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Thermodynamic models for a concentration and electric field
dependent susceptibility in liquid electrolytes
Manuel Landstorfer, Rüdiger Müller
Abstract
The dielectric susceptibility χ is an elementary quantity of the electrochemical double layer
and the associated Poisson equation. While most often χ is treated as a material constant,
its dependency on the salt concentration in liquid electrolytes is demonstrated by various bulk
electrolyte experiments. This is usually referred to as dielectric decrement. Further, it is theoretically
well accepted that the susceptibility declines for large electric fields. This effect is frequently
termed dielectric saturation. We analyze the impact of a variable susceptibility in terms of species
concentrations and electric fields based on non-equilibrium thermodynamics. This reveals some
non-obvious generalizations compared to the case of a constant susceptibility. In particular the
consistent coupling of the Poisson equation, the momentum balance and the chemical potentials
functions are of ultimate importance. In a numerical study, we systematically analyze the effects of a
concentration and field dependent susceptibility on the double layer of a planar electrode|electrolyte
interface. We compute the differential capacitance and the spatial structure of the electric potential,
solvent concentration and ionic distribution for various non-constant models of χ.

1

Introduction

When an electrode-electrolyte interface is charged, thin boundary layers arise where the electric charge
is accumulated, in the electrolyte due to ionic charges and in the electrode due to variations of the
electron charge density. In this electrochemical double layer the local ion concentrations deviate from
their respective bulk concentration and strong electric fields are present. It might seem surprising that
the electrochemical double layer is still not sufficiently theoretically understood, even in most simple
situations, cf. [46]. The purpose of macroscopic continuum models is to integrate the effects of the
double layer in a consistent way into applications. In the vast majority of the continuum models, the
dielectric susceptibility χ –also referred to as the static relative permittivity– is treated as a constant,
mostly for the sake of simplicity. But, e.g. in aqueous solutions, χ is known to depend on the electrolyte
concentration, cf. e.g. [30, 11, 38] and see Fig. 1. For pure water at room temperature the susceptibility
is χS ≈ 80 and for many salts a linear dielectric decrement of the form

χ = χS − d · c (+ h. o. t.)

(1.1)

can be experimentally observed, at least in solutions up to concentrations of c ≈ 2 mol L−1 , cf. [6, 38].
For more concentrated solutions, higher order terms can be added to (1.1), e.g. a term proportional to
c2 is used in [42], and a term proportional to c3/2 can be found in [11, 1]. However, we want to remark
that in the presence ion pair formation or incomplete dissociation of the electrolyte, already a linear
approach like (1.1) can provide non-linear dependence of the susceptibility with respect to the total salt
concentration in qualitative agreement with Fig. 1, cf. Fig. 6. Moreover, it is well accepted that the strong
electric field inside the double layer causes alignment of the microscopic dipoles to the field, whereby
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the susceptibility is reduced [27, 9, 37]. This concept of dielectric saturation is based on the theory
of [15, 43] and extensions. We are not aware of any direct measurement of the dielectric saturation,
however experimental results of [47] suggest that at the interface of water there are spatial profiles of χ
which seem compatible with this concept, see Fig. 1.

Figure 1: Left: concentration dependent susceptibility (Fig. 2 of [11]). Right: profile of χ in the double
layer (Fig. 9 of [47]).

It should be expected that both, dielectric decrement as well as dielectric saturation, have considerable
influence on the double layer at electrode|electrolyte interface and on the fundamental macroscopic
electrochemical relation between electrode charger and potential, which is equivalently expressed in
terms of the differential capacitance of the interface. Measurements of the differential capacitance of
(well defined) planar single crystal surfaces, cf. [49], yield highly reproducible results that are well suited
for the validation of mathematical models of the double layer. For an applied potential E − E ref relative
to a reference electrode, the (boundary layer contribution of the) differential capacitance is defined in
the absence of specific adsorption as

d BL
C (E − E ) =
Q (E − E ref )
dE
BL

ref

with Q (E − E ) = −
BL

ref

Z
ΩBL

q(z) dz,

(1.2)

where q is the free charge density in the electrolyte, ΩBL denotes a suitable spatial domain for the
boundary layer in front of the electrode and QBL is the charge density of the electrode surface which is
compensated by the boundary layer charge. The free charge density q in the electrolyte is determined
by the Poisson equation for the electric potential ϕ, i.e.

− div((1 + χ)ε0 ∇ϕ) = q .

(1.3)

In order to solve (1.3), constitutive laws for χ and q need to be provided by means of mathematical
modelling of the double layer. On the left hand side of (1.3), it is very tempting to assume a constant
susceptibility χ across the whole layer. For the right hand side, the most simple model is the GouyChapman (GC) model based on the assumption of a Boltzmann distribution of ions in strongly diluted
solutions, [8]. Many extensions and generalizations to this most simple setting have been proposed
in the literature but we postpone the review and discussion of various models and approaches to the
Section 3.1 below.
The purpose of this paper is, to derive on the basis of the general non-equilibrium thermodynamic
framework [19, 34, 20] a complete and consistent model with constitutive equations that take dielectric
decrement as well as dielectric saturation into account. While in the case of constant susceptibility the
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electrochemical potentials can be split into the electric potential governed by the Maxwell equations and
a chemical potential independent of the electric field, the situation changes if χ depends on the local
electrolytic species concentrations and the chemical potentials also depend on the electric potential.
This was noted first by [45, eqn. (5.39)], where the chemical potentials are modified by a term quadratic
in the electric field. The non-constant susceptibility and the possibly field dependent chemical potentials
show up in the balances of (partial) mass and momentum and these equations have to be consistently
solved in order to determine the free charge density in the Poisson equation. This way non-obvious
extensions to established models from the literature are necessary. The properties of the obtained
mathematical model are then analyzed in a numerical study. We illustrate the consequences of dielectric
decrement and dielectric saturation on the double layer and the resulting differential capacitance of the
interface.
We remark that χ is typically measured using high-frequency techniques, cf. e.g. [11], and in the
literature there is some controversy about a dynamic contribution to the static dielectric constant with
several studies showing the presence and others the absence of the dynamic contribution, cf. e.g. [12]
and the literature cited therein. In the following, the susceptibility is treated as an equilibrium parameter.

2

Continuum model with non-constant susceptibility

In the following modeling, we restrict our considerations to the quasi-electrostatic and isothermal case,
where the electric field can be represented by the electric potential as E = −∇ϕ and the temperature
T enters the equations only as a constant parameter. Since we are only interested in the case of
a scalar susceptibility χ, i.e. where the vector of polarization can be written as P = χ ε0 E , we
assume that P ⊗ E defines a symmetric tensor. In the following, we neglect gravitation and restrict
the presentation to planar interfaces with no tangential transport on the surface.

2.1

Description of reacting mixtures

The electrolyte is modeled as a general mixture of several different constituents. These constituents can
be e.g. a solvent, ions, ion pairs or larger complexes. To refer to the different species, we introduce an
index set I and typically use an index α ∈ I . The constituents have molecular masses mα and carry
a charge zα e0 , where e0 is the elementary charge. Moreover, to account for the size of the molecules,
we assign to each constituent a specific volume vαE . At each point in space, we denote the number
density of species by nα for α ∈ I . The mass density ρ and free charge density q of the electrolyte are

ρ=

X

mα nα and q = e0

α∈I

X

zα nα .

(2.1)

α=∈I

In the following we consider only a single type of solvent species, typically referred to by the index
α = S or α = 0 and we assume here z0 = 0, but emphasize that our model framework can easily be
extended to mixtures of solvents.
In many electrolytes, the ions are assumed to bind a certain number of solvent molecules to form
larger compounds that are called solvated ions. This solvation can be described by a solvation reaction
e , binds κA solvent molecules S to form the solvated
where e.g. a bare unsolvated anion, denoted by A
a anion denoted by A. Analogously, a bare unsolvated cation C0 , binds κC solvent molecules S to
form the solvated a cation C. Here κα , for α ∈ {A, C}, are called the solvation numbers. Since mass
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is conserved during the solvation, the mass of a solvated anion A is mA = mA
e + κA mS and an
analogous identity holds for the mass of the solvated cation.
The solvation is in particular important, because the bound solvent molecules do not contribute to the
entropy of mixing. In the following, we assume for simplicity that all ions are solvated. Another important
aspect of the solvation is the impact on the formation of undissociated ion pairs in solution. Consider an
ion pair AC which dissociates into νA anions and νC cations. Then, the net reaction of the dissociation
and solvation is

AC + (νA κA + νC κC )S

νA A + νC C .

(2.2)

Under the assumption that the electrolyte consists exclusively of the species from the index set I =
{A, C, AC, S}, (2.2) implies an upper limit for the ion concentration such that complete dissociation into
solvated ions is possible [33]. In more concentrated electrolytes, where not enough solvent molecules
are left to proceed with the dissociation reaction, ion pairs AC remain constituents of the mixture, which
have to be accounted for.
More general, M ≥ 1 reactions between the species Aα for α ∈ I can be considered, with (2.2)
being one of them. Each of the reactions has to conserve mass and charge. Therefore, we introduce
the stoichiometric coefficients να,m for α ∈ I and 1 ≤ m ≤ M to write

X
α∈I

0
να,m
Aα

X

00
να,m
Aα

00
0
with να,m := να,m
− να,m
,

X

να,m mα = 0 and

α∈I

α∈I

X

να,m zα = 0.

α∈I

(2.3)

2.2

Balance equations and general constitutive model

We first introduce balance equations that are universal, i.e. independent of the considered material.
However, these equations contain material dependent constitutive quantities which need appropriate
modeling. Then, by application of an entropy principle, cf. [20], we restrict the constitutive equations
to guarantee non-negative entropy production. In the resulting general constitutive model, the key
ingredients for the material modeling is the free energy density which defines the equilibrium properties
of the system.

Balance equations. The electric field E , the barycentric velocity υ and the number densities nα for
α ∈ I are determined from the Poisson equation and the balance equations of momentum and partial
mass, viz.

curl(E) = 0 ,
div(ε0 E + P ) = q ,
∂t (ρv) + div(ρv ⊗ v − σ) = qE + (∇E)P ,
∂t nα + div(nα v + Jα ) =

M
X

να,m rm

(2.4a)
(2.4b)
(2.4c)
for α ∈ I .

(2.4d)

m=1

Here the – yet undetermined– constitutive quantities are the vector of polarization P , the symmetric
P
(Cauchy) stress tensor σ , and the diffusonal fluxes Jα with the constraint
α∈I mα Jα = 0 and the
reaction rates rm .
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As long, as σ is not specified, there is no unique way to write the momentum balance, since terms can
freely be moved from the stresses to the forces and back. This is discussed in more detail in Sect. 3.2
below. However, in order to remove all ambiguity, we introduce the total stress tensor Σ, viz.

Σ = σ + (ε0 E + P ) ⊗ E − 12 (ε0 E · E)1 ,

(2.5)

whereby we can rewrite the momentum balance as

∂t (ρv) + div(ρv ⊗ v − Σ) = 0 .

(2.6)

Constitutive equations. The constitutive equations or material functions of our model framework are
derived exclusively from a free energy density ρξ , for which we assume the rather general structure

ρξ = ρξ(T, (n)α∈I , P ) .

(2.7)

We introduce the chemical potentials and the equilibrium electric field as

µα :=

∂ρξ
∂nα

E Eq :=

for α ∈ I ,

∂ρξ
,
∂P

(2.8)

which depend on (T, (n)α∈I , P ). Application of the entropy principle [20] yields for the reaction rates
rm , the (diffusion) fluxes Jα , the polarization P , and the stress tensor σ , the relations

 λ0m

λ00
− m
rm = Lm · e kB T − e kB T

with λ0m :=

X

0
να,m
µα and λ00m :=

α∈I

Jα = −

X

Mαβ · ∇µβ −

mβ
∇µ0
m0

+ zβ e0 E



X

00
να,m
µα ,

(2.9a)

α∈I

for α ∈ I \ 0 ,

(2.9b)

β∈I\0

ε0
∂t P =
· (E − E Eq ) − (v · ∇)P ,
τP


X
σ = ρξ −
nα µα − E Eq · P 1 + σ visc + σ pol

(2.9c)
with

(2.9d)

α∈I

σ

visc

σ

pol


= νs div(v)1 + νb ∇v + (∇v)T ,

= (E Eq − E) · P 1 .

(2.9e)
(2.9f)

The phenomenological coefficients can be arbitrary functions of the independent variables, such that
the reaction rate constants Lm > 0, Mαβ defines a positive definite matrix, the polarization relaxation
time τP > 0, and bulk and shear viscosity (νs + 23 νb ) > 0 and νb > 0.
Pressure. The pressure within the system is is introduced via

1
p =: − tr(σ − σ visc − σ pol ) ,
3

(2.10)

such that p satisfies the Gibbs-Duhem equation

p = −ρξ +

nα µα + E Eq · P .

(2.11)

nα ∇µα + (∇E Eq )P .

(2.12)

X
α∈I

This implies in polarizable media

∇p =

X
α∈I
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Equilibrium. In the following we consider thermodynamic equilibrium of the various dissipative
processes. This implies

 Chemical reaction equilibrium: vanishing affinity λm =: λ00m − λ0m implies

0=

X

m = 1, . . . , M .

να,m µα

(2.13a)

α∈I

 Diffusional equilibrium 0 = Jα , such that a positive definite mobility matrix implies

0 = ∇ µα −

mα
µ
m0 0



+ zα e0 E

for α ∈ I \ 0 .

(2.13b)

 Polarization vector equilibrium:

E = E Eq ,

(2.13c)

 Mechanical equilibrium 0 = σ visc , (2.4c) implies

∇p = qE + (∇E)P .

(2.13d)

Debye relaxation. The evolution equation (2.9c), where E Eq is a general function of the variables
(T, (n)α∈I , P ), is essentially a generalization of the Debye relaxation equation. For a vanishing
barycentric velocity, i.e. v = 0, and a simple polarization model E Eq = χε1 P , with χ = const., the
0
Debye relaxation is obtained from (2.9c), i.e.

χτP ∂t P + P = ε0 χE.

(2.14)

Denoting with P̂ (·, ω) = F(P (·, t)) the Fourier transformed polarization (and Ê accordingly), (2.14)
yields

χτP iω P̂ + P̂ = χε0 Ê

(2.15)

P̂ = ε0 (χ̂0 − iχ̂00 )Ê

(2.16)

and thus

with

χ
χ̂ :=
,
1 + ( ωω0 )2
0

χ̂ :=
00

χ ωω0

1+

( ωω0 )2

and ω0 :=

1
.
χτP

(2.17)

For the electric displacement field D := ε0 E + P we obtain hence

D̂ = (ε̂0r − iε̂00r )ε0 Ê

(2.18)

ε̂0r := 1 + χ0 and ε00r = χ̂00 ,

(2.19)

with

which corresponds to the classical decomposition of the Fourier transformed relative dielectric ε̂r . We
emphasize, however, that for more complex dependencies of E Eq on (T, (n)α∈I , P ), such decompositions can in general not be obtained and that the polarization evolution remains coupled to the
species balance equations (2.4d).
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Extended diffusional equilibrium. From the equilibrium conditions (2.13b), we get

X

ρ
∇µ0 .
m0

(2.20)

nα ∇µα + (∇E)P .

(2.21)

nα ∇µα = qE +

α∈I

Inserting (2.13c) into (2.12) yields

∇p =

X
α∈I

Thus, combining (2.21) and (2.20) with (2.13d) we can first conclude that ∇µ0 = 0. In a next step,
using the electrostatic potential ϕ such that E = −∇ϕ, we obtain for the electrochemical potential
µα + e0 zα ϕ of all species the well known equilibrium conditions

∇(µα + e0 zα ϕ) = 0

for all α ∈ I .

(2.22)

We emphasize, that this is a consequence from the consistent coupling of the diffusional equilibrium
with the momentum balance and the mechanical and polarization equilibrium. Therefore, we call the
conditions (2.22) extended diffusional equilibrium in the following.

2.3

Material model for the electrolyte with concentration dependent susceptibility

In this section we state explicit functions for the free energy density, and subsequently for the chemical
potential as well as the polarization vector. Aim of this section is not to rigorously derive the functions,
based on some microscopic theory, but rather discuss their thermodynamic consequences. In the
above application of the entropy principle we followed the approach of [20] based on the entropy as a a
constitutive function of the vector of polarization P , in order to obtain a stable relaxation to equilibrium
with the Debye equation (2.9c). However, for the formulation of constitutive laws, it seems more naturally
to describe the free energy density in terms of the (equilibrium) electric field E Eq . Therefore we first
apply a change of variables.
Legendre transformation for ρξ . We consider the Legendre transformation ρψ := ρξ − P · E Eq .
By definition we then have

∂ρψ
= −P
∂E Eq

and ρψ = ρψ(T, (nα )α∈I , E Eq ) ,

(2.23)

and obtain thus the Gibbs-Duhem equation

p = −ρψ +

X

nα µα .

(2.24)

α∈I

From this perspective, one might term ρψ also the free energy density of the mixture, however in the
variables (T, (nα )α∈I , E Eq ). For the chemical potential as defined by (2.8), we obtain

∂ρψ (nβ )β∈I , E Eq )
µα =
.
∂nα

(2.25)

In the following, we drop the superscript Eq of E Eq in the functional dependency of ρψ for the sake of a
compact typeface, but emphasize again that in the non-equilibrium case E Eq and E remain different.
In the following we skip the super-script Eq to simplify notation.
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Free energy density. We consider a free energy density that are a superposition of several contributions, i.e. we introduce

ρψ =

X

∂ρψ k
,
∂nα

µkα =

ρψ k ,

k

pk = −ρψ k +

X

nα µkα .

(2.26)

α

Since we are interested in obtaining only material functions for P with a scalar susceptibility χ, we
restrict the constitutive function for the free energy to the structure

ρψ = ρψ mat ((nα )α∈I ) + ρψ pol ((nα )α∈I , E) ,

(2.27)

pol
mat
such that µα = µmat
+ ppol .
α + µα and p = p

The material model for ρψ mat describes the electrolyte as an incompressible mixture of solvated ions
and we refer to [19, 34] for a detailed derivation and analysis of ρψ mat . The resulting expressions for
the thermodynamic potentials are
E
E mat
µmat
α = ψα + kB T ln(yα ) + vα p

for α ∈ I , with yα = P

nα

β∈I

nβ

,

(2.28)

where ψαE is the free energy density of the constituent Aα of a reference configuration in the electrolyte
[34]. In this model, incompressibility is obtained as the limiting case for large isotropic bulk modulus. As
a consequence, we have an algebraic constraint

X

vαE nα = 1 .

(2.29)

α∈I
mat
Since µmat
α is expressed in terms of p , we rewrite the momentum balance as

and emphasize again that ppol

∇pmat = q E + (∇E)P − ∇ppol .
P
= −ρψ pol + α nα µpol
α .

(2.30)

For the polarization contribution ρψ pol we consider only free energy functions which yield the representation

∂ρψ pol
= −P
∂E

and P = ε0 χ( (nα )α∈I , E)E .

(2.31)

Note that there is a practical representation of ρψ pol when |E|2 is considered as variable as well as
χ( (nα )α∈I , E) = χ̂( (nα )α∈I , |E|2 ), i.e.

ρψ

pol

=−

Z
0

E

ε0 χ(nα , E )E dE =
0

with X(nα , |E|2 )) :=

0

0

Z

|E|2

0

− 21 ε0

Z
0

|E|2

ε0 χ̂(nα , F )dF = − ε20 X(nα , |E|2 )) (2.32)

ε0 χ̂(nα , ζ)dζ and

∂X
= χ̂(nα , |E|2 ) .
2
∂|E |

(2.33)

Hence we can write
pol

µα


X ∂X 
ε0
ε0 ∂X
pol
2
=−
and p =
X(nα , |E| ) −
nα
.
2 ∂nα
2
∂nα
α∈I

(2.34)

For a further classification of material functions χ, we consider the following cases:
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(Case 0): Constant susceptibility

χ = χ̂(0) = const..
This is obtained by ρψ pol = −χ0

µpol
α = 0

ε0
|E|2
2

(2.35)

and implies

ppol = −ρψ pol .

for α ∈ I ,

(2.36a)

The momentum balance reduces to

∇pmat = q E + (∇E)P + ∇(ρψ pol ) = q E

(2.36b)

since ∇ρψ pol = −P (∇E) and the Poisson equation reads


div (1 + χ̂(0) )ε0 E = q .

(2.36c)

(Case 1): Electric field dependent susceptibility

χ = χ̂(1) (|E|2 ).

(2.37)

This is obtained by ρψ pol = − ε20 X(|E|2 ) with χ̂(1) (|E|2 ) =

µpol
α = 0

∂X
∂|E 2 |

and implies as in (Case 0)

ppol = −ρψ pol .

for α ∈ I ,

(2.38a)

The momentum balance reduces to

∇pmat = q E + (∇E)P + ∇(ρψ pol ) = q E

(2.38b)

since ∇ρψ pol = −P (∇E) and the Poisson equation reads


div (1 + χ̂(|E|2 ))ε0 E = q .

(2.38c)

(Case 2): Concentration dependent susceptibility

χ=

X

vαE nα · χα =: χ̂(2) ((nα )α∈I ) ,

(2.39)

α∈I

with constant χα for α ∈ I . This is obtained by ρψ pol = − α∈I vαE nα · χα ε20 |E|2 , which is
homogeneous of degree one with respect to the number densities nα and implies

P

E
2
ε0
µpol
α = −vα · χα 2 |E|

for α ∈ I ,

ppol = 0 .

(2.40a)

The momentum balance reduces to

∇pmat = q E + χ(2) ((nα )α∈I ) (∇E) · ε0 E

(2.40b)

and the Poisson equation reads


div (1 + χ̂(2) ((nα )α∈I ))ε0 E = q .
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(Case 3): Concentration and electric field dependent susceptibility

χ=

X

vαE nα · χα (|E|2 ) =: χ̂(3) ((nα )α , |E 2 |)

(2.41)

α∈I

This is obtained by ρψ pol = −
analogously to (Case 2)
E
µpol
α = −vα ·

P

α∈I

ε0
Xα (|E|2 )
2

vαE nα ·

ε0
Xα (|E|2 )
2

for α ∈ I ,

with χα (|E|2 ) =

∂Xα
∂|E 2 |

ppol = 0 .

and implies

(2.42a)

The momentum balance reduces to

∇pmat = q E + χ̂(3) ((nα )α , |E 2 |) (∇E) · ε0 E

(2.42b)

and the Poisson equation reads


div (1 + χ̂(3) ((nα )α∈I , |E 2 |))ε0 E = q .

(2.42c)

Typical examples for ρψ pol and χ in the (Case 1) are

χS
P =p
· ε0 E ,
1 + a|E|2
√
3χS
P =√
L( a|E|) · ε0 E ,
a|E|

ε0 p
χ0 1 + a|E|2 ,
a
 sinh √a|E| 
3ε0
√
,
=−
χ0 ln
a
a|E|

ρψ pol = −
ρψ pol

(2.43a)

(2.43b)

with the Langevin function L(x) = coth(x) − x1 . While (2.43b) is related to the theory of [15, 43, 9],
(2.43a) follows the more pragmatic choice of [27, (eqn. 17)]. We note that (2.43a) corresponds to the
case m = 1/2 of the general approach

ρψ pol = −

ε0 m
χ0 1 +
a 1−m

1−m
a
|E|2
2m

,

P = χ0 1 +

−m
a
|E|2
2m

· ε0 E

(2.44)

proposed in [27], where further on 0 < m < 2 is conjectured. However, considering the onedimensional case, the Poisson equation is



−ε0 1 + χ(|∂x ϕ|) + χ0 (|∂x ϕ|)∂x ϕ ∂xx ϕ = q

(2.45)

For the given examples, we check



√ 1 23


ϕ|
 1+a|∂
√x
0
0
χ + χ (|∂x ϕ|)∂x ϕ = χS · 3L ( a|∂x ϕ|)

2m−1


 1−a 2m |∂x ϕ|2
(1+a|∂x ϕ|2 )2

in case of (2.43a) ,
in case of (2.43b) ,

(2.46)

in case of (2.44) ,

Thus, we conclude that χ + χ0 ∂x ϕ > 0 for (2.43b) and (2.43a), whereas (2.44) with m > 1/2, violates
the ellipicity condition if |E| is sufficiently large.
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Extended diffusion equilibrium. The constant electrochemical potentials according to (2.22) yield
at any point x in space the identity



E
pol
bulk
yα (x) = yαbulk ·exp − ke0BzTα (ϕ(x)−ϕbulk )− kBvαT (pmat (x)−pbulk )+ kB1T µpol
(|E(x)|)−µ
(|E
)
α
α
= ŷα (ϕ, pmat , |E|) .

(2.47)

where yαbulk , pbulk , ϕbulk denote the corresponding bulk quantities. Therefore, we conclude the existence
of representations

(
(k)
ŷα (ϕ, pmat )
yα =
(k)
ŷα (ϕ, pmat , |E|)

if k = 0, 1 ,

(2.48)

if k = 2, 3 ,

from (2.36a), (2.38a), (2.40a), (2.42a), respectively. The incompressibility constraint (2.29) yields the
relations

P
zα yα
yα
, q = e0 Pα∈I E ,
nα = P
E
β∈I vβ yβ
α∈I vα yα

and χ̂(k)

P
E
α∈I vα yα χα
= P
, k = 2, 3 .
E
α∈I vα yα

(2.49)

Thus, we obtain further representations in terms of the variables (ϕ, pmat , |E|) for (Case k ), viz.

(
(k)
n̂α (ϕ, pmat )
if k = 0, 1 ,
nα =
(k)
mat
n̂α (ϕ, p , |E|) if k = 2, 3 ,

(0)

if k = 0 ,
χ̂
and χ = χ̂(1) (|E|)
if k = 1 ,

 (k)
mat
χ̂ (ϕ, p , |E|) if k = 2, 3 .

(
q̂ (k) (ϕ, pmat )
q=
q̂ (k) (ϕ, pmat , |E|)

if k = 0, 1 ,
if k = 2, 3 ,

(2.50)

(2.51)

In summary, the state of the electrolyte is determined in the extended diffusion equilibrium by the
Poisson equation (2.36c), (2.38c), (2.40c), or (2.42c), respectively, and the corresponding momentum
P
balance (2.36b), (2.42b), (2.40b), or (2.38b). Note that the constraint
α∈I yα = 1 for the mole
fractions yα , which holds for every point x in space and for every material model, can either be used to
express the solvent mole fraction in terms of the ionic species or to substitute the momentum balance
by an algebraic constraint, yielding the differential algebraic equation system (k = 0, 1, 2, 3)


div (1 + χ̂(k) )ε0 ∇ϕ = q̂ (k) ,
X
ŷα(k) = 1 .

(2.52a)
(2.52b)

α∈I

2.4

Interface of a planar metal electrode and the electrolyte

Our main discussion of section 3 and 4 is based on an experimental three electrode setup [34] which
allows to investigate the interface between a planar (single crystal) electrode and the adjacent electrolyte
for an applied voltage between these two phases. Therewith we can compute (i) the space charge layer
structure (ii) the charge stored in the whole space charge layer and (iii) the corresponding differential
capacity in terms of the applied voltage.
We consider in the following a 1D-approximation of a planar metal electrode, where the electrode
surface is located at x = 0 and the bulk electrolyte at x = xbulk and denote with usurf := u(x = 0)
and ubulk := u(xbulk ) for some space dependent function u(x). Throughout this work we consider
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exclusively non-adsorbing electrolytes, but emphasize that specific adsorption can be consistently taken
into account and we refer to [34, 18] for details.
We consider a surprisingly simple material function for the surface chemical potential of electrons such
that µe is constant with respect to the number density of surface electrons ne . The constant is related to
s

s

the work function of the specific metal surface in order to account for different surface orientations. This
material model ensures, in accordance with Kohn-Sham-theory, that excess electrons are exclusively
stored on the metal surface and that the potential drop in the metal boundary layer remains constant
(w.r.t. applied voltage).

Boundary conditions. In a three electrode setup, it is possible to derive

ϕ|x=0 − ϕbulk = U Meas − U ref =: U

(2.53)

where U ref depends on the work function of the specific metal surface as well as the reference electrode
and we refer to [34] for details on the derivation. U is the actual potential drop across the electrolytic
space charge layer and U Meas the measured voltage in a three electrode setup.
The electric field E = −∂x ϕ field is supposed to vanish in the bulk, i.e. E bulk = 0.
Dissociation reaction equilibrium. For an electrolyte which consist only of a solvent S, anions A,
cations C and ion pairs AC, the relation (2.13a) for the thermodynamic equilibrium of the dissociation
reaction (2.2), i.e.

µAC + (κA + κC )µS = µA + µC ,

(2.54)

yields a constraint to determine the concentration of the ion pair AC. We assume that the volume and
the mass are conserved during the dissociation reaction, which entails
E
vAE + vCE = vAC
+ (κA + κC )vSE

and

mA + mC = (κA + κC )mS + mA C .

(2.55)

bulk
bulk
Introducing the dissociation degree δ via nbulk
A = nC = δ · c and nAC = (1 − δ)c, where c is the
prescribed salt concentration, yields the constraint

− k∆gT

f (c, δ) =: e

B

−

δ2 · c
vS
·
(1 − δ) (1 + (2vS − (vA + vC ))δc + (vS − vAC )δ(1 − c)
·

(1 − (vA + vC )δc − vAC δ(1 − c)
1 + (vS 2 − (vA + vC ))δc + (vS − vAC )δ(1 − c)

!−(κA +κC )

!

=0

(2.56)
with
E
∆g = ψAE + ψCE − ψAC
− (κA + κC )ψSE ,

(2.57)

which is actually a generalization of Ostwald’s dilution law when solvation effects are considered [33].
This relation can be used to deduce from f (δ, c) = 0 a (local) expression δ = δ̂(c) for the dissociation
degree.
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Extended diffusion equilibrium. The Poisson equation(2.4b) and the momentum balance (2.13d)
for the cases k = 0, 1, 2, 3 with the representations (2.50) of q essentially read
(Case 0 and 1):

E = −∂x ϕ

∂x ε0 (1 + χ̂(k) (|E|)) · E = q̂(ϕ, pmat )
∂x pmat = q̂(ϕ, pmat ) · E

(2.58a)
(2.58b)
(2.58c)

(Case 2 and 3):

E = −∂x ϕ

∂x ε0 (1 + χ̂ (ϕ, p , |E|)) · E = q̂(ϕ, pmat , |E|)
(k)

(2.59a)

mat

∂x p

mat

(2.59b)
(k)

= q̂(ϕ, p , |E|) · E + ε0 χ̂ (ϕ, p , |E|) · (∂x E)E
mat

mat

(2.59c)
We emphasize that that our derived Poisson-Momentum balance equation system (2.58a)–(2.58c) is a
highly non-linear coupled ODE system, in contrast to common Poisson–Boltzmann approaches and
various extensions, as we discuss in more detail in Sect. 3.1.

Electric field-pressure relation and boundary layer charge. In the case of a planar one-dimensional
setting, the stationary electric field is given as E = −∂x ϕ and the x−component of the total stress
tensor Σ reduces to

Σ = −pmat − ppol + ε0 (1 + χ)|E|2 −

ε0
|E|2
2

.

(2.60)

The momentum balance (2.6) implies the constancy of the total stress, whereby at each point x ≥ 0 in
the electrolyte domain it holds

pmat − pbulk = ε0 (1 + χ)|E|2 −
ppol = 0 for Case 2 and 3. Thus, we have

ε0
2

 2 (1 + χ)|E|
pmat − pbulk = ε20 (1 + χ)|E|2 + (ρψ pol (|E|) +

 ε0
(1 + 2χ)|E|2
2

ε0
|E|2
2

− ppol ,

(2.61)

for Case 0 ,
ε0
χ|E|2 )
2

for Case 1 ,

(2.62)

for Case 2 and 3 .

Given a value of ϕ − ϕbulk , (2.62) together with the constraint
α∈I yα = 1 from the definition (2.28)
and using the representations (2.50) defines an a system of two algebraic relation that determine
pmat = p̌mat (ϕ−ϕbulk ) and E = Ě(ϕ−ϕbulk ). Using the representations (2.50), then χ = χ̌(ϕ−ϕbulk )
can be deduced. However, for given values of ϕ it is possible to determine pmat and E from the nonlinear
algebraic equation system

P

~g (ϕ, pmat , E) = ~0 with ~g = (g1 , g2 )
X
and g1 := 1 −
yα , g2 := pmat − pbulk − ε0 (1 + χ)|E|2 +

(2.63)
ε0
|E|2
2

+ ppol

(2.64)

α

as (local solutions) pmat = p̌mat (ϕ), E = Ě(ϕ) via the implicit function theorem. Note that

(
(k)
g1 (ϕ, p, E),
g1 =
(k)
g1 (ϕ, pmat , E)

if k = 0, 1
if k = 2, 3
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(k)
g2 (pmat , E),
and g2 =
(k)
g2 (ϕ, pmat , E),

if k = 0, 1
if k = 2, 3

.

(2.65)
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These relations can be used to determine the boundary layer charge

Q=−

Z

xbulk

0



qdx = ε0 (1 + χ) · E

(2.66)
x=0

as function of the potential difference U = ϕ|x=0 − ϕbulk from (2.62) for the various cases, i.e.

Q̌(U ) = − sign(U )·
(2.67)
q


2ε0 1 + χ (p̌mat (U ) − pbulk )
for Case 0 ,


q


2ε0 1+ χ̌(U ) p̌mat (U )−pbulk − ρψ pol (|Ě(U )|)− ε20 χ̌(U )|Ě(U )|2 for Case 1 ,

q


 2ε (1+χ̌(U ))2 (p̌mat (U ) − pbulk )
for Case 2 and 3 .
0 1+2χ̌(U )

3

Discussion of the model

The non-constant susceptibility χ has a profound impact on the structure of the mathematical model
derived in Sect. 2 above. Most notably, the Poisson equation (2.52a) is no longer semi-linear, but in
general becomes quasi-linear. Moreover, additional non-linear force terms appear in the momentum
balance (2.40b) or (2.42b) if χ depends on the local species concentrations. In the 1D system (2.59)
this results in a much stronger non-linear coupling of the equations. In the following, we discuss the
relation and structural differences to existing models from the literature, as well as different formulations
of the momentum balance and the contributing forces.

3.1

Comparison with some existing models

Gouy-Chapman (GC) model The most simple model for the double layer is the Gouy-Chapman (GC)
model based on the assumption of constant susceptibility χ and a Boltzmann distribution of ions in
strongly diluted solutions. Considering a completely dissociated 1 : 1 electrolyte of bulk concentration c,
the diffuse layer in front of a planar electrode surface at z = 0 is determined by the single semi-linear
second order equation

−(1 + χ)ε0 ∂xx ϕ = q̂(ϕ) = 2e0 c sinh

e0
ϕ
kB T



,

(3.1)

such that ϕ → 0 and ∂x ϕ → 0 for z → ∞. The equivalent first order system for the 1D setting is

E = −∂x ϕ ,

∂x ε0 (1 + χ) · E = q̂(ϕ) .

(3.2a)
(3.2b)

The boundary layer charge and the differential capacitance according to the GC model are given by

p

QGC (E) = −2 2c · (1 + χ)ε0 kB T · sinh 2keB0 T (E − E PZC ) .
s

(1 + χ)ε0 e20
CGC (E) = − 2c ·
· cosh 2keB0 T (E − E PZC ) ,
kB T

(3.3a)
(3.3b)

where E PZC denotes the potential of zero charge (PZC). Comparing with experimental data of [49], the
GC model strongly overestimates the boundary layer charge already for small applied voltages 1 and
1

As a consequence of the strong dilution assumption, there is no mechanism in the GC model to define an upper limit for
the accumulation of charge. This is also compatible with the conception of ions as point charges.
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predicts an U-shape of the capacitance, in disagreement with the curves in Fig. 2. However, very close
to the PZC, the GC model can be expected to be reasonably well applicable. In order to roughly fit the
GC model to the local capacitance minima at a Ag (110) surface according to [49], see Fig. 2, there is
only one parameter, i.e. the (constant) susceptibility χ. Such a fit would result in χ ≈ 40, very different
from what should be expected in the electrolyte bulk, i.e. χ ≈ χS ≈ 80, and similar order as in rather
concentrated solutions according to [30, 11], cf. Fig. 1.

Gouy-Chapman-Stern-Grahame (GCSG) model. If one wants to keep the simple description of
a diffuse layer by the GC model, one can try to circumvent the problem of unreasonable charge
accumulation by inverting the charge vs. applied potential relation. As a result, the GC theory then
only opens a very narrow window for the potential drop across the diffuse layer. In order to close
the remaining gap to the actual applied potential, an inner part of the double layer (Helmholtz layer)
is introduced, which is thought to behave like a plate capacitor. Then, the resulting GCSG model
expresses the total capacitance of the double layer as

−1
−1
−1
CGCSG (Q, c)
= Ci (Q)
+ Cd (Q, c)
,

(3.4)

It is commonly postulated that inner layer capacitance Ci is independent of the bulk concentration
and diffuse layer capacitance is given by GC capacitance with the susceptibility of pure water, i.e.
Cd = CGC with χ = 80. The GCSG model allows good qualitative and quantitative agreement with
with experimental data [49], see also [29]. However, the GCSG model needs as an empirical input
parameter a complete inner layer capacitance curve Ci , which is an input of the same type as the
desired output of the model.

Figure 2: Left: Differential capacitance for a Ag(110) surface (Fig. 3 of [49]). Right: Computed
capacitance with constant χ (solid lines) and Gouy-Chapman fo comparison (dotted).

Steric Poisson-Nernst-Planck (sPNP) models. The most striking deficiency of the GC model is the
missing limitation of the local ion concentration, due to the strong dilution assumption. To cure this
problem, lattice gas models introducing a size parameter have been proposed in order to account
for finite ion size in [32, 10, 3]. We further on refer to these models as Bikerman models. Extensions
to multiple different ion sizes are e.g. [13, 35, 36]. Independently, a general continuum model –here
called DGML model– that is based on non-equilibrium thermodynamics and takes finite ion size and
ion solvation into account was introduced in [19, 34, 20]. While the mathematical structure of the
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Bikerman model is still the same as (3.1), only with a different function q̂(ϕ), the DGLM model in the
incompressible case corresponds to the Case (0) above and the system (2.52) takes the form

P
zα yα (ϕ, p)
−(1 + χ)ε0 ∆ϕ = q̂(ϕ, p)
= e0 Pα∈I E
with
α∈I vα yα (ϕ, p)
X
X
1=
yα (ϕ, p) =
yαbulk exp − zkαBeT0 (ϕ − ϕbulk ) −
α∈I

(3.5a)
E
vα
(p
kB T


− pbulk ) , (3.5b)

α∈I

In the case that the specific volume vαE is the same for all species, in particular if solvation of ions is not
considered, the pressure can be eliminated from the Poisson equation and the DGLM model reduces
to the the Bikerman case.
The steric Poisson-Nernst-Planck models are capable to reproduce experimental data in a qualitative
manner, including a transition from the camel shape for dilute solutions to a bell shape curve for large
bulk salt concentrations. To reach also agreement with the experiments in the correct quantitative range
for a wide range of bulk salt concentrations and applied potentials, the parameters of the DGLM model
were fitted in [34] as χ = 25 and vαE of the ionic species such that it contains 45 times the specific
volume of the solvent. The constant susceptibility should be interpreted as an effective value relevant
for concentrated solutions, although we note that this value is lower than experimentally observed in
[30, 11].

Models with non-constant χ. To account for the electric field dependence of χ, i.e. the dielectric
saturation, Bikerman type models have been introduced. In [4], χ(|E|) according to Graham [27] is
considered and in particular for m = 1/2, that corresponds to our (2.43a), analytical solutions are
derived. Following [15, 43, 9] with the Langevin function as in (2.43b). a Poisson-Boltzmann approach
was proposed in [26], Bikerman models are provided in [25, 7], an extension to different ion sizes is
derived [24]. The mathematical structure of the Bikerman models with χ(|E|) is only changed by the
higher order nonlinearity on the left hand side of the poisson equation.
Bikerman type which account for the concentration dependence with linear dielectric decrement are
developed in [6, 31, 42, 21] and extended to different ion sizes in [28]. In the function q̂ on the left hand
side of the Poisson equation, there are terms introduced that are proportional to |E|2 , reflecting the
electric field dependence of the chemical potentials for concentration dependence of χ, in particular in
our Case 2 above.

3.2

Discussion of momentum balance

As already noted in Sect. 2.2, a discussion of forces in the momentum balance always requires the
reference to the stress tensor that they are related to. Coupling of the electric field to the thermodynamics
of matter leads to a Lorentz force q E E with q E = div(ε0 E) [48, 41, 20]. For a constant susceptibility
χ, the Lorentz force can easily be written as q E by modifying the stress tensor by χ times the
Maxwell stress tensor. In the momentum balance (2.4c), we chose to put a force term (∇E)P on
the right hand side. This force is referred to as Kelvin polarization force, cf. [39, Sect. 3.6 eqn. (5)],
or ponderomotive force, cf. [16]. although often the term ponderomotive force is used to refer to
a force on a dielectric in an oscillating electromagnetic field of high frequency. In the setting of
Sect. 2.2, this explicit force term
 is favorable because
 then the representation of the stress tensor
reduces from (2.9d) to σ =

nα µα 1 + σ visc + σ pol whereby for homogeneous
dependency of χ on nα , i.e. in Cases 2 and and Case 3, the stress σ in equilibrium becomes
ρψ −
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completely independent of the electromagnetic field. However, the Kelvin force (∇E)P does not
necessarily vanish in Case 0 of constant χ, since the gradient acts on E and not on P . In fact, in Case
0 and Case 1, the Kelvin force term is canceled in equilibrium by the polarization pressure because
then ∇ppol = −∇ρψ pol = (∇E Eq )P = (∇E)P .
The forces in (2.9d) can be rewritten as

q E + (∇E)P = q E + 21 ∇(χ|E|2 ) − 21 |E|2 ∇χ ,

(3.6)

where last term represents a force that is present whenever χ is not constant. Moreover, in Case 2
we have by definition ppol = 21 χ̂(2) |E|2 − 12 |E|2 α∈I nα ∂n such that in the momentum balance
α
(2.30) written in terms of ∇pmat instead of ∇p we have the forces

P

q E + (∇E)P − ∇p

pol

∂ χ̂(2)


X ∂ χ̂(2) 
2
= q E + 12 ∇ |E|
nα
− 12 |E|2 ∇χ̂(2) ,
∂nα
α∈I

(3.7)

where the second term on the right hand side is called electrostrictive force. This form of the force terms
can be found e.g. in [5, eqn. (3.4.9)], [22, eqn. (4.89)], or in [39, Sect. 3.7 eqn. (24)] where the last two
terms together are referred to as electric Korteweg-Helmholtz force density. Contrary to the present
paper, the electrostrictive force of (3.7) is neglected in [39, Sect. 3.7 eqn. (22)] for incompressible media.
For the analysis of electric-mechanic coupling in double layer capacitors, a Cauchy-Poisson system
is considered in [40, eqn. (8)] where the electrostrictive force is neglected. However, the momentum
balance is mostly used to derive boundary conditions at the electrode electrolyte interface.

4

Material properties of the electrolyte

In this section we investigate an incompressible electrolytic solution with water as solvent and some
monovalent salt AC, which is subject to the dissociation reaction (2.2) with νA = νC = 1. We consider
a mixture of the 4 species solvent S, solvated anions A, solvated cations C and ion pairs AC.
We seek to investigate an electrolytic solution where the electrolyte concentration c [mol L−1 ] is a
parameter that is varied in our study. The electrolyte can be characterized by the bulk concentration c
and the dissociation degree δ defined by


bulk
bulk
1
c = nbulk
AC + 2 (nA + nC ) ·

1
,
1000NA

nbulk
AC = (1 − δ)c · 1000NA .

(4.1)

Electro-neutrality of the bulk,
bulk
nbulk
A = nC = δ · c · 1000NA .

(4.2)

The dissociation degree δ = δ̂(c) is determined from the equilibrium condition (2.13a) for the reaction
(2.2). Given the material model of Sect. 2.3, it depends on the solvation numbers κA , κC and the Gibbs
E
E
energy ∆g := ψA
+ ψCE − ψAC
− (κA + κC )ψSE of the dissociation reaction.
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Figure 3: Experimental data for the density of NaCl as function of the salt concentration.

4.1

Bulk mass density and specific volumes.

Experimental observations, e.g. [23, 2, 44], show that the mass density ρ =
α mα nα of the
2
electrolyte is approximately a linear function of the salt concentration c, see Fig. 3. We obtain

P





(vA + vC )
vAC
ρ = ρ0S + mAC + (κA + κC −
)mS nA + mAC −
mS nAC
vS
vS

(4.3)

where ρ0S denotes the mass density of the pure solvent. The molar mass of a solvated ion is mα =
m0α + κα mS , where m0α denotes the molar volume of the bare central ion. While mass is conserved
upon dissolution and dissociation of the salt in the liquid solvent, the partial molar volume is not
necessarily. Hence we consider the decomposition

vαE = vα0 + κα vS0 + vαEx , α = A, C ,
E
0
Ex
0
0
and for the ion pair, similarly, vAC
= vAC
+ vAC
, where vAC
= vA0 + vC0 and vAC
=

as density of the solid salt. This yields

ρ = ρ0S + mAC 1 −

(4.4)
mAC
ρ0AC

ρ0S 
Ex
(1 − δ) · c ,
· c − ρ0S (vAEx + vCEx )δ · c − ρ0S vAC
ρ0AC

with ρ0AC

(4.5)

Ex
Ex
where c is the salt concentration and δ the dissociation degree. If vA
+ vCEx = vAC
, the dissociation
degree drops out of the expression for the mass density ρ and the volume is conserved during the
E
E
dissociation reaction (however, not during the dissolution reaction), i.e. (vA
+vCE ) = vAC
+(κA +κC )vSE ,
Ex
which we assume for the sake of this work. We can fit vAC
to experimental data, yielding for NaCl
Ex
−1
a value of vAC = −0.0081[Lmol ], and emphasize that the solvation number κ yet remains an
independent parameter.

2

Here, concentration is consistently calculated from experimental data given in molality or weight percent.
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Bulk concentration dependent susceptibility

The material model (2.40a) for the susceptibility yields together with the incompressibility constraint
(2.29) the relation

χ = χS −

X

(χS − χα )vαE nbulk
α .

(4.6)

α∈I\S

For a completely dissociated salt AC of concentration c, we obtain
for δ = 1:

χ = χS − d · c

with

d = (χS − χA )vAE + (χS − χC )vCE ,

(4.7)

which reflects naturally the experimental observation of a linear decrease up to a certain concentration,
c.f. Fig. 4.

Figure 4: Left: concentration dependent susceptibility (dielectric decrement) (Fig. 2 of [11]). Right:
Susceptibility according to the model (4.6) as function of the salt concentration c for different values of
d.

With χA = χC and the same assumptions as in the previous paragraph, i.e. κA = κC = κ and
E
vAE = vCE = 0.5vAC
+ κvSE , we obtain the constraint

χA = χS −

E
(vAC

d
,
+ 2κ vSE )1000 NA

(4.8)

which is a function of the solvation number κ and plotted in Fig. 5 for various values of d. We observe
that already a small dielectric decrement of d = 5 requires a positive solvation number κ ≥ 2. On the
other hand, a solvation κ number larger than 20 requires a susceptibility coefficient χA ≥ 50 in order
to maintain a decrement not exceeding d = 20.
If not stated otherwise, we use a value of d = 15 for the following numerical simulations.
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Figure 5: Coefficient χA = χC according to (4.8) in dependence of κ for different values of the
dielectric decrement d.

4.3

Incomplete dissociation

Beyond a certain concentration value, which is dependent on the solvation number κ [33], incomplete
dissociation becomes crucial, which implies ion pairs AC as additional species in the electrolyte. For
an incompletely dissociated salt AC of concentration c, we obtain for the bulk susceptibility

for δ = δ̂(c):

χ = χS − d1 · c · δ̂(c) − d2 · c · (1 − δ̂(c))
with

d1 = (χS −

χA )vAE

+ (χS −

χC )vCE

(4.9)

, d2 = (χS −

E
χAC )vAC

(4.10)

where δ = δ̂(c) is determined from the algebraic condition (2.56), which yields a non-linear relation for
χ in terms of c. In Fig. 6 the dissociation degree δ(c) is plotted from the dissociation equilibrium (2.13a)
for the reaction (2.2) based on the material model of a simple mixture of solvated ions for ∆g = 0.1 eV
and in dependence of the solvation number as a parameter. Larger solvation numbers κ result in a
lower dissociation degree. Smaller values of ∆g move the curves to the left such that incomplete
dissociation is observed at lower concentrations, whereas larger values of ∆g move the curves to the
right. At a value of ∆g = 0.1 eV, the electrolyte solution can be considered as completely dissociated
for concentrations almost up to c = 1 mol L−1 if the solvation number κ ≤ 20.
The concentration dependent susceptibility χ based on incomplete dissociation with ∆g = 0.1 eV is
plotted in Fig. 6 for different values of κ. For low concentrations, where δ ≈ 1, χ(c) follows the straight
line with slope −d. Then, depending on κ, the slope of the curves decreases, leading to χ > χS − d c.
Thus far, the coefficient χAC for the ion pair is not specified. Since a free ion pair could be associated
with a large dipole moment, it might be reasonable to assume χAC ≈ χS . This choice corresponds to
the solid lines in Fig. 6. A lower bound of χ is given by the choice χAC = 0, related to the dotted lines.
We observe that for κ ≥ 20, the concentration dependent χ is always larger than 60.
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Figure 6: Left: dissociation degree over concentration for different κ. Right: concentration dependent
susceptibility over concentration for different κ, solid lines with χAC = χS = 80, dotted lines with
χAC = 0.

4.4

Field dependent susceptibility in boundary layers

The examples in Sect. 2.3 for non-linear functions of the susceptibility with respect to the electric field
strength contains a dimension afflicted parameter a, i.e. for (2.43a) we have

χS
.
χ= p
1+e
a|E|2

(4.11)

Within a natural non-dimensionalization of the electrostatic potential and the space dimension, a
reference field strength E 0 = keB T · (1 nm)−1 ≈ 2.6037 × 107 Vm−1 arises whereby it is convenient
0

to introduce the the unscaled parameter a :=

e
a
.
(E 0 )2

Then a choice of the parameter a is then in

comparable order to values found in the literature, cf. Fig. 7. E.g. [27] proposes (2.44) with e
a/2 =
−17
1.2 × 10 , while [37, (eqn. 25)] suggests (2.44) for m = 1 with a slightly different constant e
a/2 =
−17
1.443 × 10 , but also refers to computed values of [14], although they are not in good agreement
with this choice of parameter. If not stated otherwise, we use a value of a = 0.01 for the following
numerical simulations.
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Figure 7: Left: Comparison of different models fo dielectric saturation.
Right: χ(|E|) according to (2.43a) for different values of the parameter e
a.

4.5

Concentration and field dependent susceptibility

For the general case of a concentration and field dependent susceptibility, i.e.

χ=

X

vαE nα · χα (|E|2 )

(4.12)

α∈I

we consider exemplarily an extension of 4.4 for each species, that is

χ0α
.
χα = p
1+e
aα |E|2

(4.13)

Similar to 4.4, the natural non-dimensionalization of the electric field yields the dimensionless parameter
aα := (Eea0α)2 . We choose the parameter aS similar to 4.4, i.e. aS = 0.01, and discuss rations of
aA = AC to aS (see Fig. 8).
The parameters χ0α can be determined from the experimentally estimated dielectric decrement d = 15,
and the partial molar volumes of the ionic species, i.e. from eq. (4.7), as

χ0α = χ0S −

d
,
2 · vαE

α = A, C

(4.14)

and χ0S is the susceptibility of the pure solvent.
Much smaller values of aA = aC compared to aS yield a non-monotonic behavior of χ in terms of
the electric field, while larger values of aA = aC lead to a stepper decrease of the susceptibility. We
explore the impact of this on the space charge layer in section 2.4.
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Figure 8: Field dependent susceptibility for various values of aA = aC with aS = 0.01.

5

Numerical study of the double layer and its differential capacitance

The spatial profile of the boundary layer is determined from the general system (2.52), or equally well
from the ODE system (2.58) or (2.59) due to the 1D setting. For given applied potential, bulk electrolyte
concentration and given parameters κ, d, a the spatial profiles of nα , ϕ, p, χ are numerically computed.
In the following boundary layer profiles are shown for an applied voltage of E − E E = 1 V and bulk salt
concentration of 0.01 mol L−1 . Then, from the given spatial profiles of the species number densities, the
free charge is computed by numerical integration in order to determine the differential capacitance of
the double layer. The obtained results have been confirmed by subsequent evaluation of the algebraic
relations (2.63) that do not require spatial resolution of the boundary layer.
Experimental measurements of the differential capacitance, like e.g. [49], are made in a range of
electrolyte bulk concentration up to 0.1 mol L−1 neglecting the effect of incomplete dissociation or
ion pair formation. Accordingly, we first study separately the effects of concentration and electric field
dependence of the susceptibility χ under the assumption of complete dissociation. Then we combine
both effects, still under the assumption of complete dissociation.
Electrolyte boundary layers are in general not dilute, but strongly concentrated or even saturated. Thus,
we study in a further step the impact of incomplete dissociation. Spatially resolved boundary layers
have been computed by a straightforward P1 finite-element-method for (2.52) using mass lumping.
At the interface, a locally refined gird is used and Newton’s method method is applied to solve the
nonlinear system. The capacitance curves were computed from (2.67) by direct solution of nonlinear
algebraic equation (2.62) with Newton’s method and subsequent numerical differentiation with respect
to the applied potential.
In addition, a reformulation of the Poisson-momentum equation system (2.42b) and (2.42c) together
with the representation (2.47) of the mole fractions yields a system of non-linear ODEs ~
z 0 = f~(~z), i.e. a
two-point boundary value problem (see Appendix A.3 for the derivation and the explicit representation).
All simulation experiments were additionally carried out by a numerical solution of the equation system
~z0 = f~(~z) with Matlab© bvp4c solver, yielding the same results as our in-house P1 finite-elementmethod implementation. Hence all simulations were double checked with different numerical strategies,
in addition to grid convergence, in order to present reliable numerical studies.
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Impact of concentration dependence

To study the impact of the concentration dependent susceptibility, we vary the dielectric decrement d
that characterizes the linear regime of low bulk electrolyte concentrations. Here, d = 0 corresponds to
the case of constant susceptibility. Then, the coefficients χA = χC are determined in dependence of
the parameter κ according to (4.8).

Boundary layers. The potential difference between the electrolyte bulk and the electrode surface at
x = 0 causes a boundary layer in the species concentrations, which in turn imply a boundary layer in
the susceptibility χ.
In Fig. 9, we see that χ(x) gets locally reduced in the layer and approaches some rather flat plateaus
in front of the electrode at x = 0. The observed plateau height decreases for increasing values d.
Comparing the profiles of χ(x) for different values of the solvation number κ, we observe that the layer
is, as could be expected from the constant case, less wide for κ = 10 then for κ = 20. Moreover, for
the same value of d, χ attains lower level in front of the electrode for κ = 10. The minimal value of χ
does not fall to values less than 40 when increasing d.

Figure 9: Profiles of the susceptibility χ in the boundary layer in dependence of d for κ = 20 (left) and.
for κ = 10 (right).

The profiles of the electric potential are not strongly influenced by the parameter d, see Fig. 10. For
κ = 20, we observe a slightly faster decay of ϕ into the bulk when increasing d. However, in the case
of κ = 10, this trend is only observed for d ≤ 15, while for larger d the trend is reversed.
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Figure 10: Profiles of the electric potential ϕ in the boundary layer do not strongly depend on d. Electric
potential plotted for κ = 20 (left) and for κ = 10 (right).
Keeping the dielectric decrement fixed at d = 15 and increasing κ, confirms the previous observations
that the layer width increases with κ and that the impact of the solvation parameter κ on the profile
of the electric potential ϕ is more pronounced than the concentration dependence of χ, cf. Fig. 11.
Moreover, Fig. 11 shows that the minimal value of χ decreases for decreasing κ and for κ ≥ 15, these
minimal values correspond to χA determined from (4.8) with d = 15, cf. Fig. 5.

Figure 11: Boundary layer profiles of ϕ and χ for d = 15 and various values of κ. Dotted lines show
the corresponding curves for constant χ = 80. Left: layers of the electric potential get more wide for
increasing κ. Right: Lower plateau height of χ in front of the electrode for smaller κ.
The difference in the qualitative behavior between κ ≤ 10 and κ > 10 becomes most clear when
looking at the boundary layer profiles of the number densities nα . On the left hand side of Fig. 12, we
observe that for κ = 20 the layers become slightly narrower when increasing d but the limiting values at
the electrode surface at x = 0 are independent of d. While the solvent gets completely removed near
E
the surface, the limiting concentration of the anions is determined by its specific volume υA
depending
on κ as described in Sect. 4.1. To the contrary, we see on the right hand side of Fig. 12 that for κ = 10
and d ≥ 15 the saturation level of nα at x = 0 is lower than the value corresponding to ca. 5.5 mol L−1
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E
that could be expected from the specific volume υA
in these cases. Accordingly, the solvent gets not
completely removed from the surface for κ = 10 and d ≥ 15.

Figure 12: Boundary layer profiles of the number densities of anions nA (top row) and solvent nS
(bottom row) for κ = 20 (left) and for κ = 10 (right) in dependence of the dielectric decrement d. The
bulk electrolyte concentration is 0.01mol L−1 and the applied voltage of E − E E = 1V.

From the representation of the mole fractions yα in the 1D case, one can deduce an estimate for the
minimal level of the solvent concentration at the surface, i.e.

A −1
υSE nS (x = 0) → 12 max 0, χSχ−2χ
S −χA



for E − E E → ∞ .

(5.1)

This relation is verified (numerically) in Fig.15. We observe that the solvent is completely removed from
the surface if d = 15 and κ = 10 or larger.
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Figure 13: Left: boundary layer profiles of nS for d = 15 and various κ (solid lines) and for comparison
the corresponding curves for constant χ = 80 (dotted lines). Right: limiting values of the solvent
number density nS at the surface x = 0 for large applied potentials as function of the coefficient χA .
Values for χA according to (4.8) with d = 15 are given (from left to right) for κ = 5, 6, 7 (◦), κ = 10
(x) and κ = 15, 20, 40 (∇).

Differential capacitance. In Fig. 14 we observe that the concentration dependent susceptibility has
an impact on the height of the capacity maxima of the interface. When d gets larger, the height of the
maxima decreases for fixed bulk concentration and solvation number. At d = 15 and κ = 10, the
maximal capacitance is about 100µFcm−2 , what is considerably larger than typical observations in
experiments.

Figure 14: Differential capacitance for a bulk electrolyte concentration of 0.01 mol L−1 . Left: impact
of varying dielectric decrement d, where d = 0 corresponds to the constant χ. Right: concentration
dependent χ(c) with d = 15 for various values of κ.
Varying the solvation number κ, we observe the expected decrease of the capacitance maxima when
increasing κ, as it is already known from the case of constant χ.
While both effects can be combined, increasing d and κ, it should be noted that for κ = 30 or larger, the
effect of the concentration dependent χ, is not very pronounced any more. Neither of the parameters d
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and κ has considerable impact on the height of the capacitance minimum at the PZC, as is analyzed in
more detail in the next paragraph.

Equivalent susceptibility. For further comparison between concentration dependent χ(c) and the
constant χ, we consider the parameter κ = 10 because the impact of the concentration dependence
gets less pronounced larger values of κ.
We can determine a constant χeff such that for given applied potential and bulk concentration both
models yield the same value for boundary layer charge Q. This is achieved with the algebraic relations
!

in eq. (2.67), i.e. Q̌(2) (U ; χeff ) = Q̌(0) , which is determined numerically. In Fig. 15 (left) we see that for
applied potentials larger than 0.4 V the constant χeff depending on κ but not on the bulk concentration
can be used. For d = 15 and κ = 10, then a simple model with constant χeff ≈ 42 can be used to
obtain a boundary layer of approximately the same stored charge and similar width compared to the
concentration dependent case. Fig. 15 shows that the approximating constant χeff is lower than the
corresponding concentration dependent χ(d). Moreover, there is a notable difference in the material
part of pmat the pressure, which is much larger in the concentration dependent case. This difference
is explained by the coincidence of the total pressure p in both cases and the vanishing ppol = 0 for
the material model of the homogeneously concentration dependent susceptibility. We note that such a
difference in pmat in the layer might become relevant when electro-osmotic flow is studied.

Figure 15: Left: effective constant susceptibility χeff over the applied potential E − E E to obtain the
same boundary layer charge as in the case of d = 15 at a bulk concentration of 0.01 mol L−1 . Right:
comparison of the boundary layer profiles for concentration dependent χ(c) with d = 15 and κ = 10
(red) and the cases of constant χ = 80 (black solid), and choice of an effective constant χ = 42 (black
dashesd).

5.2

Impact of field dependence

We consider the field dependence of the susceptibility according to the material law (2.43a). The results
related to (2.43b) do not differ significantly from those presented below.

Boundary layers. In Fig. 16 we observe that the electric field dependence of the susceptibility results
in spatial profiles of χ(x) that are more steep than in the case of concentration dependent susceptibility
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analyzed before in Sect. 5.1. Expectably, χ tends to zero a x = 0 when the impact of the field
dependency becomes significant, which occurs for a > 0.002.

Figure 16: Profiles of in the boundary layer in dependence of a for κ = 20. The bulk electrolyte
concentration is 0.01mol L−1 and the applied voltage is E − E E = 1V.

Because vanishing χ causes very steep decay of the electric potential ϕ, we observe that the impact of
increasing the parameter a of the field dependence on the profiles of ϕ(x) is very pronounced, see
Fig. 16. Accordingly the layers in the species number densities nα decrease in width when increasing
the parameter a. The saturation levels of nA and nS are not affected by changes of a.
With respect to the solvation number κ, we observe again, as before in Sect. 5.1, that the layers are
wider when parameter κ is larger.
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Figure 17: Profiles in the boundary layer for a = 0.01 (solid lines) and for constant χ = 80 (dotted
lines) for various values of κ. Left: layers of the electric potential get more wide and less steep for
increasing κ. Right: χ always falls to nearly zero in front of the electrode with less steep layers for
increasing κ.
Differential capacitance. The rapid decay of the susceptibility χ to almost 0 strongly reduces the
capability of the boundary layer to store charge. Accordingly, once the local electric field is strong
enough for the field dependence of χ to become relevant, the differential capacitance rapidly falls to
nearly 0.

Figure 18: Differential capacitance for a bulk electrolyte concentration of 0.01 mol L−1 . Left: impact of
varying the parameter a, where a = 0 corresponds to the constant χ. Right: field dependent χ(|E|)
with a = 0.01 for various values of κ.
In Fig. 18 we observe that the field dependent susceptibility has an impact on the height of the
capacity maxima of the interface. When a gets larger, the height of the maxima decreases for fixed
bulk concentration and solvation number. At a = 0.01 and κ = 20, the maximal capacitance is about
90µFcm−2 , what is considerably larger than typical observations in experiments. Varying the solvation
number κ, we observe the expected decrease of the capacitance maxima when increasing κ, as it is
already known from the case of constant χ.
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Concentration and field dependent susceptibility

For a fixed value d = 15 of the dielectric decrement, we study the impact of additional field dependence
of the susceptibility.

Boundary layers. When combining the effects, the profiles of ϕ are, considerably steeper for increasing a, as observed before in Sect. 5.2, but are not strongly influenced by the value of d, as seen before
in Sect. 5.1. χ

Figure 19: Profiles in the boundary layer for field and concentration dependent susceptibility χ for
κ = 20 and various values of a at an applied voltage of U = 1V.

However, we observe a remarkable difference in the qualitative behavior of the the profiles of the
number densities, see Fig. 19, which shows computations for aS = aC = aS = a (c.f. section 4.4).
While for a pure field dependency and for a pure concentration dependency of the susceptibility χ, as
well as for χ = const., all species densities remain monotone in the electrochemical double layer, the
combination of the both effects yields this new behavior of a non-monotone spatial species densities.
The origin or interpretation of this effect is complex, but can be based on the momentum balance. As
long as the electric field in the double layer is not to large, it is favorable for the solvent species to be
pushed out of the double layer. This increases the local ionic concentration, which in turn, decreases
locally the susceptibility (dielectric decrement - concentration).
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Figure 20: Profiles of the number densities in the boundary layer for a = 0.01 and various values of κ.

Again in turn, this yields a larger electric field, which even further decreases the susceptibility (dielectric
decrement - field), whereby it becomes favorable for ionic species to not accumulate closer at the
interface. Due to the incompressibility, this enforces solvent molecules to remain close at the interface,
yielding the non-monotone behavior for nS and nA . The non-monotonicity vanishes for either dominant
field dpendence a > 0.05 or negligibly small field dependence. Note, however, that ϕ(x) remains
always monotone, even if the nα become non-monotone.
Expectably, this effect of non-monotonicity is itself again dependent on the solvation number κ, which
is shown in Fig. 20 and displays a decline of the hump with increasing numbers of κ (in addition to a
broadening of the layer).
However, transitioning from aS = aC = aS = a, i.e. equal values for species specific electric field
dependency, to aC = aA = ra · aS , where the ratio ra is now varied (c.f. section 4.4), i.e. different
values for the solvent specific electric field dependency of χ than the ionic ones, impacts again the
monotonic behavior of nα (and also χ). Numerical simulations for different values of ra are shown in
Fig. 21.
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Figure 21: Profiles in the boundary layer for field and concentration dependent susceptibility χ for
κ = 20 and various values of ra with aC = aA = ra · aS at an applied voltage of U = 1V.

The impact of a larger values for the ionic contribution aA = aC to the electric field dependency than
the solvent impact aS yields again a qualitative change from a double hump (ra = 1) to a single hump
(ra = 10). If ra is far smaller than 1, the non-monotonic behavior vanishes.

Differential capacitance. In Fig. 22 we observe that the field dependent susceptibility has an impact
on the height of the capacity maxima of the interface. When a gets larger, the height of the maxima
decreases for fixed bulk concentration and solvation number. At a = 0.01 and κ = 20, the maximal
capacitance is about 90µFcm−2 , what is considerably larger than typical observations in experiments.
Varying the solvation number κ, we observe the expected decrease of the capacitance maxima when
increasing κ, as it is already known from the case of constant χ.
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Figure 22: Differential capacitance for a bulk electrolyte concentration of 0.01 mol L−1 . Left: impact of
varying the parameter a, where a = 0 corresponds to the constant χ. Right: field dependent χ(|E|)
with a = 0.01 for various values of κ.

5.4

Incomplete dissociation.

Incomplete dissociation results in a lower amount of free charge carriers, compared with the fully
dissociated case. Nevertheless, the impact of the incomplete dissociation on the capacitance maxima
is not very pronounced, unless for larger bulk concentrations large values of the solvation number in
the order of κ = 40 are considered. This is because the saturation level of the ions are determined by
the ion size vαE in the incompressible mixture and the susceptibility χ as discussed above.

Figure 23: Left: dependence of the capacitance on the dissociation degree. Almost complete dissociation for ∆g = 1 eV (solid lines), and for comparison ∆g = −.15 eV (dotted), ∆g = −.2 eV (dashed).
Right: capacitance at the PZC susceptibility over bulk concentration for different κ (solid lines). For
comparison χ = χS = 80 (dotted lines).

However, the height of the local capacitance minimum at the PZC is reduced as the dissociation degree
δ deceases. It can be shown, that –even for the full model with finite ion size and variable susceptibility–
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the capacitance at the PZC is determined by the Gouy-Chapman model, viz.

s
at PZC:

C BL = −

2

(1 + χ(c))ε0 e20
· δ(c) c .
kB T

(5.2)

Thus for given bulk concentration c, the capacitance is determined by χ(c) and δ(c) which in turn are
controlled by d, κ and ∆g . In Fig. 23, we observe that the capacitance at the PZC branches off from
the c1/2 curve more early for larger κ. For large values of κ, the additional impact of the concentration
dependence of χ becomes small. Another consequence of (5.2) is that from a given bulk concentration
and measured capacitance at the PZC, the combination (1 + χ(c)) δ(c) can be determined.

6

Conclusions

Although the dependence of the dielectric susceptibility on the electric field strength and the electrolyte
concentration is well known, it is often neglected in mathematical models for electrolytic solutions.
With the analysis carried out in this work, it is evident, however, that the modeling of electrochemical
interfaces looses several relevant effects if the dielectric susceptibility is simplified to a constant
parameter.
For a consistent thermodynamic treatment of a non-constant susceptibility, one is well advised to
reiterate the the modeling process from scratch, i.e. beginning with the general balance equations
of for matter and electric fields and re-evaluate the entropy principle, but with particular focus on the
non-constant susceptibility.
Concentration dependence of χ causes a field dependence of chemical potentials, that in turn affects
the mode at different places. The coupling of mixture mechanics with electrodynamics is not a standard
straight forward task and special attention is needed in relation with the momentum balance. While the
notion of the total stress tensor is unambiguous, it is not obvious how electric field induced contributions
to the pressure are treated in consistent manner that is needed in the subtle interplay of the momentum
balance and the Poisson equation in extended diffusional equilibrium.
With respect to the field dependence, we emphasize that particular attention is required, in order not
to violate the ellipticity condition of the Poisson equation, as it happens e.g. for the approach by [27]
and widely adopted in the literature if m > 1/2 is chosen. Considering the concentration dependence
of χ, we propose a simple approach that is linear the species concentrations of the electrolyte. This
fits well with the experimentally observed linear dielectric decrement in the range of not too strongly
concentrated electrolytes. Instead of adding higher order nonlinear terms to χ, we propose to treat the
dielectric decrement in the concentrated electrolyte by a nonlinear reaction equation for the incomplete
dissociation into ions. If we treat the solvation number κ of the ions as a parameter determining the
ionic specific volume, then high values of κ strongly limit the possible reduction of χ due to the dielectric
decrement.
From our numerical studies, we observe that concentration dependent dielectric decrement only slightly
reduces the double layer width but for smaller parameters κ it may strongly change the qualitative
behavior of boundary layers as it reduces the saturation level of counter-ions and thereby prevents
the complete removal of the solvent from the interface. While it is in principle possible to treat strongly
charged boundary layers by a constant ”effective” susceptibility, we remark that this χe f f may actually
smaller that the minimum of the the concentration dependent χ obtained in an equally charged layer.
From the numerical study of field dependent dielectric saturation, we observe that the boundary layer
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width may be strongly reduced depending on the strength of the field dependence. Thereby the ability
of the layer to store charge may abruptly break down.
A combination of field and concentration dependency can in addition cause completely new qualitative
behavior of the boundary layer, such as non-monotonous profiles of the ion concentrations.
Similar as in the case of other steric modified Poisson-Boltzmann models the parameter determining
ion size, in our case this is in an indirect way the solvation number κ, determines the height of the local
maxima in the differential capacitance. Similar to previous studies in the literature, we find that both
dependencies of χ have the tendency to allow the deduction of lower values of the size parameter from
the fit to experimental data.

A

Appendix

A.1

Material model for the free energy density ρψ mat

We consider ρψ mat as superposition of (i) a reference contribution

ρψ Ref =

X

nα ψαE ,

(A.1)

α∈I

where ψαE are the free energy densities of the pure substances, (ii) an entropy of mixing contribution

ρψ Mix = kB T

X

nα ln

α∈I

n 
α

n

,

with n =

X

nα ,

(A.2)

α∈I

accounting for the entropy gain of composition and solvation effects [17], and (iii) a mechanical
contribution

X

X
 X

ρψ Mech = (pR − K)
vαE nα − 1 + K
vαE nα ln
vαE nα ,
α∈I

α∈I

(A.3)

α∈I

accounting for different molar volumes vαE of the species and respective contribution to the volume
(or pressure). Additional contributions, such as an enthalpy of mixing or Debye–Hückel terms, can in
principle be considered in this framework, however, are not considered in this work.
We have thus ρψ mat = ρψ Ref + ρψ Ent + ρψ Mech and seek the limit K → ∞ of the compression moduls
since we want to model the electrolyte as incompressible liquid. This implies several aspects [34],
1 a variable transformation (n0 , . . . , nN ) → (p, y1 , . . . , yN ), where yα are the mole fractions

yα =

nα
with
n

X

yα = 1 ,

(A.4)

α∈I

2 the incompressibility constraint

X

vαE nα = 1 ,

(A.5)

α∈I

which yields the representations

P
zα yα
q = e0 Pα∈I E ,
α∈I vα yα
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E
α∈I χα vα yα
χ= P
.
E
α∈I vα yα

(A.6)
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3 and that mechanical contribution of the chemical potential becomes linear in the pressure, i.e.
E
µmat
α ∝ vα · p .

(A.7)

We emphasize that the incompressbility is a not a necessary, but useful assumption for the scope of
this work. Compressible mixtures can similiarly be treated if the chemical potential functions and the
corresponding pressure-volume relations are consistently derived.

A.2

Non-dimensionalization.

For the further (numerical) calculations it is convenient to introduce non-dimensonal variables. We
consider

x
→x
λ

λ

e0
(ϕ − ϕbulk ) → ϕ
kB T
v0
(p − pbulk ) → p
kB T

e0
E→E
kB T
vα
→ vα
v0
v0
q→q
e0

(A.8)
(A.9)
(A.10)
(A.11)

which yields

yα = yαbulk · e−zα ϕ−vα p+ηχα vα 2 E
1

2

(A.12)

with

η :=

v0 ε0 (kB T )2 −2
·λ .
kB T
e20

(A.13)

The length scale λ of the double layer is in the order of nm, i.e. we set λ := 10−9 [m] and 3 and
compute η = 4.2538 · 10−5 . The momentum balance and the Poisson equation non-dimensionalizes
as

∂x p = qE + η · χ · ∂x (E 2 ) ,

η∂ξ (1 + χ)E = q
∂x ϕ = −E .

(A.14)
(A.15)
(A.16)

Note that only a single scaling paramter η is present in coupled equation system (A.12), (A.14), (A.14).

A.3

Derivation of the two-point boundary value problem

Two-point boundary value problem. In order to compute the spatially resolved space charge layers,
which are responsible for the boundary layer charge Q, we derive the corresponding two-point boundary
value problem and a representation which is solvable with standard numerical tools.
3

10

v0 corresponds here to the value of water, i.e. (v0 )−1 = 55.4 mol L−1 = 55.4 mol103 m−3 whereby v0 = 1.8051 ·

−5

m3 mol−1
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In order to use standard numerical solvers for two-point boundary value problems, it is necessary to
rewrite (A.14)–(A.16) as first order non-linear ODE system ~
z 0 = f~(~z). We obtain

∂ξ ϕ = −E

(A.17)

∂ξ E = f1 (ϕ, p, E)

with f1 (ϕ, p, E) :=

∂ξ p = f2 (ϕ, p, E)

q 1 − ηχp · E + ηχϕ E 2

η (1 + χ) + χE · E + ηχp χE 2

2

with f2 (ϕ, p, E) :=q · E + ηχEf1 (ϕ, p, E) .

(A.18)
(A.19)

Together with the boundary conditions

ϕ

x=0

=

e0
·U ,
kB T

p

x=xbulk

=0,

E

x=xbulk

=0,

(A.20)

we have thus a two-point boundary value problem (BVP) which can be solved numerically. Note that the
numerical strategy to solve such a coupled, highly non-linear ODE system exploits an iterative charging
of the interface, where U = k · ∆U = Uk , and for instance ∆U = 0.01 [V] and k = 0, 1, . . . , 100.

ek ) and serves as initial value for the non-linear
A numerical solution at Uk is then denoted as (ϕ
ek , pek , E
solver of BVP at Uk+1 .
For the two cases of a Concentration dependent susceptibility (Case 2, (2.40a) ) and Concentration
and electric field dependent susceptibility (Case 3, (2.41)) we provide explicit representations for f1
and f2

Concentration dependent susceptibility - Completely dissociated electrolyte AC For an electrolyte consisting only of cations and anions, we provide here the explicit functions to determine f1 and

f2
yα = yαE · e−zα ϕ−vα p+δχα vα 2 E
y0 = 1 − yA − yC
h := 1 + (vA − 1)yA + (vC − 1)yC
zA yA + zC yC
q=
h
χα
g := 1 + νA yA + νC yC with να := vα
− 1 , α = A, C
χ0
g
χ = χ0
h
∂p yα = −vα yα
∂p h = −(vA − 1)vA yA − (vC − 1)vC yC =: hp
∂p g = −νA vA yA − νC vC yC =: gp
gp · h − g · ∂p h
g
= χ0
χp = χ0 ∂p
h
h2
∂ϕ yα = −zα yα
∂ϕ h = −zA (vA − 1)yA − zC (vC − 1)yC =: hϕ
∂ϕ g = −zA νA yA − zC νC yC =: gϕ
g
gϕ · h − g · hϕ
χϕ = χ0 ∂ϕ
= χ0
h
h2
∂E yα = δχα vα · Eyα
1
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(A.21)
(A.22)
(A.23)
(A.24)
(A.25)
(A.26)
(A.27)
(A.28)
(A.29)
(A.30)
(A.31)
(A.32)
(A.33)
(A.34)
(A.35)
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∂E h = (vA − 1)δχA vA · EyA + (vC − 1)δχC vC · EyC =: hE
∂E g = νA δχA vA · EyA + νC δχC vC · EyC
gE · h − g · hE
g
= χ0
χE = χ0 ∂E
h
h2

39

(A.36)
(A.37)
(A.38)

Insertion of the functions (q, χ, χϕ , χp , χE ) in (A.18) and (A.19) yields explicit functions which can be
solved, for instance, with Matlab© and the bvp4c solver.

Concentration and electric field dependent susceptibility - Completely dissociated electrolyte
AC We consider

ρψ

pol

N
N
X
 X
ε0
2p
E
0
2
1 + aα |E| =
vα nα χα ·
vαE nα ,
= − X with X =
2
a
α
α=0
|
{z
} α=0

(A.39)

=:Xα

which yields
E
µpol
α = −vα ·

ε0
Xα (E 2 )
2

(A.40)

and
N

X
1
∂X
vαE nα χ0α · (1 + aα |E|2 )− 2
χ=
=
2
|
{z
}
∂E
α=0

(A.41)

:=χα (E 2 )

For an electrolyte consisting only of cations and anions, we provide here the explicit functions to
determine f1 and f2

yα = yαE · e−zα ϕ−vα p+δvα 2 Xα (E )
y0 = 1 − yA − yC
h := 1 + (vA − 1)yA + (vC − 1)yC
zA yA + zC yC
q=
h
g := χ0 + νA yA + νC yC with να := vα χα − χ0 , α = A, C
g
χ=
h
1

2

pressure derivatives

∂p yα = −vα yα
∂p h = −(vA − 1)vA yA − (vC − 1)vC yC =: hp
∂p g = −νA vA yA − νC vC yC =: gp
g  gp · h − g · ∂p h
χp = ∂p
=
h
h2
potential derivatives

∂ϕ yα = −zα yα
∂ϕ h = −zA (vA − 1)yA − zC (vC − 1)yC =: hϕ
∂ϕ g = −zA νA yA − zC νC yC =: gϕ
g  gϕ · h − g · hϕ
χϕ = ∂ϕ
=
h
h2
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(A.42)
(A.43)
(A.44)
(A.45)
(A.46)
(A.47)
(A.48)
(A.49)
(A.50)
(A.51)
(A.52)
(A.53)
(A.54)
(A.55)
(A.56)
(A.57)
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field derivatives

(A.58)

2

∂E Xα (E ) = ∂E 2 Xα 2E = χα 2E
(A.59)
3
3
1
∂E χα = − χ0α · (1 + aα E 2 )− 2 · 2aα E = −χ0α · (1 + aα E 2 )− 2 aα E =: θα
2
(A.60)

∂E yα = yα δvα χα · E
∂E h = (vA − 1)δχA vA · EyA + (vC − 1)δχC vC · EyC =: hE
∂E να = vα θα − θ0 =: ηα
∂E g = θ0 + νA δχA vA · EyA + νC δχC vC · EyC + ηA yA + ηC yC =: gE
g  gE · h − g · hE
χE = ∂E
=
h
h2

(A.61)
(A.62)
(A.63)
(A.64)
(A.65)

Insertion of the functions (q, χ, χϕ , χp , χE ) in (A.18) and (A.19) yields explicit functions which can be
solved, for instance, with Matlab© and the bvp4c solver.

A.4

Algebraic solution

To evalute χsurf , which can written as

χ

surf

P
E surf
α∈I χα vα yα
P
=
E surf
α∈I vα yα

(A.66)

and to determine psurf , we employ the following strategy. We seek a non-linear algebraic equation
surf
system g(y1surf , . . . , yN
, psurf ; U ) = 0, which parametrically depends on U and allows us thus to
surf
surf
determine yα = y̌α (U ), psurf = p̌surf (U ) as (numerical) solution of g = 0 .
Insertion of the representation (2.61) and evaluation at x = 0 actually yields for α = 1, . . . , N
surf

bulk

e zα
BT

− k0

yα − yα · e

E
vα
BT

where y0 is replaced by y0 = 1 −

1−

N
X

surf

1−

U− k

bulk

PN

α=1

E
v0
BT

−k

yα − y0 · e

χα
1+2χsurf



psurf

!

surf
=: gα (y1surf , . . . , yN
, psurf ; U ) = 0 ,

(A.67)

yα everywhere. However, we have additionally the constraint

1−

χ0
1+2χsurf



psurf

surf
=: gN +1 (y1surf , . . . , yN
, psurf ; U )

(A.68)

α=1

whereby g ∈ RN +1 . Hence we can write

s
Q = − sign(ϕ − ϕbulk )

p̌surf (U ) − pbulk
=: Q̌(U ) .
ε0 ( 21 + χ̌surf (U ))

(A.69)

which yields a semi-explicit expression for the boundary layer charge Q as function of the applied
voltage U .
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[25] E. Gongadze, U. van Rienen, and A. Iglič. Generalized Stern models of the electric double layer
considering the spatial variation of permittvity and finite size of ions in saturation regime. Gen
Physiol Biophys, 16(4):576–594, 2011.
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