WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

On the convexity of optimal control problems involving non-linear
PDEs or Vis and applications to Nash games (changed title:
Vector-valued convexity of solution operators with application to
optimal control problems)

Michael Hintermiillef'}?, Steven-Marian Stengl'?

submitted: September 11, 2020 (revision: November 17, 2021)

' Weierstrass Institute 2 Humboldt-Universitat zu Berlin
Mohrenstr. 39 Unter den Linden 6
10117 Berlin 10099 Berlin
Germany Germany
E-Mail: michael.hintermueller@wias-berlin.de E-Mail: hint@math.hu-berlin.de
steven-marian.stengl@wias-berlin.de stengl@math.hu-berlin.de
No. 2759
Berlin 2020

U\

A\l

-

2010 Mathematics Subject Classification. 06B99, 49K21, 47H04, 49J40.

Key words and phrases. PDE-constrained optimization, K -Convexity, set-valued analysis, subdifferential, semilinear elliptic
PDEs, variational inequality.

This research was supported by the DFG under the grant HI 1466/10-1 associated to the project “Generalized Nash
Equilibrium Problems with Partial Differential Operators: Theory, Algorithms, and Risk Aversion” within the priority pro-
gramme SPP1962 “Non-smooth and Complementarity-based Distributed Parameter Systems: Simulation and Hierarchical
Optimization”.



Edited by

Weierstra3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBBe 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias—-berlin.de

World Wide Web: http://www.wias—-berlin.de/


preprint@wias-berlin.de
http://www.wias-berlin.de/

On the convexity of optimal control problems involving
non-linear PDEs or Vis and applications to Nash games (changed
title: Vector-valued convexity of solution operators with
application to optimal control problems)

Michael Hintermuller, Steven-Marian Stengl

Abstract

In the present article, generalized convexity induced by a preorder-relation is investigated for
solution operators of (generalized) equations. After the establishment of sufficient conditions, a
generalized subdifferential is established. Along with mild conditions on the objective to ensure
convexity of the optimization problem this concept can be used for the derivation of first-order
optimality conditions. Throughout, examples illustrating the theoretical findings are given.

1 Introduction

Many optimization problems incorporating models from economics, engineering, or physics are for-
mulated as mathematical programs with equilibrium constraints (abbr.: MPECs); see, e.g., [OKZ98,
LLPR96] for a selection of examples in finite dimensions and [BdP84] for infinite dimensions. Often, the
optimization problem is given in the form of an optimal control problem, distinguishing two classes of
variables: controls and states, respectively. Both variable types are typically linked via, e.g., a system
of partial differential equations (abbr.: PDESs) or variational inequalities (abbr.: VIs) appearing in the
constraint set of the optimal control problem. For instances of such problems see the selected works
[BdP84, TS10, LEG™ 12, HK11], [HK09, INST07] and the many references therein.

From an analytical and also numerical standpoint convexity of optimization problems is a very appealing
property. This is in particular true as convex problems are well studied in the literature (see e.g. the
monographs [ET76, BZ06]) and stand out by a number of desirable properties. These include that all
local solutions are also global solutions, generalized differentiation concepts are available, there is a
deep interlinkage between analytical and geometrical notions, necessary conditions are also sufficient,
and the set of minimizers is convex — to name only a few examples. Returning to the class of optimal
control problems alluded to above, if, for example, the constraint set links states and controls via a
linear operator equation, then the optimal control problem or its control reduced form enjoy convexity
properties, if the objective is convex in controls and states. This, however, does not need to be the case
when the linear operator equation is replaced by non-linear PDEs or VIs.

Nevertheless, it is a priori not clear that the non-linearity in the constraints breaks the convexity of the
associated optimization problem and thus the present work takes the last observation as a starting
point for investigation. One of our central goals is to derive structural conditions to ensure convexity of
optimal control problems in a reduced formulation, where the state is considered as dependent on the
control. For this sake we utilize a preorder based vector-valued convexity notion imposed on the solution
operator, the so-called control-to-state mapping (cf. [CLV13, Chapter 19] and [BS00, Section 2.3.5]).
Exploiting its properties, we extend the theory of convex optimization to vector-valued operators with
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regard to subdifferentials and also investigate calculus rules for the derivation of first-order optimality
systems. The latter is of independent interest in non-smooth optimization, in general. Especially in view
of MPECs involving VI constraints or bilevel optimization problems, differentiability of the control-to-
state-map is often not guaranteed. Hence, novel techniques need to be developed to derive necessary
optimality conditions.

The rest of this paper is organized as follows. In section 2 we introduce notation and preliminaries used
in the rest of the work. In section 3 we introduce vector-valued convex operators. After investigating
their properties, sufficient criteria for the K -convexity of solution operators of (generalized) equations
are identified. Here, K stands for a non-empty closed convex cone. Such generalized equations will
later appear as constraints in the optimization problems under investigation. Our results of this section
are then applied to examples that are linked to optimal control problems discussed in the literature. In
section 4 we draw our attention to the development of a subdifferential concept and its application to
the aforementioned examples. In section 5 we use our combined results and ensure the convexity of a
class of optimization problems containing a composition in the objective. Moreover, we derive calculus
rules for the subdifferential of the (control reduced) objective aiming at the derivation of first-order
optimality resp. stationarity conditions for the associated optimization problem. The work ends by an
application of our combined findings to a problem on doping optimization in semiconductor physics.

2 Notation and preliminaries

In the following, let (X, || - ||) be a Banach space and let X* denote its topological dual space. The
associated dual pairing (-, - ) x« x : X* x X — Ris defined by (z*, z) x« x := 2*(z). Oftentimes,
we simply denote ( -, - ), if the corresponding spaces are clear from the context. Two elements z* € X*
and x € X are called orthogonal, if (x*, x) = 0 and we write * L z or z L x*. The annihilator of a
subset M C X is defined as

M+ ={z* € X*: (z*,2) =0forallz € M},
and analogously for a set M* C X* as
M+ ={ze X :(z* x)=0forallz* € M*}.

For a single element we may write 2+ := {z}+.
The closed unit ball of X is denoted by By := {x € X : ||z|| < 1}. The interior of aset M C X is
defined by

int (M) :={x € M: thereexistse > 0:x+cBx C M}.

and its closure as
cl (M) :={x € M : there exists (x,,)nen € M with z,, — x}.

A subset C' C X is called convex, ifforall t € (0, 1) and o, 21 € C'itholds that tx; + (1 —t)xy € C.
Aset K C X iscalled a cone,ifforallt € R,¢t > 0and x € K also tx € K holds. The tangential
cone of C'in x € C'is defined as

To(x) :={d € X : there exist t}, \, 0,d}, — dwith z + t;.d, € CVk € N}
and the normal cone is defined as

Ne(z) :={z" € X*: (2%, 2’ —x)xx <Oforallz’ € C}.
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Vector-valued convexity of solution operators 3

The core (or algebraic interior) of a set M C X is defined by
core(M):={xeM:Vde XIt>0:x+tde Mforall |t| <t}.
We define the indicator functional I; : X — R U {+o00} by

0, ifzxe M,
400, else.

Iu(e) = {

A functional f : X — R U {400} is called proper, if there exists an argument with finite value. It is
called lower semi-continuous, if for all sequences x,, — x it holds that

f(x) < liminf f(z,)

and it is called weakly lower semi-continuous, if the above holds even for weakly convergent x,, — .
The functional is called convex, if

fltxy + (1 —t)zo) < tf(z1) + (1 —t)(xg) holds forall t € (0,1),xg, 21 € X.

The subdifferential of f in 2 € X denoted 0 f(z) is defined as the set of all directions 2* € X* such
that
f(@") > f(x)+ (¥, 2" — x)x+ x holds for all 2’ € X.

A subset M C X is called absorbing, if for all z € X there exists > 0 such that for all |¢| < r one
hastx € M.

A convex subset C' C X is called cs-closed (convex series closed) if for every sequence (t;)ien
of non-negative numbers with »_>°, ¢; = 1 and sequence (z;);eny € C suchthatz = > .~ t;z;
exists, the inclusion x € (' follows. Moreover, C' is called cs-compact (convex series compact) if for all
sequences (t;);en of non-negative numbers with > ., ¢; = 1 and an arbitrary sequence (z;);en C C
the limit z := > .~ t;x; exists and = € C' holds.

A function F' : X — P(Y') is called a set-valued operator or correspondence and is denoted by
F . X =Y. lts graph is defined by

gph(F) :={(z,y) e X xY :y € F(z)}

and its (effective) domain by
D(F):={z e X:F(x)#0}.

In the scope of this work we make use of some terminology and aspects of order theory, which will
be introduced next. For further references as well as details and additional information, the interested
reader is referred to the monographs [Sch74, [Bec08].

We equip X with a preorder relation (an order relation without antisymmetry) <. Then, X is called a
preordered Banach space, if the preorder is compatible with the relation, i.e. forall z € X andt > 0
the implications vy < 11 = 29+ 2 < 21 + zand z¢g < 21 = tzg < txp hold true.

Let a subset M C X be given. The infimum of M is an element € X such that x < 2’ for all
x' € M and for every y € X withy < 2’ for all ' € M one infers y < x. The supremum is defined
analogously.

An ordered Banach space is called a vector lattice, if for two elements ¢, x; the infimum min(zg, 1) =
xo A xqp := inf{xg, 21} as well as the supremum max(zg, 1) = x¢ V x1 := sup{xo, z1} exist,
respectively. For z € X we also abbreviate ™ := max(x, 0).

Let K := {x € X : x > 0}. If (X, <) is a preordered vector space, then K is a non-empty, convex
cone. On the other hand, let a vector space X and a non-empty, convex cone K C X be given. Then,
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K induces a preorder relation < for all zg,z; € X by zg <k 1, if r1 — xg € K. By definition
(X, <k) is a preordered vector space and < induces an order, if and only if X N (—K) = {0}. In
this sense, it is possible to characterize the order equivalently by the cone of non-negative elements.
Letd € N\{0} and let  C R be a bounded, open domain. Associated to this domain we denote
the Borel algebra 3(£2) as the smallest o-algebra generated by the system of open subsets of 2. The
Lebesgue measure on the Borel-algebra is denoted by \¢ : B(£2) — [0, oc]. Foraset E € B((2) the
characteristic function of E is given by

1, ze€eFE,
0, else.

1p(z) = {
For p € [1, 00) denote the Lebesgue space as
LP(Q) := {u : 2 — R measurable : / |ulPde < +oo}
Q

with its elements only identified up to null sets, i.e. sets of Lebesgue measure zero. This space equipped

1
with the norm ||| 1o (o) := ([, |u[Pdz)” is a Banach space for all p € [1, c0) and a reflexive Banach
space for p € (1,00). The Sobolev spaces W1P((Q) are defined as

WhP(Q) = {u € LP(Q) : Vu € LP(u R},

where Vu denotes the distributional derivative of u. Equipped with the norm || ||y 1.(q) := <||u||§p(m +3¢ |Osul|’

the space W'P(Q2) is a Banach space, and for p € (1,0) a reflexive Banach space. For p = 2
one also denotes H'(2) = W12(Q). For further details on Sobolev spaces the interested reader is
referred to [AFQ3].

3 Vector-valued convex operators

Targeting solution maps of (generalized) equations, we introduce and study convexity for vector-valued
operators in this section. This concept will later be utilized for PDEs and VlIs. We start with basic facts
on the polar, respectively dual cone associated with a subset M C X.

Let M C X. The polar cone of M is defined as

M°:={z"e€ X" : (2", ) <Oforallz € M}.
and the dual cone M ™ is defined as
Mt = —-M°={z"€ X*: (2" 2) > 0foralxz € M}. (1)

Using the notation in (T) one observes for a closed, convex set C' the relation N (z) := (C' — x)° (cf.
[Sch07,, Definition 11.2.1 and Lemma 11.2.2]). Next, we establish some calculus rules for the dual cone.
For the statements as well as their proofs we refer to [RW09, Corollary 11.25] (in finite dimensions) as
well as to [BS00, Proposition 2.40]. To remain self-contained, we provide short proofs in the appendix.

Lemma 1. Let X be a topological vector space and let the subsets M, M, My C X be given. Then
the following assertions hold true.

(i) If My C M, then My C M.
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(i) M+ = (cl(M))".
(iii) If M is a non-empty, closed, convex cone, then M*+ = M.

(iv) If0 € My, N M, then we have

(My + My)* = M 0 My

(v) Let M; be closed, convex cones, then it holds that

Next, we introduce convexity in a vector-valued setting, see [BS00]. Since the notion therein is related
to a preorder cone and we work with different cones in different spaces simultanously, we use the term
K -convexity to keep track of the cone involved.

Definition 2. Consider Banach spaces U and Y. Let a non-empty closed, convex cone K C Y
inducing a preorder relation > on Y be given. A set-valued mapping A : U == Y is called K -convex,
ifforallt € (0,1) and ug, uy € U the relation

tA(uy) + (1 —t)A(ug) C A(tu + (1 — t)ug) + K

holds true, and A is called K'-concave, if it is (— K)-convex, i.e., for all ug,u; € U and t € (0,1)
holds
tA(ur) + (1 —t)A(ug) € A(tuy + (1 — t)ug) — K.

As mentioned, we use the term / -convexity over just convexity to keep track of the involved cone and
is not to be confused with the one in [Sca59)].

We note here that A : U = Y is K-convex, if and only if the epigraph epiy (A) of A with respect to
K, defined by

epig (A) == {(z,y) 1y € A(z) + K},

is a convex subset of U x Y. By defining the set-valued mapping Ax : U = Y via Ag(x) =
A(x) + K one can rewrite

epiy (A) = gph(Ak).
A special instance is the case of a single-valued operator S : U — Y. Then, the K -convexity reads

S(tu1 -+ (1 — t)uo) SK tS(ul) + (1 — t)S(Uo)

for all ug,u; € X andt € (0, 1). It is noteworthy that for a convex set CCYwithC — K CClits
preimage under S is convex. To see this, take ug, u; € S~1(C) and t € (0, 1). By the K -convexity of
S we obtain

and thus tu; + (1 — t)ug € S~1(C). In this setting we can establish the following characterization.

Lemma 3. Let U, Y be Banach spaces and let K C Y be a non-empty, closed, convex cone inducing
the preorder relation <y onY . Consider an operator S : U — Y . If S is (twice) Fréchet-differentiable,
let DS (D*S) denote its (second) Fréchet-derivative. Then, the following statements are equivalent:
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(i) S is K-convex.
(i) Forally* € K™ the functional u — (y*, S(u)) is convex.

(iii) If .S is continuously Fréchet-differentiable, then for all u1,uq € U it holds that

DS (up)(ur — ug) + S(uo) <g S(uy).

(iv) If S'is continuously differentiable, then for all u1,uq € U it holds that

(DS(ul) — DS(Uo))(Ul — UQ) ZK 0.

(v) If, moreover, S is twice continuously differentiable, then for allu € U and d € U it holds that

D2S(u)(d,d) >x 0.

Proof. Consider K™ = {y* € Y* : (y*,y) > Oforally € K}. By (i) in Lemma 1] it holds that
y € K,ifandonly if y € K. The latter is equivalent to

(y*,y) > Oforally* € K.

Hence, S'is K -convex if and only if for all y* € K the functionals u — (y*, S(u)) are convex, which
proves the equivalence (i) < (i1).

For the C''- and C?-case we can hence utilize the characterization of convex functionals and obtain
the equivalence of the remaining statements. O

3.1 Vector-valued convexity of solution operators of inverse problems

In this subsection we investigate conditions guaranteeing the solution operator of a generalized equation
to be K -convex. This problem class covers a variety of problems including PDEs and VIs. For this
sake consider a set-valued operator A : Y == W and an arbitrary w € W . We are interested in the
following generalized equation:
Seek y € Y such that

w e A(y). (GE)

In the following theorem we derive conditions on the operator A that guarantee the convexity of the
solution mapping associated with (GE).

Theorem 4. LetY , W be Banach spaces both equipped with non-empty closed, convex cones I C Y
and Ky C W, respectively. Let A : Y = W be a set-valued operator and assume:

(i) A is Ky -concave.

(i) The mapping A=' : W =3 Y is single-valued, its effective domain is W and it is Ky -K -isotone,
i.e. forwy, wy € W withw, >, w it holds that A= (wy) >x A7 (wyp).

Then, the mapping A~! : W = Y is K -convex.
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Proof. Lett € (0,1) and wp, w; € W. We denote by y; € Y the unique solution of w; € A(y;) for
j =0,1.Lety € Y be the solution of tw; + (1 — t)wy € A(y). Then we obtain by the assumed
Ky -concavity

twy + (1 — t)wy € tA(y1) + (1 —t)A(yo) C A(tyr + (1 — t)yo) — K-

Hence, there exists kyy € Ky with twy + (1 —t)wo + kw € A(ty; + (1 —t)yo) and by the assumed
isotonicity of the inverse A~! we obtain

Yy = Ail(twl + (1 — t)U)o) SK Ail(twl + (1 — t)U)O + kw) = ty1 + (1 — t)yo,

which proves the K -convexity of A~ O

After establishing our core result for this subsection, we derive a variation of Theorem |4 aiming at
formally more complicated generalized equations involving two components with different roles being
assigned to them.

Given u € U,w € W, find y € Y such that

w € Au,y). (2)

Corollary 5. Consider the Banach spaces U, Y and W, the latter two equipped with non-empty,
closed, convex cones K C Y and Ky, C W, respectively. Let A : U x Y = W be a set-valued
operator and assume:

(i) The mapping A is Ky, -concave.

(ii) For every fixedu € U, the mapping A(u,-)~' : W = Y is single-valued, Ky, -K -isotone
and its domain is W'.

Then the solution mapping S : W x U — Y of ) is K -convex.

Proof. In order to apply Theorem wedefine A: U xY = W x U by

A(v,y) = A(v,y) x {v}
and equip the product spaces with the non-empty, closed, convex cones
K:={0} x KCUxYand Ky := Ky x {0} CW x U.

We check the conditions of Theorem 4k

The Kjyy-concavity is immediately clear from the definition of A. Considering the inverse, we see
A (w,u) = (u, A7 (u,-)(w)) and obtain (w1, u1) >g,, (w2, us) if and only if u; = uy =: u
and w; >, ws. By our assumption it holds that A~ (u, - )(w1) >x A (u, - )(w,) and we deduce
A7 wy,uy) > A7Y(ws, us), which proves the isotonicity and by Theorem 4} the K -convexity.
Hence, we see that (w, u) + (u, S(w,u)) = A~ (w, u) is K-convex, which is equivalent to S being
K -convex. O

The following corollary addresses a yet more specific case of (GE).
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Corollary 6. Consider the Banach spaces U, Y and W, the latter two equipped with the non-empty,
closed, convex cones K and Ky, respectively. Let A :' Y — W be invertible and Ky, -concave
and B : U — W be Ky -convex. Assume that A, B are Fréchet-differentiable and the operator
DA(y) € L(Y,W) has a K -Ky -isotone inverse. Then, the solution mapping S : U — Y of the
equation

is K -convex.

Proof. Consider the mapping Z(u, y) := A(y) — B(u). Evidently, the mapping is Ky -concave
and A(u,-)~!is a singleton and defined on all of W. Moreover, it is Kyy-K-isotone. Let therefore
w1 >y, Wo, and we see, writing A(y;) = twy + (1 — t)wo, that

1
A=Y () — A~ (wp) :/ DA (w1 + (1 — E)w) (wy — wo)dt
0
1
= / DA(y;) ™ (wy — wp)dt >x 0.
0
The assertion follows by Corollary [5| O

Next, we illustrate these results by several practically relevant examples.

3.2 Applications

In the upcoming subsection we apply our results to a selection of examples. Precisely, we show the
K -convexity of the solution operators associated to a partial differential equation (abbr.: PDE) and a
variational inequality (abbr.: VI). These problem classes enjoy an active research interest also with
respect to optimal control problems as an underlying constraint in the context of MPECs (mathematical
programming with equilibrium constraints, see e.g. [OKZ98, [LLPR96]). We will revisit these examples
in Section and Section respectively when we calculate their (generalized) subdifferentials. Now,
we show the K -convexity of the solution operators.

3.2.1 Application to semilinear elliptic PDEs

As first application we propose conditions to a type of semilinear elliptic PDEs with homogeneous
Dirichlet boundary condition. For an open, bounded domain 2 C R¢ with Lipschitz boundary and
d € N\{0}, take Y := H}(2) and consider the following partial differential equation:

Givenw € H™(Q), seek y € H}(£2) such that

—Ay + P(y) = win Q,

PDE
y = 0on 012, ( )

where ® : R — R is a continuous, non-decreasing and concave function inducing a continuous
superposition operator ® : L*(Q2) — L?*((2). Take as operator associated to A: H} Q) —
H~1(Q) defined by (A(y),v) = (Vy, V) r2(qra) + (2(), v)12(q) for arbitrary v € Hj(€2).

Then, the associated solution operator S : H~*(Q) — Hj(Q) is K-convex with respect to K :=
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{v e H}(Q) : v > 0ae.onQ}. To show this, we apply Theorem |4l For this purpose, let IV =
H'(Q) and

Ky = K+ = {g € HM(9Q) : (£, 0) g 1q)miey = Oforallv € H&(Q)} .

By the assumed concavity of & : R — R we obtain for an arbitrary test function v € K that

(Altyr + (1 = )yo), v) r—1@),m3@) = HVY1, VU)r2i0) + (1 = ) (Vyo, V) 12(q)
+ (®(tyr + (1 = O)yo), V)2 =t ((Vyr, Vo) 20y + (@(11), v) r2())
+ (1 =1) ((Vyo, VV) 2(0) + (®(%0), v) 12(0))
= t{AW1), V) r—1@).m3@ T (1= )(AYo), V) 5-1(0),H1 ()

and hence the Ky, -concavity of A. By the monotonicity of @ the operator A is strongly monotone
and moreover, it is continuous by the assumed continuity of ® and hence we obtain its invertibility
by the Browder-Minty Theorem, see [Ciai3| Theorem 9.14-1]. Using Theorem [4] yields the claimed
K -convexity. In fact, a closer look at the above arguments shows that the arguments can be used for
other semilinear elliptic PDEs, e.g. involving Neumann boundary conditions as well. We will come back
to this in the last section of this work. As a practically relevant case, choose ®(y) := —(—y)*, which
is equivalent to the setting of [CMWC18].

3.2.2 Application to variational inequalities

Let Y be a reflexive and preordered Banach space as well as a vector lattice with order cone K and
consider a K "-concave, demicontinuous (i.e. for all sequences (¥, )nen With ¢, — vy in Y it holds
A(yn) — A(y) in Y*, cf. [Rou05, Definition 2.3]) and strongly monotone (cf. [Rou05} Definition 2.1
(iii)]) operator A : Y — Y'*, that is moreover strictly T-monotone (cf. [Rod87, Equation (5.7))), i.e.,

(A(ly + 2) — A(y), (—2)")y=y < 0forz € Y with (—z)" # 0.

Furthermore, let C' : U == Y be a set-valued operator with a convex graph and values with lower bound,
i.e. forall uw € U it holds that C'(u) + K C C(u) and yo,y1 € C(u) implies min(yo, 1) € C(u)
(see [Wac16, Definition 5.4.9]). Moreover, let w € Y* be given. We consider the following variational
inequality problem (VI):
Seek y € C'(u) such that

w € A(y) + New) (y), (V1)

where N, ( - ) denotes the normal cone mapping (see [AF90]). We have N, (y) = (C(u) — y)°.
Then, the solution operator S : Y* x U — Y is K-convex:

Setting A(u, y) := A(y) + Now) (y), we check the conditions of Corollary The strong monotonicity
and the existence theory for Vls (cf. [KS80]) yield the single-valuedness of A(u, - )~

To prove the isotonicity condition take wy > g, wp and sety; = S(w;, u) for j = 0, 1. By testing with
z1:= max(yo, y1) = y1 + (vo — y1)* € C(u) and 2 := min(yo, y1) = Yo — (yo — y1)* € C(u)
we obtain

<A<y1)7 ) y1>Y*,Y = <A(y1), (yo - y1)+>y*,y > <w1, (Z/O - y1>+>Y*,Y

> (wo, (Yo — y1)+>Y*,Y > (A(yo), (yo — yl)+>Y*7Y
= (A(yo), yo — ZO>Y*,Y

and hence (A(y1) — A(vo), (o — y1)*) > 0, which implies y; > o by the strict T-monotonicity.
To show the K *-concavity of A we use the K *-concavity of A. Since C'(u) + K C C(u) we can
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easily show that N,y (y) € —K* and since 0 € Ney)(y) for y € C(u) we have Ny (y) —
Kt = —KT. Letting (u;,y;) € gph(C) for j = 0,1 we obtain by the convexity of the graph
tyr + (1 —t)yo € C(tug + (1 — t)ug), which implies Ne:pu, +(1—tyuo) (ty1 + (1 — t)yo) # 0. Hence,
the concavity condition reads as

tNC@w) (1) + (1 = ) Newe) (Yo) S Negrur+(1—tyuo) (tyr + (1 — t)yo) — KT
= KT,

which is fulfilled since Ne¢(u,)(y;) € —K . Hence, we have verified the assumptions in Corollary
and deduce the K -convexity of the solution operator.

4 Subdifferential of vector-valued convex operators

In the previous section, we devoted our attention to the vector-valued convexity of solution operators.
After deriving results on the abstract level we applied them to a selection of applications. We want to
proceed in this manner and return to optimal control problems. A central task is the derivation of first-
order optimality conditions. The latter is challenging, if the underlying solution operator is non-smooth
as it is the case for VIs. On the one hand, we are interested in extending the preceding generalization
of convexity to (generalized) subdifferentials for vector-valued convex operators. On the other hand, the
presence of possibly non-smooth solution operators necessitates a weakened differentiation concept,
not only in view of optimal control problems. Regarding the latter, the establishment of calculus rules
incorporating compositions of convex functionals and K -convex operators is of interest. As a starting
point, we prove some basic properties on S, respectively Sk () := S(-) + K with S : U = Y,
where K C Y is again a non-empty, closed, convex cone in the Banach space Y.

Theorem 7. LetS : U — Y be a locally bounded, K -convex operator. Then, the normal cone of the
graph of Sk is characterized as

Nepn(si)(w, y) = {(7",d") € U" x Y" : d" € Ng(y — S(u)),
W€ a(—d*, S(-))(u)}.

Proof. Defining the set
N ={(h*,d*) e U xY":d" € Ng(y— S(u)),h* € d(—=d*,S(-))(u)}

we have to prove Nypn(sy) (4, y) = N
Step 1: ngh(sK)(u7 y) CN.
Foru € U and y € Sk(u) the relation (h*, d*) € Ngpn(s,)(u,y) holds if and only if

(W, v —wp~u + (d*, 2 — y)y-y < Oforall (v, 2) € gph(Sk).

By Sk(-) = S(-) + K wecanwritey = S(u) + kand z = S(v) + k, with &, k € I respectively.
Taking v = u we obtain

(d*, 2 — y)ysy = (d*,k — k)y-y < Oforall k € K,

which yields d* € Ny (k) = Ng(y — S(u)) (C
that

K™). Hence, we obtain with = = S(v) andv € U

(B, v —u)p-v < (=d", S(v) = S(u))y+y +(d", k)y~y
< (=d*, S())y+y — (=d", S(u))y+y
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forall v € U. Since —d* € KT, the functional (—d*, S(-)) : U — R is convex and the above
inequality characterizes

h* € d({(=d",5(+))) (u).

So we obtain Nypn(s,)(u, y) S N.

Step2: N C ngh(sK)(u, y). .

Take on the other hand (h*, d*) € N. Then we get for arbitrary v € U and z = (S(v) + k) € Sk (v)
with some & € K that

(W, v —wpu+{(d*, 2 —y)yy«y = (K", v —wpy~ v + (d*,S(v) = S(u))y«y
+{d* k= E)y-y <0+0=0,

which proves the equality. O

From the above lemma we are able to formulate the coderivative of the multifunction S : U = Y
in (u,y) € gph(Sk), see [Mor06, Definition 1.32] for the general definition of the coderivative of a
mapping. In fact, we have

D*Sk(u,y)(y") = {u" € U™ : (u*, —y*) € Ngpn(sy)(u, y)}

_ { ANy, S())(u), if —y* € Ng(y— S(u)), (3)
0, else.

Based on (3) we formulate our definition of the subdifferential of a vector-valued convex operator

Definition 8. Let Banach spaces U, Y be given, the latter equipped with a closed, convex cone
K C Y. The subdifferential D*S(u) : KT = Y*isforu € U and y* € K defined by

D*S(u)(y") = D* Sk (u, S(w))(y") = 9(y", S(-))(u).
Using the standard sum rule for subdifferentials it is straightforward to deduce the linearity relation
D*S(u)(Ayy +y3) = AD"S(u)(y1) + D" S(u)(y3)

forallyi,y3 € K+ and A > 0.

In the light of our previously discussed results for solution operators on generalized equations, we
derive a characterization of the subdifferential for a solution operator of in the following inversion
formula.

Theorem 9. Lety* € K. Then, it holds that
w* € D*S(w)(y") ifand only if (—y", w") € Ngph(a_y,)(S(w), w)

with A_re,, (y) = A(y) — Kw forally € Y.

Proof. Letw* € D*S(w)(y*). Then w* € d{y*, S(-))(u) holds or in other words
(W w' —w)ywew + (—y*, S(w') = S(w))w+w < 0forallw € W.

Taking now w’ = w — ky with ky € Ky and w’ € A(y'), which is the same as y/ = S(w'), we
find by the isotonicity of the solution operator v’ <y S(w) and hence

(W, —kw) = (w*,w' —w) < (y*,y = S(w)) <0,
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which yields w* € K. Hence, fory’ € Y and w’ = w — ky, with w € A(y) and ky € Ky we
have

*

LW — W) e w
Y S 07

(W W' —wyw=w + (=", 9 — S(w)y-y = (W, —kw)w-w + (w
+ =y, Sw) = S(w))y

which means (w*, —y*) € Ngph(a_,)(w, S(w)).
For the other direction we assume the latter. Then, take w' = w — ky € A(S(w)) — Ky for an

arbitrary ky, € Ky We have (w*, —ky )y~w < 0 and hence w* € K. For w’ € A(y) the
assumption yields

(w*, w' = whw-w + (=y", S(w') = S(w))y-y <0.

Since by assumption y* € K™, the map w — (y*, S(w)) is convex and hence the above reads
w* € 9(y", S(-))(w) = D*S(w)(y"). 0

We continue our investigation with A : TV — Y being single-valued. In this case, we obtain the
following result.

Corollary 10. Let S : W — Y denote the solution operator of the equation w = A(y) for an operator
A: W — Y being Ky, -concave with an isotone inverse. Then, fory* € K it holds that

w* € D*S(w)(y*) ifand only if —y* € D*(—A)(S(w))(w").

Proof. By Theorem@we have w* € D*S(w)(y") ifand only if (—y™, w*) € Ngpn(a_y,,)(y, w) with
y = S(w). The latter is equivalent to

(—y", Y —y)y-y + (W0 —w)yy-w < Oforaly € Yandw' € A(y') — K.
Setting ¥’ = y and w’ = w — ky for an arbitrary ky € Ky yields again w* € K}, Since A
is Ky/-concave, the mapping y — (w*, —A(y))w*w is a convex functional. Testing with arbitrary
Yy €Y andw' = A(y'), we obtain

=y ¥ —yy-y + (W, —AY)w-w < (W, =AW ) w+w,

which yields —y* € D*(—A)(y)(w*). The other direction follows as in the proof of Theorem[g] O

With these results at hand, we return to the applications represented in the Subsections and
and calculate the subdifferentials of the respective solution operators.

4.1 Application to semilinear elliptic PDEs

As a first application of the results in Section |4}, we return to the class of semilinear elliptic PDEs

discussed in Subsection The characterization of the subdifferential of the solution operator is
presented in the following theorem.
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Theorem 11. Let S : H~1(Q2) — HJ () denote the solution operator of the following elliptic PDE
problem:
Givenw € H™(Q) seeky € H} () such that

—Ay+ ®(y) =winQ, @
y = 00on0f2
holds. Assume ® : R — R to be a continuous, non-decreasing and concave function inducing a
continuous superposition operator ® : L*(Q)) — L*(Q).
Lety* € KT with K := {z € H}(2) : 2 > 0 a.e. onQ}. Thenw* € D*S(w)(y*) holds if and
only if there exists a measurable functionm : Q0 — R with —m(z) € 9(—®)(y(z)) a.e. such that
the following PDE is satisfied
—Aw* +mw* =y"inQ,

w* = 0 on 0f). ®)

Proof. Firstlet w* € D*S(w)(y*). Define the operator A : H}(Q) — H ()
(AW), 2) -1).m @) = (VY, V2) 2 qrey + (2(y), 2) 12(0)-

By Corollary[10]this is equivalent to —y* € D*(—A)(y)(w*), where itis also proven that w* € K}, =
K. Hence, w* > 0 a.e. on €. For arbitrary z € H;(£2) we obtain for * the following inequality:

(—y~, Z>H—1(Q),H3(Q) < —(-Az+P(y +2) — P(y), ’LU*>H—1(Q),H3(Q)

. . (6)
=—(®(y +2) - 2(y),w >H*1(Q),H(%(Q) — (-Aw aZ>H*1(Q),H01(Q)

and hence (Aw*+y*, z) > (P(y+2)—D(y), w*). Testing now with z € K yields (Aw*+y*, z) > 0
by the non-decreasing nature of ® : R — RR. Hence, we can identify the distribution Aw* 4 y* with
a Borel measure 1. Let E € B((2) be a Borel set. Since C5°(2) C L?(12) is dense, there exists a
sequence @, € C°(Q) with @, — 1 in L?(2), where 15 denotes the characteristic function of
E. Taking a subsequence we also obtain the pointwise convergence (Fischer—Riesz) and by setting
¢ := min (max ($,,0), 1) we have a non-negative sequence in H}(2) pointwise bounded by 1
from above and converging pointwise and in L?({2) to 1. Using Fatou’s Lemma we obtain

n—o0

OSM(E):/

lpdu = / lim inf ¢, dp < liminf/ Ondp

< liminf(®(y) — Py — ¢n), w") = /(@(y) = ®(y — 1))w'dz < oo,
n—roeo E

where we used L?(Q2) > ®(y) — ®(y — 1) > ®(y) — (y — ¢,) > 0 a.e. on 2 as well as the
continuity of & : R — IR, which gives by dominated convergence the last equality. If )\d(E) = 0, then
we obtain ¢ (E) = 0 and hence we infer that the measure (. is absolutely continuous with respect to
the Lebesgue measure. Thus, by the Radon—Nikodym theorem there exists a non-negative function
p € LY(Q) with u(E) = [, pdxforall E € B(R). Testing with E C {w* = 0} yields as well
pu(E) =0and p = 0on{w* = 0} and we rewrite p = mw"* for a measurable function m : @ — R.
Using the characterization in equation () we get

/Q <(_q))(y +2) = (=2)(y) + mz) widr >0
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forall z € H}(). Using the same density argument as before with mw* € L'((2), we can as well
testwith z = t1p € L>(Q2) for ¢ € R and E again a Borel set. Hence, we find on {w* > 0} that for
all't € R it holds that

(=®)(y+t) — (—P)(y) > —mtae.on{w* > 0},

which, due to the convexity of —®, implies —m(z) € (—®)(y(z)) for almost all z € {w* > 0}.
Since the values of m on {w* = 0} do not matter, we can deduce without loss of generality —m(z) €
I(—®)(y(x)) on the entire domain 2. Hence, we conclude that for all z € HJ () it holds that

0= (-Aw" —y", 2)+ / zdp = / (Vw* - Vz+mw*z)de — (y*, 2),
Q Q

which is the weak formulation of the PDE in the assertion.
For the other direction let now m be a measurable function with —m(z) € 9(—®)(y(x)) a.e. on Q
and let w* € H} () be the solution of (5). For an arbitrary function z € HJ (2) we find

(—P)(y + 2) — (—P)(y) > —mz a.e.onas well as
(—P)(y —2) — (—P)(y) >mz  ae.onfd

Together, we get
Oy +2) — D(y) <mz < B(y) — By — 2)

and since by assumption @ : H}(Q) — L?(92) is well defined, we obtain mz € L?(2). Since ® is
non-decreasing m > 0 a.e. on € holds, so testing (B) with z = (—w*)™ yields

2dx

0> —[[V(=w" )"l 20me)* = =1V (=) || 20me)* — /Qm ((=w))
= (Vw*, V(—w*)") 12qr9) +/mw*(—w*)+dx
0
=(y", (_w>+>H*1(Q),Hé(Q) >0,

from which we deduce w* > 0. Multiplying (B) by the solution of (@) yields

(v, Z>H—1(Q),H3(Q) = (Aw" — WW*7Z>H—1(Q),H3(Q) = <AZ7UJ*>H—1(Q),H5(Q) + /(—mz)W*dx
Q

IN

(Az, UJ*>H—1(Q),H(}(Q) —(®(y +2) — D(y), W*>H—1(Q),H01(Q)
= —(-Az+ Py +2) — D(y), w*>H*1(Q),H§(Q)
forall z € Hg (), which proves y* € D*A(y)(—w*) and equivalently w* € D*S(w)(y*). O
Theorem [11]is related to the results in [CMWC18] as follows:
Consider the case ®(z) := —(—z)™ yielding the PDE
“Ay—(—y) =w n®,
y=0 ondf

for given w € H (). Then, for y* € H () our subdifferential reads as w* € D*S(w)(y*), if
and only if there exists a function m € L>(£2) with

0<m <1lae.on{y=0},
m = la.e.on{y <0}, and
m = 0a.e.on{y > 0},

DOI 10.20347/WIAS.PREPRINT.2759 Berlin, September 11, 2020/rev. November 17, 2021
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such that
—Aw* +mw* = y* on

w* = 0 on 0.

This corresponds to the strong-weak Bouligand subdifferential calculated in [CMWC18]. For the sake
of brevity we do not introduce the details of Bouligand subdifferentials here. In the next subsection,
we return to variational inequalities, where we apply our results on an abstract level as well as for the
obstacle problem (cf. [KS80, [Rod87]).

4.2 Applications to VI solution operators

Returning to the setup in Subsection [3.2.2] we draw our attention to (VI), where we additionally assume
the operator A : Y — Y™ to be linear, bounded and coercive.

There, we provided the K -convexity of the solution operator S : U x Y* — Y of (V). For the
calculation of its subdifferential we utilize the inversion formula given in Theorem [9) and obtain the
following result.

Theorem 12. Let S : Y* x U — Y denote the solution operator of (V) and take y* € K. The
subdifferential of S in (w, u) reads withy := S(w, u) as

D*S(w,u)(y*) = {(w*,u*) € Y x U*: w* € KN {Ay —w}* and
(U*a A*w* — y*> € ngh(C)(uv y)}

Proof. Our aim is the use of Theorem [9] For this purpose we introduce — as in the proof of Corollary [5]
—the mapping A : U x Y — Y* x U defined by A(u,y) := (Ay + New)(y)) x {u} and obtain
as solution mapping (w, u) — S(w, u) := (u, S(w,u)). From the inversion formula in Theorem [g]
we infer for y* € K that

(w*,u*) € D*S(w,u)(y*) if and only if (w*, u*) € D*S(w,u)(0,y*),
which is equivalent to

(0, —y*, w*,u*) € ngh(AKﬂ{O})(u, S(w,u),w,u).

Hence, it is left to calculate the normal cone of the graph of A — (K x {0}). For this sake let
(u7 Yy, w, U) S gph(AfK‘*‘X{U}) and <_U*7 _y*7 w*, U*> < ngh(A—K-‘rx{o})(u’ Y, w, u) Since for
u' € U itholds that C(u') + K C C(u') we obtain for all y’ € C'(u) that Neury(y') € — K™, which
yields A(v',y") — Kt x {0} = (Ay' — KT) x {u'}. With ¢ := Ay — w € K we obtain for all
(w'u') = (Ay = ¢ u') € (Ay — K1) x {u'} that

0> (W —w,wyy + (W v — Wy + (=0 —wov+ =y ¥ —y)y-y

= &Yy y + (AW =y Y —y)yey + W =00 —u)pe

foralll’ € K*,u' e U,y € C(u).

First, we test () with ¥/ = y and ' = w. Then, we get (¢’ — &, —w*)y~y < Oforall & € K.
By setting ¢’ = & + kTt fora kT € K+ we see (k™,w*)y-y > 0and using k™ = ¢ especially
(&, w*)y«y > 0. Setting &' = 0 yields (£, w*)y«y < 0andthus w* € K N {Ay —w}~. By testing
with an arbitrary «’ € U with ¢’ € C'(u') and &' = 0 we get (u* — v*, A*w* — ¥*) € Ngpn(o) (1, ).
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To show the other direction, let w* € K N{Ay —w}~* such that (u* — v*, A*w* — y*) € Ngph(c)(y)
and write again £ = Ay — u. Then we get
0> (=& —w)yy + (AW —y", ¢ —y)y-y + (W —v" v —u)p- v
= ((Ay' = &) = (Ay = &), w")y+y + (", v/ —u)y- v
+ (=" —wou + (Y Y — Yy

forall’ € KT u' € Uandy' € C(v). Thisimplies (—v*, —y*, w*, u*) € ngh(AiKﬂ{o})(u,y,w,u).
Summarizing, we obtain for the operator .S
D*S(w, u)(y’) = D*S(w,u)(0, y")
={(w",u") e Y xU*:w" € KN {Ay —w}* and
(v, A"w" = y") € Ngpn(oy(u, y)},
which yields the assertion. O

An important subclass of Vls is associated with C'(u) = C for all u € U with C' C Y a non-empty,
closed, convex set. In this case, it holds that Nypn(c)(u, y) = Nuxc(u,y) = {0} x Ne(y) for all
y € C'and u € U. For the characterization of the subdifferential some aspects and results from
Capacity Theory (cf. [BS00]) are provided in the appendix and are used in the following theorem.

Theorem 13. Let S : Y* — Y, w — y, denote in the setting of Theorem|[13 the solution operator of
the following VI:
Seeky € Y such that

w € Ay + Ne(y) inY™, (7)

Then, we obtain fory := S(w) that

D*S(w)(y*) = {w* €Y :w* € KN {Ay —w}" and A*w* — y* € Ne(y) } -

Proof. We apply Theorem[12using C'(u) = C for all u € U. Further, one observes

w* € D*S(w)(y*) & (w*,0) € D*S(w,u)(y"),
where S is the solution operator defined in the proof of Theorem This yields —w* € KN{Ay—w}+
and (0, A*w* — y*) € Ngpn(oy(u, S(w,u)) = {0} x Ne(S(w)) and thus the assertion. O

Next, we study the special case of the obstacle problem. For this, we let Y = H] (£2) be equipped with
the order cone K := {z € Hj(2) : z > 0 a.e. on Q}. For the VI we assume A = —A and

C:={z€ H}(Q):2>1ae on}

with ¢p € H'(2),9 < 0on 9. Forw € H'(Q2) we set y = S(w) and define the inactive set
I(y) == {x € Q : y(x) > ¥(x)}, the active set A(y) := Q\Z(y) and the strictly active set as
A;(y) = f-supp(w + Ay), where f-supp denotes the fine support, see Lemma [21]in the appendix.
Then it can be shown, that the tangential cone of C'in y € C reads

Te(y) ={z € Hy(Q) : 2z > 0q.e.on A(y)},

where ‘g.e.’ stands for ‘quasi-everywhere’ (cf. [BS00] for more details). By the techniques involving
capacitary measures from [RW19] and the references therein we deduce the following characterization
of the subdifferential of S:
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Theorem 14. Letw € H~'(Q) withy = S(w) andy* € K. Then, w* € D*S(w)(y*) if and only
if there exists a capacitary measure m € M(2) such that

m(Z(y)) =0 andm = 400 on As(y),
andw* € H}(Q) N L2, () with L2 () defined as in (T3) in the appendix, solves the system
—Aw* +mw* =y*inQ,
w* = 00nof, ie.

forallv € H}(Q) N L2 () it holds that

(Vw*, Vo) 2(q) + /W*U dm = (y", v) -1(0).m2 (2
Q

Proof. We use the characterization of the subdifferential given in Theorem[13] Let first w* € HJ ()
be given with w* € K N {—Ay — w}+ and —Aw* — y* € Nc(y).

The latter implies Aw* + y* € K+ and according to Lemmal[21|we can identify the functional with a
non-negative Borel measure. Let E2 € B({)) be an arbitrary Borel set. We define the measure m as
follows

[ 2=d(y* 4+ Aw*), if cap (EN{w* =0}) =0,

00, else.

m(E) = {

Since (w + Ay, w*) g-1(q), g1 (o) = 0 and w* > 0 a.e. on {2, we obtain that {w* = 0} q.e. on A,(y)

0
and hence m = 400 on A,(y).

Since (y*+Aw*, v) y-1(q) g1 (@) = Oforallv € Hy(Z(y)) we see as well cap (f-supp(y* + Aw*) N Z(y)) =
0 and hence m(Z(y)) = 0. It is left to show, that the system is fulfilled. At first we see that
w* e L2 (Q):

/ w** dm = / w** dm = / w'd(y* + Aw™) = / wd(y* + Aw™)
Q {w*#0} {w*#0} Q

= (y" + Aw", w*) g1(q),m1 Q) < 0O

Take now v € Hy(2) N L2,(Q2). Then v = 0 g.e. on {w* = 0} by the construction of m, and we

obtain
/ w'vdm = / wrvdm = / vd(y* + Aw")
Q {w#0} {w*#0}

N / vd(y" + Aw’) = (y" + Aw, U>H*1(Q),H3(Q)7
Q

which proves the assertion.

To prove the other direction let now m € M(£2) be a capacitary measure with m(Z(y)) = 0 and
m = +o00 on Ay(y). Let w* € H(Q) N L2, () denote (). Then, we see that w* = 0 g.e. on
As(y), and since y* € K we deduce by testing with v = (—w™*)™ that

0> — V(") Py — /{ () dm = (7 (0 g 20
w*<0

and hence w* > 0 a.e. on (2, which proves w* € K N {Ay — w}*. Letnow v € Tx(w) and define
similar to the proof of [DMG94, Proposition 2.6] v,, := min (%v, w*). Thenwe see 0 < v, < w* g.e.
on A(y) and v, = 0 g.e. on A(y). Since m(Z(y)) = 0 we obtain

/vidm:/ Uidmg/ w** dm < oo,
Q A(y)\As(y) A(y)\As(y)
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and hence v, € H}(Q2) N L2,(£2). Testing (8) with v,, we obtain similarly to before

1

E<y*vv>H*1(Q),H3(Q) > <y*uvn>H*1(Q),H3(Q) = (Vuw", vUn)LQ(Q) + / wv, dm

Q

1
:/ \Vw*|*dz + —/ Vw*-Vvd:B+/ w v, dm
{nw*<v} n {nw*>v} A(y)
1

—/ Vw* - Vudz.
T J {nw*>v}

We multiply by n, let n — oo and obtain using Vw* = 0 on {w* = 0} that (y* + Aw*,v) > 0.
Hence, we deduce —Aw* — y* € N¢a(y). O

v

As mentioned before, also in this case the involved operator corresponds to the strong-weak Bouligand
subdifferential (cf. [RW19]).

5 Convex optimization problems involving vector-valued convex
operators

In the previous sections, a preorder-related notion of vector-valued convex operators and an extended
subdifferential concept for these operators have been introduced. Aiming at optimal control problems
we might be confronted with the treatment of optimization problems of the following type:

minimize f(u) + g(S(u)) overu € U. 9)

The minimization problem in (9) matches the reduced formulation of an optimal control problem,
where S represents the solution operator of a partial differential equation or a variational inequality as
discussed in the previous subsections. The derivation of necessary optimality conditions is a central
task. Especially in the context of Vls this is non-trivial and requires the use of generalized differentiation
concepts. In view of the latter the previously derived results for the subdifferential will be analyzed
next for their use for the derivation of first-order conditions. For this sake, the upcoming section is
devoted to the derivation of calculus rules addressing compositions of a K -convex operators with
convex functionals which are compatible with the preorder relation. We start with the derivation of a
chain rule.

Lemma 15. LetU,Y be Banach spaces, the latter one equipped with a non-empty, closed, convex cone
K.Letg:Y — RU{+00} be a convex, lower semi-continuous, proper and K -isotone functional.
Suppose S : U — Y is a locally bounded, K -convex operator. Then, go S : U — R U {400} is
convex as well.

Moreover, consider u € U with S(u) € D(0g) and let the following constraint qualification hold

0 € core (S(U) — dom (g)) .

Then, for the subdifferential it holds that

0ge S)(w) = D*S(w) (99(s)) = |J oy S(-D(w)

y*€9g(S(u))
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Proof. Letu € U be as above and define M := . c5,(5u)) O(¥": S(+))(u). By the assumption on
u we get dg(S(u)) # 0. Let y* € dg(y) for some y € D(Jg). Then we obtain for k € K, that

0>g(y—k)—g(y) > W v—k—yyy =—Uk)yy

and hence we obtain dg(y) C K™ and further the convexity of u — (y*, S(u)). By the local
boundedness of S we obtain local boundedness of u — (y*, S(u)) as well and by [ET76, Lemma 2.1]
also its continuity on all of U. So the set M is well defined in the sense of the convex subdifferential
and non-empty.

Take u* € M. Then, there exists y* € Jg(S(u)) with u* € d(y*, S(-))(u) such that

9(5(v)) = g(S(u)) + (¥, S(v) = S(W)y+y = g(S(u)) + (u*, v — W)y v

and hence M C 9(g o S)(u). Since M # () we can now take u* € d(g o S)(u) and obtain by the
Fenchel-Legendre identity, that

(", uppe v = (g 0 9)(u) + (g 0 5)" ().

Hence, we know that u € argmin, .;(g(S(v)) — (u*,v)). Using the K -isotonicity this is equivalent
to

(U, S(U)) S argminvGU,er (g<y> - <U*7 U) + Igph(SK)(U7 y)) )
with 1), Hence, the first-order condition holds at (u, S(u)), i.e.,

0€d(glpry(-)) — (W, pry () + igpnsi) () (u, S(u)), (10)

where pr;; and pry denote the projection operator on the component in U and Y, respectively.
By our constraint qualification we know that for every z € Y there exists at > 0 such that z €
t(S(U) —dom (g)) . Thus, there exists a pair (u1,y2) € U x dom (g) with z = ¢(S(u1) — y2).
For an arbitrary v € U choose 1y = u; — %v and y; = S(uq). Then, we obtain v = ¢(u; — uz) and
z = t(y1 — ya), which means that (v, z) € t (gph(Sx) — U x dom (g)) . This yields the constraint
qualification 0 € core (gph(Sg) — U x dom (g)) and allows us to use the sum rule in the inclusion
(10), which yields
0 € {—u"} x 0g(S(u)) + Nepn(sy)(u, S(u)).

Utilizing Theorem [7] we deduce the existence of y* € dg(S(u)) together with d* € Ny (S(u) —
S(u)) = —K* aswellas h* € 9(—d*, S(-))(u) such that

0=y +d,
0=—u"+h",
which yields v* = h* € 9(—d*, S(-))(u) = d(y*, S(-))(u) and eventually u* € M. O

Next, we derive a differentiation rule combining a sum as well as a composition.

Theorem 16. Let U, Y be Banach spaces, the latter one equipped with a closed, convex cone K.
Letf : U — RU{+oo}andg : Y — R U {+0o0} be convex, proper, lower semi-continuous
functionals, and moreover let g be K -isotone. Consider S : U — Y a locally bounded, K -convex
operator. Then, the functional f +go S : U — RU{+o0} is convex. Moreover, consider u € D(0f)
with S(u) € D(0g) and let the following constraint qualification hold:

0 € core (dom (f) x dom (g) — gph(S)).

Then, the subdifferential reads as

O(f + g0 8)(u) = df (u) + D"S(u) (9g(S(w)) ) .
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Proof. Consider the functional h(u,y) := f(u) + g(y) together with the convex, closed cone K :=
{0} x K and the operator T : U — U x Y defined by T'(u) := (u, S(u)). Then the operator T
is K{-convex and locally bounded, and the functional & is convex, proper, lower semi-continuous and
K-isotone. By assumption on u we have (u, S(u)) = T(u) € D(0h) = D(f) x D(dg) and the
constraint qualification reads as 0 € core (dom (h) — T'(U)). Hence, we are in the position to use
Lemma[i5and obtain with

DT (u) (", y*) = 0{(w", y*), T(- ) (w) = ", )y () + ", S(- )y~ (u)
=u"+ D*S(u)(y")

finally for the subdifferential that

O(f + g0 8)(u) = d(h o T)(u) = D'T(u) (OA(T ()
= D*T(u) (0 (u) x Dg(S(u)))
= 0f(u) + D*S(u) (ag(S(u))) .

O

Next, we propose a variant of the previous result using a different constraint qualification. For this
purpose we need a generalization of the Moreau-Rockafellar theorem suitable for our framework. For
this sake we adapt the techniques in [BZ06) Section 4.3].

Proposition 17. Let U, Y be Banach spaces, the latter one equipped with a closed, convex cone
K.Letf:U—RU{4+o00}andg:Y — RU {400} be convex, proper, lower semi-continuous
functionals and moreover let g be K -isotone. Consider S : U — Y a demi-continuous, K -convex
operator. Suppose the following constraint qualification to be satisfied

0 € core (dom (g) — S(dom (f))).

Then, there exists y* € Y™ such that forallu € U andy € Y it holds that

inf (f(u) +9(S() < (f) + (", S@)v- ) + (90) = W' whv- )

uelU

Proof. The lemma and the proof are strongly based on the one of [BZ06, Lemma 4.3.1].
Define the functional h : Y — [—00, +00]| by

h(y) := inf (f(u) + g(S(u) +y)).

uelU

Then h is a convex functional with dom (h) = dom (g)—S(dom (f)). We show that 0 € int (dom (h)).
Without loss of generality we assume f(0) = g(S(0)) = 0 (else take u € dom (f), ¥ € dom (g)

and consider f(u) := f(u+u) — f(u) and g(y) := g(y + 5 — S(0)) — g(4)). Define the set

= UlveY:rw+g(Sw)+y) <1},

uEBy

It is straightforward to argue the convexity of M. We show that M is absorbing and cs-closed.
We start by showing the former. For this purpose let y € Y. We need to prove, that there exists > 0
suchthat \y € M for |A\| < r. By the assumed constraint qualification 0 € core (dom (¢) — S(dom (f))),
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there exists ¢ > 0 with ty € dom (g) — S(dom (f)) for all |t| < t. Hence, there exist u+ € dom (f)
with S(uy) £ ty € dom (g) and we define

a = max(f(us) + g(S(ug) £ ty), 1) < oc.

Then we see for [t]| <  with u; := [¢|¢ M ugign(r) and u; € By that

flue) +9(S(ue) +ty) = f (gusign(t)) +g < (|t‘ uSIgn(t)) + @sign (1) fy)

t ) - t
< ‘t_’ (f(usign(t)) + g<S(usign(t)) + sign (t) ty)) < ga <
Choose now m := max (||u+ ||, @, 1). Then we see that “* € By and further
u U t 1 o
F(2)+g (s (2)+ —y) < = (f(u) + g(S(u) +ty) < = < 1.
m m m m m

Hence, we can choose r = % to obtain Ay € M for all A < r. To prove the cs-closedness take
Y= 1o Ayr where A, > 0, > Ay = 1, and (yx)ren is @ sequence in M. By the definition of
M there exist (ug)reny C By with

fug) 4+ g(S(ug) +yi) < 1Lforall k € N.

Since B is bounded and closed it is cs-closed and hence also cs-compact (cf. [Jam74, Theorem
22.2)). By thiswe set u := ZZOZI Arug. As the operator S is assumed to be demi-continuous and ¢ is
convex, lower semi-continuous and hence weakly lower semi-continuous we obtain

f(u) +9(S(u) +y) <1,

which yields y € M.

Due to the cs-closedness we obtain core (M) = int (M) by [Sch07, Proposition 1.2.3] and since M
is absorbent 0 € core (M), which implies 0 € int (dom (h)). From this we see that 9h(0) # () and
take y* € Oh(0). Eventually, we observe for all u € U and y € Y that

inf (f(u) +g(S())) = h(0) < h(y = S() = (y",y = S(w)
< flu) + ( (w) +y—S(u) = (¥ y — Su))
< (f(u 5(U)>> + (g(y) - <y*,y>> :
which proves the assertion. O

We are now ready to state another version of the differentiation rule given in Theorem

Theorem 18. Let U, Y be Banach spaces, the latter one equipped with a closed, convex cone K. Let
f:U—=RU{+o0}andg:Y — RU{+oo} be convex, proper, lower semi-continuous functionals
and moreover let g be K -isotone. Suppose S : U — Y to be a demi-continuous, K -convex operator.
Then the functional f + go S : U — R U {+o0} is convex. Moreover, consider u € D(0f) with
S(u) € D(0g) and let the following constraint qualification hold

0 € core (S (dom (f)) — dom (g)) .

Then, the subdifferential reads as

O(f + g0 8)(u) = df (u) + D"S(u) (9g(S(w))) .
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Proof. The inclusion Of(u) + D*S(u) (0g(S(u))) € I(f + g o S)(u) is straightforward and its
proof will therefore be omitted here. To show the reverse direction let u* € O(f + g o .S)(u). Then we
obtain by the Fenchel-Legendre identity the relation

f(u) +9(S(w) + (f + g0 5) (") = (u, u).

Applying Lemma[i7]to f — (u*, -) (instead of f) we deduce the existence of y* € Y* such that for all
v € U andy € Y it holds that

fw) +9(S(u) — (u'u) = —=(f + g0 5)"(u)
= inf (f(w) = (u',w) + g(S(w)))
< flv) = (W', 0) + (¥, S(v) + 9(y) — (¥". ).
On the one hand, setting v = w implies

9(S(w)) + (", y — S(u)) < g(y)forally €Y,

which yields y* € dg(S(u)). Since g is assumed to be K -isotone it holds that y* € K.
On the other hand, setting y = S(u) implies

flu)+ (¥, S(u)) + (u*,v —u) < f(v) + (y*, S(v)) forallv € U.

Hence, we see u* € O (f + (y*,S(-))) (u). Since S is defined on all of U, the second function has
a domain equal to the entire space. Hence, we can apply the usual sum rule to deduce

u' € 0f(u) + D*S(u)(y") € 0f (u) + D" S(u) (9g(S(u))
which proves the assertion. O

A closer comparison of the two versions of chain rules formulated in Theorem [16|and Theorem
shows, that the additional requirement of .S being demicontinuous is traded with a weaker constraint
qualification. The difference between these two does not occur for linear operators and is thus of
interest. We briefly address the relation between these conditions in the following theorem.

Theorem 19. Let U, Y be Banach spaces the latter one equipped with a closed, convex cone K.
Then the following assertions hold:

(i) If S is demi-continuous, then it is locally bounded.

(i) LetS : U —'Y be a K -convex operator. If S is locally bounded and K is an order cone (i.e.:
K N (—=K) = {0}), then S is demi-continuous.

Proof. ad (7): If S is not locally bounded, then there exists a point u € U such that for all n € N there
exists u, € u + =By with ||S(u,)|[y > n. Then this holds u, — u in U and by the demi-continuity
S(u,) — S(u) in'Y implying the boundedness of (S(u,,))neny — @ contradiction.

ad (77): We consider first y* € K. Then the mapping u — (y*, S(u)) is convex and locally bounded
from above in every point and hence continuous by [ET76, Lemma 2.1]. Then we deduce the continuity
of the functional also for y* € KT — K. Let now y* € Y* be arbitrary. By the calculus rules of the
dual cone in Lemma[i]we see that

A (K+— K*) =d (KT + (—K)") = (K0 (=K))* = {0}" =Y.
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So for every ¢ > 0 we find y* € K+ — K such that ||y* — y*||y~ < e. Taking now a convergent
sequence u, — u we get by assumption the boundedness of S(u,,) by some constant B. This yields

(Y™, S (un)) — (y* S(u))| < (W2, S(un)) — (y2, S(u))]
+ {y" = vZ, S(un) — S(u))|
< [(yZ, S(un)) — (Y2, S(u))| + 2Be.

Using the continuity of (y*, S(-)) the first term tends to zero as n — oo, and we finally see that

0 < Timsup (5", S(un)) — (", S(w)] < 2Be.

Since the choice of € was arbitrary we deduce the desired continuity of u — (y*,.S(u)) and hence the
demi-continuity of S. O

Interestingly, Theorem[19|can also be interpreted as a generalization of [Har77, Theorem 3, Part (a)].
This has the following consequence: Having a vector lattice Y~ with order cone K, we obtain that the
mapping y — y = max(0, y) is demi-continuous, if and only if it is locally bounded (see also [Har77,
Proposition 1]).

5.1 Application to doping optimization

In the last part we draw our attention to the following optimization problem, that gained some interest
recently in [KS20, Section 5.2]. Here, we want to discuss in our notation the deterministic counterpart
of the problem therein. Therefore consider an open, bounded domain 2 C R¢ with d € {1,2} and
Lipschitz boundary 0f2 as well as €2, C 2 an open subset.

1
urgé?d 3 /Qo(l — 2)*tdz + % /QuZd:L*,

—div (kVz) + ¢sinhz = Bu+ bin Q,

0z
Hazoonﬁﬁ, (1)

with B as the solution operator of
—rAd+d=zin§2,

od
r— = 0 on 0.
v
Within the scope of this example we assume U,q C L% (Q2) and b € L2 (). First, we introduce the
variable y = —z. As the hyperbolic sine is an odd function, we rewrite (11) as
1 o
min —/ (y+ 1) de + = / Zdz,
ZGUad 2 Qo 2 0

—div (kVy) + ¢sinhy = —Bu — bin Q,
0
/{a—i = 0 on o).
with B as above.

First, we need to discuss the exponential non-linearity involved in the hyperbolic sine. For this sake,
we use the version of the Trudinger—Moser inequality given in [LRO8]. First, the well-definedness of
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the expression sinh : H'(Q)) — L*(Q) is ensured. Given u € H'((Q), there exists n € N such that
|t — tn || 1) < 1 with u, := min(max(u, —n),n). Then, we obtain by multiple use of the Young
inequality the relation

exp(|ul) < exp <2%d> exp (%lﬂ) = exp (Q%d) exp (%(u + (= u,))?)

< exp (%) exp(aan?) exp(aa( — un)?),

Qg

where a;g > 0'is as in [LR08] and thus [, exp(|u|)dz < coforallu € H'(Q). By using | sinh(u)| <
exp(|u|) we obtain the well definedness.

As we aim for the application of our combined results, we first ensure the /-convexity of the solution
operator S : u — ywith K := {y € H'(Q) : y > 0 a.e. on Q}. For this sake, we use the arguments
in Subsection (3.2.1|with homogenous Neumann boundary conditions instead. First, we observe, that
the right hand side of the state equation is pointwise non-positive, as b is non-negative and B is a
sign-preserving solution operator. Thus, y is non-positive, too. Next, introduce the concave, monotone
superposition operator ®(y) := (— sinh(y))™ and formulate the modified equation

—Ay + P(y) = win Q,
dy

5:00n89.

By the above sign argument it is evident, that the solution does not change, when sinh is substituted
with ®. In order to show continuity and differentiability it is sufficient to show the Fréchet-differentiability
of sinh : H'(Q2) — L?(Q) as the proof for ® is analogous. Next, we will show, that the operator is
Fréchet differentiable with first derivative D sinh(u)h = cosh(u)h. For this sake, consider the Taylor
expansion for a sequence h,, — 0in H'(Q) reading as

|D(u + hy) — ®(u) — DO(u)h,|[22 = /Q(sinh(u + hy,) — sinh(u) — cosh(u)h,, )*dz.

Define
&n = sinh(u + hy,,) — sinh(u) — cosh(u)h,,,

then we rewrite &, as
&, = sinh(u)(cosh(h,,) — 1) + cosh(u)(sinh(h,) — 1)

and obtain
€2 < 2sinh(u)*(cosh(hy,) — 1)* + 2 cosh(u)?(sinh(h,) — h,)*.

For an arbitrary ¢ € R we derive the estimates
t
0 <cosh(t) —1< / sinh(s)ds < |sinh(#)||¢],
0

0 <|sinh(t) — ¢t < < | cosh(t) — 1||¢| and

/0 t(cosh(s) —1)ds

0 < cosh(t) < exp(|t]|) and |sinh(t)| < exp(|t]).

Thus we get
€2 < 2sinh(u)? sinh(h,)*h2 + 2sinh(u)? sinh(h,)*h;,

n
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and using the embeddings H'(Q) < L%(Q) and H'(Q) — L'2(Q) with constants Cg, Cj5 > 0 we

obtain
/Qﬁidx <2 (/ sinh(u)6dx) ! (/Q sinh(hn)ﬁdx) ’ (/Q hgdx) '

1 1 1
3 3 3
( smh ) (/ sinh(hn)de) (/ hfdx)
Q Q
C(w) (Ihnl3sc@y + Il iz
< C(u) (CBllhnlid oy + Challhallin ) = 0as by — 0in H'(9).

This proves the Fréchet-differentiability.

Thus, we can deduce from the arguments in Subsection the K-convexity with Y = H'(Q)
equipped with K := {v € H(Q) : v > 0a.e.on Q} and w € H'(Q)* with Ky, = K. Setting
w = — Bz — b yields the same solution as the original state equation, thus on U,q C Li(Q) both
solution mappings S and the one induced by $ coincide. Thus, the K -convexity is proven.

It is straightforward to see, that the mapping £ — (£ + 1)2+ is increasing and convex. Thus, defining
fu) = § JquPdr as well as g(y) := [, (y +1)*"dzand S : L*(Q) — H'() the solution
operator 2z — (—A + ®)~!(—Bz — b) we see the conditions discussed in Theorem [16/and Theorem
[18]fulfilled. Thus, the above optimization problem is indeed convex. In fact, the application of one of our
chain rules is not necessary and can be accomplished by standard analytical results and reads as

1
z — Proj, (——B*p> =0 in €2,
o
—div (kVy) + csinh(y) = =Bz — b in €,
—div(kVp) + ccosh(p) = (y + 1) 1q, inQ,
8y ap

W on 0f).

6 Conclusion

In this paper, we investigated a class of operators fulfilling a generalized, order-based convexity concept
and their properties with regard to convex analysis and optimization theory. As part of we utilized and
generalized methods from non-smooth and set-valued analysis and illustrated the applicability of these
concepts to a selection of operator equations and variational inequalities closely related to the types of
problems discussed in the recent literature.

A Introduction to capacity theory and capacitary measures

For the sake of selfcontainment of the present work, we collect some basic definitions and results
regarding capacity theory. Our exposition is strongly inspired by the one in [RW19]. For more details
besides references mentioned below we refer to [BS00], [EG15].

Definition 20. (cf. [BS00, Definition 6.4.7], [BMAQ6, Section 5.8.2, Section 5.8.3], [DZ11], Definition
6.4])
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(i) Forasubset A C Q its capacity in the sense of H; (£2) is defined by

cap (A) := inf {HUH%,%(Q) v € Hy(2),v > 1 a.einaneighborhood ofA} :

(i) A subset Q2 C Qs called quasi-open if for all £ > 0 there exists and open set O. C €2 such
that {2 U O, is open and cap (O,.) < ¢ holds.

(iii) A subset 2 C Qs called quasi-closed if its relative complement Q\ A is quasi-open.

(iv) A function v : Q — [—00, +00] is called quasi-continuous (quasi lower semi-continuous, quasi
upper semi-continuous) if for all € > 0 there is an open set O. C 2 with cap (O.) < ¢ such
that v is continuous (lower semi-continuous, upper semi-continuous) on 2\ O...

In the same fashion as with the Lebesgue measure a pointwise property of a function on €2 is called to
hold quasi everywhere if it holds on subsets that differ from the whole domain only by a set of capacity
zero.

For two Borel sets Ey, 1 € B(£2) such that £ is a subset of F/; up to a set of capacity zero, we also
write iy €, F5. If both By €, Fy and By C, Ey hold, then we might also write Fiy =, F;.

Lemma 21. (cf. [BSQ0! p. 564, 565] with [Rud87], Theorem 2.18] for (i), (ii); [HW18, Lemmata 3.5, 3.7],
[Waci4, Lemma A.4] for (iii)) Let £ € H(Q) with (£,v) > 0 forallv € HY(Q) withv > 0 a.e. on
Q) be given.

(i) The functional & can be identified with a regular Borel measure on §) which is finite on compact
sets and which possesses the following property: For every Borel set E C Q) with cap (E) = 0,
we have {(E) = 0.

(ii) Every functionv € H}(S2) is £-integrable and it holds

(€ v)r1(0),H1 (@) :/Udf-

Q

(iii) There exists a quasi-closed set f-supp (&) C 2 with the property that for all v € H[}(Q) with
v > 0 ae. it holds that (§, v) g1 (q),H1 () = 0 ifand only ifv = 0 g.e. on f-supp (§). The set
f-supp (&) is uniquely defined up to a set of zero capacity and is called the fine support of .

One is able to extend the definition of Sobolev spaces to quasi-open subsets O C Qby

HL(6) = {v € HN(Q): v=0gqe. on Q\Q} (12)

Definition 22. (cf. [DM87, Definition 2.1, 3.1]) Let M (£2) be the set of all Borel measures y on €2
such that u(E) = 0 for every Borel set £ C 2 with cap (£) = 0 and such that y is regular in
the sense that (E) = inf {u(O) : O quasi-open , £ C, O}. The set M, ((2) is called the set of
capacitary measures on 2.

For a given capacitary measure m € M(§2) and for a quasi-continuous function v : 2 — R we
define the space

L2(9Q) := {U:Q%RZ/ |v|2dm<—|—oo}. (13)
Q
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Let T,, € L(H(Q), Hy(Q2)) denote the solution operator which maps a given f € H~'(12) to the
solution of the following equation:

/ VyVzdx + / yzdm = (f,z) g1 gy forall z € Hy(9).
Q Q

Definition 23. (cf. [DM87, Section 5], [RW19, Definition 3.2, Lemma 3.4]) Let a sequence of capacitary
measures (M, )nen € Mo(€2) be given. We say that (m,,)en 7y-converges towards m € M (€2)
if the sequence of operators (7,,, ) converges in the weak operator topology towards T,,, i.e., for all

h € H-Y(Q) holds T}, h — Tphin HE (). If (my, )nen y-cONverges to m we write m,, —» m.

Lemma 24. (cf. [RW19, Corollary 3.5]) The ~y-convergence on M(£) is metrizable with the metric
o (m,m') == || Tn(1) = T (1]

Moreover, (M (£2), d ) is a complete metric space.

Theorem 25. (cf. [DMMB87, Proposition 4.14]) Let (m,,),en be a sequence in M(£2). Then there
exists a subsequence (M., )ken and a measure m € M(S2) such that m,,, X om.

B Appendix

Proof of Lemmal[il ad (i): Let x* € M, . Then, (z*,z) > (O for all z € M, and hence especially for
all x € M,. This yields z* € M'.

ad (i7): Since it always holds, that M C cl (M) we deduce (cl (M))"™ C M by (i). Let now
x* € M and take = € cl (M). Then there exists a sequence x,, — z with ,, € M and we obtain
(x*, ) = lim,, o0 (z*, z,) > 0 and hence the equality.

ad (i7i): see [BS00, Proposition 2.40].

ad (iv): Since 0 € M; N M, we have that M; C M; + M, and hence (M; + M)+ C M;“ for
j = 1, 2. This yields the inclusion (M; + M)t C M;" N M.

Let, on the other hand, z* € M;" N M, . Then we get for all z; € M; that (x*,z; + x3) =
(x*, 1) + (2, x9) > 0, which gives x* € (M; + My)™.

ad (v): Since M;r are closed, convex cones the set cl (Ml+ + M;) is a closed, convex cone as well.
Hence, by the application of (i), (iii) and (iv) we obtain, that

(cl (M7 + M) = (M;F+ M) " = M 0 My = My N M.
The subsequent application of (i) yields

ol (M;f + My) = (I (M + My)) ™ = (M n My)*.
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