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Precompact probability spaces in applied stochastic

homogenization
Martin Heida

Abstract

We provide precompactness and metrizability of the probability space €2 for random measures
and random coefficients such as they widely appear in stochastic homogenization and are typ-
ically given from data. We show that these properties are enough to implement the convenient
two-scale formalism by Zhikov and Piatnitsky (2006). To further demonstrate the benefits of our
approach we provide some useful trace and extension operators for Sobolev functions on {2,
which seem not known in literature. On the way we close some minor gaps in the Sobolev theory
on ) which seemingly have not been proven up to date.

1 Introduction

Stochastic homogenization has gained more and more interest during the last years with stochastic
two-scale convergence methods being developed for applied homogenization problems in various
versions [3} (14} (15} [10, 19} 18| [19, 21, [16]. A crucial point in these generalizations is the choice of the
probability space (£, o, P). More regularity of {2 implies less technical difficulties, while it also may
restrict the range of applicability to very particular models of coefficient fields. Let us note for example
that Papanicolaou and Varadhan [23]] where able to show that their probability space is separable, but
not more. In case of uniformly bounded coefficients, this was later picked up by Dal Maso and Modica
[5] who showed the probability space to be indeed (pre)compact and separable.

Seemingly the assumptions on the probability space in the literature can be categorized in improving
order of regularity as either

1 (Q, 0,P) is a separable measure space, an assumption prevailing in [24} 130} [17,[18] and related
work building upon these.

2 ) is a separable metric space, o the Borel algebra and (€2, o,IP) a measure space, an as-
sumption set up in [14] based on a first approach to derive probability spaces from random
geometries.

3 2 is a compact metric space, o the Borel algebra and (€2, o, ) a measure space, an assump-
tion set up in [29] and an approach which comes up with very convenient analysis.

However, let us note that the major advantage of 3. over 2. is the fact that C'(2) is separable and
dense in LP(Q2), 1 < p < oo. The separability of C'(€2) further allows to characterize “typical”
realizations in a very convenient way, see Lemmal3.3] In this work, we show that €2 can in many cases
be constructed as precompact metric space (see Theorem and Remark [2.15) and that we have
enough regularity to fully apply any technical tools constructed in [29] and descendant work (Section

3).-
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M. Heida 2

Our first main result in Theorem treats non-negative stationary random measures L, with a
stationary function a,, € L .(R%; j,) such that E(f[o Jja awd,uw) +E(41,[0,1]%) < oo butalso the

loc
original setting by Papanicolaou and Varadhan [23], where a,, is positive measurable (see Example
2.16). Models of random geometries will also automatically fall into this class via the measurable
embedding by ZAd'hle [28]. In Theorem we consider random measurable functions f,,(x, u) that

are stationary in & and continuous in w.

The benefits of the precompactness are the resulting structural properties of the Lebesgue- and
Sobolev-spaces on 2 that we discuss in Section [3] We collect in Sections some results that
seem to be present in literature only in parts. In particular Lemma [3.6| seems completely new and for
Theorem B.11] there seems not to be a complete proof in the literature.

In particular, we will see that the (random) support of a random measure is the realization of the sup-
port of the Palm measure and reproduce as a special case a result from [14] where lower dimensional
random Lipschitz structures I'(w) are the realization of a related setI" C 2, i.e. xp()(2) = xr(7w).
Using the theory of Palm measures we will construct a trace operator on I' and establish a Gauss-like
theorem on €2 (Theorem [3.16).

In Section [4] we recall stochastic two-scale convergence in the sense of [29] but with the modification
of a precompact (2. The insights of Section [3.4] will help to get some additional insight in the limit
behavior of traces. In Section [4.2| we use the developed methods to homogenize a Stokes system
with Navier-slip condition. While neither the calculations nor the result are surprising since they simply
reproduce the periodic calculations, we emphasize that the calculations can only be performed due to
the functional analytic insights from Section

2 Precompact probability spaces from data

2.1 Stationary random measures and the Vague topology

In what follows, we work with M(]Rd), the space of Radon measures on R?. Since some of the
literature cited below works with boundedly regular Borel measures, let us note that on R? the Borel,
Baire and Radon measures coincide. In particular, all these measures have the inner regularity and
are locally bounded, see e.g. [1] Corollary 40.4, p. 198, resp. Proposition 42.5, p. 207 or [2] Theorem
71.7.

Remark 2.1. For simplicity of notation, we cite the results in Sections [2.1 with signed R-valued
measures. However, all results below hold for RY -valued Radon measures, too.

The Vague topology on M (R?) is such that for every f € C.(R?) the map

my : ,ur—>/ fdu
R4

is continuous. This topology is separable and generated by the metric

d =
(k1 pi2) keZN L+ |my, (1) — my, (p2)] X

where f} are a countable dense subset of the Banach space Cy(R?). This is a variant of the metriza-
tion of the weak* topology on M(Rd), see [4] Theorem 3.28. An alternative metric is given in [g],
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Precompact probability spaces 3

(A2.6.1). A nice overview over the Vague topology is also given in [7], Chapter 13.4. The Vague
sigma-algebra o 5 is generated by the open sets of the Vague topology. Of importance for us is the
following result:

Lemma 2.2 (Compact sets in M (R?) [112]). A set M C M (R?) is precompact if and only if for
every bounded set A C R? it holds

sup [p(A)| < oo.
HEA

Forz € R?and u € M(R?) we define

(Tept) () i= (- + )

the translation of u by x. Note that

‘v’fEC'C(]Rd),xERd: f(-+x)d(7'$,u):/ fdu.
R4 Rd
Furthermore by definition of the topology we have continuity of the map
M(RY) x R - M(R?), (i, ) — Topt .
A warning is in place: Often in the literature of random measures, the definition of 7 reads (7, 1) () :=
p( - — x) and hence the formulations of the theorems there differ in some cases by +.

Definition 2.3. Let 2 C M(Rd) be an arbitrary (in particular also non-measurable) set and let
oo :={ANQ: A€ opr} bethe Vague sigma-algebra restricted to 2.

1 A random measure is a measurable surjective mapping p : Q — ), @ = pgy, where

1

<Q, &,I@’) is a probability space. Since P := Po (" is a probability measure on 2, we

also find the following:

2 A probability measure IP on (£2, oq) is called a random measure. In order to highlight the mea-
sure aspect, we write the identity on € as

Q%M(Rd), Wy =W
We also say that (2, o, P) induces the random measure w > fi,.
3 For for every bounded Borel sets A1, As, ..., A, C R k € N we denote by
Fr(A, o A x, o) = P(pw(A) <zgsi=1,... k)
the finite dimensional distributions (fidi distributions) of (.

4 A random measure /i, is called stationary if for every z € R? it holds 7,2 C 2 and the fidi
distributions of 11, and 7, 1te are the same, i.e.

Fr(Ay, .. Az, xp) = Fr(Ay+ o, oo A+ o o, o)
This is equivalent with P = P o 7, for all z € R¢.

5fFQcCc M (Rd)k and 1.—4. holds componentwise, we speak of a k-dimensional random mea-
sure.
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M. Heida 4

The following result is obtained directly from the information collected above. Here, even if {2 C
M(R?) is not measurable, we observe that A C € is measurable with respect to o iff there ex-
ists Ayg € opqsuchthat A = Ay N Q.

Theorem 2.4. Let() C M (Rd)k be an arbitrary (also non-measurable) set and let o, be the Vague
sigma-algebra projected on §). Let (£2, 0, P) be a stationary random measure which induces fi,.
Then the family (Tx)x crd IS @ continuous dynamical system on Q, ie.

1 T 0Ty = Tpyy and 7o = id,
2 for every measurable A C ) it holds P(A) = P(1_, A),

3 the evaluation 2 x R — Q, (w, x) + T,w is continuous.

Furthermore, Q) is precompact if and only if for every bounded Borel set U C R? it holds fi; €
L>(Q), where fu(w) := |uo(U)].

The importance of stationary random measures for homogenization stems from the following result,
which is due to Mecke [20]. In case 2 C M(Rd) is a measurable subset, it can be found also in
Chapter 12 of [6].

Theorem 2.5 (Mecke [20} [6]: Existence of Palm measure). Let (2, o, P) be a probability space with
dynamic system T satisfying Assumption[3.1and let w — 1., be a stationary random measure. Then
there exists a unique measure j1p on §) such that

/ £ (2, 7o) dpt(2)AP(w //fxwdup w)d @
R4 R4

for all L & pip-measurable non negative functions and all £ & jup- integrable functions f. Furthermore
forall A C Q,u € L' (S, up) there holds

- / / dg<x>XA<w>duw<x>dP @

/ w)dpp = / /R ) w)dp, (z)dP (4)

for an arbitrary g € L' (R™, L) with [, g(x)dz = 1 and pp is o-finite.
Remark 2.6. a) Setting g(s) := X[, ($), the Palm measure is defined by .

b) For w +— L, we find up = IP, the original probability measure.

Example 2.7. Typical examples for random measures are the Hausdorff measures on random piece-
wise d — k -dimensional manifolds [28].

2.2 Ergodicity
Let (2, o, P) be a probability space with mappings 7, : 2 — Q, z € R? being a dynamical system:

B 7,07, = T4y and 7y = id (Group property)

B for every measurable A C 2 and every » € R% it holds P(A) = P(7_,A) (measure preserv-
ing)

DOI 10.20347/WIAS.PREPRINT.2852 Berlin 2021



Precompact probability spaces 5

B the evaluation Q x R? — Q, (w, z) — T,w is measurable (measurability of stationary evalua-
tion)
Aset A C Qis almost invariant it P (AU 7, A) \ (AN 7, A)) = 0. The family
I ={AeF : VzeR'P((AUTA)\ (ANT,A)) =0} (5)
of almost invariant sets is a o-algebra and
E (f|-#) denotes the expectation of f : 2 — Rw.r.t. . . (6)
E (f|-#) is a function which is constant on invariant sets and with E(E (f|.#)) = E(f).

Definition 2.8. A family (A,,),, .y C R% is called convex averaging sequence if

(i) each A, is convex
(ii) foreveryn € Nholds A, C A, 11

(iii) there exists a sequence r,, with 7, — 0o as n — oo such that B, (0) C A,,.

Theorem 2.9 (Ergodic Theorem [6] Theorems 10.2.11 and also [27]). Let (An)neN C R? be a convex
averaging sequence, let (T,),cre be a dynamical system on <) with invariant o-algebra .# and let
f: © — R be measurable with |E(f)| < oo. Then for almost all w € 2

A / f(raw) dz — E(f|.7) @

Theorem underlines the importance of E (f|.#). For convenience, one typically focuses on trivial
&, which is called ergodicity: E( f|.#) = E(f) and

A, /A F(raw) dz — E(5) @®)

Remark 2.10. According to the results in [27] the ergodic limits also hold for A,, = nQ, where Q is a
bounded domain with 0 € Q.

A dynamical system (7, ),.cre ON a probability space (€2, %, IP) is called mixing if for every measurable
A, B C Qitholds
lim P(AN7,B)=P(A)P(B). 9)

[| ]| =00

One infers immediately that for 7 and 7 mixing, also 7, (@, @) := (7,®, 7,w) is mixing. On the other
hand, the product of two ergodic dynamical systems is in general not ergodic, but in the intermediate
regime, we can still be successful.

Lemma 2.11 (Ergodic times mixing is ergodic, see e.g. [13]). Let (Q F If”) and (Q F If”) be prob-
ability spaces with dynamical systems (7,)ycre and (7.)ycra respectively. Let Q2 := = Q x Q be the
usual product measure space with the notation w = (w,w) € § forw € Qand € Q. IfTis ergodic
and 7 is mixing, then 7,,(&, W) := (T,W, T,W) is ergodic.
We denote by
E,,(f|#) = / f dup the expectation of f w.r.t. the o-algebra .# and pip . (10)
Q

For random measures we find a more general version of Theorem
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M. Heida 6

Theorem 2.12 (Ergodic Theorem [6] 12.2.VIll). Let (2, 7, IP) be a probability space, (A,),cy C R
be a convex averaging sequence, let (T,),cra be a dynamical system on ) with invariant o -algebra
& andlet f : 2 — R be measurable with fQ | f| dup < oo. Then for P-almost all w € €2

MﬁAﬂwWWHMNM- (1

Given a bounded open (and convex) set Q C (), it is not hard to see that the following generalization
holds:

Theorem 2.13 (General Ergodic Theorem [13]). Let (Q2,.%,P) be a probability space, Q C R¢ be
a convex bounded open set with 0 € Q, let (7,),cra be a dynamical system on ) with invariant
o-algebra % and let f : () — R be measurable with fQ | f| dup < oo. Then for P-almost all w € ()
it holds

e C@: wt [ () dite) =+ Buolr19) [ o (12

2.3 Stationary random coefficients and precompact probability spaces

Theorem 2.14. Let (2, o, P) be a probability space, 1., be a k-dimensional stationary random mea-
sure with finite intensity and a,, € L. .(R%; ) be a family of random functions. Then the following
are equivalent.

loc

1 The family djta, = audpu, is a stationary random measure with either E(|1,..([0,1]%)]) <
o0 or ay, is non-negative and measurable.

2 There exists a precompact metric space Qc M (Rd)k with Borel sigma-algebra o and a
probab///ty measure ]P a stationary random measure 1., With Palm measure [ip and a function

. Q) — R with eithera € L'(S2; jip) or & non-negative and measurable such that ji., and i,

as well as dfiq ., (x) := a(m,w)dfi,(x) and .., have the same fidi distributions respectively.

Remark 2.15. Through monotone convergence, Theorem can be extended to measurable a,.

Proof. Proof that 2 implies 1: By Theorem we have

Bl A)) = [ || o] a) < [ [ )] dina(o)abe) < oc

for every bounded open set A C R? and in particular dfta () is almost surely locally finite. Station-
arity is obvious by definition.

Proof that 1 implies 2:

Step 1: For simplicity assume k = 1, otherwise consider the application of arctan(-) and tan(-)
in following calculations componentwise. We first assume that for every bounded open A C R it
holds 1, (A) € L>(Q;P) and a, € L®(£2; i) with ||lay||, < 1, a, > 0. Then also j,,(A) €
L*>(€2;P) and because both 1, and la are stationary random measures we identify the space
Q = (lte) fla.s) () € M(R?)2 Moreover, there exist Palm measures fip and fi, p respectively on
the space Q. For simplicity of notation, we drop the " in up, i, » and €2 in the following.

Then

os//www<wmm>
QJA
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Precompact probability spaces 7

for every Borel set A C IR? of finite Lebesgue measure. Since /i, is a random measure, the Campbell-
formula (3) yields for every f € C.(R?) and every g € L'(Q; up)

/Rdf 9(r)dpio(z) dP(w /R/f w)dpp(w) dr (13)

For Borel measurable A C R with finite measure and measurable A’ C 2 we calculate

fap(A) = / dfta,p(w \A[/// dptap(w) do
|Ar/,/ dptaso(w) dB(w |A|/,/% ™) dpo() dP()
SW / / djio () dP(w) = pp(4)

Hence 1, » < pp and the Radon-NikodAjm Theorem yields existence of @ € L'(€2; uup) such that
dpte,p = adpp. We infer from (13)

| [ s@atrstante) dule) ape) = | / F(2)9(e) () da
/ / F(@)g(w)alw)dpip (@) da

= [ [ 5@t i) o) ape).

which implies the claim also for a,, 7 0.

Step 2: Suppose /i,,(A) € L'(Q;P) for some nonempty bounded open A C R?. We define the
function by..,(2) = p,(Br(z)) + 1 and fi.,, through dfi.., = b, du.,. Then we find for every
x € B%(O) that by ,(z) > b1 ,(0) and hence

%7
[, (BA(O)) S/ by At S/ bi! (0)dp, < 1.
’ B, (0) B1(0) 2

In particular, fi; ., with & = (a, bl_i)) satisfy the conditions of Step 1 and we afterwards use dy,, =
br,wdﬂr,w-
Step 3: For unbounded a, consider @ := 27 !arctana and use @ = tan gé. In case a is only

measurable we additionally use the integrability of 4, and @ to obtain almost surely G, () = a(T,w)
and from there the general equivalence using non-negativity and the Campbell formula for all B C {2

and bounded open A C R%:
/ / a, — a(rw) du, dP =0.
BJA

Example 2.16. a) Let a,, be a stationary random measurable function. We can use the idea of the
proof to define a,, := arctan a,, and find @ € L*(£2) such that a,,(x) = a(7,w). Applying a(w) :=
tan(a(w)) we have shown that the original probability space in [23] can be replaced by a precompact
probability space.

O
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M. Heida 8

b) Let us look on random families of functions
a: Q— 2, W a, .

Here, 2" is a topological vector space of functions, such as the space of bounded continuous func-
tions 2~ = Cy(RY), the bounded a-Hélder-continuous functions 2~ = C}"*(R?), the spaces of
p-integrable functions 2 = L (Rd), 1 < p < oo or many others, also R”-valued functions. For

loc

simplicity, we consider here D = 1.

We furthermore assume that

id;: 2 — LL.(RY) f+ f s continuous, (14)

loc

a property which is satisfied by the above examples for 2. If now the values of a,, are stationary,
there exists a € L*(Q) with a,,(z) = a(7,w) and we can assume w.l.0.g that () is precompact.

2.4 Further compact probability spaces

In [5] the authors showed that given 0 < ¢; < ¢3 < oo and p > 1 the functionals

F(u,A) = / f(z, Vu(x))dx
A
with the condition
V (2, u) € R* o1 ul? < flz,u) < e (Jul” +1)
form a compact metric space.

There are further interesting examples:

Lemma. Given M,b > 0 the set

; ’ - ; S M -
Chamy (RH1Y) = {f € C(R™Y) : Vo € R uy,up €R [l w) Tﬁxug: -, |ur U2|}

is a compact metric space with the metric
i ||f1 - f2||oo,i
L+ Ifi = fallos
|f(x7ul) B f(xaul)l

[uy — s

d(fi, f2) == 227

€N

1 lls, = sup {|f<x,o>| T

] <y |ugl, Jug| Sz} )

Proof. Let (f3.),cy be a sequence in Cy7;' (R%+1). Then for every i it holds

sup {|f (¢, w)| + | <4, Ju] < i} < b+ Mi
k

There exists a subsequence, still indexed by k, and a function f € C(R*™) with || f|| . < b such
that

Vi : klim sup {|fr(z,u) — f(z,uw)| : max{|z|,|u|} <i} =0.
—00
It is straight forward that f lies in C’%I;l (Ré1). -
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With a little effort, this lemma can be further generalized.

Definition 2.17. A metric space U is hierarchically divisible if for every & € N there exists a countable
family (Ap,;);.,, of Borel-measurable sets Ay ; C U such that:

| A}mﬁAkJ = @fOI’i 7éj
B Forevery Ay ; there exists Aj_; j suchthat Ay ; C Ap_1;

W Forevery u € U there exists a sequence iy, k € N, such that (), Ak, = {u}.
Example 2.18. In case U = R consider Ay ; = [i27%, (i + 1)27F).

Theorem 2.19. Let U be a hierarchically divisible metric space with metric d and i, a stationary
random measure. Given a random measurable function f,, : R? x U — R stationary in R% and
fw(z, -) almost surely continuous in U for every x and E |f,,(-,u)| < oo for every u € U then ()
can be chosen to be precompact and there exists a measurable f : ) x U — R such that for every
w € Uitholds [, |f(-,u)| dup < oo and almost surely f.,(x,u) = f(r,w,u) in the p,, sense.
Furthermore, if m,, : R x R — [0, +00) is stationary and almost surely continuous in R for every
z € RY and if almost surely | f.,(x,uy) — f.,(z,u2)| < my,(z,d(uy,us)) then

|f(w,u1) = flw,uz)| < m(w,d(ur, uz)) . (15)

Proof. We first consider |f,,(x,u)| < 1 and assume f > 0 for simplicity. Due to our assumptions
on f, for every u € U it holds f,(-,u)du, is precompact in M(R?). Hence it holds that w +
(djtes, fodpiy) is amap Q@ — Q € M(R?) x M(RHY, where € is precompact in the product
topology. According to Theorem there exist measurable f,, € L>(€); up) such that f,,(x,u) =
fu(T,w). The same argument holds for m,, and thus (15) holds.

It remains to show that (w, u) — f,(w) is measurable. We approximate f,, by

Vk e N: For(z,u) =m27F it f(z,u) € [m27%, (m+1)27%), meZ,
fw,k(wau) = inf {fw,k(yau) tye Ak,z} ifx e Ak,i~

Then the corresponding function f,, ;. € L>(€); up) is constant on every Ay, ; and hence measurable.
Furthermore, by monotone convergence of f,, . " f,, we find that f, is measurable. O

Example 2.20. a) Let fi, fo be two stationary random functions in ij?’l(Rd“). Let X(w) =
(xi)ieN be a Poisson point process with intensity A < oo. This means that for every bounded do-
main A C R? .
XAl

k!
We construct from X (w) the Voronoi tessellation with the open cells GG; corresponding to x; respec-
tively. We distribute the values w; € {1, 2} i.i.d to each cell G; and introduce the random function

w: (T, U G;
fw(l'7U): {f z( ) on '

P(#(ANX) = k) =

max { fi(z,u), fo(z,u)} else
This is a random function which is piecewise continuous in & and Lipschitz in w.

b) If P(w) is a random perforated domain with boundary I'(w) = 0P (w) with the random Hausdorff
measure f, = H2 (- NI'(w)), we consider f,, on I'(w). If P is independent from X, the probability
for any z € I'(w) to also lie in one of the boundaries G is zero. Then f,|rw) = fu, for some G;.
Denoting £}, = fu|r(w), Theoremyields two functions f : @ x R - Rand F: QO x R — R.
In combination with Lemma [3.6] below we will see that ' : T' x R — R, where I" is the support of

Hp.
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M. Heida 10

3 Lebesgue and Sobolev spaces on )

Based on Theorems[2.4]and we make the following Assumption.

Assumption 3.1 (Central Assumption). Let () be a precompact metric space with Borel sigma-algebra
o and probability measure P such that (), 0, P) is a probability space. There exists a dynamical
system (), s Of measurable maps 7, : € — (0 satisfying the conditions:

B 7,07, = T,y and 7y = id (Group property)
W for every measurable A C 2 and every x € R it holds P(A) = P(7_,A) (measure preserv-
ing)

B the evaluation Q x R? — Q, (w, ) — T,w is continuous (continuity of stationary evaluation)

3.1 Lebesgues spaces and continuous functions on

Lemma 3.2. Let () be a precompact metric space with Borel sigma-algebra o. Then C(ﬁ) is separa-
ble and for every finite Borel measure . on §) the space C'(2) is dense in LP(§2; ).

Remark. Note that C'(Q2) C Cy,(2) C LP(£2) with Cy,(£2) the bounded continuous functions on €2 in
general being much larger and not necessarily separable.

Proof of Lemmal3.2. Since () is compact and metric, C'(Q) is separable. Furthermore, for every rel-
atively open sets A C ) there exists precisely one relatively open A C Q suchthat A = A N Q.
Defining ji(A) := u(A) it holds that i is a Borel measure on €. Since €2 and (2 are metric spaces,
the simple functions

ZaiXAm Zaixgi, KeN o eR (16)

lie dense in LP(£2; ) and_Lp(ﬁ; [i) respectively. In particular, L?(€2; 1) and LP(€2; fi) are isomorph
with the isomorphism LP(2; i) — LP(Q; u), f +— f|q for functions of type 1 but also (through
approximation) for continuous functions f € C(£2). Since C'(£2) is dense in LP(£2; ji) we conclude.

O

Lemma 3.3. Let () be a precompact metric space with Borel sigma-algebra o with probability measure
PP. There exists Q) C ) of full measure such that for every w € ) and every f € C(Q) the limit @)
holds. We callw € ) typical.

Proof. Take a countable dense family F' := (fi),cy C C(2) and observe there exists Q C 2 of

full measure such that for every w €  and every fi € F the limit ' holds. Now approximate f
by a sequence in F'. The convergence is uniform by compactness of € and from here one concludes
(8). O

We furthermore find due to (2) the following behavior.

Lemma 3.4. Let Assumption[3.1| hold and let f € LP(Q) for 1 < p < oco. Then for almost every
w € Q) and for every bounded domain Q it holds f,, € LP(Q) where

fo:RES R, 2 f(r.w).
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We now come to a very important point that helps to interpret stochastic homogenization results when
it comes to lower dimensional structures.

Definition 3.5 (See [2] Proposition 7.2.9). The support of a Borel measure on a separable metric
space is the intersection of all closed sets of full measure.

The following result was proved in [14] for d — 1 -dimensional structures. The following Lemma gen-
eralizes the result to general random measures.

Lemma 3.6. Let j1, be a stationary random measure on the precompact metric probability space €
with Palm measure jip and let S(w) C R? and S C ) be the support of ji,, and jip respectively.
Then for almost every w it holds X s(.)(z) = xs(T.w) in the sense of ji,, and of the Lebesgue
measure L.

Proof. Let ¢ € C.(R%) and ¢ € C(R). Then Theoremimplies
j[ ¢@ﬂ¢(&#0Xswﬂx)duw@ﬂdP00)Z(/m ¢(x)h(Tew) dpy, () dP(w)
Q JR4 O JRd
_ / [ o)) dpp(e)da
= [ [ o@r)se) dup) ar
= [ [ oo ris(re) o) ape).

Since ¢ and v where arbitrary, we conclude. O

3.2 Sobolev spaces on ()

The semigroup

T(x): fr=T@)f = f7-),

is strongly continuous [23,[30] and for the canonical basis (e;),_, _, the operators T;(t) f := T(te;) f
define independent mutually commuting one-parameter strongly continuous semigroups on LP(£2)
that jointly generate (T'(z)),cga 0N LP(£2). Each of these one-parameter semigroups has a generator

D;f(w) = lim Ti(t) f(w) = f(w) = lim f(Te,w) — f(w)

t—0 t t—0 t

and D; f is called i-th derivative of f having the property

/ gD, fdP = — / #DigdP.
Q Q

The joint domain of all D; equipped with the operator norm in L?((2) is a Banach space

WP(Q) = {f e LP(Q)|Vi=1,...,d : Dif € LP(Q)},

d
||f||wl,p(9) = ||f||Lp(Q) + Z ||Dif||Lp(Q) .
i=1
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Of course, in case p = 2 this defines a Hilbert space and otherwise a Banach space. We finally denote
D,f = (Dif,..., Ddf)T the gradient with respect to w and by —div,, the adjoint of D,,. Sometimes
we write V, f := D, f to underline the gradient aspect. Similar to distributional derivatives in R4, we
may define D¥ f through iterated application of D,, and

Wh(Q) = {f cLPQ)|Vj=1,....k:Dife LP(Q)C”} .
Furthermore, we denote
cH(Q) = {f cCO(Q): D, f € C(Q;Rd)} )

The proofs of the following results can be found in parts in various other sources, the most cited being
surely [30]. However, they seem to have never been collected in one source.

Lemma 3.7. [23]Under Assumption E 3.1 for every f € WP(Q) for almost every w € € it holds
fo € WEP(RY). In particular, for every bounded domain Q C R it holds

loc
weck [ fow=- [ oo, 7)
Q Q
Lemma 3.8. Under Assumption|[3.1]let 1 < p < oo and letn € C>°(R?). Forevery f € LP(S) let

(0 f) (w) = / ) ).

Then for every k € N it holds n * f € WHP(Q) with D;(n* f) = (9in) x f and almost every
realization of .75 f is an element of C*°(R?). Furthermore, the estimates

|7 * f”ip(g) < ”77||L1(Rd) ||f||Lp(Q) ) [[Di(m = f)”ip(g) < ||ai77||L1(]Rd) ||f”Lp(Q) (18)

hold and we have D; (n * f) = n x D, f. Continuity of f implies continuity of  * f and f € C Q)
impliesn * f € C1(Q).

Proof. Let k € N and observe
= iy = [ 47 [ lwe ) ) dy B
< [ an / 92 (ry0) P da dy dP(w).
k:k Rd

Due to the convolution inequality we have

% F1Zocay < Nl ey (20)° / Mollzo gt gy AP()

<t (1) [ 150

and since k is arbitrary, the we obtain [|7 % £|17, ) < 17l o1 (gay 1 £ ]| oy the first part of (18 .
In order to show %5 f € W*P(Q)) observe

£ 05 f(re) = F0) = [ 5 (ar+ tes) = n(a) 7).
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Taking the limit ¢ — 0 in LP(£2) on both sides using Lebesgue’s dominated convergence theorem
implies

D;(nxf)= [ Om(x)f(r.w), (19)

R4
and hence D; (Z5f) € LP(Q) with D;(n* f) = (9in) * f and the second part of follows.
Equation also shows that

(5 ) () = |

Rd

0(2)f (Tasy) da = / n(e — y)f (raw) de

Rd
and hence almost every realization of 17 * f has C'*°-regularity. Furthermore, implies
1
D, (S5f) = lim 7 (1% ) (re) — (0% f) ()
1
= x i = (f(7ie,w) — fw))
where we used continuity of f — 7 f and strong convergence of 1 (f(7ie,w) — f(w)) = D; .

The statement for continuous functions is obvious from the definition. O

Similar to Lp(Rd)- and Sobolev spaces on R¢, we can introduce a family of smoothing operators. Let
(n5)5>0 be a standard sequence of mollifiers which are symmetric w.r.t. 0 and define

Sy Q) - Q). Fif(w) = / ()] () 20)

Lemma 3.9. Under Assumption forevery d > 0,1 < p < oo, the operator .5 is unitary and
selfadjoint. For every f € LP(Q2), k € N itholds Z5f € W*P(Q), Z5f — f strongly in LP(§2), and
almost every realization of .75 f is an element of C*(IR%). In particular, C* () is dense in is dense
inW(Q). Finally, for f € WP(Q2) it holds

}Si_rf(l)nféf_f”vvl,p(g) =0 (21)

and szgf = jész

Remark. The operator .%; can also be used to smooth Palm measures on €2 simultaneously with the
random measures, see Section 1 of [29] for details.

Proof. The selfadjointness follows from the definition of .75, symmetry of 75 and invariance of IP w.r.t.
7. All other parts except for follow from Lemma 3.8

Finally, observe that the the convolution inequality and the strong continuity of T'(x) yield

fiss-gr= [

< [l [ 1) = F) dedBe

’ dP(w)

[ (@) (1) = Fe)) da

< [, |10t —seprae e o

Since D; %5 f = 5D, f, italso holds D;.%s f — D, f strongly in LP(£2). O
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3.3 Potentials and solenoidals

We denote by L? (R% R?) the set of measurable functions f : R? — R< such that fly €

loc

LP(U;RY) for every bounded domain U and we define

LP o oe(RY) == {u € L}, (R R?) | YU bounded domain, 3p € W'(U) : u =V}
L) i= fu e L ®5RY | [ w-Vo=0vpe i@}

Remark 3.10. The space L’got,loc(Rd) is invariant under convolution. This follows immediately from

the fact that if u = Vi locally, then 15 x u = V (15 * ).

Recalling the notation for a realization u,,(z) := u(7,w) for u € LP(£)), we can then define corre-
sponding spaces on {2 through

P () = {ue LP(URY) : u, € L2\ (RY) forP —ae.w € Q}

pot pot,loc
LP() :={u € LP((LRY) : w, € Lfol’loc(Rd) forP—ae we N}, (22)

V(@) = {u € 17.,(9) : /Qud]P’ _ 0} |

p

2ot (€2) and WP(Q) are connected as the following theorem shows.

The spaces L

Theorem 3.11. For1 < p,q < oo with 119 + é = 1 the spaces V},,(2) and L%, () are closed and
it holds

(VP () = L0,(),  (I2,()" = Vi,(Q) (23)

p

in the sense of duality. Furthermore, W' (X2) lies densely in LP(S2) and V5 (Q) = I5 * VI, (Q)
with
VP () = closurer, {Du|u e WHP(Q)} . (24)

pot

Remark 3.12. With (22) and (24) we have two different definitions of V() at hand. (24) relates to
[23], while seems to be favored in [30] and many related works. However, the author is not aware
of any proof that both definitions coincide, which is why we provide it here for the sake of completeness.

Proof. The density of W'?(Q2) in LP(Q) follows from Lemma We furthermore observe that
VP, (€2) is invariant with respect to %. In fact, let u € V) (€2) and consider w € 2 such that

u, € LP . .(R%). Then

pot,loc
(Sl (@) = [ (o () dy
R
and hence (Fu),, € LP .| .(R?) due to Remark Furthermore, the space L” |(12) is closed as

pot,loc
can be seen from the continuity of the expression

LP(ORY) - R,  uws / g(w)/ u(rw) - Vop(z) de dP(w),
0 Rd
where ¢ € C}(R%) and g € L%((Q) are arbitrary.
It remains to show (23), (24) and closedness of Vi, (€2).

Step 1: We first show that V7 (€2) and L (€2) are mutually orthogonal in the sense of duality. Let

v € Vit (Q) and p € L (2) and chose w € Q such that for v°(z) = v(Tzw), p*(z) = p(Tzw)

sol
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and v° - p° the ergodic theorem holds. Thus, we get v° - p° — E(v - p|.#) weakly in LL (R?). It
remains to show that v° - p* —* 0. Since v € L} (), we fmd for every € > 0 some u® € W?(Q)
such that Vu® = v° and fQu = 0. By the PoincarAl inequality u® — u for some u € W'?(Q)
and by the ergodic theorem Vu® = v° —* E(v|.#) = 0. Because u° — u it holds fQu =0
and by the compactness WhP(Q) — LP(Q), we find u* — 0 strongly in LP(Q). Therefore, for all
Y € C(Q), we find

/wv pdx—/wp -Vu® dx——/upE~dea:—>O fore = 0.

Therefore, we obtain

Lgol(Q> (Vpot(Q>)L and Vgot( ) (L301<Q))J_ . (25)

Step 2: We prove (23) and closedness of V2 (12) in case p = 2. From Step 1 we know that L2, (Q2) C
(V2 (Q))L and it remains to show that (V2 (Q)) C L2,(Q). Letu € L*(Q;RY) and use the

pot pot sol

(Q) and @ € (V2

decomposition u = et + U Where upo € V2 ot

pot
and V2, () is invariant with respect to .5, we observe that

Yu € Vrz)ot(Q) : <ﬂ5ﬂ, U> = <ZNL, ng) =0

(Q))l Since %5 is symmetric

and hence 51 € (Vpot(Q))l. In particular, for every £ > 0 and every ¢ € L*() it holds
0= <f6ﬂ> ij€¢> = = <din,]5'L~L, Lﬁ8¢>

and as ¢ — 0 it holds
0=-— <diij5ﬂ ¢> .

Since ¢ € L?(£2) was arbitrary, this implies Y. D;.#st = 0 almost everywhere, i.e. Z5u € L2(12).
Since Zsu — U as 0 — 0, the closedness of Lsol(Q) implies @ € L2,(Q2). Hence L2,(Q) D
V2, (Q)* and Step 1 implies L2;(€2) = V2,,(Q2)" and closedness of V3, (12).

pot pot
Step 3: For p € [1, 2] we deduce from Step 2

%

p

sol

1 1
ot(Q)) g Lq(Q7Rd) (Vzot(Q)) = L7 (Q Rd) N Lsol(Q) C LSOI(Q) (26)
Interchanging the role of Vs and Ly, yields

(L2 () C V(). (27)

Inclusions (25), and imply forevery 1 < p < oo.
Step 4: For 1 < p < oo we denote
V:={D¢| o e W)} C LV, (Q).
Let u € L9(2; R?) satisfy
Vo e WHP(Q) © (u, D,¢) =0.

According to Lemma([3.9] D; and .5 commute for ¢ € W'2(Q). Furthermore, .%5¢ € W'2() and
hence
0= (u, Dwf5¢> = <U, f(sDw¢> = — (divwf(;u, qb) .

Since ¢ € W'P(Q) was arbitrary and TW1*(Q2) is dense in L?(€2), it follows div,,.Z5u = 0, which im-

plies u € LI () by closedness of L? |(€2). To conclude, we have shown L? () = (Vpot(Q))L C
v+ C L2 (), and hence (24).
O
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3.4 SpacesonP C (2

Definition 3.13. [26]A domain P C R? is minimally smooth if there exist § > 0 and M > 0 such
that for every p € OP the set 9P N B;(p) is the graph of a Lipschitz function with Lipschitz constant
smaller or equal to M.

Let P(w) be a random closed set which is almost surely minimally smooth and let I'(w) := 0P (w).
We summarize some results from [12],[25] [11] in the following Lemma. Some of the results have been
proven explicitly, but particularly is a consequence of the proofs in the literature.

Lemma 3.14. If the random geometry P (w) is minimal smooth then there almost surely exists C' > 0
depending only on (6, M) and an extension operator U, : W,"?(P(w)) — W,-7(R?) such that for
every bounded open Q D B1(0) it holds

Vue WHB Q) NPW) :  [Ustullirig) < Clulwise,@rpw) - (28)

and a trace operator T, - W."P(P(w)) — L”

loc loc

(I'(w)) such that
Vu e WPB(Q)NPW) | Tllpgrw) < C el @ope) - @

If it is additionally assumed that the random inclusions R¥\P(w) have a finite maximal diameter
independent from the realization then

Vu € WP (Bs(Q) NP (w)) : ”VMOJUHLP(Q) <C ||VU||Lp(]B§(Q)mp(w)) .

We observe that Xp(w) (%) dz and xr() () dH?"!(z) are random measures (see e.g. [28, [14]),
where H? ! is the d — 1 -dimensional Hausdorff measure and by Lemma [3.6] there exist P C
and I' C (2 such that for almost every w it holds xp() = Xp(Tew) in the Lebesgue sense and
XT(w) = Xr(7Tew) in the sense of Hausdorff and Lebesgue.

We then introduce the function space

W(P) = {xpu: ueW”(Q)},

HU’HWLP(P) = ||uHLP(P) + ||Du||LP(P) :
We will see in Section [4.1]that can be used to prove the following:

Theorem 3.15. There exists a continuous extension operator U, : WP (P) — WP (Q) such that
(Uqu) |p = u. In particular, W' (P) is closed.

For u € C''(2) we can define To[u] := u|r and observe that implies for every R > 1

||(%[u})wnm(r(w)mBR(o)) <C <||uw||LP(P(w)ﬂIBR+5(O)) + ||vuw||LP(P(w)ﬂBR+5(O))> )

which yields by the ergodic theorem
ITelulll oy < Cllullwroe,)

and the operator 7, can be extended to W'P(Q).
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Theorem 3.16. Let Assumption hold and P (w) be almost surely minimally smooth and let v (.,
be the outer normal of P(w) on I'(w) := OP(w). Let jir(,) be the Hausdorff measure on I'(w)
with Palm measure i p and let I' be the support of jir p. Then there exists a measurable function
r o ' — S*! such that almost surely v (z) = vr(r,w). Furthermore, for ¢ € W'P(P) the
function ¢ := Tq¢ is the only function in LP(T") such that for every f € C(Q; R?) it holds

/ div,,(f¢) dP = /éf ~vrdprp. (30)
P r

and for f € W'P(P; R?) the function f = Tg,f - vr is the only function in LP(T') such that for every
¢ € C1(Q) it holds

[ divutso)ap = [ ofdur.

Proof. For ¢ > 0 define x5(w) := (15 * xp) (w). We observe for fixed w that

IDuxs| (Tow) = |Du(ns * xp)| (Taw) = |05 * (Duxp)(Tw)| (z) = |ns * Vxpw)| (), @)

and hence for almost every w we have |D,, x| — ‘pr(w)‘ = H4 YT (w) N - ) weakly. Then for
¢ € C®(R%) and f € C(Q) it holds by the Palm formula and

Lo [0l = [ [ 5ot o] () de ape)

- / [ Fm)e(z) ns * Vxre | () de dB(e)

< /Q y f(rw)p(x) (|VXP(W)| (Ba(SUPIXP))) dz dP(w),

where ‘pr(w)‘ = H"(-NT(w)) = pir(w). From the ergodic theorem, the [P-almost sure pointwise
weak convergence and the Lebesgue dominated convergence theorem, we conclude

Lo [ [ [ s dmu@are = [ o[ fams.

which implies fo Duxs| = [, fdurp. In a similar way, we show [, fDuxs — [ fdurp,
where upp is a R%valued measure on I'. Furthermore, for every e; in the canonical basis of R?,

unp < pr,p, which implies by the Radon-Nikodym theorem the existence of a measurable v
with values in S*~! such that uur p = vrpur p. The property vr . (z) = vp(7,w) follows from the fact
that uir p is the Palm measure of Vxp(y).

For f € C*(Q;R%) and ¢ € C*(Q) and ¢ € C=(R?) it holds

Lo [awitror= [ [ R
B /Q~/F(w) #budu i+ /Q /P<w> Vel
:/Rd/rwf-yrdup,pdx+Ade-A¢wfw,

which implies by integration by parts in the last integral and a density argument. Now the state-
ment follows from density of C*(Q2) in WhP(Q). O
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4 Stochastic two-scale convergence

We consider a stationary random measure w — p,, with Palm measure pp and we define

p(A) o= elp, (e71A). (32)

For the corresponding Lebesgue spaces we write LP(€2; uup) or LP(Q; iE,), where Q C R is a
convex domain with C'*-boundary.

Remark. The convexity of Q is sufficient but not necessary [27]. However, it is often assumed [6] in
order to simplify the presentation of the ergodic theorems.

We recall (Lemma that w € ) is typical if (8) holds for all f € C(£2) and that the typical w
together have full measure.

Definition 4.1. Let Assumption hold, let w € 2 be typical and let (u5)€>0 be a sequence u°® €
L*(Q; i) and let u € L2(Q; L*(€2; pp)) such that

sup ||u® ey < 00,
€>]8’ I HLQ(Q,uw)
and such that for every p € C°(Q), ¢ € C(

li_r)no ng(x)gp(x)@/)(ﬁw dp,(z // u(z, w)e(x)Y(@) dup (@) dz . (33)

S

£ = .

Then u® is said to be two-scale convergent to u, written u

Remark 4.2. a) If x € L'(£2; up) we can extend the class of testfunctions from ¢ € C() to x¥
since X(T,w) dy;, is again a random measure with Palm measure xdip.

b) The class of test functions can always be enriched by a countable number of functions (1), C

L*(€2; up). This holds because ' will still hold for all testfunctions on a set Q C Q of full measure.
This can then easily be accounted for in the classical proof of the following Lemma

Lemma 4.3 ([29] Lemma 5.1). Let Assumption (3.1 hold. Let 1 < p < oo and letw € §) be typical

and u® € LP(Q; pg,) be a sequence of functions such that |[u||,q.,.) < C for some C' > 0
independent of €. Then there exists a subsequence of (u')._o and u € LP(Q; LP(S); jup)) such
that us" 22 u and

(34)

Hu”LP(Q;LIJ(Q;MP)) < hgggf u’

LP(Qig)

Proof. The proof follows exactly the lines of [29]. O

The following result is standard and has been proven often in literature. Of course, the proofs provided
there remain valid in our setting, as they require only separability of L”(£2). Some references for the
proof are [16} 122, 13, 29].

Theorem 4.4. Under Assumption|3.1] for every typical w € 2 and 1 < p < oo the following holds: If
uf € WhHP(Q;RY) for all e and if there exists 0 < C,, < oo with

Sgg ||ua||LP(Q) +¢e’ ||VU8||Lp(Q) < Cy

Then there exists u € LP(QLP($2;P)) such that u® 22 . Depending on the choice of v, the following
holds:
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1Ufy = 0, thenu € WH(Q) with u® — u weakly in W'P(Q) and there exists v, €
LP(Q; V4 (2)) such that Vu® 22 ¥ u + vy weakly in two scales.

2 Ity € (0,1) then YVuf 22 vy for some vy € LP(Q; V)i (92)).
3 Ify=1thenu € LP(Q; W'P(Q)) and eVu® 2 Dyu.

4 Ify > 1thene"Vu® 20.

4.1 Two-scale convergence on perforated domains

We consider a random open connected set P (w) with random measure XP(w)<CU>d.T and Palm mea-
sure xplP or and ['(w) := OP(w) with random measure () (A) = H**(A) and with Paim
measure /ir p located on I' C Q with xp) = xr(T.w).

Moreover, in view of , we write pip ) (A) = elprw)(etA) = eHT (AN el (w)). In case of
P = Xp(w)ﬁ, we sometimes drop the notation 4., in the spaces and norms.

Definition 4.5 (Uniform and weak extension property). We say that P*(w) := P (w) has the uniform
extension property on Q if for aimost every w there exists C;, > 0 and a linear extension operator

U: WP (Pw)) — WEP(RY

loc loc

such that

satisfies the following: For every bounded open A C R? it holds (U-u) | 4 depends only on
Uu|pe (w)ne. (4) and for every e > 0 and u € W?(B.(Q) N P*(w))

VUl 10q) < Co VUl o @y » WUl g < Collull e, rpew) - 89

Furthermore, P°(w) has the weak extension principle, if instead of the following holds:

||Z/{5u||LP(Q) + € ||VZ/{EU||LP(Q) S Cw <||UHLP(]BE(Q)QPE(W)) _|_ £ ||Vu||Lp(BE(Q)ﬂPE(w))> . (36)

P¢(w) has the uniform trace property on Q if for almost every w there exists C,, > 0 such that the
trace operator satisfies

T : WB.(Q)NeP(w)) — LP(QNel(w))

with

€ ||TuHLP (Qnel(w)) < Cy (||U||’£p(BE(Q)mps(w)) + &P HVUHZ)(BE(Q)mPE(M)) .

Defining
08Q(Q NP (w)) = {u c WP (P (w)) : Ulpa\q = 0}

we obtain the following standard result (e.g. [25]) for which we provide the very short proof for conve-
nience.
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Lemma 4.6. Let1 < p < oo and let P(w) be a random open domain such that almost surely P*(w)
has the uniform extension property on Q). Then for almost every w € € the following holds:
Ifus e W&’gQ(Q NP (w)) for all e with sup, [|u° | gz () + VU || Lr(Qs () < C' for C' indepen-

dent from ¢ > 0 then there exists a subsequence denoted by u and functions u € WO1 ?(Q) and
v € LP(Q; V], () such that

' B ypu and Ve X ypVu+ypv  ase — 0, (37)
Ui 2y and VU RVu+v ase —0. (38)

Furthermore, U.u® — u weakly in WP (R?)).

Proof. (38) is a consequence of and Theorem is a consequence of with Re-
mark [4.2/ for Y = xp. Finally, u € W,"(Q) follows from the claim that ({.u) |4 depends only

on U|P5(w)ﬂIBa(A)- O
Lemma 4.7. Let1 < p < oo and let P(w) be a random open domain such that almost surely P*(w)
has the weak extension property on Q. Then for almost every w € (1 the following holds:

Ifus € WHP(B.(Q) NP (w)) for all & with
Sgp ”uE”LP(BE(Q)ﬁPE(w)) + el Ve Lo @npe ) < C
for C' independent from ¢ > ( then there exists a subsequence denoted by u® and a function u €
LP(Q; WhP(P)) such that
' 2oy oand Ve R Dou ase — 0.
Furthermore, if P€(w) has the uniform trace property and

SL€1P5 HTU‘EHI[?/P(QQSF(UJ)) <@
then Tus 22 Tou.

Proof of Lemmal4.2 and Theorem[313 The bound on u¢ and together with Theorem |4.4|imply

/28~ /28 ~
Usu® =20 and VU.uE 2Da ase —0

for some @ € W1P(Q). Hence u® 2 u = xpi.

If u € C"(9) then the uniform trace property implies for u® () := xpw)(x)u(Tzw) that Tu® 2y
for some v € LP(S; uur p). On the other hand, a direct calculation shows that 7u® = (Tou) (Tzw)
and hence v = Tqgu. Using ¢ € C1(Q) and ¢ € C(Q)? we find with ¢ () := P(x)(Tew)
/ /(;52/) -vpudprpde = lim&t/ P(x)p(Tew) - Up(yu (z)dH (z)
QJ/r QNr:(w)

e—0

= lim (EVuEdSE +u® (%J(é) Vo + ¢ D] (g)))

¢20.JQnPe (w)

_ /Q /P édiv,, (vu) dPdz.

From Theorem[3.16|we conclude that v = Tqu.

To prove Theorem [3.15] if u € C'(Q) we apply Lemma [4.7/to u*(z) := Xp(u)(z)u(Tzw) and
denote the two-scale limit by Uqu. Since this operator is linear and continuous, we can extend it to

Wl’p(P). O
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4.2 Homogenization of a Stokes system with Navier-slip

In the setting of Section we assume that P(w) is almost surely minimally smooth with (d, M)
independent from w and that R?\ P (w) consists of inclusions of uniformly bounded diameter. Then
P(w) has the strong extension property [12] and the trace property [25], see Lemma

Given a bounded domain Q C R? and Qp (w) := Q NeP(w), *(w) := Q N el'(w) we write v¢
for the tangential part of the vector valued function v° on I'*(w) and consider the following problem:

—2 A+ Vpf =g on Qp(w), (39)
V-v°=0 on Qp(w), (40)

(—vaa + 5_1peld) “Upe = U onI*(w), (41)
v - vpe =0 onI(w), (42)

v* =0 on 0Q NeP(w), (43)

which is a Stokes system with Navier-slip condition (41). By a standard calculation, we observe that
for some C' independent from &:

1
101 22 ey T € IVl 2iqa @) T 2 1071 L2 re ) + 1Pl Qe ) < € ll9llr2(q) -

We find v° 22 v, where v € L(Q; WY2(P)) and Tv° 22 Tou as well as U ,p° — p weakly in
H'(Q). In order to pass to the homogenization limit in the Stokes system, we introduce the space
WP (P) :={ue WP)*: div,u =0},

sol

which is a separable space and choose a countable dense family W := (1;), .y C wh 2(P)

sol

Choosing some ¢ € WP (P) we find with ¢¢ (z) := ¢(T%w) and with help of Theorem and
Lemma4.7]

O_E/Qe(w WE divef = / (D ww)( ) v +5/ers(w)¢iva.yps(w)
- — // D) U+//¢U VFdMFP—//@Dlew

which implies div,,v = 0 and hence v € .7 (P). On the other hand, since v° - vr=(,) = 0, we find

v - vp = 0. This implies
wewr®): [ [ (aw)v=o )
QJ/p

In what follows we will use ¢, ¢ € C}(Q) and ¢ € \If and wnte gp x) = ¢(x) and @5 (t,z) =

¢()1)(Tzw). Then testing (39) with ¢, and exploiting (40 we find

52/ VUE:ngZ—/ pedivngfJ—F/ Ui'ﬁbfu:/ gDy -
pWw) pW) ®(w) p(w)

P
We exploit V¢, = (2/1 ®@ Vo + %(bvwz/}) and divgS, = 1 - V¢ and pass to the two-scale limit in
the above weak formulation to obtain

/Q/PDWWSDW_/Q/PP@Z"V¢+/Q/QUT-¢¢dumz/Q/Pg-gbw. (45)
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Because of we have to account for div,,) = 0 for ¢ € W by adding an integral fQ Jp qdiv,vo
for some ¢ € L?(Q; W12(P)). Then we find that (45) is a weak formulation of

—div,D,v+Vp+Dyqg=yg, onQ xP
div,v =0 onQ x P

—Dyv+qld = v, onQ xT

v-vp =0 onQ x T

If e; is the i-th coordinate vector, we solve the systems

—div,(vDyu;) + DyII; = e onP,

div,u; = 0 onP, (46)
—Dyu; +qld = u;; onI
ui-vr = 0 onl (47)

by passing to the limit in (39)—(43) for ¢ = e; and noting that there is no z-dependence of the solution
in the limit, i.e. Vp = 0. We note at this point that we have not proved a PoincarAl inequality on

P and I' of the form [|v|[ 2p) < C (HDUJUHLQ(P) + |]UTHL2(F)), which would make a direct proof
more involved.

Finally, itis easy tosee thatg = >, (¢ — Vup), l;and v := )", (¢ — V,p), u;. Defining the matrix
K;; = [pu; - e; we find the homogenized system

/Pv:z:(ej‘v)ej:[((f—vxp). (48)
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