v and
not contained in C;-* ! U (Uvﬁév CW). This is in fact a lower bound on the number of members in

CF N C}: that are only connected to i via a k-path containing v. This lower bound is given by

2 - lea\ (tiruetne)
€ ! € k

>(0y — € n—l—ai’o‘nl(l—l——) _"'—Oéi’ank(l—i-—)
02— ¢ 1 p k :

k ‘ El
=(0y —¢) n—l—Zag’o‘nl<1+—>)

1=1 P

k . I
>0° ) [n—1- Kl—lglnl<1+_>
( ) > ;

=1

. JoRHL kAL k1 (1 I g>k+1 1
=0 —¢€) | n— — ’
K Kon (1 + 5) 1

=(07 — e)n(l — dx)
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for

p

n | K KQn(1+ﬁ>—l

e k1 gkt ket (1 T 5>k+1 1

This bound is of course valid in the unconditional form as well. By induction, we conclude

chncl > 316 N el L(a = B) + plia # B) — d n(l — &)
B

kK
> alfnk (1 — E) (1—10).
P73

=1

So we get in view of d,,_1 <

k k
IcFncCr| € [azank (1 — E) (1 = 6p)k, ab™n® (1 + E)
p

P

Note that d;, = O(6*n*1), so our assumptions ensure &), < 1. Also taking into account ¢ < 6, we
conclude

ICENCE| = ap*n® (1 +0 (g + ank_1>) :

Lemma 4. Under the same assumptions as in Lemma|3, it holds on an event of large probability

‘Cf N Cf NnC:l < 0%kn2k=1 4 cgh—1pk,

If we further assume that there exists no path of length at most k — | between i and j for some
1 <1<k, we have

cineknes| < 0ttt 4 epnl,

Proof. According to Lemma 3]

CEF el < abtnt (1 o) (g n ekn’“—1>> . (20)

From our assumptions, we conclude further for any
ICEF N eyl < 2K 0k,

Let us introduce the notation
m=n — 2K 19knk,

Note that our assumptions imply m > g After conditioning on C}, we can apply Lemmato get a

lower bound on the number of edges between ¢ and the remaining points in C;:

C;NCI\ C}| > ai’m — O(en)

= ai’ﬂm <1 -0 (g)) (21)
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Note that this holds for any ( with large probability due to the lower bound on ¢ and m > % Let

us denote by S(ka) the set of all edges contained by a path starting at ¢ of length at most k. After

additionally conditioning on C} = {v1,..., v} and S(sz) as well as C,,, ... and C, ,, the same
argument yields for any «
x <2 v, €
Cince,, \ (Cj— U(Cy, U= uCl{k,)ﬂ > al"*m (1 -0 (5» : (22)
Summarizing the lower bound yields in view of and § < 1
* <2 i €
wamcf\q—|za2nﬂ<y—o(5>).
Iterating the argument further, we end up with
¥ ko <k o,k €
waﬂQ\C;|Zasz<L—O<?». (23)

From (20), and 0*n*~1 < 1 we conclude
CancinCH| < a” (n —m") + O (6" 'nf)
= a2n*(1 — (1 — 0@ k)" + O (e@kflnk)
< 92kn2k—1 + Eek—lnk

This is of course also an upper bound for |Cf N Cf N CZ|. Next, we discuss the overlap of two neigh-
borhoods of different sizes |C/ N C} N C;| with [ < k in case there exists no path of length at most

k — [ between 7 and j. We can then argue very similar (after conditioning on S(ka_lﬂ)) as in the
case of [ = k and start the induction with a lower lower bound analogous to (21):
— i €
C e\ = afm (1-0(5))
Analogously to and we iterate this argument further and end up with
; €
Kgm@\c?wzﬁwﬁ(1—o(a».
Together with the upper bound from Lemma 3]
; €
ICiNCE| < aynt (1 +0 (5 + 91n1_1>>

we conclude

CincinCi < ap® (n' —m') + O (6 ')

SJ 0l+knl+k—l + Eel—lnl'

O

Proof of Theorem[2 We start discussing the algorithm AWCD;, and consider ¢ # j. Let us condition
onS(CEFy U S(ngk) and write

1

E[Sy[SCTUSCM = Y Vo

1 GCf,vz EC;.€

— D+,
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where D denotes the deterministic part of the sum and .S denotes the stochastic part (i.e. an inde-
pendent sum of Bernoulli variables). Note that a summand ),, ., is deterministic and = 1 if and only
if vy € Cj’»“*1 or vy € CF1. First of all, let us consider the case );; = 0. According to Lemmawe
have w.h.p.

’C;c—l N C]k’ ) C;‘ S 92k71n2k72 + €9k72nk71' (24)
Moreover, the 1-neighborhood around any member is of size at most O(6n(1 + g)) S0
D < QanQk—l + e@k_lnk

Next, let us discuss the case where y,-j = 1. We start studying the case when we do not correct the
bias at all, i.e. with the algorithm AWCD;. Then the upper bound is no longer valid, instead we
get

it ek ey < ekt ncy

< aﬁlnk_l <1 +0 (g)) . (25)

Again, using the upper bound 691 (1+O(5)) on size of the intersection of C}; with the 1-neighborhood
around any member v we conclude from

DY (" +a) n (1+0(5)).

Next, we want to compute a lower bound on D. Note that if v € C]’?‘ N Cf_l, then any neighbor v of

V9 that is not contained by ka_l contributes to a deterministic summand ), = 1 of D. From the
proof of Lemma 4] we already have the lower bound

icknettneyl =Icynel T\ MY
> a?fl(n — 2K (1 -0 (g))
— a1 0 () (1-0(5)). (26)
At the same time, any member v has at least #5n (1 — O (6*7'n*~2)) (1 — O(%)) neighbors inside
C:\ C=""'. Combining this with (Z6) yields
D> o denk (1 @) (gh—1pk—2 (1 _ (f)) '
_;(ak +a;")n" (1 -0 (6" 'n"?)) (@ 7

Considering that according to Lemma/3|

CE+1CF = (ag® + af)n* (1 +0 (g + ank_1>) ,

[0

the deterministic part D is significantly smaller after we adjust the definition of .S;; to

v1ECF vg ECJ’-“
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To be precise, considering again AWCD},, we now have the same bound as in the case J;; = 0

D=0 ((5+0m ") o)
=0 (G%n%_l + e@k_lnk) : (27)

Next, let us consider the stochastic part S. Note that if v; € CF\ C7*" " and v, € CF\ CF*71,

then even after conditioning on S(C=*) U S(C5*), the term V;; is still a Bernoulli variable and not
deterministic. In view of

c=Ftnex
cenek\cF = 1ckner 1+ 0 16 nél
‘ @ z\ 7 | |z a| + |CkﬂC*|

_ctne| <1+0(1>)
On

we conclude similar to (4) from Lemma[3)and Lemma 4]

1
S QZyckmc*Hc’mm (1+0(9 ))

+pY_lcFncylickncl (1+O( )>+O (6lck ncky)
a#fB

Jan®* (1+ 0 (§+ 00" + 1)) + 00?1 + ebFnf + D) Za:i,j €C
| en® (1+ O (§+6Fnh 1+ 9n)) + O(0*Hp2=1 4 effn* + D) | otherwise
_{an2k+0(9R) daci,jeCl

28
en?* + O (OR) , otherwise -

for

a=0[a;+ (K —=1b]+p[2(K — Dagb, + (K — 1)(K — 2)b7] ,
= 0 [2aby, + (K — 2)b;] + p [a; + 2(K — 2)agby + (K — 1)(K — 2) + 1)b;] and
QR _ O (92k+1n2k (g 4 eknkfl 4 %) 4 92k+1n2k71 + eeknk 4 92kn2k71 + Eeklnk>
=0 (93k+1n3k—1 + Eek—lnk + 692kn2k) )

Note that according to Remark [7|we have

a — c = fa; + 0b% — 20a,by, + 2pagby, — pa;, — pbi,
= (0 — p)(ax — b)®
— (9 . p)2k+1.

In case ¢ = j the concentration result on S as well as the upper bound for D are still valid:
After conditioning on S(Cf’“) we have D = 0 as the only deterministic edges are ), = 0 for any
v € CF. This leads to an additional term O (0*+1n*) that needs to be considered in (28), however this
is much smaller than O(0R).
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Using again Lemma(3] we compute for the denominator in case ¢ # j

2
- (S 10+ 0a))
= dn;;f +0 (692k_1nk + 83’“713’“_1)
= dn”* + O(R)
for
d=a;+ (K —1)by.

In case i = j the above is still valid: We only need to add a term O(CF) = O(6*n*) which is in view
of €02~ 1In2k > G2F=1p2k=1 > gknk already contained in O(R).

The rest of the proof is very similar to the proof of Theorem [{]: From the above, we conclude

E[§~»|8(C-§k) U S(C-Sk)] _ %(1 + 0(5)) ,Jda i, j e C;'Z
R ’ £(140(6)) ,otherwise
3 2(140(9)) da:i,j €C*
dEQZSCSk USCSk = d( ? el
and Elfngl ST U SGT e (14 0(6)) ,otherwise
for
R
0= 92k 2k

and under the assumption 0 < 1, which we discuss later. For large enough 7 in the case of ¢ and j
belonging to different communities we have

a-—+c c

Effi; — 05IS(CEH US(CFH)] = T2 (1+ 0(9) - £ (1 + 0(9))
= - +0(3)
x (e_ep# + O(00) (29)
and otherwise
Elfh; — 051875 US(CH)] = 5 (1+0(8) = 5 (1+0(8))
=0 (580). (30)

Next we apply Lemma : Considering that the sum S;; consists of O(0**n*) summands, we have
with large probability

|Si — E[S;S(CE) U S(CFM)]| < logn + (log n)20%taipk,
The upper bound simplifies under the condition 2112 > log n to

~Y

Sy — E[S5|S(CF*) US(CEM)]| < (logn) 6%+ 2nk,
J J (2 7
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implying
8, — Ef,IS(C= usey) < Lesm. @)
gk—ank

As 6?*+1n2k > log n, the upper bound is < @, implying furthermore

e G0 8]

Consequently, the corresponding Fisher information is up to bounded constants given by 8. Using
the quadratic Taylor expansion of the Kullbach-Leibler, we conclude in the case where 7 and j belong
to different communities from and

0313 (015, 01vy) 21055 — Ouvs|
> [E[f,1S(C5*) U S(C5H) — Elfus () U S(:)]

0, — E[0;|S(CF) U S (€M)

7

Oy = Effus|S(CE) LS|

o \2k+1
L=, ((mm), )
n

~ 1
02k 9F—3

D=

whereas in the other case we conclude analogously from

(logn)>
gk—ank
From and we conclude: A sufficient condition (together with the lower bound from Lemma 3]

on € that guarantees the large probability of the concentration results) for concistency of the algorithm
is

03K (0,5, 0,;) S 06 + (33)

0-p*0 . (logn)t
02k > 00 + Py
& (60— p)** > 0Rn % + (logn)26" 20"k
& (6= p)?Hl s> PFE L L gh I F 4 e 4 (logn)265in k. (34)
logn

At the same time, considering 6 > ==, all of the above concentration results above only hold with
large probability as long as e satisfies the lower bound (c.f. Lemma2)

, en  en 51
min{ —, ——
flogn’ logn

logn 161o
S e> & + g
n n

flogn
S e> o (35)

whereas the e-dependent part of is equivalent to the upper bound

((9 _ p)2k+1 (9 _ p)2k+1nk
G2k ’ Qk—1 } ’

e<<min{
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An e > () satisfying as well as exists if and only if

\2k+1 O N2k+1, K
mm{(G p)* (6 —p) n}>> 0logn

92k ’ gF—1 n
& (00— p)* > 0% an 2 (logn)? + 08 20 3 (logn).  (37)
Because we only discuss the case &k > 2, our assumptions ensure 6 < n~"F < n % andin

particular 0*~2n"%"2(logn)z < O¥2n"*(logn)z. Thus we can simplify and into the
following sufficient condition for consistency of the algorithm

6 — p > max{A, B,C}

for

3k+1l k-1
A = Q2K+ n2TT

4k+1 1 1

B = Qik+2 142 (]Og n) %+2 and
2k—1 1 1

C = 0s+2n"2(logn) 2,

Next, let us consider the algorithm AWCD™. The proof is almost identical - we only need to modify
D = 0, leading to

OR = 0(93k+1n3k’—1 + EeszLQk).

Consequently, in the lower bound we can drop the term e#*~'n =" leading to the following analo-
gous condition

(6 — p)* 1 > 3Rkl 4 6% 4 (logn)z26FTan

and simplifies to

N

(0 — p)2k+1 > 02k+%n’%(logn) .
We end up with the final sufficient condition
0 — p> max{A,B,C*"}
for

ct = H%n_%ﬂ(log n)ﬁ

Finally, let us consider the algorithm AWCD, without any correction of the bias term. The deterministic
part of the conditional expectation of S;; increases to D = O(6*n*) implying

OR = 0(93k+1n3k—1 + 602kn2k + ank)
We end up with the following lower bound corresponding to

(0 — p)* 1> kL 4 0 + 0" + (log n)%9k+%n_k
o (6 . p)2k+1 > 93k+1nk71 + 6(92k 4 eknfk
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and instead of we have again

N[

(0 — p)* > 92k+%n_%(log n)z2.
This leads to the final sufficient condition
0 — p> max{A, B,C°}
with

k k
C° = Qzr+in ™ 2k+1,

O
Proof of Proposition[1 We proceed analogously as in the case of identical block size. Suppose € > 0

anda € {1,2,..., K}. Moreover, we use the notation «; for a member i to denote the corresponding
community index such that 2 € C;, . According to Lemmawe have

ICI N CL| = 050 + O (€N +0) (38)
for
oo — 0 ,z. ecC:
p ,i¢Ch

on an event of probability at least

Similarly, we conclude for ¢ # j
IC/ N CY| = O(0°Nmax + Nmax) (39)

on an event of probability of at least the same lower bound. In the following, we will restrict to an event
where and are satisfied for any 7 # j. By union bound, this event of asymptotic probability 1
as long as

N
. min
min { _ enmin} > log Nmin-

Before moving on, we introduce the following notation:

T:Zna

ag{aia;}
a; = 0°n? + 6’p2(nj2- + 2n,;n;)
¢ = 0Pp(ni +n? +nin;) + p’nin;

i = 0p*( Z n? +2n,T) + 2p°n; T + p? Z NaNg
a¢{ai,a;} a#p,a,B¢{ai,a;}

i = 0p° Z n2 + (n; +n;)T | +p*(ni +n))T + p° Z NaNg
ag{as,a;} a# B, Be{ai,a;}
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Note that according to our assumptions On,,;, — co. We conclude from and fore < 0

E[S5Cl,Cjl=0)_|cInCil|CinCal+p)_ICInelc; nes| +o|c! ncy)
a a#p
=0 020502 +p > 070 nang + O(0 nmax + 0%en?,,,)
a a#p
~Jai+ O(FPrmax + 0%enl,) i jeC
B Cij + O(FPnmax + 0%en?

2 .x) ,oOtherwise

for
a; = a; +r; and
Cij 1= Cjj + T4
Similarly
E[Sii|Ci] = @i + O(0*nmax + 0%en2,.)
as well as
E[N|Ci, Cj] = Ny
. (Z c. ij;\) (Z c; mcz;\)
= d; Y O(0°max + e;niax)
for

dij = (N7 + pT)(Nj + pT),
N; = 0n; + pn; and
N7 = pn; + On;.

Analogously as before, we introduce

R := Onyay + €0n?

max
and get

dii + O (R)"

1 €
0= max{enmax, 5}

and under the assumption 0 < 1 we can rewrite

E[falC)] =

For

EffalC] = 3 (1 +0())

(22
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and analogously

£ (1+0() Fa:ijed,

]E(Z’vi'cz‘ac‘ =9 ¢y i
[0 il {ﬁ(leO((S)) , otherwise.

Let us consider the case ¢ € «;. In this case, we have

~ ~ a; a;
E[0;; — 0;51C;,C;] = . (14+0(6)) — a7

—0(59).

(1+0(9))

Since é;\/j is the weighted mean of 5“ 6;; and 5” we conclude also
E[f5; — 0:;1Ci,Cj] = O (66) . (40)

Next, we consider the other case ¢ gé «;. First, we need to calculate a lower bound for the difference

a; _ G
il We have

O
a; ¢ a; +r; Cij +Tij

di iy (Nf+pT)? (N +pT)(N; + pT)
1
= e 5 (Aij + Bij + Cy)
(N? + pT)2(N? + pT) i

for
Aij = a; N} — ;N
Bij = pT'(a; — cj;) and
Cij = ri(N; — N7) + (ri — rij)(N; + pT).
We have
vy — 155 = 0p*(n; — ;)T + p(nj — n;)T
= p*T(On; + pnj — (On; + pn;))
— PPT(N? — N?).
Consequently,
Cij = (N7 = N))(p*TN; + p°T? —1y)
=—(N; =N)) | 0 =p)p* > nl+0pnT + p*n,;T
ad¢{aia;}
=—(N; =N)) | (0=p)p* > ni+p*N,T
ad¢{ai,a;}
and

Cij + Cji = (N7 = NJ)(=p*N;T + p*N;T)
= —(N? = N2)*p*T
= —(0 = p)*(ni — ny)*p°T.
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Moreover,
By + Bji = pT'(aj + aj — 2c7;)
= pT [0°(n} 4+ n3) + 0p° (n] + nj + 4nin;) — 20%p(n +nj +ninj) — 2p’nin;]|
=T [p(0 = p)*(ni —n;)* + (0 — p)*(nf +n3)] .
The first term A;; simplifies to
= [0°n7 + 0p*(n] + 2nm;))(pns + Ony) — [2p(nf + 03 + ning) + pPngng) (On; + pny)
= 0"nin; + 92,027%71? + QpSnin§ +0p°nin; — Qgpnin? — pnin; — 0°p*nin; — p'nin
= nyn; (0 — 26°p + 20p° — p*) +nin;(n; — ny) (6* — 6°p — 6°p* + 6p%)
—(0+0)(0—p)? —0(0+p)(0—p)2

2
j

for
Dy; = (n; — nj)nin0(0 + p)(0 — p)*.
Note that

Dl'j + Djl' +Bij + le' + CZ']' + Cji = ,0(9 — ,0)3(71,? + 'ﬂ?)T
———

=0

So w.l.o.g. we can assume

D+ Bij + Cy 2 %P(Q —p)’(nf +n)T,
implying

Aij+ Bij + Cij > %P(Q —p)*(ni + ”?)T
We conclude w.l.0.g. (possibly after exchanging the indices z and j)

. . — )3 2
@i i > (0 p) Tmin

. L 2 2
d” dl] 0 Tmax

and thus

E[f:; — 0,]C;, C;] = ;L— (1+0(@5)) — ;—J (1+ O(3))

il iJ

6 —p 3 n?nin
%2— + 0(59)

max

2

Since @;Vj is the weighted mean of 6;;, gjj and 5” there exists indices (¢, j') € {(i,1), (4,4), (4,7)}
such that

~ ~ 0 — 3 n2 .
Bl — Buy1Ci €] 2 U2 PE M o(sp). @)

max

N [—=

Similar as in the proof of Theorem (1, we deduce from our assumptions °n2 . >> 1og Ny, and 6 <
as well as Lemma 2 that
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B the estimates 5 (including 5“ 5]] 51-]- and é;\/j) are with large probability inside an intervall of
the form [£, 0 + £], implying that the corresponding Fisher information of a Bernoulli variable
with such a mean is up to bounded constants given by ! and

B with large probability,
6. — E[0.|C:, Cj]| < (10g nin) 7021

min*

Combining the above with the quadratic Taylor expansion of the Kullbach-Leibler and (1), we conclude
in the case where ¢ and j belong to different communities

02K (Buyr, Ons) 2 |0y — O]

> |E[0y;|Ci, C;] — E[0;v,1Ci, Cj]| — |0irj — E[0;1|Ci, Cjl| — |0ivs — E[0v,1Ci, C)]

R 3 2 .
> %% +0 (50 + (log nmin)%e_%nr;iln> )

whereas in the other case we conclude analogously from

021C2 (0., 6;) < 60 + (108 nnin) 2020

min*

max

To ensure that the Kullback-Leibler divergence in the second case is significantly smaller than in the
first case, it will suffice to check

(0 —p)®ni

min

92 n2

max

1 € 0— P ’ nilin
=4 max m, 5 < T n2_ (42)

max

10g Nmin (0 — p)° niin
\| on2, STe w2 “3)

Those are all conditions in the proof that remain to be checked except the large probability assumption

. 62nmin €Mmin
min ) > 1. (44)
9 log Nmin IOg Nmin

00 <

and

An € > 0 satisfying and exists as long as

log Nmin [010g Nmin 0 —p)3n?.
Nmin Nmin 0 nmax

whereas the e-independent part of conditions and can be summarized by

1 1108 Npnin (0 — p)® n?,
min 46
T'max " Qn?nin < 02 n?nax ( )

By simple calculus, we can verify that our assumption

Nmax \ ° _1 1 1 5
0—p>>( ) max{n_2 02 (log nmin) &, n,> 06 (10g Nmin)

min

o=

}

implies conditions and (46). Note that d;;, d;; and d;; only differ by bounded factors. Taking into
account the concentration result N. = d.(1 4 O(0)) with § < 1, this also ensures consistency of the
test - provided a proper threshold is given. O
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Proof of Proposition[3, We proceed analogously as previously. Suppose ¢ > 0 and o € {1,2}.
According to Lemma[f]we have
IC7 N CE| = 60%N0 + O (Nmax + Omax) (47)

for

g — 0 ,1€C}
e Ligc

on an event of probability at least

2 A

2emax + €

Similarly, we conclude for ¢ # j
IC7 N CI| = O(62 1 Mnax + ENimax) (48)

on an event of probability of at least the same lower bound. In the following, we will restrict to an event

where and are satisfied for any i # j. By union bound, this event of asymptotic probability 1
as long as

N
. min
min {—, enmin} > 10g Nin -

Qmax

Note that according to our assumptions 6., min — 00. We conclude from and for € < Omin

E[S;5(C],Ci1 =D 0alCI N C3lICiNCal +p Y 1G] NCEIC N Cll + OBmax|CI N C3))
a aFB
== Z eaeiae;lni _'_ p Z G?ananﬁ + O(ef’naxnmax + 9r2naxenr2nax)
a a#f
aiy + O(Pnpax + 0%en?,) ,i,7 €C;

max

=< agy + O(Pnpax + 0%en?,.) ,i,j €C;
aiz + O(Pngax + 0%en?,) ,otherwise
for
ayy = 0303 4 20, p*nyng + Oop*na,
gy = Hg’ng + 20,p*ning + 91/)271% and
ayy = 03pn3 4 03pn3 + 0102pn100 + p*nins.
Similarly
E[SilCi] = ai + O} axMmax + Orpaxinax)
as well as

E[N|Ci,C5] = N

ij

_ Ea: C; mcg|> (%: C; ﬂCZZI)

( dll + O(eilaxnmax + eemaxn?nax) ) Z:j € Cik
= d22 + O(egnaxnmax + €9maxn?nax) ) Z?] € C;
| d12 + O(07 1 Mmax + €OmaxNi,y) Otherwise
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for
di = (6ing + Pn2)27
do := (fany + pny)? and
d12 = (91711 + png)(02n2 + pnl).
For
R = emaxnmax + Eemaxn?nax
we conclude
n a; + O (emaxR)
]E 92'1' Cz -
19alC:] dii + O (R)
For

5 emax 2 nmax 2 1 €
= max ¢ ———
emin Nmin eminnmax’ emin
and under the assumption 0 < 1 we can rewrite
) i (140(0) ijeC;
E[01Ci,Cj] = 2 (1 + 0(9)) 4,/ €C5
22 (14 0(6)) ,otherwise.
22

Let us consider the case ¢ € «;. W.l.o.g. let us assume «; = 1. Then

E[f; — 0,/Ci.C;] = d— (1+0(5)) - d— (14 0(5))
= O((S@max).

Since 57;\/]‘ is the weighted mean of 5” Hjj and 5” we also conclude
E[QM — eij|Ci,Cj] = O (60max) - (49)

Next, we consider the other case i ¢ «;. W.L.o.g. let us assume «; = 1 and o; = 2. We compute

CRNCE —
dii da dyi  dyo (611 + png)?(Bana + pny)?

with
x = 2a11(0ang + pny)? — age (0101 + pna)? — ara(61ny + png)(Bang + pny)
= mny (6162 — p?) [(02 — p) (07 — p*)rans + Ry
for
Ri; = 3p(02 — p)(01m7 — 02m3) + (61 — 02) [n1na(0162 + 01p + p*) + 3pbini] .
Note that

Rij + Rji = 3p(02 - 91)(91%% — 92’”%) + (91 - 92) [pnlng(Ql - 92) + 3p(91nf — 02”%)]
= pn1n2(91 - 92)2
> 0.
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So w.l.o.g. (after possibly exchanging the two indices) we can assume

(ﬂ _ @) . (@ _ @) 5 (0.9 = ) (6 i( p)(01 + p)nin3

dy;  da dy1  dig (011 + pn2)?(Bana + pny)?

> Qmin 2 Nmin (emax - P) (emin - P)2
~ Hmax Nmax egnax

and thus
E[(0; — 0,;) + (0 — 63)Ci, C;]
( 1+06) - 20+ 0<6>>) ( 1+06) - 22+ 0<6>>)
d11 d22 dll d12
emin 2 Nmin 2 <9ma - P)(9 in — IO)
> X min
~ (emax) (nmax> erznax " O<69maX)'

Since @-Vj is the weighted mean of 6, gjj and Qij, there exists indices (i', j') € {(,%), (4,4), (4,7)}
such that

~ - -\ 2 N\ 2 — )2
E[fiv; — 0i|Ci,Cj] 2 (Gmm) (”m) (Omax = ) (Omin — p) + O(80max).  (50)

2
emax nmax emax

Similar as in the proof of Theorem |1} I we deduce from our assumptions 63 . n2. > lognpy, and
0 max g as well as Lemmalthat

B the estimates 0. (including 5“, 0;, 9 and GM) are with large probability inside an intervall of
the form [2, Omax+2 ] implying that the corresponding Fisher information of a Bernoulli variable
with such a mean is up to bounded constants bounded from below by 6! and

max

B with large probability,
1

6. — E[0.|C;, C;]| < (10g nin) 262071 .

min “min’

Combining the above with the quadratic taylor expansion of the Kullbach-Leibler and (50), we conclude
in the case where 7 and j belong to different communities

1 ~ ~ ~ ~
02axC2 (O, Ons5) 2 |00 — O]

> ‘E[@/,\Ci,cj] — E[0i;(Ci, Cj| — |00y — El0i;1|Ci, G5 | —

Qmin ? min ? gmax - gmin - 2 —=
z(@ ) (n ) ( 0 . +O<59max+(10gnmm)%9 o

2
nmax emax

whereas in the other case we conclude analogously from (49)

2k (0., ;) < 0mas + (108 Mmin) 302

min’ “min°*

Recall that the concentration result N. = d.(1 + O(4)) and with 6 < 1 and note that d;;, d;; and
2 2

d,; differ only by a factor S (Z‘“J) (M> . We conclude that to show the consistency of the test

min Mmin

under a proper choice of the threshold, it will suffice to check

.\ 4 o\ 4 _ )2
59max<< (gmln) (nm1n> (emax p)(emln ,0)

Ormax ox

max

1 € emin 0 Nmin 0 <9max - p) (emin - p)2
- 1
< e { eminnmax 7 emin } < (emax) (nmax) eilax (5 )
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and
10 TNmin emin ! Nmin ! emax - emin - 2
g < ( 0)2( p) | (52)
eminnmin emax Nmax emax
while also considering the large probability assumption
. €2nmin €Nmin
min , > 1. (53)
6)max log Nmin 10?; Nmin
An € > 0 satisfying and exists as long as
lo Nmin emax lo Nmin emin ! Nmin 0 emax - emin - 2
8 i 8 Mnin__ ( p)g( p) | (54)
Nmin Nmin emax Nmax emax

whereas the e-independent part of conditions and is implied by

emax 1 1 min emin 6 min 0 emax - emin - 2
< > + [ Log <<( ) (n ) ( p)( P’ (55)

emin Nmax eminnmin emax Nmax

By simple calculus we can verify that our assumption

z 2
emax 3 Nmax -1 1 1 -1 5 1
Omin — p > ( ) < ) max {nmfnﬁéax(log Nmin) ©, 1,8 Ohax (10E Nmin ) © }

emin Nmin

implies conditions and (55). O

A Equivalent formulations and log,,-log,, plot for rates of consis-
tency

Recall that for £ = 1, Theorem guarantees strong consistency as long as
0—p> max{n’%Q%(log n)é, n’%eg(log n)%} (56)
Considering § — p < 6, condition implies 6 > n_g(log n)%. This is equivalent to in case

% = (. Furthermore, in view of

o=

n-30z (log n)% > n_%Q%(log n)

we can rewrite the consistency condition as

n=s0s(logn)s ,n"z <o<i
O0—p>q 1.1 1 _2 1 _1
n~30z(logn)s ,n"3(logn)s SO Snz,

or equivalently, using the notation # = n”

C

logn(e o p) o log n >
e}
22t 4 Lgg (logn) ,—2+ O((logn) ') <+ < 0+log, (%
6 6 +95n 2 n \2
12 4 Log, (logn) ,—2+ Llog, (logn) < v+ O((logn) ') < -1
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for a large enough constant ¢ € R. Up to the logarithmic terms (which are vanishing for n — 00),
this can be visualized in a plot of log,, (9—53) versus log,, (#) by the area of a polygon consisting of
the following points:

Using the original algorithm AWCD® instead, we have the sufficient condition for strong consistency
0—p> max{n_%eé,n_%eg(log n)%} (57)

Considering # — p < 6, condition implies 6 > n~z. This is equivalent to in case % = C.
Furthermore, because of

we can rewrite the consistency condition as
1,5 1 1 1
n~s0c(logn)s ,n s(logn)"s <O <1
9_p>>{_<g> Hlogm) 4 S0 <
n-s03 3 g

or equivalently, using the notation # = n”

c

logn(g_p) o 2
log n
576_1 % s log, (logn) 7_% l;l()g,; log n) + O((logn)™') < v < 0+log, <£>
«%1 ,—1 < v+ 0((logn)™) < —1 — Llog, (logn).

Again ignoring the logarithmic terms, this can be visualized in a plot of log,, (%) versus log,, () by
the area of a polygon consisting of the following points:

(0,0)
(-3
)
(4

Next, we discuss the case k > 2, starting with main version AWCD. Recall from Theorem 2| the
sufficient consistency condition

0 — p > max{A, B,C}
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for
A = Qi
B= Hmn_m(log n)ﬁ and
C = Q%n_%(logn)ﬁ.
Since £ = 6~ Sp e (log n)4k+2 we have

2%—1 1
B>A&60<n x*»n (log n) 2541 |
_ kL _k
Since & = @2k~ 74T, we have

k

C>B&0<n mi.
Furthermore, # > A implies the upper bound
o< n T
and 6 > C implies the lower bound
0> n_%(logn)ﬁ.

This allows us to rewrite the consistency condition as

l\.’)

k— —1

(logn)?H1 <O0<n %
k+1 <9<n 2k+1<]0gn) +
k

2k+
k
T

??‘

0—p>

QT =

n
,n
n

~i43 (logn) 75 < 0 < n
for
Note that the latter is in fact equivalent to the consistency condition in case 2 = (. Using the notation
0=n",
we can write equivalently
log, (0 — p) — >
g.(0 — p) g 2
3k+1)+k—1 - 2k—1 -1
% 7+ O((logn) ™) € [-2t + 55 log, (log ), 5]
4k+1)—1 ‘ N k. 2k—1 ,
T + 1A+2 log,(logn) v+ O((logn)™") € [~ —2k+1 + 2A+1 log,, (logn)]
2k—1 RSN k k
,Yglk_i_g) ) Jr m 1()2-3/1(10) N> y Y + O(u“% ”) l) € [_gk_ié + 2k \ 3 1()"3/1(10 )7 _k__t,_l]

for a large enough constant ¢ € R. Up to the logarithmic terms (which are vanishing for n — 00), we
can visualize the consistency regime in a plot of log,, (—3) versus log,,(0) by the area of a polygon
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consisting of the following points:

-(5))
(-(551) (@)
)

)

<_ (kf—l) (4k+2 (k+1)

2k +1 0
2k+3)°

Next, we consider AWCD™. Recall the consistency condition

0 — p> max{A,B,C"}
for
ct = H%Tf%ﬂ(logn)ﬁ.

2k—1
Since C— =0 2k+1n 1+2 we have

k—1

Ct>Bef<n =,
Moreover, § >> C implies the lower bound
0> n_%(logn)ﬁ.
The condition
K k1
n %+ KLHQKLn k

is in fact equivalent to the final sufficient condition above in case of % = (. Moreover, according to
the above, the consistency condition can be rewritten as

2k—1 —1

A M 2kFL (10gn)2k+1 <6O<n” b
0—p><B 0% SO<Sn” 2k+1(1ogn)2k+1

k—1

Ct ,n_Qi?il(logn)%ll <O<nw .

Using the notation

0=n",
we can write equivalently
log, (6 — p) — >
gn( p) 1()g n iy
W(Sk;—kll—{-k—l , Y+ O((logn)™) €[ gl]zﬁ g, (log n), —E1]
4k+1)—1 : N
u 41:;2) - 41] 3 log, (logn) v+ O((logn)™) € [-ZH, - 3:& + 5547 log,, (log n)]
k—1

% — m A+> log,(logn) ,v+ O((logn)™!) € [ 2&1 + 557 log,, (log n), _W]'
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The corresponding polygon in a plot of log,, (Q%Op) versus log,, (0) is defined by the following points:
k—1
—{—,0
( ()
_ 2k — 1
2k+1)7 2k+1
_ 2k — 1
2k ’ Qk 4k + 2)
() )

Lastly, we also discuss the version AWCD® without bias correction. Recall the consistency condition

0 — p> max{A, B,C°}
for
C° = goirip T,
Since & = 0_%71_%(1% n)_ﬁ we have
C°>B&l< n_%(logn)_flﬂ.

Moreover, 6 > C° implies the lower bound

0> n w1,
The condition
__k k—1
n % LHlLn F

is equivalent to the final sufficient condition above in case of % = (. Moreover, we can rewrite the
consistency condition as

A n i (logn)®t <O <SnTF
0—p><B - SR (log n)*zklﬂ SJ 0 5 = 2',:*1 (]og n) T
C° ’n_% 5 0<n~ gzﬂ (log n>_2k1+1

The corresponding polygon in a plot of log,, (%) versus log,, (0) is defined by the following points:
k—1
—(——1.0
() )
2k —1 1
2k+1)7 \(2k+1)?
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