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Abstract
In virtual-state spectroscopy, information about the energy-level structure of an arbitrary sample is retrieved by Fourier transforming sets of measured two-photon absorption probabilities of
entangled photon pairs where the degree of entanglement and the delay time between the photons have been varied. This works well for simple systems but quickly becomes rather difficult
when many intermediate states are involved. We propose and discuss an extension of entangled
two-photon absorption spectroscopy that solves this problem by means of repeated measurements at different pump wavelengths. Specifically, we demonstrate that our extension works well
for a variety of realistic experimental setups.

1

Introduction

Today, there exists a great variety of spectroscopic techniques, each with their own set of advantages
and disadvantages, for a myriad of applications ranging from medicine [10] and material science [11]
to biology [24] etc. Some of the more sophisticated protocols that have emerged are related to twophoton spectroscopic techniques, where two timed photon pulses interact with the sample in short
succession. Specifically, entangled two-photon absorption spectroscopy (eTPA spectroscopy) [1, 2, 6,
7, 9, 12–15, 17–19, 22, 23, 25, 26] represents a technique that utilizes the quantum nature of light to
devise a powerful spectroscopic tool. For instance, it has been applied to propose novel experimental
schemes that might be used for the determination of the electronic level structure of single molecules
[7] and complex light-harvesting systems [5, 20], and has become a useful addition to the spectroscopic toolbox. In fact, eTPA spectroscopy as originally proposed by Saleh et al. in 1998 [17] relies
on tuning and integrating over the entanglement time Te (a parameter of the second-order quantum
correlation of the photon pair, see section 2) in order to separate those features of the spectrum that
allow direct access to the eigenenergies of the material from spurious background signals. However,
this method can quickly become quite involved as it requires multiple experiments with two-photon
states that bear different temporal correlations. Consequently, novel ways of extracting information
from eTPA signals have to be considered [9].
In this work, we develop a variant of this technique by exploiting the eTPA signal’s dependence on
the wavelength of the pump light. More specifically, our proposed scheme extracts information about
the electronic level structure of the samples under study by correlating measurements at two or more
different pump wavelengths. Our setup could be realized using standard and widely used entangledphoton sources, thus opening up a novel avenue towards nonlinear quantum spectroscopy.
Our work is organized as follows. In section 2, we describe the model setup, the basic workings of
ordinary eTPA spectroscopy, and elucidate the problem of many intermediate states. We introduce
our extension of eTPA spectroscopy to multiple pump wavelengths in section 3 and provide a detailed
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Figure 1: Schematic of a eTPA spectroscopic setup: A collinear type-II SPDC source is pumped with
monochromatic light of angular frequency ωp and produces two entangled photons with the frequencies ωs and ωi with a common central angular frequency ω0 = ωp /2. A tunable delay τ is introduced
into the path of one of the photons. Subsequently, both photons interact with a material system whose
electronic level structure is schematically depicted in Fig. 2.
discussion of its applicability in realistic settings. Finally, we summarize our findings and conclude in
section 4.

2

The Model

Our model setup consists of a source of entangled photon pairs with tunable delay for two-photon
absorption spectroscopy, a multi-level material system and a second-order perturbative analysis of
the eTPA signals.
We consider an entangled-photon spectroscopy setup as schematically depicted in Fig. 1. The light
source we employ is a two-photon state created by collinear Type-II spontaneous parametric downconversion (SPDC) with continuous-wave pump and is described by the spectral decomposition

Z

F

∞

Z

∞

|ψ i =
−∞

−∞

dωs dωi Φ(ωs , ωi ) â†ωs â†ωi |0i ,

(1)

with â†ωs , â†ωi being the creation operators for the signal (s) and idler (i) photons, respectively. The joint
spectral function of the photons is given by


Φ(ωs , ωi ) =

T
√e
π

1/2


δ(ωp − (ωs + ωi )) sinc


Te
(ωs − ωi ) eiωs τ ,
2

(2)

which is commonly referred to as the twin state [4]. Here, l denotes the path length within the birefringent nonlinear crystal, ωp is the angular frequency of the (monochromatic) light used to pump the
SPDC source, ωs and ωi are the angular frequency of the signal and idler down-converted photons,
respectively and τ is the external delay introduced into the path of the signal photon. Furthermore, the
entanglement time Te is

Te = l(Ns − Ni )/2,

(3)

with the inverse group velocities Ns = 1/vg,s (Ni = 1/vg,i ) of the signal(idler) photons. Note that, in
the analysis below, we will assume that the photons are degenerate with central wave-packet frequencies ωs0 , ωi0 = ω0 = ωp /2.
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Figure 2: Multi-level system including a number of intermediate states with energies j and a band of
final states |f i. The entangled photons are frequency-anti-correlated and satisfy ωs + ωi = f − i .
The arrows indicate two possible transition pathways mediated by different intermediate states.
The sample material model is a multi-level system with non-degenerate energy eigenstates |ji with
respective energies ~j (see Fig.2). It is described by the Hamiltonian

Ĥ0 = ĤA =

X

~j |ji hj| .

(4)

j

Two of these states fulfill the two-photon resonance condition:

f − i = 2ω0 = ωp ,

(5)

and we consider them as the initial state |ii and the final state |f i. The final state is assumed to
lie within a band of closely spaced levels. It is important to note that in any realization of our setup
|f i is defined by our choice of ωp . The remaining N states are intermediate states that contribute
as pathways to the two-photon absorption signal, i.e the eTPA probability. These intermediate states
are virtual states in the sense that they are energy eigenstates states j of the unperturbed system,
whose detuning to the center frequencies ω0 of the entangled photons is larger than two times the
Rabi frequency [21].
Using second-order perturbation theory, we can calculate the two-photon transition probabilities Pfi
from the initial to the final state upon interaction with the twin field state. Within dipole- and rotatingwave approximation, the perturbation, i.e. the interaction Hamiltonian, is described in the interaction
picture as
+



V̂ (t) = µ̂(t)Ê (t) =

~ω0
4π0 cA

1/2 Z

∞

dω µ̂(t)âω (t) + H.c.,

(6)

−∞

ˆ denotes the dipole operator.
where µ(t)
Through a Fourier transform in conjunction with suitable coordinate transformations, the time-ordered
time integral that arises in second-order perturbation theory evaluates to [9]


Pfi =

ωp2
√
4~2 π20 A2 Te
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with the delta-like function of width 4/πt

2 sin2 ((f − i − ωp )t/2)
δ (f − i − ωp ) =
πt(f − i − ωp )2
(t)

(8)

and
2

s(Te , τ ) =

X

−i∆j (Te +τ )

Aj (2 − e

−i∆j (Te −τ )

−e

) .

(9)

j

In these expressions, we denote the energy mismatch of the center frequencies of the entangled
photons ω0 , the intermediate states by ∆j = j − i − ω0 and the transition matrix elements are
Aj = µfj µji /∆j , where µkl = hk| µ̂ |li are the corresponding transition dipole moments. The deltalike function ensures energy conservation for times large compared to the energy mismatch of the
pump angular frequency and the energy of the total transition.
Expanding the absorption cross section s(Te , τ ) now gives us

s(Te , τ ) =

X

Aj A∗k (4−[ei∆j −∆k τ + c.c.] − 2 e−i∆j Te [ei∆j τ + c.c.]
(10)

j,k

− 2e

∆k Te

i∆k τ

[e

−(∆j −∆k Te )

+ c.c.] − e

[e

i∆j +∆k τ

+ c.c.]



Note, that for N intermediate states j , the Fourier transform F(Pfi ) with respect to τ , i.e. the eTPA
spectrum, shows peaks at zero angular frequency, as well as the 2(N + 1)N angular frequencies

±∆j = ± (j − ω0 ),
±(∆j − ∆k ) = ± (j − k ),
±(∆j + ∆k ) = ± (j + k − 2ω0 ),

(11)
(12)
(13)

where j , k denote the energies of the intermediate states.
In order to illustrate how the different frequency peaks appear in the Fourier transform of the eTPA
signal, we display in Fig. 3(a) a system with two randomly-selected intermediate states for a fixed
value of the pump wavelength of λp = 405 nm, corresponding to a central angular frequency of the
entangled photons of ω01 = cπ/λp = 1.53 eV. For simplicity, all dipole moments have been set to the
same constant value for all transitions.
We observe, that even though the energy mismatch ∆1 of the lower intermediate state is much larger
than the energy mismatch ∆2 of the higher intermediate states, the corresponding peaks of the spectrum (marked with the triangles) do not differ proportionally in size. This suggests that, as a general
rule, the heights of the peaks are not a reliable way of making sense of the spectrum and do not allow
to deduce the underlying energy structure of the sample [6, 17].
In Fig. 3(b) we infer that it quickly becomes difficult to interpret the spectrum when the number of
intermediate states grows. This results from the fact that the number of spectral peaks grows quadratically with the number of immediate levels. Clearly, this severly limits the usefulness of the eTPA
spectroscopy in the present form.
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Figure 3: Spectrum of the eTPA signal of two different matter systems. a) two intermediate states at
1 = 0.86 eV and 2 = 1.67 eV and b) five intermediate states at 1 = 0.66 eV, 2 = 0.87 eV,
3 = 1.67 eV, 4 = 1.78 eV, and 5 = 2.11 eV. The energy mismatches +∆j (−∆j ) are indicated
by the right (left) facing triangles. Note that the number of peaks in the eTPA spectrum grows quadratically with the number of intermediate states. With a growing number of intermediate states it quickly
becomes difficult to deduce the underlying energy levels from such spectra.

3

Extracting energies of intermediate-state levels

Our goal is to extract the energies of the intermediate states j from the eTPA spectrum. An easy
way to achieve this, would be to identify within these peaks those at the frequencies ∆j of Eq. (11),
as these only depend on one of the eigenenergies j and its respective value is readily extracted by
adding ω0 . For systems with a small number of intermediate states it may also be feasible to find the
correct values by guessing the N intermediate states as follows. First, we would guess the ∆j and
then plug them into Eqs. (11)-(13) and check whether the resulting frequencies line up with the actual
spectrum. This approach can easily be carried out with simple spectra such as that of Fig. 3(a).
However, in the general situation there are 2(N + 1)N peaks and for the aforementioned technique
of ’educated guessing’, we would have to select N members from this set and check whether they
align with the actual spectrum. Clearly, this scheme quickly becomes rather cumbersome to execute,
see Fig. 3(b). Moreover, for systems with many intermediate states another detrimental effect sets in
and fundamentally obstructs the extraction of relevant information from a spectrum. Specifically, as
the number N of peaks increases, it becomes more and more likely to encounter overlapping peaks
with low amplitudes or very shallow signals that get lost in the background noise so that it will become
less and less likely that the approach of ’educated guessing’ will succeed. The immediate response to
this challenge would be to reduce the noise floor and to increase spectral resolution but there clearly
are limits to what reasonably can be done. In what follows, we, therefore, address this problem by
extending eTPA spectroscopy by means of repeated measurements at different pump wavelengths.
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Figure 4: Spectrum of the eTPA signal at a range of ω0 starting at ωp = 2 ω01 , i.e. the top edge of the
plot corresponds to Fig. 3(a). At the top, the peaks are labeled in terms of the sets of frequencies in
Eqs. (11)-(13). We observe that the three distinct slopes clearly identify each peak as a member of
one of the three distinct sets.

3.1

Dependence of s(Te , τ ) on the pump wavelength

Fortunately, the sets of frequencies in Eqs. (11)-(13) are set apart from all other frequencies by their
dependence on ω0 as demonstrated in Fig. 4. Most importantly, the locations of the +∆j signals in Eq.
(11) go with −ω0 . This implies that by measuring at different pump wavelengths λp , i.e. different ω0 ,
we will be able to uniquely identify the intermediate-state energies of the sample, as we can distinguish
them from the peaks at Eq. (12), which do not depend on ω0 , and the peaks at Eq. (13) which change
with 2ω0 .
In Fig. 5 we display the eTPA spectrum for the same two-intermediate-state samples as in Fig. 3(a),
considering two different central frequencies of the pump. Note, that in these plots the peaks corresponding to the frequencies +∆j of the two spectra are separated by a distance ±(ω01 − ω02 ). Now,
we simply run a signal processing routine to identify the set of peaks of both spectra and find pairs,
one element from each spectrum, that are separated by ±(ω01 − ω02 ). By adding the respective ω0
to these peaks we can thus find the intermediate states j = ∆j + ω0 . This process can easily be
automated.
An important advantage of this technique is that we can make further measurements at additional
pump wavelengths should two measurements be insufficient to deduce the j from the spectrum. This
is preferable over simply increasing the resolution in the delay time τ , and decreasing statistical errors
through repeated measurements of the same system, as features of the spectrum that are obscured
by the overlapping of the peaks or low peak amplitudes at a particular frequency tend not to overlap
or to be poorly visible at another pump frequency. This is due to the fact that peak positions and
amplitudes also change with the pump frequency.
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Figure 5: Spectrum of the eTPA signal at ω01 = 1.53 eV (blue) and ω02 = 1.36 eV (red). The circles
represent the peaks identified by our signal processing routine. The energy mismatches +∆j (−∆j )
are indicated by the right (left) facing triangles. Note, that exactly two pairs of peaks from the different
spectra are separated by ±(ω01 − ω02 ), allowing us to identify the two intermediate-state energies j .

3.2

Discrete Fourier transform and experimental accessibility of our technique

While the basic scheme laid out here is rather simple, a number of potential problems lie in the choice
of parameters for the experiment. In an actual experiment, the values of τ are discrete. Assuming
a free delay line with a mirror setup on a translation stage, their spacing ∆r is determined by the
smallest path delay we can introduce. Here we are using a value of ∆τ = 0.3 × 10−15 s, which,
using a mirror, translates to a step size ∆L = c∆τ /2 = 45 nm, which is attainable using modern
translation stages [27].
As we are using a discrete Fourier transform, our angular frequency resolution ωres is defined by
our sampling rate in time, i.e. smallest path delay, ∆τ and the number of points we can measure
τN = τmax − τmin /∆τ by

ωres =

∆τ
1
∆ω
=
>
.
τN
τmax − τmin
2π

(14)

The inequality follows from the fact that the range of τ we can access is, in turn, limited by the bandwidth ∆ω of our entangled photons, as it defines their entanglement time Te . Here, we assume an
SPDC type-II source with a bandwidth of ∆ω = 7.4 meV [3], resulting in an entanglement time of

Te =

π
≈ 1745 fs .
∆ω

(15)

The two photons have to overlap in space-time to contribute to two-photon absorption and thus we
have

τmax = −τmin < Te .

(16)

Furthermore, peaks that are supposed to be measurable with a simple setup need to roughly lie
within the bandwidth ∆ω of our photons. This is a serious constraint, as at the same time our angular
frequency resolution ωres becomes poorer for large bandwidth and, consequently, small entanglement
times Te [see Eq. (14)]. In other words, ideally we would want a large ∆ω and a small ωres , which by
(14) is mutually exclusive. In Fig. 6, we illustrate this effect for two choices of ∆ω .
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Figure 6: eTPA spectra for ten random sets of two intermediate states each for two different choices
of ∆ω (Te ) at constant ∆L = 45 nm and pump wavelength λp = 405 nm. We observe that a small
bandwidth leads to strong attenuation of peaks at frequencies far from the resonance (bottom), yet a
large bandwidth results in poor resolution in ω (top).

This problem could be addressed by increasing the photon flux to offset the limited bandwidth and
increase visibility of otherwise very low peaks. However, when choosing a bright source, we must
take care to not exceed intensities Φ for which the quantum processes still cease to dominate the
absorption rate [4]. Specifically, the absorption cross section R has two contributions

R = Re + Rr = σe Φ + δr Φ2 ,

(17)

where δr is the classical, i.e. probabilistic, absorption cross section and σe ∝ Pfi is the quantummechanical cross section. It is the latter which we are trying to measure. Their actual values depend
on the experiment and have been analysed in detail in Refs. [8, 16, 17].
Finally, it is worth remarking that the angular frequency range of the eTPA spectrum is determined by
our sampling rate in time as

ωmax =

2π
= −ωmin
2∆τ

(18)

and does not tend to be a limiting factor on our choice of parameters.

4

Conclusion

We have demonstrated that the pump frequency ωp of a type-II SPDC source represents an additional resource for eTPA spectroscopy. Specifically, we have shown that a varying pump wavelength
provides a robust way to interpret the spectroscopic data that otherwise may well be very difficult to
interpret. In particular, for samples with complex energy spectra and when many intermediate states
contribute to the two-photon absorption our novel approach can make eTPA spectroscopy feasible.

DOI 10.20347/WIAS.PREPRINT.2837

Berlin 2021

eTPA with varying pump wavelength

9

Further, our analyses of the limitations in the choice of parameters have revealed that there is ample
room for balanced choices regarding frequency resolution as well as the frequency range. How these
are weighted depends on the concrete problem at hand. Further, the trade-off between resolution and
range can, to some extent, be relaxed by reducing the step size ∆L using more sophisticated delay
lines.

5
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