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Dynamical Gibbs variational principles for irreversible interacting
particle systems with applications to attractor properties

Benedikt Jahnel, Jonas Köppl

Abstract

We consider irreversible translation-invariant interacting particle systems on the d-dimensio-
nal cubic lattice with finite local state space, which admit at least one Gibbs measure as a time-
stationary measure. Under some mild degeneracy conditions on the rates and the specification we
prove, that zero relative entropy loss of a translation-invariant measure implies, that the measure
is Gibbs w.r.t. the same specification as the time-stationary Gibbs measure. As an application,
we obtain the attractor property for irreversible interacting particle systems, which says that any
weak limit point of any trajectory of translation-invariant measures is a Gibbs measure w.r.t. the
same specification as the time-stationary measure. This extends previously known results to fairly
general irreversible interacting particle systems.

1 Introduction and finite state space analogy

1.1 Introduction

Interacting particle systems are countable systems of locally interacting Markov processes and are
often used as toy models for stochastic phenomena with an underlying spatial structure. The original
motivation for studying such systems came from statistical mechanics. The idea was to describe and
analyze stochastic models for the time evolution of systems whose equilibrium states are the classical
Gibbs measures. In particular, one hoped to obtain a better understanding of the phenomenon of
phase transitions.

Even though the definition of an interacting particle system often looks very simple and the major tech-
nical issues of existence and uniqueness have long been settled, it is in general surprisingly difficult to
say anything non-trivial about their behavior. In most cases, explicit calculations are not feasible and
one has to be content with qualitative statements and estimates. Some of the main challenges deal
with the long-time behavior of the systems. The first step of proving any limit theorem is to describe
the possible limit points of the time-evolved distribution νt as t tends to infinity. As a next step, one can
then try to determine the basin of attraction.

In the case of irreducible finite-state Markov processes, this question has long been answered, but for
interacting particle systems this question is much trickier and in many situations a part of the difficulty
is due to non-uniqueness of time-stationary distributions. In this regime, the analysis is very delicate
and various techniques have been developed to study limit theorems or attractor properties. One
particular technique that will play a major role in this manuscript is due to Holley [Hol71] and involves
using the relative entropy functional with respect to some specification γ as a Lyapunov function for
the measure-valued differential equation that describes the time evolution of the system in the space
of measures.
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B. Jahnel, J. Köppl 2

This idea was later extended to more general but still reversible systems by Higuchi and Shiga [HS75].
A couple of years later Künsch [Kü84] managed a first step towards a treatment of non-reversible
systems, but only in the simple case of single-site updates and binary local state space. Moreover,
Künsch only treated the case where the specification is given through a potential. Recently, Jahnel
and Külske [JK19, JK16] managed to extend the previous results to very general systems but came
just short of verifying the attractor property for general non-reversible systems. It is therefore the main
purpose of this manuscript to go beyond the existing literature and establish a dynamical Gibbs varia-
tional principle, plus the corresponding attractor property, for general non-reversible interacting particle
systems. Conceptually our proof strategy is mainly inspired by the strategy in [Kü84] but extends the
results for non-reversible systems to the more general setting in [JK19].

Let us note that the relative entropy and its rate of change are very common tools for studying systems
of interacting particles, and they connect probability, analysis, and geometry intricately. One particu-
larly fruitful application of relative entropy techniques is in the context of Log-Sobolev inequalities
for Markov processes. These inequalities can be used to obtain bounds on the (exponential) speed
of convergence to equilibrium. However, these methods are limited to the situation where the time-
stationary measure is unique, whereas our method goes beyond this case and is also applicable in
the non-uniqueness regime. A pedagogical introduction to Log-Sobolev inequalities in the easier set-
ting of Markov chains on finite state spaces can be found in [DSC96], while a very general approach
can be found in [BGL14, Chapter 5].

Another sub-area where relative entropy methods have successfully been applied is the derivation of
hydrodynamic equations from microscopic models of interacting particle systems. In this context, the
method is used to study the infinite particle limit, with additional rescaling of space and time, and not
for long-time asymptotics. An introduction to this method can for example be found in the monograph
[KL99].

A quite recent application of relative entropy in a very similar setting as ours are the works [CMRU20]
and [CR21] on Gaussian concentration and uniqueness criteria for Gibbs measures. One of the main
ideas in these recent publications is to use that certain concentration properties – that are satisfied by
high-temperature Gibbs measures – imply that the relative entropy density with respect to µ is positive
definite.

It is also noteworthy that Holley’s method is not limited to interacting particle systems on the d-
dimensional cubic lattice Zd, but has recently also been used to study systems on more general,
even non-amenable, graphs, see [Shr20].

One can also use a similar approach, involving the decay of relative entropy, to prove the central limit
theorem. This was first observed by Linnik in [Lin59] for i.i.d. R-valued random variables whose law is
absolutely continuous with respect to Lebesgue measure. Since then, the results have been extended
to more general situations. In particular, in [ABBN04] it was shown that the entropy is always increasing
along sequences of the form (n−1/2

∑n
i=1Xi)n∈N where (Xi)i∈N are i.i.d. square-integrable random

variables, not necessarily absolutely continuous with respect to the Lebesgue measure. This mono-
tonicity shows that the convergence in the central limit theorem is also driven by an analogue to the
second law of thermodynamics.

The rest of our paper is organized as follows. In Section 1.2 we motivate our method of proof by
considering the simple example of a continuous-time Markov chain on a finite state space. In Section 2
we introduce the basic setting of infinite-volume Gibbs measures and interacting particle systems,
before we then formulate and discuss our results. The proofs of these can then be found in Section 3.

DOI 10.20347/WIAS.PREPRINT.2935 Berlin 2022



Dynamical Gibbs variational principles 3

1.2 Relative entropy loss in finite state spaces

We now want to consider dynamical aspects of the second law of thermodynamics and will encounter
a dynamic counterpart to the classical Gibbs variational principle as stated for example in [FV17,
Theorem 6.82]. We will not enter a physical discussion of thermodynamics, but refer the interested
reader to the excellent references [LL87, Kar07]. To explain the general ideas in a simple setting, we
will restrict ourselves to the case of Markovian dynamics on a finite state space E.

For two probability measures µ, ν on E with µ(x) > 0 for all x ∈ E we define the relative entropy of
ν with respect to µ by

h(ν|µ) :=
∑
x∈E

ν(x) log

(
ν(x)

µ(x)

)
,

where we use the convention that 0 log 0 = 0. Let L = (Lxy)x,y∈E be an irreducible generator for
a continuous time Markov process on E. In this situation, it is well known that there exists a unique
measure µ, which is time-stationary with respect to the Markov semigroup (etL )t≥0. Moreover, we
have µ(x) > 0 for all x ∈ E. Note that we do not assume that µ is reversible with respect to L . For
an initial distribution ν ∈M1(E) we denote the distribution at time t ≥ 0 by νt, i.e.,

νt(B) =

∫
E

etL 1B(ω) ν(dω), B ⊂ E. (1)

We will recall that the relative entropy can be used as a Lyapunov function, i.e., for all initial distributions
ν ∈ M1(E), the map t 7→ h(νt|µ) is non-increasing and only vanishes for ν = µ. For this, we
analyze the relative entropy loss, which is defined by

gL (ν|µ) =
d

dt
|t=0 h(νt|µ). (2)

By a simple calculation one sees that for ν ∈M1(E) the relative entropy loss can be written as

gL (ν|µ) =
∑
x∈E

[∑
y 6=x

ν(y)Lyx log

(
ν(x)

µ(x)

)
−
∑
y 6=x

ν(x)Lxy log

(
ν(x)

µ(x)

)]
. (3)

Equipped with this representation of gL (ν|µ) we see that it is non-positive. Indeed, consider the
function

Φ : R→ R, Φ(u) :=

{
u− u log(u)− 1, if u > 0,

−1, if u ≤ 0,

and note that Φ is strictly concave on [0,∞) and only takes non-positive values. Without loss of
generality, we can assume that ν(x) > 0 for all x ∈ E. Otherwise, we would have gL (ν|µ) =
−∞ ≤ 0. Since µ is time-stationary with respect to the Markov process generated by L , we know
that for all x ∈ E, ∑

y 6=x

µ(y)Lyx =
∑
y 6=x

µ(x)Lxy = µ(x)Lxx. (4)

This implies that∑
x∈E

∑
y 6=x

ν(x)
µ(y)

µ(x)
Lyx =

∑
x∈E

ν(x)

µ(x)

∑
y 6=x

µ(y)Lyx =
∑
x∈E

ν(x)Lxx =
∑
x∈E

ν(x)
∑
y 6=x

Lxy, (5)

DOI 10.20347/WIAS.PREPRINT.2935 Berlin 2022



B. Jahnel, J. Köppl 4

and we can use (5) to write

gL (ν|µ) =
∑
x∈E

[∑
y 6=x

ν(y)Lyx log

(
ν(x)

µ(x)

)
−
∑
y 6=x

ν(x)Lxy log

(
ν(x)

µ(x)

)]

=
∑
x∈E

∑
y 6=x

ν(x)Lyx
µ(y)

µ(x)
Φ

(
µ(x)

ν(x)

ν(y)

µ(y)

)
.

Since Φ is non-positive, this implies that the relative entropy loss is also non-positive, and therefore
the relative entropy is non-increasing along trajectories. This is already a nice and intuitive result in
itself, but we can deduce even more information from the representation

gL (ν|µ) =
∑
x∈E

∑
y 6=x

ν(x)Lyx
µ(y)

µ(x)
Φ

(
µ(x)

ν(x)

ν(y)

µ(y)

)
. (6)

Because µ is time-stationary, it is clear that gL (µ|µ) = 0. But µ is also uniquely characterized as the
maximizer of the relative entropy loss functional gL (·|µ) :M1(E)→M1(E). Indeed, assume that
ν ∈ M1(E) is such that gL (µ|ν) = 0. Then, we necessarily have ν(x) > 0 for all x ∈ E, and by
definition of Φ and the irreducibility of L , the assumption that gL (ν|µ) = 0 implies that

µ(x)

ν(x)

ν(y)

µ(y)
= 1

for all x 6= y. But this is equivalent to µ = ν. All in all, we have seen that

1 gL (ν|µ) ≤ 0 for all ν ∈M1(E) and

2 gL (ν|µ) = 0 if and only if ν = µ.

When put together, these two properties imply that the functional

h(·|µ) :M1(E)→ R, ν 7→ h(ν|µ),

is a strict Lyapunov function for the unique fixed point µ of the measure valued ODE

∂tνt = νtL . (7)

Therefore, the fixed point µ is asymptotically stable and its basin of attraction is all ofM1(E). But this
is just another way of saying that (νt)t≥0 converges to µ as t tends to infinity for all initial distributions
ν ∈M1(E).

This result is usually known as the ergodic theorem for finite-state Markov processes. The proof given
above shows that the convergence to the unique time-stationary measure also fits precisely into the
physical picture of convergence to equilibrium.

The rest of this paper is devoted to extending the results in this section to the setting of infinite-volume
interacting particle systems. The philosophy of using the relative entropy as a Lyapunov functional will
remain the same, but the proof itself becomes more technical.
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Dynamical Gibbs variational principles 5

2 Setting and results

2.1 Gibbs measures and interacting particle systems

2.1.1 Gibbs measures

Let q ∈ N and consider Ω := {1, . . . , q}Z
d

. Equipped with the usual product topology and the
corresponding Borel sigma-algebra F this will serve as our configuration space. For Λ ⊂ Zd let FΛ

be the sub-sigma-algebra of F that is generated by the open sets in ΩΛ := {1, . . . , q}Λ. In the
following we will often denote for a given configuration ω ∈ Ω by ωΛ its projection to the volume
Λ ⊂ Zd and write ωΛω∆ for the finite-volume configuration in Λ ∪ ∆ composed of ωΛ and ω∆ with
disjoint Λ,∆ b Zd. Denote the set of translation-invariant probability measures on Ω byMinv

1 (Ω).
Then, for µ, ν ∈Minv

1 (Ω) and a finite volume Λ b Zd define the relative entropy via

hΛ(ν|µ) :=

{∑
ωΛ∈ΩΛ

ν(ωΛ) log ν(ωΛ)
µ(ωΛ)

, if ν � µ,

∞, else,

where we use the suggestive notation ν(ωΛ) = ν({η : ηΛ = ωΛ}). Further, define the relative en-
tropy density via

h(ν|µ) := lim sup
n→∞

1

|Λn|
hΛn(ν|µ),

where Λn := [−2n + 1, 2n − 1]d is a sequence of hypercubes centered at the origin.

We will be interested in situations where µ is a Gibbs measure for a translation-invariant non-null
quasilocal specification on Ω.

Definition 1. A specification γ = (γΛ)ΛbZd is a family of probability kernels γΛ from ΩΛc toM1(Ω)
that additionally satisfies the following properties.

1 Each γΛ is proper, i.e., if ∆ ⊂ Λc, then

γΛ(ηΛη∆|ηΛc) = γΛ(ηΛ|ηΛc)1η∆
(ηΛc).

2 The probability kernels are consistent in the sense that if ∆ ⊂ Λ b Zd, then

γΛ(γ∆(η∆|·)|ηΛc) = γΛ(η∆|ηΛc).

An infinite-volume probability measure µ on Ω is called a Gibbs measure for γ if µ satisfies the so-
called DLR equations, namely for all Λ b Zd and ηΛ we have

µ(γΛ(ηΛ|·)) = µ(ηΛ). (8)

We will denote the set of all Gibbs measures for a specification γ by G (γ).

For the existence and further properties of Gibbs measures one needs to impose some conditions on
the specification γ. One sufficient condition for the existence of a Gibbs measure for a specification γ
is quasilocality.

Definition 2. A specification γ is called

DOI 10.20347/WIAS.PREPRINT.2935 Berlin 2022
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1 translation invariant, if for all Λ b Zd and i ∈ Zd we have

γΛ+i(ηΛ+i|η(Λ+i)c),

where Λ + i denotes the lattice translate of Λ by i.

2 non-null, if for some δ > 0

inf
η∈Ω

γ0(η0|η0c) ≥ δ.

3 quasilocal, if for all Λ b Zd

lim
∆↑Zd

sup
η,ξ∈Ω

∣∣γΛ(ηΛ|η∆\Λξ∆c)− γΛ(ηΛ|ηΛc)
∣∣ = 0.

We will sometimes consider the probability kernels γΛ as functions Ω→ [0, 1], ω 7→ γΛ(ωΛ|ωΛc). If
γ is a quasilocal specification, then each such map is then uniformly continuous. For example, speci-
fications defined via a translation-invariant uniformly absolutely summable potentials Φ = (ΦB)BbZd

are translation-invariant, non-null and quasilocal. Moreover, one can even show that, for Gibbs mea-
sures for such Gibbsian specifications, the relative entropy density exists as a limit and not just as
limes superior. For more details on Gibbs measures and specifications see [Geo11], [FV17, Chapter
6] and [Bov06, Chapter 4].

The DLR-formalism, which we used above, describes Gibbs measures through a collection of local
conditions (8). For translation-invariant Gibbs measures there is also an alternative point of view that
provides a global description of Gibbs measures as the minimizers of a certain functional on the set
Minv

1 (Ω). This is the content of the well-known Gibbs variational principle.

Theorem 3. Let Φ be an absolutely convergent and translation-invariant potential and µ ∈ G inv(Φ) :=
G (Φ) ∩Minv

1 (Ω). Define the relative entropy density by

h(ν|Φ) := lim sup
n→∞

1

|Λn|
hΛn(ν|µ).

Then,

1 For all ν ∈Minv
1 (Ω), h(ν|Φ) exists as a limit and does not depend on µ, only on Φ,

2 h(ν|Φ) ≥ 0 for all ν ∈Minv
1 (Ω) and

3 h(ν|Φ) = 0 if and only if ν ∈ G inv(Φ).

This static global description is the starting point for our investigation. We aim for finding a dynamical
counterpart to the Gibbs variational principle, describing Gibbs measures as extremal points of another
functional onMinv

1 (Ω), which describes the rate at which the relative entropy density changes when
the system is subject to Markovian dynamics.

Remark 4. The Gibbs variational principle also provides an approach to define Gibbs measures for
general measurable dynamical systems (X,B, T ) that are additionally equipped with a potential φ :
X → R. This is one possible starting point for the so-called thermodynamic formalism for dynamical
systems. A non-trivial application of this thermodynamic formalism is the Bowen formula, which can
be used to calculate the Hausdorff dimension of attractors by constructing solutions to the analogue
of the Gibbs variational problem in this situation. An excellent reference is the monograph [Kel98];
other good resources are Ruelle’s book [Rue04] and the lecture notes [Bow75]. An elementary proof
of Bowen’s formula in the simple situation of cookie-cutter maps can be found in [Fal97].

DOI 10.20347/WIAS.PREPRINT.2935 Berlin 2022



Dynamical Gibbs variational principles 7

2.1.2 Interacting particle systems

We will consider time-continuous, translation-invariant Markov dynamics on Ω, namely interacting
particle systems characterized by time-homogeneous generators L with domain dom(L ) and its
associated Markovian semigroup (Pt)t≥0. For interacting particle systems we adopt the notation and
exposition of the standard reference [Lig85, Chapter 1]. In our setting the generator L is given via a
collection of transition rates c∆(η, ξ∆), in finite volumes ∆ b Zd, which are continuous in the starting
configuration η ∈ Ω. These rates can be interpreted as the infinitesimal rate at which the particles
inside ∆ switch from the configuration η∆ to ξ∆, given that the rest of the system is currently in state
η∆c . The full dynamics of the interacting particle system is then given as the superposition of these
local dynamics, i.e.,

L f(η) =
∑

∆bZd

∑
ξ∆

c∆(η, ξ∆)[f(ξ∆η∆c)− f(η)].

Two classical conditions due to Liggett that ensure the well-definedness are the following.

(L1) The total rate at which the particle at a particular site changes its spin is uniformly bounded,
i.e.,

sup
x∈Zd

∑
∆x

∑
ξ∆

‖c∆(·, ξ∆)‖∞ <∞

(L2) and the total influence of a single coordinate on all other coordinates is uniformly bounded, i.e.,

sup
y∈Zd

∑
∆y

∑
x 6=y

∑
ξ∆

δx (c∆(·, ξ∆)) <∞,

where

δx(f) := sup
η,ξ: ηxc=ξxc

|f(η)− f(ξ)|

is the oscillation of a function f : Ω→ R at the site x.

Under these conditions one can then show that the operator L , defined as above, is the generator of
a well-defined Markov process and that a core of L is given by

D(Ω) :=
{
f ∈ C(Ω) :

∑
x∈Zd

δx(f) <∞
}
.

Note, that by considering the directional discrete derivatives ∇i
z : C(Ω) → C(Ω) which are defined

by

∇i
zf(η) := f(ηz,i)− f(η), f ∈ C(Ω), i ∈ {1, . . . , q} , z ∈ Zd

with

ηz,ix :=

{
ηx, if x 6= z,

i, if x = z,

then condition (L2) is equivalent to

sup
y∈Zd

∑
x 6=y

∑
∆y

∑
ξ∆

q∑
i=1

∥∥∇i
xc∆(·, ξ∆)

∥∥
∞ <∞.

DOI 10.20347/WIAS.PREPRINT.2935 Berlin 2022
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2.2 Results

Let us introduce some further conditions on the specification γ = (γ∆)∆bZd and the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆

that will turn to be crucial for our results.

Conditions for the specification.

(S1) γ is quasilocal.

(S2) γ is non-null.

(S3) γ satisfies

sup
y∈Zd

∑
∆y: c∆>0

∑
z 6=y

q∑
i=1

∥∥∇i
zγ∆(·|·)

∥∥
∞ <∞,

(S4) γ is translation-invariant.

Conditions for the rates.

(R1) For every ∆ b Zd and ξ∆ ∈ Ω∆ the function

Ωη 7→ c∆(η, ξ∆) ∈ [0,∞)

is continuous.

(R2) There are at most finitely many ∆ b Zd such that 0 ∈ ∆ and

c∆ := sup
ξ∆

‖c∆(·, ξ∆)‖∞ > 0.

Denote by R ∈ N the maximal size of a subset ∆ b Zd with c∆ > 0.

(R3) The total influence of all other particles on a single particle is uniformly bounded, i.e.,

sup
y∈Zd

∑
z 6=y

∑
∆y

∑
ξ∆

q∑
i=1

∥∥∇i
zc∆(·, ξ∆)

∥∥
∞ <∞.

(R4) The rates are translation invariant, i.e.,

∀x ∈ Zd ∀∆ b Zd ∀η ∈ Ω : c∆+x(τxη, ·) = c∆(η, ·),

where τx : Ω→ Ω is the lattice translation by x acting on configurations.

(R5) The minimal transition rate is strictly positive, i.e.,

inf
∆bZd,ξ∆,η: c∆(η,ξ∆)>0

c∆(η, ξ∆) > 0.

For the last part of the dynamical Gibbs variational principle we will also need to assume irreducibility.

(R6) The rates are irreducible, i.e., for every η ∈ Ω, ∆ b Zd and ξ∆ ∈ Ω∆ there exists a finite
sequence η(0), . . . , η(n) ⊂ Ω such that η(0) = η, η(n) = ξ∆η∆c and the transition rate from
η(i) to η(i+1) is positive for all i ∈ 0, . . . , n− 1.

DOI 10.20347/WIAS.PREPRINT.2935 Berlin 2022



Dynamical Gibbs variational principles 9

2.2.1 The (approximating) relative entropy loss

Recall that (Pt)t≥0 denotes the Markov semigroup corresponding to the Markov generator L . We
write νt := νPt for the time-evolved measure ν ∈ M1(Ω). For n ∈ N, the relative entropy loss in
Λn is defined by

gnL (ν|µ) :=
d

dt
|t=0hΛn(νt|µ).

We define the relative entropy loss density as

gL (ν|µ) := lim sup
n→∞

|Λn|−1 gnL (ν|µ).

In Proposition 5 we show that gL (ν|µ) ≤ 0, which justifies the name of gL (ν|µ). As it turns out, it
will be more convenient to only consider the effect that spin flips inside the smaller cube

Λ̃n := [−2n + n+ 1, 2n − n− 1]d

have on the relative entropy. In Lemma 21 we will see that the contributions coming from spin flips at
sites x in the boundary region Λn \ Λ̃n are negligible in the density limit. This and the representation
of gnL (ν|µ) in Lemma 19 motivate the definition of the approximating relative entropy loss in Λn as

g̃nL (ν|µ) :=
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆

∫
ν(dω)c∆(ω, ξ∆)

[
1ηΛn

(ξ∆ω∆c)− 1ηΛn
(ω)
]

log

(
ν(ηΛn)

µ(ηΛn)

)
.

The approximating relative entropy loss density is then defined as

g̃L (ν|µ) := lim sup
n→∞

|Λn|−1 g̃nL (ν|µ).

Our first result relates the relative entropy loss density to the approximating relative entropy loss den-
sity and also shows that both quantities are non-positive.

Proposition 5. Suppose that the rates of an interacting particle system with generator L satisfy
(R1) − (R5). Moreover, assume that there exists a measure µ which is translation-invariant and
time-stationary for the process generated by L , such that µ ∈ G (γ), where the specification γ =
(γΛ)ΛbZd satisfies (S1)− (S4). Then, for all ν ∈M1(Ω), we have

gL (ν|µ) ≤ g̃L (ν|µ) ≤ 0.

In particular, we have for all t ≥ 0,

h(νt|µ)− h(ν|µ) ≤ 0.

The proof of Proposition 5 will be carried out in several steps and can be found after the proof of
Lemma 23.

2.2.2 The dynamical Gibbs variational principle and the attractor property

We are now ready to state our main result, generalizing the earlier works [JK19], [Kü84], [HS75], and
[Hol71], to the setting of non-reversible interacting particle systems with finite local state spaces and
updates in arbitrary finite regions.

DOI 10.20347/WIAS.PREPRINT.2935 Berlin 2022
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Theorem 6 (Dynamical Gibbs variational principle). Suppose that the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆
of

an interacting particle system satisfy (R1)− (R6). Moreover, assume that there exists a measure µ
which is translation-invariant and time-stationary for the process generated by L such that µ ∈ G (γ),
where the specification γ = (γΛ)ΛbZd satisfies (S1)− (S4). Then, the following variational principle
for the approximating entropy loss density holds on the set of translation-invariant probability measures
Minv

1 (Ω).

1 For all ν ∈Minv
1 (Ω) the approximating entropy loss g̃L(ν|µ) exists as a limit in R ∪ {−∞}.

2 The function ν 7→ g̃L (ν|µ) is upper-semicontinuous onMinv
1 (Ω).

3 For all ν ∈Minv
1 (Ω) we have g̃L (ν|µ) ≤ 0.

4 For all ν ∈Minv
1 (Ω) with g̃L (ν|µ) = 0 we have ν ∈ G (γ).

The proof of Theorem 6 will be carried out in several steps and can be found in Section 3.4 after the
proof of Lemma 28.

Remark 7. Due to the irreducibility assumption (R6) on the rates, Theorem 6 does not apply to the
exclusion process, the voter model or the contact process. While there is no hope to extend it to the
voter model or the contact process, the exclusion process can be covered since it is irreducible when
restricted to the subspaces

Ωρ :=

{
ω ∈ Ω : lim

n→∞

|{i ∈ Λn : ωi = 1}|
|Λn|

= ρ

}
, ρ ∈ [0, 1].

By being a bit more careful in the proof of Lemma 28 one can then indeed extend our result to µ, ν as
long as µ(Ωρ) = 1 = ν(Ωρ) for some ρ ∈ [0, 1].

Remark 8. One particular class of models to which our theory can be applied to are stochastic Ising
models, if the specification γ is defined via a translation-invariant potential Φ = (ΦB)BbZd that satis-
fies ∑

BbZd

|B| ‖ΦB‖∞ <∞.

and the rates are of the general form

c∆(η, ξ∆) =

{
exp

(
−β
∑

B : B∩∆ 6=∅ΦB(ξ∆η∆c)
)
, if ∆ = {x} , x ∈ Zd, and ξx = −ηx.

0, otherwise,

or even more general, with updates in larger regions with bounded diameter. Then, the rates satisfy
(R1)− (R6) and the specification satisfies (S1)− (S4) as one can see by using similar arguments
as in the proof of [FV17, Lemma 6.28].

In the proof of Theorem 6, we will see that on the set of non-null and translation-invariant measures
we also have the same variational principle with the relative entropy loss density instead of the ap-
proximating relative entropy loss density.

Corollary 9. Suppose that the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆
of an interacting particle system satisfy

(R1) − (R6). Moreover, assume that there exists a measure µ which is translation-invariant and
time-stationary for the process generated by L , such that µ ∈ G (γ), where the specification γ
satisfies (S1) − (S4). Then, the following variational principle for the relative entropy loss density
holds on the set of non-null translation-invariant probability measuresMinv,non-null

1 (Ω).
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1 For all ν ∈ Minv,non-null
1 (Ω) the approximating entropy loss gL (ν|µ) exists as a limit in R ∪

{−∞}.

2 The function ν 7→ gL (ν|µ) is upper-semicontinuous onMinv,non-null
1 (Ω).

3 For all ν ∈Minv,non-null
1 (Ω) we have gL (ν|µ) ≤ 0.

4 For all ν ∈Minv.non-null
1 (Ω) with gL (ν|µ) = 0 we have ν ∈ G (γ).

We started out with the big goal of investigating the set of possible limit points of (νt)t≥0 for translation-
invariant initial measures ν0 and non-reversible interacting particle systems. With the dynamical Gibbs
variational principle at hand, it is now easy to show that all possible limit points are themselves
translation-invariant Gibbs measures with respect to the same specification.

Theorem 10 (Attractor property for irreversible interacting particle systems). Assume that the rates
(c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆

satisfy conditions (R1)−(R6). Moreover, assume that there exists a translation-
invariant time-stationary measure µ which is a Gibbs measure with respect to a specification γ that
satisfies (S1)− (S4). Then, the ω-limit set of the family of translation-invariant probability measures
Minv

1 (Ω) is G (γ), i.e., for any translation-invariant starting measure ν ∈ Minv
1 (Ω) where the se-

quence (νtn)n∈N converges weakly to ν∗ as tn ↑ ∞, we have that ν∗ ∈ G (γ).

The proof of Theorem 10 can be found at the end of Section 3.5.

2.2.3 An alternative characterization of time-stationary measures

In the proof of Theorem 6 we will encounter an auxiliary process with rates given by

ĉ∆(η, ξ∆) := c∆(ξ∆η∆c , η∆)
γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)
,

which can be interpreted as the time-reversal of the original process w.r.t. to the stationary measure µ
with local conditional distributions given by γ. In the reversible case, the rates of the time-reversed pro-
cess agree with the original rates, which is known as the detailed balance equation. In the irreversible
case, this does not hold, but we will see that time-stationarity implies that the weaker condition∑

∆bZd

∑
ξ∆

∇Λ (c∆(·, ξ∆)− ĉ(·, ξ∆)) (η) = 0, (9)

holds for all Λ b Zd and η ∈ Ω, see Proposition 18, where∇Λ is the generalized differential operator
defined by

∇Λf(η) :=
∑
ξΛ

[f(ξΛηΛc)− f(η)].

It is well known, that the detailed balance equations are equivalent to the reversibility of the measure,
and it is natural to ask whether equation (9) is equivalent to the time-stationarity of a measure µ with
local conditional distributions given by γ. We show that this is true under an additional assumption on
the mixing coefficients of the measure µ. For a measure ν and a subvolume Λ b Zd we define the
mixing coefficients

αν(Λ, n) := sup
{
|ν(A ∩B)− ν(A)ν(B)| : A ∈ FΛ, B ∈ F∆c

n

}
, n ∈ N,
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where ∆n := [−n, n]d. Roughly speaking, this measures how much the spins inside the finite vol-
ume Λ are correlated with the spins outside the box ∆n. We additionally need to assume that the
convergence of the sums in (9) is uniform in z ∈ Zd. For this we introduce the quantity

β(n) := sup
z∈Zd,i∈{1,...,q}

max

( ∑
∆∩∆n=∅

∑
ξ∆

∥∥∇i
zc∆(·, ξ∆)

∥∥
∞ ,

∑
∆∩∆n=∅

∥∥∇i
z ĉ∆(·, ξ∆)

∥∥
∞

)
, n ∈ N.

Theorem 11 (A mixing criterion for time-stationarity). Assume that the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆

satisfy conditions (R1)−(R4) and the specification γ satisfies the conditions (S1)−(S4), Moreover,
assume that we have

β(0) <∞ and β(n)→ 0 as n→∞,

and that for all Λ b Zd and η ∈ Ω we have∑
∆bZd

∑
ξ∆

∇Λ (c∆(·, ξ∆)− ĉ(·, ξ∆)) (η) = 0.

If the mixing coefficients of µ ∈ G (γ) satisfy

∀Λ b Zd :
∑
n∈N

αµ(Λ, n)nd−1 <∞,

then µ is time-stationary for the interacting particle system associated to the rates
(c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆

.

The proof of this result can be found after the proof of Proposition 18 at the end of Section 3.2.

Let us note that the mixing condition is hard to verify in practice, especially in non-uniqueness regimes.
An example of a situation where the mixing condition can be verified is Dobrushin’s uniqueness regime,
see [Geo11, Chapter 8] and the discussion in [Kü84]. We can imagine that the mixing condition can
also be verified in the regime of Gaussian concentration [CMRU20, CR21].

3 Proofs

3.1 Proof strategy

The proof of Theorem 6 proceeds in several steps. We start by deriving an explicit formula for the
finite-volume relative entropy loss in terms of the generator and the time-stationary measure µ. We will
then show that the relative entropy density is non-increasing along trajectories by rewriting it similarly
as in (6). However, this is not as straightforward as in the finite-volume case and we need to find
appropriate replacements for our finite-volume arguments. For motivational purposes, let us briefly
go back to finite state spaces. Consider an interacting particle system with irreducible transition rates
(c∆(·, ξ∆))∆⊂Λ,ξ∆∈Ω∆

in a finite volume Λ b Zd. In Section 1.2, we used that a probability measure
µ is time-stationary w.r.t. the dynamics if and only if it satisfies (4). In the situation we consider here,
this equation takes the form

∀ηΛ ∈ ΩΛ :
∑
∆⊂Λ

∑
ξ∆

µ(ηΛ)c∆(ηΛ, ξ∆) =
∑
∆⊂Λ

∑
ξ∆

µ(ξ∆ηΛ\∆)c∆(ξ∆ηΛ\∆, η∆),
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which we can rewrite as

∀ηΛ ∈ ΩΛ :
∑
∆⊂Λ

∑
ξ∆

(
c∆(ηΛ, ξ∆)−

µ(ξ∆ηΛ\∆)

µ(ηΛ)
c∆(ξ∆ηΛ\∆, η∆)

)
= 0. (10)

In a way to be made precise, the terms

ĉ∆(η, ξ∆) :=
µ(ξ∆ηΛ\∆)

µ(ηΛ)
c∆(ξ∆ηΛ\∆, η∆)

are the rates of the time-reversed version of the interacting particle system we consider. However, for
general interacting particle systems, in infinite volumes the equation (10) does not make sense and
we can not hope to use it naively in our quest to derive an analogue of (6) for irreversible interacting
particle systems in infinite volumes. As it turns out, in finite volumes it already suffices to know that

∀ηΛ ∈ ΩΛ ∀z ∈ Λ ∀i ∈ {1, . . . , q} :
∑
∆⊂Λ

∑
ξ∆

∇i
z (c∆(·, ξ∆)− ĉ∆(·, ξ∆)) (ηΛ) = 0. (11)

The idea of using (11) to extend the works of Holley, and Higuchi and Shiga to non-reversible systems
was first used in [Kü84]. Section 3.2 is devoted to extending this work to our much more general set-
ting. Whereas Künsch only considered interacting particle systems on a binary local state space with
single-site updates, we allow general finite local state spaces and updates in arbitrary finite regions.
For this reason, we cannot rely on any spin-flip symmetry arguments and need to find appropriate
replacements for the corresponding steps. We will therefore first establish an infinite-volume analogue
of (11) and then use it to prove Proposition 5 in Section 3.3.

To establish the remaining parts of Theorem 6, i.e., that the approximating relative entropy loss exists
as a limit and that this limit defines an upper-semicontinuous functional on the space of translation-
invariant probability measures, is then our next main task. We again have to eliminate dangerous terms
and use a subadditivity argument to get the claimed convergence and semicontinuity. Equipped with
these intermediate results, we are then ready to show the last step in the dynamical Gibbs variational
principle, namely that translation-invariant measures ν with g̃L (ν|µ) = 0 are also Gibbs measures
compatible with γ. By putting all of our previous results together, we are then ready to prove the
attractor property for non-reversible interacting particle systems in infinite volumes.

3.2 The time-reversal rates and the oscillation equations

We start with an elementary integral identity on which we will rely heavily for the rest of this subsection.

Lemma 12 (Switching Lemma). Let γ = (γΛ)ΛbZd be a specification, µ ∈ G (γ) and
(c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆

the rates of an interacting particle system. Additionally, assume that γ is
strictly positive, i.e., that we have

γΛ(ηΛ|ηΛc) > 0

for all Λ b Zd and η ∈ Ω. Then, for all bounded and measurable f, g : Ω → R and ∆ b Zd we
have∑

ξ∆∈Ω∆

∫
Ω

c∆(ω, ξ∆)f(ω)g(ξ∆ω∆c)µ(dω) =
∑

ξ∆∈Ω∆

∫
Ω

ĉ∆(ω, ξ∆)f(ξ∆ω∆c)g(ω)µ(dω), (12)

where

ĉ∆(η, ξ∆) := c∆(ξ∆η∆c , η∆)
γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)
. (13)
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For simplicity, in the following, we will sometimes denote integration w.r.t. µ by E[·].

Proof. As a first step, note that, for fixed ∆ b Zd and ξ∆ ∈ Ω∆, the maps

Ωω 7→ g(ξ∆ω∆c) ∈ R, Ωω 7→ f(ξ∆ω∆c) ∈ R,

are F∆c-measurable. Therefore, we can use that γ is a version of the local conditional distribution of
µ and the definition of the rates ĉ to obtain the µ-almost sure identity

E [c∆(·, ξ∆)f(·)g(ξ∆·∆c)|F∆c ] (ω) = g(ξ∆ω∆c)E [c∆(·, ξ∆)f(·)|F∆c ] (ω)

= g(ξ∆ω∆c)
∑
ζ∆

γ∆(ζ∆|ω∆c)c∆(ζ∆ω∆c , ξ∆)f(ζ∆ω∆c)

= g(ξ∆ω∆c)
∑
ζ∆

γ∆(ξ∆|ω∆c)ĉ∆(ξ∆ω∆c , ξ∆)f(ζ∆ω∆c).

If we now sum this over ξ∆ ∈ Ω∆, exchange the order of summation and apply the same arguments
as above in reverse – with f taking the role of g and vice versa – we get∑

ξ∆

E [c∆(·, ξ∆)f(·)g(ξ∆·∆c)|F∆c ] (η) =
∑
ζ∆

E [ĉ∆(·, ζ∆)f(ζ∆·∆c)g(·)|F∆c ] (η).

By integrating both sides with respect to µ and applying the law of total expectation, we obtain∑
ξ∆

∫
Ω

c∆(ω, ξ∆)f(ω)g(ξ∆ω∆c)µ(dω) =
∑
ζ∆

∫
Ω

ĉ∆(ω, ζ∆)f(ζ∆ω∆c)g(ω)µ(dω),

which completes the proof.

We will often have to estimate terms where the specification appears in the denominator. The main
tool for obtaining bounds will be the following lemma.

Lemma 13. Let ∆ ⊂ Λ b Zd and ρ be a probability measure that is non-null with parameter
δ(ρ) > 0, then for all η, ξ ∈ Ω we have∣∣∣∣log

(
ρ(ξ∆ηΛ\∆)

ρ(ηΛ)

)∣∣∣∣ =

∣∣∣∣log

(
ρ(ξ∆|ηΛ\∆)

ρ(η∆|ηΛ\∆)

)∣∣∣∣ ≤ |∆| log

(
1

δ(ρ)

)
. (14)

In particular, for ρ ∈ G (γ) with non-null specification γ, the same estimate holds.

This estimate already appears in [JK19], but for the sake of being self-contained we also give the short
proof here.

Proof. The first identity is clear by definition of conditional probabilities, so we only have to show the
inequality. For this, fix an enumeration i1, . . . , ik of the elements of ∆ and introduce the notation

[ij, ik] := {ij, ij+1, . . . , ik} , 1 ≤ j ≤ k.

With this at hand, we can use the chain rule for conditional probabilities to write

ρ(ξ∆|ηΛ\∆) =
k−1∏
j=1

ρ(ηij |η[ij+1,ik]ηΛ\∆). (15)
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Now we show that each factor is bounded from below by δ. Indeed, via an elementary calculation, we
see that

ρ(ηij |η[ij+1,ik]ηΛ\∆) =

∫
ρ(dω)ρ(η[ij ,ik]ηΛ\∆|ωΛc∪[i1,ij−1])∫
ρ(dω)ρ(η[ij+1,ik]ηΛ\∆|ωΛc∪[i1,ij−1])

=

∫ ρ(dω)ρ(η[ij ,ik]ηΛ\∆|ωΛc∪[i1,ij−1])

ρ(η[ij+1,ik]ηΛ\∆|ωΛc∪[i1,ij−1])
ρ(η[ij+1,ik]ηΛ\∆|ωΛc∪[i1,ij−1])∫

ρ(dω)ρ(η[ij+1,ik]ηΛ\∆|ωΛc∪[i1,ij−1])

=

∫
ρ(dω)ρ(ηij |η[ij+1,ik]ηΛ\∆ωΛc∪[i1,ij−1])ρ(η[ij+1,ik]ηΛ\∆|ωΛc∪[i1,ij−1])∫

ρ(dω)ρ(η[ij+1,ik]ηΛ\∆|ωΛc∪[i1,ij−1])
≥ δ.

In conjunction with the representation (15), this implies the desired upper bound. If ρ ∈ G (γ) for a
non-null specification γ, then we can carry out exactly the same calculations as before, except that we
need to use the DLR equations to write

ρ(ηij |η[ij+1,ik]ηΛ\∆ωΛc∪[i1,ij−1]) = γij(ηij |η[ij+1,ik]ηΛ\∆ωΛc∪[i1,ij−1]).

This finishes the proof.

As a first step, we now verify that the regularity of the original rates and the specification also implies
some regularity for the time-reversal rates. This technical calculation will not only be needed to ensure
that the infinite sums occurring in Proposition 18 are well-defined, but we will also use it to show that
the relative entropy is non-increasing in the proof of Theorem 6.

Lemma 14. Assume that the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆
of an interacting particle system satisfy the

conditions (R1) − (R4) and that there exists a measure µ which is time-stationary for the process
generated by L and such that µ ∈ G (γ), where the specification γ = (γ∆)∆bZd satisfies the
conditions (S1) − (S4). Then, the time-reversal rates (ĉ∆(·, ξ∆))∆bZd,ξ∆∈Ω∆

have the following
properties.

1 The total rate of change of a single site is uniformly bounded over all sites, i.e.,

sup
x∈Zd

∑
∆x

∑
ξ∆

‖ĉ∆(·, ξ∆)‖∞ <∞.

2 The total influence of all other sites on a fixed site is uniformly bounded over all sites, i.e.,

sup
y∈Zd

∑
∆y

∑
z 6=y

∑
ξ∆

q∑
i=1

∥∥∇i
z ĉ∆(·, ξ∆)

∥∥
∞ <∞.

3 For all z ∈ Zd it holds that

∑
∆bZd

∑
ξ∆

q∑
i=1

∥∥∇i
z ĉ∆(·, ξ∆)

∥∥
∞ <∞.

4 The time-reversal rates (ĉ∆(·, ξ∆))∆bZd,ξ∆∈Ω∆
are also translation invariant.
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Before we give the proof, note that the translation invariance of the rates and the specification implies
that (R3) and (S3) are respectively equivalent to

∀z ∈ Zd :
∑

∆bZd

∑
ξ∆

q∑
i=1

∥∥∇i
zc∆(·, ξ∆)

∥∥
∞ <∞,

and

∀z ∈ Zd :
∑

∆bZd

q∑
i=1

∥∥∇i
zγ∆(·|·)

∥∥
∞ <∞,

as one can easily verify by elementary calculations.

Proof. Ad i.: For fixed ∆ b Zd, ξ∆ ∈ Ω∆ and η ∈ Ω we have by Lemma 13 and assumption (R2)

|ĉ∆(η, ξ∆)| =
∣∣∣∣c∆(ξ∆η∆c , η∆)

γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)

∣∣∣∣ ≤ 1

δ
e|∆| ‖c∆(·, η∆)‖∞ ≤

1

δ
eR ‖c∆(·, η∆)‖∞ .

By assumptions (R1), (R2), and (R4) we have

sup
x∈Zd

∑
∆x

∑
ξ∆xe

‖c∆(·, ξ∆)‖∞ <∞.

and this implies

sup
x∈Zd

∑
∆x

∑
ξ∆

‖ĉ∆(·, ξ∆)‖∞ ≤ sup
x∈Zd

∑
∆x

∑
η∆

1

δ
eR ‖c∆(·, η∆)‖∞ <∞.

Ad ii.: For fixed z ∈ Zd and i ∈ {1, . . . , q} we have

∣∣ĉ∆(ηz,i, ξ∆)− ĉ∆(η, ξ∆)
∣∣ =

∣∣∣∣∣c∆(ξ∆η
z,i
∆c , η

z,i
∆ )

γ∆(ξ∆|ηz,i∆c)

γ∆(ηz,i∆ |η
z,i
∆c)
− c∆(ξ∆η∆c , η∆)

γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)

∣∣∣∣∣
≤
∣∣c∆(ξ∆η

z,i
∆c , η

z,i
∆ )
∣∣ ∣∣∣∣∣ γ∆(ξ∆|ηz,i∆c)

γ∆(ηz,i∆ |η
z,i
∆c)
− γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)

∣∣∣∣∣
+

∣∣∣∣γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)

∣∣∣∣ ∣∣c∆(ξ∆η
z,i
∆c , η

z,i
∆ )− c∆(ξ∆η∆c , η∆)

∣∣ .
To estimate this further, we will have to make a case distinction over whether the site z is contained in
∆ or not. If z is contained in ∆, then we can naively use Lemma 13 and assumption (R2) to obtain
the rough estimate ∣∣ĉ∆(ηz,i, ξ∆)− ĉ∆(η, ξ∆)

∣∣ ≤ 4
1

δ
eR sup

∆z,ξ∆

‖c∆(·, ξ∆)‖∞ .

In the case where z is not contained in ∆, we can be a bit more precise. Via the elementary algebraic
rule

ac− bd =
1

2
[(a− b)(c+ d) + (a+ b)(c− d)],
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and Lemma 13 plus assumption (R2) one obtains

∣∣c∆(ξ∆η
z,i
∆c , η∆)

∣∣ ∣∣∣∣∣γ∆(ξ∆|ηz,i∆c)

γ∆(η∆|ηz,i∆c)
− γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)

∣∣∣∣∣+

∣∣∣∣γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)

∣∣∣∣ ∣∣c∆(ξ∆η
z,i
∆c , η∆)− c∆(ξ∆η∆c , η∆)

∣∣
=

1

2

∣∣c∆(ξ∆η
z,i
∆c , η∆)

∣∣ ∣∣∣∣ 1

γ∆(η∆|ηz,i∆c)γ∆(η∆|η∆c)

∣∣∣∣ ∣∣γ∆(ξ∆|ηz,i∆c)− γ∆(ξ∆|η∆c)
∣∣ ∣∣γ∆(η∆|ηz,i∆c) + γ∆(η∆|η∆c)

∣∣
+

∣∣∣∣γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)

∣∣∣∣ ∣∣c∆(ξ∆η
z,i
∆c , η∆)− c∆(ξ∆η∆c , η∆)

∣∣
≤ 1

δ2
e2R
∥∥∇i

zγ∆(·|·)
∥∥
∞ +

1

δ
eR
∥∥∇i

zc∆(·, η∆)
∥∥
∞ .

Now assumptions (R1)− (R4) and (S1) are sufficient to conclude that

sup
y∈Zd

∑
∆y

∑
z 6=y

∑
ξ∆

q∑
i=1

∥∥∇i
z ĉ∆(·, ξ∆)

∥∥
∞ <∞.

Ad iii.: This follows from the same estimates as in ii. and assumptions (R3) and (S3) by the
equivalence that we stated before the proof.
Ad iv.: This is clear by definition of the time-reversal rates (ĉ∆(·, ξ∆))∆bZd,ξ∆∈Ω∆

.

Remark 15. The regularity statement in Lemma 14 in particular implies that the process with rates
ĉ∆(η, ξ∆) is well-defined. By using the switching Lemma 12 one can then easily show that this pro-
cess, with semigroup (P̂t)t≥0, is dual to the original process in the sense that for all f, g ∈ C(Ω) it
holds that ∫

Ω

(P (t)f(η)) g(η)µ(dη) =

∫
Ω

f(η)(P̂ (t)g(η))µ(dη), t ≥ 0.

Duality of Markov processes plays a big role in contemporary probability theory. In that context, the
duality we have here is known as duality with respect to a measure, see [JK14, Definition 1.3.] and
the remarks thereafter. Studying the dual process can often yield useful information about the original
process that is hard to obtain in other ways. However, at this point, we won’t dive too deep into the
analysis of the time-reversed interacting particle system and mainly use the time-reversal rates for
notational simplicity. Investigating what can be done by following the duality approach further could be
a path for future research.

Equipped with these estimates, we are now almost ready to show the main result of this section. We
just need two more technical helpers to make our life a little easier. The first one is concerned with the
density of Gibbs measures under certain transformations.

Lemma 16. For ∆ b Zd and ζ∆, ξ∆ ∈ Ω∆ we define a map

Gξ∆ : Ω→ [ξ∆] := {ω ∈ Ω: ω∆ = ξ∆}, η 7→ ξ∆η∆c .

Then, for µ ∈ G (γ) we have that µ− a.s.

d(µ ◦G−1
ξ∆

)

dµ
(η) = 1[ξ∆](η)

∑
ζ∆

γ∆(ζ∆|η∆c)

γ∆(ξ∆|η∆c)
, η ∈ Ω. (16)
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Proof. Let Λ b Zd be such that ∆ ⊂ Λ and let χΛ ∈ ΩΛ. Then, we have

(µ ◦G−1
ξ∆

)([ξ∆χΛ\∆]) =
∑
ζ∆

µ([ζ∆χΛ\∆]) =
∑
ζ∆

∫
Ω

1ζ∆(ω)1χΛ\∆(ω)µ(dω)

=
∑
ζ∆

∫
Ω

E[1ζ∆1χΛ\∆ |F∆c ](ω)µ(dω) (17)

=
∑
ζ∆

∫
Ω

E[1ζ∆ |F∆c ](ω)1χΛ\∆(ω)µ(dω).

Now, since µ is a Gibbs measure with respect to the specification γ we know that µ-a.s

E[1ζ∆ |F∆c ](ω) = γ∆(ζ∆|ω∆c),

and the right-hand-side is F∆c-measurable. Therefore, we can write each summand of (17) as∫
Ω

E[1ζ∆ |F∆c ](ω)1χΛ\∆(ω)µ(dω) =

∫
Ω

γ∆(ζ∆|ω∆c)1χΛ\∆(ω)µ(dω)

=

∫
Ω

γ∆(ξ∆|ω∆c)

γ∆(ξ∆|ω∆c)
γ∆(ζ∆|ω∆c)χΛ\∆(ω)µ(dω)

=

∫
Ω

γ∆(ζ∆|ω∆c)

γ∆(ξ∆|ω∆c)
γ∆(ξ∆|ω∆c)χΛ\∆(ω)µ(dω)

=

∫
Ω

E
[
γ∆(ζ∆|·∆c)

γ∆(ξ∆|·∆c)
1ξ∆1χΛ\∆

∣∣∣F∆c

]
(ω)µ(dω) =

∫
Ω

γ∆(ζ∆|ω∆c)

γ∆(ξ∆|ω∆c)
1ξ∆χΛ\∆(ω)µ(dω).

Summing up over ζ∆ now gives us the claimed density.

The second technical result, reminiscent of Lebesgue’s differentiation theorem, will not only be used
in this section but also in other parts of the manuscript.

Lemma 17 (Differentiation lemma). Let µ be a probability measure on Ω such that we have µ(ηΛ) > 0
for all Λ b Zd and η ∈ Ω. Then, for any continuous functions f : Ω→ R we have that for all η ∈ Ω

lim
Λ↑Zd

1

µ(ηΛ)

∫
1ηΛ

(ξ)f(ξ)µ(dξ) = f(η).

Moreover, if f is uniformly continuous, then the claimed convergence is also uniform in η ∈ Ω.

Proof. First note that for fixed Λ b Zd we have the trivial inequalities

−∞ < inf
ξ:ξΛ=ηΛ

f(ξ) ≤ f(η) ≤ sup
ξ:ξΛ=ηΛ

f(ξ) <∞. (18)

The continuity of f implies that

lim
Λ↑Zd

inf
ξ:ξΛ=ηΛ

f(ξ) = f(η), lim
Λ↑Zd

sup
ξ:ξΛ=ηΛ

f(ξ) = f(η).

Combining this with (18) and the squeeze theorem (for nets) from real analysis yields

lim
Λ↑Zd

1

µ(ηΛ)

∫
1ηΛ

(ξ)f(ξ)µ(dξ) = f(η).

This concludes the proof.
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Proposition 18. Assume that the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆
of an interacting particle system

satisfy the conditions (R1) − (R4) and that there exists a time-stationary measure µ such that
µ ∈ G (γ), where the specification γ = (γ∆)∆bZd satisfies the conditions (S1)− (S4). Then, for all
Λ b Zd and all η ∈ Ω it holds that∑

∆bZd

∑
ξ∆

∇Λ (c∆(·, ξ∆)− ĉ(·, ξ∆)) (η) = 0, (19)

where as before

ĉ∆(η, ξ∆) := c∆(ξ∆η∆c , η∆)
γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)
.

Moreover, we even have

∀z ∈ Zd ∀i = 1, . . . , q ∀η ∈ Ω :
∑

∆bZd

∑
ξ∆

∇i
z (c∆(·, ξ∆)− ĉ(·, ξ∆)) (η) = 0. (20)

Proof. For fixed Λ b Zd define functions h∆ : Ω→ R for each ∆ b Zd by

h∆(η) :=
∑
ζ∆

∇Λ(c∆(·, ζ∆)− ĉ∆(·, ζ∆))(η), η ∈ Ω.

We have to show that
∑

∆bZd h∆ = 0. To do this, we will first show that∫
Ω

(∑
∆bZd

h∆(η)

)2

µ(dη) = 0

and then use Lemma 17 to conclude that the integrand vanishes everywhere (and not just µ-almost
everywhere). We start out by calculating

∫
Ω
h∆hΘ dµ for an arbitrary Θ b Zd. To do this, we will split

the summation in two parts, namely∫
Ω

h∆(η)hΘ(η) µ(dη) =
∑
ζΛ

∑
ξΘ

∫
Ω

h∆(η) (cΘ(ζΛηΛc , ξΘ)− ĉΘ(ζΛηΛc , ξΘ))µ(dη)

−
∑
ζΛ

∑
ξΘ

∫
Ω

h∆(η) (cΘ(η, ξΘ)− ĉΘ(η, ξΘ))µ(dη) =: I + II.

Using (12) we can write the summands in II as∑
ξΘ

∫
Ω

h∆(η)(ĉΘ(η, ξΘ)− cΘ(η, ξΘ))µ(dη) =
∑
ξΘ

∫
Ω

cΘ(η, ξΘ) (h∆(ξΘηΘc)− h∆(η))µ(dη).

For I we first apply Lemma 16 to obtain∑
ξΘ

∑
ζΛ

∫
Ω

h∆(ω)(cΘ(ζΛωΛc , ξΘ)− ĉΘ(ζΛωΛc , ξΘ))µ(dω)

=
∑
ξΘ

∑
ζΛ

∑
ηΛ

∫
[ηΛ]

h∆(ω)(cΘ(ζΛωΛc , ξΘ)− ĉΘ(ζΛωΛc , ξΘ))µ(dω)

=
∑
ξΘ

∑
ζΛ

∑
ηΛ

∫
[ζΛ]

h∆(ηΛωΛc)(cΘ(ω, ξΘ)− ĉΘ(ω, ξΘ))
(
µ ◦G−1

ζΛ

)
(dω)

=
∑
ξΘ

∑
ζΛ

∑
ηΛ

∫
[ζΛ]

h∆(ηΛωΛc)
γΛ(ηΛ|ωΛc)

γ(ζΛ|ωΛc)
(cΘ(ω, ξΘ)− ĉΘ(ω, ξΘ))µ(dω).
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To this we can now apply (12) to write∑
ξΘ

∑
ζΛ

∑
ηΛ

∫
[ζΛ]

h∆(ηΛωΛc)
γΛ(ηΛ|ωΛc)

γ(ζΛ|ωΛc)
(cΘ(ω, ξΘ)− ĉΘ(ω, ξΘ))µ(dω)

=
∑
ξΘ

∑
ζΛ

∑
ηΛ

∫
Ω

cΘ(ω, ξΘ)
[
1ζΛ(ω)h∆(ηΛωΛc)

γΛ(ηΛ|ωΛc)

γ(ζΛ|ωΛc)

− 1ζΛ(ξΘωΘc)h∆(ξΘ\ΛηΛωΛc)
γΛ(ηΛ|ξΘ\ΛηΛωΛc)

γ(ζΛ|ξΘ\ΛηΛωΛc)

]
µ(dω).

So, if we define a function g∆ : Ω→ R by

g∆(ω) :=
∑
ζΛ

∑
ηΛ

1ζΛ(ω)h∆(ηΛωΛc)
γΛ(ηΛ|ωΛc)

γΛ(ζΛ|ωΛc)
, ω ∈ Ω,

then combining the above calculations with the assumption that µ is time-stationary with respect to
the Markovian dynamics generated by L , implies that for all ∆ b Zd we have∫

Ω

h∆(η)

(∑
ΘbZd

hΘ(η)

)
µ(dω) =

∫
Ω

L (h∆ − g∆)(η)µ(dη) = 0. (21)

At this point, note that our assumptions on the rates and the specification ensure that

h∆, g∆ ∈ D(Ω) ⊂ dom(L ),

so applying the generator L to the function (h∆ − g∆) is a well-defined operation. By summing (21)
over all ∆ b Zd we obtain ∫

Ω

(∑
ΘbZd

hΘ(ω)

)2

µ(dω) = 0. (22)

This only tells us that the desired equality (19) holds for µ-a.e. η ∈ Ω, which is not enough, as we
will see later. However, the situation is not as dire as it may seem at first. Since we assumed that µ is
non-null, we can use Lemma 17 to conclude that (19) holds for every η ∈ Ω. Indeed, fix a sequence
(Λn)n∈N of finite subvolumes such that Λn ↑ Zd. By non-nullness of µ and (22) we have for all η ∈ Ω
and n ∈ N

1

µ(ηΛn)

∫
1ηΛn

(ω)

(∑
ΘbZd

hΘ(ω)

)2

µ(dω) = 0.

Now note that our assumptions imply that the integrand in (22) is a continuous function. By letting n
go to infinity and applying Lemma 17 we see that for all ω ∈ Ω we have∑

ΘbZd

hΘ(ω) = 0.

To see that we also have (20), it suffices to note that for fixed z ∈ Zd and i ∈ {1, ..., q} we can write

0 =
∑

∆bZd

∑
ξ∆

∇Λ (c∆(·, ξ∆)− ĉ(·, ξ∆)) (η)−
∑

∆bZd

∑
ξ∆

∇Λ (c∆(·, ξ∆)− ĉ(·, ξ∆)) (ηz,i)

=
∑

∆bZd

∑
ξ∆

∑
ζΛ

∇i
z (c∆(·, ξ∆)− ĉ(·, ξ∆)) (η)

= q|Λ|
∑

∆bZd

∑
ξ∆

∇i
z (c∆(·, ξ∆)− ĉ(·, ξ∆)) (η).

This concludes the proof
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Proof of Theorem 11. For n ∈ N we define the function

ϕn(η) :=
∑

∆∩∆n 6=∅

∑
ξ∆

(c∆(η, ξ∆)− ĉ∆(η, ξ∆)) ,

where ∆n := [−n, n]d. Then, by Lemma 12, we have∫
Ω

ϕn(η)µ(dη) = 0. (23)

For FΛ-measurable f : Ω→ R we can again use Lemma 12 to get∫
Ω

L f(η)µ(dη) =

∫
Ω

∑
∆∩∆n 6=∅

∑
ξ∆

c∆(η, ξ∆)[f(ξ∆η∆c)− f(η)] = −
∫

Ω

f(η)ϕn(η)µ(dη),

for all n ∈ N sufficiently large such that Λ ⊂ ∆n. Because of (23) we can interpret the right-hand
side as the (negative) covariance between f and ϕn under the probability measure µ. It remains to
show that this covariance vanishes as n tends to infinity. If ϕn was F∆c

n
-measurable, then we could

directly use the standard covariance estimate [Dur19, Lemma 8.3.6] to conclude this. But in general
this is not the case, and we need to proceed a bit more carefully. First, observe that we can telescope
ϕn in the following elementary way

ϕn(η) = ϕn(1) +
∞∑
m=0

(ϕn(rmη)− ϕn(rm+1η)),

where 1 ∈ Ω is the configuration that is equal to 1 at every site and the F∆c
m−1

-measurable map
rm : Ω→ Ω is defined by

(rmη)x =

{
1, if |x|∞ < m,

ηx if |x|∞ ≥ m.

Note that this construction also gives us

0 =

∫
Ω

ϕn(η)µ(dη) =
∞∑
m=0

∫
Ω

(ϕn(rmη)− ϕn(rm+1η))µ(dη) + ϕn(1),

and therefore∫
Ω

f(η)µ(dη) ·

(
∞∑
m=0

∫
Ω

(ϕn(rmη)− ϕn(rm+1η))µ(dη) + ϕn(1)

)
= 0.

This reduces our problem to estimating the covariance of f and (ϕn(rm·) − ϕn(rm+1·)). Observe
that (ϕn(rm·) − ϕn(rm+1·)) is F∆c

m−1
-measurable, so we can apply the classical estimate [Dur19,

Lemma 8.3.6] to see that∣∣∣∣∫
Ω

f(η)ϕn(η)µ(dη)

∣∣∣∣ =

∣∣∣∣∣
∫

Ω

f(η)

(
ϕn(1) +

∞∑
m=0

(ϕn(rmη)− ϕn(rm+1η))

)
µ(dη)

∣∣∣∣∣
≤ 4

∞∑
m=0

‖f‖∞ ‖ϕn(rm·)− ϕn(rm+1·))‖∞ αµ(Λ,m− 1).
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where we set αµ(Λ,−1) := 1. To estimate the summands of the series on the right-hand side, we
first note that

‖ϕn(rm·)− ϕn(rm+1·)‖∞ ≤
∑
|z|=m

q∑
i=1

∥∥∇i
zϕn
∥∥
∞ .

This sum has q · O(md−1) terms, because we only sum over the boundary sites of a d-dimensional
hypercube. For fixed z ∈ Zd and i ∈ {1, . . . , q} we can estimate the corresponding summand by
using (20) to obtain

∥∥∇i
zϕn
∥∥
∞ =

∥∥∥∥∥∥
∑

∆∩∆n 6=∅

∑
ξ∆

∇i
z(c∆(·, ξ∆)− ĉ∆(·, ξ∆))

∥∥∥∥∥∥
∞

≤
∑

∆∩∆n=∅

∑
ξ∆

(
∥∥∇i

zc∆(·, ξ∆)
∥∥
∞ +

∥∥∇i
z ĉ∆(·, ξ∆)

∥∥
∞) ≤ β(n).

In conjunction with the previous estimates, this gives us∣∣∣∣∫
Ω

L f(η)

∣∣∣∣ =

∣∣∣∣∫
Ω

f(η)ϕn(η)µ(dη)

∣∣∣∣
≤ 4 ‖f‖∞

∞∑
m=0

αµ(Λ,m− 1)
∑
|z|∞=m

q∑
i=1

∥∥∇i
zϕn
∥∥
∞

≤ 4C ‖f‖∞
∞∑
m=0

αµ(Λ,m− 1)md−1β(n).

By assumption, the term on the right-hand side vanishes as n tends to infinity. Since this estimate
holds for all local functions f , we can use dominated convergence to see that for all g ∈ D(Ω) it
holds that ∫

Ω

L g(η)µ(dη) = 0.

But D(Ω) is a core for L , so this implies that µ is time-stationary with respect to the Markovian
dynamics generated by L .

Let us note, that the condition on the mixing coefficients is hard to verify in practice and seems to be
too strong, since we will see in the proof that we do not need to estimate the covariance of general
pairs of functions with respect to µ, but only for covariances of the form∫

Ω

f(η)ϕn(η)µ(dη).

3.3 Proof of Proposition 5

We start out by deriving an explicit expression for the relative entropy loss in Λn in terms of the rates
and the measures µ, ν.

Lemma 19. For n ∈ N and ν ∈M1(Ω) we have

gnL (ν|µ) =
∑
ηΛn

∑
∆∩Λn 6=∅

∑
ξ∆

∫
ν(dω)c∆(ω, ξ∆)

[
1ηΛn

(ξ∆ω∆c)− 1ηΛn
(ω)
]

log

(
ν(ηΛn)

µ(ηΛn)

)
.
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Proof. This can be seen by a direct calculation using the definition of the generator. We have

gnL (ν|µ) =
∑
ηΛn

ν(L 1ηΛn
) log

(
ν(ηΛn)

µ(Λn)

)
=
∑
ηΛn

∑
∆∩Λn 6=∅

∑
ξ∆

∫
ν(dω)c∆(ω, ξ∆)

[
1ηΛn

(ξ∆ω∆c)− 1ηΛn
(ω)
]

log

(
ν(ηΛn)

µ(ηΛn)

)
.

This completes the proof.

To control the logarithmic terms in gnL (ν|µ) we will again make use of Lemma 13. As already an-
nounced earlier, we will now take care of the terms corresponding to spin flips that happen outside
Λ̃n. To do this properly, we will need the following simple combinatorial estimate.

Lemma 20. Let ∆,Λ b Zd be such that ∆ ∩ Λ 6= ∅. Then, we have∣∣{x ∈ Zd : (∆ + x) ∩ Λ 6= ∅
}∣∣ ≤ |∆| |Λ| .

Proof. Let (δ, λ) ∈ ∆× Λ. Then, there exists a unique x = x(δ, λ) ∈ Zd such that

δ + x = λ.

This clearly defines a surjective map

∆× Λ(δ, λ) 7→ x(δ, λ) ∈
{
x ∈ Zd : (∆ + x) ∩ Λ 6= ∅

}
,

therefore we must have ∣∣{x ∈ Zd : (∆ + x) ∩ Λ 6= ∅
}∣∣ ≤ |∆| |Λ| ,

as desired.

This helps us in the following way. By assumption (R2), there are only finitely many different types of
transitions, i.e., there are only finitely many distinct ∆ b Zd with 0 ∈ ∆ and c∆ > 0. Let n be large
enough such that all such basic shapes ∆ are fully contained in Λn. Then, the sum over all translations
(∆ +x), x ∈ Zd, of these basic shapes, such that (∆ +x)∩Λn 6= ∅ but (∆ +x) * Λ̃n, has of the

order
∣∣∣Λn \ Λ̃n

∣∣∣ terms. In order to show that the boundary contributions are negligible in the density

limit, it thus suffices to bound the terms uniformly. For this, we will again make use of Lemma 13.

Lemma 21. Assume that the rates satisfy conditions (R1), (R2) and (R4). Moreover, assume that
µ is time-stationary for the dynamics with µ ∈ G (γ), such that the specification γ satisfies (S2) and
(S4). For all ν ∈ Minv

1 (Ω) and n ∈ N large enough, such that for all ∆ b Zd with c∆ > 0 and
0 ∈ ∆ we have ∆ b Λn, it holds that∑
ηΛn

∑
∆∩Λn 6=∅:∆*Λ̃n

∑
ξ∆

∫
ν(dω)c∆(ω, ξ∆)

[
1ηΛn

(ξ∆ω∆c)− 1ηΛn
(ω)
]

log

(
ν(ηΛn)

µ(ηΛn)

)
≤ C

∣∣∣Λn \ Λ̃n

∣∣∣
for some constant C > 0 that does not depend on n or ν. In particular, it holds that

gnL (ν|µ) ≤ g̃nL (ν|µ) + o(|Λn|). (24)

If ν is additionally non-null, then (24) holds with equality.
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Proof. First assume that there is ηΛn ∈ ΩΛn such that ν(ηΛn) = 0 and ν(ξ∆∩ΛnηΛn\∆) > 0 for
some ξ∆. Then, the corresponding summand is equal to −∞ and the upper bound is trivial. If ηΛn is
such that ν(ηΛn) = 0 and ν(ξ∆∩ΛnηΛn\∆) = 0 for all ξ∆, then all the terms corresponding to ηΛn are
equal to 0 and we can therefore just omit them from the summation. All in all, we can assume without
loss of generality that ν(ηΛn) > 0 for all ηΛn ∈ ΩΛn . In this case, we can rearrange the sum we want
to bound, without having to worry about adding and subtracting infinite terms, to obtain∑
ηΛn

∑
∆∩Λn 6=∅:∆*Λ̃n

∑
ξ∆

∫
ν(dω)c∆(ω, ξ∆)

[
1ηΛn

(ξ∆ω∆c)− 1ηΛn
(ω)
]

log

(
ν(ηΛn)

µ(ηΛn)

)

=
∑
ηΛn

∑
∆∩Λn 6=∅:∆*Λ̃n

∑
ζ∆\Λn

∑
ψ∆∩Λn 6=η∆∩Λn

∫
Ω

ν(dω)c∆(ω, ψ∆∩Λnζ∆\Λn)1ηΛn
(ω)

×
[
log

(
ν(ψ∆∩ΛnηΛn\∆)

µ(ψ∆∩ΛnηΛn\∆)

)
− log

(
ν(ηΛn)

µ(ηΛn)

)]
=
∑
ηΛn

∑
∆∩Λn 6=∅:∆*Λ̃n

∑
ζ∆\Λn

∑
ψ∆∩Λn 6=η∆∩Λn

∫
Ω

ν(dω)c∆(ω, ψ∆∩Λnζ∆\Λn)1ηΛn
(ω) log

(
ν(ψ∆∩ΛnηΛn\∆)

ν(ηΛn)

)

+
∑
ηΛn

∑
∆∩Λn 6=∅:∆*Λ̃n

∑
ζ∆\Λn

∑
ψ∆∩Λn 6=η∆∩Λn

∫
Ω

ν(dω)c∆(ω, ψ∆∩Λnζ∆\Λn)1ηΛn
(ω) log

(
µ(ηΛn)

µ(ψ∆∩ΛnηΛn\∆)

)
=: I + II.

We can now bound these two terms separately, starting with II. Here we can apply Lemma 13 and
use the translation invariance of the rates to get

|II| ≤ sup
∆0:ξ∆

‖c∆(·, ξ∆)‖∞ q
∆ log

(
1

δ(µ)

) ∣∣∣Λn \ Λ̂n

∣∣∣ = o(|Λn|),

where δ(µ) is the constant in the non-nullness estimate for µ and

Λ̂n = [−2n + n+ L+ 1, 2n − n− L− 1]d, with L := max
∆0:c∆>0

diam(∆) + 1.

If ν is also non-null, then we can estimate I in exactly the same way. For general ν, we first use the
trivial estimate

log ≤ log+ := max {0, log(·)}
and then

x log+

(
1

x

)
≤ e−1, ∀x > 0,

to get the upper bound

I ≤ sup
∆0:ξ∆

‖c∆(·, ξ∆)‖∞
∑
ηΛn

∑
∆∩Λn 6=∅:∆*Λ̃n

∑
ζ∆\Λn

∑
ψ∆∩Λn 6=η∆∩Λn

ν(ηΛn) log+

(
ν(ψ∆∩ΛnηΛn\∆)

ν(ηΛn)

)

= sup
∆0:ξ∆

‖c∆(·, ξ∆)‖∞
∑
ηΛn

∑
∆∩Λn 6=∅:∆*Λ̃n

∑
ζ∆\Λn

∑
ψ∆∩Λn 6=η∆∩Λn

ν(ψ∆∩ΛnηΛn\∆)
ν(ηΛn)

ν(ψ∆∩ΛnηΛn\∆)

× log+

(
ν(ψ∆∩ΛnηΛn\∆)

ν(ηΛn)

)
≤ sup

∆0:ξ∆

‖c∆(·, ξ∆)‖∞e
−1
∣∣∣Λn \ Λ̂n

∣∣∣ = o(|Λn|).

This completes the proof.
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Motivated by Lemma 21, we now define the approximating relative entropy loss in Λn by

g̃nL (ν|µ) :=
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆

∫
ν(dω)c∆(ω, ξ∆)

[
1ηΛn

(ξ∆ω∆c)− 1ηΛn
(ω)
]

log

(
ν(ηΛn)

µ(ηΛn)

)
.

This is the rate at which the relative entropy in Λn changes due to spin flips inside the smaller region
Λ̃n ⊂ Λn.

We now proceed by rewriting the approximating entropy loss in a way that makes it obvious, that it is
non-negative – up to some negligible terms that vanish when taking the density limit. Conceptually this
representation is analogous to (6) for finite state spaces, but for infinite systems we have to overcome
some additional technical difficulties. Some of these are already present in Holley’s seminal work
[Hol71], but the non-reversibility forces us to work substantially harder. Since we cannot apply the
detailed-balance equations, we will have to rely on (20) to show that certain error terms are of boundary
order.

Before we start the proof, we first define

F0(u) :=

{
u− u log(u)− 1, if u > 0,

−1, otherwise,

and

F (ν, n, η, ξ∆) :=


F0

(
ν(ηΛn )

ν(ξ∆ηΛn\∆)

µ(ξ∆ηΛn\∆)

µ(ηΛn )

)
ν(ξ∆ηΛn\∆), if ν(ξ∆ηΛn\∆) > 0,

−∞, if ν(ξ∆ηΛn\∆) = 0 and ν(ηΛn) > 0,

0, if ν(ξ∆ηΛn\∆) = ν(ηΛn) = 0.

Note that F0(·) is non-positive, concave, and only vanishes at u = 1. For a configuration ω ∈ ΩΛn

(or ω ∈ Ω) let rnω denote the configuration defined by

(rnω)y =

{
ωy, if y ∈ Λn,

1, otherwise.
(25)

This will serve as an infinite-volume extension of the finite-volume configuration ω (or a finite-volume
approximation of the infinite-volume configuration ω, depending on the point of view). To see that
certain error terms are of boundary order, we will make use of the following lemma multiple times.

Lemma 22. Assume that the specification γ satisfies conditions (S1) − (S2). Let ∆ b Zd and fix
ξ∆ ∈ Ω∆. Then, the following convergence holds uniform in η ∈ Ω

µ(ηΛn)

µ(ξ∆ηΛn\∆)
→ γ∆(η∆|η∆c)

γ∆(ξ∆|η∆c)
as n→∞.

Proof. As a first step, note that we can write

µ(ηΛn)

µ(ξ∆ηΛn\∆)
=
µ(η∆|ηΛn\∆)

µ(ξ∆|ηΛn\∆)
.

We first show that both the denominator and the numerator converge uniformly in η. For this, observe
that the DLR equations imply

µ(η∆|ηΛn\∆) =
1

µ(ηΛn\∆)

∫
Ω

γ∆(ηΛn|ω∆c)µ(dω) =
1

µ(ηΛn\∆)

∫
Ω

1ηΛn\∆
(ω)γ∆(η∆|ω∆c)µ(dω).
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By Lemma 17 and the uniform continuity of γ∆ with respect to the boundary condition this implies the
uniform convergence

µ(η∆|ηΛn\∆)→ γ∆(η∆|η∆c) as n→∞.
Exactly the same argument implies the uniform convergence of the denominator

µ(ξ∆|ηΛn\∆)→ γ∆(ξ∆|η∆c) as n→∞.
Now we can again use the simple algebraic rule

ad− bc =
1

2
[(a− b)(c+ d)− (a+ b)(c− d)]

in conjunction with the non-nullness of γ, and hence µ, to obtain the inequality∣∣∣∣ µ(ηΛn)

µ(ξ∆ηΛn\∆)
− γ∆(η∆|η∆c)

γ∆(ξ∆|η∆c)

∣∣∣∣ (26)

≤ 1

δ2
e2|∆| (∣∣µ(η∆|ηΛn\∆)− γ∆(η∆|ηc∆)

∣∣+
∣∣µ(ξ∆|ηΛn\∆)− γ∆(ξ∆|ηc∆)

∣∣)
By our previous considerations, the right-hand side of (26) converges to zero uniformly in η as n
tends to infinity. The uniformity in ∆ b Zd and ξ∆ such that c∆ > 0 is now a consequence of the
assumption that there are only finitely many types of transitions.

Lemma 23. Assume that the rates satisfy conditions (R1) − (R5) and that µ is time-stationary for
the dynamics with µ ∈ G (γ), and the specification γ satisfies (S1)− (S3). Then for all n ∈ N and
ν ∈M1(Ω) we have

g̃nL (ν|µ) =
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

F (ν, n, ηΛn , ξ∆)c
(n)
∆ (ηΛn , ξ∆)

µ(ηΛn)

µ(ξ∆ηΛn\∆)
+ o(|Λn|), (27)

where we use the truncated rates

c
(n)
∆ (ηΛn , ξ∆) :=

{
1

ν(ηΛn )

∫
1ηΛn

(ω)c∆(ω, ξ∆)ν(dω), if ν(ηΛn) > 0,

c∆(rnηΛn , ξ∆), otherwise.
(28)

Proof. If there is ηΛn ∈ ΩΛn such that ν(ηΛn) = 0 and ν(ξ∆ηΛn\∆) > 0 for some ∆ ⊂ Λ̃n and
ξ∆ 6= η∆, then equality holds in the sense that −∞ = −∞. If η is such that ν(ηΛn) = 0 and
ν(ξ∆ηΛn\∆) = 0 for all ∆, ξ∆, then all of the corresponding terms are equal to 0 on both sides with
the convention 0 log 0 = 0. Therefore, we can assume without loss of generality that ν(ηΛn) > 0 for
all η ∈ ΩΛn . This allows us to express g̃nL (ν|µ) as∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

[∫
1ξ∆ηΛn\∆

(ω)c∆(ω, η∆)ν(dω)−
∫

1ηΛn
(ω)c∆(ω, ξ∆)ν(dω)

]
log

(
ν(ηΛn)

µ(ηΛn)

)

=
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

∫
1ηΛn

(ω)c∆(ω, ξ∆)ν(dω)

[
log

(
ν(ξ∆ηΛn\∆)

µ(ξ∆ηΛn\∆)

)
− log

(
ν(ηΛn)

µ(ηΛn)

)]

=
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

c
(n)
∆ (ηΛn , ξ∆)ν(ηΛn) log

(
ν(ξ∆ηΛn\∆)

µ(ξ∆ηΛn\∆)

µ(ηΛn)

ν(ηΛn)

)
(29)

=
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

F (ν, n, ηΛn , ξ∆)c
(n)
∆ (ηΛn , ξ∆)

µ(ηΛn)

µ(ξ∆ηΛn\∆)

+
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

[∫
1ηΛn

(ω)c∆(ω, ξ∆)ν(dω)− µ(ηΛn)

µ(ξ∆ηΛn\∆)

ν(ξ∆ηΛn\∆)

ν(ηΛn)

∫
1ηΛn

(ω)c∆(ω, ξ∆)ν(dξ)

]
.
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It remains to show that the second term on the right-hand side of (29) is negligible when taking the
density limit. We do this by first decomposing the error term into three parts and estimating them all
separately. More precisely, we write∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

[∫
1ηΛn

(ω)c∆(ω, ξ∆)ν(dω)−
µ(ηΛn)ν(ξ∆ηΛn\∆)

µ(ξ∆ηΛn\∆)ν(ηΛn)

∫
1ηΛn

(ω)c∆(ω, ξ∆)ν(dξ)

]
= I + II + III,

where

I : =
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

∫
1ηΛn

(ω) (c∆(ω, ξ∆)− c∆(rnω, ξ∆)) ν(dω),

II : =
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

ν(ξ∆ηΛn\∆)

ν(ηΛn)

∫
1ηΛn

(ω)

(
ĉ∆(rnω, ξ∆)− c∆(ω, ξ∆)

µ(ηΛn)

µ(ξ∆ηΛn\∆)

)
ν(dω),

III : =
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

ν(ηΛn)c∆(rnη, ξ∆)−
∑
η∈ΩΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

ν(ξ∆ηΛn\∆)ĉ∆(rnηΛn , ξ∆).

Here, we used that the function rn : Ω → Ω is constant on the cylinder sets {ω : ωΛn = ηΛn}
for ηΛn ∈ ΩΛn . We now estimate these three terms separately. The term I is of the order o(|Λn|),
because the integrands are of the order o(1) by uniform continuity of the rates. Similarly, the term II
is of the order o(|Λn|) because of Lemma 22 and the definition of the rates of the time-reversal. Note
that the convergence in Lemma 22 is uniform over all summands by assumptions (R2) and (R4).
The term III would be zero in the reversible case and needs some extra attention. First note that we
can rewrite it as

III =
∑
ηΛn

ν(ηΛn)
∑

∆⊂Λ̃n

∑
ξ∆ 6=η∆

(c∆(rnηΛn , ξ∆)− ĉ∆(rnηΛn , ξ∆)) =:
∑

ηΛn∈ΩΛn

ν(ηΛn)ϕn(ηΛn).

Now for fixed ∆ ⊂ Λ̃n we have by definiton of the time-reversal rates ĉ∑
ηΛn

∑
ξ∆ 6=η∆

γΛn(ηΛn|rnηΛc
n
) (c∆(rnηΛn , ξ∆)− ĉ∆(rnηΛn , ξ∆))

=
∑
ηΛn

∑
ξ∆ 6=η∆

(
γΛn(ηΛn |rnηΛc

n
)c∆(rnη, ξ∆)− γΛn(ξ∆ηΛn\∆|rnξ∆ηΛn\∆c)c∆(ξ∆rnη∆c , η∆)

)
= 0.

(30)

So by summing over ∆ ⊂ Λ̃n we see that∑
ηΛn

γΛn(ηΛn|rnηΛc
n
)ϕn(ηΛn) = 0.

Since γΛn(ηΛn|rnηΛc
n
) > 0 for all η, by non-nullness of γ, we can conclude that

inf
ω
ϕn(ω) ≤ 0 ≤ sup

ω
ϕn(ω). (31)

This allows us to estimate the supremum norm of ϕn by its oscillations. This yields

‖ϕn‖∞ ≤
∑
z∈Λn

q∑
i=1

∥∥∇i
zϕn
∥∥
∞ =

∑
z∈Λn

q∑
i=1

∥∥∥∥∥∥
∑

∆⊂Λ̃n

∑
ξ∆

∇i
z (c∆(·, ξ∆)− ĉ∆(·, ξ∆))

∥∥∥∥∥∥
∞

(32)

≤
∑
z∈Λn

∑
∆*Λ̃n

q∑
i=1

∑
ξ∆

(∥∥∇i
zc∆(·, ξ∆)

∥∥
∞ +

∥∥∇i
z ĉ∆(·, ξ∆)

∥∥
∞

)
,
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where we used that, by Proposition 18, it holds that for all η ∈ Ω∑
∆⊂Λ̃n

∑
ξ∆

∇i
z (c∆(·, ξ∆)− ĉ∆(·, ξ∆)) (η) = −

∑
∆*Λ̃n

∑
ξ∆

∇i
z (c∆(·, ξ∆)− ĉ∆(·, ξ∆)) (η).

By translation invariance of the rates we have∥∥∇i
zc∆(·, ξ∆)

∥∥
∞ =

∥∥∇i
0c∆−z(·, ξ∆−z)

∥∥
∞ and

∥∥∇i
z ĉ∆(·, ξ∆)

∥∥
∞ =

∥∥∇i
0ĉ∆−z(·, ξ∆−z)

∥∥
∞ .

So by a change of variable, Ξ = ∆ − z, we get a sum over all ∆ b Zd with ∆ * Bm−1 :=
[−m+ 1,m− 1]d when

z ∈ Λn,m := [−2n + n+m+ 1, 2n − n−m− 1]d, (33)

and for z /∈ Λn,m we can just estimate the sum by the sum over all ∆ b Zd. This gives us

|III| ≤ ‖ϕn‖∞ ≤ |Λn,m|
∑

∆bZd: ∆*Bm−1

q∑
i=1

∑
ξ∆

(∥∥∇i
0c∆(·, ξ∆)

∥∥
∞ +

∥∥∇i
0ĉ∆(·, ξ∆)

∥∥
∞

)
+ |Λn \ Λn,m|

∑
∆bZd

q∑
i=1

∑
ξ∆

(∥∥∇i
0c∆(·, ξ∆)

∥∥
∞ +

∥∥∇i
0ĉ∆(·, ξ∆)

∥∥
∞

)
. (34)

If we fix m and take the density limit, then we obtain

0 ≤ lim sup
n→∞

1

|Λn|
|III| ≤

∑
∆bZd: ∆*Bm−1

q∑
i=1

∑
ξ∆

(∥∥∇i
0c∆(·, ξ∆)

∥∥
∞ +

∥∥∇i
0ĉ∆(·, ξ∆)

∥∥
∞

)
, (35)

because |Λn \ Λn,m| = o(|Λn|). Since this holds for all m ∈ N and the right-hand side converges
to 0 as m tends to infinity by our assumptions and Lemma 14, we can finally conclude that III =
o(|Λn|).

Combining the estimate of the boundary contributions and the rewriting of the bulk contribution allows
us to prove our first main result.

Proof of Theorem 5. By Lemma 21 we know that for all ν ∈M1(Ω)

gL (ν|µ) = lim sup
n→∞

|Λn|−1 gnL (ν|µ) ≤ lim inf
n→∞

|Λn|−1 g̃nL (ν|µ) ≤ lim sup
n→∞

|Λn|−1 g̃nL (ν|µ) = g̃L (ν|µ).

Now Lemma 23 tells us that for all ν ∈M1(Ω) it holds that

g̃L (ν|µ) ≤ 0.

By the fundamental theorem of calculus this also implies that

h(νt|µ)− h(ν|µ) = lim sup
n→∞

1

|Λn|
(hΛn(νt|µ)− hΛn(ν|µ)) = lim sup

n→∞

1

|Λn|

∫ t

0

gnL (νs|µ) ds ≤ 0.

This concludes the proof.
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3.4 Proof of Theorem 6

The main work will be to establish the upper-semicontinuity of the (approximating) relative entropy
loss. We will do this in two steps. We first define a tentative approximation of the approximating relative
entropy loss which satisfies a monotonicity property that allows us to conclude upper-semicontinuity
of the limit. As a second step, we then establish that the approximation error vanishes in the density
limit.

To be precise, for n ∈ N and ν ∈M1(Ω) we define

sn(ν|µ) :=
∑
η∈ΩΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

f(ν,Λn, η, ξ∆)ĉ
Bn−1(x(∆))
∆ (ξ∆η∆c , η∆),

where we use the monotone truncation

ĉΛ
∆(η, ξ∆) := inf

ω∈Ω
c∆(ηΛωΛc , ξ∆), Bn(x) :=

{
y ∈ Zd : |x− y| ≤ n

}
.

For the finitely many distinct basic shapes ∆1, . . . ,∆M with 0 ∈ ∆i the centers of the balls around
which we truncate are chosen to be x(∆i) = 0. For translations ∆ = ∆i + z, z ∈ Zd, of these basic
shapes we take x(∆) = z. In the following, we will often just write x instead of x(∆) whenever it is
clear from the context. Moreover, we also approximate the function F from the previous section by

f(ν,Λn, ηΛn , ξ∆ηΛn\∆)

:=


F0

(
1

ν(ξ∆ηΛ\∆)

∫
1ηΛn

(ω)γ∆(η∆|ω∆c )
γ∆(ξ∆|ω∆c )

ν(dω)
)
ν(ξ∆ηΛ\∆), if ν(ξ∆ηΛ\∆) > 0

−∞, if ν(ξ∆ηΛ\∆) = 0 and ν(ηΛn) > 0,

0, if ν(ξ∆ηΛ\∆) = ν(ηΛn) = 0.

We show the existence of the density limit of (sn(·|µ))n∈N onMinv
1 (Ω) in two steps. First we show

that it satisfies a growth property that is reminiscent of subadditivity and afterwards we combine this
with a multiplicative volume correction to show the convergence via a monotonicity argument.

Lemma 24. Assume that the rates satisfy conditions (R2) and (R4) and that µ ∈ G (γ) is translation
invariant, where the specification γ satisfies condition (S4). Let m ∈ N be such that for all ∆ b Zd
with 0 ∈ ∆ and c∆ > 0 we have ∆ ⊂ Bm−1(0). Then, for all n ≥ m and all ν ∈Minv

1 (Ω), it holds
that

sn(ν|µ) ≤ 2dsn−1(ν|µ). (36)

Proof. The main argument in the proof is to upper bound sn(ν|µ) by sn−1(ν|µ) using Jensen’s in-
equality and the concavity of F0. To make this precise, consider 2d disjoined and congruent subcubes
Γn,k of Λn with total side-length 2n − 1 as well as 2d disjoined and congruent subcubes Γ̃n,k of Λ̃n

with total side-length 2n − n − 1. Let the subcubes be centered such that Γ̃n,k ⊂ Γn,k for each k.
Note that ∪2d

k=1Γ̃n,k ( Λ̃n. Now we can estimate

sn(ν|µ) =
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

f(ν,Λn, η, ξ∆)ĉ
Bn−1(x(∆))
∆ (ξ∆η∆cη∆)

≤
2d∑
k=1

∑
ηΛn

∑
∆⊂Λ̃n: x(∆)∈Γ̃n,k

∑
ξ∆ 6=η∆

f(ν,Λn, η, ξ∆)ĉ
Bn−1(x(∆))
∆ (ξ∆η∆c , η∆),
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where the inequality is due to the fact that the subcubes do not cover all of Λ̃n and f is non-positive.
Now for each k = 1, . . . , 2d we can split the summation over ηΛn into two summations, one over
ηΛn\Γn,k

and one over ωΓn,k
. This gives us

2d∑
k=1

∑
ηΛn\Γn,k

∑
ωΓn,k

∑
∆⊂Λ̃n: x(∆)∈Γ̃n,k

∑
ξ∆ 6=η∆

f(ν, n, ωΓn,k
ηΛn\Γn,k

, ξ∆)ĉ
Bn−1(x(∆))
∆ (ξ∆(ωη)∆c , (ωη)∆)

=
2d∑
k=1

∑
ηΓn,k

∑
∆⊂Λ̃n: x(∆)∈Γ̃n,k

∑
ξ∆ 6=η∆

ĉ
Bn−1(x(∆))
∆ (ξ∆η∆c , η∆)

∑
ηΛn\Γn,k

f(ν, n, ηΛn , ξ∆), (37)

where we were able to pull the rates out of the summation, because for n sufficiently large we have
∆ ⊂ Γn,k if x(∆) ∈ Γ̃n,k by the assumption that there are only finitely many distinct basic shapes ∆
on which we can perform updates and by construction of the subcubes we also have Bn−1(x(∆)) ⊂
Γn,k for x(∆) ∈ Γ̃n,k. Since F0 is a concave function, we can use the definition of f and Jensen’s
inequality to get∑

ηΛn\Γn,k

f(ν, n, ηΛn , ξ∆)

= ν(ξ∆ηΓn,k\∆)
∑

ηΛn\Γn,k

ν(ξ∆ηΛn\∆)

ν(ξ∆ηΓn,k\∆)
F0

(
1

ν(ξ∆ηΛn\∆)

∫
1ηΛn

(ω)
γ∆(η∆|ω∆c)

γ∆(ξ∆|ω∆c)
ν(dω)

)

≤ ν(ξ∆ηΓn,k\∆)F0

 ∑
ηΛn\Γn,k

1

ν(ξ∆ηΓn,k\∆)

∫
1ηΛn

(ω)
γ∆(η∆|ω∆c)

γ∆(ξ∆|ω∆c)
ν(dω)


= ν(ξ∆ηΓn,k\∆)F0

(
1

ν(ξ∆ηΓn,k\∆)

∫
1ηΛn

(ω)
γ∆(η∆|ω∆c)

γ∆(ξ∆|ω∆c)
ν(dω)

)
.

Plugging this back into (37) and using the translation invariance of the rates and ν, implies that

sn(ν|µ) ≤
2d∑
k=1

∑
ηΓn,k

∑
∆⊂Λ̃n: x(∆)∈Γ̃n,k

∑
ξ∆ 6=η∆

ĉ
Bn−1(x(∆))
∆ (ξ∆η∆c , η∆)ν(B(Γn,k, ξ∆ηΓn,k\∆))

× F0

(
1

ν(ξ∆ηΓn,k\∆)

∫
1ηΓn,k

(ω)
γ∆(η∆|ω∆c)

γ∆(ξ∆|ω∆c)
ν(dω)

)
≤ 2dsn−1(ν|µ).

Note, that for the last inequality we also used that truncating the rates over a smaller volume is non-
increasing and that the function f is non-positive by definition. This allowed us to drop some terms
from the summation without any harm.

With this growth property it is now easy to conclude the convergence of (|Λn|−1 sn(ν|µ))n∈N and the
upper-semicontinuity of the limit.

Lemma 25. Assume that the rates satisfy conditions (R2) and (R4) and that µ ∈ G (γ) is translation-
invariant, where the specification γ satisfies condition (S4). Then, the following limit exists for all
ν ∈Minv

1 (Ω) and defines an upper-semicontinuous function onMinv
1 :

s(ν|µ) := lim
n→∞

1

|Λn|
sn(ν|µ). (38)
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Proof. The previous estimate on the growth of sn(ν|µ) looks very similar to classical subadditivity
of (sn(ν|µ))n∈N, which would be sufficient to conclude existence and upper-semicontinuity of the
limit via a d-dimensional generalisation of Fekete’s Lemma, see [Geo11, Lemma 15.11]. However, we
cannot apply this result directly, but have to account for the volume growth of Λn via a multiplicative
correction that goes to 1 as n tends to infinity. More precisely, for n ∈ N we define the volume
correction

Gn :=
∞∏
k=n

(2k+2 − 2)d

(2k+2 − 1)d
.

Then by the Lemma 24 we have

Gn+1

|Λn+1|
sn+1(ν|µ) ≤ Gn

|Λn|
sn(ν|µ).

Therefore, the limit

lim
n→∞

Gn

|Λn|
sn(ν|µ)

exists by monotonicity and is upper-semicontinous as the limit of a non-increasing sequence of upper-
semicontinuous functions. SinceGn converges to 1 as n tends to infinity, this implies that the following
limit also exists and is equal to the above:

lim
n→∞

1

|Λn|
sn(ν|µ) = lim

n→∞

Gn

|Λn|
sn(ν|µ),

as desired.

As a second step we now show that the approximation error we make vanishes in the density limit. This
shows in particular that the approximating relative entropy loss functional is upper-semicontinuous on
Minv

1 (Ω). More precisely, because of Lemma 23 we need to show that sn(ν|µ) is really an approxi-
mation to

Sn(ν|µ) :=
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

F (ν, n, ηΛn , ξ∆)c
(n)
∆ (η, ξ∆)

µ(ηΛn)

µ(ξ∆ηΛn\∆)
= g̃nL (ν|µ) + o(|Λn|).

(39)

To show that the approximation error we make by replacing Sn with sn is of boundary order, and
therefore negligible when taking the density limit, we will also reuse Lemma 22.

Lemma 26. Assume that the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆
satisfy the conditions (R1), (R2), (R4),

and (R5). Moreover, assume that µ ∈ G (γ) is time-stationary and translation-invariant, where the
specification γ satisfies conditions (S1), (S2), and (S4). Then, the density limit of (Sn(ν|µ))n∈N
exists and is equal to s(ν|µ), i.e.,

g̃L (ν|µ) = lim
n→∞

1

|Λn|
Sn(ν|µ) = s(ν|µ). (40)

If the rates additionally satisfy condition (R3) and the specification also satisfies (S3), then the
density limit of (Sn(ν|µ))n∈N agrees with the density limit of (g̃L (ν|µ))n∈N. In particular, the approx-
imating entropy loss per site g̃L (·|µ) is then an upper-semicontinuous functional onMinv

1 (Ω).
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Proof. Let n ∈ N. If there was an η ∈ ΩΛn such that ν(ξ∆ηΛn\∆) = 0 and ν(ηΛn) > 0, then we
have Sm(ν|µ) = sm(ν|µ) in the sense of −∞ = −∞ for all m ≥ n. If there was an η ∈ ΩΛn

such that ν(ξ∆ηΛn\∆) = 0 and ν(ηΛn) = 0, then the corresponding summands would not contribute
to either summation. Therefore, we can assume without loss of generality that ν(ηΛn) > 0 for all
η ∈ ΩΛn . In this case, both sn(ν|µ) and Sn(ν|µ) are finite, and we can write

Sn(ν|µ)− sn(ν|µ) =
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

[
F (ν, n, ηΛn , ξ∆)c

(n)
∆ (η, ξ∆)

µ(ηΛn)

µ(ξ∆ηΛn\∆)

− f(ν, n, ηΛn, ξ∆)
c

(n)
∆ (Λn, ξ∆)ν(ηΛn)∫

1ηΛn
(ω) γ∆(ξ∆|ω∆c )

γ∆(η∆|ω∆c )
ν(dω)

]

−
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

f(ν, n, ηΛn , ξ∆)

[
ĉ
Bn−1(x)
∆ (ξ∆η∆c , η∆)− c

(n)
∆ (ηΛn , ξ∆)ν(ηΛn)∫

1ηΛn
(ω) γ∆(ξ∆|ω∆c )

γ∆(η∆|ω∆c )
ν(dω)

]
=: I + II.

We will now proceed by estimating these two terms separately. We start with I and use the definitions
of the functions F and f to obtain

|I| ≤
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

ν(ηΛn)c
(n)
∆ (ηΛn , ξ∆)

∣∣∣∣log

(
µ(ηΛn)

µ(ξ∆ηΛn\∆)

1

ν(ηΛn)

∫
1ηΛn

(ω)
γ∆(ξ∆|ω∆c)

γ∆(η∆|ω∆c)
ν(dω)

)∣∣∣∣ .
(41)

The terms inside the logarithm converge to 1 uniformly in η by Lemma 22, where we again use that the
convergence is moreover uniform for all summands by assumptions (R) and (R4). In combination
with the combinatorial estimate from Lemma 20 this implies that |I| = o(|Λn|).

To deal with II, we first note that by Lemma 17 we have

lim
n→∞

1

ν(ηΛn)

∫
1ηΛn

(ω)
γ∆(ξ∆|ω∆c)

γ∆(η∆|ω∆c)
ν(dω) =

γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)
, (42)

and the convergence holds uniform in η ∈ Ω by quasilocality of the specification γ. Now we would like
to conclude that II = sn(ν|µ)o(1), which would yield II = o(|Λn|) by convergence of (sn(ν|µ))n∈N.

But for this, we have to make sure that we are actually allowed to divide by ĉBn−1(x)
∆ (ξ∆η∆c , η∆). As

we will see in Lemma 27 after the end of this proof, there exists N ∈ N, uniform in ∆ and ξ∆ and
η ∈ Ω, such that for each fixed η ∈ Ω we either have

ĉ
Bn−1(x)
∆ (ξ∆η∆c , η∆) = 0

for all n ∈ N or

ĉ
Bn−1(x)
∆ (ξ∆η∆c , η∆) > 0

for all n ≥ N . In the former case, the terms corresponding to such η do not enter the summation
for any n ∈ N and in the latter case we are allowed to perform the division for sufficiently large n.
Therefore, we can assume without loss of generality that ĉBn−1(x)

∆ (ξ∆η∆c , η∆) > 0 for all ξ∆ and η.
This allows us to conclude

II =
∑
ηΛn

∑
∆⊂Λ̃n

∑
ξ∆ 6=η∆

f(ν, n, ηΛn , ξ∆)ĉ
Bn−1(x)
∆ (ξ∆η∆c , η∆)

×

[
1− 1

ĉ
Bn−1(x)
∆ (ξ∆η∆c , η∆)

c
(n)
∆ (ηΛn , ξ∆)ν(ηΛn)∫

1ηΛn
(ω) γ∆(ξ∆|ω∆c )

γ∆(η∆|ω∆c )
ν(dω)

]
= sn(ν|µ) o(1) = o(|Λn|),

as desired.
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At the end of the previous proof, we used the following rather technical lemma to make sure that we
are not performing a division by zero.

Lemma 27. Assume that the rates (c∆(·, ξ∆))∆bZd,ξ∆ satisfy the conditions (R1), (R2), (R4),
and (R5). Then, there exists N ∈ N such that for all η ∈ Ω we have the following dichotomy for the
truncated rates:

∀∆ b Zd ∀ξ∆ : Either c
BN−1(x(∆))
∆ (ηΛN

, ξ∆) > 0 or ∀n ∈ N : c
Bn−1(x(∆))
∆ (ηΛn , ξ∆) = 0.

Moreover, if the rates (c∆(·, ξ∆))∆bZd,ξ∆ satisfy the above conditions and the specification γ satisfies
(S1), (S2), and (S4), then the rates of the time-reversal (ĉ∆(·, ξ∆))∆bZd,ξ∆ also satisfy (R1),
(R2), (R4), and (R5).

Proof. By translation invariance of the rates, we only have to worry about those ∆ b Zd with 0 ∈ ∆
and c∆ > 0. Let κ := inf∆bZd,ξ∆,η: c∆(η,ξ∆)>0 c∆(η, ξ∆) > 0 be the minimal transition rate. Since
the local state space is finite, the continuity of the rates implies that they are also quasilocal. Since
we also assumed that there are only finitely many types of transitions, there exists N ∈ N, uniform in
∆ b Zd, such that if two configurations agree on BN−1(x(∆)), then we have

|c∆(ω1, ξ∆)− c∆(ω2, ξ∆)| < κ

2
.

In particular, this implies that if η ∈ {ω : c∆(ω, ξ∆) > 0}, then

c
BN−1(x(∆))
∆ (ηΛN

, ξ∆) > 0,

and if η /∈ {ω : c∆(ω, ξ∆) > 0}, then

∀n ∈ N : c
Bn−1(x(∆))
∆ (ηΛn , ξ∆) = 0.

To see that the rates ĉ of the time-reversal also satisfy the conditions we just combine the correspond-
ing assumptions on the rates c and on the specification γ.

As a final ingredient for the proof of Theorem 6 we need to show that, if a measure has vanishing
approximating entropy loss with respect to µ, then it is itself a Gibbs measure with respect to the
specification γ. Note that we use the irreducibility assumption (R6) for the first time here.

Lemma 28. Assume that the rates satisfy conditions (R1) − (R6) and that µ ∈ G (γ) is time-
stationary for the dynamics, where the specification γ satisfies conditions (S1) − (S4). Let ν ∈
Minv

1 (Ω). If g̃L (ν|µ) = 0, then ν ∈ G (γ).

The proof is very similar to the middle part of the proof of [JK19, Theorem 2.12], but treats a more
general situation, since we do not need to use any reversibility assumption. This is because we already
eliminated all the dangerous terms in the proof of Lemma 23 by using Proposition 18.

Proof. Since the convergence is monotone, the assumption that g̃L (ν | µ) = 0 implies that we must
already have

sn(ν|µ) = 0
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for all n ∈ N. By definition of sn(·), f and F0, this implies that all the terms of the sum have to vanish.

Hence, for all n ∈ N, ηΛn ∈ ΩΛn , and j = 1, . . . , q, such that ĉBn−1(x)
∆ (ξ∆η∆c , η∆) > 0 we either

have

1

ν(ξ∆ηΛn\∆)

∫
1ηΛn

(ω)
γ∆(ξ∆|ω∆c)

γ∆(η∆|ω∆c)
ν(dω) = 1, (43)

or

ν(ηΛn) = ν(ξ∆ηΛn\∆) = 0.

But if there was ηΛn ∈ ΩΛn such that ν(ηΛn) = 0, then by irreducibility we would necessarily have

∀ψ ∈ ΩΛ̃m\Λn
∀∆ ⊂ Λn ∀ξ∆ : ν(ξ∆ηΛn\∆ψΛ̃m\Λn

) = 0.

for all large enoughm such that Λn ⊂ Λ̃m. Since this holds for all boundary conditions ψ, all ∆ ⊂ Λn

and ξ∆, we can deduce that

∀ηΛn ∈ ΩΛn : ν(ηΛn) = 0,

which cannot be true. Therefore, we must have

∀n ∈ N : ∀ηΛn ∈ ΩΛn : ν(ηΛn) > 0,

and in particular (43) holds if ĉBn−1(x)
∆ (ξ∆η∆c , η∆) > 0. In this case, we can use martingale conver-

gence and the differentiation lemma to see that by irreducibility

ν − a.a. η ∈ Ω ∀∆ b Zd ∀ξ∆ :
ν(η∆|η∆c)

ν(ξ∆|η∆c)
= lim

n→∞

ν(ηΛn)

ν(ξ∆ηΛn\∆)
=
γ∆(ξ∆|η∆c)

γ∆(η∆|η∆c)
.

Via the irreducibility assumption and the fact, that if two strictly positive probability vectors a =
(a1, a2, ..., an) and b = (b1, ..., bn) satisfy ai/aj = bi/bj for all i, j = 1, ..., n, then we neces-
sarily have a = b, we get

∀∆ b Zd ∀ξ∆ : γ∆(ξ∆|η∆c) = ν(ξ∆|η∆c) for ν-almost all η ∈ Ω,

which implies that ν ∈ G (γ).

Now we have all the ingredients for proving the dynamical Gibbs variational principle for non-reversible
interacting particle systems.

Proof of Theorem 6. Ad i. and ii.: The existence of the limit and its upper-semicontinuity follow from
Lemma 26.
Ad iii.: That the approximating relative entropy loss is non-positive was shown in Proposition 5.
Ad iv.: This is exactly what we showed in Lemma 28.
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3.5 Proof of Theorem 10

We begin with the following technical result.

Proposition 29. Assume that the rates (c∆(·, ξ∆))∆bZd,ξ∆∈Ω∆
satisfy conditions (R1) − (R5).

Moreover, assume that there exists a translation-invariant time-stationary measure µ ∈ G(γ) where
the specification γ satisfies (S1)− (S3). Then, for ν ∈Minv

1 (Ω) and t > 0 we have

h(νt|µ)− h(ν|µ) ≤
∫ t

0

g̃L (νs|µ)ds.

Moreover, if ν /∈ G (γ), then there exists a weakly open set Gν ⊂ Minv
1 (Ω) containing ν, and

δ, ε > 0 such that we have

∀ρ ∈ Gν ∀0 ≤ s ≤ ε : h(ρs|µ)− h(ρ|µ) ≤ −δs.

Proof. For n ∈ N we have seen in Lemma 21 that

hΛn(νt|µ)− hΛn(ν|µ) ≤
∫ t

0

g̃nL (νs|µ)ds+ t · o(|Λn|).

By taking the density limit and using the monotone convergence theorem we obtain

h(νt|µ)− h(ν|µ) ≤
∫ t

0

g̃L (νs|µ)ds.

To prove the second part of the proposition we just use the above formula and the upper-semicontinuity
of g̃L (·|µ).

Now we are ready to state and prove the attractor property for non-reversible interacting particle sys-
tems.

Proof of Theorem 10. For arbitrary ν and n ∈ N we have by non-nullness of µ that

∀Λ b Zd : −M |Λ| ≤ hΛ(ν|µ) ≤M |Λ| , (44)

for some M > 0 that does not depend on ν, only on µ. Indeed, we can decompose

hΛ(ν|µ) =
∑
ηΛ

ν(ηΛ) log (ν(ηΛ))−
∑
ηΛ

ν(ηΛ) log (µ(ηΛ)) .

The first sum is bounded from below by 0 and from above by |Λ| log q. The second sum can be
bounded in absolute value, because by Lemma 13 it holds that

|log µ(ηΛ)| ≤ |Λ| log
1

δ
.

By taking the density limit in (44) we see that

−M ≤ h(ν|µ) ≤M.
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Now let ν∗ be some weak limit point. If ν∗ /∈ G (γ), then by the Proposition 29 and weak convergence
there exists an open neighborhood G of ν∗ such that νtn ∈ G for all n ≥ N(G) and

∀ρ ∈ G ∀0 ≤ s ≤ ε : h(ρs|µ)− h(ρ|µ) ≤ −δs.

This implies that for all m ∈ N

−M ≤ h(ν∗|µ) ≤ h(νtm+N
|µ)− h(νtN |µ) + h(ν|µ) ≤ −δ

m−1∑
k=0

min {ε, tN+k+1 − tN+k}+M.

Since tn increases to infinity, we necessarily have that the sum on the right-hand side diverges to
infinity as n tends to infinity. But this leads to a contradiction, since M is finite. Therefore, we must
have ν∗ ∈ G (γ).
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