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Weak-strong uniqueness for
energy-reaction-diffusion systems
Katharina Hopf

ABSTRACT. We establish weak-strong uniqueness and stability properties of renormalised solutions to
a class of energy-reaction-diffusion systems, which genuinely feature cross-diffusion effects. The sys-
tems considered are motivated by thermodynamically consistent models, and their formal entropy struc-
ture allows us to use as a key tool a suitably adjusted relative entropy method. Weak-strong uniqueness
is obtained for general entropy-dissipating reactions without growth restrictions, and certain models with
a non-integrable diffusive flux. The results also apply to a class of (isoenergetic) reaction-cross-diffusion
systems.

1. INTRODUCTION

It is well acknowledged that the evolution of a system of diffusing and reacting chemicals is influ-
enced by the thermal state of the system. Energy-reaction-diffusion systems (ERDS) take into ac-
count this thermal dependency by consistently coupling the evolution of the chemical concentrations
¢=(ci,...,cy,) to a heat-type equation for the internal energy density u. Choosing the internal en-
ergy density as the thermal variable (as opposed to temperature for instance) has the advantage that
the underlying physical entropy is jointly concave in the state variables z = (u, ¢) [34} 35].

Recently, global existence of weak and renormalised solutions has been obtained for a class of ther-
modynamically consistent ERDS [24] taking the form (with z := (u, ¢))

ou =V - (Aoj(z)sz), t>0,x€Q,
Oci =V - (445(2)Vz;) + Ri(2), t>0,r€Q, i€{l,...,n} (1.1)
0 :Al‘j(Z)VZj'V, t> 0,z €00, iE{O,...,n},

see also the more explicit system (2.5). Eq. is supplemented with an initial condition (u, c)‘tzo =
(u'm, c™) for z € ), where 2 C R? is a bounded Lipschitz domain with outer unit normal v. Note
that we use the summation convention omitting the summation symbol in repeatedly occurring indices
(here Z;‘:O). The diffusion matrix A(2) = (A;;(2))i j=o,..» and the reactions (R;(z));1....n are ob-
tained from an underlying formal gradient structure based on entropy functionals H (z) = [, h(z) dz
with convex densities i(z) = h(u, c) taking the form

hu,cyy. .. cp) = —o(u) + Z b(c;, wi(u)).

Here, o denotes the thermal part when the concentrations ¢; are in their thermodynamic equilibrium
w; = w;(u), and b(s,e) := eA(s/e) with A denoting the Boltzmann function, see Section [1.1| for
details. The absence of reactions in the u-component of reflects the property of conservation of
the total (internal) energy [, u.

ERDS genuinely feature cross-diffusion effects, such as concentration flux driven by gradients of the
internal energy density and energy flux due to concentration gradients, which are one of the main
sources of difficulties in their analysis. These phenomena are closely linked to the thermodynamic
origin of ERDS, and are related to the Soret effect and the Dufour effect, well-known in physics,
which describe concentration flux due to temperature gradients resp. heat flux driven by concentration
gradients.
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K. Hopf 2

In the present manuscript, we aim to derive stability properties including a weak-strong uniqueness
result for ERDS based on their thermodynamic structure. This can be seen as a way of justify-
ing the weak solution concept in [24]. The main contribution of [24] was to identify non-trivial classes
of thermodynamically consistent models that allow for an existence theory of generalised solutions.
Interestingly, even in a cross-diffusion dominant regime and without physically restrictive growth con-
ditions on the reactions, existence has been obtained in [24] based on the notion of renormalised
solutions [22]. Our weak-strong uniqueness principle covers models involving various cross-diffusion
phenomena (Soret effect, Dufour effect, cross diffusion between species), and applies in particular to
a class of isoenergetic reaction-cross-diffusion systems, thus generalising [12]. Weak-strong unique-
ness is obtained from a weak stability estimate for a generalised distance involving as in [23] an
adjusted relative entropy. By suitably exploiting the thermodynamic structure of the system some of
the technical issues arising in the proof of [12] will be avoided. We also obtain an asymptotic stability
result.

1.1. Thermodynamic modelling. Let us now briefly specify the thermodynamic structure considered
in the present manuscript. For more background on the modelling, we refer to [24! 39], 28], [36]. Models
compatible with thermodynamics can be derived using the Onsager formalism in [36]. Here, the main
ingredient is a triple (Z, H, K) consisting of a state space Z, a driving functional H, and a so-called
Onsager operator K. Typically, Z C X is a convex subset of a Banach space X, H : Z — RU{co}
a differentiable and convex functional on Z (below usually referred to as entropy due to its correspon-
dence to the negative of the physical entropy), while IKK can be seen as a generalised inverse Rie-
mannian metric tensor on Z. More specifically, for every z € Z, K(z) defines a positive semi-definite
and symmetric (unbounded) operator from T*Z to T,Z. It G = K™ ! exists, the triple (Z, H,G)
forms a gradient system. Then, motivated by the classical gradient flow equation G(z)Z = —DH (z),
with Z denoting the time derivative of z = z(t), one considers the evolution law

2= —K(z)DH(2),

where here D H denotes the Fréchet derivative of the functional H. An advantage of this Onsager form
is that it facilitates the consistent coupling of different physical phenomena, which can be realised by
an additive decomposition of KK [36]. Observe that, formally, the above structure encodes the following
core entropy dissipation property

411(2) = ~(DH(2), K(2) DH(2)) <0 (12
along any solution curve z = z(t) of the above law. Conservation of the total energy F/(z), with £ de-

noting the energy functional on Z, can be guaranteed by imposing the condition KDE = K*DFE L
0, which implies that L E(z) = —(DE(z),K(z)DH(z)) = 0.

In the context of ERDS, we consider, as introduced above, z = (u,¢) with u the internal energy
density and ¢ = (¢y, . . ., ¢,,) the vector of concentrations. We focus on entropies of the form

with densities

h(z) = h(u,c) = —o(u) + Z b(c;, wi(u)),
i=1
composed of a thermal part o(u) and a relative Boltzmann entropy b(s, ) = eA(s/e), where
A(r) :==rlog(r) —r+1, (1.3)

and with w; = w;(u), 7 = 1,...,n, denoting the thermodynamic equilibria of the concentrations c;.
The dependence of w; on the internal energy density u results in a strong coupling of the system and
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Weak-strong uniqueness for ERDS 3

is one of the main sources of difficulties in the analysis. It will be convenient to introduce the function
o(u) =o(u) — >.7 w;(u) + n and rewrite h(u, ¢) in the following more explicit form

h(u, c) +Z< ¢i) — ¢ilogw;(u )) (h1)

To simplify the exposition, we will impose the following concrete conditions on the coefficient functions
(cf. [24)):

o € C*((0,00)) strictly concave & non-decreasing.
w; € C([0,00)) NC?((0,00)) concave & non-decr. with w;(0) > 0 for all 4.
. ) \ ; (h2)
limy, o 6" (1) = +00, limy1eo 6 (u) = 0; SUP,e(o1) & ( ) < 0.
38 € (0,1) such that w;(u) <1+ u’ foralli € {1,...,n}.
Typical choices are 6(u) = alog(u) or 6(u) = au” for some v € (0,1), a > 0, and w;(u) =

(6171u + b270)ﬁ1 or w; ( ) = bi71uﬁi + b@o for 61 € (0, 1), b@() > O, b@l Z 0.

Our weak-strong uniqueness principle does not rely, in an essential way, on this specific form of the
entropy density." In fact, in the proof of our main theorem (Thm , identity is only used to
guarantee the coercivity properties in Proposition The crucial point in the assumptions on the
coefficient functions is that they ensure good convexity properties, and more specifically the locally
uniform positive definiteness of the Hessian D?h, which is essential for estimate in Prop.
The monotonicity assumptions on & and w; are relevant from the modelling point of view, since they
ensure that u — h(u, c) is non-increasing, so that temperature, which is given by —ﬁ, is non-
negative.

As in [39, [24]) we are primarily interested in Onsager operators K of the form

K<Z>C = Kdiﬂ(Z)C + Kreact(’z)c =-V- (M(Z)VC) + ]L(Z)Cu
where M(2),IL(z) € RU+M*1+7) are positive semi-definite symmetric matrices and where V. =
V. is the gradient with respect to x € 2. We will complement K with the no-flux boundary conditions
MV - v = 0 on 952, where v denotes the outer unit normal vector to €2. Observing that E(u, ¢) =
fQ u describes the total (internal) energy, the condition KD FE = 0, ensuring energy conservation,
means that ker L(2) 2O span{(1,0)T}. Thus, by the symmetry of L, the zeroth component R of
R(z) := —LL(2z)Dh(z) vanishes. Moreover, positive semi-definiteness of I implies the inequality

In this paper, the specific form of IL(z) will not be relevant. Instead, we directly work with reactions
R(z) of the form

R(z) := (0, Ry(2), ..., Bn(2))
satisfying (1.4).
With K as above, the equation 2 = —K(z) D H (z) can be written in the form by choosing
A(2) := M(2)D?h(z).

In short,
Oz = V- (A(Z)Vz) + R(2), t>0,z€Q,

0 = A(2)Vz-v, t> 0,2 € 08,
subject to an initial condition z;—¢ = 2. In the above setting, the entropy dissipation property (1.2)

takes the form
/9 d:c = / D; h d:r; <0,

See Sec. for an example of a different entropy density that our technique can be adapted to.

(ERDS)
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K. Hopf 4

where X (z) := VD;h(z) - M (2)VD,h(z) > 0, by the positive semi-definiteness of the mobility
matrix M, which will be assumed throughout. Supposing, for instance, that 22(z) 2 > 7" | |V/c;|?
(as it can be proved for many of the models considered in [24], see Section and Lemma [6.1),
and using conservation of fQ u together with suitable bounds on H(z) (cf. Lemma , the entropy
dissipation property provides a priori control of Y, HV\/c_zH%?z Let us further note that the fact

that Ry (z) vanishes gives to some extent a scalar-like structure to the u-component of (ERDS), and
if, for instance, M is chosen such that Ay; = @ dy; for some function a = a(z) > 0, any LP-type
energy %Hu( M%s, p € (1,00), is formally non-increasing in time.

1.2. Motivation and strategy. Being able, for a given PDE, to identify concepts of solutions for which
both existence and uniqueness can be established is a fundamental concern in modelling and anal-
ysis. For scalar equations, there are various tools to identify frameworks allowing for the existence
of a unique solution, even in regimes of low regularity and with strong nonlinearities. One approach
is based on the ‘doubling variables’ technique first employed by Kruzkov [32] to entropy solutions of
first-order equations, and extended by Carrillo [6] to hyperbolic-parabolic-elliptic equations. The con-
cept was adapted to situations where L°° bounds are not available to give uniqueness in a class of
renormalised solutions [3| [7]. See also [2, 40, [1] for more recent developments. Let us also mention
the Young measure approach to conservation laws going back to Tartar [43] and DiPerna [19] who
obtained, in the scalar case, uniqueness of solutions obeying an entropy inequality. For second order
parabolic and elliptic equations the viscosity solution technique and associated comparison princi-
ples [30, [14] are powerful tools and the key to a variety of wellposedness results in geometric, highly
nonlinear or degenerate settings, see e.g. [20, 13, 5, 18]. Some extensions of the viscosity solution
approach to systems are available for weakly coupled problems with a monotonicity condition [29].
Further uniqueness results applying to specific systems and typically in more regular situations in-
clude [25| 31, 10, 41, [26], 4].

In general, the case of strongly coupled (parabolic) systems tends to be much more difficult. While
under a parabolicity condition the existence of suitable generalised solutions (here referred to as ‘weak’
solutions) can often be established, positive uniqueness results in such general settings are rare. It
is therefore common, to relax the quest for uniqueness to the problem of whether weak solutions are
uniquely determined in situations where a sufficiently regular solution (a ‘strong’ solution) happens to
exist. In other words, one is interested in the question of whether such strong solutions are unique in
a potentially much larger class of weak solutions. The question of weak-strong uniqueness is classical
in fluid dynamics problems and goes back to Leray’s fundamental work [33], where it was established
for the incompressible Navier—Stokes equations. We refer to the survey by Wiedemann [45] for more
details and further references. For recent advances on conditional uniqueness results for dissipative
measure-valued solutions to conservation laws, see [27] and references therein. Quite interesting in
the thermodynamics context is moreover the relative entropy technique employed by DiPerna [18] and
Dafermos [16] for hyperbolic conservation laws.

Relative entropy methods are nowadays a standard tool to study weak stability properties of nonlinear
systems endowed with a (convex) entropy structure. Generally speaking (using the notation introduced
in Sec.[1.1), a relative entropy of the form

Hrel(zag) = H(Z) - /QDzh(g)(zl - 27,) da — H(g) (1.9)

is used to measure the distance between a weak solution z and a strong solution Z. Observe that for
convex entropies H(z), the map z — H,q(z, Z) is a non-negative, convex functional vanishing in
z = Z. The thermodynamic structure ensures that regular solutions automatically satisfy an entropy
dissipation balance (cf. eq. (1.2)). Physically relevant processes may, however, in general possess less
regularity and here an entropy inequality is often added as an admissibility criterion for weak solutions.
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The goal is then to obtain an upper bound on the time evolution of the relative entropy that implies
stability of a regular flow on a finite time horizon among generalised solutions. This means that given
a regular flow, any weak solution that is initially close (in relative entropy) will remain close for some
time.

In the present paper, we pursue such a strategy in the context of ERDS. Weak-strong uniqueness
has recently been obtained for entropy-dissipating reaction-diffusion systems with a uniformly elliptic
and bounded diagonal diffusion matrix [23], where the main difficulty consists in a lack of control of
the reaction rates. Extensions to a cross-diffusion system from population dynamics with weak cross
diffusion can be found in [12]. Both references are based on the relative entropy method, but their
arguments rely on the specific structure of the diffusion matrix of their systems. Here, we would like to
present a more general strategy to deduce stability from an underlying thermodynamic structure.

Given the strong coupling and lack of a priori bounds in L°°, there are several difficulties in our ERDS
that require an adaptation of the classical relative entropy approach to weak-strong stability. First,
due to the lack of growth restrictions on the reactions and in some cases even the flux term (see the
models in [24]), the evolution of the classical relative entropy used to measure the distance between a
renormalised solution z and a strong solution z, cannot be properly controlled. This is due to the term

_ /Q Dih(3) 42 da = /Q VDh(3) - (Ay(2)V2) de — /Q Dh()R(:)dz (1)

arising in the formal computation of the time derivative of Hrel(z, 2). In fact, the available a priori
estimates do not ensure that A;;(2)Vz; € L'(Q2) and R;(z) € L'(Q) for a.e. time. At the same
time, the corresponding integrands in do not have a sign, and there is no hope for the uncontrolled
parts to cancel with some of the remaining terms appearing in %Hrel(z, Z). It is therefore necessary
to adjust the relative entropy H, (2, Z). This issue has already been encountered in [23]; it can be
resolved by introducing a suitable smooth and compactly supported truncation function £* = £*(z)
with £*(z) = 1if Y 1 ;2 < Eforsome E > >  Z; (see Section[3.1|for details) in the formula
for the relative entropy via

H(2,2) == H(z) — /QD,h(E)(f*(z)zz —Z)dx — H(Z).

The relative entropy density adjusted in this fashion allows to remove the issue pointed out above.
(Strictly speaking, in the term Dyh(Z2)(zy — Zp) the truncation function is not needed in the models
considered in this paper, and for other applications it may be helpful to use a different choice such as
Dih(2)(&(2)z — Z;) with £(2) = 1 for i = 0, or versions thereof.)

A second difficulty arising in the case of ERDS is the inherent coupling between concentrations and
energy density, which manifests itself in the circumstance that the entropy density cannot be additively
decomposed into terms depending only on an individual component z;. This in turn leads to a non-
diagonal diffusion matrix A(z) and renders estimating the evolution of H,(z, Z) substantially more
delicate than in the diagonal case. One of the main contributions of this manuscript is to show that
such estimates can be achieved, with relatively little technical effort, by carefully exploiting the entropy

structure.

The energy component u plays a distinguished role in ERDS that has to be taken advantage of when
interested in a general analysis. At a technical level, the physical constraint of the convex function
h(u, c) being non-increasing in u (to ensure a non-negative temperature) restricts the range of rele-
vant functions ¢ to sublinearities such as 6 (u) = u” forsome v € [0, 1) (with v = ( corresponding to
log). Unless & (u) has close to linear growth for large values of u, even the possibility of an existence
theory solely based on the entropy estimate is questionable in general dimensions. We are interested
in covering more degenerate choices of ¢, and therefore cannot purely rely on the (adjusted) relative
entropy to measure the distance of a weak to the strong solution. Instead, we exploit the absence of
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source terms in the u-component of the evolution system, which allows to give an extra, scalar-like
structure to the evolution law for u. Here, we content ourselves with the arguably simplest choice of
an L2-structure, meaning that we consider weighted generalised distances of the form

Dist}(z,2) = H: (2, 2) + %Hu—fLH%z(Q), a € (0,00).

This is consistent with the approach in [24] and allows us in particular to show the weak-strong unique-
ness property for the potentially pathological solutions constructed in [24, Theorem 1.8], where a
cross-diffusion dominant regime was considered with gradients of the internal energy density induc-
ing a (possibly) non-integrable concentration flux. Furthermore, by exploiting the existence of such an
additional quantity that up to some error term is dissipated along the flow, we can relax the conditions
on the entropy functional in [39] required for proving exponential convergence to equilibrium.

1.3. Technique. Here, we briefly outline, at a formal level, the main points of our argument showing
a weak-strong stability estimate of the form

4 Dist? (2, 2) Sraer Disty (2, 2), (1.7)

~

on any finite time horizon (0,7"), T" < T, where z is assumed to be a ‘weak’ (renormalised) solution
and Z a ‘strong’ solution of (ERDS) in (0, 7™*) x €2 for some 1™ € (0, <.

First, letting disty, (2, 2) = hiy (2, 2) + $|u — 1|?, where
(2, 2) = h(z) = Dih(2)(€7(2)2i — Z) — h(2), (18)

we can write Dist?,(z, 2) = [, dist’,(z, Z) dz. We further recall that the function £* = £*(2) will
be chosen such that £*(z) = 1if > z; < E for an auxiliary parameter £ > > ", Z;. Then, if
F = E(z,min{q, 1}) is chosen large enough, dist’ (z,z) > 0 for all z € [0, 00)'*" with equality
if and only if 2z = 2.

To sketch the argument leading to (1.7), let us for simplicity only consider the case where AOj(Z) =
a(z)dp; with @ 2 1. In this case, it will suffice to take o > 1. We now assume that z and Z are
sufficiently regular solutions of (with A = MD?h, M > 0, D;hR; < 0), where the strong
solution 2 be such that ||Z[|co.1 (o r)x0) < o0 and inf (g 1)xn 2z > Oforalli € {0,...,n} and all
T < T*. To estimate the time evolution of Dist (z, Z), one formally computes

4 Dist}(z,2) = / p™M dz + a/ P9 du,
Q Q
where (see Lemma[3.4)

pM = —VD;h(2)
+ V(D€ (2)2) Dih(2)) - Ma(2)V Dih(2)
+ V(Dih(B)(E" ()% — %) ) - Mal2)V Dih(2)

—DhU@(M—%)A)
+ (D;h(z) — D;h(2)Di(€7(2) 1)) Ri(2),

- M (2)V Dih(2) (1.9)

and
P9 = —a(2)|Vul* — a(2)|Va)? + a(2)Vu - Vi + a(2)Vu - Vi
= —a(2)|Vu — Vi|? — (a(z) — a(2))(Vu — Va) - Vi (1.10)
Thus, to show it suffices to obtain a pointwise upper bound of the form
P = p"™ + ap? < dist?(z, 2). (1.11)
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This pointwise estimate will be proved by distinguishing four cases determined by the value of the
weak solution z = 2(¢,z) € [0,00)'™ at any given point (¢, x). This case distinction is motivated
by the following observations:

First, if z € [0, 00) "™ with Y | z; < E for E = E(Z) large enough, we want i, (z, Z) to coincide
with the classical relative entropy density h.ei(z, 2) = h(z) — D;h(Z)(z; — Z;) — h(Z) to be able
to use its distance-like properties. This will be ensured by choosing £*(2) = 1 with D*¢*(2) = 0
for all k € N* whenever > z; < E (cf. the definition of £* in Sect. B.1). Thus, if [z — Z| is
close to zero, the strict convexity, non-negativity and vanishing in z = Z of dist}(+, Z) imply that
dist}, (2, 2) ~|z|,,6 |2 — Z|* for |z| < E. In this case, to show that p, is quadratically small in
Z|, we write (using >, z; < E)

p" = =V (Dih(2) = D;h(2)) - Ma(2)V(Dih(z) — Dih(Z))
— V(Dih(2) = D;h(2)) - (Ma(2) — Mi(2))VDih ( )
— V(Dih(z) — Dib(3) — Dysh(3)(z; — %)) - My(3)V Dih(Z)
+ (Dih(2) — Dih(2) — Dish(2)(2; — 2;)) Ri( )

+ (Dih(z) - Dih(Z))(Rz'(Z) — Ri(2)),

see case A, in the proof of Theorem for details. In order to deal with the terms involving a
gradient of z that appear in the second and the third term on the RHS, one would like to exploit the
non-positive first term on the RHS. Typically (such as in the ERDS models considered in [24]), the
submatrix (M;(z));1=1...» Will, however, degenerate as soon as ¢; \, 0 for some i € {1,...,n}.
Yetif min{z1, ..., z,} > tforsome ¢ > 0, then it is possible to assume that (M;;(2))ii=1...n 20 Lo
This, combined with the second line in and suitable smoothness assumptions on M and /£, will
allow us to infer that

Pa SJE,L,E |Z - 5’2

whenever z(t,x) € Ay = {2’ € [0,00)"*" : min{z{,..., 2} > ¢, Y1,z < E} for some
¢ > 0 and sufficiently large £/ > 1.

To deal with the case z(t,z) € Ay := {7/ : min{z,...,2,} < ¢, Doz < E}, we fix
¢ = t(Z) > 0 small enough such that inf Z; > 2. for all ¢ = 0,...,n. This implies that |z —
Z| >  whenever z € Ajy. Thus, since |z — Z| 2 1 is bounded away from zero, so is dist(z, Z)
(see Prop. . It then suffices to have suitable coercivity estimates on &(z) that allow to absorb
those terms on the RHS of that involve gradients of 2z and do not have a sign by the first term
on the RHS, which equals —Z?(z). (Such coercivity estimates are typically already needed in the
construction of solutions.)

It remains to consider the case Z z; > FE, where E will be chosen large enough, in particular
such that £ > || Z Zill (o)) + 1 and E > Ep with Ey being such that dist;,(z,2) 2
Yo cilog, (¢;) + u? + 1 for all E > FEy. If z & supp&*, p™ takes a simple form. The entropy
dissipating property of diffusion and reactions, and the Lipschitz regularity of the strong solution z are
sufficient to deduce in this case (referred to as z € C).

The intermediate case (below referred to as case z € B), where 0 < £* < 1, is somewhat more
delicate as can be seen in formula (1.9), where the second term on the RHS involves products of
gradients of the weak solution. In order to be able to absorb this term by the first term on the RHS
of (1.9), another scale £’ > F is introduced (for convenience we choose £’ = E¥, as in [23]),
and &* will be taken such that £*(z) = O if and only if > " 2z > E’, {*(z) = 1if and only if
Z?:O z; < E. On these scales, derivatives of £* typically have an additional decay property enabling
the desired absorption if % is large enough.

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



K. Hopf 8

1.4. Outline. The rest of the article is structured as follows. In Section[2]we introduce relevant defini-
tions and hypotheses, and formulate our main results: a weak-strong uniqueness principle for renor-
malised solutions to (ERDS) (see Thm [2.8), a strong entropy dissipation inequality as used in the
proof of Theorem (see Prop.[2.9), and a result on the exponential convergence to equilibrium (see
Prop.[2.10). In Section [2.3|we present selected examples that our main results apply to, including the
class of ERDS considered in [24] as well as a class of models with cross diffusion between species.
The weak-strong uniqueness principle is proved in Section (3| starting with several auxiliary results
with the actual proof of Theorem being given in Section The proofs of the entropy dissipation
inequality and the exponential convergence to equilibrium are given in Sections |4 and [5| respectively.
Some auxiliary results are gathered in Appendix 6]

1.5. Notations.

e Summation convention: any unspecified summations of the form Zl are to be understood as Z?:o- For
brevity, we use a summation convention for summing over the system’s components ¢ = 0,...,n in
case of repeatedly occurring indices while omitting the summation symbol. In ambiguous situations the
summation symbol will be used. Summations restricted to 7= = 1,...,n (excluding the u-component)
will always be made explicit. In our convention, summation over repeated indices has priority over other
mathematical operations such as integration or taking the absolute value. For instance, by default we let
|Ai(2)Var| = | Yop_g Aie(2) V2.

e For technical concerns regarding the notation M;;(2)V D;h(z), we refer to Remark[2.3]

e Wedenote by R = (0, Ry, ..., R,)T the vectors of reaction rates.
e Given T™ € (0, 00], we let I = [0,T™) denote the time horizon of interest. For T' > 0, we abbreviate
QT = (O,T) x .

e For functions f = f(z0,...,2,) welet D;f = g—i and D;; f = %afzjfori,j €{0,...,n}.

e In estimates, C' < oo typically denotes a finite (sufficiently large) constant that may change from line to
line, while we often use € > 0 to denote a (sufficiently small) positive constant.

e For quantities A, B > 0 we write A < B if there exists a fixed constant C' < oo such that A < C'B.
The notation A 2> B means B < A, while A ~ B is to be understood as both A < B and A 2

B being satisfied. In order to indicate dependencies of the constant C' = C(py, ..., px) on certain
parameters p1, . .., pg, we write A <, ., B, and analogously for 2 and ~.

e Any dependence of constants and estimates on the regular solution Z € C'%! will usually not be explicitly
indicated.
We let min(z) := min{zo, 21, ..., 2, } for 2 = (20, ..., 2n) € [0,00)1™.
By default, | - | denotes the Euclidean norm, e.g. |z| = (Z |2 )%

|2[1 = X it ziand [ch =301, ¢
For time-dependent integral functionals [, f((t,x), 2(t,z)) dz, where z = z(t, ) denotes a ‘weak’

solution of (ERDS) taking in a suitable sense the data 2™ we use the convention

/ftx t:cd:n /fo Txdx—/f()x (z)) dz

provided the terms on the RHS are well-defined.

e Foranopenset U C RY, C*(U) denotes the space of continuous functions on U that are continuously
differentiable up to order k € N. By C*¥(U) = C’{Zé’(U) we denote the space of functions in C*(U/),
whose k-th derivative is v-Hélder continuous for some v € (0, 1] on compact subsets K C U. (We use

the symbol Cfi’;g(U) for clarity’s sake.)

2. MAIN RESULTS

2.1. Assumptions. Throughout these notes, we let d > 1 and Q2 C R? be a bounded Lipschitz
domain with |2| = 1. We further let 7 € (0, 00] and I = [0, ™).
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Weak-strong uniqueness for ERDS 9

To prepare for stating our main result, the weak-strong uniqueness principle (Theorem[2.8), we gather
the following conditions.

(A1) Entropy: h € C*((0, 00)™) is of the form (hT), where & and w; are supposed to satisfy (A2).

(A2) Reactions: R = (0, Ry, ..., R,) € C([0, 00)1tm)1+n
(i) satisfy Y | D;h(z)Ri(z) < 0in (0, 00)'*"
(ii) are locally Lipschitz continuous in (0, co)*™.

(A3) Mobility matrix: M € (Cpe (0, 00)*™) N C([0, )H”))(Hn)x(Hm and there exist non-
negative functions m,a € q?)j((o o)) and w € {0,1} with0 < m < wanda > 1
such that

My, = MOZ +0gm forl=0,...,n, (A3.a)

for suitable 1\71[0; satisfying Zzn:o Molejh = 0o;a.
Moreover, for all z € [0, 00)'*" with min; z; > ¢« for some ¢ > 0 there exists €(¢) > 0 such
that

M(z) > diag(m(z),0,...,0) + €(¢) diag(0,1,...,1). (A3.b)
By continuity, when ¢ = 0, holds true with €(¢) = 0.
Using our standard notation A(z) = M(z)D?Ah(z), hp. implies that, formally,
Z Apj(2)Vz; = Z Mo (2)VDih(z) = a(2)Vu + m(2)VDoh(2). (A3.c)
1=0

We further need certain bounds on the flux and the concentration gradients in terms of the entropy
dissipation. For this purpose we define for non-negative functions z; € Li..(I, L*(2)) such that
V() € L}, (I; L*(2)) for some s € {3, 1} for each j € {0, ..., n}, the quantity

P(2):=Vz: (D*h(2)A(2)V2)
= VD;h(z) - (M(2)VDh(z)),

where the second equality is to be understood in a formal sense, see Remark[2.3] By the positive semi-
definiteness of M imposed by hp. (A3:b), we have ?(z) > 0 for any such z, and more specifically,
P(z) > m(z)|VDoh(2)]2.

(Ad) Forall K > 1
X{z1<i3 Vel Sk vV P(2), (Ad.a)

X{lel<)] Z A (2)Vz] Sk VP(2) (A4.b)

foralle =0,...,n.
(A5) For a(z) asin|(A3),
la(z2)Vu| < (14 u)y/ P(z2).
Additionally, we often impose the following bound:
(A6) Forall0 <1< n

X{\z|1>1}|VZ||ZAw (2)Vz| S 2|2 (2) + |2l [Vl

7=0
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If [[AG)|is not satisfied, we have to assume that o = 0 in[(A3)]together with the condition:
(A6") Forall0 <i<mnandallu € (0, 1]
V2]l ) Aij(2) V2| S |21 2(2) + C(l2], )| Vul”
X{u>u} X{|z|1>1} zg j
7=0

Let us observe that[(A6) —>

A selection of relevant examples fulfilling the above hypotheses is provided in Section

2.2. Definitions and Results. Throughout this text, we write A(z) := M(z)D?h(z), where h takes
the form (h1), (h2). We further recall our summation convention (see Notations[1.5).

Definition 2.1 (Renormalised solutions). Let I = [0, 7*) and suppose that the vector-valued function
z = (u ¢1,...,¢y) has non-negative components z; > 0 satisfying \/z; € L (I; H'(Q)) or
z € L2 (I; Hl(Q)) forallt =0, ... ,n. Further suppose that for all E > 1

X{=l<py Ain(2)V 2y, € L (1; L*(Q)),

loc

foreveryi € {0,...,n}.

We call such z a renormalised solution of the energy-reaction-diffusion system in Qp« =
(0,7%) x Q with initial data =™ if for all e C‘X’(R;{)”) with compactly supported derivative D&, all
Y € C*(I x Q) and almost all T € (0,T*)

[ oy [ o [ [ donan

T
—/ /Dij{f(z)Aik(z)Vzk-szw dadt (2.1)

//Dg Ain(2)V 2, - Vz/;dxdtJr//Df 2) dzdt.

Remark 2.2. By approximation, given a renormalised solution z, the equality (2.1) can be seen to
hold true for a larger set of test functions 1 € C(I x Q) with Opp € L (I;LY(Q)), Vi €
L% (I3 L*(2)), and for truncation functions § € C*(RLE™) with supp DE compact.

loc

Remark 2.3 (Notation). Let z denote a renormalised solution of in the sense of Def. To
keep notation simple and better emphasise the entropy structure of the diffusive part, we will often use
a ‘symbolic’ notation writing M;(2)V D;h(z) instead of A;(2)V zi, where as before the summation
convention is used. Likewise, we write V. D;h(z) instead of the more precise notation D;;jh(z)V z;.
The point here is that while, by hypothesis, the weak derivatives Vz;, 7 = 0, ..., n, are well-defined
(in the standard Sobolev/distributional sense), the function D;h(z) may not be weakly differentiable.

Remark 2.4. The following equation, equivalent to (2.1), can be obtained by ‘reversing the product
rule’ for V

[ty [ aeuoa- [ [ dooman
_/OT/Qv(Dig(z)w). M (2)V.Dy(z )dxdt—i—/ /Dg Ri(2)y dxdt,

where we recall our convention M (2)V D;h(z) := Au(2)Vzy, see Remark[2.3

(2.2)
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Notice that thanks to the hypothesis of D& being compactly supported, no growth restrictions have
to be imposed on the reaction term R(z) in (2:7), and none of the flux terms A;z(2)V zy is neces-
sarily required to be integrable in order for the integrals in to converge. At the same time, this
restrictive condition on the set of admissible truncation functions & means that recovering a separate
(e.g. weak) formulation of a single component iy € {0,...,n} of the system (assuming integrabil-
ity of A;,x(2)Vz and R;,(2)) is not immediate unless all components of the flux and the reactions
are known to be integrable. Thus, consistent with the existence result for in [24], our weak-
strong uniqueness principle for renormalised solutions additionally assumes a weak formulation for
the energy component.

Definition 2.5 (Weak solutions of energy equation). Let z = (u, c¢) be as in Def. We say that u
is a weak solution of the energy component Oyu = div(Ag;(2)Vz;) in Qp« with no-flux boundary
conditions and initial condition u™ if Ay;(2)Vz; € LL (I; L*(Q)) and ifforall ¢ € C'(I x Q) and
almost all'T' < T

T
/u(T,-)ap(T,-)d:p—/uinap(O,-)dx—/ /uf)tgodxdt
Q Q 0 Jo
T
——/ /Aoj(z)sz-Vgpdxdt.
0 Jo

By carefully using lower-semicontinuity type properties of the entropy and entropy dissipation, the
existence proof of global-in-time weak and renormalised solutions to ERDS as provided in [24] typically
allows to show that for almost all 7" € (0, co) the constructed solutions satisfy the entropy dissipation

inequality
H(2(T)) — //@ dxdt—l—// z) dzdt, (ED)

where we recall the notation & (z) := VD;h(z) - Mly(2)VD,h(z) > 0. Observe that thanks to the
non-negativity of &(z) and —R;(z) D;h(z) (to be assumed throughout), any function z = (u, ¢) with
u € L° L} and well-defined, measurable Z(z) that satisfies with 2(2™) € L'(£2) necessarily
has the regularity #(z) € L'(Qr) and R;(z)D;h(z) € L'(Qr). (For the estimate on H(z(T'))
required in this argument, see in the appendix.)

(2.3)

We further note that the energy equation d;u = div(Ag;(z)Vz;) is satisfied in the weak sense by
the solutions constructed in ref. [24], that Vu € L*(27), and that the quantity G (u) = %HUH%Q(Q)
satisfies (with an equality)

G(u(T)) — Gu™) < —/O /Qa(z)|Vu|2dmdt —/0 /Qm(z)VDgh(z) -Vudxdt  (ENE)

for almost all 7" € (0, 00). (In [24], the case m = 0 was considered.)

Our main theorem asserts a weak-strong uniqueness property of entropy-dissipating renormalised
solutions to the energy-reaction-diffusion problem under a set of hypotheses that is motivated
by and compatible with the models in [24] (see system below). Before stating the theorem, we
need to specify what we understand by a ‘strong’ solution.

Definition 2.6 (Weak solution). Let I = [0,T*). We call a function z € Li. (I; W(Q)), z
(u,c1, ..., co) withz; > 0 for alli, a weak solution of (ERDS) in Qr« with initial data 2™ if A;; (z)VzJ, Ri(z) €

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



K. Hopf 12

Ll

loc

(I; LY(2)) for alli, and if for all ) € C°(I x Q)**™ and almost all T € (0, T*)

/Q %(T, )i(T, ) dz — / 20,0, ) da — / / 20pb; dzdt
/ / 4(2)V 2 - Vi dadt + / / 2); dadt.

Definition 2.7 (‘Strong’ solution). Let [ = [0,7%). We call z = z(t,xz) a strong solution of sys-
tem (ERDS) in Qp+ with data 2™ if it is a weak solution in the sense of Def/n/tlon 6, has the regularity
zeCy) (I x (1) and satisfies infq,. z; > 0 fori = 0,...,n and every T € (0, T*).

loc
Theorem 2.8 (Weak-strong uniqueness). Let T* € (0, oo]. Assume hp.[(AL)H(AB)] Further suppose
that [(AG)| holds true, or alternatively that w = 0 and that (AG) is fulfilled. Let 2™ = (ul,c™) €
LY Q)" 20 > 0 for all i, and h(z™) € LY(Q), u™ € L*(Q). Let 2 = (u, c) be a renormalised
solution of system in Q- taking the initial data 2™, and let u be a weak solution of the energy
equation in the sense of Definition Further suppose that, for almost all'T € (0,T*), z satisfies the
entropy inequality and the energy inequality with Vu € L*(Qr). If Z is a strong solution in
Q-+ in the sense of Definition taking the same initial data ™, then z = Z a.e. in Qp-.

(2.4)

The proof of Theorem [2.8|will be completed in Section In Section[2.3|we provide a list of examples
covered by this theorem, including a class of (isoenergetic) cross-diffusion systems.

As mentioned in the introduction, the proof of Theorem [2.8|is based on a weak-strong stability type
estimate with a generalised distance involving a modified relatlve entropy and an L?-part for the en-
ergy component (cf. Sec.[1.3). The entropy inequality is a fundamental ingredient in the proof. As
pointed out above, the solutions constructed in ref. [24] enjoy this estimate. The hypothesis in Theo-
rem[2.8|that admissible weak solutions satisfy some kind of entropy/energy dissipation inequality is not
uncommon in systems with strong nonlinearities; similar assumptions are encountered in the context
of weak-strong uniqueness in fluid dynamics problems, see e.g. [45}42] and references therein. Yet for
many of the models we are interested in, the entropy dissipation inequality as well as the energy
(in)equality can be derived for general renormalised solutions z in the sense of Definition
(with the u-component satisfying a scalar problem as in Def. if one assumes integrability of the
quantities #?(z) and a(z)|Vu|?. In order to illustrate the ideas, we provide a proof of inequality
for one of the models in the ref. [24] considering ERDS of the form

u = div( a(u, c)Vu + m(z)VDoh(z)), (2.5a)
= div (ml(u c)VIog( (u)) + a(u, c)¢; Z/ Zg Vu) + R;(u, c), (2.5b)
where, as before, h(u, c) satisfies (A1), (h2), and where a(z) := m1(2)7y(2), with
wiy 2 A - w! (u
Y(u,c) = (92h — Z cl(w—z) ) =—06"(u) — Zci wlz((u)) > 0. (2.6)
— i=1
System is obtained as a special case of by choosing
M(z) := diag (m, ma,... ,mn) + TR W (2.7)
with non-negative functions m, m;, m; € C/([0, 00)'*™) to be specified below, and pt = (1, i1, . . . , fin)
determined by
wi(u) .
7 ) = : 7 f € 17 ey .
wi(u, c) wi(u)c ori € { n}

Throughout, the bound

0< vm(u,c) S1+u (2.8)

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



Weak-strong uniqueness for ERDS 13

and the mild regularity condition /7 (u, c)w!(u) € C([0,00)™™),7 = 1,...,n, will be imposed,
the latter ensuring the continuity of Ml in [0, co)'*".

The functions m;(u,c), i € {1,...,n}, are assumed to take the following form for certain a; €
C([O, OO)1+n) and Koy, K1, 2 0:

m;(u, ¢) = ¢;a;(u, c), where  a;(u,c) ~ Ko; + K1,C;. (2.9)

Hypotheses of Model (M0). Model |(MO)| consists of the following conditions:

e Entropy density h is given by (h1), with coefficient functions satisfying
07 S —wiw (2.10)

(w;
foralli € {1,...,n}.
e Reactions R; € C([0,00)'*"),i = 1,...,n, satisfy[(A2.i), where Ry = 0.
e Mis given by (2.7)—(2.9) with
o rank-one part: m (z) ~ ﬁ where 7 is given by (2.6).
o diagonal part: 0 < m(z) < w for some @w € {0, 1}, and m;(u, ¢) given by with
Ro,; = 17 Ri1,; = Oforallz € {1, ce ,n}.

We recall that the evolution law associated with Model [(M0)] takes the form (2.5a), (2.5b). (Cf.

Lemma and [24] for details.) It is further easy to see that condition (2.8) is compatible with the

choice 71 (2) ~ —L for any power law 6 (u) = u”, v € (0,1) and 6(u) = log(u).
v(2)

Model [(M0)|generalises the special case M(u, ¢) = const-(D?h(u, c))~" considered in [28]. It allows
for species-dependent diffusivities, and genuinely contains cross terms in this case. More precisely,
for models with species-dependent diffusion coefficients, thermodynamical consistency always leads
to cross-diffusion effects, since for a diagonal diffusion matrix A = diag(...) € RO+WX1+1) that is
not a multiple of the identity matrix the product Ml = A(D?h)~! is not symmetric.

In the derivation of the entropy dissipation inequality (ED), we need to assume that
n
m(u,¢) Y o < (1+u)?, (2.11)
I=1

and have to impose the following conditions mainly serving to avoid issues for small values of u close
to zero:

{m(u,cﬂ«; (] S 1, 212

—6"(v) S —6"(u)+1 forallv > u.

Proposition 2.9 (Strong entropy dissipation inequality). Let T* € (0, 00|. Let the hypotheses of
Model hold, and assume locally €,-Hélder continuous reactions R € C} ([0, 00)'*"™) for some
o € (0,1). In addition, assume the bounds [2.11), (2.12), and suppose that w; € C?*([0,0)) for
i=1,...,n. Letz"™ = (u™ ™), 2" > 0, andu™,6_(u™) € L'(Q) and ci* € Llog L(Q) for all
i. Let z = (u, ¢) have non-negative components and suppose that

u € L ([0,77); L'()),

P(z) € L'Qrp), a(2)|Vul* € LY(Qp) foralT < T*.

If = is a renormalised solution (in the sense of Def. of system in Q- with initial data 2™,
then the strong entropy dissipation inequality is satisfied, i.e.

H((t)) — H(2(s)) < — / t /Q P(2) dadr + / t /Q Ri(:)D;h()dzdr  (en.s)

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



K. Hopf 14

forae. 0 <s<t<T* andfors =0?andae.t € (0,T*). In particular, ineq. holds true for
aeT e (0,T%).

For the proof of Proposition see Section [4, Some comments on generalisations of Proposition
to other models are provided in Section

In our final main result, we illustrate that a version of the generalised distance can further be used to
prove exponential convergence to equilibrium. Exponential convergence in relative entropy has been
studied at a formal level in [39] by means of log-Sobolev type inequalities leading to entropy-entropy
dissipation estimates (see also [28]). In contrast to the present approach, [39] solely relies on the
relative entropy, which restricts the results to thermal parts o close to linear; for instance, the choice
o(u) ~ logu related to gas dynamics is only admitted in dimensions d < 2. For simplicity, in the
following result we disregard the reaction term and refer to [39] for applications on mass action-type
reactions. We will further assume the strong energy inequality i.e.

G(u(t)) — // (2)|Vul|? dedr — / / m(z)VDoh(z) - Vudrdr (ENE.S)
forae.0 <s<t<T* andfors=0andae.t € (0,7%).

Proposition 2.10 (Exponential convergence to equilibrium). Recall that [2| = 1 and let the hy-
potheses of Model hold. Let z'™ = (u™, ™) have non-negative components with &_(u™) €
LYQ), u™ € L*(Q), d™ € LlogL. Let z = (u,c) withu € LIOC([O, ), L*(Q)) and Vu €
L2 ([0,00), L*(€2)) be a global-in-time renormalised solution of (ERDS) with R = 0, and suppose

that (ED.S) and (ENE.s) are satisfied (with T = 00).

Then [, zi(t,x)de = [, z"(x)dz =: % foralli € {0,...,n} and a.a. t > 0, and there exist
constants « € (0,1] and A = A\(z, «, Q) > 0 such that for a.e. t > 0

Disty (2(t), 2) < e Dist, (2™, 2), (2.13)
where Dist,(z, 2) = Hya(z, 2) + aGra(u, @) (cf. eq. (1.5)).

See Section 5] for the proof of Prop. For non-trivial reactions obeying mass action kinetics, the
steady state Z associated with is determined by solving a constrained minimisation problem

for the convex entropy functional H (u,c) imposing energy conservation E(u,c) = [, u < Ey
and further linear constraints taking into account possible conservation laws for the concentrations
(see [28] [39]). Prop. considers the simplest case, where all species have a conserved mass.
Extension to more general reactions is usually achieved by means of suitable coercivity estimates for
the dissipation term —D;h(z)R;(z) > 0 associated with the reactions. See [28, 39] for applications
in a non-isothermal setting; for previous works in the isothermal case, we refer to [38] 17, 37] and
references therein. Let us observe that sinceallows for m #£ 0, leading to energy flux induced by
temperature gradients, a maximum principle for the internal energy density (as is crucially used in [28])
is not available here. We further note that, with a standard Csiszar—Kullback—Pinsker inequality [15,

44], the bound (2.13) can be used to deduce exponential convergence to equilibrium in L2(Q) X
(LA )™

Remark 2.11. Observe that the condition in Prop[2.10Q is satisfied under the additional hypothe-
ses on the coefficient functions imposed in Prop. Under suitable regularity hypotheses, the strong
energy inequality (with an equality) can be proved similarly as in [24, Lemma 6.1].

2.3. Examples. Below, we provide relevant applications of the weak-strong uniqueness result.

2With the understanding that H (z(0)) = H (z™).

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



Weak-strong uniqueness for ERDS 15

2.3.1. Energy-reaction-diffusion systems. The hypotheses of Theorem are compatible with the
class of ERDS introduced in [24]. In that work, the existence of generalised solutions (weak or renor-
malised) has been established for two classes of models, both taking the form (2.5) with m = 0.

One of the models in [24] is a special case of [(MO)| (see page [13) with m = 0. A brief verification of
the model hypotheses of Theorem [2.8|for (MO0} is provided in the appendix, see Lemmal6.2] The exis-
tence analysis for [[M0)| focuses on reactions obeying suitable growth conditions, in which case there
are global-in-time weak solutions. However, renormalised solutions can be constructed by adapting
the proof of [24, Theorem 1.8], and in this case no growth restrictions on | R(z)| are required. Con-
ceptually, the construction of renormalised solutions for is simpler than in [24, Theorem 1.8],
since the diffusive flux is integrable and the strong convergence of Vu is not required in case of

The second class of models considered in [24] will here be referred to as (M1). It again takes the
form (2.5) with m = 0, and assumes the following conditions:

Entropy density A is given by (h1), (h2).
Reactions R; € C([0,00)'"™),i = 1,..., n, satisfy [(A2.)|, where Ry = 0.
M is given by 2.7)-(2-9) with m(z) = 0, and m;(u, ) given by (2:9), where kg ;, K1 ,; satisfy
one of the following:
(i) kKo =1land ky; = Oforall:
(i) ko; > 0and ky; = 1foralle
Moreover,
omyz1 (77 as in (2.6))
o wj(u) S —w!(u)y/m
o \/W_l% < 1.

Global weak solutions in case [(ii)] have been constructed in [24, Theorem 1.2] for reactions obeying
suitable growth hypotheses. More interesting is case (i)} in which the existence of global renormalised
solutions has been established in [24, Theorem 1.8] for general continuous reactions satisfying
A pecularity of this model lies in the circumstance that the renormalised formulation is needed not
only to give a meaning to the reaction rates, but also to the diffusion flux A(z)V z, which may be non-
integrable. Model (M1.i) satisfies conditions (with o = 0), (A3.D), [(Ad)] [(A5) and [[AG)) of The-
orem[2.8] We refer to [24] Section 2.2] (notably the proof of Lemma 2.3 therein), where the necessary
estimates can be found. For verifying one should also use the fact that the coefficient function
a(z) = m(2)y(z) satisfies the bound X (u>uy|a(u, c)| S C(|z],u) for any w > 0. Thus, under the
extra smoothness assumptions &, w; € C*((0,00)) and R;, m,m;, m € Cr((0,00)'*"), Theo-
rem [2.8]is applicable. We caveat that verifying as it was done in Prop. [2.9] for [(MO)|is much more
delicate for Model (M1.i) due to the possibility of strong cross diffusion caused by a non-integrable
diffusion flux. Whether or not (M1.i) admits an analogue of Prop. is an open question.

2.3.2. Reaction-diffusion systems. Our results further apply to (isoenergetic) population models gen-
eralising the two-species system for pattern formation by Shigesada, Kawasaki, and Teramoto (SKT).
Reduction to the isoenergetic case is achieved by choosing @w = 0 (see and u = u'™ to be
spatially constant, which is consistent with the evolution law for the energy density « if o = 0. Then,
the given energy density u = u™ € R can be regarded as a fixed system’s parameter (in particular
Vu = 0) and one can write h = h(c), A = A(c), R = R(c),and & = Z(c) etc.

The generalised SKT system as considered in [9] states

oe; = V- (Ai(c)Vej) + Ri(c), t>0,z€Q,

0 = Aij<C)VCj * U, t> ny € aQ? (SKT)
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where A;;(c) = d;;pi(c) + ¢ gc; (e)fori,j=1,...,nwithp;(c) = aip + > ,_, aic; for suitable
a; > 0 and some s > 0. Under certain hypotheses, this system has a generalised gradient structure
with entropy density given by h(c) = > " | mAs(c;) for constants 7; > 0 and A; given by (T.3),

As(r) = % + 1 for s # 1. Under a weak cross-diffusion (wc) condition (see eq. (12) in [9]) or the

detailed balance (db) condition ,a,; = 7;a;; foralli,j € {1,...,n} together with a,o > 0,a;; > 0
for all 4, the matrix M(z) = A(z)(D?*h(z))~! satisfies the non-degeneracy condition (A3.H), i.e.
M(c) 2, I, whenever min{cy, ..., c,} > ¢, see the explicit estimate in [12, Lemma 2.1] for s = 1,

and [9, Section 2] for the general case under certain extra hypotheses. Observe that the detailed
balance condition is equivalent to the symmetry of the mobility matrix Ml = A(DQh)_l, and thus
ensures the symmetry of the diffusive part Ky of the Onsager operator.

a) Linear transition rates s = 1. In this case, assuming (wc) or (db) with a;o > 0, a;; > 0, one has
P(c) 2 Y, ([Val* +|Vy/@l?) and |A(c)Ve| < ||| Ve|. Thus, assumptions
on the entropy density and the mobility matrix are satisfied. (The more general weights
m; > 0in h(c) as opposed to the unit weights indo not impact the analysis.) We leave it to
reader to verify that, by adapting the proof of Prop.[2.9|(see also [23| Prop. 5]), the entropy dissi-
pation inequality can be proved for renormalised solutions to this system, when assuming
the regularity

ci,\/C € L (I; HY () foralli. (2.14)
Observe that this regularity is essentially equivalent to the assumption in Prop. that P(z) €
LY (Q7) forall T < T*. Thus, for with s = 1 and reactions satisfying (AZ), Theorem 2.8
yields the weak-strong uniqueness of renormalised solutions of the regularity (2.14). A similar
result has been obtained previously in [12, Theorem 1]. Here, we should caveat that the regu-
larity assumption ¢; € Ly (I; H'(Q)) and \/¢; € Ly (I; H'(2)) is also needed in the proof
of [12, Theorem 1], is, however, incompletely stated in this theorem. Moreover, our result shows
that hypothesis ‘(H2.iii)’ in [12] on the reactions can be dropped.

b) Nonlinear transition rates: an adjustment of our hypotheses further allows to treat system
with superlinear transition rates s € (1, 2]. In this case, condition is no longer fulfilled, but
with a suitable adjustment of the truncation function £*(c) in the definition of the modified relative
entropy density h*,(z, Z) (given by (T-8)) our technique can still be applied. See Remarkfor

rel

technical details.

For sublinear transition rates, s < 1, the problem becomes more delicate since a direct ana-
logue of condition is not available. When relying exclusively on entropy estimates for a
priori bounds, even the construction of renormalised solutions, which to the author’s knowledge

is currently only available in the case of linear transition rates [11] (but likely to be extendable to
the case s € [1, 2]), is open for small s € (0, 1).

3. WEAK-STRONG UNIQUENESS PRINCIPLE

In this section we will establish a stability estimate implying Theorem [2.8] Throughout this section, we
therefore assume the hypotheses of Theorem|[2.8] Before turning to the actual proof in Subsection 3.4
we gather some technical auxiliary results.

3.1. Truncation function {*(z). Let ¢, B be fixed constants, 0 < ¢« < 1 < B < o0, that are such
thatforalli € {0,...,n}
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n

Different regimes/case distinction. We henceforth abbreviate |z|; = ) " z;. For sufficiently large

but fixed parameters F/, N > 2 (to be chosen later) we decompose [0, oo)”" into the following three
sets:

A={z€[0,00)""":|2|; < E},
B={ze€[0,00)""": E < |z|, < EN},
C={z¢c[0,00)"":|z|, > EN}.

A motivation for this decomposition is given in the introduction (see Section [1.3). Let us also mention
that in the proof of Theorem the set A will be further decomposed into A, and A, (defined
in (3.18)). The parameter £ will always be supposed to satisfy £/ > 2B. A finite number of further
lower bounds on £ will be imposed later on.

Adjusted relative entropy. We now define
hia(2,2) = h(z) — Dih(2)(€7(2)z — Z) — h(2),

where £* = £(BN) € 0([0, 00)1*™), 0 < €* < 1, is a truncation function subordinate to the above
case distinction enjoying the following properties:

(t1) £*(2) = 1and D¥¢*(2) = Oforallk € N if z € A,
(t2) £*(z) =0and D¥¢*(2) =0forallk e N ifz €C,

(t3) |D§*(Z)| 5 N|1z|1’ |D2§*(Z>| S N(|i|1)2 forall z € [07 oo)l+n'

A function £* that has these properties can be obtained as follows: let ) € C;°(IR) be non-increasing
with 9(r) = 1 for r < 0 and ¥(r) = 0 for r > 1 and define (cf. [23])

e (log(]]) — log(E)
€) =0 = (log<EN> - 1og<E>) '

It is elementary to check that this choice satisfies the above properties. For instance, note that

E,N 1 1
IDEPN ()| S o oatE

if N > 2.

Remark 3.1 (Superlinear transition rates). When dealing with (isoenergetic) reaction-cross-diffusion
population systems with superlinear transition rates s € (1,2] for concentrations ¢y, ..., ¢, (see
Example b) in Sec.[2.3.2), the decay property|(t3) is no longer sufficient, and the above choice of £*
should be replaced by

o BN (108(pi(c) —log(E®) o (log(ps(c)) —log(E)
(0 =m0 =0 (TS ) = (e -y ) 6

where 9 is as before, and

ps(c) = (ﬁ:(ci + 5)5)2

i=1

withd = 0(s) = 1 fors € (1,2) and 6(s) = 0 for s = 2. The parameter 6 € {0, 1} ensures the
smoothness of p? and thus of * .

Introducing the regimes A®) = {p,(c) < E}, B®) = {E < py(c) < EN},C® = {p,(c) > EN},
properties and|(t2)| remain valid with A, C replaced by A') and C'®), respectively. Derivatives of
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&* given by (3.2) enjoy the following decay properties, specifically adapted to the problem at hand,

* c;i+6)51 * ci+6)5 1 (cp+0)51 c;i+6)5—2
DO S U2, [Dag ()] $ Ul | feti g

where 0;;, denotes the Kronecker delta. As will become clear in Section ifc € A®), one can simply
follow the reasoning in the proof of Theorem|2.§ using the fact that satisfies (under reasonable
hypotheses) a non-degeneracy condition analogous to (A3.b).

If ¢ € B®), we need an analogue of assumption |(A6)| to be able to absorb terms without a good
sign involving products of gradients of the renormalised solution by the entropy dissipation. Typical
systems satisfy the coercivity bound (cf. [9])

P(e) 2 Y IVl + D IVel 33)
=1 =1

Confining to systems enjoying this bound, a suitable generalisation of hp. (in the isoener-
getic case) that is satisfied by such systems is

Xieho1y - (€717 A5(0) Ve S leli/2(c).

Observe that since s € (1, 2], the factor (cf*1 + Cf/ 2_1) in this condition can be equivalently replaced
by ((cl + 5)5_1 + cf/ 2_1) . Using the above model bounds and decay properties of derivatives of £*,

one can verify the estimate
X{lel.>13 VD€ (e)er) [ Aij (0) Ves| S 5 P (o),

which allows to deal with the case ¢ € B'®) (cf. ineq. (3.24) in the proof of Thm . When verifying

this bound, one uses the fact that |V¢,| < [Vej| + ]ch/ ?|, which holds true since s € (1,2].

Ifc € C©), one can follow the reasoning in the proof of Thm

Thus, for models with superlinear transition rates s € (1, 2] that satisfy (3.3), weak-strong uniqueness
is obtained by adapting the proof of Theorem[2.§ as sketched above. Here, we also use the fact that
thanks to the locally uniform convexity of the entropy density associated with (see Sec. an
analogue of Prop.[3.3 is immediate.

3.2. Coercivity properties of the generalised distance. We henceforth let g(s) = %82,

ret(u, @) := g(u) — ¢'(@)(u— @) — g(a) = 3lu—al?, (3.4)

and define for a € (0, 00)
dist} (z,2) = hiy (2, 2) + agra(u, @).

rel

For the following assertion we recall that z € A ifandonly if > " z; < E.

Proposition 3.2 (Coercivity properties). Recall that h(z) = h(u, c) is given by (h1), (h2), and that Z
satisfies 3.1). Forany E € [1,cc), we have®

|z — 2|* <p hiy(2,2) ifz € A. (3.5)
There exists E = E(Z) < oo such that forany E > E and any o > 1
(2, 2) + agra(u, @) > E(Z c;log, ¢; + uz) +1 ifz e A, (3.6)

=1
where € > ( is a positive constant only depending on model parameters.

SWe recall that any dependence of estimates on ¢ and B (see (3.1)) will usually not be indicated explicitly.

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



Weak-strong uniqueness for ERDS 19

Forany o € (0, 1] there exists E = E(«, Z) < oo such that forany E > E

hyo (2, 2) + aga(u, @) > G(Z c;log, ¢; + au2> +1 ifze A (3.7)

i=1
where € > 0 is a positive constant only depending on model parameters.

Remark 3.3. Note that as long as a € [1,00), the lower bound E can be chosen independently
of av. This property is essential for obtaining the stability estimate (1.7) in the case where[(AG)| is not
satisfied (including model[(M1)| in case|(i} where k1 ; = 0 cf. Section[2.3).

Proof of Prop. For the first assertion, we note that, as can be seen from the proof of [39, Prop. 2.1],
the entropy density /1 is locally uniformly convex on [0, 0o)' " with D;;h(z) > €o(E)d;; if |21 < E.
Since, by construction, £*(z) = 1 whenever z € A, we thus infer

hya(2,2) = h(2) = Dih(2)(2 — 2); — h(2) 2 |2 = 2%

Let us now turn to assertions (3.6) and (3.7). Since @ < B, we have the bound |u — u|*> >
}LUQX{@QB}. By Lemma we further have for some v € [0, 1) and some positive constant € > 0

h(z) > EZCZ' log, ¢; = C(04(u) +u") = C.
i=1
Hence,

n

hia (2, 2) + agrer(u, 1) > € Z cilog, ¢; + aulxusap — C Z z — C. (3.8)

i=1 =0

Inequality (3-6) is now immediate since ., ¢;log(c;) + u* dominates » o_, z; for |z|; > E
whenever E is large enough. Observe that the lower bound on £ can be chosen independently of
a € [1,00).

Let now a € (0, 1] be given. Inequality (3.8) shows that if E = E(«) is large enough, we obtain (3-7)
it £ > E. O

3.3. Evolution inequality for the generalised distance. We will abbreviate

H(z,2) ::/thel(z,é) dz, Grel(u, 1) ::/Qgrel(u,ﬂ) dz.

In this subsection, we exploit the evolution laws satisfied by the renormalised solution z and the strong
solution Z of Theorem [2.8]to derive an evolution inequality for the generalised distance

Dist}(z, 2) := / dist} (2, 2) de = H (2, 2) + a Gra(u, @), (3.9)

rel
Q

where a € (0, 00) is a suitably chosen weight (to be specified in Section [3.4).

We recall that / := [0, 7). Furthermore, we note that since 0;Z € L>(Q)y) forany T' < T, we can
integrate by parts with respect to time in the weak formulation (2.4) satisfied by the strong solution 2
to find

T T T
0 JQ 0 JQ 0 JQ

By a density argument, one can see that eq. (3.10) holds true for all 1 € Li _(I; Wh1(Q)).

We consider separately the two quantities H(z, Z) and G (u, @) appearing in (3.9), beginning with

rel
the former.
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Lemma 3.4 (Evolution of the entropic part). Fora.e.I’ < T one has

Hiy(,2) < | ' [ o asa,
where
p") = —V D;h(z) - My (2)V Dih(2)
+ V(Di(€7(2)2) Djh(2)) - Mu(2)VDih(z)
+V(Duh( (€7 (2)= J)> - M;(2)VDyh(Z) (3.11)
— Dih(2)(£"(2)z )Rz(é)
+ (Dih(z) — Dh() i(€7(2)75)) Ri(2).

Proof of Lemmal3.4. The subsequent observations apply to a.e. T' < T™.

We write

HE (2, / Dih(2)€"(2)z da + /Q (D;h(2)% — h(2)) da.

For the first term on the RHS we use the fact that, by hypothesis, z satisfies (ED), i.e.

H(2) - /0 ' /Q VD;h(z) - My (2)V Dih(z) dzdt + /O ' /Q Dih(2)Ri(z) dadt.

For the second term, we want to use the fact that 2z satisfies the renormalised formulations (2.1)
and (2-2) with the truncation function £(z) = £*(z)z; and the test function ¢ = D;h(2) € Wh(Qr).
(For the admissibility of this choice, see Remark[2.2]) Inserting these choices in eq. (2.2), we obtain

- //5 2)2; 4 D,h(Z) dadt

/ / 2)2;)D;h(2)) - My(2)V Dyh(z) dadt

_ /0 /Q Dy(€°(2)2)) Ri(2) D;h(3) dadt.

We next rewrite the second term on the LHS choosing in the weak form (3.10) for Z the test function

—/Djh(§)§ 2)z; dx
Q

/ / Dih(3)€"(2)200% dadt — /0 ' /Q V(Dyh(3)€"(2)2,) - Ma(2)VDih(3) dadt

v [ [ Donere Grzme) s

Observe that since x.j<p} V= € Li (I; L*(Q)) forany E' < oo, the function ¢ := D;;h(2)&*(2)z; €
L2 (I; H*(9)) is indeed admissible in the weak equation for Z.

loc
We finally need to determine the evolution of the term

/Q (Dih(3)5 — h(2)) da.
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To this end, note that thanks to the regularity of z,

=T T
/ h(Z)de| = / / Dih(3)8;5: dudt,
t=0
t= T
/Dh zlda: //Dh Gtzzdxdt—{—//(%Dih(é))éida:dt.
Q

Subtracting the first from the second equality then yields

t=T
/ (Dih(2)% — h(3)) da / / Dih(2)%0,% dadt
Q t=0

//th Z)Z;0,Z; dadt
/ / ) - M (2)VDyh(2) dadt
0 JO

where in the second step we have used the symmetry of the Hessian of h.

In combination, the above estimates yield the bound

H (2, 2) - /T/ VD;h(z) - My (2)VD,h(z) dzdt

/ /Dh z) dadt

/ / 2)2;)D;h(2)) - My(2)V Dyh(z) dadt

// Ry(2)D;h(2) dadt

+ /0 /Q V(Dy;h(2)€(2)z;) - Mu(2)VDih(Z) dadt

_ /0 ' /Q Dish(2)€"(2) 2 Ro(2) dadt

_ /T/ V(Dyh(2)3;) - Ma(3)V Dih(3) dadt

/ / Di;h(%)%; Ri(%) dadt.

The asserted inequality is now obtained upon rearranging the integrals on the RHS. O

We next turn to the energetic part. We first note that equation (3.10) and the fact that Ry = 0 imply

that
T T
//@ﬂgpdxdt: —/ /Agj(Z)VZj-Vgpd:Bdt (3.12)
0 Ja 0 Ja

forall p € Li (I; Wh1(Q)).
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Lemma 3.5 (Evolution of the energetic part). Recall the definition of g.. in (3.4) and the notation
Grel(u, ) := [, grei(u, @) d. For almost every T > 0, we have

t=T
// p? dxdt, (8.13)

P9 = —a(2)|Vu — Vil?
— (a(2) —a(2))(Vu —Va) - Va
—m(z)(Vu— Va) - (VDoh(z) — VDoh(2))
— (m(z) —m(2))(Vu — Va) - VDoh(Z).

Grel U

where

(3.14)

Proof. We expand gyei(u, @) = su* — utl + 507

To deal with the first term on the RHS, we use the energy inequality (ENE), i.e. the property that for

ae ' <T"
T T
—/ /a(z)|Vu|2dxdt—/ /m(z)VDgh(z)-Vudxdt.
0 JQ 0 JQ

To determine the time evolution of the term f uu dx, we assert that the Lipschitz function u is admis-
sible in the weak formulation (2.3) of the equation for w, thus yielding

t=T
/uudx //uatudxdt

/ / 2)Vu - Vi +m(z)VDoh(z) - Vi) dzdt,
where we used (A3.c). The admissibility of % can be shown as follows: first exploit the regularity
propertles of Vu € L2 (I;L*(2), u € L.(I; L*(€2)), which hold true by hypothesis resp. fol-

loc loc

low from ( and the fact that 22(z) € L _(I; L'(©)). Assumption [(A5), Gagliardo—Nirenberg
interpolation applied to u and the estimate

m|VDoh(2)] < Vmy/ P(2) SV P(2)
then imply improved integrability of the flux term, namely for some s = s(d) > 1
Apj(2)Vzj = a(z)Vu+m(z)VDoh(z) € Ly, (I; L*(52)).

With these bounds one can now use an approximation argument to show that, under the current
hypotheses, eq. (2.3) can be extended in particular to Lipschitz functions ¢ € C%(I x Q).

Finally, using the test function ¢ = v —a € L _(I; W'1(Q)) in the weak equation (3.12) for @ gives

//8tuu—u )dadt = // 2)Vi - V(u — a) dzdt.

The asserted identity (3.13) is now obtained by adding up the above equations and rearranging ap-
propriately the terms on the RHS. O

The evolution inequality for our generalised distance is an immediate consequence of the previous two
propositions.

Corollary 3.6. Let o € (0, 00). We have

Dist} (z, 2)

t=T T
< / / D dudt, (3.15)
t=0 0 JQ
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where p,, = p(h) + ap(g) with p(h), p(g) given by (3.11) resp. (3.14).

3.4. Stability estimate.

Proof of Theorem[2.8 Since [(AG)]implies [(AG")} it suffices to prove the assertion for the case ‘@w = 1
(and thus, by hp., [[AG))’ and the case ‘@@ = 0 and [[AG’)], henceforth referred to as Case w = 1
resp. Case w = 0.

We will show the following.

e Case w = 1: if a € (0, 1] is sufficiently small, and if £ = E(a) and N = N(FE) are large
enough, then for almost all 7" € (0,7)
=T

T
Dist} (z(t, ), 2(t,-)) §E7N7a/ Dist} (z, Z) dt. (3.16)
0

t=0
eCasew = 0 : if &, N = N(F) and o € [1,00) are chosen large enough (v possibly
depending on E, N), then for a.a. T' € (0, 7*) ineq. (3.16) holds true.

Once ineqg. (3.16) has been established, we can invoke Gronwall’s inequality to infer that for a.e.
T e (0,7%)

Dist? (2(T, ), 2(T, -)) < Dist’ (2™, z) exp(kT),

where k = k(E, N,a) > 0. The estimates will also depend on the fixed constant ¢ > 0, i.e. on the
pointwise lower bound for min(Z). This dependency will only be indicated occasionally and for the
sake of clarity.

In view of inequality (3.15) it suffices to show the pointwise bound
Pa SENa disty(z,2). (3.17)

An elementary ingredient in the proof of this bound will be the coercivity properties of dist), (see
Prop. [3.2). We anticipate that referring to Prop. 3.2 will be the only instance, where the present proof
makes use of the more specific form of the entropy density /(u, ¢) assumed in Loosely speaking,
besides the locally strict convexity ensuring (3.5), we will rely on a lower bound on the generalised
distance of the form dist’ (2, 2) = 1 + u? for |2| > 1.

We will distinguish the cases A, B and C introduced on page where, owing to the degeneracies of
M(z) occurring when one of the concentrations vanishes, we further decompose the set A into

Ay ={2 min(z") >} NA and Ay:={7 :min(z") <} NA, (3.18)
where min(2’) := min{z{, ..., 2.} for 2/ = (2{,...,2,) € [0,00)*"™. This decomposition further
serves to avoid regularity issues of h as z; \, 0 forsome i € {0,...,n}.

If 2 € (A, )¢, we will make use of the following equivalent formula for p(9)
P9 = —a(2)|Vul® — a(2)|Vil* + a(2)Vu - Vi + a(2)Vu - Vi
—m(2)(Vu — Va) - VDoh(z)
+m(2)(Vu — Va) - VDyh(Z).
Since, by hypothesis, 0 < m(z) < w and a(z) 2 1, this implies that
P9 < gy 4 Cla(2)Vu| + Cm(2)w|VDoh(z)]* + C. (3.19)

Using this form in the case when z € (.4, )¢, we can avoid for instance issues due to a(z) becoming
singular as u — 0 by using the bound[(A5)] on the energy flux.
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Finally, note that z € A implies £*(z) = 1 and D¥¢*(2) = 0 Vk € Ny, so that, if 2 € A, one has

by formula (3.17)
P = —VD;h(2) - My(2)VDih(z)
+ VDih(Z) - My(2)VDih(2)
+ V(Dijh(z)(zj — 2j)> - My (2)VDih(Z) dedt (3.20)
— Dijh(2)(z; — ;) Ri(2)
+ (Dih(z) = Dih(2)) Ri(2).

We are now ready to tackle the four cases.

Case z € A, : in this case we have the control ¢ < z; < Fforalli € {0,...,n}, and we need to
show that p, < |2 — Z|. We therefore rewrite formula (3.20) as

pM = —V(D;h(z) — D;h(Z)) - My (2)V D,h(z)
+v(Dijh<~>< 5= %)) - Mau(2)VDih(2)

(D'h( ) — Dih(Z) — D;;h (z )(ZJ ))R (2)
+ (Dih(z) - h(f))( Ri(z) — Ri(2))
= —V(D;h(z) — Dih(2)) - Mu(2)V (Dlh( ) — Dih(2)) (3:21)
V(D;ih(z) = Dih(Z)) - ( ( ) M (2))VDih ( )
V(Dih(z) — Dih(Z) — )(2j = %)) - Ma(2)VDih(Z)
( h(z) = Dih(z) — D;; ( )( — %)) Ri(Z )
+ (Dih(z) — zh(i))(Rz(Z) Ri(2)).

Since, by hp. (A30), M(z) > diag(m(z)w,0,...,0)+€(¢) diag(0, 1, ..., 1) for a suitable constant
€(t) > 0, we have

V(Dih(z) = D;h(Z)) - Ma(2)V(Dih(z) — Dih(Z))
> m(2)@|VDoh(z) — VDoh(2)|? + €(1)§|VD:h(z) — VD.h(Z)?

for any 6 € (0, 1]. The auxiliary parameter 6 = J(«) will eventually be chosen small enough to be
specified below. For i € {1,...,n} we observe that since : < z; < Eforall j € {0,...,n}, the
triangle inequality yields

[VDih(z) = VDih(2)| = |V log(c:) — Vlog(éz-)\ — [Vlog(wi(u)) — Vlog(wi(@))|
> 1Ve; — Ve — |2 - L|Va| - |Vu - Va2

s - 28)va

w; ()

>e(E,1)|Ve—-Ve| —C(E,)|Vu—Va| — C(E, )|z — Z|,

where ¢(E, ) > 0 is some sufficiently small constant.

We next estimate, using the local Lipschitz continuity of M,

IV(D;h(z) — Dih(Z)) - (Ma(2) — Mu(2))VDih(2)| Se. [VDR(z) — VDR(Z)||z — Z|
Sp.lz—Z2||Vz = Vi + |z — 2
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Before estimating the remaining terms, we compute for f € 1OC(( 00) 1+ ™)
V(f(2) = f(2) = Dif(3)(z — %)) = Dif(2)Vz — (Z)VZJ D;f(2)V(z; = )
it (2 )( 5)
= (Djf( )= D;f(2) D f(2)(2 = 2) V2,

)Vz
= (D;f(2) = D; [(2))V ( - %’)
+ [Dif(= ) — Dif(2) = Dy f(2)(z5 — 2)| Vg
and, using Taylor’s theorem, for k = 0,...,n
|Di.f(2) = Dif(2) = Dinf(2)(25 — Z)| Spag |2 — 2
Letting f(z) = D;h(z), we infer since h € C’lOC(( )1+") (see hp.|(Al)) that

Using the previous bounds to estimate the RHS of (3.21), recalling also hp. [(A2.ii), and applying
Young’s inequality and an absorption argument, we thus infer for suitable €(¢, E') > 0

pM < —€(1, B)6|Ve — V> — m(2)w|VDoh(z) — VDoh(Z))?
+ CL(E,1)8|Vu — Va|> + C(6, E, 1)z — 2.

On the other hand, using the fact that z +— a(z) is locally Lipschitz continuous in (0, 00)**™, we
deduce from eq. (8.14) for suitable ¢; > 0 and C5 < oo (independent of F, ¢)

P9 < —|Vu — Va|> + Com(2)w|V Doh(z) — VDoh(2)|? + C(E, )|z — 2|?,

where we used the fact that 0 < m(z) < w.

If o = 1, we choose « € (0, 1] small enough such that «Cy < 1 and subsequently § = d(«, E, ¢)
sufficiently small such that 0C (E, ) < ae;. We may then conclude that

pa=p" +apl? < Cla, E,0)|2 — 2.
Let us emphasise that the smallness condition of « is independent of F.

If instead @ = 0, we choose for given* a € [1, 00) the parameter & = d(«, E/, +) small enough such
that 6 C'(F, 1) < €1, and obtain as before

Pa < C(OZ,E, L)|Z - ’§|2

Case z € A : in this case, we have no lower bound on z; away from zero, but since min(z) < tand
min(Z) > 2, we know that |z — Z| > ¢. By Prop.[3.2] (cf. (3.8)) it thus suffices to prove that p, Sp 1.

Recalling and [(A2.7)} we estimate
p" < —VD;h(z) -Mil(z)VDlh(z)
+ V(Dm )z - @)) M (2)VDih(3)
+ C(F)
< -P(z)+C(E)\P(z) + C|Vu| + C(E),
where the last step uses hp. (A4.2) and hp. (A4.b). Hence,
P < =3 2(2) + C(E)|Vul + C(B).

4In the case @ = 0, it suffices to restrict e to the range 1 < o < o0.
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Next, by ineq. (3.19) and hp. (A4D),
pl9 < gy 4 061, B) + B P(2) + Cm(z)w|V Doh(2))? (3.22)

for any 9; > 0.

lf o = 1, we let 5 = 1 and use the estimate m(z)ww|V Doh(z)|* < @( ), which follows from
hp.|(A3)} to see that after possibly decreasing « € (0, 1] we have p, < —a%? \Vu\Q—l—C( )| Vu|+
C(E) < —a®2|Vul?> + C(a, E).

If = 0, we choose d; = £ < 1. Then
pa < —22(2) — 2| Vul* + 2 Vu + C(a, E) + 12(2)
Sae L.

Case z € B : in this case derivatives of £* do in general not vanish, but we know that 1 < £ <
|z]1 < EN. We estimate

pW = —VD;h(z) - My(2)VDh(z)
V(Di(§"(2)z;)D;h(2)) - Mau(2)VDih(z)
V(D)€ ()2 - 2
— Diih(2)(€7(2)z — %)
+ D;h(2)R;(2) — D;h(Z)D
< -2(2)
+ C|VD;(£"(2)z;) - Mu(2)VDh(2)|
+C(E,N)YP(z) + C(E,N)|Vu| (by hp. (A4D), (A4.3))
+ C(E,N) (using hp.
<=3 2(2)
+ C|VD;(£"(2)z;) - My (2)VDh(z)|
+ C(E,N)|Vu| + C(E,N).
In order to estimate the term |V D;(£*(2)z;) - My (2)VD,h(2)],
IVDi(€*(2)z)| S \Dé*( V2| + D€ (2)2]| V2|
SEERAL (by (t3)).
We first consider the case @ = 1. Then|(Ab)|is at our disposal, which yields using

[VDi(€(2)2)|IMa(2)VDih(2)| S wipl V2D Au(2) V] S 5 2(2) + 5|Vl
j

+
_|_

(3.23)

Thus, choosing N = N (min{1, a}) sufficiently large, we infer
pM < —12(2) + min{1, a} JVul> + C(E, N, a).
Next, simiarly as in (3.22), we estimate
pl9 <~y 2 4 O(B,N) + L2(2) + Com(2)w|V Doh(2)|2.

Decreasing a € (0, 1], if necessary, to ensure that aCym(z)w|V Doh(z)|* < (%), we obtain
Pa SNE L.
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It remains to consider the case where t = ( and|(A6’)|are fulfilled. Since u := inf v = inf (0, -) >
2., Lemmal6.4)yields inf u > u > 0. By hp.[[A6’), we inferforall 0 < i <n

|Vz||[My (2)VDih(2)| < Clz|1 2(2) + C(E, N,u)|Vul*.

Thus, recalling ineq. (3.23), we can estimate for NV large enough
IVD;(€*(2)z;) - Mlu(2)VDih(2)| < 12(z) + C(E, N, w)|Vul? (3.24)
to infer
pM < —12(2) + C\(E, N,u)|Vul* + C(E,N).
Next, since @ = 0, ineq. yields
pl9 <~ \y)2 4+ C(B,N)/P(z) + C
<~ gu? + LP(2) + C(a, E,N).
Increasing o« = «(E, N, u), if necessary, to ensure that a@ > C1(E, N,u), we conclude

Pa < —%@(z) + C(a, E, N, u).

Case z € C :inthis case, £*(z) = 0 and D*¢*(2) = Oforall k € N,.. Thus
p(h) = —VDZh(z) . Mll(Z)VDlh(Z)
+ D;;h(2)Z;R;i(2)
< —-P(z)+C,
where we used hp.
If w = 1, we have thanks to and hp.
pl9 < g2+ 0, P(2) +u? + C,

where C} is independent of /, N. Hence, after possibly decreasing o € (0, 1] to ensure that aCy <
1, we find

pa < C + au? <, distl (2, 2),
where the second step follows from (after choosing 2 = F/(«) large enough).
If w = 0, we estimate using again and hp.
P9 < g2+ C(1 +u)/P(2) + C
< VU + L P(2) + Cla)u® + Cla),
and infer

—1P(2) — a®2|Vul? + C(a)u® + C(a)

Pa <
Sa dist) (2, 2).

The second step follows from the coercivity property (3.6) and the fact that o > 1.
This proves the bound (3.17) and thus completes the proof of Theorem [2.8 O
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4. STRONG ENTROPY DISSIPATION PROPERTY

Proof of Proposition[2.9 We first establish fors =0andae.t =T € (0,T*), that is, we first
prove (ED). In a second step (see page [34]), we point out how to extend the result to a.e. 0 < s <
t<T™.

Case 1:s=0,t =T € (0,7%).

We consider for a small parameter 9 > 0 the regularised entropy density
hs(u, c) = du+ h(u,c).

The additive term du serves to ensure coercivity, since the original density /(z) may in general allow
for cancellations at infinity reflecting the coupling between concentrations and energy component. In
particular, for every L € N the sublevel set {z € RLY" : hs(z) < L} is bounded. This coercivity
property easily follows from the lower bound -

n

h(z) > —6(u) + €. Z ciloge; — Cu” — C, (4.1)

i=1
valid for suitable v € [0, 1), €, > 0 (see Lemma , together with the sublinearity of the increasing
function (u) as u — oo (see (h2)).

In order to define an admissible truncation function, we consider as in [23], Proof of Prop. 5] for L, > 2
an auxiliary function 6, € C*°(R) satisfying 01,(s) = sfor |s| < L,0 < 6} <1,

c
107()| S Tremosterie) (4.2)

forall s € Rand 0 (s) = 0 for |s| > L for some sufficiently large constant C' > 2, which is kept
fixed throughout the proof.

To derive the entropy dissipation inequality, we would like to choose the truncation function 0, (hs(+))
and the test function ¢ = 1 in the renormalised formulation satisfied by z, and then let L — oo and
subsequently 6 — 0. Since derivatives of h; are in general not bounded as u \, 0 or ¢; \, 0, further
regularisation is required. We let

hse(u,c) = hs(z) + o (u) —6(u+¢),

abbreviate for z = (u, ¢y, ...,¢p)
2= (u,e +&,...,c,+8), £€(0,1],

and then consider the function z > hs.(2%) € C*([0,00)"*"). Thanks to (@), it is easy to see that
for fixed § € (0, 1] sublevel sets of z — hs-(2°) are bounded; in fact

hse(2°) > %u + €, Z c;ilog, c; — Cs (4.3)

i=1

for d,e,& € (0, 1]. Hence, the C*-function £(z) := 0,(hs(2°)) has compactly supported derivative

D¢, and is thus an admissible truncation in eq. (2-7) (cf. Remark [2.2). This, combined with the choice
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Y = lineq. 2.1), yields fora.e. T' < T™
t=T

LHS -:/eL(h55< ))da:

=0

//8' hse(z Dljh(;g( g)sz-Aik(z)Vzk dadt
/ / 0 (hse (7)) D;hse (27) Ditise (25)V 25 - Agg(2) V2 divdlt

//9' hso(5)) Dih(=) Ra(2) dadt
T+ I+ 111,

where we recall the summation convention (see Notations[1.5). In the reaction term we have used the
fact that D;hs-(2) = D;h(z) whenever i # 0 together with Ry = 0.

We will establish the asserted inequality by taking the lim inf of the LHS and the lim sup of the
RHS of the above equation asé — 0, L — ooandd, e — 0, in the stated order. We perform
the corresponding limits separately in L. H .S and in each of the three terms I, [ 1, I [ 1. Below we use,
without explicit reference, the following basic properties satisfied under the hypotheses of Model
see Lemmalg.dk

a(z)|Vul* ~ [Vul?,
2) 2 Z Vel + [vA Vul® + |[VmV Doh(2)?,

where y(u, ¢) = —6"(u) — >4 wl(: L

|Aik(2)V 2| S ey P(z)  fori > 1,
|Age(2)Vzi| < |Vu| + vVmy/ 2(2).

LHS:
The limit £ — 0 of the LH S is immediate due to the boundedness of #;,, and yields

t=T
/eLhée

lim inf lim inf
g,0—00 L—oo

of the last expression using a combination of the dominated convergence theorem and Fatou’s lemma:

t=0
We next take

At initial time, we estimate using the lower and upper bounds on h in Lemma

n
10 (e (Z"N] < [hse (™) S u™ + 6 (u™)] + D log, ¢ + 1.
i=0
We can hence use dominated convergence to deduce that, as L — oo and 6, — 0,

/ 01 (hso (=) dz — / h(=") da.

To deal with the integral attime ¢ = T', we first observe that, thanks to the regularity u € L ([0, 7*), L'(Q))
and (1), the negative part of 8, (hs-(2(7),-))) is controlled pointwise in z, for a.e. T' € (0, 7], by
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an integrable function, uniformly in L, d, £, and its integral can thus be shown to converge in the same
way as the term at initial time. For the positive part of 61, (hs-(2(T, -))) we use Fatou’s lemma:

max{hs.(2(7,)),0} dz <hm1nf/max{9,; hse(2(T,-))),0} dx,

max{h(z(T,-)),0}dz < hmmf/max{h(;s T,-)),0}dx.

Q d,e—

In combination, we infer

/Q h(z)de

Diffusive dissipation term |I:
We assert that

t=T t=T

< liminfliminflim [ 6p(hs.(2%))dzx

=0 de—0 L—oo -0 Jq

t=0

limsuplimsuplimsup // (hse(z Vz] Djihse(z )Aik(z)Vzkdde

6,e—0 L—oo E—0

can be bounded above by the non-positive term

T
—/ /sz-Djih(z)Aik(z)Vzkdxdt.
0 Jo

To show this, we will mainly rely on the dominated convergence theorem. We therefore start by listing
several uniform pointwise estimates on the terms involved.

We first estimate for ¢, j fixed the term

pz'j = QlL(h&E(Zé))Djih&E(Zé)VZj . Z A,k(z)Vzk,
k

where we recall that 0 < 6} < 1.

Case,j > 1 :inthis case D;;hs.(2°) = ——=4;; and thus

C+s

il < |752Ve- ) Aw(x)Val < LVealveay 2(x) § 2(2)
k

—(cf. @T0)), we find
il < 12V 3" Ap(2)Var] S 1 e, Vuly/ 2 (2) £ 2(2)
k

Casei > 1,7 = 0 : observing that — D;ohs (%) = Z—; <

Case = 0,5 > 0 : we split the sum over k in the definition of py; into two parts:

> Aoi(2)Vz, = a(z)Vu + m(z)VDoh(2)

(0)

and split po; accordingly into po; = py;” + p(l)

For 7 > 1 we estimate as above

P < 12Ve; - a(=)Vul S |y i e;Vul |V 5| < 2(2).

For j = 0, we have p\v) = 6, (hs.(2%))Doohs.(25)a(z)|Vul? > 0, and since in the equation it
comes with a minus sign, its integral can easily be handled using Fatou’s lemma.
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It remains to estimate the part pé}). To deal with the limit £ — 0 (for finite L), we estimate

[V Dohse(2%) - m(2)VDoh(2)| S V/m|VDohse (%) |/ 2 (2)
and for |2°| < C(L,§)

VIV Dol ()] < |Doohse ()Vul + 3 | Doghse (Ve

j=1
Spae [Vul+V/2(2).
Thus the limit £ — 0 can be handled using dominated convergence.
We can now let € = () and compute
V Dohs(2) - m(z)VDoh(z)
= m(2)|VDoh(2)|* — (6" (u+¢€) — 6" (u))Vu - m(2)VDoh(z).

Note that the first term on the RHS is bounded above by #?(z) € L'({r). Concerning the second
term, we estimate

|(6" (u+¢) — 6" (u))Vu - m(2)VDoh(z)|
S Vml(6"(u+e) = 6"(w) Vul/2(2)
S+ JT'W»WI\/%
< P(2) + | Vul,
where in the penultimate step we have used hypothesis (2.12).
Combining the above estimates allows to take the successive limits

lim sup lim sup limsup . ..
£,0—0 L—oo E—0

as above, thus yielding the asserted inequality for term 1.

Remainder gradient term II:
We will show that

hmsuphmsup / /0 (hse(2°))Djhs (2 5)sz . Dih578(z5)Aik(z)Vzk dxdt) <0. (4.5

L—o E—0

As in the previous paragraph, the main task is to obtain uniform pointwise estimates on the terms
involved, where here we can afford a dependence of our estimates on ¢ and €. We introduce for 7, j
fixed the term

Gij = —07 (hse(27)) Dshs(2)V 2 - Dihso(2) Y Aup(2) Vg
k

and observe that, by (#.2) and (.3), for L > L(9) (henceforth to be assumed)

g 1
102.(hs(2°))] S5 Trtarss;ertos. st o (4.6)
Case i,j > 1 :inthis case,

0l 5 167 (s (=9) IN10g ( £5 ) 11 hog (255 ) e V&IV /G5l V 2 (2

Estimating

\/c_i|log<c”“3)|<\/c_llog+ ¢) + v w;(u) log, (w;(u)) + 1,
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we find, using and (4.6),

67 (s (=) Vel log (225 ) | /53] og (2255 )|
S 107 (s (=) (Veilog () + Vi + 1)(y/G log. (e) + Vi +1) S5 1

Thus, |gij| S5 Z(2).

Caset > 1,5 = 0 : here,

451 S Valog( £45 ) [|Dohs (=) Vuly/P(2) 6] (s (=)

In view of the factor ,/c;, this shows that |g;;| < C'(L,d,€)|Vu|/ P (z) uniformly in €, allowing us
to infer by dominated convergence

hmsup/ /qZJ dadt < — //9" (hse(2))Dohs(2)Vu - log( >Aik(z)Vzk dxdt.
=0
Since ¢ > 0 and (Zg < (5)‘), we have the rough bound
| Dohse(2)Vul e |Vl + ) Va3Vl
l (4.7)

SIVul+ ) Vav 2(z).
l
Moreover,

[log (%5 ) An(2) V] S (log..(c) + 1+ log. (wi(u)))}Va v/ 2(2),

and hence
107 (hs.(2))Dohso(2)Vu - Dihso(2) A (2) V2| S P(2) + |Vul?

Case i = 0,7 > 0 : using the fact that for |z|; < C(L, ¢)
|Djhso(2°)V 2| | Dohs e (2°)||a(2)Vu + m(2)V Doh(2)| Spse P(2) + |Vul?,

one can take the limité — 0

lim sup / /9” (hs.(2%))Djhso(2°)Vzj - Dohs(2°) ZAOk(z)Vzk dxdt)
k

E—0
—/ /92(h575(z))Djh575(2)sz-Doh(g,a(z) E AOk(Z)VZk dxdt.
0 JQ 3

To obtain L-uniform bounds of the integrand on the RHS, we split

> A(2)Vay, = a(z)Vu + m(z)VDoh(z).

Using we have for 7 > 1
\Vz;Djhs(2)||Dohse(2)a(z)Vul
e Ve (log, (¢;) + 1+ log, (w;(u)))(|Vuly/2(2) + Z JaP(z)

andfor 7 =0

[VuDohse(2)]|Dohse(2)a(z) V| S (1Vul +V[ehV2(2))" £ [Vul® +[ch 2(2).
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It remains to consider the term involving m(z). We estimate for j > 1
IDjh5.(2)V2; - Dohs(2)][m(z)V Doh(2)
Se VG108 (c5) + 1+ log (wy () (1 + VM (2),

wf(u) < 1
wi(u) ~ 14u

| Dohs(2)] e 1+ Z=L2,

where we used the fact that

— for all [ allowing us to estimate

Similarly, for j = 0 we estimate, using also the bound (4.7),

|Dohse(2)Vu - Dohs(2)||m(2)VDoh(z)|
e (1+ S (vl +Z\/_\/— Viny/ 2 (z).

Thus, recalling the conditions (2.17), (2.12) on m(z), we infer the L-uniform bound

107 (hse(2))Djhse(2)V 2 - Dohgse(2 ZA% IV Ss.e P(2) + |Vl

Combining the above estimates, we can take the limits

limsup limsup. ..
L—oo £—0

of term 11 and obtain ineq. (4.5) by the pointwise convergence 6/ (s) — 0 as L — oo.
L

Reactions IlI:

Concerning the reaction term 111, we first need to take care of the fact that D;A(z) is unbounded near
¢; = 0. By (@3), we have |z|,|2°| < C(L,¢) unless 0/ (hs.(2°)) = 0. Using the local €y-Hdlder
regularity of R?;, we then compute for |2°| < C/(L, )

< C(L,8)(1+ ) log(e; + £))E° + Dih(2%) Ri(29).

The first term in the last line converges, as £ — 0, uniformly to zero on the set {|2°| < C'(L,d)}. The
second term is non-positive by hp. [(A2.i)l Thus, since 67 > 0 and lim;_,,, 07 (s) = 1 forall s € R
we can use Fatou’s lemma to infer

L—oo E—0

limsuplimsup/ /9’ hse(2%))Dih(2°) Ry(2) dadt

< limsup / / 0, (hso(2)) Dih(=) Ri(2) dedt

L—oo

/ /Dh z) dzdt.

Observe that the last line is independent of ¢ and ¢.

Put together, the above inequalities and equation (4.4) imply the entropy dissipation inequality (ED).

Case2:0 < s <t < T™.
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We assert that the fact that 2 is a renormalised solution in {27 in the sense of Definition implies
thatfora.e. 0 < s <t <T* andallp € C>([0,7*) x )

/5 dx—/§ daz—//f 0,4 dadr

- / / Di;&(2)Ai(2) V2 - V0 dadr (4.8)

//Dg Ain(2) V2 wdxdr+//Dg 2)d dedr

forall { € C°(RL").

This can be proved as follows: take € C*°(R), "’ > 0,n = 0 on (—o0, —1], 7 = 1 on [0, c0),
and define 7,5(7) = n(*5*) for 0 < § < 1. Observe that 7,5(7) = 0 for 7 < s — 4 and
nss(7) = 1for 7 > s. In the renormalised formulation with 7" = ¢, we choose the test function
(7, x) = (7, 2)ns5(T). Then, the corresponding right-hand side of converges, as 6 — 0, to
the right-hand side of eq. by the dominated convergence theorem. The corresponding left-hand
side takes the form

/5 dx—/s 5/5 )4 da 0,1 5d7 + O )—/Stfgg(z)aTz/?dxdT.

The second term in the last Iine can be rewritten as (F'  (31/(—3))) (s) for the measurable, bounded
function F/(7) == — [, &(2 (T r) du, and since fRn (—7)dT = 1, we have the conver-

gence (F* (577(—3))) (s ) — F = — [, & ,x)dx fora.e. s € (0,T*)as § — 0.
This establishes the asserted |dent|ty -

From (@.8) we infer that, for a.e. 0 < s < T, the function (7,z) — z(s + 7, z) is a renormalised
solution in (0, 7" — s) x £ with initial data z(s, -). Now we can invoke Case 1 and deduce (ED.s). O

5. EXPONENTIAL CONVERGENCE TO EQUILIBRIUM

Proof of Proposition[2.70, Let us first observe that the regularity hypotheses on z = (u, ¢) together
with the bounds and (ENE.s) imply that 22(z) + |Vu|* € L'(Qyr) for any T < oo and that
u € L ([0,00), LA()), ¢ logcl € L2 ([0,00), LY(Q)) for all i € {1,...,n}. Here, we also
used the lower and upper bounds on H (z) provided in Lemma 6.3]

The energy and mass conservation properties [, z(t,z)dz = Zz for ae. t > 0, where | €
{0,1,...,n}, can be seen as follows. In the renormalised formulation (2.1), we choose ¢» = 1 and
£(2) == ¢f(2) for E > 1, where of(z) = Eg(E'z) for some ¢, € C*°(RL}") with supp Dy,
compact and ¢;(z) = z; for |z|; < 1 (see [24] for an example of such ¢;). This gives

/ P ((T, ) da / oF (=) da
Q Q
T
0 Q

By the dominated convergence theorem, the LHS converges, as £/ — oo, to
/ 2(T,x)dx — / Ztd.
Q Q
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Since D?¢y(z) = 0 for |z]; < 1, we have limp_,o D;jf (z) = 0 for every z € RL}". At the same
time, using the bounds in Lemma6.1]it is easy to see that for all i, j € {0,...,n}

n
Dot (2) Y Awl2)Va - V| S P(2) + [Vul®
k=0
uniformly in £/ > 1. Hence, the integral on the RHS of (5.1) converges to zero as ¥ — oo thanks to
dominated convergence.

Let us now sketch the proof showing the exponential convergence to equilibrium. Below, €5, k =
0,1,..., denote fixed positive constants. As we only consider Model it suffices to take o €
(0, 1]. Conservation of the total energy and the mass of each species, combined with Z being spatially
constant, yields for a.e. time

Hoa(2, %) = H(z) — Dih(3) / (2 — 2)dz — H(3)
Q
= H(z) — H(Z2).
Hence, inequality givesfora.e.t > s >0
t
—/ / P(z) dadr.
s JQ

Writing B(c,¢) = Y ., b(ci, ¢;), where b(s,5) = 5A(s/5), we have by estimate and the
logarithmic Sobolev inequality (cf. [39])

/32(2) d > GOZ/ V/ERde > el/B(c, &) dz. 5.2)
0 — Ja Q

where €; = ¢(€2) > 0.

Recalling the definition of g, in (3-4), and using [ udx fﬂdx (ENE.s), and the Poincaré—
Wirtinger inequality, we can further estimate for some €, = 62( )

>0
—62//]u—u|2dxd7'+w0//@ ) dadr. (5.3)

We next let £ > |Z|, to be fixed later. Then, by uniform convexity, for |z| < FE,

H.a(2(7),2)

Grel(u(T), a)

B(c,e) +alu—1iul* Zpa |z — 2> 25 hrel(z z).
(The argument leading to the second inequality is as in the proof of (3.5).)

At the same time,

n

B(c,¢) +alu—al> > 1 (Z ¢;logc; +au2> - C(2).

i=1
Hence, for E = F(Zz, «) large enough, we obtain

B(c,e) + alu — ul* 25 ha(z, 2).
Combining the above estimates and choosing a € (0, 1] such that aCw < % (with C as in (6.3)),

we infer
T=t 1 t t
_5//@(z)dxdr—62a/ ||u—ﬂ||%2(ﬂ)d7'
T=S8 S Q S

Hoa(2(7)2) + aGra(u(r), )
e, / t [Hrel(z(T), 2) + aGha(u(7), u)} dr,

IN

IN

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



K. Hopf 36

where €3 = €3(Z,,§2) > 0. A version of Gronwall’'s inequality (see e.g. [21] p. 702]) yields the
asserted bound (2.13) for A = €3 > 0. O

Let us note that in the above proof we have not used the fact that 7m;y%|Vu|? is dominated by 2(2)
(see (5.2)). If o (u) is sufficiently close to a linear function for u > 1, e.g. o(u) = u' @ for e(d) > 0
small enough, this term may be exploited as in [39) Section 3] to quantitatively improve the decay rate.

6. APPENDIX

Lemma 6.1 (Estimates for Model|(MO)). Let the hypotheses of Model|(MO)| be satisfied. Then, formally,

> Aok(2)Var, = a(2)Vz + m(2)VDoh(2), (6.1a)
k=0
Z A (2)Vz = mi(2)VD;h(2) + a(z)cZ-Z%—EZ;Vu fori > 1, (6.1b)
k=0

where a(z) = m(z)v(2) and~ is given by (2.6).

Moreover, for any sufficiently regular function z = (u, c1, . . . , ¢,) with positive components, we have

the following estimates:

Abbreviating
P(2) = Vz: (D?h(2)A(2)Vz) = VD;h(z) - (M (2)VDh(z))
and~y(u,c) == —¢"(u) — >, %cl, one has
P(2) 2> IVl + [V Vul* + [VmV Doh(z) P, 6.2)
i=1
and
a(2)|Vul? ~ |[Vul>. (6.3)
Furthermore,
AV S (max &+ V/m(E) + Vi) ) V2 (), (6.4)
1> An(2)Var| S Ve P(z)  fori> 1, (6.5)
k=0
1> Aok(2) V| S [Vul + v/ 2(2). (6.6)
k=0

Proof. Identities (6.7a)—(6.1b) follow from a straightforward computation using the definition of 1;
(see [24], if necessary). Except for the last term in (6.2), estimate is a consequence of [24,
Lemma 2.1] (in [24]: m = 0). The additional control of |\/mV Doh(z)|? for m = m(z) > 0 easily
follows from the definition of &?(z) and M. Eq. is immediate since @ = 7y ~ 1 by hypothesis.
Estimate has been established in [24, Lemma 2.3, eq. (2.10)] for m = 0, and the current version
thus follows estimate (6.2), which implies the bound |m.(2)V Doh(2)| < \/m+/ (). Estimate
is a consequence of the proof of [24, Lemma 2.3], while estimate follows from the fact that a ~ 1
and the bound on m(2)V Dyh(z) observed before. O

Lemma 6.2. Model|[(MO)| (see page[13) fulfils conditions[[A1)H(A5)| and|(AG)| of Theorem|2.8 when as-

suming additionally the reguilarity hypotheses &, w; € C*((0, 0)),|(A2.ii)andm, m;, m € CYL((0, 00)1*").

loc

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



Weak-strong uniqueness for ERDS 37

Proof. The asserted estimates can be verified using Lemma [6.1} the bounds in are immediate
consequences of estimates (6.2), combined with the bound 0 < +/m1(z) < (1 + u). Condi-
tion [(A5)] follows from estimating |a(2)Vu| < \/m1|y/7Vul| and using (6.2). Condition [(AG) easily
follows from and (6.6). (We have not aimed at optimising the conditions on m(z), which are far
from being sharp.) The conditions in foIIow from the definition of M in (2.7). O

Lemma 6.3 (Lower and upper entropy bounds). Let h = h(u,c) be given by with being
satisfied. There exist positive constants ez > 0, kg € (0,1) and Cg,C € (0, 00) such that for all
(u, ) € [0,00)*"

h(u,c) > —6(u) + €5 Z ¢;log(e;) — Cu™ — Oy, (6.7)
i=1

h(u,c) < —6(u) + C Z cilog(c;) + C. (6.8)
i=1

Proof. Letting 3, = % (B, 1), we estimate using

¢ilog(wi(u)) = ¢ 10g(wi(w))X 1y, <etey € 108(Wi (W)X 4, (154
< Bucilog(ci) + wi(u) * log(wi(u)) +C

< B.cilog(ci) + Cuz(+8/8:) 4 .
Thus,

n

hu,c) = —6(u) + Z (M) — ¢ log(w;(w)))

> —6(u)+ Y ((1—B.)eilog(e) — ¢+ 1) — Cuz(+8/8) _ ¢
=1
This yields (6.7) with 15 := 5(14+3/8,) < 1,€5 = 3(1—f.) > 0 and a suitable constant Cs < oo.

Estimate easily follows from the hypothesis that w;(0) > 0 for all i (see also the proof of [24]
eq. (2.9)]). O

Lemma 6.4 (Minimum principle). In addition to the hypotheses of Theorem|2.8 assume that o = 0.
LetT € (0,7%) andu := infq,. u™ > 0. Then the energy component u of the renormalised solution
z = (u, c) satisfies u > u almost everywhere in .

Sketch proof. The hypotheses imply that u € L (I; L?(€2)) and that there exists r > 1 such that

loc

a(2)Vu € L, (I; L"()), du € Li (I; (W (€2))*), L + L = 1. The weak formulation of the

loc loc

energy component (2.3) can therefore be integrated by parts with respect to time to give

T’ T’
/ (Opu, @) dt = —/ / a(z)Vu - Ve dadt. (6.9)
0 0o Jo

for a.a. 7" € (0,T). Ignoring regularity issues for the moment and testing the equation with ¢ =
(u—u)_ leads to

1 t=T" T
—/ (v —u)_[*dz +/ /a(z)|V(u—g)_|2dxdt: 0. (6.10)
2 Q t=0 0 Q

This implies that (v — u) - = 0 and hence u > w a.e. in Q.

To make the argument rigorous, one considers a smooth partition of unity (Xk)évzl on Q asinthe proof
of the L2 identities in [24, Lemma 6.1], see also [11, Lemma 12] and [22, Lemma 4]. For simplicity, we
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only outline the reasoning in the case of ¢ := Y, being compactly supported in €2, and refer, for the
general case, to the first and the third of the references provided before.

Denote by / the standard mollifying kernel, let p := f * p and p.(z) := Zp(%). Then, fore > 0
small enough (only depending on dist(supp ¥, 952)), choose in the test function

P = pex ((pexu—u) 1),
which lies in W7 (I; H*(Q)) for any s € N. Abbreviate u. = p. * u and compute

atue(us - Q)JP = %%’(UE - u)*’%p'
One the other hand, the term

/OT,/Q pe * (a(2)Vu) - V((ue — u)-¢) dzdt

can be shown to converge to

/oT//Q a(z)Vu - V((u —u)-v) dzdt

by arguing similarly as in the proof of the L2—energy identity in [24, Lemma 6.1], see also [11}
Lemma 12], where one should use the fact that ||(u. — w)_||z~ < wu, which follows from the non-
negativity of u. Thus,

T/
/]u—u\ Xkdx / / 2)Vu - V((u —u)_xg)dzdt =0,
t=0

and upon summation over k one arrives at (6.10). O

REFERENCES

[1] N. Alibaud, B. Andreianov, and A. Ouédraogo. Nonlocal dissipation measure and L' kinetic theory for fractional
conservation laws. Comm. Partial Differential Equations, 45(9):1213—1251, 2020.
[2] B. Andreianov and N. Igbida. On uniqueness techniques for degenerate convection-diffusion problems. Int. J. Dyn.
Syst. Differ. Equ., 4(1-2):3-34, 2012.
[3] P. Bénilan, J. Carrillo, and P. Wittbold. Renormalized entropy solutions of scalar conservation laws. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4), 29(2):313-327, 2000.
[4] J. Berendsen, M. Burger, V. Ehrlacher, and J.-F. Pietschmann. Uniqueness of strong solutions and weak-strong sta-
bility in a system of cross-diffusion equations. J. Evol. Equ., 20(2):459-483, 2020.
[5] L. A. Caffarelli and X. Cabré. Fully nonlinear elliptic equations, volume 43 of American Mathematical Society Collo-
quium Publications. American Mathematical Society, Providence, RI, 1995.
[6] J. Carrillo. Entropy solutions for nonlinear degenerate problems. Arch. Ration. Mech. Anal., 147(4):269-361, 1999.
[7] J. Carrillo and P. Wittbold. Uniqueness of renormalized solutions of degenerate elliptic-parabolic problems. J. Differ-
ential Equations, 156(1):93—121, 1999.
[8] J. A. Carrillo, K. Hopf, and J. L. Rodrigo. On the singularity formation and relaxation to equilibrium in 1D Fokker-Planck
model with superlinear drift. Adv. Math., 360:106883, 66, 2020.
[9] X. Chen, E. S. Daus, and A. Jiingel. Global existence analysis of cross-diffusion population systems for multiple
species. Arch. Ration. Mech. Anal., 227(2):715-747, 2018.
[10] X. Chen and A. Jiingel. A note on the uniqueness of weak solutions to a class of cross-diffusion systems. J. Evol.
Equ., 18(2):805-820, 2018.
[11] X. Chen and A. Jiingel. Global renormalized solutions to reaction-cross-diffusion systems with self-diffusion. J. Differ-
ential Equations, 267(10):5901-5937, 2019.
[12] X. Chen and A. Jlingel. Weak-strong uniqueness of renormalized solutions to reaction-cross-diffusion systems. Math.
Models Methods Appl. Sci., 29(2):237-270, 2019.
[13] Y. G. Chen, Y. Giga, and S. Goto. Uniqueness and existence of viscosity solutions of generalized mean curvature flow
equations. J. Differential Geom., 33(3):749-786, 1991.
[14] M. G. Crandall, H. Ishii, and P-L. Lions. User’s guide to viscosity solutions of second order partial differential equa-
tions. Bull. Amer. Math. Soc. (N.S.), 27(1):1-67, 1992.

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



Weak-strong uniqueness for ERDS 39

[15] I. Csiszar. Eine informationstheoretische Ungleichung und ihre Anwendung auf den Beweis der Ergodizitat von
Markoffschen Ketten. Magyar Tud. Akad. Mat. Kutaté Int. KézI., 8:85-108, 1963.

[16] C. M. Dafermos. Hyperbolic balance laws in continuum physics. In Nonlinear problems in theoretical physics (Proc.
IX G.I.F.T. Internat. Sem. Theoret. Phys., Univ. Zaragoza, Jaca, 1978), volume 98 of Lecture Notes in Phys., pages
107—-121. Springer, Berlin-New York, 1979.

[17] L. Desvillettes, K. Fellner, and B. Q. Tang. Trend to equilibrium for reaction-diffusion systems arising from complex
balanced chemical reaction networks. SIAM J. Math. Anal., 49(4):2666—2709, 2017.

[18] R. J. DiPerna. Uniqueness of solutions to hyperbolic conservation laws. Indiana Univ. Math. J., 28(1):137-188, 1979.

[19] R. J. DiPerna. Measure-valued solutions to conservation laws. Arch. Rational Mech. Anal., 88(3):223—-270, 1985.

[20] L. C. Evans and J. Spruck. Motion of level sets by mean curvature. I. J. Differential Geom., 33(3):635-681, 1991.

[21] K. Fellner and E.-H. Laamri. Exponential decay towards equilibrium and global classical solutions for nonlinear
reaction-diffusion systems. J. Evol. Equ., 16(3):681-704, 2016.

[22] J. Fischer. Global existence of renormalized solutions to entropy-dissipating reaction-diffusion systems. Arch. Ration.
Mech. Anal., 218(1):553-587, 2015.

[23] J. Fischer. Weak-strong uniqueness of solutions to entropy-dissipating reaction-diffusion equations. Nonlinear Anal.,
159:181-207, 2017.

[24] J. Fischer, K. Hopf, M. Kniely, and A. Mielke. Global existence analysis of energy-reaction-diffusion equations. arXiv
preprint 2012.03792v2, 2020.

[25] H. Gajewski. On a variant of monotonicity and its application to differential equations. Nonlinear Anal., 22(1):73-80,
1994.

[26] G. Galiano and J. Velasco. Well-posedness of a cross-diffusion population model with nonlocal diffusion. SIAM J.
Math. Anal., 51(4):2884—-2902, 2019.

[27] P. Gwiazda, O. Kreml, and A. Swierczewska Gwiazda. Dissipative measure-valued solutions for general conservation
laws. Ann. Inst. H. Poincaré Anal. Non Linéaire, 37(3):683-707, 2020.

[28] J. Haskovec, S. Hittmeir, P. Markowich, and A. Mielke. Decay to equilibrium for energy-reaction-diffusion systems.
SIAM J. Math. Anal., 50(1):1037-1075, 2018.

[29] H. Ishii and S. Koike. Viscosity solutions for monotone systems of second-order elliptic PDEs. Comm. Partial Differ-
ential Equations, 16(6-7):1095-1128, 1991.

[30] R. Jensen. The maximum principle for viscosity solutions of fully nonlinear second order partial differential equations.
Arch. Rational Mech. Anal., 101(1):1-27, 1988.

[31] A. Jungel. Regularity and uniqueness of solutions to a parabolic system in nonequilibrium thermodynamics. Nonlinear
Anal., 41(5-6, Ser. A: Theory Methods):669-688, 2000.

[32] S. N. Kruzkov. First order quasilinear equations in several independent variables. Mathematics of the USSR-Sbornik,
10(2):217-243, feb 1970.

[33] J. Leray. Sur le mouvement d’un liquide visqueux emplissant I'espace. Acta Math., 63(1):193—-248, 1934.

[34] A. Mielke. Formulation of thermoelastic dissipative material behavior using GENERIC. Contin. Mech. Thermodyn.,
23(3):233-256, 2011.

[35] A. Mielke. A gradient structure for reaction-diffusion systems and for energy-drift-diffusion systems. Nonlinearity,
24(4):1329-1346, 2011.

[36] A. Mielke. Thermomechanical modeling of energy-reaction-diffusion systems, including bulk-interface interactions.
Discrete Contin. Dyn. Syst. Ser. S, 6(2):479-499, 2013.

[37] A. Mielke. Uniform exponential decay for reaction-diffusion systems with complex-balanced mass-action kinetics. In
Patterns of dynamics, volume 205 of Springer Proc. Math. Stat., pages 149—171. Springer, Cham, 2017.

[38] A. Mielke, J. Haskovec, and P. A. Markowich. On uniform decay of the entropy for reaction-diffusion systems. J.
Dynam. Differential Equations, 27(3-4):897-928, 2015.

[39] A. Mielke and M. Mittnenzweig. Convergence to equilibrium in energy-reaction-diffusion systems using vector-valued
functional inequalities. J. Nonlinear Sci., 28(2):765-806, 2018.

[40] B. Perthame. Kinetic formulation of conservation laws, volume 21 of Oxford Lecture Series in Mathematics and its
Applications. Oxford University Press, Oxford, 2002.

[41] D. Pham and R. Temam. A result of uniqueness of solutions of the Shigesada-Kawasaki-Teramoto equations. Adv.
Nonlinear Anal., 8(1):497-507, 2019.

[42] J. C. Robinson, J. L. Rodrigo, and W. Sadowski. The three-dimensional Navier-Stokes equations, volume 157 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2016. Classical theory.

[43] L. Tartar. Compensated compactness and applications to partial differential equations. In Nonlinear analysis and
mechanics: Heriot-Watt Symposium, Vol. 1V, volume 39 of Res. Notes in Math., pages 136-212. Pitman, Boston,
Mass.-London, 1979.

[44] A. Unterreiter, A. Arnold, P. Markowich, and G. Toscani. On generalized Csiszar-Kullback inequalities. Monatsh. Math.,
131(3):235-253, 2000.

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



K. Hopf 40

[45] E. Wiedemann. Weak-strong uniqueness in fluid dynamics. In Partial differential equations in fluid mechanics, volume
452 of London Math. Soc. Lecture Note Ser., pages 289-326. Cambridge Univ. Press, Cambridge, 2018.

DOI 10.20347/WIAS.PREPRINT.2808 Berlin 2021



	1. Introduction
	1.1. Thermodynamic modelling
	1.2. Motivation and strategy
	1.3. Technique
	1.4. Outline
	1.5. Notations

	2. Main results
	2.1. Assumptions
	2.2. Definitions and Results
	2.3. Examples

	3. Weak-strong uniqueness principle
	3.1. Truncation function 
	3.2. Coercivity properties of the generalised distance
	3.3. Evolution inequality for the generalised distance
	3.4. Stability estimate

	4. Strong Entropy dissipation property
	5. Exponential convergence to equilibrium
	6. Appendix
	References

