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Asymptotic study of the electric double layer at the interface of a
polyelectrolyte gel and solvent bath

Matthew G. Hennessy, Giulia L. Celora, Andreas Münch, Sarah L. Waters,

Barbara Wagner

Abstract

An asymptotic framework is developed to study electric double layers that form at the inter-
face between a solvent bath and a polyelectrolyte gel that can undergo phase separation. The
kinetic model for the gel accounts for the finite strain of polyelectrolyte chains, free energy of
internal interfaces, and Stefan–Maxwell diffusion. By assuming that the thickness of the double
layer is small compared to the typical size of the gel, matched asymptotic expansions are used to
derive electroneutral models with consistent jump conditions across the gel-bath interface in two-
dimensional plane-strain as well as fully three-dimensional settings. The asymptotic framework
is then applied to cylindrical gels that undergo volume phase transitions. The analysis indicates
that Maxwell stresses are responsible for generating large compressive hoop stresses in the dou-
ble layer of the gel when it is in the collapsed state, potentially leading to localised mechanical
instabilities that cannot occur when the gel is in the swollen state. When the energy cost of in-
ternal interfaces is sufficiently weak, a sharp transition between electrically neutral and charged
regions of the gel can occur. This transition truncates the double layer and causes it to have finite
thickness. Moreover, phase separation within the double layer can occur. Both of these features
are suppressed if the energy cost of internal interfaces is sufficiently high. Thus, interfacial free
energy plays a critical role in controlling the structure of the double layer in the gel.

1 Introduction

A polyelectrolyte gel in an ionic solvent bath represents a fundamental model system for innumerable
biological problems, ranging from models for various subcellular processes, such as volume transi-
tions of the nucleus or formation of organelles via liquid-liquid phase separation [5, 22], to models
for cartilage or muscles tissue on the larger scale [21, 11]. Polyelectrolyte gels are thus fundamen-
tally important to biomedical applications, where they are used as scaffolds for cell proliferation in
regenerative medicine [17] and biocompatible systems for drug delivery [19]. Moreover, they are also
becoming an important and novel material for soft actuators, fuel cells [15], or ionic devices such as
polyelectrolyte gel diodes [29].

Mathematical modelling can provide unique insights into the structural and dynamic behaviour of poly-
electrolyte gels and their dependence on the conditions of the surrounding solvent bath. Such models
have been systematically derived using non-equilibrium thermodynamics [7, 10, 13, 2]. This approach
enables thermodynamically consistent governing equations to be obtained from the combined free en-
ergy of the system, which generally accounts for the energy of mixing solvent, ions, and polyelectrolyte
chains; the nonlinear elastic energy of polyelectrolyte chains, and the electrostatic energy.

In addition, apart from boundary conditions for a given geometry of the problem, interfacial conditions
at the gel-bath interface need to be consistently formulated [8]. Typical problems focus on free or
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constrained swelling, when a “dry” gel is immersed into a solvent bath. When the gel has attained its
new swollen equilibrium state, electroneutrality of the gel and the surrounding bath is assumed, the
so called Donnan equilibrium [9]. However, as either the dimensions of the gel and bath becomes
very small or as the gel-bath interface is approached, this assumption is violated. An understanding
of this transition is rooted in the problem of an electrolyte at a solid wall and how the mobile ions in
the electrolyte arrange at the interface to achieve electroneutrality through the creation of a so-called
electrical double layer. In general, the double layer consists of two parts. At the atomistic scale there is
a monolayer of adsorbed and non-moving ions, the Stern or Helmholtz layer, to screen the charge at
the wall. Adjacent to that is a diffusive layer, the so-called Debye layer, of mobile ions to compensate
for the polarity and achieve neutrality in the bulk. The thickness of the Debye layer is typically about a
few nanometers and depends on value of ion concentration or the fixed charges for polyelectrolytes.
While the study of the Debye layer has been widespread, particularly in the context of applications in
Li-ion batteries with electrolytes sandwiched between electrode walls [26, 18, 6], some of the more
complete works analysing the asymptotic structure of the Debye layer as the Debye length decreases
has been carried out by Richardson and King [24] and, in the context of electrophoresis, by Yariv et
al. [30, 31] for the case of a flat, curved, and moving wall.

Double layers in polyelectrolyte gels are often not treated and electroneutrality is assumed, as for
example in [32]. There are a few studies that explicitly consider the polyelectrolyte gel-bath double
layer, such as in Hong et al. [13] and Wang and Hong [27] for freely swollen polyelectrolyte gels. Mori
et al. [20] use matched asymptotics to derive jump conditions across the double layer but do not study
the behaviour of solutions.

In this paper, we systematically develop an asymptotic framework to study electrical double layers in
polyelectrolyte gels as the Debye length decreases. We compute solutions in two and three dimen-
sions and derive electroneutral models with asymptotically consistent boundary conditions without
restricting the modes of deformation that can occur. This work is based on a new model for polyelec-
trolyte gels, derived in [3], which accounts for the free energy of diffuse internal interfaces that form
upon phase separation occurring within the gel. This can lead to different concentrations of solvent
and ions in the phase-separated regions. As we have shown earlier for neutral hydrogels [12], it is
necessary to include interfacial free energy in the model to capture the transient dynamics of these
internal layers and how they that can be triggered by imposing a critical solvent flux into the gel. For
polyelectrolyte gels, solvent flux into and out of the gel is more complex, since in addition it is intrinsi-
cally regulated via the concentrations of ions (salt) in the solvent bath, the amount of fixed charges on
the polyelectrolyte chains, as well as (as for neutral hydrogels) the finite elasticity of the polyelectrolyte
network. Internal phase-separated regions have been observed experimentally for some time and they
are known to be quite sensitive to external conditions in the bath, as is the case for the well-known
volume phase transition, or gel collapse [23]. As a consequence of our model, the asymptotic analysis
reveals not only a small parameter characterising the small Debye length at the gel-bath interface, but,
in addition, the thickness of the moving internal interfaces enters as a new small parameter into the
asymptotic analysis.

We apply our formulation to the problem of a swelling cylindrical gel under axial compression. While
our present asymptotic analysis considers only situations that deem the Debye length the smallest
parameter, the additional terms that arise from the interfacial energy give rise to novel features such
the formation of an interface between neutral and electrically charged regions of the gel. In addition,
conditions for phase separation within a double layer are also discussed.

The paper is organised as follows. In Sec. 2 the governing equations for a polyelectrolyte gel that can
undergo phase separation are presented along with those of the surrounding bath. In Sec. 3 we carry
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Figure 1: A swollen polyelectrolyte hydrogel surrounded by a bath. The bath consists of a dissolved binary salt. Here we assume the electric charges
on the polymer chains of the gel are positive. Near the gel-bath interface, a thin electric double layer of thickness O(β) forms where charge neutrality is
violated. The definition of β is given in (1).

out an asymptotic analysis in three dimensions of the double layer that forms at the interface between
the gel and bath. In Sec. 4, we present our analysis for a model that does not consider interfacial
free energy. In Sec. 5, the asymptotics are specialised to a two-dimensional plane-strain setting. The
asymptotic framework is then applied to swollen hydrogel cylinders in Sec. 6 and the paper concludes
in Sec. 7.

2 Mathematical model

We consider a polyelectrolyte gel that is surrounded by a bath, as shown in Fig. 1. The bath consists
of a solvent and a dissolved binary salt such as NaCl or CaCl2. The gel is composed of a crosslinked
network of deformable polymer chains that carry electric charges of the same sign. Changes in the salt
concentration in the bath will drive solution (solvent and ions) into or out of the gel through osmosis and
potentially trigger the formation of diffuse internal interfaces within the gel through phase transitions
and/or phase separation [4].

A phase-field model for a polyelectrolyte gel undergoing phase separation has been systematically
derived by Celora et al. [3] using non-equilibrium thermodynamics. This model will form the basis of
the present study. For brevity, we only present the non-dimensional form of the governing equations in
the main text; however, the dimensional model is provided in Appendix A. In the equations below, the
subscript m is used to represent quantities associated with the solvent (s), cation (+), or the anion
(−). The subscript n refers to the polymer network. The set M = {s,+,−} contains all of the mobile
species that move relative to the polymer chains. We let I = {+,−} denote the ionic species.

In non-dimensionalising the model, spatial variables are scaled with a characteristic length scale L,
which, for example, might represent the size of the gel in its dry or as-prepared states. Similarly, the
displacement of solid elements, a, is scaled with a ∼ L. We choose a time scale associated with
solvent diffusion in the gel, t ∼ L2/D0

s where D0
s is a reference value of the diffusivity. This time

scale imparts a velocity scale for each species: vk ∼ D0
s/L. The chemical potentials of the mobile

species are written as µm = µ0
m + kBTµ

′
m, where µ0

m is a reference chemical potential, kB is
Boltzmann’s constant, and T is the absolute temperature. The diffusives fluxes in the gel and the bath
scale like jm ∼ D0

sν
−1/L and qm ∼ D0

sν
−1/L, respectively, where ν is a typical molecular volume

(assumed to the be same for each mobile species). The electric potential in the bath and the gel is
scaled with the thermal voltage, Φ ∼ kBT/e, where e is the elementary charge. Pressure gradients
in the gel are assumed to balance the elastic stress, p ∼ G, where G is the shear modulus of the
polymer network. In the bath, pressure gradients are balanced with the Maxwell stress, leading to
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p ∼ εbath(kBT/e)
2/L2, with εbath denoting the electrical permitivity of the bath, which is assumed to

be constant.

This scaling introduces four key dimensionless parameters given by

G =
νG

kBT
, ω =

1

L

(
γ

νkBT

)1/2

, β =
1

L

(
νεgelkBT

e2

)1/2

, N =
ηDs

εbath(kBT/e)2
, (1)

where η is the kinematic viscosity of the solution (assumed constant) and γ is related to the free energy
cost of internal interfaces. The parameter G characterises the energetic cost of elastically deforming
the gel relative to the energy that is released upon insertion of a solvent molecule. The parameters ω
and β describe the thickness of diffuse internal interfaces and electrical double layers relative to L,
respectively. Finally, N represents the ratio of the viscous stress to the Maxwell stress in the bath.
The magnitudes of these numbers will be estimated in Sec. 2.4.

2.1 Governing equations for the gel

The governing equations for the gel are formulated in terms of Eulerian coordinates x = xiei as-
sociated with the current state of the system, where ei are Cartesian basis vectors. This choice of
coordinate system enables the equations to be written in a physically intuitive way and allows for a
straightforward interpretation of geometric quantities associated with the gel-bath interface (e.g. cur-
vature). A detailed account of Eulerian-based hydrogel modelling is provided by Bertrand et al. [1].
In Eulerian coordinates, the deformation gradient tensor F, which describes the distortion of material
elements relative to the dry state of the gel, is more readily expressed through its inverse,

F−1 = ∇X, (2)

where X(x, t) = XIEI are Lagrangian coordinates associated with the reference (dry) state of
the gel, EI are Cartesian basis vectors in the reference state, and ∇ = ei ∂/∂xi. The adopted
conventions for computing derivatives of vectors and tensors are given in Appendix B. The quantity
X(x, t) provides the Lagrangian coordinates of the material element that is located at the point x
in the current state at time t. We assume that the basis vectors ei and Ei have the same origin and
direction. The Eulerian displacement is given by a(x, t) = x − X(x, t). Thus, the deformation
gradient tensor F, is linked to the solid displacement a according to

F−1 = I−∇a, (3)

The determinant J = detF characterises volumetric changes in material elements. Both the polymer
chains and the interstitial fluid are assumed to be incompressible. As a result, any volumetric change
in a solid element must be due to a variation in the amount of fluid contained within that element. This
leads to the so-called molecular incompressibility condition

J =

(
1−

∑
m∈M

φm

)−1

= φ−1
n , (4)

where φk represent the volume fraction of species k. The volume of fixed charges on the polymer
chains is accounted for in the network fraction φn. Since J describes the volume of swollen material
elements relative to their dry volume, we also refer to it as the swelling ratio. The velocity of the solid
elements vn is related to the displacement via

vn = F
∂a

∂t
. (5)
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Conservation of polymer, solvent, and ions leads to

∂φn
∂t

+∇ · (φnvn) = 0, (6a)

∂φm
∂t

+∇ · (φmvn + jm) = 0, (6b)

where jm = φm(vm−vn) is the diffusive flux and m ∈M. The mixture velocity in the gel is defined
as, and satisfies,

v ≡ φnvn +
∑
m∈M

φmvm = vn +
∑
m∈M

jm. (7)

Diffusive transport of solvent and ions is modelled using a Stefan–Maxwell approach. This enables
multi-component diffusion to be captured by linking each diffusive flux to every chemical potential
gradient. The fluxes are thus given by

js = −Ds(J)
∑
m∈M

φm∇µm, (8a)

j± = −D±φ±∇µ± +
φ±
φs

js, (8b)

where Ds(J) = Ds(J)/D0
s and D± = D±/D

0
s . The dimensional parameters Ds and D± denote

the solvent diffusivity relative to the polymer network and the ionic diffusivity relative to a pure solvent
bath, respectively. The dependence of Ds on J reflects the change in diffusivity (or permeability) that
occurs as the polymer network is deformed [1]. The chemical potentials can be written as

µs = Πs + Gp− ω2∇2φs, (9a)

µ± = Π± + Gp+ z±Φ, (9b)

where z± is the valence of the ions and Πm are osmotic pressures defined as

Πs = log φs + χJ−1(1− φs) + J−1, (10a)

Π± = log φ± + J−1(1− χφs). (10b)

Here, χ is the Flory interaction parameter, which describes (unfavourable) enthalpic interactions be-
tween the solvent molecules and the polymer chains. The electric potential satisfies

−β2∇2Φ = z+φ+ + z−φ− + zfφf , (11)

where φf represents the volume fraction of fixed charges on the polymer network and zf denotes the
valence of these charges. The nominal volume fraction of fixed charges is Cf = φfJ . In writing (11),
we have assumed that the electrical permittivity of the gel is constant.

The conservation of linear momentum in the gel leads to

∇ · T = 0, (12)

where T is the Cauchy stress tensor, which can be decomposed according to

T = Te + TK + TM − pI. (13a)
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The first contribution, Te, represents the elastic stress tensor and is calculated by assuming the poly-
mer chains behave as a neo-Hookean material. This leads to

Te = J−1(B− I), (13b)

where B = FFT is the left Cauchy-Green deformation tensor. The second and third contributions,
TK and TM , correspond to the Korteweg and Maxwell stress tensors, respectively, which capture
the force generated within the bulk of the hydrogel due to internal interfaces and electric fields. These
tensors can be written as

TK = G−1ω2

[(
1

2
|∇φs|2 + φs∇2φs

)
I−∇φs ⊗∇φs

]
, (13c)

TM = G−1β2

(
∇Φ⊗∇Φ− 1

2
|∇Φ|2I

)
. (13d)

The final contribution to the Cauchy stress tensor represents an isotropic stress induced by the fluid
pressure.

2.2 Governing equations for the bath

Conservation of solvent and ions in the bath is given by

∂φm
∂t

+∇ · (φmv + qm) = 0, (14)

where m ∈M, v is the mixture velocity

v =
∑
m∈M

φmvm, (15)

and qm = φm(vm − v) are the diffusive fluxes. Unlike the gel, the diffusive fluxes in the bath are
defined relative to the mixture velocity. The bath is assumed to be free of voids and incompressible,
which leads to the following conditions:∑

m∈M

φm = 1, ∇ · v = 0. (16)

The diffusive fluxes in the bath are also obtained using a Stefan–Maxwell approach and given by

q± = −D±φ±

(
∇µ± −

∑
m∈M

φm∇µm

)
+
φ±
φs

qs, (17a)

qs = −q+ − q−. (17b)

The chemical potentials of the solvent and ions are

µs = log φs + εrβ
2p, (18a)

µ± = log φ± + εrβ
2p+ z±Φ, (18b)

where εr = εbath/εgel. The electric potential satisfies

−εrβ2∇2Φ = z+φ+ + z−φ−. (19)
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Conservation of linear momentum in the bath implies that

∇ · T = 0, (20)

where the Cauchy stress tensor is

T = Tv + TM − pI. (21a)

The first component captures the viscous stresses in the bath, which is assumed to be a Newtonian
fluid; thus,

Tv = N (∇v +∇vT ). (21b)

The Maxwell stress tensor for the bath reads

TM = ∇Φ⊗∇Φ− 1

2
|∇Φ|2I. (21c)

By combining (20)–(21), we can write the stress balance in non-conservative form,

∇ · Tv +∇2Φ∇Φ = ∇p, (22)

which will be advantageous for the asymptotic analysis of the double layer.

2.3 Boundary conditions at the gel-bath interface

The gel-bath interface is defined by the surface x = r(s1, s2, t), where s1 and s2 are parameters.
The tangent vectors to the interface are defined as ti = ∂r/∂si. The normal vector to this surface
is denoted by n = (t1 × t2)/|t1 × t2| and assumed to point from the gel into the bath. The normal
velocity of the interface is written as Vn. We use the notation x → r± to denote approaching the
interface from the interior of the bath (+) and gel (−).

The kinematic boundary condition is imposed on the polymer network

[vn · n− Vn]x=r− = 0. (23)

Conservation of solvent and ions across the moving boundary of the gel implies that

[jm · n]x=r− = Am = [qm · n + φm(vm · n− Vn)]x=r+ , (24)

where the Am are introduced to facilitate the asymptotic matching in Sec. 3. By summing (24) over
m ∈M and using (7) and (23), we find that the normal component of the mixture velocity is continuous
at the interface,

[v · n]x=r− = [v · n]x=r+ , (25)

which is a reflection of the conservation of total mass.

Continuity of the chemical potential across the interface leads to

µm|x=r− = Mm = µm|x=r+ . (26)
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Due to the non-local term in the solvent chemical potential (9a), an additional boundary condition on
the solvent fraction in the gel is required. We impose the variational condition

[∇φs · n]x=r− = 0. (27)

From a physical point of view, this condition implies that the solvent does not preferentially wet or
dewet the interface, both of which would lead to a localised gradient in the solvent composition.

After non-dimensionalisation, momentum conservation at the interface leads to

[GT · n]x=r− =
[
εrβ

2T · n
]
x=r+ . (28)

However, the asymptotic analysis will reveal that the stresses in the bath areO(β−1) in size. Typically,
β � G, meaning that (28) can be reduced to a stress-free condition for the gel:

[T · n]x=r− = 0. (29)

The final boundary condition that must be imposed on the mechanical problem is a form of slip con-
dition. Due to the various velocities in the model (e.g. solvent, mixture), there is a wide range of
conditions that could be imposed. For instance, Mori et al. [20] considered a Navier slip condition on
the solvent velocity in their kinetic model of a polyelectrolyte gel. The choice of boundary condition is
relatively immaterial for this paper and thus we simply impose continuity of the tangential components
of the mixture velocity:

[v · ti]x=r− = Ui = [v · ti]x=r+ . (30)

We assume there are no surface charges on the interface and therefore impose continuity of the
electric potential and electric displacement:

Φ|x=r− = Φ|x=r+ , (31a)

[∇Φ · n]x=r− = [εr∇Φ · n]x=r+ . (31b)

2.4 Parameter estimation

We assume that the molecular volume of solvent and ions is ν ∼ 10−28 m3 [32], the system is held at a
temperature of T = 300 K, and the gels have a length scale ofL ∼ 1 cm. Horkay et al. [14] measured
the shear moduli of polyelectrolyte gels to be around G ∼ 10 kPa, which leads to G ∼ 10−4. Yu et
al. [32] report values of G ∼ 10−3.

Assuming the electrical permittivity of the gel is approximately the same as water, εgel ' 80 ε0, where
ε0 is the permittivity of free space, then the non-dimensional width of the electrical double layers is
β ∼ 10−8, corresponding to a dimensional length of 0.1 nm. However, we will show in Sec. 6 that
these values underestimate the width of double layers computed from the model.

The dimensionless parameter ω is difficult to directly estimate due to uncertainty in the value of γ,
the latter of which characterises the energy cost of diffuse internal interfaces. However, the quantity
ω/β represents the relative width of diffuse interfaces to electrical double layers in the gel. Given the
smallness of β, it is reasonable to expect that ω = O(β) or ω � β. In this paper, we mainly focus
on the case of ω � β. For comparison purposes, we also consider the case where interfacial free
energy is neglected, ω = 0, as this is more common in the literature.

DOI 10.20347/WIAS.PREPRINT.2751 Berlin 2020



Asymptotics of electric double-layer 9

Drozdov et al. [10] report solvent diffusion coefficients ranging from D0
s ∼ 10−11 m2·s−1 to Ds ∼

10−9 m2·s−1. In a dilute solution, the ionic diffusivities are on the order of D± ∼ 10−9 m2·s−1 [25].
Thus, we expect D± to range from 1 to 100. Assuming the solvent is water, which has a viscosity
η ∼ 10−3 Pa·s, then we find that N ranges from 10−2 to 1. The (nominal) volume fraction of fixed
charges is reported to range from Cf ∼ 10−3 to Cf ∼ 10−1 [13, 32]. The Flory interaction parameter
χ is treated as a constant for simplicity; however, its value has been reported to range from 0.1 to 2.3
[32].

3 Asymptotic analysis of the model

The smallness of β implies, from (11) and (19), that material elements will be electrically neutral except
in thin electric double layers of width O(β) that form near interfaces. The onset of phase separation
within the gel will create internal interfaces and hence leads to the possibility of internal double-layer
formation. However, by assuming that ω � β, we can rule out this possibility, as the interfaces that
form by phase separation will be too wide to generate electric fields that are strong enough to violate
electroneutrality. Thus, the only double layer in the system will occur at the gel-bath interface.

With this in mind, we now consider the asymptotic limit as β → 0 with ω = O(1). This singular limit
divides the domain of the problem into two main regions. In the outer region, away from the gel-bath
interface, charge neutrality will hold in the gel and bath. The inner region is localised to the gel-bath
interface and captures the electric double layer where charge neutrality is violated.

The asymptotic analysis is split into three parts. In Sec. 3.1, we reduce the model in the outer region
away from the gel-bath interface and in doing so formulate the bulk equations for an electroneutral
model. In Sec. 3.2, we formulate the problem in the inner region to resolve the features of the double
layer. Finally, in Sec. 3.3, we asymptotically match the solutions in the inner and outer regions in order
to derive consistent boundary conditions for the electroneutral model.

3.1 The outer problem

3.1.1 Electroneutral equations for the bath

Taking β → 0 in (19) leads to the electroneutrality condition

z+φ+ + z−φ− = 0. (32)

When (32) is combined with the no-void condition (16), the volume fractions of solvent φs and anions
φ− can be eliminated from the problem. By manipulating the ion balances in (14), we can arrive at

∇ ·
(
z+q+ + z−q−

)
= 0, (33)

which we interpret as an elliptic equation for the electric potential Φ in the bath. The volume fraction
of cation evolves according to

∂φ+

∂t
+ v · ∇φ+ +∇ · q+ = 0. (34)

The fluxes in the bath are given by (17) and the chemical potentials reduce to

µs = log φs, (35a)

µ± = log φ± + z±Φ, (35b)
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which show that the contribution from the pressure can be neglected. Finally, the mixture velocity v
satisfies

N∇2v +∇2Φ∇Φ = ∇p, (36a)

∇ · v = 0, (36b)

whereN has been assumed to be independent of composition.

3.1.2 Electroneutral equations for the gel

Taking β → 0 in (11) leads to the electroneutrality condition in the gel,

z+φ+ + z−φ− = −zfφf . (37)

Using φf = Cf/J along with (4) in (37), the anion fraction φ− can be eliminated from the outer
problem. By multiplying the conservation equation for each ion by their respective valence number zi
and adding, we find that

∇ · (z+j+ + z−j−) = zf

(
∂φf
∂t

+∇ · (φfvn)

)
= 0, (38)

which determines the electric potential in the gel. The second equality is obtained by writing φf =
Cf/J , assuming that Cf is uniform, and then using the identity

∂J

∂t
+ vn · ∇J = J∇ · vn. (39)

The solvent and cation fractions satisfy the equations

∂φs
∂t

+∇ · (φsvn + js) = 0, (40a)

∂φ+

∂t
+∇ ·

(
φ+vn + j+

)
= 0, (40b)

where the fluxes and chemical potentials are given by (8)–(10). The network velocity vn is obtained by
solving the mechanical problem, which consists of the kinematic relations in (3) and (5) and the stress
balance

∇ · Te + ω2G−1φs∇∇2φs = ∇p, (41)

where the elastic stress tensor is given by (13b). The form of (41) shows that the Maxwell stresses in
the gel are negligible away from the gel-bath interface.

3.2 The inner problem

To solve the inner problem, we make the change of variable

x = r(s1, s2, t
′) + βξn(s1, s2, t

′), t = t′, (42)
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Asymptotics of electric double-layer 11

where ξ is a coordinate in the normal direction, with ξ > 0 corresponding to the regions in the bath
whereas ξ < 0 corresponding to regions in the gel. Under this change of variable, the spatial and time
derivatives become (see Appendix C for details)

∇ = β−1n
∂

∂ξ
+∇s +O(β), (43a)

∇2 = β−2 ∂
2

∂ξ2
+ 2β−1κ

∂

∂ξ
+∇2

s − ξ(κiκi)
∂

∂ξ
+O(β), (43b)

∂

∂t
= −β−1Vn

∂

∂ξ
+O(1), (43c)

where ∇s and ∇2
s are the surface gradient and surface Laplacian, defined in (158) and (164); κ1

and κ2 are the principal curvatures of the interface; and κ = (κ1 + κ2)/2 is the mean curvature. In
deriving (43), we have assumed that the non-dimensional curvatures satisfy κi = O(1) as β → 0,
i.e. the dimensional curvature is O(L−1) where L is the typical length scale of the gel.

Tildes are used to denote dependent variables in the inner region, which are generally expanded as
f̃ = f̃ (0)+βf̃ (1)+O(β2), where f is an arbitrary quantity (scalar, vector, tensor). However, additional
rescaling is required in some cases; this will be made explicit in the proceeding discussion. Near the
interface, the outer solutions for the bath and gel expanded as

lim
ξ→0+

f(r + βξn, t) = f bath(r, t) +O(β), (44a)

lim
ξ→0−

f(r + βξn, t) = f gel(r, t) +O(β), (44b)

which will be used for asymptotic matching.

3.2.1 Inner problem for the bath

Mass conservation The O(β−1) contributions to (14) in inner coordinates must satisfy

−Vn
∂φ̃

(0)
m

∂ξ
+

∂

∂ξ

(
φ̃(0)
m ṽ(0) · n + q̃(0)

m · n
)

= 0, (45)

where we have used the fact that n is independent of ξ. Integrating these equations gives

q̃(0)
m · n + φ̃(0)

m

(
ṽ(0) · n− Vn

)
= Am(s1, s2, t) (46)

where the integration constant Am is determined by matching to the outer solution:

Am(s1, s2, t) = qbath
m · n + φbath

s (vbath
m · n− Vn). (47)

The leading-order part of the incompressibility condition for the bath (16) is given by

∂

∂ξ

(
ṽ(0) · n

)
= 0. (48)

Integrating and matching to the outer solution as ξ →∞ gives

ṽ(0) · n = vbath · n. (49)
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Momentum conservation We rescale the pressure, Maxwell stress tensor, and viscous stress ten-
sor according to p = β−2p̃, TM = β−2T̃M , and Tv = β−1T̃v. Consequently, the Cauchy stress
tensor must be scaled as T = β−2T̃. The local form of the stress balance (22) is given by

β
∂

∂ξ

(
T̃

(0)

v · n
)

+
∂Φ̃(0)

∂ξ

∂2Φ̃(0)

∂ξ2
n− 2βκ

(
∂Φ̃(0)

∂ξ

)2

n

+ β
∂Φ̃(0)

∂ξ

∂2Φ̃(1)

∂ξ2
n =

∂p̃(0)

∂ξ
n + β

∂p̃(1)

∂ξ
n +∇sp̃

(0) +O(β2). (50)

The O(1) contribution can be integrated to obtain a solution for the pressure,

p̃(0) =
1

2

(
∂Φ̃(0)

∂ξ

)2

, (51)

where the constant of integration has been set to zero using the far-field condition p̃(0) → 0 as
ξ → ∞. Thus, the pressure in the bath balances the normal component of the Maxwell stress,

p̃(0) = n · T̃(0)

M · n, and as a result T̃
(0) · n = 0, implying that the normal stresses in the bath are

O(β−1) in size. This validates reducing the stress-continuity condition (28) to the stress-free condition
on the gel (29).

The O(β) problem involves the leading-order contribution to the viscous stress tensor, which is given
by

T̃
(0)

v = N

(
∂ṽ(0)

∂ξ
⊗ n + n⊗ ∂ṽ(0)

∂ξ

)
. (52)

Using the incompressibility condition (48), we find that

T̃
(0)

v · n = N ∂ṽ(0)

∂ξ
. (53)

By using (51) and (53), the tangential components of the stress balance can be written as

N ∂2

∂ξ2

(
ṽ(0) · ti

)
+
∂2Φ̃(0)

∂ξ2
∇sΦ̃

(0) · ti −
∂Φ̃(0)

∂ξ

∂

∂ξ

(
∇sΦ̃

(0) · ti
)

= 0. (54a)

This equation has also been derived by Yariv [30]. In principle, it can be solved with the boundary
conditions

ṽ
(0)
i · ti

∣∣∣
ξ→0+

= Ui,
∂

∂ξ

(
ṽ

(0)
i · ti

)∣∣∣∣
ξ→∞

= 0, (54b)

where Ui can be computed from the mechanical problem for the gel.

Chemical potentials and fluxes Expanding the chemical potentials gives, to leading order,

µ̃(0)
s = log φ̃(0)

s + εrp̃
(0), (55a)

µ̃
(0)
± = log φ̃

(0)
± + εrp̃

(0) + z±Φ̃(0). (55b)
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The O(β−1) contributions to the flux relation (17a) gives

∂µ̃
(0)
±

∂ξ
−
∑
m∈M

φ̃(0)
m

∂µ̃
(0)
m

∂ξ
= 0. (56)

The summation in this equation represents a local form of the Gibbs–Duhem relation and is equal to
zero. To show this, we first calculate through substitution of (55) that∑

m∈M

φ̃(0)
m

∂µ̃
(0)
m

∂ξ
= εr

∂p̃(0)

∂ξ
+
(
z+φ̃

(0)
+ + z−φ̃

(0)
−

) ∂Φ̃(0)

∂ξ
. (57)

Inserting the solution for the pressure (51) and making use of the leading-order part of the Poisson
problem for the voltage,

−εr
∂2Φ̃(0)

∂ξ2
= z+φ̃

(0)
+ + z−φ̃

(0)
− , (58)

results in the terms on the right-hand side of (57) cancelling out. Therefore, we obtain∑
m∈M

φ̃(0)
m

∂µ̃
(0)
m

∂ξ
= 0. (59)

From (56) and (59), we can deduce that the leading-order chemical potentials are uniform across the
double layer, giving

log φ̃
(0)
± + εrp̃

(0) + z±Φ̃(0) = M±(s1, s2, t) (60a)

log φ̃(0)
s + εrp̃

(0) = Ms(s1, s2, t). (60b)

By imposing the matching conditions µ̃(0)
m → µbath

m , φ̃(0)
m → φbath

m , p̃(0) → 0, and Φ̃(0) → Φbath as
ξ →∞, we obtain

M±(s1, s2, t) = µbath
± = log φbath

+ + z±Φbath, (61a)

Ms(s1, s2, t) = µbath
s = log φbath

s . (61b)

Equating (60a) with (61a) provides an expression for the ion fractions in the double layer,

φ̃
(0)
± = φbath

+ exp
[
z±(Φbath − Φ(0))− εrp̃(0)

]
. (62)

The electrical problem in the bath The leading-order problem electrical problem is obtained by
combining (58) with the ionic volume fractions (62) to obtain a modified Poisson–Boltzmann equation
given by

−εr
∂2Φ̃(0)

∂ξ2
= exp

[
−(εr/2)(∂Φ̃(0)/∂ξ)2

]∑
i∈I

ziφ
bath
i exp

(
zi(Φ

bath − Φ̃(0))
)
, (63)

where we have used (51) to eliminate the pressure. This equation can be integrated once and the
conditions ∂Φ̃(0)/∂ξ → 0 and Φ̃(0) → Φbath as ξ →∞ used to obtain

∂Φ̃(0)

∂ξ
= ∓

√√√√ 2

εr
log

{
1 +

∑
i∈I

φbath
i

[
exp

(
zi(Φbath − Φ̃(0))

)
− 1
]}

. (64)

The minus sign is taken if Φgel − Φbath > 0, which will generally be the case if the fixed charges on
the polymer chains are positive, as assumed here.
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3.2.2 Inner problem for the gel

Mass conservation Following the same approach as in the bath, the leading-order mass balance
for the polymer network leads to

−β−1Vn
∂φ̃

(0)
n

∂ξ
+ β−1 ∂

∂ξ

(
φ̃(0)
n ṽ(0)

n · n
)

= 0 (65)

Integrating and imposing the kinematic boundary condition (23) at the gel-bath interface (ξ = 0) gives

ṽ(0)
n · n = Vn. (66)

Similarly, by expressing (6b) in inner coordinates, integrating the O(β−1) contribution, and using (66),
we find that the diffusive fluxes are uniform and given by

j̃
(0)

m · n = Am(s1, s2, t) = jgel
m · n. (67)

where the Am are the same as those appearing in (46) and (47) due to the boundary conditions (24).
The second equality in (67) comes from matching to the outer solution.

Chemical potentials and fluxes The O(β−1) contributions to the constitutive relations for the flux
(8) give

∂µ̃
(0)
s

∂ξ
= 0,

∂µ̃
(0)
±

∂ξ
= 0, (68)

implying the chemical potentials in the gel are also constant across the double layer. Thus, we have
that

µ̃(0)
m (ξ, s1, s2, t) = Mm(s1, s2, t) = µgel

m . (69)

TheO(1) contributions to (8) provide expressions for the tangential components of the diffusive fluxes,

j̃
(0)

s · ti = −Ds(J̃ (0))
∑
m∈M

φ̃(0)
m ∇sµ

gel
m · ti, (70a)

j̃
(0)

± · ti = −D±φ̃(0)
± ∇sµ

gel
± · ti +

φ̃±

φ̃
(0)
s

j̃
(0)

s · ti, (70b)

which will be used in calculating the tangential mixture velocity; see (84).

The chemical potential of solvent can be expanded as

µ̃(0)
s = Π̃(0)

s + Gp̃(0) − β−2ω2

[
∂2

∂ξ2

(
φ̃(0)
s + βφ̃(1)

s + β2φ̃(2)
s

)
+ 2βκ

∂

∂ξ

(
φ̃(0)
s + βφ̃(1)

s

)
+ β2∇2

sφ̃
(0)
s − β2(κiκi)ξ

∂φ̃
(0)
s

∂ξ

]
+O(β). (71)

Similarly, the boundary condition at the gel-bath interface (27) can be expanded to give ∂φ̃(n)
s /∂ξ = 0

at ξ = 0 for n = 0, 1, 2. The O(β−2) and O(β−1) contributions to (71) along with the boundary and
matching conditions conditions give

φ̃(0)
s (ξ, s1, s2, t) = φgel

s (s1, s2, t), φ̃(1)
s (ξ, s1, s2, t) = φ(1)

s (s1, s2, t), (72)
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Asymptotics of electric double-layer 15

which show that solvent concentration is uniform across the double layer to leading and next order.
This is a consequence of the strong interfacial free energy, which effectively extends the variational
condition (27) across the entire double layer. Using (72) in (71), we find that the solvent chemical
potential simplifies to

µ̃(0)
s (ξ, s1, s2, t) = Π̃(0)

s + Gp̃(0) − ω2

(
∂2φ̃

(2)
s

∂ξ2
+∇2

sφ
gel
s

)
= Ms(s1, s2, t). (73)

By matching to the outer solution we find that

Ms(s1, s2, t) = Πgel
s + Gpgel − ω2∇2φgel

s . (74)

The chemical potentials of the ions can be expanded as

µ̃
(0)
± (s1, s2, t) = log φ̃

(0)
± +

1

J̃ (0)
(1− χφgel

s ) + Gp̃(0) + z±Φ̃(0) = M±(s1, s2, t), (75)

where matching gives

M±(s1, s2, t) = log φgel
± +

1

Jgel
(1− χφgel

s ) + Gpgel + z±Φgel. (76)

By combining (75) and (76) and using (72) we find that

φ̃
(0)
± = φgel

± exp

[
z±(Φgel − Φ̃(0)) + G(pgel − p̃(0)) +

(
1

Jgel
− 1

J̃ (0)

)
(1− χφgel

s )

]
. (77)

Although this appears to be a closed-form expression for the volume fraction of ions, it is important to
recall that the Jacobian determinant J also depends on the these quantities; see (4).

Kinematics Expanding the relation X = x− a in terms of inner variables gives

X̃
(0)

= r − ã(0), (78a)

X̃
(1)

= ξn− ã(1). (78b)

The O(β−1) contribution to (2) implies that X̃
(0) ⊗n is constant across the double layer. Multiplying

by n and matching to the outer solution gives X̃
(0)

= Xgel = r−agel, which implies from (78a) that
ã(0) = agel. The O(1) contribution to (2) then gives

F̃
(0)

=

(
∂X̃

(1)

∂ξ
⊗ n +∇sX

gel

)−1

, (79)

The Jacobian can be linked to the displacement via the condition

1

J̃ (0)
= det

(
∂X̃

(1)

∂ξ
⊗ n +∇sX

gel

)
, (80)

which we interpret as providing an expression for the normal component of X̃
(1)

. The tangential

components of X̃
(1)

are determined by tangential stress balances, as discussed below.
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Momentum conservation Due to the difference in how the equations for the bath and gel are non-
dimensionalised, there is no need to introduce a further rescaling of the pressure and stress tensors
for the inner gel problem. The leading-order part of the stress balance in the gel (12), expressed in
inner coordinates, is

∂

∂ξ

(
T̃

(0) · n
)

= 0. (81)

Thus, by integrating (81) and imposing the simplified boundary condition (29), we find that

T̃
(0) · n = T̃

(0)

e · n + T̃
(0)

M · n + T̃
(0)

K · n− p̃(0)n = 0 (82)

across the double layer. The leading-order Maxwell and Korteweg stress tensors are

T̃
(0)

M =
1

G

(
∂Φ̃(0)

∂ξ

)2(
n⊗ n− 1

2
I

)
, (83a)

T̃
(0)

K =
ω2

G

{[
1

2
|∇φgel

s |2 + φgel
s

(
∂2φ̃

(2)
s

∂ξ2
+∇2

sφ
gel
s

)]
I−∇sφ

gel
s ⊗∇sφ

gel
s

}
. (83b)

Since ti·T̃
(0)

M ·n = 0 and ti·T̃
(0)

K ·n = 0, the tangential component of (82) implies that ti·T̃
(0)

e ·n = 0,

which can be formulated as a problem for the tangential components of X̃
(1)

. Having, in principle,

determined the three components of X̃
(1)

from the two tangential stress conditions and evaluating the

determinant (80), the deformation gradient tensor F̃
(0)

is now fully specified. This allows the tangential
component of the mixture velocity to be evaluated using (7) and (5) as

ṽ(0) · ti = ti · F̃
(0) · ∂a

gel

∂t
+
∑
m∈M

j̃
(0)

m · ti, (84)

where the tangential components of the flux are given by (70). Taking the limit of (84) as ξ → 0−

enables the quantity Ui in (54b) to be determined.

The normal component of (82) implies that

p̃(0) = n ·
(
T̃

(0)

e + T̃
(0)

K + T̃
(0)

M

)
· n. (85)

In order to evaluate the Korteweg stresses without explicitly solving for φ̃(2)
s , the expression for the

solvent chemical potential (73) can be used in (83b) to obtain

n · T̃(0)

K · n =
1

G

[
ω2

2
|∇φgel

s |2 + φgel
s

(
Π̃(0)
s −Ms

)]
+ φgel

s p̃
(0). (86)

where Ms is given by (74). Setting ω = 0 leads to n · T̃(0)

K ·n = 0 because Π̃
(0)
s +Gp̃(0)−Ms = 0

from (73). Substitution of (86) into (85) gives an algebraic relation for the pressure p̃(0).

The electrical problem in the gel The leading-order electrical problem in the gel is given by

−∂
2Φ̃(0)

∂ξ2
= z+φ̃

(0)
+ + z−φ̃

(0)
− + zf φ̃

(0)
f , (87)
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Asymptotics of electric double-layer 17

which is coupled to the algebraic equations for the volume fractions of ions (77) and the mechan-
ical pressure (85). The electrical problems for the bath and gel can be decoupled by combining
the first integral for the electric potential in the bath (64) with the electrostatic boundary conditions
Φ̃(0)(0−, s1, s2, t) = Φ̃(0)(0+, s1, s2, t) and ∂ξΦ̃(0)(0−, s1, s2, t) = εr∂ξΦ̃

(0)(0+, s1, s2, t) to ob-
tain

∂Φ̃(0)

∂ξ

∣∣∣∣∣
ξ=0−

= ∓

√√√√2εr log

{
1 +

∑
i∈I

φbath
i

[
exp

(
zi(Φbath − Φ̃(0))

)
− 1
]}

, (88)

which acts as a boundary condition for (87). The electrical problem in the gel is closed by imposing
the matching condition Φ̃(0) → Φgel as ξ → −∞.

3.3 Matching: effective jump conditions across the gel-bath interface

We now derive boundary conditions for the electroneutral model by connecting the outer solutions in
the bath and gel to each through matching to the inner solutions and imposing the boundary conditions
at the gel-bath interface.

Kinematic conditions By imposing mass conservation at the gel-bath interface (23), we can equate
(47) with (67) to obtain

jgel
m · n = qbath

m · n + φbath
m (vbath · n− Vn). (89)

Moreover, by matching (66) to the solution as ξ → −∞, the outer problem obeys the usual kinematic
boundary condition on the network

vgel
n · n− Vn = 0. (90)

By summing (89) over m ∈M, the mixture velocities are found to satisfy

vgel · n = vbath · n. (91)

Assuming the anion fraction is eliminated from the outer problems, then only the jump conditions in
(89) for the solvent and cation need to be imposed. However, the jump conditions for the ions can be
combined to obtain

(z+j
gel
+ + z−j

gel
− ) · n = (z+q

bath
+ + z−q

bath
− ) · n, (92)

which provides a condition on the normal derivatives of the electric potential.

Continuity of chemical potentials By combining (26) along with (61) and (69), continuity of chemi-
cal potential across the interface is recovered: µgel

m = µbath
m . Continuity of the solvent chemical potential

means that (74) can be equated with (61b) to produce

Πgel
s + Gpgel − ω2∇2φgel

s = log φbath
s . (93)

Equating the chemical potentials of the ions, i.e. (61a) with (76), provides a jump condition for the ionic
volume fractions

φgel
± = φbath

± exp

[
z±(Φbath − Φgel)− Gpgel − 1

Jgel
(1− χφgel

s )

]
. (94)
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Using (94) in the electroneutrality condition for the gel (37) produces a jump condition for the electrical
potentials ∑

i∈I

ziφ
bath
i exp

(
zi(Φ

bath − Φgel)
)

= zfφf exp

[
Gpgel +

1

Jgel
(1− χφgel

s )

]
. (95)

These equations are also coupled to the molecular incompressibility condition in the gel (4), the no-
void condition in the bath (16), and the elecroneutrality condition in the bath (32).

Variational condition Matching the derivatives of the solvent fraction in the gel using (72) recovers
the variational condition

∇φgel
s · n = 0. (96)

Continuity of stress By matching (82) with the outer solution, we obtain stress-free conditions for
the gel at the interface:

Tgel · n = 0. (97)

Slip condition The final boundary condition for the electroneutral model is a slip condition on the
mixture velocity of the bath. This is obtained by solving (54) using the value of Ui from the gel problem
(84) and then imposing the matching conditions ṽ(0) · ti → vbath · ti as ξ →∞.

4 Analysis without interfacial free energy

The asymptotic analysis of the inner region is slightly different for models that neglect the interfacial
free energy and take ω = 0. The lack of a non-local term in the solvent chemical potential in the
gel gives rise to gradients in the solvent fraction across the double layer. From (71), the leading-order
contribution to µs in the double layer now becomes

µ̃(0)
s = Π̃(0)

s + Gp̃(0) = µgel
s , (98a)

which can be interpreted as a nonlinear algebraic equation for φ̃(0)
s = φ

(0)
s (ξ, s1, s2, t). The corre-

sponding ion fractions are given by

φ̃
(0)
± = φgel

± exp

[
z±(Φgel − Φ̃(0)) + G(pgel − p̃(0)) +

1− χφgel
s

Jgel
− 1− χφ̃(0)

s

J̃ (0)

]
. (98b)

The pressure in the gel across the double layer can be calculated directly from (85) after neglecting
the Korteweg stresses. The matching conditions across the double layer are the same as those in
Sec. 3.3 except the non-local term in (93) and the variational condition in (96) can be dropped.

5 Specialisation to plane-strain problems

The asymptotic analysis can be further developed by considering plane-strain problems, e.g. those
involving cylindrical geometries with arbitrary cross sections, as shown in Fig. 2. We assume that the
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Figure 2: The geometry of a cylindrical hydrogel. The quantity r‖ represents the one-dimensional gel-bath interface formed at each cross section and is
parametrised by its arclength s. The two-dimensional gel-bath interface r is parametrised in terms of s and the axial coordinate z. The coordinates x1
and x2 lie in the cross-sectional plane.

unit vectors e1 and e2 span the cross-sectional plane and that e3 is aligned with the axial direction,
which we also denote by ez for simplicity. Similarly, we let z ≡ x3 denote the axial coordinate. Using
this construction, any vector u can be decomposed into components u‖ and uz that lie in the cross-
sectional plane and in the axial direction according to u = u‖ + uzez, with u‖ = uαeα, where we
adopt the convention that Greek indices are equal to 1 or 2.

The plane-strain problem is formulated by writing the deformation gradient tensor as F(x, t) =
F‖(x‖, t) + λzez ⊗ Ez, where F‖ = ∇‖X‖, X‖ = Xα(x‖, t)Eα, and λz corresponds to a
constant stretch or compression that is imposed in the axial direction. The corresponding displace-
ment is written as a = a‖(x‖, t) + az(z, t)Ez. From (3) it follows that F‖ = (I‖ − ∇‖a‖)−1 and
λz = (1−∂az/∂z)−1. Similarly, the Jacobian can be decomposed as J = J‖λz where J‖ = detF‖.
We assume that all variables, except for az, are independent of the axial coordinate z.

The outer problem is trivially to formulate and will not be discussed in detail. Instead, we focus on
the inner problem for the solid mechanics of the gel. The gel-bath interface can be parametrised in
terms of s1 = s and s2 = z as r(s1, s2, t) = r‖(s, t) + zez. The quantity r‖ represents the one-
dimensional gel-bath interface formed at each cross section, which is parameterised in terms of its
arclength s. The corresponding unit tangent vectors are t1 = ∂r‖/∂s ≡ t and t2 = ez and satisfy
t · ez = 0. The triad {t, ez,n} thus forms an orthonormal basis. From the calculations in Appendix
C, it follows that the principal curvatures of the surface are given by κ1 and κ2 = 0 and the derivatives
in the inner region transform according to (43) with∇s = t ∂s + ez∂z and∇2

s = ∂ss + ∂zz.

It is convenient to introduce the Lagrangian analogues of the gel-bath interface r‖, its arclength s,
and the normal and tangent vectors n and t; these are denoted by R‖, S, N , and T = ∂SR‖,
respectively. We also introduce the Lagrangian normal coordinate Ξ, which is analogous to ξ; see
(42). Using these quantities, we write the Lagrangian coordinates in terms of interfacial quantities
according to X‖(S,Ξ, t) = R‖(S, t) + βΞN (S, t). The in-plane deformation gradient tensor in

inner coordinates can be calculated by writing S = S̃(s, ξ, t) and Ξ = Ξ̃(s, ξ, t) to find

[
F̃

(0)

‖

]−1

= β−1∂S̃

∂ξ
T ⊗ n +

∂Ξ̃

∂ξ
N ⊗ n + Ξ̃

∂S̃

∂ξ

∂N

∂S
⊗ n +

∂S̃

∂s
T ⊗ t +O(β). (99)

We now asymptotically expand the Lagrangian coordinates as S̃ = S̃(0) + βS̃(1) + O(β2) and Ξ =
Ξ̃(1)+O(1). TheO(β−1) contributions to (99) imply that ∂ξS̃(0) = 0. By differentiating this expression

with respect to the Eulerian coordinate s, we find that the tangential stretch, λ̃(0)
s = (∂sS̃

(0))−1, is
uniform across the double layer. Thus, by matching to the outer solution, we can deduce that ∂sS̃(0) =
(λgel

s )−1. The O(1) contributions to (99) can be inverted to obtain a closed-form expression for the
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in-plane deformation gradient tensor,

F̃
(0)

‖ =

(
∂Ξ̃(0)

∂ξ

)−1

n⊗N − J̃ (0)
‖
∂S̃(1)

∂ξ
n⊗ T + λgel

s t⊗ T , (100)

where the in-plane determinant is given by

J̃
(0)
‖ =

(
∂Ξ̃(0)

∂ξ

)−1

λgel
s , (101)

which provides an expression for Ξ̃(0). The in-plane components of the elastic stress tensor are

T̃
(0)

e,‖ =
1

J̃ (0)

(
B̃

(0)

‖ − n⊗ n− t⊗ t
)
. (102)

Since the tangential components of the elastic stress vanish across the double layer, we have that

t · B̃(0)

‖ · n = 0, which leads to ∂ξS̃(1) = 0. Thus, the in-plane deformation tensor (100) becomes
diagonal, meaning that material elements undergo normal and tangential stretching without being

sheared. The in-plane normal component of the elastic stress tensor, n · T̃(0)

e,‖ · n, can be readily
calculated and used to evaluate the pressure.

6 Swelling of a constrained cylinder

We now use our formulation to study electric double layers in swollen hydrogel cylinders that are free
to swell in the radial direction but confined in the axial direction. This situation is motivated by the
experimental setup considered by Horkay et al. [14]. We consider axisymmetric equilibrium solutions
and let

F = λr er ⊗ER + λθ eθ ⊗EΘ + λzez ⊗EZ , (103)

where λz is an experimentally controlled constant. The corresponding displacement vector has the
form a = arER + azEZ , where ar is the radial component. We restrict our attention to monovalent
salts with z± = ±1. The bath that surrounds the hydrogel is assumed to have a uniform composition
and electric potential. The electroneutrality condition in the bath becomes φbath

s = 1 − 2φbath
+ . The

cation fraction, φbath
+ , is treated as a free parameter. The electric potential, Φbath, is treated as an

arbitrary constant, which we assume is non-zero for generality. We first formulate the outer problem in
the gel and show that it reduces to a set of nonlinear algebraic equations for homogeneously swollen
states that are in equilibrium with the bath. We then numerically solve the associated inner problems
for models that account for and neglect interfacial free energy, and pay particular attention to the
generation of hoop stresses across the Debye layer.

6.1 Solution of the outer problem: homogeneous equilibria

At equilibrium, the chemical potentials in the hydrogel must be spatially uniform, leading to µm = µgel
m

for m ∈ M. We assume that the outer solution corresponds to a homogeneously swollen cylindrical
gel, in which case φm = φgel

m for m ∈ M, λθ = λr = λgel
r , and Te,θθ = Te,rr = Tgel

e,rr. The radial
component of the elastic stress is given by Tgel

e,rr = λ−1
z −(Jgel)−1. The stress balance in the hydrogel
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reduces to ∂p/∂r = 0. Imposing the matching condition (97) reveals that the fluid pressure balances
the radial elastic stress, pgel = Tgel

e,rr. The volume fraction of solvent and ions, as well as the electric
potential, are determined from the matching conditions

log φgel
s +

1

Jgel
+
χ(1− φgel

s )

Jgel
+ G

(
1

λz
− 1

Jgel

)
= log(1− 2φbath

+ ), (104a)

φgel
± = φbath

+ exp

[
±(Φbath − Φgel)− G

(
1

λz
− 1

Jgel

)
− 1

Jgel

(
1− χφgel

s

)]
, (104b)

2φbath
+ sinh(Φbath − Φgel) = −zfφf exp

[
G
(

1

λz
− 1

Jgel

)
+

1

Jgel

(
1− χφgel

s

)]
, (104c)

where φf = Cf/J
gel and Jgel is given by (4).

We numerically solve the nonlinear system of algebraic equations defining the outer problem (i.e. the
homogeneous equilibria) given by (104) using pseudo-arclength continuation. The results are shown
as solid curves in Fig. 3 for three different values of λz ≤ 1, corresponding to gels in axial compres-
sion. There are two distinct solution branches, one of which describes highly swollen gels (Jgel > 10),
whereas the other corresponds to weakly swollen gels (Jgel ∼ 1.4). We refer to the former and lat-
ter as the swollen and collapsed branches, respectively. These two branches indicate that a volume
phase transition occurs a critical salt concentration φbath

+ . Increasing the axial compression reduces
the degree of swelling for a given salt fraction as well as the critical salt fraction at which the volume
phase transition occurs, both of which agree with experimental observations [14]. Due to the incom-
pressibility of the gel, imposing an axial compression results in a radial stretch. The elastictic energy
cost of this radial ‘pre-stretch’ means that fewer solvent molecules can be inserted into the gel before
the energy decrease due to mixing is balanced by the energy increase of further radial stretching.
Hence, the equilibrium swelling ratio Jgel decreases with the axial stretch λz.

(a) (b)

Figure 3: Equilibrium swelling ratio Jgel as a function of cation fraction in the bath φbath
+ . Panel (b) focuses on the collapsed branch. Solid and dashed

lines correspond to numerical solutions of (104) and the reduced equation (108), respectively. The parameter values are G = 0.0005, χ = 1.2,
Cf = 0.05 z± = ±1, zf = 1.

The nonlinear system for the outer solution (104) can be greatly simplified in the limit of a dilute salt,
φbath

+ � φf . Balancing terms in the electroneutrality condition (104c) gives

Φgel − Φbath ∼ log

(
zfφf
φbath

+

)
+ G

(
1

λz
− 1

Jgel

)
+

1

Jgel
(1− χφgel

s ), (105)

where we have assumed that G/Jgel at most O(1) in size. The ion fractions in the gel are approxi-
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mately given by

φgel
+ ∼

(φbath
+ )2

zfφf
exp

[
−2G

(
1

λz
− 1

Jgel

)
− 2

Jgel
(1− χφgel

s )

]
, φgel

− ∼ zfφf , (106)

showing that the anions, to leading order in φbath
+ , balance the fixed charges on the polymer chains.

Since the cation fraction φgel
+ will be extremely small relative to the anion fraction φgel

− , the Jacobian
determinant then reduces to

Jgel ∼ 1 + zfCf

1− φgel
s

, (107)

where we have used φf = Cf/J
gel. The solvent fraction can then be obtained by solving

log φgel
s +

1− φgel
s

1 + zfCf
+
χ(1− φgel

s )2

1 + zfCf
+ G

(
1

λz
− 1− φgel

s

1 + zfCf

)
= −2φbath

+ , (108)

and used to evaluate the Jacobian determinant, ion fractions, and jump in electric potential. The black
dashed lines in Fig. 3 represent solutions of (108), which are in very good agreement with the full
nonlinear system (104).

6.2 Solution of the inner problem

The inner problem consists of a differential-algebraic system involving the Poisson–Boltzmann equa-
tion for the electric potential in the gel (87) along with coupled algebraic relations for the volume
fractions of the solvent and ions. Once the inner problem in the gel is solved, the electrical potential
in the bath can be obtained by integrating (64). The electrical and mechanical problems in the gel are
coupled through the appearance of the pressure in the ion distributions (77) or (98b). To formulate the
mechanical problem, we must first account for non-homogeneous deformations that occur across the
double layer due to composition gradients. Thus, the in-plane components of the deformation gradient

(103) are expanded as F̃
(0)

‖ = λ̃
(0)
r n⊗N + λ̃

(0)
θ t⊗T . By comparing this expansion with (100) and

using λgel
s = λgel

r = (Jgel/λz)
1/2, we can deduce that

F̃
(0)

‖ = J̃ (0)

(
1

λzJgel

)1/2

n⊗N +

(
Jgel

λz

)1/2

t⊗ T , (109)

The radial elastic stress can be calculated from (102) as

T̃(0)
e,rr = n · T̃e,‖ · n =

1

λz

J̃ (0)

Jgel
− 1

J̃ (0)
, (110)

which allows the pressure to be determined from (85). Moreover, the expression for the hoop stress in

the hydrogel, T̃(0)
θθ = t · T̃(0) · t, is the same in the ω = 0 and ω � β cases:

T̃
(0)
θθ =

1

λz

(
Jgel

J̃ (0)
− J̃ (0)

Jgel

)
− G−1

(
∂Φ̃(0)

∂ξ

)2

. (111)

The first term represents the elastic contribution to the total hoop stress, which can be compressive
or tensile. The second term captures the contribution from the Maxwell stresses, which is always
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compressive. The nonlinear differential-algebraic system for the electric potential and volume fractions
in the gel is discretised using finite differences and solved using Newton’s method.

We first consider the case when λz = 1.0, φbath
+ = 10−5, with the remaining parameters being the

same as those in Fig. 3. Thus, there are three possible solutions to the outer problem. We are only
concerned with two of these, which correspond to the collapsed state (Jgel ' 1.447) and the highly
swollen state (Jgel ' 82). The other solution, which has a swelling ratio Jgel ' 60, is expected to be
unstable [4]. The numerical solutions of the inner problems when the outer solution corresponds to the
collapsed and swollen states are shown in Figs. 4 and 5, respectively. Solid and dashed lines denote
models with and without interfacial free energy.

The results in Fig. 4 indicate that our non-dimensionalisation underestimates the width of the double
layer, which is about 10β in the gel (or 1 nm) and 1000β in the bath (or 100 nm). Despite this un-
derestimation, the gradient in the electric potential is strong enough to produce substantial Maxwell
stresses, which act in conjunction with the Korteweg stresses to generate a large pressure in the gel.
Due to the inclusion of interfacial free energy, the solvent fraction remains uniform across the double
layer, effectively forcing the swelling ratio J̃ (0) to remain approximately uniform as well. The minor vari-
ations in J̃ (0) that occur near the gel-bath interface represent a slight reduction in gel volume due to
the loss of anions. The strong Maxwell stresses, which are approximately 100 times greater than the
elastic stresses, are responsible for the generation of a large, compressive hoop stress, which leads
to the intriguing possibility of localised mechanical instabilities in the double layer.

(a) (b)

(c) (d)

Figure 4: Numerical solution of the inner problem with far-field conditions corresponding to the collapsed state. Solid and dashed lines represent solutions
to models with and without interfacial free energy, respectively. Parameters: χ = 1.2, G = 0.0005, Cf = 0.05, φbath

+ = 10−5, λz = 1, εr = 1,
z± = ±1, and zf = 1.

The dashed lines in Fig. 4 show that neglecting the interfacial free energy does not lead to noticeable
changes in the electric potential, ion fractions, and the hoop stress. However, the absence of Korteweg
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stresses reduces the gel pressure, which is now solely dominated by the Maxwell stresses. There is
also a greater decrease in the swelling ratio J̃ (0) now that the solvent fraction can vary across the
layer. The decrease in solvent fraction can be rationalised in terms of (98a), which shows that solvent
equilibrium in the gel results from a balance between the osmotic pressure Π̃s and the mechanical
pressure p̃. To compensate for the increase in mechanical pressure that arises from the Maxwell
stresses, the osmotic pressure must decrease, which drives solvent out of the gel.

In Fig. 5, we show the corresponding numerical solution of the inner problem when the outer solution
is in the swollen state. The qualitative features of the solution are similar to those shown in Fig. 4
involving the collapsed state. However, an importance difference is that the double layer in the gel
has increased in thickness by a factor of 10 to approximately 100β (or 10 nm). The gradient in the
electric potential in the gel is therefore 10 times weaker, resulting in a 100-fold reduction in the Maxwell
stresses and, consequently, the total hoop stress. Despite these decreases, the pressure in the gel
remains large because of the Korteweg stresses.

(a) (b)

(c) (d)

Figure 5: Numerical solution of the inner problem with far-field conditions corresponding to the swollen state. Interfacial free energy is included in the
model. Parameter values are the same as in Fig. 4: χ = 1.2, G = 0.0005, Cf = 0.05, φbath

+ = 10−5, λz = 1, εr = 1, z± = ±1, and zf = 1.

Using our numerical method, we were unable to solve the inner problem associated with the swollen
state when interfacial free energy was neglected. To understand the origin of these numerical difficuli-
ties, we considered a second parameter set to reduce the degree of swelling that occurs. This involved
increasing the dimensionless shear modulus G, decreasing the Flory interaction parameter χ, and
slightly decreasing the nominal concentration of fixed charges Cf . The solution of the outer problem
obtained from (104) is shown in Fig. 6 (a) in terms of the equilibrium swelling ratio Jgel with λz = 1.
For this parameter set there is only a single branch of solutions, corresponding to a gel that monotoni-
cally and continuously decreases in volume as the salt fraction in the solution φbath

+ increases. We then
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(a)

(b) φbath
+ = 5.22 · 10−5 (c) φbath

+ = 10−4 (d) φbath
+ = 10−3

(e) φbath
+ = 5.22 · 10−5 (f) φbath

+ = 10−4 (g) φbath
+ = 10−3

Figure 6: (a) Equilibrium swelling ratio Jgel. (b)–(d) The swelling ratio and pressure across the double layer in the gel at three specific values of φbath
+ ,

marked by circles in panel (a). (e)–(g) The total electric charge (defined in the main text) and electric potential in the gel. Interfacial free energy was not
considered when computing the inner solution. Parameter values are: χ = 0.7, G = 0.0048,Cf = 0.04, z± = ±1, zf = 1, εr = 1, and λz = 1.

solved the inner problem without considering interfacial free energy at three specific values of φbath,
marked by filled circles in Fig. 6 (a). The corresponding swelling ratios J̃ (0) are shown in Figs. 6 (b)–
(d), with the gel pressure shown in the insets. As the salt fraction in the solution decreases, the far-field
swelling ratio increases whereas its value at the gel-bath interface remains pinned at approximately
J̃ (0) ' 2.5. The gradient near the interface therefore steepens with decreasing φbath

+ until a sharp front
develops when φbath

+ ' 5.22·10−5, at which point the swelling ratio appears to become discontinuous.
Due to the large change in volume that occurs across the double layer, the radial elastic stresses and
the Maxwell stresses are the same order of magnitude, resulting in non-monotonic pressure profiles
that also exhibit discontinuous behaviour. The distribution of total charge Q̃(0) = φ̃

(0)
+ − φ̃

(0)
− + zf φ̃

(0)
f

across the double layer of the gel is shown in Figs. 6 (e)–(g), with the electric potential plotted in the
inset. For higher salt concentrations, φbath

+ = 10−3, the total charge smoothly decreases to zero as the
distance from the gel-bath interface increases. However, decreasing the salt concentration leads to an
abrupt transition between electrically neutral and electrically charged regions. Thus, front formation
is associated with a division of the inner problem into two subregions and essentially truncates the
double layer, causing it to have finite thickness.

We suspect that the behaviour shown in Fig. 6 is the result of a localised phase transition or mode
of phase separation that arises due to the complex interplay between mechanics and electrostatics in
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the solvent chemical potential (98a). This interplay is absent from the problem when interfacial free
energy is included in the model and such that the width of interfacial layers greatly exceeds the width
of electric double layers (i.e. in the limit ω � β). The equilibria that result from phase separation
crucially depend on the interfacial energy and neglecting it is a likely explanation for the numerical
difficulties encountered when solving the corresponding inner problem.

As a final investigation, we considered an intermediate asymptotic limit, whereby ω = Ωβ, with
Ω = O(1) as β → 0, that accounts for a small amount of interfacial free energy. Full details of this
limit are beyond the scope of this work; however, for the purpose of this discussion it suffices to say
that the inner problem in the gel amounts to changing (73) or (98a) to

Π̃(0)
s + Gp̃(0) + Ω2∂

2φ̃
(0)
s

∂ξ2
= µbath

s (112a)

and evaluating the pressure (85) with a Korteweg stress

n · T̃(0)

K · n = G−1Ω2

φ̃(0)
s

∂2φ̃
(0)
s

∂ξ2
− 1

2

(
∂φ̃

(0)
s

∂ξ

)2
 . (112b)

The inner problem is solved for three values of φbath
+ and the corresponding swelling ratios J̃ (0) are

shown in Fig. 7. The parameter values are identical to those in Fig. 6 aside from G, which has been
slightly decreased. In this case, decreasing the salt fraction in the bath triggers the onset of phase
separation rather than a single front. Moreover, charge neutrality is violated across the entire inner re-
gion, meaning that the inner solution does not match with the homogeneous outer solutions computed
from (104). Resolving this issue and further understanding the onset of phase transitions and phase
separation near the gel-bath interface will be the focus of an upcoming work.

(a) φbath
+ = 10−5 (b) φbath

+ = 6.5 · 10−4 (c) φbath
+ = 10−3

Figure 7: Phase separation in the inner region. (a)–(c) The swelling ratio at three values of φbath
+ computed using an intermediate asymptotic model with

a small amount of interfacial free energy. We take ω = Ωβ with Ω = 10−1. The remaining parameters are: χ = 0.7, G = 0.004, Cf = 0.04,
z± = ±1, zf = 1, εr = 1, and λz = 1.

7 Conclusions

In this paper we use a combination of asymptotic and numerical methods to study the electrical double
layers that form at the interface between an ionic solvent bath and a polyelectrolyte gel. The inclusion
of interfacial energy in the model yields a new small parameter, ω, that measures the thickness of the
internal interfaces, as part of our matched asymptotic analysis. In the current analysis, we considered
the thickness of the Debye layer β to be the smallest parameter in the problem, i.e. ω � β. As a
limiting and comparative case, we also carried out the asymptotic analysis when the interfacial energy
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is neglected, i.e. when ω = 0 (in Sec. 4). For the setting of a swelling gel in cylindrical geometry, we
have investigated contributions to the solutions of the new electroneutral models and identified several
novel features such as formation of internal layers within the Debye layer. Here we also briefly touch
upon the case when ω = O(β) (in Sec. 6).

Our analysis of the double layer between a polyelectrolyte gels and an ionic bath reveals a much more
complex structure as has been thought before. In the future, further asymptotic limits, identified in this
study and only briefly touched upon, will be investigated in detail in our upcoming work. This will be
fundamental for understanding the subtle nature of the limiting processes that yield consistent jump
conditions for electroneutral models that hold across interfaces with potentially complex and dynamic
double layers. Recalling the large body of applied literature where electroneutral models have been
used, our studies will open doors to discovery and quantitative understanding of pattern formation in
polyelectrolyte gels.

The interesting novel behaviour of phase separation within the Debye layer will be studied further,
adding new insights on internal gel-gel phase separation that has been observed in our own studies
[4] as well as to earlier work by [16], or [28], based on a different theoretical approach, where transi-
tions from phase segregation of lamellar nanostructures to the phase separation of a collapsed gel is
investigated.

A Summary of the governing equations in dimensional form

A.1 Bulk equations for the gel

Conservation of solvent and ions is given by

∂cm
∂t

+∇ · (cmvm) = 0 (113)

for m ∈ M, where cm is the (current) concentration (number of molecules per unit current volume).
The velocity vm is related to the network velocity vn and the diffusive flux jm according to

cm(vm − vn) = jm. (114)

Due to incompressibility, the determinant of the deformation tensor is

J = 1 +
∑
m∈M

νCm =

(
1−

∑
m∈M

νcm

)−1

, (115)

whereCm = Jcm is the nominal concentration of each mobile species and ν is the molecular volume,
i.e. the volume of an individual molecule. For simplicity, we assume that all of the molecules are roughly
the same size. The diffusive fluxes of the solvent and ions are given by

js = −Ds(J)

kBT

∑
m∈M

cm∇µm, (116a)

j± = −D±c±
kBT

∇µ± +
c±
cs

js, (116b)
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where T is temperature, kB is Boltzmann’s constant, Ds is the diffusivity of solvent in a polymer
network, and D± are the diffusivity of ions in a pure solvent bath. The chemical potential of solvent
can be written as

µs = µ0
s + ν(p+ Πs)− γ∇2c (117)

where p is the mechanical pressure, Πs is the osmotic pressure of the solvent,

Πs =
kBT

ν

[
log(νcs) +

χ(1− νcs)
J

+
1

J

]
, (118)

and χ is the Flory interaction parameter. The chemical potential of ions is given by

µ± = µ0
± + ν(Π± + p)± eΦ, (119)

where Φ is the electric potential, e is the elementary charge, and Π± is the osmotic pressure

Π± =
kBT

ν

[
log(νc±) +

1

J
(1− χνcs)

]
. (120)

The quantities µ0
m are reference values of the chemical potential. The electric potential satisfies

−εgel∇2Φ = e(c+ − c− + zfcf ) (121)

where εgel is the electrical permittivity of the gel and cf is the current concentration of fixed charges.
Mechanical equilibrium leads to

∇ · T = 0, (122)

where the Cauchy stress tensor T can be decomposed into four contributions

T = Te + TK + TM − pI, (123)

associated with the elastic stress Te, the Korteweg stress TK , the Maxwell stress TM , and the
isotropic fluid pressure. These three stress tensors are given by

Te = GJ−1(B− I), (124a)

TK = γ

[(
1

2
|∇cs|2 + cs∇2cs

)
I−∇cs ⊗∇cs

]
, (124b)

TM = εgel

(
∇Φ⊗∇Φ− 1

2
|∇Φ|2I

)
, (124c)

where G and γ play the role of a shear modulus and surface energy, respectively. The left Cauchy–
Green tensor is defined as B = FFT . In Eulerian coordinates, the deformation gradient tensor is
related to the displacement a via the relation

F−1 = I−∇a. (125)

The velocity of the network can be determined from

vn = F
∂a

∂t
. (126)
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A.2 Governing equations for the bath

Conservation of solvent and ions is given by

∂cm
∂t

+∇ · (cmvm) = 0, (127)

for m ∈M. The mixture velocity is defined as

v =
∑
m

νcmvm. (128)

Note that we also have ∑
m

νcm = 1, ∇ · v = 0. (129)

The velocity of each species can be linked to the diffusive flux via

cm(vm − v) = qm, (130)

which implies that ∑
m∈M

qm = 0. (131)

The diffusive fluxes are defined by

j± = −D±c±
kBT

(
∇µ± − ν

∑
m∈M

cm∇µm

)
+
c±
cs

js, (132a)

js = −j+ − j−. (132b)

The chemical potentials are given by

µs = µ0
s + ν(Πs + p), (133a)

µ± = µ0
± + ν(Π± + p)± eΦ, (133b)

where

Πm =
kBT

ν
log(νcm). (134)

The electric potential satisfies

−εbath∇2Φ = e(c+ − c−). (135)

The stress balance in the bath is given by

∇ · T = 0, (136)

where T = Tv + TM − pI where

Tv = η(∇v +∇vT ), (137a)

TM = εbath

(
∇Φ⊗∇Φ− 1

2
|∇Φ|2I

)
. (137b)
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A.3 Boundary conditions at the gel-bath interface

The boundary conditions are discussed in detail in the text. Conservation of solvent and ions across
the gel-bath interface are given by

[cm(vm · n− Vn)]x=r+

x=r− = 0, (138)

where Vn is the normal velocity of the interface. The kinematic boundary condition for the velocity of
the polymer network is

[vn · n− Vn]x=r− = 0. (139)

Continuity of chemical potential implies that

[µm]x=r+

x=r− = 0. (140)

The variational condition for the solvent concentration is

[∇cs · n]x=r− = 0. (141)

Conservation of normal and tangential momentum gives

[T · n]x=r+

x=r+ = 0. (142)

The slip condition reads as

[v · ti]x=r+

x=r− = 0. (143)

We impose continuity of electrical potential and electric displacement

[Φ]x=r+

x=r− = 0, (144a)

[−ε∇Φ · n]x=r+

x=r− = 0. (144b)

and therefore do not account for surface charges on the gel.

B Conventions and identities

A vector v is written in component form as v = viei. Similarly, a tensor T is written in component
form as T = Tijei ⊗ ej . The gradient of the vector v is defined as

∇v =
∂

∂ξj
(viei)⊗ ej. (145)

The tensor divergence is defined as

∇ · T =
∂

∂ξi
(Tjkej ⊗ ek) ei, (146)

which can be evaluated using the property of the dyadic product (a ⊗ b)c = (b · c)a. Given two
vectors a and b and a tensor T, we write

a · T · b = aiTijbj. (147)
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C Transformation of the derivatives in the inner region

In the inner problem we write

x = r(s1, s2, t) + βξn(s1, s2, t), (148a)

t = t′, (148b)

where r denotes the location of the gel-bath interface and n is the unit normal vector pointing from
the gel into the bath. The tangent and normal vectors are defined as

ti =
∂r

∂si
, n =

t1 × t2

‖t1 × t2‖
. (149)

The normal velocity of the interface is defined as Vn = n · ∂tr.

Before proceeding with the transformation, it is helpful to summarise some key definitions and results
from differential geometry. The components of the metric tensor are defined as gij = ti · tj . We let
gab denote the components of the inverse of the metric tensor. The curvature tensor has components

Kij = −n · ∂ti
∂sj

=
∂n

∂sj
· ti. (150)

The metric tensor, its inverse, and the curvature tensor are all symmetric. The shape operator is
defined as Saj = gaiKij . The eigenvalues of the shape operator, κ1 and κ2, define the principal
curvatures of the surface. Similarly, the trace of the shape operator is related to the mean curvature of
the surface, κ = (κ1 + κ2)/2, through the relation Saa = 2κ. By ensuring that the normal vector n
computed from (149) points into the bath, the principal curvatures of a spherical gel will be positive.

A straightforward application of the chain rule shows that

∂

∂si
=

(
ti + βξ

∂n

∂si

)
· ∇, (151)

∂

∂ξ
= βn · ∇, (152)

∂

∂t′
=

∂

∂t
+

(
∂r

∂t
+ βξ

∂n

∂t

)
· ∇. (153)

We now exploit the fact that β � 1 and write the differential operators∇ and ∂t as asymptotic series
of the form ∇ = β−1∇(−1) + ∇(0) + β∇(1) + O(β2) and ∂t = β−1∂

(−1)
t + O(1). We do not

calculate the higher-order contributions to the time derivative because they are not necessary for the
asymptotic analysis.

The O(β−1) problem for the del operator is

0 = ti · ∇(−1), (154a)

∂

∂ξ
= n · ∇(−1), (154b)

which has the solution

∇(−1) = n
∂

∂ξ
. (155)
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The corresponding problem for the time derivative is trivial to solve and has solution

∂
(−1)
t = −Vn

∂

∂ξ
. (156)

The O(1) problem for the del operator is given by

∂

∂si
= ti ·∇(0) + ξn · ∂n

∂si

∂

∂ξ
, (157a)

0 = n · ∇(0). (157b)

Since n is a unit vector, we have that n · ∂sin = (1/2)∂si(n · n) = 0, implying the final term in
(157a) vanishes. Equation (157b) implies that ∇(0) lies in the tangent plane and thus has the form
∇(0) = aiti. Inserting this solution in (157a) and solving gives

∇(0) = gijti
∂

∂sj
≡ ∇s, (158)

where∇s is the surface gradient.

The O(β) problem for the del operator, after minor simplification, is given by

ti · ∇(1) = −ξ ∂n
∂si
· ∇(0), (159a)

n · ∇(1) = 0. (159b)

By following the same strategy as theO(1) problem, substituting the solution in (158), and using (150)
and the definition of the shape operator, we find that

∇(1) = −ξSipgpjti
∂

∂sj
. (160)

Using these asymptotic expansions, we can construct the Laplacian∇2 = ∇ ·∇. In doing so, we will
use the fact that the tangent and normal vectors ti and n are independent of the coordinate ξ. As a
result,∇(−1) · ∇(−1) = ∂ξξ,∇(−1) · ∇(0) = 0, and∇(−1) · ∇(1) = 0. Moreover,

∇(0) · ∇(−1) = gijti ·
∂n

∂sj

∂

∂ξ
= Sii

∂

∂ξ
= 2κ

∂

∂ξ
, (161a)

∇(0) · ∇(0) = gijti ·
∂

∂sj

(
gpqtp

∂

∂sq

)
= gijgpq ti ·

∂tp
∂sj

∂

∂sq
+

∂

∂sp

(
gpq

∂

∂sq

)
. (161b)

In order to simplify (161b), we express the derivatives of the tangent vectors as

∂tp
∂sj

= Γapjta −Kpjn, (162)

where Γapj is the Christoffel symbol. In addition, we invoke the identity

Γjpj =
1
√
g

∂

∂sp
(
√
g) , (163)
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where g = g11g22− g2
12 is the determinant of the metric tensor. Thus, we find that∇(0) · ∇(0) = ∇2

s,
where

∇2
s =

1
√
g

∂

∂sp

(
√
ggpq

∂

∂sq

)
(164)

is the surface Laplacian (or Laplace–Beltrami operator). Finally, we have that

∇(1) · ∇(−1) = −ξSipgpj ti ·
∂n

∂sj

∂

∂ξ
= −ξSipgpjKij

∂

∂ξ
= −ξSipS

p
i

∂

∂ξ
= −ξ(κiκi)

∂

∂ξ
. (165)

The last equality is obtained by noticing that SipS
p
i is the trace of the square of the shape operator and

thus SipS
p
i = κiκi.
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