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Simulating the electronic properties of semiconductor
nanostructures using multiband k · p models
Oliver Marquardt
Abstract
The eight-band k · p formalism been successfully applied to compute the electronic properties of a wide range of semiconductor nanostructures in the past and can be considered the
backbone of modern semiconductor heterostructure modelling. However, emerging novel material systems and heterostructure fabrication techniques raise questions that cannot be answered
using this well-established formalism, due to its intrinsic limitations. The present article reviews
recent studies on the calculation of electronic properties of semiconductor nanostructures using
a generalized multiband k · p approach that allows both the application of the eight-band model
as well as more sophisticated approaches for novel material systems and heterostructures.

1

Introduction

Semiconductor nanostructures such as thin films [51, 68], nanowires (NWs) [38, 41, 40], quantum
dots (QDs) [14, 13, 76], but also nanoparticles [34] or crystal-phase heterostructures [5, 24] represent
key building blocks of novel optoelectronic devices. Within the past years, significant progress has
been achieved in the production process of such nanostructures for applications in light emission and
detection, solar energy harvesting, but also for single-photon generation techniques to be used in
quantum communication or quantum computing [35, 77, 17, 31, 37].
Powerful modelling techniques for the investigation of the optoelectronic properties of semiconductor
nanostructures are essential to both a deeper understanding of observations in experiment and to
the design of nanostructures that suit the demands of very specific applications. A wide variety of
modelling approaches exists for individual semiconductor nanostructures. Atomistic models, such as
tight-binding [57, 59, 60] or empirical pseudopotential approaches [69, 70, 12] grant the flexibility to
model nanostructures on the level of single atoms. [11, 73] However, the computational effort rapidly
grows with the number of atoms involved. While the treatment of a few million atoms (as an orientation
to the reader, in the common compound semiconductor material GaAs, one million atoms corresponds
to a volume of approx. 35 × 35 × 35 nm3 ) in such models is nowadays possible [20, 4], these highly
accurate atomistic models commonly require the availability of high-performance computer facilities
with several hours to a few days of computational effort for a single nanostructure.
A computationally efficient alternative are k · p models that provide relevant details of the bulk electronic band structure of all materials involved in combination with an envelope function approach containing shape and dimensions of a heterostructure [8, 18]. In particular, the eight-band k · p formalism [7, 22, 54, 64, 6] represents the backbone of modern device modelling for the past two decades
now and continues to provide valuable insight for recent research questions [29, 1, 30, 39]. Even today, eight-band k · p models are actively being researched and improved in terms of accuracy and
applicability [66, 55]. While these models naturally neglect atomistic features and appear therefore
unsuited to heterostructures where the influence of individual atoms governs the electronic properties,
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they are extremely useful to identify and understand trends in classes of heterostructures, such as the
influence of alloy composition, shape, or size of a set of heterostructures on their electronic properties.
Despite being a reliable and efficient tool for the description of the electronic properties of semiconductor nanostructures, the eight-band k · p formalism has a number of shortcomings and limitations
that are intrinsic to both the continuum framework as well as the limitation to eight basis functions.
The following work reviews our recent studies that have been performed using both the eight-band
model as well as modifications of this model and more sophisticated k · p models. The intrinsic
limitations of the eight-band k·p formalism together with approaches to handle them will be discussed
in detail with a focus on semiconductor nanowires. This particular class of heterostructures exhibits
unique features due to the existence of free side facets. These do not only facilitate a significant
strain relaxation that allows the development of defect-free heterostructures, but also the coexistence
of different crystal phases of chemically identical composition. In the following, the application of k ·
p models to investigate the electronic properties of of nanowire-based heterostructures defined by
chemical composition or crystal phase will be reviewed.

2

Generalized multiband k · p models

Within k · p perturbation theory, the bulk electronic band structure of a semiconductor material is
described for a limited number of basis functions (bands) in the vicinity of a selected high-symmetry
point of the Brillouin zone [28]. The relevant optically active transitions in a semiconductor quantum
dots commonly rely on electron and hole states that are dominated by the energetically lowest conduction band and the top valence bands, respectively, in the vicinity of high-symmetry points. In direct
semiconductors such as most compound semiconductors of the III-As and III-N material systems, the
minimum of the conduction band and the maximum of the valence band appear at the same highsymmetry point, which in this material class is commonly Γ = k = 0. The eight-band k · p formalism
therefore treats the three energetically highest valence bands and the energetically lowest conduction band each with their respective spin components, spin-up (| ↑i) and spin-down (| ↓i), assuming
that other bands are energetically well separated from this basis set (cf. Fig. 1). The corresponding
Hamiltonian is a matrix with the row and column indices σ, ν = 1, 2, ..., 8:

Ĥ :=

X

|σ, riĤσν (r)hν, r|.

(1)

σ,ν

Each of the elements Ĥσν is a sum of terms, that are composed as a product of up to four factors

c · P (r) · φ(r) · D̂.

(2)

Here, c represents a real or imaginary prefactor. P (r) is a spatially dependent parameter, such as
an effective mass or the Luttinger parameters. The quantities φ(r) are additional fields such as the
spatially dependent elements of the strain tensor and polarization or other external potentials. D̂ represents gradient operators (commonly first and second spatial derivatives). The respective material
parameters can be mostly deduced from band curvature, optical selection rules, and symmetry considerations so that only a handful of material parameters such as effective masses, band edges, or
optical matrix elements, is required to provide a reasonable approximation of the band structure of a
material around the Γ point using the eight-band k · p model. The actual composition and geometry of
heterostructures is then encoded in spatially dependent material parameters. In ternary or quaternary
alloys, material parameters are interpolated using linear or quadratic interpolation schemes, according to the material composition at the respective position. For the common compound semiconductors,
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Figure 1: Band structure of GaAs. The magnification shows the basis functions of the eight-band k · p
formalism around Γ = 0. The conduction band is depicted in red, the valence bands are shown in
blue. Some remote bands that are part of the bulk band structure but not of the eight-band k · p model
are shown additionally (dashed black).

eight-band k · p parameters are well known and can be found in literature (e.g. Ref. [67]). The bulk
band structures are furthermore modified by strain and built-in electrostatic potentials that commonly
arise in epitaxially-grown semiconductor heterostructures. Eight-band models taking these effects into
account can be found e.g. in Refs. [7, 22], or [71].
We have previously developed a flexible, generalized multiband k · p formalism within the plane-wave
framework of the SPHInX library [42, 16, 43]. In this manner, we could apply highly optimized electronic
minimization routines that were readily available, and perform highly efficient gradient operations in
reciprocal space, where the real-space properties of heterostructures are transformed via Fast Fourier
Transformation. The key feature of our implementation, however, is a generalized Hamiltonian which is
set up in a human-readable meta-language. In particular, the dimensions of the Hamiltonian and thus
the number of bands taken into account is not limited so that the code grants the flexibility to perform
not only eight-band k · p calculations but also computationally inexpensive single-band effective mass
simulations as well as more sophisticated models beyond the eight-band scheme, as will be discussed
in Sec. 6.
The typical work flow of a simulation is depicted in Fig. 2. The heterostructure is set up in a 3D
material map containing shape and material composition. The respective material parameters are
read from separate material parameter files. In the first step, the elastic properties of the system are
then computed using a continuum elasticity model that is part of the software [43]. Built-in electrostatic
potentials are computed from strain distribution, piezoelectric constants, and spontaneous polarization
by solving the Poisson equation. These contributions enter the generalized multiband k · p model,
where the respective k · p Hamiltonian is chosen and set up by the user such that it suits best the
complexity of the underlying problem. The resulting single-particle wave functions, charge densities,
and energies can then be used in an external self-consistent cycle to account for excitonic effects
and thus to compute optical spectra of the heterostructure under consideration. Of course, parts of the
simulation work flow can be replaced by other software packages (e.g. more detailed elasticity models)
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Figure 2: Schematic of the simulation work flow. The self-consistent coupling between the calculation
of elastic and piezoelectric properties as well as the configuration interaction scheme are realized by
scripts outside the SPHInX k · p module to allow for maximum flexibility.
following a simple grid interpolation. High numerical efficiency, flexibility, and the widely generalized
approach of the SPHInX multiband k · p module allowed us to compute the electronic properties of
a wide range of semiconductor nanostructures, some of which will be presented in more detail in the
following.

3

Random dopant fluctations and surface potentials in (In,Ga)N
nanowires

Inx Ga1−x N/GaN heterostructures are key building blocks for highly efficient, environmentally friendly
white light-emitting diodes, as the band gap of the ternary alloy Inx Ga1−x N spans a spectral range
from 380 to 1800 nm, thus covering the entire visible spectrum [51]. However, it is generally difficult to
synthesize Inx Ga1−x N/GaN heterostructures with large In contents, as required for light emission in
the yellow, amber, and red part of the spectrum. A large lattice mismatch as well as the tendency of
phase separation represent severe obstacles in the production of Inx Ga1−x N layers in GaN with large
In contents while maintaining the required crystal quality. Moreover, Inx Ga1−x N/GaN heterostructures
exhibit large built-in potentials that increase linearly with In content and layer thickness. These potentials induce a spatial separation of electrons and holes and therefore significantly reduce the efficiency
of radiative recombination [75]. Both problems can be overcome by incorporating Inx Ga1−x N layers in
GaN nanowires [38, 40] where the free side facets facilitate strain relaxation so that axial Inx Ga1−x N
layers can relax elastically even for large In contents [15, 33]. At the same time, the elastic strain release is expected to reduce the built-in electrostatic fields and thus to increase the electron-hole overlap, leading to an increased internal quantum efficiency [68]. Surprisingly, the emission wavelengths
observed in axial Inx Ga1−x N/GaN nanowires were all reported in the green, amber, and red parts of
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the spectrum and furthermore decrease monotonically with decreasing In content so that emission
within the blue or violet parts of the spectrum becomes difficult (cf. Fig. 3 a) [72]. This behavior is, in
fact, the opposite of what is regularly observed in planar Inx Ga1−x N/GaN heterostructures.
The fundamental difference between planar heterostructures and those incorporated in nanowires are
the free side facets and thus the presence of surface potentials in semiconductor nanowires. These
potentials arise from surface Fermi level pinning at the semiconductor-vacuum interface and background doping throughout the whole nanowire [19]. In a first step, we have thus performed a systematic study of the influence of the In x content on the confinement of electrons and holes in an axial
Inx Ga1−x N/GaN nanowire heterostructure, taking a surface potential into account [47]. The doping
concentration inside the nanowire was modelled in a simplified assumption as a homogeneous background charge, giving rise to a parabolic increase of the surface potential towards the side facets. We
have identified the competing influence of strain-induced built-in polarization potentials and surface
potentials arising from unintentional doping and surface Fermi level pinning as the origin of the counterintuitive emission properties of axial Inx Ga1−x N/GaN nanowire heterostructures. While the surface
potential exhibits its maximum at the side facets of the nanowire, the built-in polarization potential has
its maximum at the bottom interface of the Inx Ga1−x N insertion along the central axis of the nanowire
(cf. Fig. 3 b). Assuming the surface potential to be indepentent of the In content and thus constant
for all x, the strength of the polarization potential increases with larger In content. The valence band
maximum – the attractive area for hole states – moves from the side facets towards the central axis of
the nanowire with larger In contents so that hole states are confined near the side facets for small In
contents and near the central axis of the nanowire for larger In contents, where their overlap with the
electron state (always located at the central axis of the nanowire and the top interface if the Inx Ga1−x N
insertion) is larger (cf. Fig. 3 c).
To reduce the disturbing influence of surface potentials for nanowire-based light emission in the blue
and violet range, a reduction of the nanowire diameter was found to be a promising approach. First,
the surface potential increases quadratically with the nanowire diameter so that a reduction within
experimentally accessible ranges (e.g. from 80 to 40 nm) reduces the strength of the surface potential
by a factor of four. Second, confining electrons and holes on a smaller volume itself leads to an
increased overlap and thus higher internal quantum efficiency [45]. However, given the dimensions
of these nanowires, a typical density of unintentional doping of p=10−17 cm−3 as assumed in the
above study with a nanowire diameter of 40 nm translates into only two dopants in a 20 nm long
segment of a nanowire, a density where the approximation of a homogeneous doping density naturally
fails [36, 58, 26].
Motivated by this consideration, we have studied the influence of individual, randomly distributed
dopants in axial Inx Ga1−x N/GaN nanowire heterostructures on their electronic properties [46]. Doping is clearly an atomistic feature and thus at a first glance not tractable within a continuum picture.
However, we know that typical unintentionally incorporated dopants in the (In,Ga)N material system
are O and Si donors [23, 19, 26] that transfer their extra electron to surface states in the vicinity of a
semiconductor-vacuum interface, which basically applies to all donors in a nanowire. Furthermore, it is
known that O and Si represent almost ideal hydrogenic donors in the (In,Ga)N material system [50] so
that their main influence is a long-range Coulomb potential. We have therefore modelled random donor
distributions in axial Inx Ga1−x N/GaN using single point charges that contribute a Coulomb potential to
the potential landscape within an eight-band k · p model. An example of a Coulomb potential as well
as the corresponding electron and hole ground state charge density is shown in Fig. 3 d, where nine
randomly distributed donors are contained in an In0.05 Ga0.95 N insertion of 1 nm thickness in a GaN
nanowire. We have then performed a statistical analysis for selected systems in terms of In content
and insertion thickness, where we have simulated 500 random doping distributions for each – other-
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wise identical – system configuration. The transition energy between electron and hole ground state is
shown as a histogram for one example system configuration of In content and layer thickness (x=0.05,
t=1 nm) in Fig. 3 e. It can be seen that fluctuations in the donor distribution alone lead to variations
of more than 100 meV in the transition energy. Furthermore, the transition energies are mostly lower
than those obtained under the assumption of a homogeneous doping charge density, as the potential
valleys induced by individual donors are deeper (solid red line) and, of course, smaller than in the
absence of a surface potential (dashed black line). While the position of the hole ground state can be
predicted to be at one of the corners at the lower interface of the insertion, the electron confinement
is mainly governed by the doping distribution, as can be seen in Fig. 3 f, where an ensemble charge
density of electrons and holes for 500 different doping distributions is shown. The only reliable prediction for the electron is that it will be confined somewhere at the top interface of the insertion, due to
the built-in polarization potential.
Random dopant fluctuations will therefore have a dramatic influence on nanowire applications that
rely on the reproducible emission of light, such as single-photon emitters as required for quantum
computing or -cryptography. Generally, the miniaturization of light emitters to the nanoscale will result
in phenomena related to random doping fluctuations that need to be taken into account in design
and modelling. Note, however, that the assumption of a homogeneous doping charge distribution in
semiconductor nanowires is not a priori wrong: for larger doping densities as well as in cases where
the doped area is spatially separated from the optically active parts of the device (e.g. in core-shell
nanowires), the Coulomb potential of random doping concentrations will be well approximated by the
one originating from a homogeneous doping density.

4

Polytypism in GaAs nanowires

Another unique property of semiconductor nanowires is the coexistence of different crystal phases
(polytypes) of chemically identical alloys in the same nanowire. This feature occurs regularly in semiconductor nanowires and as the electronic properties of different polytypes of the same alloy are different, such nanowires represent crystal-phase heterostructures [63, 74]. Of particular interest in this
context is the binary alloy GaAs, which can be considered as the prototype compound semiconductor
material, used in a wide range of electronic and optoelectronic applications [49]. While the material
properties of the zincblende (ZB) phase of GaAs are extensively studied and known with higher accuracy than those of any other compound semiconductor [2, 67], its metastable wurtzite (WZ) phase is
scarcely understood. This is mostly due to the fact that WZ GaAs is unattainable in bulk form. While
WZ GaAs is regularly observed in nanowires, it always occurs only in coexistence with the ZB phase
in a sequence of segments of alterating crystal phase and thickness. Extracting the bulk material
properties of the WZ phase from polytypic GaAs nanowires is, of course, beset with many difficulties
so that complete and consistent sets of electronic structure parameters of WZ GaAs are available
only from theory [27, 10, 9]. Existing studies agree, however, that there are two energetically close
conduction bands relevant for optoelectronic properties in the WZ phase. Apart from the Γ7c band,
the equivalent to the Γ6c band of the ZB phase (cf. Fig. 4 a), the much heavier Γ8c band coexists in
close energetical range (cf. Fig. 4 b) and the ordering of the two bands is still matter of controverse
discussion. Moreover, the ordering of the two bands can be reversed by even small strains [21, 61], of
a magnitude that can already be imposed on dispersed nanowires by the substrate (cf. Fig. 4 c and d).
This feature represents a challenge for the modelling of the electronic structure of GaAs crystal-phase
heterostructures using k · p models as the Γ8c conduction band is simply not contained in the eight
basis functions. A proper model thus has to contain the additional conduction band, as can be done in

DOI 10.20347/WIAS.PREPRINT.2773

Berlin 2020

Simulating the electronic properties of semiconductor nanostructures

ne

10−2

(c)

eVS

GaN

t=5 nm

Energy

In

(b)

t
ten
con

ss

eVP

10−3

GaN

In0.05 Ga0.95 N

In0.4 Ga0.6 N

d=80 nm
450

λ (nm)

550

r (nm)

-40

(d)

150

(e)

(f)

undoped

counts

x=5%, t=1 nm
100
50
0

d=80 nm

40
homogeneous

10−1

(a)

th
ick

PL intensity (arb. units)

1

7

3.00

3.10

3.20

Eel -Eho (eV)
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band is shown as a thin purple line. c: Electron (red) and hole (blue) ground state charge densities
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a straightforward manner within the generalized SPHInX multiband k · p module.
Correspondingly, we have employed a ten-band k · p model to compute the electronic properties of
GaAs crystal-phase heterostructures consisting of both ZB and WZ segments [48]. We have simulated
both bulk nanowire segments consisting of one of the two polytypes as well as ZB/WZ superlattices
under the influence of strain. Our calculations have shown that, in WZ GaAs, electron confinement can
be governed by either the Γ7c or the heavier Γ8c band, which exhibits much lower recombination rates
with hole states that are furthermore sensitive to light polarisation. In ZB/WZ superlattices, our findings
indicate that, due to the two conduction bands in the WZ phase and the low band offset between the
conduction bands of the two polytypes, electron confinement can appear in both the ZB or the WZ
phase, depending on strain state and the thickness of the respective layers, whereas the hole ground
state is always found to be confined in the WZ segment (cf. Fig. 4 e and f). As there is no coupling
between the two conduction bands, the change of character of the electron ground state between
Γ6c,7c and Γ8c and the confinement region between ZB and WZ segment happens abrupt, as can be
seen in Fig. 4 g. The WZ region dominates electron confinement if the ZB segments are thin enough
that quantum confinement increases the energy of electrons in the ZB above the energy of an electron
confined in the WZ region. The Γ8c band is furthermore decreased in energy with increasing strain
so that electron confinement due to this band again becomes dominant in the WZ phase for larger
strains.
Apparently, any model of the electronic properties of heterostructures containing GaAs in the WZ
phase strictly requires the consideration of the additional Γ8c conduction band. The significant influence of comparatively small strains on the character of the electron ground state is a possible explanation for the contradicting experimental results regarding character and effective mass of the lowest
conduction band in WZ GaAs and the corresponding band gap.

5

Excitonic Aharonov-Bohm effect in crystal-phase quantum rings
based on core-shell nanowires

In radial core-shell nanowire heterostructures, polytypes extend through the shells during radial growth.
This feature allows to combine radial, compositional core-shell nanowire heterostructures with axial
crystal-phase heterostructures in order to form thin crystal-phase quantum rings. A clear advantage of
heterostructures that are formed by alterations of the crystal phase rather than the chemical composition is the absence of interface grading between different alloys as well as the fact that crystal-phase
heterostructures exhibit atomically flat interfaces and only a small lattice mismatch (for example, the
lattice mismatch between the WZ and the ZB phase of GaAs is 0.37%). If such a nanowire-based
crystal-phase quantum ring is furthermore supplied with a surface potential originating from intentional
doping, electrons and holes can be confined inside the ring on different radii. A schematic realization
of such a structure is shown in Fig. 5 a: An intentionally doped ZB GaAs core containing a single WZ
segment is radially overgrown by an AlAs barrier shell, followed by the active, undoped GaAs shell
and another AlAs barrier shell. The WZ segment extends radially through the whole nanowire, forming
a ring inside the GaAs shell. The doped core supplies the whole nanowire with a surface potential so
that electrons and holes are both confined in the WZ-GaAs ring but on different radii: The hole tends
to be confined near the inner ring radius, the electron near the outer one. The slope of the surface potential can be controlled by the doping density of the core, p, the spatial separation between electrons
and holes is limited by the experimentally well accessible shell thickness t. If such a radially polarized
exiton is influenced by a magnetic field, the magnetic flux through the orbits defined by the electron
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Figure 4: a and b: Bulk band structures of ZB and WZ GaAs. The inset in (b) shows a close-up of the
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GaAs. e and f: Possible optical transitions in GaAs ZB-WZ superlattices. g: Transition energies relative
to the ZB bulk band gap as a function of the thickness of the WZ and ZB segment for different strain
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and the hole wave functions is different. Increasing the magnetic field then gives rise to oscillations in
both the exciton energy and the oscillator strength characterized by a period BC :

BC =

π·

Φ0
− hrh2 i|

|hre2 i

(3)

where Φ0 = 2π − ~/e is the magnetic flux quantum. This effect is known as the excitonic AharonovBohm effect [3, 56] and represents a fundamental quantum physical phenomenon. Crystal-phase
quantum rings in all-binary semiconductor core-shell nanowires as suggested above represent promising structures for systematic studies of the excitonic Aharonov-Bohm effect, as the two characteristic
parameters, the active shell thickness t and the core doping density p can be controlled to a good extent. The ideal case, however, represents a compromise between a radial separation of electron and
hole large enough to warrant a small characteristic magnetic field BC on the one hand and a sufficiently
small separation to ensure visible recombination. We have therefore studied a range of experimentally
realizable crystal-phase quantum rings in order to identify ideal systems for the observation of the
excitonic Aharonov-Bohm effect in a recent work [25].
The GaAs core of the heterostructure (dc =30 nm) is doped with Be at a doping density of 1 to 4×1018 ,
one order of magnitude larger than the doping level assumed in our study on axial Inx Ga1−x N/GaN
nanowire heterostructures. As the core is furthermore separated from the active GaAs layer by a
15 nm thick AlAs shell, the simplification of a homogeneous core doping density appears reasonable.
The crystal-phase segment realizing the axial confinement along the radial nanowire heterostructure
is realized by a thin WZ segment in a merely ZB nanowire, namely a twin boundary. We could limit
ourselves here to the consideration of only one conduction band (as contained in the eight-band
k · p model, as our previous studies have shown that this is the dominating band in heterostructures
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Figure 5: a: Schematic view of a GaAs/AlAs core-multishell nanowire with a Be-doped core containing
a single twin boundary (WZ segment). The respective band profile of the active GaAs shell is shown
below. Electron and hole ground state charge densities are depicted in red and blue, respectively.
b: Electron (red) and hole (blue) radii as a function of the GaAs shell thickness t for different core
doping densities p. c: Characteristic magnetic field Bc to achieve a phase shift of 2π of the exciton
wavefunction as a function of t for different values of p. d: Plan-view high-angle annular dark-field
transmission electron micrograph of a few GaAs/AlAs core-multishell nanowires with magnification of
one selected nanowire. e and f: Dependence of the average energy of the Zeeman split states on
the magnetic field for quantum rings from two different nanowires with the respective characteristic
magnetic field Bc .

containing only thin WZ segments. We have then systematically varied both core doping density and
GaAs shell thickness to obtain electron and hole ground state radii and the respective characteristic
magnetic fields BC to observe a 2π phase shift of the exciton wavefunction.
Figure 5 b shows electron and hole ground state radii as a function of the thickness of the active
GaAs shell for different core doping densities. Clearly, both parameters are well suited to control the
radial separation of the two charge carriers. The corresponding characteristic magnetic fields are
shown in Fig. 5 c. The characteristic magnetic fields for the observation of a 2π phase shift of the
exciton wavefunction can be tuned to less than 4 T for shell thicknesses that still allow visible optical
recombination.
Following the theory-driven design, comparable nanowires were grown by molecular-beam epitaxy (for
details on the growth procedure, see Ref. [25]). Example heterostructures are shown in a plan-view
transmission electron microscopy image in Fig. 5 d with an enlarged view of one selected nanowire.
The core-shell structure is clearly visible. Note that the nanowire is covered by another GaAs layer to
prevent oxidation of the AlAs shell. Furthermore, a small number of twin boundaries was observed in
each nanowire that represent the crystal-phase alterations required to achieve axial confinement of
the charge carriers (not shown).
Magneto-photoluminescence spectroscopy was carried out on two selected, individual nanowires with
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magnetic fields from 0 to 8 T. The transition energies of the two nanowires are shown in Figs. 5 e and
f as a function of the magnetic field. The parabolic evolution of the transition energy, a result of the
Zeeman effect, is clearly superimposed by oscillations. A fitting using a parabola modulated by a sine
function yields characteristic magnetic fields of 2.2 and 3.1 T for the two nanowires. It is furthermore
interesting to note that the underlying parabolic behaviour is of opposite direction in the two nanowires.
This can be attributed to the fact that we observe Aharonov-Bohm oscillations for both a charged
exciton, namely a trion (Fig. 5 e) and a neutral exciton (Fig. 5 f). We note that predicted and extracted
characteristic magnetic fields deviate with a factor of approximately two, which is, however, not too
surprising given the simplicity of the model employed and the number of uncertainties in measuring
core doping levels and shell thicknesses. Our results demonstrate that crystal-phase quantum rings in
GaAs/AlAs core-shell nanowires are ideal structures for systematic studies of the excitonic AharonovBohm effect, offering a high degree of control over the two decisive characteristic parameters shell
thickness and core doping density.

6

Beyond the eight-band scheme

While most of the above studies were based on eight-band k · p models, a fundamental shortcoming
of this model, namely the limitation to eight basis functions, was already illustrated in the context of WZ
GaAs, where a second, energetically close conduction band becomes relevant, so that the number of
basis functions has to be extended. In a first study, this has been done by adding another conduction band, thus employing a ten-band Hamiltonian [48]. Given the fact that the only dipole-allowed
transition between this band and any other of the basis functions involved (namely the Γ9v valence
band) is known to be very small [9], the additional conduction band has been modelled as a parabolic
band, decoupled from all other basis functions. This model has successfully given valuable insight
into the electronic properties of WZ/ZB GaAs heterostructures and provided useful information to the
controversial debate on the nature of the lowest conduction bands in WZ GaAs and their influence on
electron confinement and optical properties.

Limitations of the eight-band model Within the ten-band k · p model applied above, both conduction bands can be considered parabolic only in the very close vicinity of the Brillouin zone’s center, Γ,
and show additional band minima at other high-symmetry points that are energetically close to their
energies at Γ. In order to achieve a more accurate description of the two conduction bands, more
remote bands have to be taken into consideration. For WZ GaAs and GaAs crystal-phase heterostructures, we have therefore suggested to add the following three conduction bands to the ten-band model,
again with their respective | ↑i | ↓i components, adding up to a 16-band k · p model.
Generally, a more accurate description of the band structure throughout wider parts of the Brillouin
zone can be achieved by increasing the number of bands taken explicitly into account [32, 65, 43]. For
example, the application of an eight-band k · p models to heterostructures with a fourfold symmetric geometry, e.g. pyramidal quantum dots in the ZB phase, induces artificially degenerate electronic
states which would exhibit a small energy splitting in atomistic models. The origin of the splitting is the
bulk-inversion anisotropy, which reduces the combined symmetry of atomistic lattice and heterostructure geometry, which is not contained in common eight-band k·p models [12]. Taking more bands into
account, however, it is possible to provide a correct description of the bulk-inversion anisotropy even in
a k · p model. As an example, the band structures reproduced from two-plus-six-, eight- and 14-band
k · p models for ZB GaAs are shown in Fig. 6 a, where three more conduction bands were taken
into account. Note that both conduction and valence bands exhibit small splittings towards the K high

DOI 10.20347/WIAS.PREPRINT.2773

Berlin 2020

O. Marquardt

4

12

(a)

E (eV)

2

14×14
8×8
2×2+6×6

0
-2
-4
K

E(Ψe,2 )-E(Ψe,1 ) (meV)

(a)

Γ
k

X

(b)

1.2
1
0.8
0.6
0.4
0.2
0
10

15

20
25
QD base length (nm)

30

Figure 6: a: Electronic band structure of bulk ZB GaAs reproduced from effective mass and six-band
(dotted black), an eight-band (dashed blue), and a 14-band (solid and dashed red) k · p model. b:
energy splitting between the first two, p-like excited electron states in a pyramidal InAs quantum dot in
GaAs as a function of the QD base length.
symmetry point for the 14-band model (dashed and solid red lines), a feature that is not resolved in
the two less sophisticated models. Applying the same 14-band Hamiltonian [53] to an InAs pyramidal
QD in GaAs, we can in fact observe a splitting between the two p-like excited electron states, which
are found to be degenerate in the eight- or two-band models (cf. Fig 6 b where the splitting is shown
as a function of the QD base lenght).

Parameter fitting The description of heterostructures formed from indirect band gap materials such
as Si or Ge, compound semiconductors in metastable crystal phases, or 2D materials using k · p
models will likewise require larger basis sets. While the respective Hamiltonian operators can be set
up in a straight-forward manner within the SPHInX multiband k · p module, the set of required material
parameters is another key ingredient and – opposed to the parameters required for eight-band models
– not well known for most materials. Moreover, obtaining these parameters by fitting the respective k·p
band structure to a band structure obtained from ab initio calculations becomes a nontrivial task if high
accuracy throughout the whole Brillouin zone is demanded. For example, the common eight-band k·p
models for wurtzite semiconductors require ten parameters that cannot be read directly from the band
structure at Γ (anisotropic electron effective mass: 2, Luttinger-like parameters: 6, Nonzero optical
matrix parameters: 2) but are easily obtained in the vicinity of Γ from fitting routines readily available in
mathematics software packages. A sixteen-band Hamiltonian where energetically higher conduction
bands are treated in a similar manner as the basis functions of the eight band model already requires
the fitting of 25 parameters. Here, gradient-optimization schemes fail, in particular if a decent fitting
throughout the whole Brillouin zone is demanded. A grid-wise search for the optimal parameter set, on
the other hand, induces an enormous computational effort. If we assume only ten grid points for each
of the 25 parameters, a total of 1025 k · p band structures would need to be computed and compared
to an ab initio one – a task which is far beyond nowadays computational resources, even given that
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Figure 7: Electronic bandstructure of bulk WZ GaAs obtained from fitting (solid black and gray) a 16band k · p model to a band structure obtained from an ab initio calculation (dashed red). Priority was
given to the two valence and conduction bands closest to the band gap, respectively (black). The band
structure obtained from the initial guess parameter set is shown as dotted blue lines.

this problem can be trivially distributed to a large number of processors.
To overcome this curse of dimensionality, we have implemented a fitting scheme based on stochastic
optimization using low-discrepancy point sets [44]. The search intervals of all requested parameters
are mapped onto an n-dimensional Sobol sequence [62, 52] of a given length N , thus keeping the
number of computed band structures under control while mapping the whole n-dimensional parameter
space. The fundamental cost function:

v=

X
nk

h

i
eig Ĥkp (Pi ) − 

i=1..N

−→ MIN!

(4)

with nk being the number of k values for which the band structure is sampled, can then be easily
modified to optimize additional requirements, e.g. a priorization of selected bands or an improved accuracy of the overall fit in the vicinity of selected high-symmetry points. The scheme is complemented
with additional measures to move the whole search range if any of the fit parameters were found to
provide the best fit at the boundaries of their respective ranges and provides further optimization of the
best-suited sets using gradient optimization and a particle-swarm implementation of a genetic algorithm. An example 16-band k · p band structure which has been obtained from fitting a 25-dimensional
parameter set to an ab initio band structure is shown in Fig. 7, together with the band structure obtained from the initial guess parameter sets. Priority was given to the bottom two conduction and top
two valence bands (solid black) in the vicinity of L, M, Γ, and K. The total computational time for this
fit, based on a Sobol sequence of N =10000 elements, was about 60 min on a single CPU and the
parallel evaluation of a larger set of band structures is a trivial manner. While it is still essential to
provide a reasonable initial search range, our approach drastically reduces the computational effort
of a parameter fitting process for multiband k · p models. Furthermore, the fitting scheme can be initialized with parameter estimates from experiment, theoretical considerations, or existing parameters
from comparable materials as a reasonable initial guess.
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Conclusions

The research in semiconductor nanostructures is largely driven by the experiment. The vast range of
nanostructures grown from various material using different growth processes creates a demand for a
versatile tool which can predict the electronic properties of such systems with a reasonable accuracy
on a daily basis. Our generalized multiband k·p scheme represents such a tool, bringing new ideas to
the field of k · p-modelling and thereby overcoming the limits of the decades-old eight-band approach
to novel materials and heterostructures classes. Our approach facilitates the possibility to select the
Hamiltonian operator and thus the number of bands involved suited best to the system under consideration. This allows to rapidly explore novel materials or unusual heterostructure shapes, where bands
beyond the well-established eight-band scheme begin to play a role. In combination with a tool to systematically extract the respective electronic band structure parameters for these more sophisticated
models, we establish a work flow from most modern ab initio band structure calculations to pioneering
device design on the continuum level. The examples presented in this work illustrate the flexibility off
our approach and allows us to address very specific questions such as the role of individual donors or
the occurence of different crystal phases in nanowire heterostructures without any additional coding
being necessary in the software module with high predictive capabilities. The generalized framework
allows for rapid prototyping of both novel device concepts as well as new k·p models with a highly optimized, computationally efficient gradient minimization that was inspired by the tremendous progress
in ab initio electronic structure theory of the past decades. Typical calculations can be performed on
a standard personal computer or even a laptop within few hours of computational time and do not
require high-performance computers that are typically not generally available to experimentalists. Finally, the simplicity of the model and the availability of tutorial videos as well as the possibility to install
the software using standard packet managers in most of the common Linux distributions facilitates its
applicability for teaching purposes and has been successfully used to excite young students and the
general public about the fascinating properties of semiconductor nanostructures.
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